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L’UNIVERSITÉ BORDEAUX 1
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Devant la commission d’examen formée de

M Debes Pierre, professeur, Président
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projective, ramifié en un seul point. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.9 Les grosses actions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.10 Grosses actions (C,G) avec un G2 cyclique d’ordre p. . . . . . . . . . . . . . . . . . . 13
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paisible ”trou de verdure” silencieux au sein duquel je prenais plaisir à laisser vagabonder mes pensées.
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Chapitre 1

Chapitre introductif.

Soient k un corps algébriquement clos de caractéristique p ≥ 0 et C une courbe algébrique projective
lisse connexe définie sur k et de genre g ≥ 2. Soit G un groupe (nécessairement fini) de k-automorphismes
de C. L’objet de cette thèse est d’étudier l’action de G sur C en caractéristique positive p > 0 lorsque G est
un p-groupe tel que |G| > 2p

p−1 g. Ce chapitre introductif vise principalement à replacer notre travail dans un
contexte plus général et à justifier notre problématique : nous rappelons ainsi un certain nombre de résultats
déjà connus mais aussi de questions ouvertes, et actuellement en discussion, autour des G-actions de courbes,
en caractéristique nulle et en caractéristique positive p > 0 dans le cas d’une action modérée (paragraphe 1.1),
puis en caractéristique positive p > 0 lorsque p divise l’ordre de G et qu’apparâıt de la ramification sauvage
(paragraphe 1.2). Dans le paragraphe suivant, nous expliquons les motivations initiales et les applications
possibles, en particulier la recherche de groupes de monodromie maximaux (paragraphe 1.3). Nous terminons
ce chapitre préliminaire par une présentation des résultats obtenus dans les trois chapitres suivants de la
thèse (paragraphe 1.4).

1.1 La caractéristique nulle et le cas modéré.

1.1.1 Définitions et notations préliminaires.

On commence ici par donner quelques définitions et notations qui, sauf mention explicite du contraire,
seront conservées tout au long de ce chapitre introductif. On note k un corps algébriquement clos de ca-
ractéristique p ≥ 0, C une courbe algébrique projective lisse, connexe, définie sur k, de genre g ≥ 2 et Autk(C)
le groupe des k-automorphismes de C. Fixons G un groupe fini. L’action (supposée fidèle) du groupe G sur
la courbe C est la donnée d’un morphisme injectif : φ : G → Autk(C). On peut donc toujours identifier G
à un sous-groupe de Autk(C). Le couple (C, φ) est appelé une G-courbe. Deux G-courbes (C, φ) et (C ′, φ′)
sont équivalentes s’il existe un G-isomorphisme f : C → C ′, i.e. un isomorphisme tel que, pour tout s ∈ G
et tout x ∈ C, f(φ(s)x) = φ′(s)f(x). Dans la suite, on omettra de mentionner le morphisme φ. Ainsi, pour
alléger les notations, l’action sera notée de manière abrégée : (s, x)→ sx et on parlera de la G-courbe C au
lieu de la G-courbe (C, φ).

Soit π : C → C/G le revêtement galoisien de groupe G associé à la G-courbe C. Si p > 0, on suppose,
dans cette première partie uniquement, que p ne divise pas l’ordre de G. Ceci implique en particulier que
l’action est modérée, i.e. que p ne divise pas l’ordre des groupes d’inertie, le groupe d’inertie au point x ∈ C
étant le sous-groupe stabilisateur Gx := {s ∈ G, sx = x}. Un point x ∈ C est appelé point de ramification si
son groupe d’inertie Gx est non trivial. L’orbite d’un tel point est appelé orbite singulière. A tous les points
de ramification d’une même orbite singulière, correspond exactement un point de branchement y ∈ C/G. Le
nombre de points de branchement cöıncide donc avec le nombre d’orbites singulières. Soit x ∈ C un point
de ramification. Le groupe d’inertie Gx est un groupe cyclique dont l’ordre est l’indice de ramification de x,
lequel est premier à p. On note désormais {x1, . . . , xr} un système de représentants des orbites singulières de
la G-courbe C, {y1, . . . , yr} les points de branchement correspondants et {n1, . . . , nr} les indices de ramifica-
tion, i.e. les ordres des groupes d’inertie. On suppose les ni rangés par ordre croissant. Le r-uplet (n1, . . . , nr)
est alors appelé signature de la G-courbe C.

1.1.2 Introduction à l’étude des groupes d’automorphismes des surfaces de Rie-
mann compactes.

Avec Schwarz, Klein, Hurwitz, Wiman et d’autres, le XIX ième siècle a vu émerger bon nombre de travaux
consacrés à l’étude des groupes d’automorphismes des surfaces de Riemann compactes. Sans être exhaustif,
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nous rappelons ici quelques-uns des jalons qui ont marqué cette histoire.
Dans ce paragraphe, k est le corps des nombres complexes C. Pour tout g0 ≥ 0, il existe, à homéomorphisme

près, une unique surface réelle Xg0 compacte, connexe et orientée de genre g0 (cf. [Se92] § 6.2). Cette surface
Xg0 admet une présentation standard comme polygone à 2g0 arêtes notées a1, b1, a

−1
1 , b−1

1 , . . . , ag0 , bg0 , a
−1
g0 , b

−1
g0

identifiées de manière adéquate. De cette description, on déduit une présentation du groupe fondamental
π1(Xg0) donnée par 2 g0 générateurs a1, b1, . . . , ag0 , bg0 liés par la relation :

g0∏
i=1

[ai, bi] = 1,

où [ai, bi] désigne le commutateur de ai et de bi, i.e. [ai, bi] = ai bi a
−1
i b−1

i ([Se92] 6.2). Soit {y1, . . . , yr}
un ensemble de r ≥ 0 points de Xg0 . Soit π1(g0, r) le groupe fondamental de la courbe Xg0 − {y1, . . . , yr}.
Chaque point yi définit dans π1(g0, r) une classe de conjugaison Ci correspondant au lacet entourant le point
yi dans une direction fixée. On montre que le groupe fondamental π1(g0, r) admet une présentation donnée
par 2g0 + r générateurs a1, b1, . . . , ag0 , bg0 , c1, . . . , cr liés par la relation :

g0∏
j=1

[aj , bj ]
r∏
i=1

ci = 1, (1.1)

où chaque ci appartient à Ci ([Se92], § 6.2).

1.1.3 Finitude du groupe des automorphismes et borne d’Hurwitz.

Désormais, C est une surface de Riemann compacte de genre g ≥ 2, Aut(C) le groupe des automorphismes
(analytiques, ou, de manière équivalente, algébriques) de C et G un sous-groupe de Aut(C). Les courbes C
(resp. C/G) sont homéomorphes à Xg (resp. Xg0) comme définis ci-dessus. En reliant les caractéristiques
d’Euler des surfaces Xg et Xg0 (cf. [FaKa92] p.21), on obtient la formule dite de Riemann-Hurwitz reliant le
genre g de C, le genre g0 de la courbe quotient C/G et la signature (n1, . . . , nr) :

2 (g − 1) = 2 |G| (g0 − 1) + |G|
r∑
i=1

(1− 1
ni

). (1.2)

Un groupe fini G est alors groupe d’automorphismes d’une surface de Riemann compacte de genre g ≥ 2
si et seulement si G est image d’un groupe π1(g0, r) admettant une présentation comme celle donnée par la
formule (1.1). Dans ce cas, g0 est le genre de la courbe quotient C/G, y1, . . . , yr correspondent aux points
de branchement du revêtement : C → C/G et les images des éléments ci sont les générateurs des groupes
d’inertie Gxi ([Se92] Thm. 6.3.2).

Un autre résultat capital est la finitude du groupe des automorphismes d’une surface de Riemann com-
pacte de genre g ≥ 2. En effet, le groupe Aut(C) agit sur l’ensemble fini des points de Weierstrass de C. Cette
action est fidèle, sauf lorsque C est hyperelliptique, auquel cas le noyau de l’action est d’ordre 2, engendré
par l’involution hyperelliptique de C. Schwarz démontre ainsi que le groupe Aut(C) est fini. De la formule
de Riemann-Hurwitz, Hurwitz ([Hur92]) déduit ensuite une borne linéaire pour l’ordre de ce groupe :

|Aut(C)| ≤ 84 (g − 1). (1.3)

Cette borne est optimale et les courbes atteignant la borne d’Hurwitz sont appelées courbes d’Hurwitz et
leur groupe d’automorphismes des groupes d’Hurwitz. Un groupe fini est groupe d’Hurwitz si et seulement
s’il admet un système de générateurs : a, b, c, d’ordre respectif 2, 3 et 7 avec abc = 1. Les groupes d’Hurwitz
ont encore fait l’objet de nombreux travaux dont un aperçu est donné dans [Con90].

On ne sait classifier les courbes d’Hurwitz que pour de petits genres. Ainsi, la seule courbe d’Hurwitz de
genre g ≤ 3 est la quartique de Klein (cf. [Kl79] et [El99]). Son groupe d’automorphismes est isomorphe à
PSL3(F2). Fricke a montré que la courbe d’Hurwitz suivante apparaissait pour g = 7 et que son groupe d’au-
tomorphismes était isomorphe à SL2(F8). En 1965, Macbeath ([Mc65]) a donné des équations du plongement
canonique de la courbe correspondante. La quartique de Klein et la courbe de Fricke-Macbeath sont les deux
seules courbes d’Hurwitz dont les équations sont connues. Les courbes d’Hurwitz suivantes apparaissent pour
g = 13 et g = 17. En 2001, Larsen ([Lar01]) a démontré que la suite des genres g des courbes d’Hurwitz se
comportait asymptotiquement comme le cube des entiers.

6



1.1.4 Groupes d’automorphismes dits ”larges” et ”super-larges”.

Soit C une surface de Riemann compacte de genre g ≥ 2. Si l’on cherche à réaliser une classification
des groupes G d’automorphismes de C, une idée, déjà suggérée par l’étude des courbes d’Hurwitz, est de
considérer des groupes G suffisamment larges : grâce à la formule de Riemann-Hurwitz, ceci permet en effet
de rigidifier la situation de ramification. Ainsi, si G est un groupe ”large”, i.e. d’ordre strictement supérieur à
4(g−1) , la courbe quotient C/G est de genre g0 = 0 et le nombre de points de branchements r du revêtement
C → C/G est 3 ou 4 (cf. [Ku91]). Kulkarni dresse alors la liste des signatures (n1, n2, . . . , nr) possibles
([Ku91], Prop. 4.2). Si l’on considère à présent un groupe ”super-large”, c’est-à-dire d’ordre strictement
supérieur à 12(g − 1), Kulkarni montre que g0 = 0, r = 3 et donne les signatures possibles ([Ku91], Prop.
4.6). Breuer fait de même lorsque G vérifie |G| ≥ 24 (g − 1) (cf. [Br00] Lemme 3.18).

1.1.5 Action de Aut(C) sur le module des différentielles.

Le choix de groupes d’automorphismes suffisamment larges permet ainsi de rigidifier la situation de rami-
fication en imposant de fortes restrictions sur le genre g0 de la courbe quotient et les données de ramification
du revêtement C → C/G. Grâce aux résultats rappelés dans le paragraphe 1.2, on sait de plus que ces
groupes sont quotients des groupes fondamentaux π1(g0, r) dont une présentation est donnée par (1.1). Pour
dresser une classification de ces groupes d’automorphismes, on considère les représentations associées à l’ac-
tion fidèle de ces groupes sur H0(C,ΩC), l’espace vectoriel, de dimension g sur C, des formes différentielles
holomorphes de C (cf. [FaKa92] p. 270 ou [Br00] p. 41). En effet, les sous-groupes finis de GLg(C) résultant
de cette action satisfont un certain nombre de conditions étudiées par I. Kuribayashi, A. Kuribayashi, Ki-
mura, Ohmori, Kobayashi... A. Kuribayashi et Kimura ([KuKi90]) ont ainsi dressé une liste complète de ces
groupes linéaires finis jusqu’au genre g ≤ 5. A l’aide du logiciel de calcul GAP, Breuer ([Br00]) a étendu
cette classification jusqu’au genre 48, listant tous les caractères des représentations induites par l’action des
groupes, et par suite les groupes correspondants.

Dans la liste de Breuer, on trouve des groupes d’automorphismes Aut(C) mais aussi tous leurs sous-
groupes. Magaard et alii ([MSSV02]) ont identifié dans la liste les groupes qui sont exactement des groupes
d’automorphismes d’une surface de Riemann de genre g. Ils obtiennent ainsi la liste des groupes d’automor-
phismes Aut(C) en genre 3 et donnent les équations des courbes correspondantes. Ils poursuivent la liste
des groupes d’automorphismes jusqu’au genre 10 sous l’hypothèse supplémentaire que le groupe est large,
i.e. |Aut(C)| > 4(g − 1). Ils précisent de plus la dimension et le nombre des composantes connexes du lieu
correspondant dans l’espace de modules des courbes de genre g.

Le fait que le groupe des automorphismes opère de manière fidèle sur l’espace vectoriel des formes
différentielles holomorphes, reste vrai en caractéristique p > 0 (cf. [HKT08] Lemme 11.12 et Théorème
11.23). D’autre part, un résultat dû à Chevalley-Weil, généralisé par Nakajima (1984) et Kani (1986) dans le
cas modéré puis par Kock (2004) dans le cas de la ramification faible, i.e. dans le cas où le deuxième groupe
de ramification en tout point est trivial, permet de décrire la structure du G-module H0(C,ΩC) (cf. [Bor01]).
Borne ([Bor06]) et Kontogeorgis ([Kon06]) ont tenté de généraliser cela au cas de caractéristique p > 0.

1.1.6 Action de Aut(C) sur le premier groupe d’homologie.

Soit C une surface de Riemann compacte, connexe, de genre g ≥ 1. On étudie ici l’action fidèle de Aut(C)
sur H1(C) le premier groupe d’homologie (cf. [FaKa92] § V.3), afin d’identifier Aut(C) à un sous-groupe
fini du groupe symplectique Sp2g(Z). En effet, le groupe H1(C) est muni d’une forme bilinéaire alternée
non dégénérée, à valeurs dans Z, liée à l’intersection des cycles. Cette forme bilinéaire est conservée par les
éléments de Aut(C). On en déduit un homomorphisme h : Aut(C) → Sp2g(Z) (cf. [FaKa92] p. 287), où
Sp2g(Z) désigne le groupe des matrices symplectiques de GL2g(Z), i.e. les matrices S ∈ GL2g(Z) vérifiant :
S J0

tS = J0 avec

J0 :=
(

0 Ig
−Ig 0

)
.

Cet homomorphisme est injectif pour g ≥ 2. Ceci nous permet en particulier d’identifier les groupes Aut(C)
avec des sous-groupes finis de Sp2g(Z).

Si g ≥ 2 et n ≥ 3, l’homomorphisme hn : Aut(C) → Sp2g(Z/nZ), déduit de h par réduction modulo
n, est encore injectif ([FaKa92] p. 293). Nous verrons au paragraphe 1.2.2 que ces résultats se généralisent
au cas de la caractéristique p > 0, en considérant cette fois l’action du groupe des automorphismes d’une
courbe lisse (ou simplement stable, sans partie torique) C de genre g sur les points de `-torsion du schéma
de Picard : Pic0(C), pour ` un nombre premier distinct de 2 et de p.
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1.1.7 Les données d’Hurwitz.

Revenons à présent au cas général d’une courbe algébrique C projective lisse, connexe, définie sur un
corps k algébriquement clos de caractéristique p ≥ 0, et de genre g ≥ 2. Soit G un groupe d’automorphismes
de C. Si p > 0, on suppose comme précédemment que p ne divise pas l’ordre de G. Pour mener l’étude
des déformations de la G-courbe C, il est utile d’introduire les données d’Hurwitz (cf. [BeRo08]). Soit x
un point de ramification de C. Le groupe d’inertie Gx, comme défini dans les préliminaires, est muni d’une
représentation fidèle de degré 1 :

χx : Gx → GL(Mx/M
2
x) ' k∗

du groupe cyclique Gx dans l’espace cotangent de C au point x, Mx désignant l’idéal maximal de l’anneau
local OC,x. Le caractère de la représentation, lui aussi noté χx, est primitif, i.e. d’ordre |Gx|. Ceci nous amène
à considérer l’ensemble des couples (H,χ), où H est un sous-groupe cyclique de G et χ un caractère primitif
de H. Deux couples (H,χ) et (H ′, χ′) sont dits conjugués s’il existe s ∈ G tel que :

H ′ = sHs−1 et χ′(sts−1) = χ(t) ∀ t ∈ H.

Ainsi, si y = sx, avec s ∈ G, alors (Gy, χy) et (Gx, χx) sont conjugués. Ceci permet de définir le G-type d’une
orbite singulière, disons l’orbite de x, comme étant la classe de conjugaison de (Gx, χx), désormais notée
[Gx, χx]. Décomposons à présent l’ensemble des points de ramification F en une réunion d’orbites (les orbites
singulières correspondant chacune à un point de branchement) : F = F1 ∪ F2 ∪ . . . ∪ Fr, et notons [Hi, χi]
le type de Fi. On appelle donnée d’Hurwitz de l’action de G sur C la collection des classes de conjugaison
{[Hi, χi], 1 ≤ i ≤ r}, de type distincts ou non, des r orbites singulières. Lorsque r = 0, c’est à dire lorsque le
revêtement C → C/G est étale, la donnée d’Hurwitz correspondante est dite vide. On dit qu’une G-courbe C
est de type (g,G, ξ) si C est de genre g et a pour donnée d’Hurwitz ξ. Autrement dit, si l’on note {x1, . . . , xr}
un système de représentants des orbites singulières de la G-courbe C et si ξ s’écrit ξ = {[Hi, χi], 1 ≤ i ≤ r},
alors [Gxi , χxi ] = [Hi, χi].

Fixons g ≥ 2 et ξ une donnée d’Hurwitz. D’après Bertin [Be96], il existe un schéma quasi projectif des
modules Hg,G,ξ sur k pour les G-courbes lisses de type (g,G, ξ). Les composantes connexes sont précisément
les composantes irréductibles de Hg,G,ξ. Leur nombre, appelé nombre de Nielsen, ne dépend pas du corps de
base k algébriquement clos. Soit Hg,G,r le module des G-courbes C de genre g et de signature (n1, n2, . . . , nr) :
celui-ci est réunion disjointe des espaces d’Hurwitz Hg,G,ξ, où ξ parcourt les données d’Hurwitz de cardinal
r ([BeRo08], § 6.2). Si C est une G-courbe de type (g,G, ξ), la formule (1.2) nous assure que le genre g0 de
C/G ne dépend que de g, de l’ordre de G et de la signature : (n1, . . . , nr). En particulier, g0 ne dépend pas
de la composante connexe.

Nous avons vu également dans la partie 1.1.2 que Hg,G,ξ est non vide si et seulement si G est engendré
par des éléments a1, b1, . . . , ag0 , bg0 , c1 . . . , cr tels que :

∀ i ∈ {1, . . . , r}, Hi = 〈ci〉 et
g0∏
j=1

[aj , bj ]
r∏
i=1

ci = 1.

On remarque en particulier que lorsque g0 = 0, la condition se limite au fait que chaque Hi soit engendré
par ci et que

∏r
i=1 ci = 1.

On considère à présent deux morphismes : le morphisme d’oubli de l’action de G :

Φ : Hg,G,ξ →Mg,

où Mg désigne l’espace des modules des courbes de genre g et le morphisme discriminant :

Ψ : Hg,G,ξ →Mg0,r,

où Mg0,r désigne l’espace des modules des courbes de genre g0 avec r points distincts marqués. Le mor-
phisme Ψ envoie ainsi une G-courbe C sur la classe de la courbe quotient C/G marquée par les r points
de branchement du revêtement C → C/G. Ces deux morphismes sont finis. De plus, si Hg,G,ξ est non vide,
le morphisme discriminant envoie chaque composante connexe de Hg,G,ξ sur Mg0,r. Ainsi, chacune de ces
composantes connexes a la même dimension

δg,G,ξ := dimMg0,r = 3 g0 − 3 + r. (1.4)

L’image de Φ, notée Mg,G,ξ, cöıncide avec le lieu dans Mg des courbes de genre g admettant une G-action
de type (g,G, ξ). Comme Φ est fini, si Mg,G,ξ est non-vide, alors chacune de ses composantes a aussi pour
dimension δg,G,ξ, nombre qui ne dépend finalement que de g, de l’ordre de G et de la signature (n1, . . . , nr).
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1.2 La caractéristique p > 0 et le cas de ramification sauvage.

1.2.1 La finitude du groupe des automorphismes.

Dans toute cette seconde partie, sauf mention explicite du contraire, k est un corps algébriquement clos
de caractéristique p > 0 et C une courbe algébrique projective lisse, connexe, définie sur k, de genre g ≥ 2.
On note Autk(C) le groupe des k-automorphismes de C et G un sous-groupe de Autk(C). Si p est premier
avec l’ordre de G, celui-ci est encore majoré par la borne d’Hurwitz ([Gro63]). Par contre, si p divise l’ordre
de G, la borne d’Hurwitz n’est plus valable. Cependant, le groupe des automorphismes est encore un groupe
fini ([Sch38]), dont l’ordre est borné par un polynôme en g (cf. [St73], [Sin74]).

1.2.2 Action de Autk(C) sur le groupe Pic0(C)[`] ' (Z/`Z)2g.

Dans ce paragraphe, on montre que l’on peut identifier le groupe des automorphismes Autk(C) à un
sous-groupe fini de GL2g(F`). En effet, Autk(C) s’injecte dans le groupe des k-automorphismes du schéma
de Picard : Autk(Pic0(C)) (cf. [DeMu69]). Pour décrire Autk(C), on peut donc considérer son action sur les
points de Pic0(C). Ainsi, soit ` un nombre premier distinct de p et de 2 et soit [`] la multiplication par `
dans Pic0(C). Le noyau de [`] est traditionnellement noté Ker [`] = Pic0(C)[`] ' (Z/`Z)2g. On obtient ainsi
un homomorphisme injectif (cf. [Se60]) :

h` : Autk(C) ↪→ Autk(Pic0[`]) ' GL2g(F`).

On peut donc identifier Autk(C) à un sous-groupe fini de GL2g(F`). L’homomorphisme h` est aussi utilisé
par Bertin et Mézard ([BeMe00], § 5) pour construire un espace de modules fin Mg,`[G] avec structure de
niveau G ↪→ GL2g(F`) pour les revêtements galoisiens de groupe G. Si l’on introduit le pairing de Weil (cf.
[Mi80], § 16), on généralise ainsi au cas de la caractéristique p > 0 l’injection de Aut(C) dans le groupe
symplectique Sp2g(F`) obtenue en caractéristique nulle (voir § 1.1.6).

Cette action est susceptible de nous fournir une nouvelle borne sur l’ordre de Autk(C). Ainsi, en faisant
varier `, on obtient une borne sur la valuation p-adique vp de |Autk(C)|, et par suite sur l’ordre des p-sous-
groupes de Sylow de Autk(C). Plus précisément, pour p > 2, Lehr et Matignon ([LM06b], § 3.3) montrent
que :

vp(|Autk(C)|) ≤ a+ [
a

p
] + [

a

p2
] + . . . avec a := [

2g
p− 1

].

La notation [x] désigne ici la partie entière du réel x. On renvoie à [LM06b] pour une formule analogue
lorsque p = 2. La borne obtenue sur l’ordre des p-sous-groupes de Sylow de Autk(C) est ainsi exponentielle
en g. Cette borne est très mauvaise pour les courbes lisses, si on la compare par exemple avec les bornes
polynomiales de Stichtenoth (cf. [St73]). La raison en est que les énoncés précédents, en particulier l’injection,
restent valables pour les courbes stables sans partie torique, i.e. les arbres de courbes lisses (cf. [DeMu69]).
Lehr et Matignon ([LM06b], § 3.3) montrent d’ailleurs que cette borne exponentielle est optimale puisqu’elle
est atteinte pour certaines courbes stables ayant beaucoup de composantes irréductibles.

1.2.3 La conjecture d’Abhyankar : l’existence de revêtements galoisiens de
groupe G.

On se demande à présent quels groupes G peuvent apparâıtre comme groupe d’automorphismes. Dans
ce paragraphe, k est un corps algébriquement clos de caractéristique p > 0 et X une courbe algébrique
projective lisse, connexe, définie sur k et de genre g quelconque. On fixe {x1, . . . , xr} un ensemble de r points
de X. Soit Y une courbe projective lisse et connexe et φ : Y → X un revêtement galoisien de groupe G,
dont les points de branchement sont les xi. Un problème important est de déterminer les groupes G pour
lesquels un tel revêtement φ existe et, dans ce cas, de préciser la filtration de ramification associée à chaque
point xi. L’existence d’un tel revêtement dans le cas r > 0 fait l’objet de la conjecture d’Abhyankar ([Ab57])
formulée comme suit. Soit G un groupe fini et soit p(G) le sous-groupe de G engendré par les p-sous-groupes
de Sylow de G. Soit X une courbe projective lisse et connexe de genre g définie sur un corps algébriquement
clos de caractéristique p > 0. Soit {x1, . . . , xr} un ensemble fini de r ≥ 1 points de X. Alors, il existe un
revêtement φ : Y → X galoisien de groupe G de courbes projectives lisses, étale sur X − {x1, . . . , xr} si et
seulement si le groupe quotient G/p(G) peut être engendré par au plus 2g + r − 1 générateurs.

Raynaud ([Ray94]) a démontré la conjecture pour la droite affine, i.e. pour X = P1
k et r = 1. Harbater

([Har94]) en a déduit la preuve dans le cas général. Un problème non résolu demeure cependant celui de la
détermination de la filtration de ramification correspondante. Ce problème a fait l’objet de travaux récents,
notamment ceux de R. Pries ([Pr06]).

Examinons à présent le cas r = 0. Un p-groupe G est groupe de Galois d’un revêtement étale connexe de
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X si et seulement si G est engendré par h éléments, où h est le p-rang de la jacobienne de X, autrement dit
l’invariant de Hasse-Witt de X. Dans le cas plus général d’un groupe G dont l’ordre est divisible par p, on
ne dispose pour l’heure que de résultats partiels (cf. [PaSt00]).

1.2.4 Classification des courbes avec de gros groupes d’automorphismes.

On reprend désormais les notations du paragraphe 1.2.1. La borne linéaire d’Hurwitz n’étant plus va-
lable en caractéristique p > 0, on voit apparâıtre des courbes qui, à genre donné, ont de plus gros groupes
d’automorphismes qu’en caractéristique nulle, phénomène qui s’explique par l’apparition de ramification
sauvage. De nombreux travaux ont pour objet de classifier de telles courbes et de préciser leur groupe d’au-
tomorphismes. Sans être exhaustif, on peut citer [Roq70], [St73], [Hen78], [HaPe93], [HKT08] (Chap. 11.12)...

Lorsque 2 ≤ g < p− 1, Roquette ([Roq70]) montre que la borne d’Hurwitz connâıt une seule exception :
la courbe d’équation W p − W = X2 avec p ≥ 5. Dans cette situation, g = 1

2 (p − 1) et le groupe des
automorphismes est extension centrale du groupe cyclique d’ordre 2 par PGL2(Fp). Ainsi, |Autk(C)| =
2 p (p2 − 1). Stichtenoth ([St73]) établit ensuite qu’en caractéristique p > 0, les seules courbes C pour
lesquelles

|Autk(C)| ≥ 16 g4

sont les courbes hermitiennes :

X1+q + Y 1+q + Z1+q = 0 avec q = pn, n ∈ N∗, pn ≥ 3.

Dans ce cas, g = 1
2 q (q − 1) et Autk(C) ' PGU3(Fq2) ⊂ PGL3(Fq2), i.e. le groupe unitaire lié à la forme

hermitienne (x, y, z)→ xxF + y yF + z zF , le Frobenius

F :
{

Fq2 → Fq2
x→ xq

étant une involution sur Fq2 (cf. [Leo96]). Ainsi, |Autk(C)| = q3 (q3 + 1) (q2 − 1) . Enfin, Henn ([Hen78])
1 donne une classification des courbes C telles que |Autk(C)| ≥ 8 g3. Celles-ci sont isomorphes soit à des
courbes hyperelliptiques, soit à des courbes hermitiennes, soit à des courbes de Deligne-Lusztig (on renvoie
à [Hen78] ou à [GK07] pour les équations de ces courbes et la description des groupes d’automorphismes
correspondants).

1.2.5 La filtration de ramification.

La possibilité d’obtenir de plus gros groupes d’automorphismes en caractéristique positive s’explique par
l’apparition de ramification sauvage. Mais l’apparition de ramification sauvage a aussi d’autres incidences.
Ainsi, nous avons vu dans la première partie (§ 1.1.3) qu’en caractéristique nulle comme dans le cas d’une
action modérée, le genre g0 de la courbe quotient C/G ne dépend que de g, de l’ordre du groupe G et de la
signature : (n1, . . . , nr), i.e. des ordres des groupes d’inertie (cf. formule (1.2)). En particulier, g0 ne dépend
pas de la composante connexe de Hg,G,r. Ce résultat n’est plus vrai en caractéristique p > 0, lorsque p divise
l’ordre de G et plus précisément l’ordre des groupes d’inertie. Pour obtenir une formule analogue, il faut
introduire la filtration de ramification inférieure du groupe G. Ainsi, si x ∈ C est un point de ramification,
on définit une suite décroissante de sous-groupes de G, appelés groupes de ramification inférieure de G en x
([St93] Def. III.8.5) :

∀ i ≥ −1, Gi(x) := {σ ∈ G, vx(σ(tx)− tx) ≥ i+ 1},
où tx est un paramètre uniformisant au point x et vx est la valuation en x. On appelle G−1(x) le groupe
de décomposition de G en x, G0(x) le groupe d’inertie et G1(x) le groupe d’inertie sauvage. Ce dernier
est l’unique p-sous-groupe de Sylow du groupe d’inertie. Comme k est algébriquement clos, le groupe de
décomposition et le groupe d’inertie cöıncident avec le stabilisateur Gx. En caractéristique nulle, comme en
caractéristique positive p > 0 lorsque p ne divise pas l’ordre de G, les groupes de ramification Gi(x) sont
triviaux dès que i ≥ 1. Mais lorsque p > 0 divise l’ordre de G, ces groupes interviennent dans la formule
donnant le genre g0 de la courbe quotient C/G. Si l’on note x1, . . . , xr les points de ramification de C, avec
r ≥ 0, la formule d’Hurwitz devient ([St93] Thm. III.4.12 et Thm. III.8.8) :

2 (g − 1) = 2 |G| (g0 − 1) +
r∑
j=1

∞∑
i=0

(|Gi(xj)| − 1). (1.5)

1Nakajima ([Na87a]) avait constaté un oubli dans la preuve de Henn : ”Stichtenoth’s result was improved by Henn. But his
proof contains a gap (last paragraph of p. 104). I do not know if the gap can be covered.” Ce manquement est comblé dans
[GK08]- (voir aussi [HKT08], Chapitre 11.12).
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1.2.6 Préliminaires à l’étude des déformations.

Au paragraphe 1.1.7, nous avons défini des espaces de modulesHg,G,ξ permettant de décrire les déformations
d’une G-courbe C de genre g et de donnée d’Hurwitz ξ, en caractéristique nulle et en caractéristique positive
lorsque l’action est modérée. En particulier, nous avons vu (cf. formule (1.4)) que chacune des composantes
connexes de Hg,G,ξ avait la même dimension δg,G,ξ ne dépendant que du genre g0 de la courbe quotient C/G
et du nombre r de points de branchement de C → C/G.

Lorsque k est de caractéristique positive p > 0 et que G est un groupe d’ordre divisible par p, les résultats
précédents ne sont plus valables à cause de l’apparition de ramification sauvage. Pour pouvoir décrire les
déformations d’une G-courbe en toute généralité, il est donc nécessaire d’introduire de nouveaux espaces de
modules. Suivant les travaux de Tufféry ([Tu93]), Maugeais [Mau08] et autres, étant donnés un groupe fini
G et un entier g, on appelle Mg[G] l’espace de modules des courbes propres et lisses de genre g : C → S, S
étant un schéma quelconque, munies d’une action de G fidèle dans chaque fibre.

Si C est une G-courbe de genre g définie sur un corps k algébriquement clos de caractéristique p > 0,
le revêtement π : C → C/G induit un point x de Mg[G] qui appartient à la fibre spéciale Mg[G] × Fp.
Etudier les déformations de π revient donc à étudier l’anneau local complété de Mg[G] en x, voire l’anneau
local complété de Mg[G] × Fp en x si l’on se restreint aux déformations en égale caractéristique p > 0 (cf.
[BeMe00] § 5). Dans cette déformation, n’intervient que la composante connexe de Mg[G] contenant x le
long de laquelle le genre des courbes quotients par G est constant, égal à g0 = g(C/G). En effet, le genre des
courbes quotients est déterminé, via la formule d’Hurwitz (1.5), par le degré δ du diviseur de ramification :
δ = 2 (g − 1) − 2 |G| (g0 − 1), degré qui reste constant au cours de la déformation. Par contre, les autres
données de ramification du revêtement π comme le nombre de points de ramification et la filtration en chacun
de ces points, peuvent varier au cours de la déformation.

Les Mg[G] sont des espaces de modules fins, même si ce ne sont pas des schémas mais des champs
algébriques. Si l’on veut travailler avec des espaces de modules fins représentables par des schémas, on peut
introduire les espaces de modules Mg,`[G] faisant intervenir la structure de niveau ` (cf. § 2.2).

1.2.7 Bornes sur les p-sous-groupes de Sylow de Autk(C).

L’importance de la ramification sauvage incite à s’intéresser plus particulièrement aux p-sous-groupes de
Autk(C). Stichtenoth ([St73]) donne une borne quadratique sur l’ordre du p-sous-groupe de Sylow G1(x) du
groupe d’inertie Gx en tout point x de C :

|G1(x)| ≤ 4 p
p− 1

g2.

Il démontre de plus que seules trois situations sont possibles, situations qui s’excluent l’une l’autre :

1. La courbe quotient C/G1(x) n’est pas rationnelle et |G1(x)| ≤ g.

2. La courbe quotient C/G1(x) est rationnelle, le revêtement C → C/G1(x) se ramifie ailleurs qu’au point
x et

|G1(x)| ≤ p

p− 1
g.

3. Les courbes quotients C/G1(x) et C/G2(x) sont rationnelles, le revêtement C → C/G1(x) se ramifie
seulement au point x et

|G1(x)| ≤ 4 |G2(x)|
(|G2(x)| − 1)2

g2 ≤ 4 p
(p− 1)2

g2.

Les résultats de Stichtenoth soulèvent tout naturellement la question de la classification des groupes
d’automorphismes G ⊂ Autk(C) satisfaisant la condition suivante :

Il existe un pointx deC tel que |G1(x)| > p

p− 1
g. (1.6)

Une réponse à ce problème est apportée par Giuletti et Korchmáros ([GK07].) Lorsque la condition (1.6) est
vérifiée, ceux-ci montrent que le groupe G fixe le point x, i.e. G = Gx ou bien que la courbe C est isomorphe
soit à une courbe hyperelliptique, soit à une courbe hermitienne, soit à une courbe de Deligne-Lusztig (on
renvoie à [GK07] pour les équations des courbes et la description des groupes correspondants).
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1.2.8 Sous-groupes de Sylow de Autk(C) dans le cas d’un revêtement p-cyclique
de la droite projective, ramifié en un seul point.

Lehr et Matignon [LM05] caractérisent les p-sous-groupes de Sylow du groupe des automorphismes
Autk(C) dans le cas où C → P1

k est un revêtement p-cyclique de la droite projective, ramifié en exacte-
ment un point.

Supposons ainsi que C soit définie par l’équation : W p −W = f(X), où f(X) un polynôme de k[X] de
degré m premier à p, m ≥ 2 et {m, p} 6= {2, 3}. Notons A∞,1 le groupe d’inertie sauvage du groupe des
automorphismes Autk(C) au point X =∞. Alors, A∞,1 est un p-sous groupe de Sylow de Autk(C) et il est
normal sauf lorsque f(X) = Xm avec m < p et m divisant 1 + p. De plus, A∞,1 est extension centrale d’un
groupe cyclique d’ordre p par un p-groupe abélien élémentaire V ' (Z/pZ)t, t ≥ 0, lequel correspond à un
sous-groupe de translations de la droite affine : X → X + y, y ∈ V .

Réciproquement, tout extension de Z/pZ par un p-groupe abélien élémentaire V ' (Z/pZ)t, t ≥ 0, peut
être réalisé de cette façon ([LM05] Thm. 1.1). Par [St73], on obtient également des bornes sur l’ordre du
p-Sylow |A∞,1| puis sur le quotient |A∞,1|g2 :

|A∞,1| ≤ p (m− 1)2 et
|A∞,1|
g2

≤ 4 p
(p− 1)2

.

Dans la seconde borne, le cas d’égalité se produit lorsque f(X) admet une écriture particulière en terme de
polynômes additifs, i.e. de polynômes de k{F}, le k-sous-espace vectoriel de k[X] engendré par les puissances
positives du Frobenius F (cf. [Go96] chap. 1). Ainsi, si l’on suppose f(X) réduit modulo (F − id)(k[X]), i.e.
si les exposants des monômes de f(X) sont tous premiers à p et si

|A∞,1|
g

>
p

p− 1
(
2
3

pour p = 2),

alors f(X) = cX + X S(X) ∈ k[X], où S(X) est un polynôme additif de k[X] de degré ps ([LM05] Prop.
8.3). Dans ce cas,

|A∞,1|
g

=
2 ps+1

(p− 1)
et
|A∞,1|
g2

=
4 p

(p− 1)2
.

1.2.9 Les grosses actions.

Soient k un corps algébriquement clos de caractéristique p > 0 et C une courbe algébrique projective
lisse, connexe, définie sur k, de genre g ≥ 1. Pour poursuivre cette étude, nous allons remplacer la condition
(1.6) par deux hypothèses plus contraignantes :

1. G ⊂ Autk(C) est lui-même un p-groupe.

2. L’inégalité |G1(x)| > p
p−1 g devient :

|G| > 2 p
p− 1

g. (1.7)

Sous ces deux hypothèses, nous dirons que le couple (C,G) constitue une grosse action.

Notre première tache va être de justifier la pertinence de ces nouvelles hypothèses. Pour donner une
première idée, on peut dire que l’intérêt de la borne (1.7) est de rigidifier la situation de ramification du
revêtement : C → C/G, comme il a été fait en caractéristique nulle avec les groupes d’automorphismes
dits ”larges” et ”super-larges”. Plus précisément, en comparant nos hypothèses aux résultats de Nakajima
([Na87a], Thm. 1), on démontre que la borne (1.7) impose la nullité de l’invariant de Hasse-Witt de la courbe
C. Dans cette situation, la formule de Deuring-Shafarevitch (cf. [Bou00]) implique qu’il existe un seul point
x de C qui soit ramifié. Il suit qu’en ce point, la ramification est totale. Dès lors, puisque G est un p-groupe :

G = Gx = G0(x) = G1(x).

Le point de ramification x étant unique, on note désormais les groupes de ramification Gi à la place de Gi(x).
On se trouve donc dans le dernier des trois cas de figure décrit par Stichtenoth (voir § 2.7) si bien que les
courbes quotient C/G et C/G2 sont rationnelles. Par conséquent, G2 ne peut pas être trivial. La formule du
genre d’Hurwitz (cf. (1.5)) appliquée au revêtement C → C/G donne à présent :

2 g =
∑
i≥2

(|Gi| − 1).
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En particulier, la condition (1.7) se réécrit :

|G| > 2 g
p− 1

p avec
2 g
p− 1

∈ N∗.

L’apparition du 2 au numérateur de la borne (1.7) présente un autre avantage majeur par rapport à la
borne (1.6) : dans le cas d’une grosse action, G2 est strictement inclus dans G1 ([LM05]). Ceci n’est plus vrai
si l’on prend un p-groupe G ⊂ Autk(C) vérifiant seulement l’inégalité large |G| ≥ 2 p

p−1 g, comme en témoigne
le contre-exemple lié à la courbe W p −W = X2, avec p > 2. Dès lors, le groupe quotient G/G2 agit comme
un p-groupe d’automorphismes de la courbe rationnelle C/G2, si bien que ce groupe quotient s’identifie à un
groupe de translations de la droite affine : X → X + y, où y décrit un Fp-sous espace vectoriel V de k de
dimension finie v > 0. Ceci relie l’étude des grosses actions au problème de plongement lié à la suite exacte :

0 −→ G2 −→ G = G1
π−→ V ' (Z/ pZ)v −→ 0,

avec

π :
{
G→ V
g → g(X)−X.

1.2.10 Grosses actions (C,G) avec un G2 cyclique d’ordre p.

Dans l’étude des grosses actions, un premier cas crucial est celui des grosses actions dont le G2 est cyclique
d’ordre p. On peut en effet se ramener à ce cas par quotient en utilisant la proposition suivante.

Proposition 1.2.1. Soit (C,G) une grosse action de genre g ≥ 2. Soit H un sous-groupe normal de G tel
que gC/H > 0 (ce qui est vrai en particulier lorsque H est strictement inclus dans G2 comme nous l’établirons
plus loin). Alors, le couple (C/H,G/H) est encore une grosse action (cf. [LM05] Prop. 8.5) et son deuxième
groupe de ramification est G2/H (voir § 1.4.1).

Les résultats décrivant une grosse action dont le G2 est cyclique d’ordre p sont regroupés dans le théorème
ci-dessous. Ils sont issus en droite ligne des travaux de Lehr et Matignon [LM05] évoqués au paragraphe 2.8.
Précisons que, dans toute la suite de ce paragraphe, si f ∈ k[X] − (F − id)(k[X]), on notera Cf la courbe
projective lisse définie par l’équation affine : W p −W = f(X).

Theorem 1.2.2. Soit (C,G) une grosse action de genre g ≥ 2 telle que G2 est cyclique d’ordre p.
1. La courbe C est isomorphe à une courbe Cf d’équation affine :

W p −W = f(X) = cX +X S(X) ∈ k[X],

où S(X) = a0X+a1X
p + . . .+as−1X

ps−1
+asX

ps est un polynôme additif de k[X] de degré ps, avec
s ≥ 1. De plus, après une translation et une homothétie sur X, on peut supposer c = 0 et as = 1.

2. Suivant Elkies ([El97], section 4), on définit un polynôme additif lié à f , appelé le polynôme palindro-
mique de f :

Adf :=
1
ap

s

s

F s (
s∑
j=0

aj F
j + F−j aj),

où F désigne l’opérateur Frobenius. L’ensemble de ses racines Z(Adf ) est un Fp-espace vectoriel iso-
morphe à (Z/pZ)2s.

3. Le sous-groupe d’inertie sauvage A∞,1 de Autk(C) au point X = ∞ est extension de son centre
Z(A∞,1), groupe cyclique d’ordre p égal à son groupe dérivé D(A∞,1), par le p-groupe abélien élémentaire
Z(Adf ), i.e.

0 −→ Z(A∞,1) = D(A∞,1) ' Z/pZ −→ A∞,1
π−→ Z(Adf ) ' (Z/pZ)2s −→ 0,

où

π :
{
A∞,1 → Z(Adf )
g → g(X)−X.

Pour p > 2, A∞,1 est l’unique groupe extraspécial d’exposant p et d’ordre p2s+1.
4. Il existe un sous Fp-espace vectoriel V de Z(Adf ) tel que G = π−1(V ).
5. La filtration de ramification inférieure de G au point ∞ s’écrit :

G = G0 = G1 ) G2 = . . . = Gi0 ' Z/pZ ) {0}, (1.8)

avec i0 = 1 + ps.
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6. La filtration de ramification supérieure de G s’écrit :

G = G0 = G1 ) G2 = . . . = Gφ(i0) ' Z/pZ ) {0}, (1.9)

où φ désigne la fonction de Herbrand (cf. [Se68] § IV,3). Ici, φ(i0) = 1 + 1
ps .

Lehr et Matignon [LM05] établissent également la réciproque :

Proposition 1.2.3. Soit Cf la courbe projective lisse définie sur k par l’équation affine :

W p −W = f(X) := cX +X S(X) ∈ k[X],

où S est un polynôme additif de degré ps, avec s ≥ 1. Soit A∞,1 le sous-groupe d’inertie sauvage de Autk(Cf )
au point ∞. Alors (Cf , A∞,1) est une grosse action dont le deuxième groupe de ramification est cyclique
d’ordre p.

On s’intéresse à présent aux déformations d’une telle action. Pour cela, on introduitA := k[c, a0, · · · , as][ 1
as

]
le localisé de l’anneau des polynômes à s+ 2 indéterminées. La famille

Spec (
A[X,W ]

W p −W − f(X)
) −→ SpecA

où f(X) := cX + X (a0X + a1X
p + . . . + asX

ps) ∈ A[X], est une famille affine lisse. Elle peut être
compactifiée par :

Proj (
A[X,W,Z]

W p Zps−p+1 −W Zps − Z1+ps f(XZ )
) −→ SpecA,

laquelle est une famille projective avec une forte singularité en Z = 0. On peut montrer (communication de
Sylvain Maugeais) que la normalisation induit une famille lisse projective :

C −→ SpecA ' As+1 ×Gm.

La fibre au point (c, a0, a1, . . . , as 6= 0) ∈ SpecA est isomorphe à la courbe Cf , avec f(X) := cX+X (a0X+
a1X

p + . . .+ asX
ps). On suppose désormais que p > 2 et on note G le groupe extraspécial d’ordre p2s+1 et

d’exposant p. La famille C est munie d’une G-action qui induit, en chaque fibre, l’action (Cf , A∞,1(Cf )), où
A∞,1(Cf ) ' G désigne le sous-groupe d’inertie sauvage de Autk(Cf ) au point∞. On en déduit le morphisme :

As+1 ×Gm ⊂ As+2 −→ Mg[G]× Fp
(c, a0, a1, . . . , as 6= 0) 7−→ classe d’équivalence de (Cf , G)

avec f(X) := cX +X (a0X + a1X
p + . . .+ asX

ps).

Le corps k étant algébriquement clos, on montre que deux G-courbes Cf1 et Cf2 sont équivalentes si et
seulement s’il existe (λ, µ) dans k× × k tels que f2(X) = f1(λX + µ) (cf. [LM05] § 8.2). Il suit que l’espace
des modules grossier associé à Mg[G] × Fp est quotient de l’ouvert As−1 × Gm par un groupe cyclique.
Ainsi,Mg[G]×Fp est irréductible de dimension s. La dimension obtenue sera comparée plus loin aux bornes
données par Pries pour l’espace des déformations (cf. § 2.12).

Remarquons tout d’abord que, dans notre situation, les déformations sont équiramifiées, puisque la fil-
tration de ramification inférieure (resp. supérieure) du groupe est fixée par (1.8) (resp. (1.9)).

On constate également que dans notre exemple, (Mg[G])red = (Mg[G]× Fp)red. En effet, supposons que
(Cη, G) soit une déformation de (Cf , G) en caractéristique nulle. Alors, la courbe quotient Cη/G2 s’identifie-
rait à la droite projective et G1/G2 ' (Z/pZ)2s s’identifierait à un sous-groupe de PGL2(K), avec K corps
de caractéristique nulle. Il suit de [Su82] (Thm. 6.17) que p = 2, s = 2, d’où g = p−1

2 ps = 1, ce qui est une
contradiction.

On généralise ce résultat en montrant que pour toute grosse action (C,G) de genre g ≥ 2, l’anneau de
déformations est de caractéristique p > 0 lorsque p ≥ 2. En effet, le couple (C/G2, G/G2) est une action
faiblement ramifiée, i.e. de second groupe de ramification trivial. Il suit de plus de la Proposition 2.1 et du
Théorème 2.2 que p2 divise l’ordre du p-groupe abélien élémentaire G/G2. La théorie des déformations de
telles actions faiblement ramifiées est connue d’après les travaux de [CoKa03], [CoMe06] et [ByCo08]. On en
déduit le résultat annoncé.
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1.2.11 Début de classification pour les grosses actions.

Si les grosses actions sont définies via la valeur du quotient |G|g , on s’aperçoit que c’est un autre quotient,

en l’occurence |G|g2 , qui joue un rôle de crible pour leur classification, l’idée étant qu’une borne inférieure sur
|G|
g2 induit une borne supérieure sur l’ordre de G2 ([LM05] section 8.4). Par [Na87a] (Thm. 1), on sait déjà
que

|G|
g2
≤ 4 p

(p− 1)2
.

Lehr et Matignon ([LM05] Thm. 8.6) obtiennent une caractérisation des grosses actions (C,G) vérifiant :

|G|
g2
≥ 4

(p− 1)2
. (1.10)

Theorem 1.2.4. Soit (C,G) une grosse action de genre g ≥ 2. La condition (1.10) est vérifiée si et seulement
si G2 est cyclique d’ordre p, i.e. si et seulement si C est birationnelle à une courbe d’équation W p −W =
cX +X S(X) ∈ k[X], où S est un polynôme additif de k[X] de degré ps, avec s ≥ 1.
Deux cas sont alors possibles :

1. Soit G = A∞,1 et V = Z(Adf ), auquel cas, |G|g2 = 4 p
(p−1)2 .

2. Soit G est un sous-groupe d’indice p de A∞,1 et V un hyperplan de Z(Adf ), auquel cas |G|g2 = 4
(p−1)2 .

1.2.12 Etude des déformations via le formal patching.

R. Pries consacre une série de travaux ([Pr05], [Pr06], [PrOb08]) aux déformations équiramifiées de
courbes en caractéristique positive.

Soient k un corps algébriquement clos de caractéristique p > 0 et X une courbe algébrique, projective,
lisse, connexe définie sur k. Soit ϕ : Y → X un revêtement galoisien de groupe G fini, ramifié en un ensemble
fini B de points de X . Par des méthodes de patching formel (cf. [Har03]), l’étude des déformations de ϕ
se ramène à celle du I-revêtement de germes de courbes φ : Y → X, où X est le germe de X en b, i.e.
X = Spec ÔX ,b, Y le germe de Y en η := ϕ−1(b) et I le groupe d’inertie de ϕ en η (cf. [Pr05] § 4.4). Dans ce
cas, I est isomorphe au produit semi-direct : P o Z/mZ, où P est un p-groupe d’ordre pe et m un entier non
divisible par p. Nous verrons également au paragraphe suivant que Bertin et Mézard ([BeMe00]) ramènent,
par des méthodes cohomologiques, l’étude des déformations globales à celles des déformations locales, ce qui
peut aussi se montrer par des méthodes de recollement analytique (cf. [HarSt99].)

Pries traite le cas des déformations en égale caractéristique d’un I-revêtement φ de germes de courbes.
Pour cela, elle introduit un foncteur Fφ paramétrisant les déformations non obstruées de φ, ce qui signifie
que le lieu de branchement et la filtration de ramification ne changent pas ([Pr05] § 3.1). Elle établit en
particulier l’existence d’un espace de module Mφ représentant le foncteur Fφ dans une certaine catégorie.
De plus, par passage à un quotient, Mφ est un sous-schéma d’un produit de schémas, chacun d’eux étant un
espace de modules pouvant être explicitement décrit en fonction de la ramification de filtration de φ. Elle en
déduit des bornes inférieures et supérieures pour la dimension de Krull dφ de Mφ, bornes qui ne dépendent
que de la filtration de ramification de φ en numérotation supérieure.

Par la théorie du corps de classes, Pries étudie plus particulièrement le cas où I est un p-groupe abélien
([Pr05] § 4.3). Dans ce cas, Mφ est produit direct de copies de Ga modulo l’action de F×p : elle en déduit une
formule exacte pour dφ en terme des sauts dans la filtration de ramification supérieure de φ. De plus, dans
cette situation, la borne supérieure sur dφ est atteinte.

La borne supérieure sur dφ est encore atteinte lorsque I est produit semi-direct d’un p-groupe abélien
élémentaire P := (Z/pZ)e par Z/mZ ([Pr05] § 3.5). On retrouve ainsi le résultat de Cornelissen-Kato dans le
cas où Y est ordinaire, i.e. d’invariant de Hasse-Witt égal à son genre (cf. [CoKa03]). Dans [PrOb08], Pries
et Obus calculent la valeur de dφ lorsque I est produit semi-direct de P := (Z/peZ) par Z/mZ.

La borne supérieure sur dφ trouvée par Pries n’est cependant pas toujours atteinte. Considérons par
exemple le cas où I est un p-groupe d’ordre pe, i.e. m = 1. Notons (σi)1≤i≤e les sauts en ramification
supérieure de φ comptés avec leur multiplicité `i, i.e. :

σ1 = . . . = σ`1 < σ`1+1 = . . . = σ`1+`2 < . . . < σ`r−1+1 = . . . = σ`1+`2+...+`r ,
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où
Gj

Gj+1
' (Z/pZ)`j .

Alors, d’après les bornes trouvées dans [Pr05], la dimension de Krull dφ est encadrée comme suit :

n1 ≤ dφ ≤
e∑
i=1

ni avec ni = bσic − b
σi
p
c,

où bxc désigne la partie entière inférieure du réel x.

En reprenant les notations du paragraphe 2.10, on considère la courbe projective lisse Cf0 d’équation
affine :

W p −W = f0(X) := X1+ps

avec s ≥ 1 et p ≥ 3. On prend alors pour G le sous-groupe d’inertie sauvage A∞,1 de Autk(C) au point
X = ∞. On déduit du paragraphe 2.10 que (C,G) est une grosse action dont le deuxième groupe de
ramification est cyclique d’ordre p, que G est le groupe extraspécial d’exposant p et d’ordre p2s+1 et que les
σi définis ci-dessus prennent les valeurs suivantes : σ1 = . . . = σ2s = 1 et σ2s+1 = 1 + 1

ps . D’où :

1 ≤ dφ ≤ 2s+ 1.

Comme dim (Aut (P1 − {∞})) = 2 et que les déformations sont non obstruées, il suit des travaux de Pries
([Pr05] § 4.4) que :

dφ = dim (Mg[G]× Fp) + 2.

Or, les résultats du paragraphe 2.10 indiquent que dim (Mg[G]×Fp) = s, d’où dφ = s+2. La borne maximale
donnée par Pries n’est donc pas atteinte dans ce cas, lorsque s ≥ 2.

1.2.13 Etude des déformations via les méthodes cohomologiques.

Utilisation des déformations dans les problèmes de relèvement en inégale caractéristique.

Les méthodes de déformations interviennent également pour étudier les problèmes de relèvement en
inégale caractéristique. Bertin et Mézard ([BeMe00]) utilisent ainsi les méthodes cohomologiques des déformations
pour traiter du problème de relèvement en caractéristique nulle des revêtements galoisiens de courbes lisses
sur un corps k algébriquement clos de caractéristique p > 0.

Soit C une courbe complète, lisse et connexe définie sur k et π : C → C/G un revêtement galoisien
de groupe G. Un problème difficile est celui du relèvement de π en caractéristique zéro, i.e. le relèvement
galoisien à un anneau de valuation discrète R dominant l’anneau des vecteurs de Witt W (k). On sait déjà
que, dans certains cas, les bornes d’Hurwitz ou de Stichtenoth sur l’ordre du groupe des automorphismes
rendent ce relèvement impossible. Bertin et Mézard abordent ce problème de relèvement des revêtements
galoisiens en utilisant les déformations, le caractère galoisien étant conservé au cours de la déformation.
Lorsque la ramification est modérée, il n’y a pas d’obstruction au relèvement infinitésimal des déformations
(cf. [Gro63]). L’anneau versel de déformation est alors une algèbre de séries formelles sur W (k). Mais, dans
le cas général, il existe des obstructions qui sont localisées aux points de ramification sauvage.

Bertin et Mézard définissent tout d’abord les foncteurs des déformations globales Dgl et des déformations
locales DG d’un revêtement galoisien ([BeMe00], § 2). Ces foncteurs admettent des anneaux de déformations
versels Rgl et RG et leurs espaces tangents peuvent être identifiés à certains premiers groupes de cohomologie
équivariants.

Plus précisément, soit Λ un anneau de valuation discrète complet de caractéristique nulle et soit k son
corps résiduel de caractéristique p. On peut par exemple choisir Λ = W (k), l’anneau des vecteurs de Witt à
coefficients dans k. Soit C → C/G un revêtement galoisien, où C est une courbe algébrique projective lisse
définie sur k et G un sous-groupe fini de Autk(C). Bertin et Mézard montrent que le foncteur des déformations
infinitésimales Dgl de (C,G) admet une déformation verselle et que son espace tangent Dgl(k[ε]) s’identifie
à H1(G, TC), où TC est le faisceau tangent à la courbe C.

On considère à présent x ∈ C un point de ramification sauvage de C, i.e. un point tel que son groupe
d’inertie Gx est d’ordre divisible par p. On note ÔC,x ' k[[T ]] l’anneau local complété de la courbe C au
point x et T̂C,x la fibre complétée du faisceau tangent au point x. Bertin et Mézard prouvent que le foncteur
DG des déformations infinitésimales d’une représentation ρ : G ↪→ Aut k[[T ]] admet une déformation verselle
et que l’espace tangent DG(k[ε]) s’identifie à H1(G,Θ), où Θ = k[[T ]] ddT est le k[[T ]]-module des champs de
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vecteurs formels.

Bertin et Mézard démontrent ensuite un principe local-global qui relie les déformations globales aux
déformations locales et qui établit que les obstructions sont de nature locale ([BeMe00], §3). Pour préciser
les énoncés, il est tout d’abord nécessaire de rappeler certaines définitions de cohomologie équivariante
(cf. [Gro57]). Soient C et G définis comme ci-avant. Soit F un (G,OC)-module. Si π est le revêtement
C → Σ : C/G, on peut alors considérer le faisceau πG∗ (F ) sur Σ défini par :

V → Γ(V, π∗(F ))G = Γ(π−1(V ), F )G,

où V est un ouvert de Σ. On définit alors deux foncteurs covariants sur la catégorie des (G,OC)-modules :
πG∗ et ΓG(C, .), avec ΓG(C,F ) = Γ(C,F )G. Les foncteurs dérivés sont respectivement un faisceau de modules
sur Σ noté Rq πG∗ (C,F ) et un groupe noté Hq(G,F ) = RqΓG(C,F ). Le k-espace vectoriel Hq(G,F ) est le
groupe de cohomologie équivariante de G à coefficients dans le G-faisceau F .

Soient y1, y2, . . . , yr ∈ C/G les images des points de ramification sauvage de C → C/G. Pour 1 ≤ i ≤ r,
on note xi un point au-dessus de yi. Soit le foncteur des déformations locales Dloc =

∏
i DGxi

, où DGxi
est

le foncteur des déformations infinitésimales de l’action induite par Gxi sur ÔC,xi ' k[[T ]]. Le choix du point
xi est sans importance, car si on prend un autre point x′i dans l’orbite de xi sous G, on obtient un foncteur
DGx′

i
isomorphe à DGxi

. Par localisation en ces points, on définit un morphisme :

ϕ : Dgl → Dloc.

Comme l’espace tangent au foncteur DGxi
vérifie :

DGxi
(k[ε]) ' H1(Gxi , TC,xi),

l’espace tangent au foncteur Dloc satisfait :

Dloc(k[ε]) '
r⊕
i=1

H1(Gxi , T̂C,xi).

On a de plus la suite exacte :

0 −→ H1(C/G, πG∗ (TC)) −→ H1(G, TC) −→ H0(C/G,R1πG∗ (TC)) −→ 0,

avec

H0(C/G,R1πG∗ (TC)) '
r⊕
i=1

H1(Gxi , T̂C,xi).

L’application de localisation H1(G, TC)→
⊕
H1(Gxi , T̂C,xi) est donc surjective. Le noyau H1(C/G, πG∗ (TC))

est l’espace tangent au foncteur Kerϕ. Ce foncteur peut être interprété comme le foncteur des déformations
équivariantes localement triviales, c’est-à dire celles qui induisent une déformation triviale sur un voisinage
formel de chaque xi. On montre alors que le morphisme ϕ : Dgl → Dloc est lisse. De plus, si on note Ri
l’anneau de déformations versel de DGxi

et Rgl celui de Dgl, alors R1⊗̂ . . . ⊗̂Rr est l’anneau de déformations
versel de Dloc et

Rgl = (R1⊗̂ . . . ⊗̂Rr)[[U1, . . . , UN ]],

avec N = dimkH
1(C/G, πG∗ (TC)). Ainsi, l’anneau local complet qui supporte une déformation formelle ver-

selle globale est formellement lisse sur le produit tensoriel des anneaux locaux complets Ri qui supportent
les déformations verselles localisées aux points de ramification sauvage xi.

Bertin et Mézard se concentrent donc sur les déformations locales au voisinage formel d’un point x de
ramification sauvage ([BeMe00], §4). Ils étudient plus particulièrement le cas où le groupe d’inertie Gx = 〈σ〉
est cyclique d’ordre p, première étape d’une étude par dévissage d’un groupe d’inertie plus compliqué. Dans
ce cas, où l’existence d’un relèvement en caractéristique nulle est établie ([OSS89], [GrMa98]), ils donnent
une description de l’anneau versel RGx et calculent sa dimension de Krull, comme expliqué ci-dessous.

Soit Rσ l’anneau de déformation versel local associé à l’automorphisme σ de k[[T ]], d’ordre p et de
conducteur m, ave p > 2 et m > 1, (p,m) 6= (3, 2). Le groupe cyclique d’ordre p, G := 〈σ〉, s’identifie au
groupe d’inertie à l’infini d’un G-revêtement π : C → P1, défini sur k et étale sur A1. Les conditions sur p et
m assurent de plus que le genre du revêtement π est supérieur ou égal à 2. On fixe une structure de niveau
` sur la courbe C, où ` ≥ 3 est un premier distinct de p (cf. § 2.2 et § 2.6). Le revêtement π s’identifie alors
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à un point x d’un espace modulaire Mg,`[G]. Le point x appartient alors à la fibre spéciale de Mg,`[G] et
l’anneau Rgl de déformations versel de (C,G) est relié à M :=Mg,`[G] par la relation :

Rgl ' ÔM,x.

Bertin et Mézard calculent la dimension de Krull de ÔM,x, c’est-à-dire la dimension de M :

dimKrull ÔM,x = m− 1.

Ils en déduisent la dimension de l’anneau de déformation versel local Rσ associé à l’automorphisme σ défini
précédemment. Par le principe local-global, l’anneau de déformations universel global vérifie en effet :

dimKrullRgl = m− 1 = dimKrullRσ + dimkH
1(Σ, πG∗ (TC)),

avec

dimkH
1(Σ, πG∗ (TC)) = −3 + b (m+ 1)(p− 1)

p
c.

En écrivant m = pq − l, avec q ≥ 1 et 1 ≤ l ≤ p− 1, ils concluent que :

dimKrullRσ =
{

q si l 6= 1
q + 1 si l = 1.

Le cas d’égale caractéristique.

En étudiant le relèvement à la caractéristique nulle des revêtements galoisiens, Bertin et Mézard ont établi
des résultats sur les déformations infinitésimales d’une G-courbe C dans le cas où le groupe G est cyclique
d’ordre p. Kontogeorgis ([Kon07]) étend le travail de Bertin et Mézard dans le cadre de l’égale caractéristique
p > 0. Puisque les quotients des groupes de ramification successifs : Gi/Gi+1 sont, pour i ≥ 1, des p-groupes
abéliens élémentaires, Kontogeorgis va se concentrer sur les déformations infinitésimales équivariantes d’une
G-courbe C de genre g lorsque G est un p-groupe abélien élémentaire.

Soit k un corps algébriquement clos de caractéristique p ≥ 0. Soit C une courbe algébrique projective
lisse, définie sur k. Le foncteur des déformations de C indépendamment de toute action de groupe, est déjà
connu et largement étudié : on sait, par exemple, que son espace tangent est H1(TC), où TC est le faisceau
tangent à la courbe C. Fixons à présent un sous-groupe G du groupe des automorphismes de C. Comme
nous l’avons vu au paragraphe précédent avec Bertin et Mézard, on peut alors définir un nouveau foncteur
des déformations et l’espace tangent de ce foncteur est donné par le groupe de cohomologie équivariante de
Grothendieck H1(G, TC). De plus, sa dimension sur k mesure les directions pour déformer la G-courbe C.
Dans ce cas, les points xi de ramification sauvage contribuent, via les groupes H1(Gxi , T̂C,xi), au calcul de
la dimension de l’espace tangent du foncteur des déformations.

En appliquant la théorie des groupes de Galois des corps locaux, l’idée est de casser le groupe de ramifi-
cation à chaque point de ramification sauvage en une suite d’extensions de p-groupes abéliens élémentaires.
Cette décomposition est utilisée pour réduire le calcul de l’espace tangent au cas d’un p-groupe abélien
élémentaire. Kontogeorgis donne alors des bornes supérieures et inférieures à la dimension de l’espace tan-
gent du foncteur des déformations. En particulier, si le groupe d’inertie Gx du point de ramification sauvage
x est produit semi-direct d’un p-groupe abélien élémentaire par un groupe cyclique tel qu’il y ait seulement
un saut en ième position dans la suite de ramification inférieure, Kontogeorgis donne la valeur exacte de la
dimension de la contribution locale H1(Gx, TC,x). Dans le cas i = 1, il retrouve ainsi les résultats de [CoKa03]
sur les déformations de courbes ordinaires. Il compare aussi ses résultats aux bornes de Pries (cf. § 2.12).

En guise d’application, revenons au cas des déformations de la courbe :

Cf0 : W p −W = f0(X) := X1+ps avec p ≥ 3, s ≥ 1

munie de l’action du groupe d’inertie sauvage G := A∞,1 (voir § 2.10 et § 2.12). Les formules de Kontogeorgis
donnent les bornes suivantes :

s+ 1 ≤ dimH1(G, T̂C,∞) = dimH1(G, TC) ≤ s+ 2 + ps−1.
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1.3 Motivation et application : la monodromie arithmétique.

L’étude des grosses actions trouve également son origine dans des problèmes de monodromie, en particulier
la recherche des groupes de monodromie (sauvage) maximaux. Nos références sont ici [Liu02] et [Ma06].

Soient (K, v) un corps complet (ou hensélien) muni d’une valuation discrète, OK son anneau de valuation,
MK l’idéal maximal de OK et π une uniformisante. On suppose que le corps résiduel k := OK/MK est
algébriquement clos de caractéristique p > 0. On commence par rappeler un résultat de Grothendieck
prouvant l’existence d’une réduction semi-stable pour les variétés abéliennes. Soit A une variété abélienne
sur K. Grothendieck prouve l’existence d’une extension K ′/K finie et séparable telle que la composante
neutre de la fibre spéciale du modèle de Néron A′0 de A′ = A×K ′ sur OK′ soit semi-abélienne, i.e.

0 −→ T −→ A′0 × k −→ B −→ 0,

où T est un tore et B une variété abélienne sur k. On dit alors que A admet une réduction semi-stable sur K ′.

On introduit à présent la notion de réduction semi-stable (resp. stable) pour une courbe C définie sur
K. On considère tout d’abord une courbe X connexe projective définie sur k. On dit que X est semi-stable
si elle est réduite et si ses singularités sont des points doubles ordinaires. On dit que X est stable si elle
est semi-stable, connexe, projective, si pa(X) ≥ 2 et si ses composantes irréductibles isomorphes à P1 in-
tersectent les autres composantes irréductibles en au moins trois points. Considérons à présent une courbe
C définie sur K. On dit que C admet une réduction semi-stable (resp. stable) s’il existe un modèle C sur
SpecOK avec une fibre spéciale Cs semi-stable (resp. stable) sur k.

Le résultat suivant, dû à Deligne et Mumford ([DeMu69]), établit l’existence d’une telle réduction. Ainsi,
si C est une courbe projective lisse, géométriquement connexe, de genre g ≥ 2, définie sur K, il existe une
extension K ′/K finie et séparable telle que C × K ′ admette un unique modèle stable C sur OK′ . La fibre
spéciale C × k ne dépend pas de l’extension K ′/K : on l’appelle la réduction potentiellement stable de C.
On peut alors faire le lien avec la réduction semi-stable pour les variétés abéliennes : la courbe C admet une
réduction stable sur K si et seulement si sa jacobienne admet une réduction semi-stable sur K.

On cherche à présent l’extension minimale K ′/K permettant d’obtenir cette réduction stable. Soit C
une courbe définie sur K (voire une variété abélienne). Il existe une unique extension minimale K ′/K telle
que C × K ′ admette une réduction stable. On appelle cette extension l’extension de monodromie finie,
son groupe de Galois Gal(K ′/K) le groupe de monodromie et son p-sous-groupe de Sylow Gal(K ′/K)p le
groupe de monodromie sauvage. Si l’extension K ′/K est de degré pn e, avec e premier à p, le groupe quotient
Gal(K ′/K)/Gal(K ′/K)p est cyclique d’ordre e. Il correspond à l’extension cyclique modérée K ′t := K(π1/e),
appelée extension de monodromie modérée. Le groupe de monodromie Gal(K ′/K) est ainsi produit semi-
direct d’un groupe cyclique d’ordre e premier à p et du p-groupe de monodromie sauvage. On se pose alors
les problèmes suivants :

1. Identifier les groupes (resp. les p-groupes) qui peuvent apparâıtre comme groupe de monodromie (resp.
groupes de monodromie sauvage).

2. Dans le cas des courbes, trouver les groupes de monodromie sauvage qui, à genre donné, sont de taille
maximale.

De l’unicité du modèle stable C, on déduit une action fidèle du groupe de monodromie sur la réduction
potentiellement stable de C :

Gal(K ′/K) ↪→ Autk(C × k).

Si l’on suppose à présent que C × k est lisse de genre g ≥ 2, on peut appliquer les bornes connues pour
les groupes d’automorphismes des courbes lisses de genre g ≥ 2. En particulier, le groupe de monodromie
modérée étant cyclique d’ordre e, on déduit de [Na87b] que e ≤ 4g + 2. Par Stichtenoth [St73] et Nakajima
[Na87a], on sait aussi que |Gal(K ′/K)p| ≤ max {4g, 4p

(p−1)2 g
2}. Mais ces problèmes ont également des liens

avec nos ”grosses actions”, comme le montre l’exemple qui suit.
Lehr et Matignon [LM06a] ont déterminé l’extension de monodromie de certains revêtements p-cycliques

de la droite projective sur une extension de Qp pour lesquels le groupe de monodromie sauvage est de taille
maximale à genre donné. Ainsi, soit p ≥ 2, s ≥ 1, K = Qnr

p (p1/(ps+1), ζ), où ζ est une racine primitive p-ième
de l’unité. Considérons le revêtement C → P1

K défini par l’équation :

Zp = f(X) = 1 + p1/(ps+1)Xps +Xps+1.

Alors, C a potentiellement bonne réduction et sa fibre spéciale est birationelle à la courbe Cf0 d’équation :

wp − w = t1+ps .
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L’extension de monodromie K ′/K est l’extension obtenue en adjoignant au corps de décomposition d’un
certain polynôme L(Y ), appelé polynôme de monodromie, les racines p-ièmes f(y)1/p, lorsque y parcourt les
zéros de L(Y ). De plus, le groupe de monodromie est le sous-groupe d’inertie A∞,1 de Autk(Cf0) au point
t = ∞. D’après ce qui précède (cf. § 2.10), lorsque p > 2, A∞,1 est le groupe extraspécial d’exposant p et
d’ordre p2s+1. Ce groupe de monodromie, qui cöıncide avec le groupe de monodromie sauvage, est maximal
pour le genre g = (p−1)

2 ps.

Dans le cas p = 2 et g = 2, Lehr et Matignon ([LM06a]) complètent dans le cas d’inégale caractéristique
les travaux de Silverberg et Zarhin ([SiZa05]) concernant la monodromie des surfaces abéliennes sur un corps
local.

1.4 Présentation des principaux résultats de la thèse.

Cette thèse est composée de trois chapitres dont le but est d’étudier les grosses actions, i.e. les couples
(C,G) où C est une courbe projective lisse connexe définie sur un corps k algébriquement clos de ca-
ractéristique positive p > 0, de genre g ≥ 1 et G un p-groupe de k-automorphismes de C vérifiant |G|g > 2p

p−1 .
Pour fixer les notations, nous rappelons quelques-uns des résultats exposés au paragraphe 2.9. Si (C,G)

est une grosse action, il existe un point ∞ de C tel que G cöıncide avec le groupe d’inertie sauvage G1 de G
au point ∞. De plus, la courbe quotient C/G est isomorphe à la droite projective P1

k. Le deuxième groupe
G2 de ramification de G au point ∞ est non trivial, strictement inclus dans G1 = G. La courbe quotient
C/G2 est isomorphe à la droite projective et le groupe quotient G/G2 agit comme un groupe de translations
de la droite affine C/G2 − {∞}. De cette manière, G apparâıt comme une extension de G2 par un p-groupe
abélien élémentaire V , selon la suite exacte suivante :

0 −→ G2 −→ G = G1
π−→ V ' (Z/ pZ)v −→ 0, (1.11)

avec

π :
{
G→ V
g → g(X)−X.

1.4.1 Chapitre 2 : étude du deuxième groupe de ramification d’une grosse ac-
tion.

Le deuxième chapitre de la thèse (cf. [MR08]) est plus particulièrement consacré à l’étude du deuxième
groupe de ramification G2. Il vise d’une part à donner des conditions nécessaires sur G2 afin que (C,G) soit
une grosse action et, d’autre part, à exhiber des exemples de grosses actions avec un G2 abélien d’exposant
quelconque.

Les principaux résultats obtenus sur G2 dans la première partie du chapitre 2 sont regroupés dans le
théorème suivant :

Théorème : Soit (C,G) une grosse action de genre g ≥ 2.

1. Soit H un sous-groupe de G. Alors, C/H est de genre 0 si et seulement si H ⊃ G2 (Lemme 2.2.4).

2. Soit H un sous-groupe strict de G2, normal dans G. Alors, (C/H,G/H) est une grosse action de
deuxième groupe de ramification (G/H)2 = G2/H (Lemme 2.2.4).

3. Le groupe G2 cöıncide avec D(G), le groupe dérivé G (Théorème 2.2.7).

4. Le groupe G2 n’est cyclique que s’il est d’ordre p (Théorème 2.5.1).

5. Si |G|g2 ≥
4

(p2−1)2 , alors G2 est un p-groupe abélien élémentaire d’ordre divisant p3 (Proposition 2.4.1).

Ces résultats mettent en lumière le rôle déterminant joué par G2 dans l’étude des grosses actions. On voit en
particulier que G2 se définit de manière purement algébrique en tant que groupe dérivé de G. On remarque
aussi qu’il n’existe pas de sous-groupe strict H de G2 tels que C/H soit de genre nul. Le deuxième point,
appelé ”théorème de transfert”, permet de se ramener au cas d’une grosse action avec un G2 d’ordre inférieur,
en particulier au cas connu (cf. § 2.10) d’une grosse action dont le G2 est cyclique d’ordre p. Enfin, si l’on
déduit du deuxième point que pour une grosse action, G ne peut être abélien, on ignore pour l’heure s’il
existe des grosses actions avec un G2 non abélien.

La seconde partie de ce chapitre donne justement des exemples de grosses actions avec des G2 abéliens,
d’exposant quelconque. Pour produire une telle grosse action, l’idée est de considérer une courbe projective
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lisse connexe C et un revêtement galoisien π : C → P1
k de groupe H abélien, lequel jouera le rôle du G2 de

la grosse action. Il s’agit dès lors de construire un gros p-groupe de k-automorphismes de C en relevant un
groupe suffisamment large de translations, lesquelles doivent laisser invariantes les équations de l’extension
L/LH , où L est le corps de fonctions de C. On retrouve ainsi la suite exacte (1.11).

Dans le sixième paragraphe de ce premier chapitre, on considère ainsi l’extension abélienne maximale
Km
S de K = Fq(X) (q = pe) qui est non ramifiée en dehors de X =∞, totalement décomposée au dessus de

l’ensemble des places rationnelles de K à distance finie et de conducteur inférieur à m∞, avec m ∈ N. Ces
extensions ont été étudiées par Auer ([Au99], [Au00]) et Lauter ([Lau99]) dans leur recherche de courbes
algébriques avec beaucoup de points rationnels. La théorie du corps de classe nous donne une description
précise du groupe de Galois GS(m) de l’extension Km

S /K. De l’unicité et la maximalité de Km
S , on déduit

que le groupes des translations par Fq se prolongent en un p-groupe de Fq-automorphismes de Km
S : G(m),

ce qui donne une suite exacte semblable à (1.11) :

0 −→ GS(m) −→ G(m) −→ Fq −→ 0.

Ceci fournit des exemples de grosses actions avec un G2 = GS(m) abélien d’exposant aussi grand que l’on
veut. Ces exemples permettent aussi de relier le problème des grosses actions à celui des courbes algébriques
avec beaucoup de points rationnels. Dans une dernière partie, on utilise enfin le théorème de Katz-Gabber
pour mettre en lumière le lien entre les grosses actions sur les courbes et une condition analogue de ramifi-
cation pour les p-groupes finis agissant sur k((z)).

1.4.2 Chapitre 3 : grosses actions dont le G2 est p-abélien élémentaire.

Le troisième chapitre de cette thèse (cf. [Ro09]) est consacré à l’étude des grosses actions (C,G) dont
le deuxième groupe de ramification G2 est p-abélien élémentaire. Rappelons que G2 est défini de manière
purement algébrique puisqu’il cöıncide avec le groupe dérivé de G.

Le cas d’une grosse action dont le G2 est p-abélien élémentaire s’avère crucial dans l’étude et la classifi-
cation des grosses actions. Ainsi, si (C,G) est une grosse action et si H est un sous-groupe de G strictement
inclus dans G2, nous avons vu dans le premier chapitre que (C/H,G/H) est encore une grosse action dont
le deuxième groupe de ramification est G2/H. Si l’on applique ce résultat à H = Fratt(G2) le sous-groupe
de Frattini de G2, on se ramène ainsi au cas d’une grosse action dont le deuxième groupe de ramification est
p-abélien élémentaire. Une seconde motivation concerne la poursuite de la classification des grosses actions
initiée par Lehr et Matignon [LM05]. En effet, nous avons vu au paragraphe 2.11 que les grosses actions
vérifiant que |G|g2 ≥

4
(p−1)2 corrrespondent aux revêtements p-cycliques étales de la droite affine paramétrés

par une équation d’Artin-Schreier : W p−W = X S(X)+cX ∈ k[X] où S parcourt l’ensemble des polynômes
additifs de k[X]( cf. § 2.11, Théorème 1.2.4) On désire à présent poursuivre cette classification des grosses
actions sous la condition |G|

g2 ≥
4

(p2−1)2 . Or, nous avons vu dans le premier chapitre que cette condition
impose que le G2 soit un p-groupe abélien élémentaire d’ordre divisant p3, d’où la nécessité de se pencher
sur ce cas.

Le principal résultat de ce chapitre est le suivant :
Théorème : (Théorème 3.3.14) Soit (C,G) une grosse action telle que G2(= D(G)) soit isomorphe à
(Z/pZ)n, n ≥ 1. Pour tout t ≥ 1, on note Σt le sous-k-espace vectoriel de k[X] engendré par 1 et le produit
d’au plus t polynômes additifs. Alors, le corps de fonctions de C peut être paramétré par n équations
d’Artin-Schreier de la forme :

∀ i ∈ {1, . . . , n}, W p
i −Wi = fi(X) ∈ Σi+1.

En d’autres termes, chaque fi peut s’écrire comme combinaison linéaire sur k de produits d’au plus i + 1
polynômes additifs de k[X].

Ce résultat généralise le cas, étudié au paragraphe 1.2.10, d’une grosse action dont le G2 est cyclique
d’ordre p (cf. § 2.10, Thm. 1.2.2 et Prop. 1.2.3) Mais contrairement au cas n = 1, ce critère n’est pas une
caractérisation et la réciproque n’est plus vraie dès que n ≥ 2. Ainsi, une famille de fonctions (fi) vérifiant
ces conditions ne donnent pas nécessairement naissance à une grosse action. Les obtructions sont liées au
problème de plongement évoqué dans le premier chapitre et lié à la suite exacte (voir (1.11)) :

0 −→ G2 ' (Z/pZ)n −→ G −→ V ' (Z/pZ)v −→ 0.

Pour résoudre ce problème, on étudie la représentation induite

φ : G/G2 → Aut(G2) ' GLn(Fp),
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via la représentation duale pour le pairing d’Artin-Schreier. Cette dernière exprime l’action de V par trans-
lation sur les équations paramétrant la courbe, équations qui sont définies modulo (F − id)(k[X]).

On se concentre ensuite sur deux cas particuliers. Au paragraphe 4, on étudie d’abord le cas où il n’y
a qu’un seul saut dans la filtration de ramification de G2. Dans ce cas, les représentations mentionnées ci-
dessus sont triviales et chacune des fonctions fi est dans Σ2. Dans le paragraphe 5, on étudie la situation
que l’on pourrait qualifier d’opposée : celle où chaque fi est dans Σi+1 − Σi. On donne tout d’abord une
caractérisation de ce cas au moyen d’arguments issus de la théorie des groupes. On montre alors que, sous
cette condition, le nombre de sauts dans la filtration de ramification de G2 est maximale. On calcule ensuite
le degré des fonctions fi et la dimension v du k-espace vectoriel V . Le dernier paragraphe est consacré à des
exemples de familles illustrant les résultats du paragraphe 5. Pour p = 5, n ≤ p−1 et dimk V = 2, on exhibe
des familles universelles, ce qui permet de discuter de l’espace des déformations. On peut en particulier
comparer la dimension obtenue avec les bornes données par Pries (voir § 2.11).

1.4.3 Chapitre 4 : classification des grosses actions vérifiant |G|
g2 ≥ 4

(p2−1)2
.

Le but de ce dernier chapitre (cf. [Ro08]) est de poursuivre la classification des grosses actions amorcée
au paragraphe 1.2.11. Nous poursuivons ici cette classification sous la condition |G|g2 ≥

4
(p2−1)2 , sachant que

nous avons montré dans le premier chapitre que cette borne impose que le deuxième groupe de ramification
G2 soit p-abélien élémentaire d’ordre divisant p3. Grâce aux résultats du deuxième chapitre, on connâıt par
ailleurs la forme des équations de la courbe dans un tel cas.

Ce dernier chapitre se divise en deux parties. Dans la première, on s’intéresse à la finitude du nombre
de valeurs prises par les quotients |G|g et |G|g2 pour les grosses actions (C,G) satisfaisant la condition GM ,

i.e. les grosses actions telles que |G|g2 ≥ M , pour M > 0 un entier fixé. Dans la seconde partie, on réalise la
classification de ces grosses actions lorsque M = 4

(p2−1)2 .

Résumons ici les principaux résultats de la première partie, qui seront autant d’outils pour la classifica-
tion de la seconde partie.

Proposition : Soit M > 0 un entier fixé et soit (C,G) une grosse action satisfaisant GM . Alors, l’ordre de
G2 ne prend qu’un nombre fini de valeurs. (Lemme 4.4.1).

En s’interrogeant de même sur la finitude des valeurs prises par g, |G| et donc par le quotient |G|g lorsque
(C,G) satisfait GM , nous sommes amenés à discuter de l’inclusion Fratt(G2) ⊂ [G2, G], où Fratt(G2) est le
sous-groupe de Frattini de G2 et [G2, G] le commutateur de G2 et de G. Ces deux groupes revêtent en effet
une importance particulière pour notre problème. La trivialité de Fratt(G2) caractérise le fait que G2 soit
p-abélien élémentaire. La trivialité de [G2, G] équivaut quant à elle au fait que G2 est inclus dans le centre
de G, i.e. que le représentation φ : G/G2 → Aut(G2) évoquée au chapitre 2 est triviale.

Proposition : Soit M > 0 un entier fixé et soit (C,G) une grosse action satisfaisant GM .

1. Si Fratt(G2) ( [G2, G], le quotient |G|g ne peut prendre qu’un nombre fini de valeurs (Proposition 4.4.6
et Corollaire 4.4.7).

2. Si Fratt(G2) = [G2, G], le résultat précédent n’est plus vrai ; c’est seulement le quotient |G|g2 qui prend
un nombre fini de valeurs, lorsqueG2 est abélien et lorsque p > 2 (Proposition 4.4.9 et Corollaire 4.4.11).

On montre en réalité un résultat plus fort que ce second point :
Théorème : Supposons que p > 2. Soit (C,G) une grosse action telle que Fratt(G2) = [G2, G] 6= {e}. Alors,
G2 est non abélien (Théorème 4.4.10).

Rappelons que l’on ignore encore s’il existe des grosses actions dont les G2 soient non abéliens.

Dans la première partie de ce chapitre, on cherche d’autre part à faire le lien entre les sous-groupes G de
Autk(C) tels que (C,G) soit une grosse action et le p-sous-groupe de Sylow Sp de Autk(C) contenant G (voir
§ 3). Le résultat principal est que G et Sp possèdent le même groupe dérivé, c’est-à-dire, pour une grosse
action, le même deuxième groupe de ramification. Dans notre classification, on pourra donc se restreindre
au cas des seuls p-Sylow de Autk(C).
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Dans la seconde partie de ce chapitre, on donne enfin la classification et la paramétrisation des grosses
actions (C,G) vérifiant |G|g2 ≥

4
(p2−1)2 . Selon l’ordre de G2 et selon si l’inclusion {e} = Fratt(G2) ⊂ [G2, G]

est stricte ou non, on précise les équations des fonctions fi, de l’espace V des translations et on décrit le
groupe G. Ceci est l’occasion d’une discussion autour des espaces de déformation de telles actions. On peut
à nouveau comparer la dimension obtenue avec les bornes données par Pries (voir § 1.2.11).
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Chapitre 2

Smooth curves having a large
automorphism p-group in
characteristic p > 0.

2.1 Introduction.

Setting and motivation. This chapter is the first of a set of three papers (together with [Ro09] and [Ro08]),
whose main object is to study G-actions on connected nonsingular projective curves of genus g ≥ 2 defined
over an algebraically closed field of characteristic p > 0, when G is a p-group such that |G| > 2 p

p−1 g. One of
our aims is to display some universal families and to discuss the corresponding deformation space.

For more than a century, the study of finite groups G acting faithfully on smooth complete curves defined
over an algebraically closed field k of characteristic p ≥ 0 has produced a vast literature. Already back in
the nineteenth century progress was made in the case of characteristic zero, with the works of Schwartz,
Klein, Hurwitz, Wiman and others. The full automorphism group of a compact Riemann surface C of genus
g ≥ 2 was proved by Hurwitz to be finite and of order at most 84 (g − 1) (cf. [Hur92]). An open question
concerns the classification of full automorphism groups of compact Riemann surfaces of fixed genus g ≥ 2.
This classification has been partially achieved for large automorphism groups G, ”large” meaning that the
order of G is greater than 4 (g − 1) (cf. [Ku91]). This lower bound imposes strict restrictions on the genus
g0 of the quotient curve C/G, namely g0 = 0, on the number r of points of C/G ramified in C, namely
r ∈ {3, 4}, and on the corresponding ramification indices (cf. [Ku91] and [Br00] Lemma 3.18). Following the
works of Kulkarni, Kuribayashi and Breuer, Magaard et alii ([MSSV02]) exhibited the list of large groups
Aut(C) of compact Riemann surfaces of genus g up to g = 10, determining in each case the dimension and
number of components of the corresponding loci in the moduli space of genus g curves.

General results on Hurwitz spaces and other moduli spaces parametrizing deformations have been obtai-
ned in the case of characteristic zero and extended to positive characteristic p > 0 when p does not divide
the order of the automorphism group (see e.g.[BeRo08]). For instance, if C is a compact Riemann surface
with genus g ≥ 2 and G an automorphism group of C, the deformations of the cover ϕ : C → C/G are
parametrized by a moduli space of dimension 3g0−3+ |B|+dim Aut (C/G−B), where g0 is the genus of C/G
and B the branch locus of ϕ. By the Hurwitz genus formula, g0 only depends on |G|, g, |B| and the orders
of the inertia groups. All these results are no longer true in positive characteristic p > 0 when ϕ is widly
ramified. Likewise, in positive characteristic p > 0, the Hurwitz bound is no longer true for automorphism
groups G whose order is not prime to p. The finiteness result still holds (cf. [Sch38]) but the Hurwitz linear
bound is replaced with biquadratic bounds (cf. [St73]). These biquadratic bounds are optimal : so, in positive
characteristic, the automorphism groups may be very large compared with the case of characteristic zero, as
a result of wild ramification.

Wild ramification points also contribute to the dimension of the tangent space to the global infinitesimal
deformation functor of a curve C together with an automorphism group G, and it is precisely this that makes
computations difficult (cf. [BeMe00], [CoKa03], [Pr05] and [Kon07]). Following Bertin and Mézard’s work in
the case where G is cyclic of order p (cf. [BeMe00]), Pries ([Pr05]) and Kontogeorgis ([Kon07]) have obtained
lower and upper bounds for the dimension of the tangent space, with explicit computations in some special
cases, in particular when G is an abelian p-group.
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To rigidify the situation in characteristic p > 0 as has been done in characteristic zero, one idea is to
consider large automorphism p-groups. From Nakajima’s work (cf. [Na87a]), we deduce that if G is a p-
subgroup of Autk(C) such that |G| > 2 p

p−1 g, the Hasse-Witt invariant of C is zero. The Deuring-Shafarevich
formula (see e.g. [Bou00]) then implies that the genus of the quotient curve C/G is zero and that the branch
locus of the cover C → C/G is reduced to one point. From now on, we define a big action as a pair (C,G)
where G is a p-subgroup of Autk(C) such that |G| > 2 p

p−1 g.

Outline of the chapter. Let (C,G) be a big action with g ≥ 2. As shown in [LM05], there is a point of C,
say ∞, such that G is equal to the wild inertia subgroup G1 of G at ∞. Let G2 be the second ramification
group of G at ∞ in lower notation. The quotient curve C/G2 is isomorphic to the projective line P1

k and
the quotient group G/G2 acts as a group of translations of P1

k fixing ∞, through X → X + y, where y runs
over a subgroup V of k. In this way, the group G appears as an extension of G2 by the p-elementary abelian
group V via the exact sequence

0 −→ G2 −→ G = G1 −→ V ' (Z/ pZ)v −→ 0.

The purpose of this chapter is twofold : to give necessary conditions on G2 for (C,G) to be a big action and,
to display realizations of big actions with G2 abelian of large exponent. We gather here the main results of
the first part (Sections 2.2 to 2.5) :
Theorem : Let (C,G) be a big action with g ≥ 2.

1. Let H be a subgroup of G. Then C/H has genus 0 if and only if H ⊃ G2 (Lemma 2.2.4.1).

2. Let H be a normal subgroup of G such that H ( G2. Then (C/H,G/H) is a big action with second
ramification group (G/H)2 = G2/H (Lemma 2.2.4.2).

3. The group G2 is equal to D(G), the commutator subgroup of G (Thm. 2.2.7).
In particular, G cannot be abelian.

4. The group G2 cannot be cyclic unless G2 has order p (Thm. 2.5.1).

5. If |G|g2 ≥
4

(p2−1)2 , then G2 is an elementary abelian p-group with order dividing p3 (Prop. 2.4.1).

These results highlight the major role played by G2 in the study of big actions. They are also crucial in
pursuing the classification of big actions initiated by Lehr and Matignon (cf. [LM05]). Chapter 3 is devoted
to big actions with a p-elementary abelian G2, and its results led to the classification of the big actions
satisfying |G|g2 ≥

4
(p2−1)2 (cf. [Ro08] or Chapter 4).

After exploring restrictions on G2, the second part of this chapter is devoted to examples of big actions
with G2 abelian, knowing that we do not know yet examples of big actions with a nonabelian G2. In Section
2.6, following [Lau99] and [Au99], we consider the maximal abelian extension Km

S of K := Fq(X) (where
q = pe) that is unramified outside X = ∞, completely split over the set S of the finite rational places and
whose conductor is smaller than m∞, with m ∈ N. Class field theory gives a precise description of the Galois
group GS(m) of this extension. Moreover, it follows from the uniqueness and the maximality of Km

S that the
group of translations {X → X + y, y ∈ Fq} extends to a p-group of Fq-automorphisms of Km

S , say G(m),
with the exact sequence

0 −→ GS(m) −→ G(m) −→ Fq −→ 0.

This provides examples of big actions whose G2 = GS(m) is abelian of exponent as large as we want, but
also relates the problem of big actions to the search of algebraic curves with many rational points compared
with their genera.

In Section 2.7, we use the Katz-Gabber theorem to highlight the link between big actions on curves and
an analogous ramification condition for finite p-groups acting on k((z)).

Notation and preliminary remarks. Let k be an algebraically closed field of characteristic p > 0. We
denote by F the Frobenius endomorphism for a k-algebra. Then ℘ means the Frobenius operator minus
identity. We denote by k{F} the k-subspace of k[X] generated by the polynomials F i(X), with i ∈ N. It is a
ring under the composition. Furthermore, for all α in k, F α = αp F . The elements of k{F} are the additive
polynomials, i.e. the polynomials P (X) of k[X] such that for all α and β in k, P (α+ β) = P (α) + P (β). A
separable polynomial is additive if and only if the set of its roots is a subgroup of k (see [Go96] chap. 1).

Let f(X) be a polynomial of k[X]. There is a unique polynomial red(f)(X) in k[X], called the redu-
ced representative of f , which is p-power free (meaning that red(f)(X) ∈

⊕
(i,p)=1 kX

i) and such that
red(f)(X) = f(X) mod ℘(k[X]). We say that the polynomial f is reduced mod ℘(k[X]) if and only if it
coincides with its reduced representative red(f). The equation W p − W = f(X) defines a p-cyclic étale
cover of the affine line that we denote by Cf . Conversely, any p-cyclic étale cover of the affine line Spec k[X]
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corresponds to a curve Cf where f is a polynomial of k[X] (see [Mi80] III.4.12, p. 127). By Artin-Schreier
theory, the covers Cf and Cred(f) define the same p-cyclic covers of the affine line. The curve Cf is irreducible
if and only if red(f) 6= 0.

Throughout the text, C always denotes a nonsingular smooth projective curve with genus g and Autk(C)
means its k-automorphism group. Our main references for ramification theory are [Se68] and [Au99].

2.2 First results on big actions.

To pinpoint the background of our work, we begin by collecting and completing the first results on big
actions already obtained in [LM05]. A big action is a curve endowed with a big automorphism p-group. The
first task is to recall what we mean by big.

Definition 2.2.1. Let G be a subgroup of Autk(C). We say that the pair (C,G) is a big action if G is a
finite p-group, if g 6= 0 and if

|G|
g

>
2 p
p− 1

. (2.1)

Proposition 2.2.2. [LM05] Assume that (C,G) is a big action with g ≥ 2. Then there is a point of C (say
∞) such that G is the wild inertia subgroup G1 of G at ∞ : G1. Moreover, the quotient C/G is isomorphic
to the projective line P1

k and the ramification locus (respectively branch locus) of the cover π : C → C/G is
the point ∞ (respectively π(∞)). For all i ≥ 0, we denote by Gi the i-th lower ramification group of G at ∞.
Then

1. G2 is nontrivial and it is strictly included in G1.

2. The Hurwitz genus formula applied to C → C/G reads :

2 g =
∑
i≥2

(|Gi| − 1). (2.2)

In particular, (2.1) can be written as |G| > 2 g
p−1 p, with 2 g

p−1 ∈ N∗.

3. The quotient curve C/G2 is isomorphic to the projective line P1
k. Moreover, the quotient group G/G2

acts as a group of translations of the affine line C/G2−{∞} = Spec k[X], through X → X + y, where
y runs over a subgroup V of k. Then V is an Fp-vector subspace of k. We denote by v its dimension.
Thus, we obtain the exact sequence :

0 −→ G2 −→ G = G1
π−→ V ' (Z/ pZ)v −→ 0,

where

π :
{
G→ V
g → g(X)−X.

4. Let H be a normal subgroup of G such that gC/H > 0. Then (C/H,G/H) is also a big action. Moreover,
the group G/H fixes the image of ∞ in the cover C → C/H. In particular, if gC/H = 1, then p = 2,
C/H is birational to the curve W 2 + W = X3 and G/H is isomorphic to Q8, the quarternion group
of order 8 (see [Si86], Appendix A, Prop. 1.2).

Remark 2.2.3. 1. For g = 1, one can find big actions (C,G) such that G is not included in a decompo-
sition group of Autk(C) as in Proposition 2.2.2.

2. Let (C,G) be a big action. Call L the function field of C and k(X) = LG2 . As seen above, the Galois
extension L/k(X) is only ramified at X = ∞. Therefore, the support of the conductor of L/k(X), as
defined in [Se68] Chap.15 Cor.2, reduces to the place ∞. So, in what follows, we systematically confuse
the conductor m∞ with its degree m. In this case, one can also see m as the smallest integer n > 0
such that the n-th upper ramification group Gn of G at ∞ is trivial (see [Au00] I.3).

The following lemma generalizes and completes the last part of Proposition 2.2.2.

Lemma 2.2.4. Let G a finite p-subgroup of Autk(C). We assume that the quotient curve C/G is isomorphic
to P1

k and that there is a point of C (say ∞) such that G is the wild inertia subgroup G1 of G at ∞. We also
assume that the ramification locus of the cover π : C → C/G is the point ∞, and the branch locus is π(∞).
Let G2 be the second ramification group of G at ∞ and H a subgroup of G. Then

1. C/H is isomorphic to P1
k if and only if H ⊃ G2.
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2. In particular, if (C,G) is a big action with g ≥ 2 and if H is a normal subgroup of G such that
H ( G2, then gC/H > 0 and (C/H,G/H) is also a big action. Moreover, its second ramification group
is (G/H)2 = G2/H.

Proof :
1. Applied to the cover C → C/G ' P1

k, the Hurwitz genus formula (see e.g. [St93]) yields 2(g − 1) =
2|G| (gC/G−1)+

∑
i≥0 (|Gi|−1). When applied to the cover C → C/H, it yields 2(g−1) = 2|H| (gC/H−

1) +
∑
i≥0 (|H ∩Gi| − 1). Since H ⊂ G = G0 = G1, it follows that

2|H|gC/H = − 2(|G| − |H|) +
∑
i≥0

(|Gi| − |H ∩Gi|) =
∑
i≥2

(|Gi| − |H ∩Gi|).

Therefore, gC/H = 0 if and only if for all i ≥ 2, Gi = H ∩ Gi, i.e. Gi ⊂ H, which is equivalent to
G2 ⊂ H, proving 1.

2. Together with part 1, Proposition 2.2.2.4 shows that (C/H,G/H) is a big action. Then G = G1 )
G2 (resp. G/H = (G/H)1 ) (G/H)2). Since the first jump always coincides in lower and upper
ramification, it follows that G2 = G2 and (G/H)2 = (G/H)2. By [Se68] (Second Part, Chap. IV, Prop.
14), we obtain (G/H)2 = (G/H)2 = G2H/H = G2H/H = G2/H. �

The very first step in studying big actions is to give a precise description of them when G2 ' Z/pZ. The
following proposition collects and reformulates the results already obtained for this case in [LM05] (cf. Prop.
5.5, 8.1 and 8.3).

Proposition 2.2.5. [LM05]. Let (C,G) be a big action, with g ≥ 2, such that G2 ' Z/pZ.
1. Then C is birational to the curve Cf : W p −W = f(X) = X S(X) + cX ∈ k[X], where S in k{F} is

an additive polynomial with degree s ≥ 1 in F . If we denote by m the degree of f , then m = 1+ps = i0,
where i0 ≥ 2 is the integer such that

G = G0 = G1 ) G2 = G3 = . . . = Gi0 ) Gi0+1 = . . . =

2. Write S(F ) =
∑s
j=0 ajF

j, with as 6= 0. Following [El97] (Section 4), define the palindromic polynomial
of f as the additive polynomial

Adf :=
1
ap

s

s

F s (
s∑
j=0

aj F
j + F−j aj).

The set of roots of Adf , denoted by Z(Adf ), is an Fp-vector subspace of k, isomorphic to (Z/pZ)2s.
Moreover, Z(Adf ) = {y ∈ k, f(X + y)− f(X) = 0 mod ℘(k[X]}.

3. Let A∞,1 be the wild inertia subgroup of Autk(C) at ∞. Then A∞,1 is a central extension of Z/pZ
by the elementary abelian p-group Z(Adf ) which can be identified with a subgroup of translations
{X → X + y, y ∈ k} of the affine line. Furthermore, if we denote by Z(A∞,1) the center of A∞,1 and
by D(A∞,1) its commutator subgroup, Z(A∞,1) = D(A∞,1) = 〈σ〉, where σ(X) = X and σ(W ) = W+1.
Thus, we get the following exact sequence :

0 −→ Z(A∞,1) = D(A∞,1) ' Z/pZ −→ A∞,1
π−→ Z(Adf ) ' (Z/pZ)2s −→ 0,

where

π :
{
A∞,1 → Z(Adf ) ' (Z/pZ)2s

g → g(X)−X.

For p > 2, A∞,1 is the unique extraspecial group with exponent p and order p2s+1. The case p = 2 is
more complicated (see [LM05] 4.1).

4. There exists an Fp-vector space V ⊂ Z(Adf ) ' (Z/pZ)2s such that G = π−1(V ) ⊂ A∞,1 and such that
we get the exact sequence

0 −→ G2 ' Z/pZ −→ G
π−→ V −→ 0.

Remark 2.2.6. Proposition 2.2.5 still holds for big actions (C,G) with g = 1 when G is included in a
decomposition group of Autk(C) ([LM05] Prop. 8.3). In particular, this is true for the pair (C/H,G/H)
when (C,G) is a big action with g ≥ 2 and H a normal subgroup of G such that gC/H = 1 (see Prop.
2.2.2.4).

Therefore, the key idea in studying big actions is to use Proposition 2.2.2.4 and Lemma 2.2.4.2 to go
back to the well-known situation described above. This motivates the following result :
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Theorem 2.2.7. Let (C,G) be a big action with g ≥ 2. Let G be a normal subgroup in G such that G is
strictly included in G2. Then there exists a group H, normal in G, such that G ⊂ H ( G2 and [G2 : H] = p.
In this case, (C/H,G/H) enjoys the following properties.

1. The pair (C/H,G/H) is a big action and the exact sequence

0 −→ G2 −→ G
π−→ V −→ 0

of Proposition 2.2.2 induces the following one

0 −→ G2/H = (G/H)2 ' Z/pZ −→ G/H
π−→ V −→ 0.

2. The curve C/H is birational to Cf : W p−W = f(X) = X S(X) + cX ∈ k[X], where S is an additive
polynomial of degree s ≥ 1 in F . Let Adf be the palindromic polynomial of f (Proposition 2.2.5). Then
V ⊂ Z(Adf ) ' (Z/pZ)2s.

3. Let E be the wild inertia subgroup of Autk(C/H) at ∞. We denote by D(E) its commutator subgroup
of E and by Z(E) its center. Then E is an extraspecial group of order p2s+1 and

0 −→ D(E) = Z(E) ' Z/pZ −→ E
π−→ Z(Adf ) ' (Z/pZ)2s −→ 0.

4. G/H is a normal subgroup in E. It follows that G2 is equal to D(G), the commutator subgroup of G,
which is also equal to the Frattini subgroup of G.

Proof : The existence of the group H comes from [Su82] (Chap. 2, Thm. 1.12). The first assertion now
follows from Lemma 2.2.4.2. The second and third derive directly from Proposition 2.2.5.

We now prove part 4. By Proposition 2.2.5, Z(E) = (G/H)2 = G2/H ⊂ G/H. So, G/H is a subgroup of
E containing Z(E). Moreover, since (Z/pZ)2s is abelian, π(G/H) is normal in E/Z(E). It follows that G/H
is normal in E. We eventually show that G2 = D(G). Since G/G2 is abelian, D(G) is included in G2. Now
assume that D(G) is strictly included in G2. Then the first point applied to G = D(G) ensures the existence
of a group H, normal in G, with D(G) ⊂ H ⊂ G2, [G2 : H] = p and such that (C/H,G/H) is a big action.
Since D(G) ⊂ H, G/H is an abelian subgroup of E. As G/H is also a normal group in E, [Hu67] (Satz 13.7)
implies |G/H| ≤ ps+1. Furthermore, by Theorem 2.2.5.1 (and Remark 2.2.6), C/H is birational to a curve :
W p −W = X S(X) + cX ∈ k[X], where S is an additive polynomial of k[X] with degree ps. It follows that
gC/H = p−1

2 ps. Combined with the bound on |G/H|, this gives |G/H|gC/H
≤ 2 p

p−1 , which contradicts condition
(2.1) for the big action (C/H,G/H). Hence D(G) = G2.

It remains to prove the statement about the Frattini subgroup of G. As G is a p-group, its Frattini
subgroup, Fratt(G), is equal to D(G)Gp, where Gp means the subgroup generated by the p powers of elements
of G (cf. [LGM02] Prop. 1.2.4). As G/G2 is an elementary abelian p-group, then Gp = Gp1 ⊂ G2 = D(G).
As a consequence, G2 = D(G)Gp = Fratt(G). �

Remark 2.2.8. When applying Theorem 2.2.7 to G = Gi0+1, where i0 is defined as in Proposition 2.2.5,
one obtains Theorem 8.6(i) of [LM05]. In particular, for all big actions (C,G) with g ≥ 2, there exists a
subgroup H of index p in G2, with H normal in G, such that (C/H,G/H) is a big action with C/H birational
to W p −W = f(X) = X S(X) + cX ∈ k[X], where S is an additive polynomial of degree s ≥ 1 in F . Note
that, in this case, i0 = 1 + ps.

Since G2 cannot be trivial for a big action, we gather from the last part of Theorem 2.2.7 the following
result.

Corollary 2.2.9. Let (C,G) be a big action with g ≥ 2. Then G cannot be abelian.

It is natural to wonder whether G2 can be nonabelian. Although we do not know yet the answer to this
question, we can mention a special case in which G2 is always abelian, namely :

Corollary 2.2.10. Let (C,G) be a big action with g ≥ 2. If the order of G2 divides p3, then G2 is abelian.

Proof : There is actually only one case to study, namely : |G2| = p3. We denote by Z(G2) the center of
G2. The case |Z(G2)| = 1 is impossible since G2 is a p-group. If |Z(G2)| = p, then Z(G2) is cyclic. But G2

is a p-group, normal in G and included in D(G) (see Theorem 2.2.7). Hence, by [Su86] (Prop. 4.21, p. 75),
G2 is also cyclic, which contradicts the strict inclusion of Z(G2) in G2. If |Z(G2)| = p2, then G2/Z(G2) is
cyclic and G2 is abelian, which leads to the same contradiction as above. This leaves only one possibility :
|Z(G2)| = p3, which means that G2 = Z(G2). �

Corollary 2.2.11. Let (C,G) be a big action with g ≥ 2. Let A∞,1 be the wild inertia subgroup of Autk(C)
at ∞. Then (C,A∞,1) is a big action whose second lower ramification group is equal to D(A∞,1) = D(G).
In particular, G is equal to A∞,1 if and only if |G/D(G)| = |A∞,1/D(A∞,1)|.
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Proof : As G is included in A∞,1, then D(G) ⊂ D(A∞,1). If the inclusion is strict, one can find a subgroup
G such that G ( G ⊂ A∞,1, with [G : G] = p (see [Su82], Chap. 2, Thm. 19). Note that D(G) ⊂ D(G). We
now prove that D(G) ⊃ D(G). As |G| ≤ |G|, the pair (C,G) is also a big action. So, by Theorem 2.2.7.4,
G2 = D(G). Since (C,G) is a big action, g(C/D(G)) vanishes by Proposition 2.2.2.3. It follows from Lemma
2.2.4.1 that D(G) ⊃ G2 = D(G), hence D(G) = D(G). The claim follows by reiterating the process. �

Remark 2.2.12. Let (C,A∞,1) be a big action as in Corollary 2.2.11. Then A∞,1 is a p-Sylow subgroup
of Autk(C). Moreover, we deduce from [GK07] (Thm. 1.3) that A∞,1 is the unique p-Sylow subgroup of
Autk(C) except in four special cases : the hyperelliptic curves : W pn −W = X2 with p > 2, the Hermitian
curves and the Deligne-Lusztig curves arising from the Suzuki groups and the Ree groups (see the equations
in [GK07], Thm. 1.1).

2.3 Base change and big actions.

Starting from a given big action (C,G), we now display a way to produce a new one, (C̃, G̃), with
G̃2 ' G2 and gC̃ = ps gC . The chief tool is a base change associated with an additive polynomial map

P1
k

S−→ C/G2 ' P1
k.

Proposition 2.3.1. Let (C,G) be a big action with g ≥ 2. We denote by L := k(C) the function field of the
curve C, by k(X) := LG2 the subfield of L fixed by G2 and by k(T ) := LG1 , with T =

∏
v∈V (X − v). Write

X = S(Z), where S(Z) is a separable additive polynomial of k[Z] with degree ps, s ∈ N. Then,
1. L and k(Z) are linearly disjoint over k(X).
2. Let C̃ be the smooth projective curve over k with function field k(C̃) := L[Z]. Then k(C̃)/k(T ) is a

Galois extension with group G̃ ' G× (Z/pZ)s. Furthermore, gC̃ = ps gC . It follows that |G̃|gC̃ = |G|
g . So,

(C̃, G̃) is still a big action with second ramification group G̃2 ' G2 × {0} ⊂ G× (Z/pZ)s. This can be
illustrated by the following diagram

C ←− C̃
↓ ↓

C/G2 ' P1
k

S←− P1
k

The proof requires two preliminary lemmas.

Lemma 2.3.2. Let K := k((z)) be a formal power series field over k. Let K1/K be a Galois extension
whose group G is a p-group. Let K0/K be a cyclic extension of degree p. Assume that K0 and K1 are linearly
disjoint over K. Put L := K0K1.

K1

G

L = K0K1

K K0

Suppose that the conductor of K0/K (see Rem. 2.2.3.2) is 2. Then L/K1 also has conductor 2.

Proof : Consider a chief series of G (cf. [Su82], Chap. 2, Thm. 1.12), that is, a sequence

G = G0 ) G1 . . . ) Gn = {0},

with Gi normal in G and [Gi−1 : Gi] = p. One shows, by induction on i, that the conductor of each extension
K0K

Gi
1 /KGi1 is 2. Therefore, it is sufficient to prove the result for G ' Z/pZ. By induction on i, it can be

extended to the general case.
So, assume G ' Z/pZ. Then L/k((z)) is a Galois extension with group G ' (Z/pZ)2. Write the ramifi-

cation filtration of G in lower notation :

G = G0 = . . . = Gi0 ) Gi0+1 = . . . = Gi1 ) Gi1+1 = . . .

1. First assume that Gi0+1 = {0}. An exercise shows that, for any subgroup H of index p in G, the
extensions L/LH (case (α)) and LH/K (case (β)) are cyclic extensions of degree p, with conductor
i0 + 1. When applied to H = Gal(L/K0), case (β) gives i0 = 1. Therefore, one concludes by applying
case (α) to H = Gal(L/K1).

2. Now assume instead that Gi0+1 6= {0}. As above, let H be a subgroup of index p in G. An exercise
using the classical properties of ramification theory (see e.g. [Se68] Chap. IV) shows that :

30



(a) If H = Gi0+1, then L/LH (resp. LH/K) is a cyclic extension of degree p, with conductor i0 +i1 +1
(resp. i0 + 1).

(b) If H 6= Gi0+1, then L/LH (resp. LH/K) is a cyclic extension of degree p, with conductor i0 + 1
(resp. i0 + i1

p + 1).

Apply this result to H := Gal(L/K0). Since K0/K has conductor 2, it follows that i0 +1 = 2, so i0 = 1
and Gal(L/K0) = Gi0+1. Therefore, Gal(L/K1) 6= Gi0+1 and we infer from case (b) that L/K1 has
conductor i0 + 1 = 2. �

Lemma 2.3.3. Let W be a finite Fp-vector subspace of k. Let W1 and W2 be two Fp-subvectors spaces of
W such that W = W1

⊕
W2. Define T :=

∏
w∈W (Z − w) and Ti :=

∏
w∈Wi

(Z − w), for i in {1, 2}. Then
k(T ) ⊂ k(Ti) ⊂ k(Z). Moreover,

1. The extensions k(T1)/k(T ) and k(T2)/k(T ) are linearly disjoint over k(T ).

2. For all i in {1, 2}, k(Z)/k(T ) (resp. k(Z)/k(Ti)) is a Galois extension with group isomorphic to W
(resp. Wi).

3. For all i in {1, 2}, k(Ti)/k(T ) is a Galois extension with group isomorphic to W
Wi

.

This induces the diagram :

k(T1)
W1

W
W1

k(Z)

W2

k(T )
W
W2

k(T2)

Proof : Use for example [Go96] (1.8). �

Proof of Proposition 2.3.1 :

1. Statement 1 derives from Lemma 2.2.4.1.

2. Put W := S−1(V ), with V defined as in Proposition 2.2.2.3, and W1 := S−1({0}). Then W1 ' (Z/pZ)s,
since S is an additive separable polynomial of k[Z] with degree ps (see e.g. [Go96] chap. 1). Let W2 be
any Fp-vector subspace of W such that W = W1

⊕
W2. Then Lemma 2.3.3 applied to the extension

k(Z)/k(T ) induces the diagram :

L = k(C)

G2

k(C̃)

LG2 = k(X) = k(Z)W1

W
W1

W1
k(Z)

W2

LG1 = k(T ) = k(Z)W
W
W2

k(Z)W2

In particular, Lemma 2.3.3 implies that k(Z)W1 ∩ k(Z)W2 = k(T ). Since k(C) ∩ k(Z) = k(X) (see
statement 1 of the proposition), we deduce that k(C) and k(Z)W2 are linearly disjoint over k(T ). As
k(Z)W2/k(T ) is a Galois extension with group W

W2
' W1 ' (Z/pZ)s, it follows that k(C̃)/k(T ) is a

Galois extension with group G̃ ' Gal(k(C)/k(T ))×Gal(k(Z)W2/k(T )) ' G× (Z/pZ)s.
Now, consider a flag of Fp-vector subspaces of W1 :

W1 = W
(1)
1 ) W

(2)
1 ) . . . ) W

(s+1)
1 = {0}

such that [W (i−1)
1 : W (i)

1 ] = p. It induces the inclusions :

k(Z) = k(Z)W
(s+1)
1 ) k(Z)W

(s)
1 ) . . . ) k(Z)W

(1)
1 = k(X).

We now prove the claim by induction on the integer s ≥ 1, ps being the degree of the additive
polynomial S. Considering the flag above, it is sufficient to solve the case s = 1. Let K1/K be the
completion at ∞ of the extension k(C)/k(X), whose group G2 is a p-group and let K0/K be the
completion at ∞ of the cyclic extension of degree p and conductor 2 : k(Z)/k(X). To apply Lemma
2.3.2, we need to show that the two completions are linearly disjoint. Otherwise, K1 ∩K0 = K0, which
gives the inclusion : K ⊂ K0 ⊂ K1. Consider a subgroup H of index p in G2 such that K0 = KH

1 . Let

31



k(X) ⊂ k(C)H ⊂ k(C) be the corresponding extension of k(X). Then k(C)H/k(X) is an étale p-cyclic
cover of the affine line with conductor 2. It follows from the Hurwitz genus formula that the genus gC/H
of the quotient curve C/H is 0, which contradicts Lemma 2.2.4.1. As a consequence, K0 and K1 are
linearly disjoint over K and, by Lemma 2.3.2, the extension k(C̃)/k(C) has conductor 2. We deduce
from the Hurwitz genus formula that gC̃ = p gC . Finally, the last statement on G̃2 is a consequence of
Theorem 2.2.7.4. �

Remark 2.3.4. Under the conditions of Proposition 2.3.1, it can happen that G is a p-Sylow subgroup of
Autk(C) without G̃ being a p-Sylow subgroup of Autk(C̃).

Indeed, take C : W p −W = X1+p and S(Z) = Zp − Z. Then C̃ is parametrized by W̃ p − W̃ = (Zp −
Z) (Zp

2−Zp) = −Z2 +2Z1+p−Z1+p2 mod ℘(k[Z]). We denote by A∞,1(C) (resp. A∞,1(C̃)) the wild inertia
subgroup of Autk(C) (resp. Autk(C̃)) at X = ∞ (resp. Z = ∞). Note that A∞,1(C) (resp. A∞,1(C̃)) is a
p-Sylow subgroup of Autk(C) (resp. Autk(C̃)). Take G := A∞,1(C). From Proposition 2.2.5, we deduce that
|G̃| = p |G| = p |A∞,1(C)| = p4, whereas |A∞,1(C̃)| = p5.

2.4 A new step towards a classification of big actions.

If big actions are defined through the value taken by the quotient |G|g , it turns out that the key criterion

to classify them is the value of another quotient, |G|g2 . Indeed, the quotient |G|g2 has, to some extent, a sieve

effect among big actions. If (C,G) is a big action, we first deduce from [Na87a] (Thm.1) that |G|g2 ≤
4 p

(p−1)2 .
In what follows, we pursue the work of Lehr and Matignon who describe big actions for the two highest
possible values of this quotient, namely |G|g2 = 4 p

(p−1)2 and |G|g2 = 4
(p−1)2 (cf. [LM05] Thm. 8.6). More precisely,

we investigate the big actions (C,G) that satisfy

M :=
4

(p2 − 1)2
≤ |G|

g2
. (2.3)

The choice of the lower bound M can be explained as follows : as shown in the proof of ([LM05], Thm. 8.6), a
lower bound M on the quotient |G|g2 produces an upper bound on the order of the second ramification group,
namely

|G2| ≤
4
M

|G2/Gi0+1|2

(|G2/Gi0+1| − 1)2
, (2.4)

where i0 is defined as in Proposition 2.2.5. Therefore, we have to choose M small enough to obtain a wide
range of possibilities for the quotient, but meanwhile large enough to get serious restrictions on the order of
G2. The optimal bound seems to be M := 4

(p2−1)2 , insofar as, for such a choice of M, the upper bound on
G2 implies that its order divides p3, and then that G2 is abelian (Corollary 2.2.10).

Proposition 2.4.1. Let (C,G) be a big action with g ≥ 2 satisfying condition (2.3). Then the order of G2

divides p3. It follows that G2 is abelian.

Proof : Put pm := |G2/Gi0+1|, with m ≥ 1, and

Qm :=
4
M

|G2/Gi0+1|
(|G2/Gi0+1| − 1)2

=
4
M

pm

(pm − 1)2

Then inequality (2.4) becomes : 1 < |G2| = pm|Gi0+1| ≤ pmQm, which gives : 1 ≤ |Gi0+1| ≤ Qm. Since
(Qm)m≥1 is a decreasing sequence with Q4 < 1, we conclude that m ∈ {1, 2, 3}.

If m = 3, then 1 ≤ |Gi0+1| ≤ Q3 < p. So |Gi0+1| = 1 and |G2| = p3. If m = 2, then 1 ≤ |Gi0+1| ≤ Q2 = p2.
So |G2| = p2 |Gi0+1|, with |Gi0+1| ∈ {1, p, p2}. This leaves only one case to exclude, namely |Gi0+1| = p2. In
this case, |G2| = p4 and formula (4.1) yields a lower bound on the genus, namely : 2 g ≥ (i0 − 1)(p4 − 1).
Let s be the integer defined in Remark 2.2.8. Then i0 = 1 + ps. Besides, by Theorem 2.2.7, V ⊂ (Z/pZ)2s.
Consequently, |G| = |G2||V | ≤ p4+2s and

|G|
g2
≤ 4 p4+2s

p2s(p4 − 1)2
=

4
(p2 − 1)2

p4

(p2 + 1)2
<

4
(p2 − 1)2

,

which contradicts inequality (2.3).

If m = 1, then 1 ≤ |Gi0+1| ≤ Q1 with Q1 := p (p+ 1)2 <

{
p4 , if p ≥ 3
p5 , if p = 2 .
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Because Gi0+1 is a p-group, we get :
{

1 ≤ |Gi0+1| ≤ p3 , if p ≥ 3
1 ≤ |Gi0+1| ≤ p4 , if p = 2 . Since |G2| = p |Gi0+1|, there are two

cases to exclude : |Gi0+1| = p3+ε, with ε = 0 if p ≥ 3 and ε ∈ {0, 1} if p = 2. Then |G2| = p4+ε. If ε = 0, we
are in the same situation as in the previous case. If ε = 1, (4.1) yields 2 g ≥ (i0 − 1)(p5 − 1). Since this case
only occurs for p = 2, we eventually get an inequality :

|G|
g2
≤ 4 p5+2s

p2s (p5 − 1)2
=

128
961

<
4
9

=
4

(p2 − 1)2
,

which contradicts condition (2.3). Therefore, the order of G2 divides p3. Then we conclude from Corollary
2.2.10 that G2 is abelian. �

But we can even prove better :

Proposition 2.4.2. Let (C,G) be a big action with g ≥ 2 satisfying condition (2.3).Then G2 is abelian with
exponent p.

Proof : By Proposition 2.4.1, G2 is abelian, with order dividing p3. As a consequence, if G2 has exponent
greater than p, either G2 is cyclic with order p2 or p3, or G2 is isomorphic to Z/p2Z×Z/pZ. We begin with
a lemma excluding the second case. Note that one can find big actions (C,G) with G2 abelian of exponent
p2. Nevertheless, it requires the p-rank of G2 to be large enough (see Section 2.6).

Lemma 2.4.3. Let (C,G) be a big action with g ≥ 2 satisfying condition (2.3). Then G2 cannot be isomorphic
to Z/p2Z× Z/pZ.

Proof : Assume G2 ' Z/p2Z × Z/pZ. Then the lower ramification filtration of G has one of the following
forms :

i) G = G1 ) G2 ' Z/p2Z× Z/pZ ⊃ Gi0+1 ' Z/pZ ⊃ Gi0+i1+1 = {0}.
ii) G = G1 ) G2 ' Z/p2Z× Z/pZ ⊃ Gi0+1 ' (Z/pZ)2 ⊃ Gi0+i1+1 = {0}.
iii) G = G1 ) G2 ' Z/p2Z× Z/pZ ⊃ Gi0+1 ' (Z/pZ)2 ⊃ Gi0+i1+1 ' Z/pZ ⊃ Gi0+i1+i2+1 = {0}.
iv) G = G1 ) G2 ' Z/p2Z× Z/pZ ⊃ Gi0+1 ' Z/p2Z ⊃ Gi0+i1+1 ' Z/pZ ⊃ Gi0+i1+i2+1 = {0}.

We now focus on the ramification filtration of G2, temporary denoted by H for convenience. For all i ≥ 0,
the lower ramification groups of H are Hi = H ∩Gi.
In case i), the lower ramification of H reads

H = H0 = . . . = Hi0 ' Z/p2Z× Z/pZ ⊃ Hi0+1 = . . . = Hi0+i1 ' Z/pZ ⊃ Hi0+i1+1 = {0}.

Consider the upper ramification groups : Hν0 = Hϕ(i0) = Hi0 and Hν1 = Hϕ(i0+i1) = Hi0+i1 , where ϕ
denotes the Herbrand function (cf. [Se68] IV.3). Then the ramification filtration in upper notation reads

H0 = . . . = Hν0 ' Z/p2Z× Z/pZ ⊃ Hν0+1 = . . . = Hν1 ' Z/pZ ⊃ Hν1+1 = {0}.

Since H is abelian, it follows from Hasse-Arf theorem (loc. cit.) that ν0 and ν1 are integers. Consequently,
the equality

∀m ∈ N, ϕ(m) + 1 =
1
|H0|

m∑
i=0

|Hi|

gives ν0 = i0 and ν1 = i0 + i1
p2 . By [Mar71] (Thm. 6), we have Hν0 ) Hp ν0 ⊃ (Hν0)p with (Hν0)p = Hp =

Gp2 ' Z/pZ. Thus, Hpν0 ⊃ Hν1 , which implies pν0 ≤ ν1 and i1 ≥ p2(p − 1)i0. Then the Hurwitz genus
formula applied to C → C/H ' P1

k yields a lower bound for the genus :

2 g = (i0 − 1)(|H| − 1) + i1(|Hi0+1| − 1) ≥ (p− 1)(i0 + 1)(p3 + p+ 1).

Let s be the integer defined in Remark 2.2.8. Then i0 = 1+ps. Moreover, by Theorem 2.2.7, |G| = |G2||V | ≤
p3+2s. It follows that |G|g2 ≤

4
(p2−1)2

p3(p+1)2

(p3+p+1)2 . Since p3(p+1)2

(p3+p+1)2 < 1 for p ≥ 2, this contradicts condition (2.3).

In case ii), the lower ramification filtration of H reads

H = H0 = . . . = Hi0 ' Z/p2Z× Z/pZ ⊃ Hi0+1 = . . . Hi0+i1 ' (Z/pZ)2 ⊃ Hi0+i1+1 = {0}.

Keeping the notation of case i), the upper ramification filtration is

H = H0 = . . . = Hν0 ' Z/p2Z× Z/pZ ⊃ Hν0+1 = . . . = Hν1 ' (Z/pZ)2 ⊃ Hν1+1 = {0}.
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with ν0 = ϕ(i0) = i0 and ν1 = ϕ(i0 + i1) = i0 + i1
p . Once again, Hpν0 ⊃ (Hν0)p ' Z/pZ implies Hp ν0 ⊃ Hν1 ,

which involves p ν0 ≤ ν1 and i1 ≥ i0 p (p− 1). Then the Hurwitz genus formula yields :

2 g = (i0 − 1)(|H| − 1) + i1(|Hi0+1| − 1) ≥ (p− 1) ps (p3 + p2 + 1) ≥ (p− 1)ps(p3 + p+ 1).

Thus, we get the same lower bound on the genus as in the preceding case, hence the same contradiction.

In case iii), the lower ramification filtration of H becomes

Hi0 ' Z/p2Z× Z/pZ ⊃ Hi0+1 = . . . = Hi0+i1 ' (Z/pZ)2 ⊃ Hi0+i1+1 = . . . = Hi0+i1+i2 ' Z/pZ ⊃ {0}.

Keeping the same notation as above and introducing Hν2 = Hϕ(i0+i1+i2) = Hi0+i1+i2 , the upper ramification
filtration is

Hν0 ' Z/p2Z× Z/pZ ⊃ Hν0+1 = . . . = Hν1 ' (Z/pZ)2 ⊃ Hν1+1 = . . . = Hν2 ' Z/pZ ⊃ Hν2+1 = {0},

with ν0 = ϕ(i0) = i0, ν1 = ϕ(i0 + i1) = i0 + i1
p and ν2 = ϕ(i0 + i1 + i2) = i0 + i1

p + i2
p2 . Since Hpν0 ⊃

(Hν0)p ' Z/pZ, we obtain : Hp ν0 ⊃ Hν2 . Then p ν0 ≤ ν2, which involves p2 (p− 1) i0 ≤ i1 p+ i2. With such
inequalities, the Hurwitz genus formula gives a new lower bound for the genus, namely

2 g = (i0 − 1)(|H| − 1) + i1(|Hi0+1| − 1) + i2(|Hi0+i1+1| − 1) ≥ (p− 1) (ps (p2 + p+ 1) + (ps + 1) (p− 1) p2).

From 2 g ≥ (p− 1) (p3+s + p1+s + ps + p3 − p2) ≥ (p− 1) ps(p3 + p), we infer that

|G|
g2
≤ 4

(p2 − 1)2

p2s+3(p+ 1)2

p2s (p3 + p)2
=

4
(p2 − 1)2

p (p+ 1)2

(p2 + 1)2
.

Since p (p+1)2

(p2+1)2 < 1 for p ≥ 2, this contradicts condition (2.3).

In case iv), the lower ramification filtration of H , namely

Hi0 ' Z/p2Z× Z/pZ ⊃ Hi0+1 = . . . = Hi0+i1 ' (Z/p2Z) ⊃ Hi0+i1+1 = . . . = Hi0+i1+i2 ' Z/pZ ⊃ {0}

induces the upper ramification filtration

Hν0 ' Z/p2Z× Z/pZ ⊃ Hν0+1 = . . . = Hν1 ' (Z/p2Z) ⊃ Hν1+1 = . . . = Hν2 ' Z/pZ ⊃ Hν2+1 = {0}.

This is almost the same situation as in case iii), except that Hi0+1 is isomorphic to Z/p2Z instead of (Z/pZ)2.
But, since the only thing that plays a part in the proof is the order of Hi0+1 , which is the same in both
cases, namely p2, we conclude with the same arguments as in case iii). �

Remark 2.4.4. The previous method, based on the analysis of the ramification filtration of G2, fails to
exclude the case G2 ' Z/p2Z for a big action satisfying (2.3). Indeed, if H := G2 ' Z/p2Z, the lower
ramification filtration of H

H0 = . . . = Hi0 ' Z/p2Z ⊃ Hi0+1 = . . . Hi0+i1 ' Z/pZ ⊃ Hi0+i1+1 = {0}

induces the upper ramification filtration

H0 = . . . = Hν0 ' Z/p2Z ⊃ Hν0+1 = . . . = Hν1 ' Z/pZ ⊃ Hν1+1 = {0}.

with ν0 = ϕ(i0) = i0 and ν1 = ϕ(i0 + i1) = i0 + i1
p . Since Hpν0 ⊃ (Hν0)p ' Z/pZ, we obtain : p ν0 ≤ ν1,

hence i1 ≥ (p−1) p i0. Let s be the integer defined in Remark 2.2.8. Then the Hurwitz genus formula yields :

2 g = (i0 − 1)(|H| − 1) + i1(|Hi0+1| − 1) ≥ (p− 1) (ps (p2 + 1) + p2 − p) ≥ (p− 1) ps (p2 + 1).

If we denote by v the dimension of the Fp-vector space V , we eventually get :

|G|
g2
≤ 4

(p2 − 1)2

p2+v(p+ 1)2

p2s (p2 + 1)2
.

In this case, condition (2.3) requires p1+ v
2−s(p + 1) > p2. Since v

2 ≤ s, this implies p + 1 > p1+s− v2 ≥ p,
hence v

2 = s. This means that V = Z(Adf ), where f is the function defined in Remark 2.2.8 and Adf its
palindromic polynomial as defined in Proposition 2.2.5. Therefore, one does not obtain yet any contradiction.

Accordingly, to exclude the cyclic cases G2 ' Z/p2Z and G2 ' Z/p3Z and thus complete the proof
of Proposition 2.4.2, we need to shift from a ramification point of view on G2 to the embedding problem
G2 ( G1. This enables us to prove the more general result on big actions formulated later.
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2.5 Big actions with a cyclic second ramification group G2.

The aim of this section is to prove that there does not exist any big action whose second ramification
group G2 is cyclic, except for the trivial case G2 ' Z/pZ. For Witt vectors and Artin-Schreier-Witt theory,
our main reference is [Bour83] (Chap. IX).

Theorem 2.5.1. Let (C,G) be a big action. If G2 ' (Z/pnZ), then n = 1.

Proof : Let (C,G) be a big action with G2 ' Z/pnZ. We proceed in steps.
1. We first prove that we can assume n = 2.

Indeed, for n > 2, H := Gp
n−2

2 is a normal subgroup in G, strictly included in G2. So Lemma 2.2.4.2
asserts that the pair (C/H, G/H) is a big action. Besides, the second lower ramification group of G/H
is isomorphic to Z/p2Z.

2. Notation and preparatory remarks.
We denote by L := k(C) the function field of C and by k(X) := LG2 the subfield of L fixed by G2.
Following Artin-Schreier-Witt theory (see [Bour83] Chap. IX, ex. 19), we define the W2(Fp)-module

Ã :=
℘(W2(L)) ∩W2(k(X))

℘(W2(k(X)))
,

where W2(L) denotes the ring of Witt vectors of length 2 with coordinates in L. The inclusion k[X] ⊂
k(X) induces an injection

A :=
℘(W2(L)) ∩W2(k[X])

℘(W2(k[X]))
↪→ Ã.

Since L/LG2 is étale outside X =∞, it follows from [Mi80] (III, 4.12) that we can identify A with Ã.
Consider the Artin-Schreier-Witt pairing{

G2 ×A −→W2(Fp)
(g, ℘ x) −→ [g, ℘ x〉 := gx− x,

where g ∈ G2 ⊂ Autk(L), x ∈ L such that ℘x ∈ k[X] and ℘x denotes the class of ℘x mod ℘(k[X]).
This pairing is nondegenerate, which proves that, as a group, A is dual to G2.

As a Z-module, A is generated by (f0(X), g0(X)) in W2(k[X]) and then, L = k(X,W0, V0) with
℘(W0, V0) = (f0(X), g0(X)). An exercise left to the reader shows that one can choose f0(X) and g0(X)
reduced mod ℘(k[X]) (see the definition of a reduced polynomial in Section 2.1). We denote by m0

the degree of f0 and by n0 that of g0. Note that they are prime to p. The p-cyclic cover LG
p
2/LG2 is

parametrized by W p
0 −W0 = f0(X). We deduce from Proposition 2.2.5 that f0(X) = XS(X) + cX,

where S is an additive polynomial with degree s ≥ 1 in F . After an homothety on X, we can assume
S to be monic. Furthermore, note that s ≥ 2. Indeed, if s = 1, the inequalities |G| ≤ p2+2s ≤ p4 and
2 g ≥ (p− 1) (ps (p2 + 1) + p2 − p) = (p− 1) (p3 + p2) of Remark 2.4.4 imply

|G|
g
≤ 2 p
p− 1

p3

p3 + p2
<

2 p
p− 1

,

which contradicts (2.1).

3. The embedding problem.
Let V be the Fp-vector space defined in Proposition 2.2.2.3. For any y ∈ V , the class of (f0(X +
y), g0(X + y)) in A induces a new generating system of A, which means that

Z(f0(X), g0(X)) = Z(f0(X + y), g0(X + y)) mod ℘(W2(k[X])). (2.5)

Since A is isomorphic to Z/p2Z, (2.5) ensures the existence of an integer n(y) such that

(f0(X + y), g0(X + y)) = n(y) (f0(X), g0(X)) mod ℘(W2(k[X])), (2.6)

where n(y) := a0(y) + b0(y) p, for integers a0(y) and b0(y) such that 0 < a0(y) < p and 0 ≤ b0(y) < p.
We calculate n(y) (f0(X), g0(X)) = a0(y) (f0(X), g0(X)) + b0(y)p (f0(X), g0(X)). On the one hand, we
have

a0(y) (f0(X), g0(X)) = (a0(y)f0(X), a0(y)g0(X) + c(a0(y))f0(X)),
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where c(a0(y)) is given by the recursion

c(1) = 1 and ∀ i ∈ N, c(i+ 1) = c(i) +
1
p

(1 + ip − (1 + i)p) mod p.

On the other hand,

b0(y) p (f0(X), g0(X)) = b0(y) (0, f0(X)p) = (0, b0(y)f0(X)) mod ℘(W2(k[X])).

Consequently, (2.6) becomes

(f0(X + y), g0(X + y)) = (a0(y)f0(X), a0(y)g0(X) + `0(y)f0(X)) mod ℘(W2(k[X])), (2.7)

where `0(y) := c(a0(y)) + b0(y). We notice that a0(y) = 1 mod p, for all y in V . Indeed, the equality of
the first coordinate of Witt vectors in (4.6) implies that f0(X+y) = a0(y) f0(X) mod ℘(k[X]). Thus,
by induction, f0(X + py) = a0(y)p f0(X) mod ℘(k[X]). Since V is an elementary abelian p-group,
f0(X + py) = f0(X), which entails a0(y)p = 1 mod p and a0(y) = 1 mod p. So (4.6) becomes

(f0(X + y), g0(X + y)) = (f0(X), g0(X) + `0(y)f0(X)) + (P p(X), Qp(X))− (P (X), Q(X)), (2.8)

with P (X) and Q(X) polynomials of k[X]. In order to circumvent the problem related to the special
formula giving the opposite of Witt vectors for p = 2, we would rather write (2.8) as follows

(f0(X + y), g0(X + y)) + (P (X), Q(X)) = (f0(X), g0(X) + `0(y) f0(X)) + (P (X)p, Q(X)p). (2.9)

The first coordinate of (2.9) reads

f0(X + y) + P (X) = f0(X) + P (X)p. (2.10)

On the second coordinate of (2.9), the addition law in the ring of Witt vectors gives in k[X] the equality

g0(X + y) +Q(X) + ψ(f0(X + y), P (X)) = g0(X) + `0(y) f0(X) +Q(X)p + ψ(f0(X), P (X)p), (2.11)

where ψ is defined by

ψ(a, b) :=
1
p

(ap + bp − (a+ b)p) =
−1
p

p−1∑
i=1

(
p

i

)
ai bp−i =

p−1∑
i=1

(−1)i

i
ai bp−i mod p.

As a consequence, (2.11) gives

∆y(g0) := g0(X + y)− g0(X) = `0(y) f0(X) + δ mod ℘(k[X]), (2.12)

with
δ := ψ(f0(X), P (X)p)− ψ(f0(X + y), P (X))

=
∑p−1
i=1

(−1)i

i {f0(X)i P (X)p(p−i) − f0(X + y)i P (X)p−i}

Lemma 2.5.2. With the notation defined above, δ is equal to

δ =
p−1∑
i=1

(−1)i

i
yp−iXi+ps+1

+ lower-degree terms in X . (2.13)

Proof : We search for the monomials in δ that have degree at least ps+1 + 1 in X. We first focus
on f0(X)i P (X)p(p−i). We can infer from equality (2.10) that P (X) has degree ps−1 and that its
leading coefficient is y1/p. By [LM05] (see proof of Prop. 8-1), P (X) − P (0) is an additive polyno-
mial. So we can write : P (X) = y1/pXps−1

+ P1(X), where P1(X) is a polynomial of k[X] of degree
at most ps−2. Then for all i in {1, . . . , p − 1}, f0(X)i P (X)p (p−i) = f0(X)i (y Xps + P1(X)p)p−i =
f0(X)i (

∑p−i
j=0

(
p−i
j

)
yj Xjps P1(X)p(p−i−j)). Since f0(X) has degree 1 + ps, this gives in δ a monomial

of degree at most i (1 + ps) + j ps + p (p − i − j) ps−2 = ps + (i + j) (p − 1) ps−1 + i. If j ≤ p − i − 1,
this degree is at most ps + (p− 1)2 ps−1 + i = (p− 1) ps + ps−1 + i, which is strictly less than ps+1 + 1,
for s ≥ 2 and 1 ≤ i ≤ p − 1 . As a consequence, monomials of degree at least ps+1 + 1 can only
occur when the index j is equal to p − i, namely in f0(X)i yp−iXps(p−i). As f0(X) = X S(X) + cX,
where S is a monic additive polynomial of degree s in F , f0 reads : f0(X) = X1+ps + P2(X) where
P2(X) is a polynomial in k[X] with degree at most 1 + ps−1. Then for all i in {1, . . . , p − 1}, we
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have f0(X)i yp−iXps(p−i) = yp−iXps(p−i) (
∑i
k=0

(
i
k

)
X(1+ps)j P2(X)i−k). Accordingly, we get a mo-

nomial of degree at most ps (p − i) + k (1 + ps) + (i − k) (1 + ps−1), a number we can rewrite as
ps (p− i) + i (1 + ps−1) + k (ps − ps−1). When 0 ≤ k ≤ i− 1, the maximal degree obtained in this way
is i + ps−1 − ps + ps+1 which is stricly lower than ps+1 + 1. Therefore, for all i in {1, . . . , p − 1}, the
only contibution to take into account is k = i, which produces in δ the sum

p−1∑
i=1

(−1)i

i
yp−iXi+ps+1

.

We now search for monomials with degree greater or equal to ps+1 + 1 in the second part of δ, namely
f0(X + y)i P (X)p−i. This has degree at most i (1 + ps) + (p− i) ps−1 = i ps + (p− i) ps−1 + i, which is
strictly less than ps+1 + 1, for s ≥ 2 and 1 ≤ i ≤ p − 1. Therefore, f0(X + y)i P (X)p−i does not give
any monomial in δ with degree greater or equal to ps+1 + 1. Thus, we get the expected formula. �

4. We next show that g0(X) cannot be of the form X Σ(X) + γ X, with Σ ∈ k{F} and γ ∈ k.
Otherwise, the left-hand side of (2.12) reads ∆y(g0) := g0(X + y) − g0(X) = X Σ(y) + yΣ(X) +
yΣ(y) + γ y, which only gives a linear contribution in X after reduction mod ℘(k[X]). By Lemma
2.5.2, deg f0 = 1 + ps < deg δ = ps+1 + p− 1, which involves that the degree of the right-hand side of
(2.12) is p− 1 + ps+1 > 1, hence a contradiction.
Therefore, we can define an integer a ≤ n0 = deg g0 such that Xa is the monomial of g0(X) with
highest degree which is not of the form 1 + pn, with n ∈ N. Note that since g0 is reduced mod ℘(k[X]),
a 6≡ 0 mod p. We also notice that the monomials in g0(X) with degree strictly greater than a are of
the form X1+pn ; hence, as explained above, they only give linear monomials in ∆y(g0) mod ℘(k[X]).
Therefore, after reduction mod ℘(k[X]), the degree of the left-hand side of (2.12) is at most a − 1.
Since the degree of the right-hand side is ps+1 + p− 1, it follows that

a− 1 ≥ ps+1 + p− 1. (2.14)

5. We show that p divides a− 1.
Assume that p does not divide a− 1. In this case, the monomial Xa−1 is reduced mod ℘(k[X]). Since
the monomials of g0(X) with degree greater than a only give a linear contribution in ∆y(g0) mod
℘ (k[X]), (2.12) reads as follows, for all y in V :

ca(g0) a yXa−1 + lower-degree terms = −y Xps+1+p−1 + lower degree terms mod ℘ (k[X]),

where ca(g0) 6= 0 denotes the coefficient of Xa in g0. If a−1 > ps+1+p−1, the coefficient ca(g0) a y = 0,
for all y in V. Since a 6= 0 mod p, it leads to V = {0}, so G1 = G2, which is impossible for a big action
(see Proposition 2.2.2.1). We gather from (2.14) that a − 1 = ps+1 + p − 1, which contradicts : a 6= 0
mod p.
Thus, p divides a− 1. So, we can write a = 1 + λ pt, with t > 0, λ prime to p and λ ≥ 2 because of the
definition of a. We also define j0 := a− pt = 1 + (λ− 1) pt. Note that pj0 > a. Indeed,

pj0 ≤ a⇔ p(1 + (λ− 1)pt) ≤ 1 + λ pt ⇔ λ ≤ 1− p+ pt+1

pt(p− 1)
=
−1
pt

+
p

p− 1
<

p

p− 1
≤ 2,

which is impossible since λ ≥ 2.
6. We determine the coefficient of Xj0 in the left hand-side of (2.12).

Since p does not divide j0, the monomial Xj0 is reduced mod ℘(k[X]). On the left-hand side of (2.12),
namely ∆y(g0) mod ℘(k[X]), the monomial Xj0 comes from monomials of g0(X) of the form Xb, with
b in {j0 + 1, . . . , a}. As a matter of fact, the monomials of g0(X) with degree greater than a only give
a linear contribution mod ℘(k[X]), whereas j0 = 1 + (λ − 1) pt > 1. For all b ∈ {j0 + 1, . . . , a},
the monomial Xb of g0(X) generates

(
b
j0

)
yb−j0 Xj0 in ∆y(g0). Since p j0 > a ≥ b (see above),

these monomials Xb do not produce any Xj0 p
n

, with n ≥ 1, which would also give Xj0 after re-
duction mod ℘(k[X]). It follows that the coefficient of Xj0 in the left-hand side of (2.12) is T (y) with
T (Y ) :=

∑a
b=j0+1 cb(g0)

(
b
j0

)
Y b−j0 , where cb(g0) denotes the coefficient of Xb in g0(X). As the coeffi-

cient of Y a−j0 in T (Y ) is ca(g0)
(
a
j0

)
= ca(g0)

(
1+λpt

1+(λ−1)pt

)
≡ ca(g0)λ 6≡ 0 mod p, the polynomial T (Y )

has degree a− j0 = pt.

7. We identify with the coefficient of Xj0 in the right-hand side of (2.12) and obtain a contradiction.
We first assume that the monomial Xj0 does not occur in the right-hand side of (2.12). Then T (y) = 0
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for all y in V , which means that V is included in the set of roots of T . Thus, |V | ≤ pt. To compute
the genus g, put M0 := m0 and M1 := max{pm0, n0}. Then, by [Ga99], the Hurwitz genus formula
applied to C → C/G2 ' P1

k yields

2 (g − 1) = 2 |G2| (gC/G2 − 1) + d = −2 p2 + d,

with d := (p−1) (M0 +1)+p (p−1) (M1 +1). From pm0 = p (ps+1) = ps+1 +p and ps+1 +p−1 < n0,
we infer M1 = n0. Moreover, since n0 ≥ a = 1 +λ pt ≥ 1 + 2 pt > 2 pt, we obtain a lower bound for the
genus 2 g = (p− 1) p (n0 − 1 + ps−1) ≥ 2 pt+1 (p− 1). Since |G| = |G2||V | ≤ p2+t, this entails

|G|
g
≤ 2 p
p− 1

p1+t

2 p1+t
=

1
2

2 p
p− 1

,

which contradicts (2.1).
As a consequence, the monomial Xj0 appears in the right-hand side of (2.12), which implies that
j0 ≤ ps+1 + p− 1. Using (2.14), we get j0 = 1 + (λ− 1) pt ≤ ps+1 + p− 1 < a = 1 + λ pt. This yields

λ− 1 ≤ ps+1−t +
p− 2
pt

< λ. (2.15)

If s + 1 − t ≤ −1, since t ≥ 1, (2.15) gives : λ − 1 ≤ 1
p + p−2

p < 1, which contradicts λ ≥ 2. It follows
that s+1− t ≥ 0. Then (2.15) combined with the inequalities 0 ≤ p−2

pt < 1 leads to λ−1 = ps+1−t. We
gather that j0 = 1+(λ−1) pt = 1+ps+1 > deg f0 = 1+ps. Therefore, in the right-hand side of (2.12),
the monomial Xj0 = X1+ps+1

only occurs in δ. By Lemma 2.5.2, the coefficient of Xj0 = X1+ps+1
in

δ is −yp−1. By equating the coefficient of Xj0 in each side of (2.12), we get T (y) = −yp−1, for all y
in V . Put T̃ (Y ) := T (Y ) + Y p−1. Since deg T = pt > p − 1, the polynomial T̃ has still degree pt and
satisfies T̃ (y) = 0 for all y in V . Once again, it leads to |V | ≤ pt, which contradicts (2.1) as above. �

Therefore, when (C,G) is a big action, G2 ' (Z/pnZ) implies n = 1. More generally, if G2 is abelian of
exponent pn, with n ≥ 2, there exists a subgroup H of index p in Gp2, with H normal in G, such that the
pair (C/H,G/H) is a big action with (G/H)2 = G2/H ' Z/p2Z× (Z/pZ)t, with t ∈ N∗. A natural question
is to search for a lower bound on the p-rank t depending on the genus g of the curve. As seen in the proof
of Theorem 2.5.1, the difficulty lies in the embedding problem, i.e. in finding an extension which is stable
under the translations by V . In the next section, we exhibit big actions with G2 abelian of exponent at least
p2. In particular, we construct big actions (C,G) with G2 ' Z/p2Z× (Z/pZ)t where t = O(logp g).

2.6 Examples of big actions with G2 abelian of exponent strictly
greater than p.

In characteristic 0, an anologue of big actions is given by the actions of a finite group G on a compact
Riemann surface C with genus gC ≥ 2 such that |G| = 84(gC − 1). Such a curve C is called a Hurwitz
curve and such a group G a Hurwitz group (cf. [Con90]). In particular, the lowest genus Hurwitz curves
are the Klein’s quartic with G ' PSL2(F7) (cf. [El99]) and the Fricke-Macbeath curve with genus 7 and
G ' PSL2(F8) (cf. [Mc65]).

Let C be a Hurwitz curve with genus gc. Let n ≥ 2 be an integer and let Cn be the maximal unramified
Galois cover whose group is abelian, with exponent n. The Galois group of the cover Cn/C is isomorphic to
(Z/nZ)2gC . We infer from the uniqueness of Cn that the C-automorphims of C have n2gc prolongations to
Cn. Therefore, gCn − 1 = n2g(gC − 1). Consequently, Cn is still a Hurwitz curve (see [Mc61]).

Now let (C,G) be a big action. Then C → C/G is an étale cover of the affine line whose group is a
p-group. From the Deuring-Shafarevich formula (see e.g. [Bou00]), it follows that the Hasse-Witt invariant
of C is zero. This means that there are no nontrivial connected étale Galois covers of C with group a p-
group. Therefore, if we want to generalize the method mentionned above to produce Galois covers of C
corresponding to big actions, it is necessary to introduce ramification. A means to do so is to consider ray
class fields of function fields, as studied by K. Lauter [Lau99] and R. Auer [Au99]. Since the cover C → C/G2

is an étale cover of the affine line Spec k[X] totally ramified at ∞, we focus on the special case of ray class
fields of the rational function field Fq(X), where q = pe (see [Au99], III.8). Such ray class fields allow us to
produce families of big actions (C,G) (where C is defined over k = Falgp ) with specific conditions imposed
on ramification and endowed with an abelian G2 of exponent as large as we want.

Definition 2.6.1. ([Au99], Part II) Let K := Fq(X) be the rational function field, with q = pe and e ∈ N∗.
Let S be the set of all finite rational places, namely {(X − y), y ∈ Fq}. Let m ≥ 0 be an integer. Fix Kalg an
algebraic closure of K in which all extensions of K are assumed to lie. We define Km

S ⊂ Kalg as the largest
abelian extension L/K with conductor ≤ m∞, such that every place in S splits completely in L.
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Remark 2.6.2. 1. We define the splitting set S(L) of any finite Galois extension L/K as the set consis-
ting of the places of K that split completely in L. If Km

S /K is the extension defined in Definition 2.6.1,
then S ⊂ S(Km

S ).
2. In what follows, we only consider finite Galois extensions L/K that are unramified outside X = ∞

and (totally) ramified at X =∞. Therefore, the support of the conductor of L/K reduces to the place
∞. So, we systematically confuse the conductor m∞ with its degree m.

3. We could more generally define Km
S for S a nonempty subset of the finite rational places, i.e. S :=

{(X − y), y ∈ V ⊂ Fq}. However, to get big actions, it is necessary to consider the case where V is a
subgroup of Fq. In what follows, we focus on the case V = Fq, as announced in Definition 2.6.1.

Remark 2.6.3. We keep the notation of Definition 2.6.1.
1. The existence of the extension Km

S /K is based on global class field theory (see [Au99], Part II).
2. Km

S /K is a finite abelian extension whose full constant field is Fq.
3. The reason why Lauter and Auer are interested in such ray class fields is that they provide for examples

of global function fields with many rational places, or what amounts to the same, of algebraic curves
with many rational points. Indeed, let C(m)/Fq be the nonsingular projective curve with function field
Km
S . If we denote by Nm := |C(m)(Fq)| the number of Fq-rational points on the curve C(m), then

Nm = 1 + q [Km
S : K]. The main difficulty lies in computing [Km

S : K]. We first wonder when Km
S

coincide with K. Here are partial answers.
4. Let q = pe, with e ∈ N. If e is even, put r :=

√
q and if e is odd, put r :=

√
qp. Then for all i

in {0, . . . , r + 1}, Ki
S = K = Fq(X). (see [Au99], III, Lemma 8.7 and formula (13)). Note that the

previous estimate Nm = 1 + q [Km
S : K], combined with the Hasse-Weil bound (see e.g. [St93] V.2.3),

furnishes another proof of Ki
S = K when i < 1 + r.

5. More generally, Lauter displays a method to compute the degree of the extension Km
S /K via a formula

giving the order of its Galois group GS(m) (see [Lau99], Thm. 1). Lauter’s proof starts from the
following presentation of GS(m) :

GS(m) ' 1 + Z Fq[[Z]]
〈1 + Zm Fq[[Z]], 1− yZ, y ∈ Fq〉

,

where Z = X−1, which indicates that GS(m) is an abelian finite p-group. Then she transforms the
multiplicative structure of the group into an additive group of generalized Witt vectors. In particular,
she deduces from this theorem the smallest conductor m such that GS(m) has exponent stricly greater
than p (see next proposition).

Proposition 2.6.4. ([Lau99], Prop. 4) We keep the notation defined above. If q = pe, the smallest conductor
m for which the group GS(m) is not of exponent p is m2 := pde/2e+1 +p+1, where d.e is the ceiling function.

We now emphasize the link with big actions. Let F be a function field with full constant field Fq. Let
C/Fq be the smooth projective curve whose function field is F and Calg := C ×Fq k with k = Falgp . If G
is a finite p-subgroup of AutFq (C), then G can be identified with a subgroup of Autk (Calg). In this case,
(Calg, G) is a big action if and only if gCalg = gC > 0 and |G|gC > 2 p

p−1 . For convenience, in the sequel, we shall
say that (C,G) is a big action if (Calg, G) is a big action.

In what follows, we consider the curve C(m)/Fq whose function field is Km
S and, starting from this,

we construct a p-group G(m) acting on C(m) by extending the translations X → X + y, with y ∈ Fq. In
particular, we obtain an upper bound for the genus of C(m), which allows us to circumvent the problem
related to the computation of the degree [Km

S : K] when checking whether (C(m), G(m)) is a big action.

Proposition 2.6.5. We keep the notation defined above.
1. Let C(m)/Fq be the nonsingular projective curve with function field Km

S . Then the group of transla-
tions : X → X + y, y ∈ Fq, extends to a p-group of Fq-automorphisms of C(m), say G(m), with the
exact sequence

0 −→ GS(m) −→ G(m) −→ Fq −→ 0.

2. Let L be an intermediate field of Km
S /K. Assume L = (Km

S )H , i.e. the extension L/K is Galois with
group GS(m)/H. For all i ≥ 0, we define Li as the i-th upper ramification field of L, i.e. the subfield
of L fixed by the i-th upper ramification group of GS(m)/H at ∞, GiS(m)H/H, where GiS(m) denotes
the i-th upper ramification group of GS(m) at ∞. Then

∀ i ≥ 0, Li = L ∩Ki
S .

In particular, when L = Km
S and i ≤ m, Li = Ki

S, i.e. GiS(m) = Gal(Km
S /K

i
S).
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3. Let L be an intermediate field of Km
S /K. Define n := min{i ∈ N, L ⊂ Ki

S}. Then the genus of the
extension L/K is given by the formula :

gL = 1 + [L : K] (−1 +
n

2
)− 1

2

n−1∑
j=0

[L ∩Kj
S : K],

where the sum is empty for n = 0.
In particular, gL vanishes if and only if L ⊂ K0

S.
In all other cases, gL < [L : K] (−1 + n

2 ).

4. If m ≥ r + 2, |G(m)|
gKm

S

> q
−1+m

2
. It follows that if q

−1+m
2
≥ 2 p

p−1 , the pair (C(m), G(m)) is a big action.

In this case, the second lower ramification group G2(m) of G(m) is equal to GS(m). In particular, with
m2 as in Proposition 2.6.4, if p > 2 and e ≥ 4 or p = 2 and e ≥ 6, the pair (C(m2), G(m2)) is a big
action whose second ramification group GS(m2) is abelian of exponent p2.

Proof :

1. The set S is globally invariant under the translations X → X + y, y ∈ Fq. That is the same for ∞, so
the translations by Fq do not change the conditions imposed on ramification. As a consequence, owing
to the maximality and the uniqueness of Km

S , they can be extended to Fq-automorphisms of Km
S . This

proves the first assertion.

2. This follows directly from [Au99] (II, Thm. 5.8).

3. The genus formula is obtained by combining the preceding results, the Hurwitz genus formula and the
discriminant formula (see [Au99], I, 3.7). Now assume that n = 0. Then L ⊂ K0

S = Fq(X) and gL = 0.
Conversely, assume gL = 0. If n 6= 0, Remark 2.6.3.4 implies that n ≥ r + 2 ≥ 3. Using the preceding
formula and Remark 2.6.3.4, gL = 0 reads

2 + (n− 2) [L : K] =
n−1∑
j=0

[Kj
S ∩ L : K] = 2 +

n−1∑
j=2

[Kj
S ∩ L : K] ≤ 2 + (n− 2) [L : K].

It follows that, for all j in {2, . . . , n − 1}, Kj
S ∩ L = L. In particular, L ⊂ K2

S = K0
S , hence a

contradiction. Finally, since n > 0 implies n ≥ 3 and since K = K0
S = K1

S , one notices that

gL = [L : K] (−1 +
n

2
)− 1

2

n−1∑
j=2

[L ∩Kj
S : K] < [L : K] (−1 +

n

2
).

4. Assume that m ≥ r+ 2. We gather from Remark 2.6.3.4 that n := min{i ∈ N,Km
S ⊂ Ki

S} ≥ r+ 2 ≥ 3.
It follows from part 3 that

gKm
S
< [Km

S : K] (−1 +
n

2
) ≤ [Km

S : K] (−1 +
m

2
).

As |G(m)| = q[Km
S : K], we deduce the expected inequality. In particular, when q

−1+m
2
> 2 p

p−1 , the pair
(C(m), G(m)) is a big action. It remains to show that, in this case, G2(m) is equal to GS(m). Lemma
2.2.4.2 first proves that GS(m) ⊃ G2(m). Let L := (Km

S )G2(m) be the subfield of L fixed by G2(m).
Define n := min{i ∈ N, L ⊂ Ki

S}. Assume GS(m) ) G2(m). Then L ) (Km
S )GS(m) = K. We infer

from Remark 2.6.3.4 that n ≥ r + 2, which proves, using the previous point, that gL > 0. But, since
(C(m), G(m)) is a big action, C/G2(m) ' P1

k, so gL = 0, hence a contradiction. We eventually explain
the last statement. By Proposition 2.6.5.2, Gm2−1

S (m2) = Gal(Km2
S /Km2−1

S ), which induces the exact
sequence

0 −→ Gm2−1
S (m2) −→ GS(m2) −→ GS(m2 − 1) −→ 0.

We infer from Proposition 2.6.4 that GS(m2−1) has exponent p whereas the exponent of GS(m2) is at
least p2. It follows that Gm2−1

S (m2) cannot be trivial. Since Gm2
S (m2) = {0} (use Proposition 2.6.5.2),

we deduce from the elementary properties of the ramification groups that Gm2−1
S (m2) is p-elementary

abelian. Therefore, GS(m2) has exponent smaller than p2 and the claim follows. �

Remark 2.6.6. Let Nm be the number of Fq-rational points on the curve C(m) as defined in Remark 2.6.3.3.
Then Nm = 1+q |GS(m)| = 1+ |G(m)|. This highlights the equivalence of the two ratios |G(m)|

gC(m)
and Nm

gC(m)
. In

particular, this equivalence emphasizes the link between the problem of big actions and the search for algebraic
curves with many rational points.
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As seen in Remark 2.6.3.4, Ki
S = K for all i in {0, . . . , r+ 1}, where r =

√
q or
√
qp according to whether

q is a square or not. The following extensions Km
S , for m ≥ r+ 2, are partially parametrized, at least for the

first ones, in [Au99] (Prop. 8.9). The table on the next page gives a complete description of the extensions
Km
S for m varying from 0 to m2 = pde/2e+1 + p + 1, in the special case p = 5 and e = 4. This involves

q = pe = 625, s = e/2 = 2, r = ps = 25 and m2 = 131. This table should suggest the general method to
parametrize such extensions.

conductor m [Km
S : K] New equations

0 ≤ m ≤ r + 1 = 26 1
r + 2 = 27 ≤ m ≤ 2r + 1 = 51 52 W r

0 +W0 = X1+r

m = 2r + 2 = 52 56 W q
1 −W1 = X2r (Xq −X)

2r + 3 = 53 ≤ m ≤ 3r + 1 = 76 58 W r
2 +W2 = X2(1+r)

m = 3r + 2 = 77 512 W q
3 −W3 = X3r (Xq −X)

m = 3r + 3 = 78 516 W q
4 −W4 = X3r (X2q −X2)

3r + 4 = 79 ≤ m ≤ 4r + 1 = 101 518 W r
5 +W5 = X3(1+r)

m = 4r + 2 = 102 522 W q
6 −W6 = X4r (Xq −X)

m = 4r + 3 = 103 526 W q
7 −W7 = X4r (X2q −X2)

m = 4r + 4 = 104 530 W q
8 −W8 = X4r (X3q −X3)

4r + 5 = 105 ≤ m ≤ 5r + 1 = 126 532 W r
9 +W9 = X4(1+r)

m = 5r + 2 = 127 536 W q
10 −W10 = X5r (Xq −X)

m = 5r + 3 = 128 540 W q
11 −W11 = X5r (X2q −X2)

m = 5r + 4 = 129 544 W q
12 −W12 = X5r (X3q −X3)

m = 5r + 5 = 130 548 W q
13 −W13 = X5r (X4q −X4)

m = m2 = 131 550 [W0,W14]r + [W0,W14] = [X1+r, 0]

In this case,
|G(m2)|
gKm2

S

' 9, 6929 . . . (2.16)

Comments on the construction of the table : For all i in {0, . . . , 14}, put Li := K(W0, . . . ,Wi).
1. We first prove that the splitting set of each extensionK(Wi)/K (see Remark 2.6.2.1) contains S. Indeed,

fix y in Fq and call Py := (X − y) the corresponding place in S. We have to distinguish three cases.
By [St93] (Prop. VI. 4.1), Py completely splits in the extension K(W )/K, where W r +W = Xu (1+r),
with 1 ≤ u ≤ 4, if the polynomial T r + T − yu (1+r) has a root in K, which is true since yu(1+r) =
(F s + I) (1

2 y
u(1+r)). Likewise, Py completely splits in the extension K(W )/K, where W q − W =

Xu r (Xv q−Xv), with 1 ≤ v < u ≤ 5, since yvq−yv = 0. Finally, Py completely splits in the extension
K(W, W̃ )/K, where [W, W̃ ]r + [W, W̃ ] = [X1+r, 0], since [y1+r, 0] = (F s + I) [1

2 y
1+r,− 2p−2

4p y(1+r) p].
Finally, we remark that Li = Li−1K(Wi) for all i in {1, . . . , 14}. Then S(Li) = S(Li−1) ∩ S(K(Wi))
(cf. [Au99], Cor. 3.2.b), which allows us to conclude, by induction on i, that the splitting set of each
Li contains S.

2. We now compute the conductor m(K(Wi)) of each extension K(Wi)/K. As above, we must distinguish
three kinds of extensions. The extension K(W )/K, where W r + W = Xu (1+r), with 1 ≤ u ≤ 4,
has conductor ur + u + 1 (see [Au99], Prop. 8.9.a). The extension K(W )/K, where W q − W =
Xu r (Xv q − Xv), with 1 ≤ v < u ≤ 5, has conductor ur + v + 1 (see [Au99], Prop. 8.9.b). Finally,
the conductor of the extension K(W, W̃ )/K, where [W, W̃ ]r + [W, W̃ ] = [X1+r, 0] is given by the
formula 1 + max{p(1 + r),−∞} = 1 + p + ps+1 = m2 (see [Ga99], Thm. 1.1). As a conclusion, since
m(Li) = max{m(Li−1),m(K(Wi))} (cf. [Au99], Cor. 3.2.b), an induction on i allows us to obtain the
expected conductor for Li.

3. We obtain from 1 and 2 the inclusions K(W0) ⊂ K27
S , K(W0,W1) ⊂ K52

S , . . .
K(W0, . . . ,W14) ⊂ Km2

S . Equality is finally obtained by calculating the degree of each extension Km
S /K

via [Lau99] (Thm. 1) or [Au99] (p. 54-55, formula (13)). �

We deduce from the foregoing an example of big actions with G2 abelian of exponent p2, with a small
p-rank. More precisely, we construct a subextension of Km2

S with the commutative diagram :

0 −→ GS(m2) −→ G(m2) −→ Fq −→ 0
ϕ ↓ ↓ ||

0 −→ H −→ G −→ Fq −→ 0
↓ ↓
0 0
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such that the pair (C(m2)/Ker(ϕ), G) is a big action where G2 ' Z/p2Z × (Z/pZ)t with t = O(logp g), g
being the genus of the curve C(m2)/Ker(ϕ). Contrary to the previous case where the stability under the
translations by Fq was ensured by the maximality of Km2

S , the difficulty now lies in producing a system of
equations defining a subextension of Km2

S which remains globally invariant through the action of the group
of translations X → X + y, y ∈ Fq. Write q = pe. We have to distinguish the case e even and e odd.

Proposition 2.6.7. Assume that p > 2. We keep the notation defined above. In particular, K = Fq(X) with
q = pe. Assume that e = 2 s, with s ≥ 1, and put r := ps. Define

f0(X) := aX1+r with a 6= 0, a ∈ Γ := {γ ∈ Fq, γr + γ = 0}

and
∀ i ∈ {1, . . . , p− 1}, fi(X) = Xir/p (Xq −X) = Xips−1

(Xq −X).

Let L := K(Wi)0≤i≤p be the extension of K parametrized by the Artin-Schreier-(Witt) equations

W p
0 −W0 = f0(X) ∀ i ∈ {1, . . . , p− 1}, W q

i −Wi = fi(X) and [W0,Wp]p − [W0,Wp] = [f0(X), 0].

For all i in {0, 1, . . . , p− 1}, put Li := K(W0, . . . ,Wi). Let CL/Fq be the nonsingular projective curve with
function field L.

1. L is an abelian extension of K and every place in S completely splits in L. Moreover,

L0 ⊂ Kr+2
S ,∀ i ∈ {1, . . . , p− 1}, Li ⊂ Kps+1+i+1

S withL ⊂ Km2
S ,

where m2 = ps+1 + p+ 1 is the integer defined in Proposition 2.6.4. (see table on next page).
2. L/K has degree [L : K] = p2+(p−1)e, and its Galois group GL satisfies

GL ' Z/p2Z× (Z/pZ)t with t = (p− 1) e.

3. The extension L/K is stable under the translations X → X+y, with y ∈ Fq. Therefore, the translations
by Fq extend to form a p-group of Fq-automorphisms of L, say G, with the exact sequence

0 −→ GL −→ G −→ Fq −→ 0.

4. Let gL be the genus of the extension L/K. Then

gL =
1
2
{ p2+2 s (p−1) (ps+1 + p− 1)− ps (p2 − p+ 1)− p2 s+1 (

p−2∑
i=0

qi) }.

In particular, when e grows large, gL ∼ 1
2 p

(2p−1) e2 +3 and t = O(logp gL).

5. For s ≥ 2, (CL, G) is a big action with G2 = GL.
(Note that, for p = 5 and e = 4, one gets |G|gL ' 9, 7049 . . ., which is slightly bigger than the quotient
obtained for the whole extension Km2

S (see (2.16)).

Proof :

1. Fix y in Fq and call Py := (X−y), the corresponding place in S. As fi(y) = 0 for all i in {1, . . . , p−1},
the place Py completely splits in each extension K(Wi) with W q

i −Wi = fi(X). Therefore, to prove
that Py completely splits in L, it is sufficient to show that [f0(y), 0] ∈ ℘(W2(Fq)). By [Bour83] (Chap.
IX, ex. 18), this is equivalent to show that Tr([f0(y), 0]) = 0, where Tr means the trace map from
W2(Fq) to W2(Fp). We first notice that, when y is in Fq, γ := f0(y) = a y1+r lies in Γ. It follows that

Tr([γ, 0]) =
2s−1∑
i=0

F i [γ, 0] =
s−1∑
i=0

[γp
i

, 0] +
s−1∑
i=0

[γr p
i

, 0] =
s−1∑
i=0

[γp
i

, 0] +
s−1∑
i=0

[−γp
i

, 0].

As p > 2, [−γpi , 0] = −[γp
i

, 0] and Tr([γ, 0]) = 0. To establish the expected inclusions, it remains
to compute the conductor of each extension Li. First of all, [Au99] (I, ex. 3.3) together with [St93]
(Prop III,7.10) shows that the conductor of L0 is r + 2. Thus, L0 ⊂ Kr+2

S . Moreover, as fi(X) =
Xi+ps+1 −X1+ips−1

mod ℘(Fq[X]), we infer from [Au99] (I, ex. 3.3) and [Au99] (I, Cor. 3.2) that the
conductor of Li is 1 + i+ ps+1. So, Li ⊂ K1+i+ps+1

S . To complete the proof, it remains to show that L
has conductor m2, which follows from [Ga99] (see comments above).
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The equations, conductor and degree of each extension Li are as follows :

Li conductor m [Li : K] New equations
K 0 ≤ m ≤ r + 1 = ps + 1 1
L0 r + 2 ≤ m ≤ ps+1 + 1 = m2 − p p W p

0 −W0 = f0(X)
L1 m = ps+1 + 2 = m2 − (p− 1) p1+e W q

1 −W1 = f1(X)
L2 m = ps+1 + 3 = m2 − (p− 2) p1+2e W q

2 −W2 = f2(X)
. . . . . . . . . . . . . . . . . . . . . . . .
Li m = ps+1 + i+ 1 = m2 − (p− i) p1+ie W q

i −Wi = fi(X)
. . . . . . . . . . . . . . . . . . . . . . . .

Lp−1 m = ps+1 + p = m2 − 1 p1+(p−1)e W q
p−1 −Wp−1 = fp−1(X)

L m = ps+1 + p+ 1 = m2 p2+(p−1)e [W0,Wp]p − [W0,Wp] = [f0(X), 0]

2. See preceding table.

3. Fix y in Fq. Consider σ in G(m2) (defined as in Proposition 2.6.5) such that σ(X) = X + y.

(a) We prove that σ(W0) ∈ L0. Indeed, as y ∈ Fq and a ∈ Γ = {γ ∈ Fq, γr + γ = 0},

℘(σ(W0)−W0) = σ(℘(W0))− ℘(W0)
= f0(X + y)− f0(X)
= a y Xr + a yrX + f0(y)
= −ar yr2 Xr + a yrX + f0(y)
= ℘(Py(X)) + f0(y),

where Py(X) := (I + F + F 2 + . . . + F s−1) (−a yrX). Since f0(y) ∈ ℘(Fq) (see proof of part 1),
it follows that ℘(Py(X)) + f0(y) belongs to ℘(Fq[X]). Therefore, σ(W0) ∈ L0 = Fq(X,W0).

(b) We now prove that, for all i in {1, . . . , p− 1}, σ(Wi) ∈ Li. Indeed,

(F e − id) (σ(Wi)−Wi) = σ(W q
i −Wi)− (W q

i −Wi)

= fi(X + y)− fi(X)

= (X + y)i p
s−1

(Xq −X)−Xi ps−1
(Xq −X)

= (Xps−1
+ yp

s−1
)i (Xq −X)−Xi ps−1

(Xq −X)

=
∑i−1
j=1

(
i
j

)
y(i−j)ps−i fj(X) mod (F e − id) (Fq[X]).

where the sum is empty for i = 1. It turn, the right-hand side equals

(F e − id) (
i−1∑
j=1

(
i

j

)
y(i−j)ps−iWj) mod (F e − id) (Fq[X]).

It follows that σ(Wi) ∈ Li = Fq(X,W0,W1, . . . ,Wi).

(c) We next show, using Remark 2.6.3.4, that σ(Wp) ∈ L. To this end, set

∆ := ℘(σ [W0,Wp]− [W0,Wp]).

So
∆ = σ(℘([W0,Wp]))− ℘([W0,Wp])

= [f0(X + y), 0]− [f0(X), 0].

We know from the proof of part 1 that [f0(y), 0] lies in ℘(W2(Fq)). Then

∆ = [f0(X + y), 0]− [f0(X), 0]− [f0(y), 0]− [Py(X), 0] + [Py(X), 0]p mod ℘(W2(Fq[X])),

with y in Fq and Py defined as above. Let W (Fq) be the ring of Witt vectors with coefficients
in Fq. Then for any y ∈ Fq, we denote by ỹ the Witt vector ỹ := (y, 0, 0, . . .) ∈ W (k). For any
P (X) :=

∑s
i=0 aiX

i ∈ Fq[X], set P̃ (X) :=
∑s
i=0 ãiX

i ∈W (Fq)[X]. Addition in the ring of Witt
vectors yields

∆ = [0, A] mod ℘(W2(Fq[X])),
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where A is the reduction modulo pW2(Fq)[X] of

1
p
{f̃0(X+ỹ)p−f̃0(X)p−f̃0(ỹ)p+P̃y(X)p−P̃y(X)p

2
−(f̃0(X+ỹ)−f̃0(X)−f̃0(ỹ)−P̃y(X)+P̃y(X)p)p}.

Since f̃0(X + ỹ)− f̃0(X)− f̃0(ỹ) + P̃y(X)− P̃y(X)p = 0 mod pW (Fq)[X], we get

A =
1
p
{f̃0(X + ỹ)p − f̃0(X)p − f̃0(ỹ)p + P̃y(X)p − P̃y(X)p

2
} mod pW (Fq)[X].

We observe that

f̃0(X + ỹ)p = ãp (X + ỹ)p (X + ỹ)p
s+1

mod p2W (Fq)[X]

= ãp (X + ỹ)p (Xps + ỹp
s

)p mod p2W (Fq)[X]

= ãp
∑p
i=0

∑p
j=0

(
p
i

) (
p
j

)
Xj+ips ỹp−j+p

s (p−i) mod p2W (Fq)[X].

Since
(
p
i

) (
p
j

)
= 0 mod p2 when 0 < i < p and 0 < j < p, one obtains :

f̃0(X + ỹ)p − f̃0(X)p − f̃0(ỹ)p = ãp
∑

(i,j)∈I

(
p

i

)(
p

j

)
Xj+ips ỹp−j+p

s (p−i) mod p2W (Fq)[X],

where I is the set

I := {(i, j) ∈ N2, 0 ≤ i ≤ p, 0 ≤ j ≤ p, ij = 0 mod p, (i, j) 6= (0, 0) , (i, j) 6= (p, p)}.

We obtain

P̃y(X)p − P̃y(X)p
2

= (
∑s−1
i=0 (−ã ỹrX)p

i

)p − (
∑s−1
i=0 (−ã ỹrX)p

i

)p
2

mod p2W (Fq)[X]

= (
∑s−1
i=0 (−ã ỹrX)p

i

)p − (
∑s−1
i=0 (−ã ỹrX)p

i+1
)p mod p2W (Fq)[X]

= −ãp ỹrpXp + ãrp ỹr
2pXpr + p T̃y(X) mod p2W (Fq)[X],

with T̃y(X) ∈W (Fq)[X]. Since y ∈ Fq and a ∈ Γ, we get

P̃y(X)p − P̃y(X)p
2

= −ãp ỹrpXp − ãp ỹpXpr + p T̃y(X) mod p2W (Fq)[X].

As a consequence,

A = ãp
∑

(i,j)∈I1

1
p

(
p

i

)(
p

j

)
Xj+ips ỹp−j+p

s (p−i) + T̃y(X) mod p℘(Fq[X]),

where
I1 := I − {(0, p), (p, 0)}

Thus

A = ap
∑

(i,j)∈I1

1
p

(
p

i

)(
p

j

)
Xj+ips yp−j+p

s (p−i) + Ty(X),

with Ty ∈ Fq[X]. We first consider the sum. Since, for j = 0, j = p and i = 0, one gets monomials
whose degree (after eventual reduction mod ℘(Fq[X])) is less than 1 + ps, one can write

A = ap
p−1∑
j=1

1
p

(
p

j

)
Xj+ps+1

yp−j +Ry(X) + Ty(X) mod ℘(Fq[X]),

where Ry(X) is a polynomial of Fq[X] with degree less than 1 + ps = 1 + r. We now focus on
the polynomial Ty(X) ∈ Fq[X]. It is made of monomials of the forms Xi0+i1 p+...+is−1 p

s−1
with

i0 + i1 + . . . + is−1 = p, and Xi1 p+...+is p
s

, with i1 + i2 + . . . + is = p. Since Xi1 p+...+is p
s

=
Xi1+...+is p

s−1
mod ℘(Fq[X]), it follows that Ty does not have any monomial with degree higher

than 1 + ps after reduction mod ℘(Fq[X]). Hence,

A = ap
p−1∑
j=1

1
p

(
p

j

)
Xj+ps+1

yp−j +R[1]
y (X) mod ℘(Fq[X]),
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where R[1]
y (X) is a polynomial of Fq[X] with degree less than 1 + r. Since fj(X) = Xj+ps+1 −

X1+jps−1
mod ℘(Fq[X]) for all j in {1, . . . , p− 1}, we conclude that

A = ap
p−1∑
j=1

1
p

(
p

j

)
yp−j fj(X) +R[2]

y (X) mod ℘(Fq[X]),

where R[2]
y (X) is a polynomial of Fq[X] with degree less than 1 + r. Then

A =
∑p−1
j=1 cj(y) fj(X) +R

[2]
y (X) mod ℘(Fq[X]) ,

with cj(y) := ap 1
p

(
p
j

)
yp−j ∈ Fq. It follows that :

A =
∑p−1
j=1 (F e − id) (cj(y)Wj) +R

[2]
y (X) mod ℘(Fq[X])

= (F − id)
∑p−1
j=1 Pj(Wj) +R

[2]
y (X) mod ℘(Fq[X])

where Pj(Wj) = (id+ F + . . .+ F e−1) (cj(y)Wj) ∈ Fq[Wj ]. We gather that

℘(σ [W0,Wp]− [W0,Wp]) = ℘ ([0,
p−1∑
j=1

Pj(Wj)]) + [0, R[2]
y (X)] mod ℘(W2(Fq[X])).

As a consequence, [0, R[2]
y (X)] lies in ℘(W2(Km2

S )), so there exists V ∈ Km2
S such that V p − V =

R
[2]
y (X) Accordingly, K(V ) is a K-subextension of Km2

S with conductor 1 + deg(R[2]
y (X)) ≤ 1 + r.

In particular, K(V ) ⊂ Kr+1
S = K = Fq(X), which implies that R[2]

y (X) ∈ ℘(K). Therefore,

℘(σ [W0,Wp]− [W0,Wp]) = ℘ ([0,
p−1∑
j=1

Pj(Wj)]) mod ℘(W2(K)),

which allows to conclude that σ (Wp) is in L = K(W0,W1, . . . ,Wp). This finishes the proof of
Proposition 2.6.7.3.

4. Since L ⊂ Km2
S and L 6⊂ Km2−1

S , the formula in Proposition 2.6.5.3. yields

gL = 1 + [L : K] (−1 + m2
2 )− 1

2

∑m2−1
j=0 [L ∩Kj

S : K]

= 1 + p2+(p−1)e (−1 + ps+1+p+1
2 )− 1

2 (r + 2 + (m2 − p− (r + 2) + 1) p+
∑p−1
i=1 p1+i e)

= 1
2 p

2+(p−1)e (ps+1 + p− 1)− 1
2 (ps + ps+2 − ps+1 +

∑p−1
i=1 p1+i 2 s)

= 1
2 p

2+(p−1)e (ps+1 + p− 1)− 1
2 p

s(p2 − p+ 1)− 1
2 p

2s+1(1 + q + q2 + . . .+ qp−2)

5. See Proposition 2.6.5.4. �

Remark 2.6.8. For p = 2, the equations given in Proposition 2.6.7 become

W p
0 −W0 = f0(X) := X1+r

W q
1 −W1 = f1(X) := Xps−1

(Xq −X)

[W0,W2]p − [W0,W2] = [f0(X), 0].

This last equation is no longer totally split over Fq. One can circumvent this by replacing the last equation
with

[W0,W2]p − [W0,W2] = [crX1+r, 0]− [cX1+r, 0] with cr + c = 1.

In this case, we obtain the same results as in Proposition 2.6.7. The proof is left to the reader.

Proposition 2.6.7 can be generalized to construct a big action whose second ramification group G2 is
abelian of exponent as large as we want.
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Proposition 2.6.9. We keep the notation of Proposition 2.6.7. In particular, q = pe, with p > 2, e = 2 s
and s ≥ 1. Let n ≥ 2. Put mn := 1 + pn−1 (1 + ps). If

q

−1 +mn/2
>

2 p
p− 1

,

the pair (C(mn), G(mn)), as defined in Proposition 2.6.5, is a big action with a second ramification group
GS(mn) abelian of exponent at least pn.

Proof : Proposition 2.6.5.4 first ensures that (C(mn), G(mn) is a big action. Consider the pn-cyclic extension
K(W1, . . . ,Wn)/K parametrized with Witt vectors of length n as

[W1, . . . ,Wn]p − [W1, . . . ,Wn] = [f0(X), 0, . . . , 0],

where f0(X) = aX1+r is defined as in Proposition 2.6.7, i.e. r = ps, ar + a = 0 , a 6= 0. The same proof
as in Proposition 2.6.7.1 shows that all places of S completely split in K(W1, . . . ,Wn). Moreover, by [Ga99]
(Thm. 1.1) the conductor of the extension K(W1, . . . ,Wn) is 1 + max{pn−1 (1 + ps), 0} = mn. It follows
that K(W1, . . . ,Wn) is included in Kmn

S . Therefore, GS(mn) has a quotient of exponent pn and the claim
follows. �

Tne next proposition is an analogue of Proposition 2.6.7 in the case where e is odd. We do not spell out
the proof, which is in the main similar to the proof of Proposition 2.6.7. Note that, contrary to the case
where e is even, the equations still work for p = 2.

Proposition 2.6.10. We keep the notation defined above. In particular, K = Fq(X) with q = pe. Assume
that e = 2 s− 1, with s ≥ 2, and put r :=

√
qp = ps. We define

∀ i ∈ {1, . . . , p− 1}, fi(X) = Xir/p (Xq −X) = Xips−1
(Xq −X)

∀ i ∈ {1, . . . , p− 1}, gi(X) = Xir/p2 (Xq −X) = Xips−2
(Xq −X).

Let L := K(Wi, Vj)1≤i≤p,1≤j≤p−1 be the extension of K parametrized by the Artin-Schreier-Witt equations

∀ i ∈ {1, . . . , p− 1}, W q
i −Wi = fi(X) and ∀ j ∈ {1, . . . , p− 1}, V qj − Vj = gj(X)

[W1,Wp]p − [W1,Wp] = [X1+ps , 0]− [X1+ps−1
, 0].

For all i and j in {1, . . . , p− 1}, put Li,0 := K(Wk)1≤k≤i and Lp−1,j := K(Wi, Vk)1≤i≤p−1,1≤k≤j.

1. L is an abelian extension of K such that every place in S completely splits in L. Then

∀ i, j ∈ {1, . . . , p− 1}, Li,0 ⊂ Kps+i+1
S , Lp−1,j ⊂ Kps+1+j+1

S and L ⊂ Km2
S ,

where m2 = ps+1 + p+ 1 is the integer defined in Proposition 2.6.4. (see table on next page.)

2. The extension L/K has degree [L : K] = p2(p−1)e+1, and its Galois group GL satisfies

GL ' Z/p2Z× (Z/pZ)t with t = 2 (p− 1) e− 1.

3. The extension L/K is stable under the translations X → X+y, with y ∈ Fq. Therefore, the translations
by Fq extend to form a p-group of Fq-automorphisms of L, say G, with the exact sequence

0 −→ GL −→ G −→ Fq −→ 0.

4. Let gL be the genus of the extension L/K. Then

gL =
1
2
{ p1+2(p−1)e (ps+1 + p− 1)− p(p−1)e (ps+1 − ps − p+ 1)− ps + pe (

2p−3∑
i=0

qi)}.

In particular, when e grows large, gL ∼ 1
2 p

2+4s(p−1)+s and t = O(logp gL).

We gather here the conductors, degrees and equations of each extension :
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Li,j conductor m [Li,j : K] New equations
K 0 ≤ m ≤ r + 1 = ps + 1 1
L1,0 m = r + 2 = ps + 2 pe W q

1 −W1 = f1(X)
. . . . . . . . . . . . . . . . . . . . . . . .
Li,0 m = ps + i+ 1 pie W q

i −Wi = fi(X)
. . . . . . . . . . . . . . . . . . . . . . . .

Lp−1,0 ps + p ≤ m ≤ ps+1 + 1 p(p−1)e W q
p−1 −Wp−1 = fp−1(X)

Lp−1,1 m = ps+1 + 2 = m2 − (p− 1) ppe V q1 − V1 = g1(X)
. . . . . . . . . . . . . . . . . . . . . . . .

Lp−1,j m = ps+1 + j + 1 = m2 − (p− j) p(p+j−1)e V qj − Vj = gj(X)
. . . . . . . . . . . . . . . . . . . . . . . .

Lp−1,p−1 m = ps+1 + p = m2 − 1 p2(p−1)e V qp−1 − Vp−1 = gp−1(X)
L m = ps+1 + p+ 1 = m2 p1+2 (p−1)e [W1,Wp]p − [W1,Wp] =

[X1+ps , 0]− [X1+ps−1
, 0]

2.7 A local approach to big actions.

Let (C,G) be a big action. We recall that there exists a point ∞ ∈ C such that G is equal to G1(∞)
the wild inertia subgroup of G at ∞, which means that the cover π : C → C/G is totally ramified at ∞.
Moreover, the quotient curve C/G is isomorphic to the projective line P1

k and π is étale above the affine
line A1

k = P1
k − π(∞) = Spec k[T ]. The inclusion k[T ] ⊂ k((T−1)) induces a Galois extension k(C) ⊗k(T )

k((T−1)) =: k((Z)) over k((T−1)) with group equal to G and ramification groups in lower notation equal to
Gi := Gi(∞). Then the genus of C is given by (4.1) as g = 1

2 (
∑
i≥2(|Gi| − 1)) > 0. It follows that

|G|∑
i≥2(|Gi| − 1)

=
|G|
2 g

>
p

p− 1
.

This leads to :

Definition 2.7.1. A local big action is any pair (k((Z)), G) where G is a finite p-subgroup of Autk(k((Z))
whose ramification groups in lower notation at ∞ satisfy the inequalities

g(G) :=
1
2

(
∑
i≥2

(|Gi| − 1)) > 0 and
|G|
g(G)

>
2 p
p− 1

.

It follows from the Katz-Gabber Theorem (see [Ka86] Thm. 1.4.1 or [Gi00] Cor. 1.9) that big actions
(C,G) and local big actions (k((Z)), G) are in one-to-one correspondence via the following functor induced
by the inclusion k[T ] ⊂ k((T−1)) :

{
finite étale Galois covers of Spec k[T]

with Galois group a p-group

}
−→

{
finite étale Galois covers of Spec k((T−1))

with Galois group a p-group

}

Thus we can infer from the global point of view properties related to local extensions that would be
difficult to prove directly. For instance, if (k((Z)), G) is a local big action, we can deduce that G2 is stricly
included in G1. Moreover, we obtain

|G|
g(G)2

≤ 4 p
(p− 1)2

.
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Chapitre 3

Large p-group actions with a
p-elementary abelian
derived group.

3.1 Introduction.

General background. This chapter is the second one in a series of three papers (together with [MR08] and
[Ro08]) dedicated to the study G-actions on connected nonsingular projective curves of genus g ≥ 2 defined
over an algebraically closed field of characteristic p > 0, when G is a p-group such that |G| > 2 p

p−1 g. Here,
we more specifically study such actions in the case where the derived group G′ of G is p-elementary abelian.

Let k be an algebraically closed field of characteristic p > 0 and C a connected nonsingular projective
curve over k, with genus g ≥ 2. As in characteristic zero, the k-automorphism group of the curve C, Autk(C),
is a finite group whose order is bounded from above by a polynomial in g (cf. [Sin74]). But, contrary to the
case of characteristic zero, the bound is no longer linear but biquadratic, namely : |Autk(C)| ≤ 16 g4,
except for the Hermitian curves : W q + W = X1+q, with q = pn (cf. [St73]). The difference is due to the
appearance of wild ramification, which leads us to focus on the size of the p-subgroups of Autk(C). In his
study of the Sylow p-subgroups of Autk(C), Nakajima emphasizes the influence of the p-rank γ of the curve
(cf. [Na87a]). Indeed, if G is a Sylow p-subgroup of Autk(C), then |G| ≤ 2 p

p−1 g, except for γ = 0. When
γ = 0, |G| ≤ max{g, 4 p

(p−1)2 g
2} and the quadratic upper bound 4 p

(p−1)2 g
2 can really be attained. Following

Nakajima’s work, Lehr and Matignon explore the big actions, that is to say the pairs (C,G) where G is a
p-subgroup of Autk(C) such that |G| > 2 p

p−1 g (see [LM05]).

Setting. Let (C,G) be a big action as defined above. Then there is a point of C (say ∞) such that G is equal
to the wild inertia subgroup G1 of G at ∞. The quotient curve C/G is isomorphic to the projective line P1

k

and the ramification locus (respectively branch locus) of the cover π : C → C/G is the point∞ (respectively
π(∞)). Let G2 be the second ramification group of G at∞ in lower notation. Then G2 is strictly included in
G and the quotient curve C/G2 is isomorphic to P1

k. Furthermore, the quotient group G/G2 acts as a group
of translations of P1

k fixing ∞, through X → X + y, where y runs over a subgroup V of k. This induces the
exact sequence

0 −→ G2 −→ G = G1
π−→ V ' (Z/ pZ)v −→ 0,

where, for all g in G, π(g) := g(X)−X. In Chapter 2, we more specifically concentrated on the properties
of G2. In particular, we proved that G2 coincides with the derived group (or commutator subgroup) of G.
This group is denoted by G′ or D(G).

Motivations. If (C,G) is a big action and H a normal subgroup of G such that H ( G′, then (C/H,G/H)
is still a big action whose derived group is G′/H (cf. Chapter 2 § 2.2). In particular, when applying this
result to H = Fratt(G′) the Frattini subgroup of G′, one obtains a big action whose derived group is p-
elementary abelian. Lehr and Matignon first characterize the big actions such that G′ ' Z/pZ. Indeed they
prove that they correspond to the p-cyclic étale covers of the affine line given by an Artin-Schreier equation :
W p−W = X S(X) + cX ∈ k[X], where S(X) runs over the additive polynomials of k[X]. In this case, they
also determine the wild inertia subgroup of Autk(C) at ∞. In particular, for p > 2, it is the extraspecial
group of exponent p and order p2s+1, where ps denotes the degree of the polynomial S(X) (see [LM05] or
Chapter 1 § 1.2.10).
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We now intend to generalize the parametrization obtained in the p-cyclic case for G′ ' (Z/pZ)n with
n ≥ 2. As an application, we shall pursue in a Chapter 4 the classification of big actions. More precisely, we
shall parametrize those satisfying |G|g2 ≥

4
(p2−1)2 , knowing that, under this condition, we previously showed

that G′ is a p-elementary abelian group of order dividing p3 (cf. Chapter 2 § 2.4).

Outline of the chapter. The main result of this chapter is the following (cf. Theorem 3.3.14) :

Theorem : Let (C,G) be a big action such that the derived group G′ of G is isomorphic to (Z/pZ)n, n ≥ 1.
For all t ≥ 1, let Σt be the k-vector subspace of k[X] generated by 1 and the products of at most t additive
polynomials.
Then the function field of the curve can be parametrized by n Artin-Schreier equations :

∀ i ∈ {1, . . . , n}, W p
i −Wi = fi(X) ∈ Σi+1.

In other words, each fi can be written as a linear combination over k of products of at most i + 1 additive
polynomials of k[X].

This result generalizes the p-cyclic case mentioned above, i.e. n = 1, but, contrary to this case, the
converse is no longer true for n ≥ 2, which means that such a family (fi)1≤i≤n does not necessary give birth
to a big action, except under specific conditions that are studied in what follows. The obstruction essentially
lies in the embedding problem associated with the exact sequence mentioned in the setting :

0 −→ G2 = G′ ' (Z/pZ)n −→ G −→ V −→ 0.

More precisely, we study the induced representation φ : G/G′ → Aut(G′) ' GLn(Fp) via the representation
dual with respect to the Artin-Schreier pairing (see Section 3.2).

Sections 3.4 and 3.5 are devoted to two special cases of main interest. In Section 3.4, we investigate
the case where there is only one jump in the upper ramification filtration of G′. Then the representation
mentioned above is trivial or, equivalently, each function fi belongs to Σ2. In Section 3.5, we give a group-
theoretic characterization of what can be regarded as the opposite case, namely : each fi ∈ Σi+1−Σi. Then
there is a maximal number of jumps in the upper ramification filtration of G′. This case is relevant insofar
as the representation φ is nontrivial and provides much information. To conclude, Section 3.6 is devoted to
examples illustrating Section 3.5. In particular, we display a universal family parametrizing the big actions
(C,G) such that each fi ∈ Σi+1−Σi, for p = 5, a given n ≤ p− 1 and dimFpV = 2. This allows us to discuss
the deformation space of such a big action.

Notation and preliminary remarks. Let k be an algebraically closed field of characteristic p > 0. We denote
by F the Frobenius endomorphism for a k-algebra. Then ℘ means the Frobenius operator minus identity.
We denote by k{F} the k-subspace of k[X] generated by the polynomials F i(X), with i ∈ N. It is a ring
under the composition. Furthermore, for all α in k, F α = αp F . The elements of k{F} are the additive
polynomials, i.e. the polynomials P (X) of k[X] such that for all α and β in k, P (α + β) = P (α) + P (β).
Moreover, a separable polynomial is additive if and only if the set of its roots is a subgroup of k (see [Go96]
chap. 1).

Let f(X) be a polynomial of k[X]. Then there is a unique polynomial red(f)(X) in k[X], called the re-
duced representative of f , which is p-power free, i.e. red(f)(X) ∈

⊕
(i,p)=1 kX

i, and such that red(f)(X) =
f(X) mod ℘(k[X]). We say that the polynomial f is reduced mod ℘(k[X]) if and only if it coincides with
its reduced representative red(f). The equation W p −W = f(X) defines a p-cyclic étale cover of the affine
line that we denote by Cf . Conversely, any p-cyclic étale cover of the affine line Spec k[X] corresponds to a
curve Cf where f is a polynomial of k[X] (see [Mi80] III.4.12, p. 127). By Artin-Schreier theory, the covers
Cf and Cred(f) define the same p-cyclic covers of the affine line. The curve Cf is irreducible if and only if
red(f) 6= 0.

3.2 An embedding problem.

3.2.1 Notations.

Notation 3.2.1. Throughout this section, the pair (C,G) is a big action and G′ denotes the derived group
(i.e. the commutator subgroup) of G.
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1. Assume that G′ is isomorphic to (Z/pZ)n, with n ≥ 1. We denote by L := k(C) the function field of
C and by k(X) := LG

′
the subfield of L fixed by G′. Then the extension L/LG

′
is an étale cover of

the affine line Spec k[X] whose Galois group is G′ ' (Z/pZ)n. Therefore, it can be parametrized by n
Artin-Schreier equations : W p −W = gi(X), with 1 ≤ i ≤ n.

2. As recalled in the setting (Section 3.1), the quotient group G/G′ acts as a group of translations of
Speck[X], through X → X + y, where y runs over a subgroup V of k. We remark that V is an
Fp-subvector space of k. We denote by v its dimension and thus obtain the exact sequence :

0 −→ G′ ' (Z/pZ)n −→ G
π−→ V ' (Z/ pZ)v −→ 0,

where, for all g in G, π(g) := g(X) −X. We also fix a set theoretical section, i.e. a map s : V → G,
such that π ◦ s = idV .

3.2.2 An Fp-vector space dual of G′.

Definition 3.2.2. Following Artin-Schreier theory (see [Bour83], chap. IX, ex. 19), we define the Fp-vector
space :

Ã :=
℘(L) ∩ k(X)
℘(k(X))

generated by the classes of the functions gi(X) modulo ℘(k(X)). The inclusion k[X] ⊂ k(X) induces an
injection :

A :=
℘(L) ∩ k[X]
℘(k[X])

↪→ Ã.

Since the extension L/k(X) is étale outside ∞, the functions gi(X) can be chosen in k[X] (cf. [Mi80] III,
4.12) . It follows that we can identify A with Ã.

Remark 3.2.3. Consider the Artin-Schreier pairing :{
G′ ×A −→ Z/pZ
(g, ℘w) −→ [g, ℘w〉 := g(w)− w.

where g belongs to G′ ⊂ Autk(L), w is an element of L such that ℘w ∈ k[X] and ℘w denotes the class of
℘w mod ℘(k[X]). This pairing is non degenerate, which implies that, as an Fp-vector space, A is dual to G′.

3.2.3 Two dual representations.

We now introduce two representations dual with respect to the Artin-Schreier pairing. The first represen-
tation, say φ, expresses the action of G on G′ via conjugation. The second one, say ρ, expresses the action
of V on A by translation.

Definition 3.2.4. 1. For all y in V , we consider the automorphism φ(y) of G′ defined as follows :

φ(y) :
{
G′ → G′

g → s(y)−1 g s(y).

Since G′ is abelian, φ(y) does not depend on the lifting s(y) in G chosen for y. This induces a repre-
sentation φ : V → Aut(G′).

2. For all y in V , we consider the automorphism ρ(y) of A defined as follows :

ρ(y) :
{
A→ A

℘w → ℘(s(y)(w)),

where w is an element of L such that ℘w ∈ k[X]. As G′ acts trivially on ℘(L) ∩ k(X), then ρ(y) is
independent of the lifting s(y) in G chosen for y. This induces a representation ρ : V → Aut(A).

Remark 3.2.5. Note that for all f(X) in A and for all y in V , ρ(y)f(X) = f(X + y).

Proposition 3.2.6. The two representations ρ and φ are dual with respect to the Artin-Schreier pairing.
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Proof : For all y in V , for all g in G′ and for all w in L such that ℘w is in k[X],

[φ(y)(g) , ℘w〉 = [s(y)−1 g s(y), ℘w〉
= s(y)−1 g s(y)(w)− w = s(y)−1 g s(y)(w)− s(y)−1 s(y)(w)
= s(y)−1 (g s(y)(w)− s(y)(w)) = g s(y)(w)− s(y)(w),

since g s(y)(w)− s(y)(w) = [g, ℘(s(y)(w))〉 ∈ Fp.
As a conclusion, [φ(y)(g) , ℘w〉 = [g , ℘(s(y)(w))〉 = [g , ρ(y)(℘w)〉. �

Since the image of ρ is a unipotent subgroup of GLn(Fp), one can find a basis for the Fp-vector space A in
which the image of the representation ρ can be identified with a subgroup of the upper triangular matrices in
GLn(Fp). A means to do so is to endow A with a filtration which proves to be dual of the upper ramification
filtration of G′.

3.2.4 Dual filtrations on A and G′.

The following three subsections are classical. Nevertheless, it is more convenient to recall both the proofs
and the construction so as to fix the notation.

A filtration and an adapted basis for A.

Definition 3.2.7. 1. We first gather from the canonical map ”degree” a map defined on A in the following
way :

deg :
{
A→ N ∪ {−∞}
f(X)→ inf{ deg (f + ℘(P )), P ∈ k[X] }.

2. For all i in N, we define a sequence of Fp-vector subspaces of A as follows :

Ai := {f(X) ∈ A, deg(f(X)) < i}.

3. From the increasing sequence : {0} = A0 ⊂ A1 ⊂ A2 ⊂ . . . Ar ⊂ Ar+1 = A, we extract a strictly
increasing sequence (Aµi)0≤i≤s such that :

{0} = A0 = . . . = Aµ0 ( Aµ0+1 = . . . = Aµ1 ( Aµ1+1 = . . . ( . . . Aµs ( Aµs+1 = A,

where the jumps µi are uniquely determined by the condition : Aµi ( Aµi+1. By definition of the
function ”degree” on A, each integer µi is prime to p. By convenience of notation, put µs+1 := µs + 1
so that A = Aµs+1 .

4. Starting from a basis of Aµ1 , we complete it in a basis of Aµ2 , and so on until Aµs+1. In this way, we
construct a basis of A, say : {f1(X), . . . , fn(X)}, which is said to be ”adapted” to the filtration defined
above. Moreover, we impose specific conditions on the degree mi of each fi(X) :

(a) ∀ i ∈ {1, . . . , n}, mi is prime to p.

(b) ∀ i ∈ {1, . . . , n− 1}, mi ≤ mi+1.

(c) ∀ (λ1, . . . , λn) ∈ Fnp not all zeros,

deg (
n∑
i=1

λi fi(X)) = max
i=1,...,n

{deg λi fi(X)}.

Remark 3.2.8. For all i in {0, . . . , s+ 1}, we denote by ni the dimension of Aµi over Fp. Note that n0 = 0
and ns+1 = n. Moreover, for all i ∈ {0, . . . , s}, mni+1 = mni+2 = . . . = mni+1 = µi.

The adapted basis defined above provides a new parametrization of the function field L. Indeed, for all i in
{1, . . . , n}, we fix a representative mod ℘(k[X]) of fi(X) : fi(X) and assume it to be reduced mod ℘(k[X]).
As mi is prime to p, fi(X) still has degree mi. We also suppose that for all i in {1, . . . , n}, fi(0) = 0. From
now on, the extension L/k(X) is parametrized by the n Artin-Schreier equations : W p

i −Wi = fi(X) with
1 ≤ i ≤ n.
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The link with the upper ramification filtration of G′.

In what follows, we highlight the correspondence between the jumps (µi)0≤i≤s in the filtration of A and
the jumps (νi)0≤i≤r in the upper ramification filtration of G′. Since G′ is abelian, the Hasse-Arf Theorem
(see e.g. [Se68], Chap. IV) asserts that the jumps in the upper ramification filtration are integers. So the
ramification filtration reads as follows :

G′ = (G′)0 = . . . = (G′)ν0 ) (G′)ν0+1 = . . . = (G′)ν1 ) . . . = (G′)νr ) (G′)νr+1 = {0}.

By convenience, put νr+1 := νr + 1.

Proposition 3.2.9. Keeping the notation above, r = s and for all i in {0, . . . , s+ 1} , µi = νi.
It follows that the filtration of A and G′ are dual with respect to the Artin-Schreier pairing, that is to say
(G′)νi is the orthogonal of Aµi , for all i in {0, . . . , s+ 1}.

Proof : Let νi be a jump in the upper ramification filtration of G′, with 0 ≤ i ≤ r. Since the (G′)νi are
Fp-subvectors spaces of G′, one can find an index p-subgroup of G′, say H, such that (G′)νi+1 ⊂ H and
(G′)νi 6⊂ H. As LH/LG

′
is a p-cyclic cover of the affine line inside L, with Galois group equal to G′/H,

it is parametrized by an Artin-Schreier equation : W p − W = f(X) =
∑n
i=1 λi fi(X) with (λi)1≤i≤n ∈

(Fp)n − {(0, 0, . . . , 0)}. Condition (c) in Definition 3.2.7.4 requires : deg(f) = max1≤i≤n {deg λi fi(X)} ∈
{mi, 1 ≤ i ≤ n} = {µi, 0 ≤ i ≤ s}. Besides, the group G′ induces an upper ramification filtration on G′/H,
namely (G

′

H )ν = (G′)ν H
H (see [Se68], Chap. IV, Prop. 14). Therefore, the ramification filtration of G′/H

reads :

Z/pZ ' G′

H
= (

G′

H
)0 = . . . = (

G′

H
)νi ) (

G′

H
)νi+1 = {0}.

This is precisely the p-cyclic case for which it is well-known that the only jump of ramification : νi is equal
to deg(f) (see [Se68], Chap. IV, ex. 4, p. 80). Therefore, νi ∈ {µj , 0 ≤ j ≤ s}.

Conversely, consider µi, for 0 ≤ i ≤ s. Then by Remark 3.2.8, µi = mni+1 , i.e. the degree of the function
fni+1 . There exists an index p-subgroup H of G′ such that LH/LG

′
is the p-cyclic cover of the affine line inside

L parametrized by the equation : W p−W = fni+1(X). We define the integer ν(G′) ∈ {νi, 0 ≤ i ≤ r+1} such
that (G′)ν(G′)+1 ⊂ H and (G′)ν(G′) 6⊂ H. As seen above, mni+1 = ν(G′). Therefore, µi ∈ {νj , 0 ≤ j ≤ r}.
Accordingly, {νi, 0 ≤ i ≤ r} = {µi, 0 ≤ i ≤ s}. They are both strictly increasing sequence, so r = s and for
all i in {0, . . . , s} , µi = νi. In addition, µs+1 = µs + 1 = νr + 1 = νr+1, which completes the proof of the
proposition. �

The different exponent and the genus of the extension.

In this section, we establish a formula to calculate the different exponent and the genus of the extension
L/LG

′
. We keep the notations defined in Sections 3.2.4.1 and 3.2.4.2.

Proposition 3.2.10. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1.
The different exponent of the extension L/LG

′
is given by the formula :

d = (p− 1)
n∑
i=1

pi−1 (mi + 1).

Proof : Since G′ is abelian, one can apply to L/LG
′

the upper index version of the Hilbert’s different formula
as given in [Au99] (p. 120) : d =

∑∞
i=0 (|G′| − [G′ : (G′)i]). In our case, this formula reads :

d = (ν0 + 1) (|G′| − [G′ : (G′)ν0 ]) +
r∑
j=1

(νj − νj−1) (|G′| − [G′ : (G′)νj ]).
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Using Proposition 3.2.9, we obtain :

d = (ν0 + 1) (|G′| − |Aµ0 |) +
∑r
j=1 (νj − νj−1) (|G′| − |Aµj |)

= (µ0 + 1) (pn − pn0) +
∑s
j=1 (µj − µj−1) (pn − pnj )

=
∑s
j=0(pn − pnj ) (µj + 1) +

∑s+1
j=1(pnj − pn) (µj−1 + 1)

=
∑s+1
j=1(pn − pnj−1) (µj−1 + 1) +

∑s+1
j=1(pnj − pn) (µj−1 + 1)

=
∑s+1
j=1(pnj − pnj−1) (µj−1 + 1)

=
∑s+1
i=1

∑ni
j=ni−1+1 p

j−1 (p− 1) (µi−1 + 1)

= (p− 1)
∑s+1
i=1

∑ni
j=ni−1+1 p

j−1 (mj + 1)

= (p− 1)
∑n
i=1 p

i−1 (mi + 1). �

Note that another proof of this formula can be obtained by applying the formula given by Garcia and
Stichtenoth in [GS91].

Corollary 3.2.11. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1.
The genus of the extension L/LG

′
is given by the formula :

g =
1
2

(p− 1)
n∑
i=1

pi−1 (mi − 1).

Proof : This result directly derives from the Hurwitz genus formula (see e.g. [St93]) combined with the
formula given in Proposition 3.2.10.�

3.2.5 Matricial representations of ρ and φ.

From now on, we work in the adapted basis constructed for A in Section 3.2.4.1 : {f1(X), . . . , fn(X)}.
For any y in V , we denote by L(y) the matrix of the automorphism ρ(y) in this basis. As indicated in
Remark 3.2.5, we recall that for all y in V and for all i in {1, . . . , n}, ρ(y) fi(X) = fi(X + y). Moreover, the
conditions imposed on the degree of the functions fi(X) imply that the matrix L(y) belongs to Tu1,n(Fp), the
subgroup of GLn(Fp) made of the upper triangular matrices with identity on the diagonal. Thus, L(y) reads
as follows :

L(y) :=


1 `1,2(y) `1,3(y) . . . `1,n(y)
0 1 `2,3(y) . . . `2,n(y)
0 0 . . . . . . `i,n(y)
0 0 0 1 `n−1,n(y)
0 0 0 0 1

 ∈ GLn(Fp).

In other words,
∀ y ∈ V, , f1(X + y)− f1(X) = 0 mod ℘(k[X]).

∀ i ∈ {2, . . . , n}, ∀ y ∈ V, , fi(X + y)− fi(X) =
i−1∑
j=1

`j,i(y) fj(X) mod ℘(k[X]). (3.1)

Proposition 3.2.12. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 2.
1. For all i in {1, . . . , n− 1}, `i,i+1 is a linear form from V to Fp.
2. For all i in {1, . . . , n−1}, put Li,i+1(X) :=

∏
y∈Ker`i,i+1

(X−y). Then whenever `i,i+1 is non identically
zero, there exists λi in k − {0} such that, for all y in V , `i,i+1(y) = λi Li,i+1(y). In this case, V =
Z(λpi L

p
i,i+1 − λi Li,i+1).

Proof : The matricial multiplication first ensures that for all i in {1, . . . , n− 1}, `i,i+1 is a linear form from
V to Fp. Besides, from the preliminary remarks of Section 3.1, we infer that PV (X) :=

∏
y∈V (X − y) is a

separable additive polynomial of degree pv, where v denotes the dimension of the Fp-vector space V . Then
for all i in {1, . . . , n− 1}, Li,i+1(X) :=

∏
y∈Ker`i,i+1

(X − y) is an additive polynomial which divides PV (X).
We now assume that `i,i+1 is a nonzero linear form. In this case, Li,i+1(X) has degree pv−1 and there exists
λi in k − {0} such that for all y in V , `i,i+1(y) = λi Li,i+1(y). Since for all y in V , `i,i+1(y) lies in Fp, then
λpi L

p
i,i+1 − λi Li,i+1 = λpi PV . The claim follows. �
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Remark 3.2.13. By duality with respect to the Artin-Schreier pairing, the adapted basis of A fixed in
Definition 3.2.7.4 gives a basis of G′, say {g1, . . . , gn}, in which, the matrix of the automorphism φ(y) is the
transpose matrix of L(y) for all y in V , namely a lower triangular matrix of GLn(Fp) with identity on the
diagonal.

Proposition 3.2.14. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1.
For all integer d such that 1 ≤ d ≤ n, we denote by Ad the Fp-vector subspace of A generated by {fi(X), 1 ≤
i ≤ d} (cf. Definition 3.2.7.4). Let Hd be the orthogonal of Ad with respect to the Artin-Schreier pairing,
namely the Fp-vector subspace of G′ spanned by {gi, d + 1 ≤ i ≤ n} if d < n and Hn = {0} (cf. Remark
3.2.13). Then the pair (C/Hd, G/Hd) is a big action with ( G

Hd
)′ = G′

Hd
. It follows that | GG′ | = | G/Hd(G/Hd)′ | and

that the exact sequence
0 −→ G′ −→ G

π−→ V −→ 0

induces the following one :

0 −→ (G/Hd)′ ' (Z/pZ)d −→ G/Hd
π−→ V −→ 0.

Proof : Since ρ(V ) ⊂ Tu1,n(Fp), Ad is stable under the action of ρ, that is to say under the translations :
X → X + y, with y ∈ V . By duality, Hd is stable under the action of φ, i.e. by conjugation by the elements
of G. It follows that Hd is a subgroup of G′, normal in G. In this case, Chapter 2 (see Lemma 2.2.4 and
Theorem 2.2.6) implies that the pair (C/Hd, G/Hd) is a big action with ( G

Hd
)′ = G′

Hd
⊂ G

Hd
. The claim follows.

�

Corollary 3.2.15. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1. Consider the functions
fi(X) ∈ k[X] defined as in Section 3.2.4.1. Then f1(X) = X S1(X) + c1X, where S1 ∈ k{F} is an additive
polynomial. Furthermore, after an homothety and a translation on X, one can assume that S1 is monic and
c1 = 0.

Proof : The function field of the curve C/Hd, as defined in Proposition 3.2.14, is parametrized by the d
Artin- Schreier equations : W p

i −Wi = fi(X), with 1 ≤ i ≤ d. In particular, for d = 1 (C/H1, G/H1) is a big
action whose second lower ramification group has order p. Then [LM05] asserts that f1(X) = X S1(X)+c1X
in k[X], where S1 ∈ k{F} is an additive polynomial. �

3.2.6 Characterization of the trivial representation.

To conclude this section, we give a characterization of the case where the representation ρ or φ is trivial.

Proposition 3.2.16. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1.
Then the following assertions are equivalent.

1. The representation φ is trivial, namely φ(V ) = {id}.
2. The derived group G′ is included in the center Z(G) of G.

3. The representation ρ is trivial, i.e.

∀ i ∈ {1, . . . , n}, ∀ y ∈ V, fi(X + y)− fi(X) = 0 mod ℘(k[X]).

4. For all i in {1, . . . , n}, the function fi reads : fi(X) = X Si(X) + ciX mod ℘(k[X]), where Si is
an additive polynomial of degree si ≥ 1 in F . Write Si(F ) =

∑si
j=0 ai,j F

j with ai,si 6= 0. Then
following [El97] (Section 3.4), we can define an additive polynomial related to fi, called the ”palindromic
polynomial” of fi :

Adfi :=
1
ap

si

i,si

F si(
si∑
j=0

ai,j F
j + F−j ai,j).

In this case,

V ⊂
n⋂
i=1

Z(Adfi).

The proof of this proposition requires a preliminary lemma.

Lemma 3.2.17. When keeping the notation defined above, ∩y∈V Ker (φ(y)− id) = Z(G) ∩G′.
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Proof of Lemma 3.2.17 : Consider g in G′. Then g lies in ∩y∈V Ker (φ(y)−id) if and only if φ(y)(g) = g for
all y in V . For all g1 in G, put y1 := π(g1). By definition, the equality φ(y1)(g) = g means that g−1

1 g g1 = g.
This proves the expected formula. �.

Proof of Proposition 3.2.16 : The equivalence between the first and the second assertion derives from
Lemma 3.2.17. As the equivalence between the first and the third point comes from the duality of φ and ρ
(cf. Proposition 3.2.6), the only point that has to be explained is the equivalence between the last assertion
and the three preceding ones.

So, assume that the second point is satisfied. For all i in {1, . . . , n}, there exists an index p-subgroup Hi

of G′ such that the function field of the curve C/Hi : W p
i −Wi = fi(X) is a p-cyclic étale cover of the affine

line with Galois group equal to G/Hi. By the second point, G′ is included in Z(G), which implies that Hi

is normal in G. From Chapter 2 (see Lemma 2.2.4 and Theorem 2.2.6), we infer that (C/Hi, G/Hi) is a big
action whose derived group (G/Hi)′ = G′/Hi is p-cyclic. By [LM05] (Prop. 8.3), fi(X) = ciX+X Si(X) mod
℘(k[X]), with Si ∈ k{F}. In addition, V is included in Z(Adfi). Conversely, if fi(X) = X Si(X)+ ciX, then
it follows from Proposition 5.5 in [LM05] that Z(Adfi) = {y ∈ k, fi(X + y) − fi(X) = 0 mod ℘(k[X]) }.
Thus, the third point is verified. �

3.3 The link with the additive polynomials.

The aim of this section is to highlight the role played by the additive polynomials of k[X] in the para-
metrization of big actions with a p-elementary abelian derived group.

3.3.1 A ring filtration of k[X] induced by the additive polynomials.

Definition 3.3.1. We define Σ1 as the k-vector subspace of k[X] generated by 1 and by the additive poly-
nomials of k[X]. More generally, for any n ≥ 1, we define Σn as the k-vector subspace of k[X] generated by
1 and the products of at most n additive polynomials of k[X]. For n = 0, we put Σ0 = k and for n < 0, we
put Σn = {0}.

Remark 3.3.2. 1. For n ≥ 1, this definition means that f is a polynomial of Σn if and only if there is
a way to write f as a linear combination over k of products of at most n additive polynomials.

2. The sequence (Σn)n∈Z enjoys the following properties :
(a) 1 ∈ Σ0

(b) For all integer n in Z, Σn ⊂ Σn+1

(c) For all integer m and n in Z, Σm Σn ⊂ Σm+n.
(d)

⋃
n∈Z Σi = k[X]

In particular, the sequence (Σn)n∈Z is an increasing ring filtration of k[X].

For a given f in k[X], we search for the minimal integer n such that f belongs to Σn. It requires the
introduction of the order function related to the ring filtration.

Definition 3.3.3. Let a be an integer whose p-adic expansion reads : a = a0 + a1 p+ a2 p+ . . .+ at p
t, with

t ∈ N and 0 ≤ ai ≤ p− 1, for all i ∈ {0, 1, 2, . . . , t}. We define the integer Sp(a) ∈ N as the sum of the digits
of a, namely :

Sp(a) := a0 + a1 + a2 + . . .+ at.

Remark 3.3.4. For all integer m in N, Sp(m) = (p− 1) vp(m!), where vp denotes the p-adic valuation. We
gather that, if m1 and m2 are two non-negative integers , Sp(m1 +m2) ≤ Sp(m1) + Sp(m2).

Lemma 3.3.5. Let a ∈ N and n ∈ N. Then the monomial Xa lies in Σn if and only if Sp(a) ≤ n. It follows
that inf{n ∈ N, Xa ∈ Σn} = Sp(a).

Proof : Assume that Xa ∈ Σn. It means that Xa is a linear combination over k of monomials of the form
Xpγ1+pγ2+...+pγt , with t ≤ n and γ1 ≤ γ2 ≤ . . . ≤ γt. It follows that a also reads a = pα1 + pα2 + . . . + pαt

with t ≤ n and α1 ≤ α2 ≤ . . . ≤ αt. Therefore, Remark 3.3.4 implies Sp(a) = Sp(pα1 + pα2 + . . . + pαt) ≤
Sp(pα1) + Sp(pα2) + . . .+ Sp(pαt) = t ≤ n.

Conversely, we suppose that Sp(a) ≤ n and prove the result by induction on n. If n = 0, then Sp(a) = 0
and Xa = X0 = 1 ∈ Σ0. We now assume that the property is true for n and suppose that Sp(a) ≤ n + 1.
If Sp(a) = n, then, by induction hypothesis, Xa ∈ Σn ⊂ Σn+1. Otherwise, Sp(a) = n + 1 and there exists
an integer ai in the p-adic expansion of a such that ai ≥ 1. Put b := a − pi. As Sp(b) = n, the hypothesis
implies Xb ∈ Σn, hence Xa = XbXpi ∈ Σn+1. �
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Definition 3.3.6. Let f be a nonnull polynomial of k[X] such that f(X) =
∑
a∈N ca(f)Xa. We define

dp(f) := max
ca(f)6=0

{Sp(a)}.

By convenience, put dp(0) := −∞.

Lemma 3.3.7. Let f and g be polynomials of k[X]. Let n ∈ Z.

1. f ∈ Σn if and only if dp(f) ≤ n
i.e. f(X) =

∑
a∈N ca(f)Xa ∈ Σn if and only if, whenever Sp(a) > n, ca(f) = 0.

2. If f is non identically zero, dp(f) = inf{n ∈ Z, f ∈ Σn}.
3. dp(f) = −∞ if and only if f ∈ ∩n∈ZΣn = {0}.
4. dp(f g) ≤ dp(f) + dp(g).

5. dp(f + g) ≤ sup{dp(f), dp(g) }.
6. dp(F (f)) = dp(f), where F means the Frobenius operator.

7. Let S(X) ∈ k[X] be an additive polynomial. Then dp(f(S(X))) = dp(f(X)).

In particular, dp is the order function of the ring filtration defined by the (Σn)n∈Z.

Proof : Most of the properties can be deduced from Remark 3.3.4 and Lemma 3.3.5. The last one is left as
an exercise to the reader. �

Definition 3.3.8. Let f be a polynomial of k[X]. Let y ∈ k. We define the operator ∆y as follows :
∆y(f) := f(X + y)− f(X).

One checks that this operator enjoys the following property :

Lemma 3.3.9. For all y in k and for all n ∈ Z, ∆y(Σn+1) ⊂ Σn.

Remark 3.3.10. Although dp(∆y(Xa)) = dp(Xa) − 1, for all y in k − {0} and all a in N∗, one can find
some polynomial f in k[X] and some y in k−{0} such that dp(∆y(f)) 6= dp(f)− 1. It means that for n ≥ 2
and for y in k − {0}, ∆y(Σn+1 − Σn) is not always included in Σn − Σn−1.

3.3.2 Notation and preliminary lemmas.

Throughout this section, we keep the notations introduced in 3.2.1 combined with the following

Notation 3.3.11. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1.

1. We call condition (N) the inequality satisfied by big actions, namely : |G|g > 2 p
p−1 .

2. We fix an adapted basis of A : {f1(X), . . . , fn(X)}, as constructed in Definition 3.2.7 and assume that
the functions fi’s are reduced mod ℘(k[X]) (see definition in Section 3.1). We denote by mi the degree
of fi(X). From now on, the extension L/k(X) is parametrized by the n Artin-Schreier equations :
W p
i −Wi = fi(X), with 1 ≤ i ≤ n.

3. As recalled in Corollary 3.2.15, f1(X) = X S1(X) + c1X, where S1 ∈ k{F} is an additive polynomial
with degree s1 ≥ 1 in F . In this case, the palindromic polynomial Adf1 related to f1 is defined as in
Proposition 3.2.16.

4. We denote by ρ the representation from V to Aut(A) defined in Definition 3.2.4. As seen in Section
3.2.5, when expressed in the adapted basis fixed above, the automorphism ρ(y) is associated with the
unipotent matrix :

L(y) :=


1 `1,2(y) `1,3(y) . . . `1,n(y)
0 1 `2,3(y) . . . `2,n(y)
0 0 . . . . . . `i,n(y)
0 0 . . . 1 `n−1,n(y)
0 0 0 0 1

 ∈ GLn(Fp).

5. If ρ is trivial, we use Proposition 3.2.16 to write each fi as fi(X) = X Si(X) + ciX, where Si is an
additive polynomial of k[X] with degree si ≥ 1 in F . Then we define a palindromic polynomial Adfi
related to each fi (see Proposition 3.2.16).

Lemma 3.3.12. We keep the notation defined above. The dimension v of the Fp-vector space V satisfies
v ≤ 2 s1 and pv ≥ mn + 1. In particular, 2 ≤ s1 + 1 ≤ v ≤ 2 s1.
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Proof : The inclusion of V in Z(Adf1) first requires v ≤ 2 s1. On the one hand, |G| = pn+v. On the other
hand, Corollary 4.1 implies : g = p−1

2

∑n
i=1 p

i−1 (mi − 1) ≥ p−1
2 pn−1 (mn − 1). Thus, |G|g ≤

2 p
p−1

pv

mn−1 .

The inequality pv ≤ mn − 1 would contradict condition (N). Therefore, since mn is prime to p, we obtain
pv ≥ mn + 1. It follows that pv > mn ≥ m1 = 1 + ps1 and v ≥ s1 + 1. �

Lemma 3.3.13. Let f(X) :=
∑
a∈N ca(f)Xa be a polynomial in ℘(k[X]). Fix a0 ∈ N − pN and define

Ia0 := {a0 p
n, n ∈ N}. Then the polynomial fa0(X) :=

∑
a∈Ia0

ca(f)Xa also lies in ℘(k[X]). In particular,
if fa0(X) is non identically zero, then p divides its degree.

Proof : The Frobenius operator F acts on the basis (Xa)a∈N of k[X] and this action induces a partition of
the monomials of k[X], namely (Xa)a∈Ia0 , for a0 running over {0}∪ {N− pN}. This justifies the first claim.
Now, assume that fa0(X) is non identically zero. If f = ℘(g) with g ∈ k[X], then fa0 = ℘(ga0), with ga0

defined as for f . It follows that deg (fa0) = p deg (ga0). �

3.3.3 The link with the parametrization of big actions.

Theorem 3.3.14. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1.
Then for all i in {1, . . . , n}, fi(X) belongs to Σi+1.

Proof : For a fixed n, we proceed by induction on i. As recalled in Section 3.3.2, f1(X) = XS1(X) + c1X,
where S1 is an additive polynomial. Accordingly, f1 ∈ Σ2. We now consider some integer i such that 2 ≤ i ≤ n
and assume that for all j in {1, . . . , i− 1}, fj(X) lies in Σj+1. From the form of the matrix L(y), we gather :

∀ y ∈ V, ∆y(fi) := fi(X + y)− fi(X) =
i−1∑
j=1

`j,i(y) fj(X) mod (℘(k[X])),

where for all j in {1, . . . , i− 1}, `j,i is a map from V to Fp.
Suppose that fi(X) does not belong to Σi+1 and call Xa the monomial of fi(X) with highest degree

which does not belong to Σi+1. Note that, by definition of a, a > i+ 1. Furthermore, as fi is assumed to be
reduced mod ℘(k[X]), a 6= 0 mod p.

We first prove that p divides a− 1. Indeed, assume that p does not divide a− 1 and apply Lemma 3.3.13
to f(X) := ∆y(fi)−

∑i−1
j=1 `j,i(y) fj(X) and a0 := a−1 ∈ N−pN. To construct the polynomial fa0 as defined

in Lemma 3.3.13, we first search for the monomials X(a−1)pr , with r ≥ 0, in ∆y(fi). If r > 0, such monomials
come from monomials Xb of fi(X) such that b > (a − 1) pr ≥ (a − 1) p ≥ a, since a ≥ i + 1 ≥ 2 ≥ p

p−1 .
By definition of a, such monomials Xb, whose degree is greater than a, lies in Σi+1. Then by Lemma 3.3.9,
they generate in ∆y(fi) polynomials which belongs to Σi. But Xa−1 6∈ Σi : otherwise, Xa ∈ XΣi ⊂ Σi+1,
which contradicts the definition of a. We infer from Lemma 3.3.7.6 that no X(a−1)pr , with r ≥ 0, lies in Σi.
It follows that no monomial X(a−1)pr , with r > 0, can be found in ∆y(fi). We now search for the monomial
Xa−1. By the same token, one can check that the only monomial in fi(X) which generates Xa−1 in ∆y(fi)
is Xa. More precisely, it produces a y ca(fi)Xa−1 in ∆y(fi), where ca(fi) 6= 0 denotes the coefficient of Xa

in fi. As the induction hypothesis asserts that
∑i−1
j=1 `j,i(y) fj(X) lies in Σi, which is the case of none of

the X(a−1)pr , we gather that fa0(X) = a y ca(fi)Xa−1. As p does not divide a0 = a − 1, it follows from
Lemma 3.3.13 that fa0(X) is identically zero. Since a 6= 0 mod p, this implies that y = 0 for all y in V ,
hence V = {0}. It means that G1 = G2, which is impossible for a big action (see Chapter 2 Prop. 2.2.2).
Accordingly, p divides a− 1. Thus, we can write a = 1 + λ pt with t ≥ 1, λ prime to p and λ > i ≥ 2, as Xa

does not lie in Σi+1.
Now, put j0 := a− pt = 1 + (λ− 1) pt and apply Lemma 3.3.13 to f(X) := ∆y(fi)−

∑i−1
j=1 `j,i(y) fj(X)

and a0 := j0 ∈ N − pN. To construct the polynomial fa0 , we first determine the monomials Xj0p
r

, with
r ≥ 0, occurring in ∆y(fi). If r > 0, such terms come from monomials Xb of fi(X) such that b > j0p. But
j0p > a. Indeed,

j0p ≤ a⇔ p (1 + (λ− 1) pt) ≤ 1 + λ pt ⇔ λ ≤ 1− p+ pt+1

pt (p− 1)
=
−1
pt

+
p

p− 1
<

p

p− 1
≤ 2,

which contradicts λ ≥ 2. As explained above, the monomials Xb of fi(X), with b > a, produce polynomials
in ∆y(fi) which belongs to Σi, whereas Xj0 does not belong to Σi. Otherwise, Xa = XptXj0 would belong
to Σi+1, hence a contradiction. We gather from Lemma 3.3.7.6 that no Xj0p

r

, with r ≥ 0, lies in Σi+1.
It follows that no monomials Xj0p

r

, with r > 0, can be found in ∆y(fi). Likewise, for r = 0, the only
monomials of fi(X) which generates Xj0 in ∆y(fi) are those of the form : Xb, with j0 + 1 ≤ b ≤ a. For
all b ∈ {j0 + 1, . . . , a}, the monomial Xb of fi(X) generates some

(
b
j0

)
yb−j0 Xj0 in ∆y(fi). It follows that
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the coefficient of Xj0 in ∆y(fi) is T (y) with T (Y ) :=
∑a
b=j0+1 cb(fi)

(
b
j0

)
Y b−j0 , where cb(fi) denotes the

coefficient of Xb in fi(X). As no Xj0p
r

, with r ≥ 0, can be found in
∑i−1
j=1 `j,i(y) fj(X) which lies in Σi

by induction, the polynomial fa0 eventually reads fa0(X) = T (y)Xa0 . By Lemma 3.3.13, fa0 is identically
zero, which means that for all y in V , T (y) = 0. We gather that V is included in the set of zeroes of T .
As the coefficient of Y a−j0 in T (Y ) is ca(fi)

(
a
j0

)
= ca(fi)

(
1+λpt

1+(λ−1)pt

)
≡ ca(fi)λ 6= 0 mod p, the polynomial

T (Y ) has degree a − j0 = pt, hence v ≤ t. This leads to a contradiction, insofar as Lemma 3.3.12 implies :
pv ≥ mn − 1 ≥ mi − 1 ≥ a− 1 = λ pt ≥ 2 pt > pt, which involves : v > t. As a consequence, fi(X) does not
have any monomial which does not belong to Σi+1, which completes both the induction and the proof of the
theorem. �

Remark 3.3.15. The proof is actually self-contained, since the first step of the induction, namely f1 ∈ Σ2,
could be obtained without any hint at Corollary 3.2.15 which requires the use of [LM05]. Indeed, in the case
i = 1, the sum

∑i−1
j=1 `j,i(y) fj(X) is replaced by 0 which obviously lies in Σ1. Using the same argument as

in the second part of the proof, it enables us to conclude that f1 belongs to Σ2.

3.4 A case where each fi ∈ Σ2.

This section is devoted to a first special case where each function fi lies in Σ2 − Σ1, or equivalently, the
representation ρ is trivial. The difficulty in solving the general case of trivial representation lies in finding
the GCD for the family of palindromic polynomials associated to the functions fi’s as defined in Proposition
3.2.16. This could be done by working in the Ore ring of Laurent polynomials k{F, F−1} (see [El97], section 3,
or [Go96], 1.6). Nevertheless, in what follows, we merely explore the simplest case where all the palindromic
polynomials are equal.

Notation. The notations used throughout this section are those established in Sections 3.2.1 and 3.3.2.

Lemma 3.4.1. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 1.

1. The upper ramification filtration of G′ has only one jump.

2. The functions fi’s have the same degree, i.e. for all i in {1, . . . , n}, mi = m1 = 1 + ps1 .

In this case, the representation ρ is trivial and each function fi reads fi(X) = X Si(X) + ciX ∈ Σ2 − Σ1,
where Si is an additive polynomial with degree s1 in F . Moreover, V ⊂ ∩1≤i≤n Z(Adfi).

Proof : Assume that there is only one jump in the upper ramification filtration of G′ as defined in Section
3.2.4.2, namely G′ = (G′)ν0 ) (G′)ν0+1 = {0}. The duality between the filtrations of A and G′ (cf. Proposi-
tion 3.2.9) implies that this is equivalent to {0} = Aµ0 ( Aµ0+1 = A. By Remark 3.2.8, this situation occurs
if and only if all the functions fi’s have the same degree, namely : 1 + ps1 . Comparing the degree of each
member of equation (3.1), we gather that `j,i is zero on V , for all j < i and all 2 ≤ i ≤ n. Therefore, the
representation ρ is trivial and the following assertions derive from Proposition 3.2.16. �

In what follows, we restrict to the special case : V = Z(Adf1), which means that V has maximal cardinality
for a given s1, namely |V | = p2s1 .

Proposition 3.4.2. Let (C,G) be a big action such that G′ ' (Z/pZ)n, with n ≥ 2.
Assume that ρ is trivial and that v = 2 sn.

1. Then for all i in {1, . . . , n}, si = s and V = Z(Adf1).

2. There exists an integer d dividing s and some γ2, . . . , γn in Fpd − Fp such that :

S1 =
s/d∑
j=0

ajd F
jd and ∀ i ∈ {2, . . . , n} Si = γi S1.

Moreover, {γ1 := 1, γ2, . . . , γn} are linearly independent over Fp. It follows that s ≥ 2.

Proof :

1. As v ≤ 2 s1 ≤ 2 sn, the hypothesis v = 2 sn implies that each si is equal to s1. From now on,
s1 = s2 = . . . = sn is denoted by s. By Proposition 3.2.16, V ⊂ ∩1≤i≤nZ(Adfi) ⊂ Z(Adf1). As the
two vector spaces V and Z(Adf1) have the same dimension over Fp, namely v = 2 s, we conclude that
Z(Adf1) = V = Z(Adfi) for all i in {1, . . . , n}. Since k is algebraically closed and since Adf1 and Adfi
are monic, it follows that Adf1 = Adfi .
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2. Let i in {2, . . . , n}. Write : S1 =
∑s
k=0 ak F

k and Si =
∑s
k=0 bk F

k, with as 6= 0 and bs 6= 0. Then
Adf1 = 1

as
F s (

∑s
k=0(ak F k + F−k ak)) = Adfi = 1

bs
F s (

∑s
k=0(bk F k + F−k bk)). As for all α ∈ k,

F α = αp F , we obtain : γi
∑s
k=0(ap

s

k F s+k + ap
s−k

k F s−k) =
∑s
k=0(bp

s

k F s+k + bp
s−k

k F s−k), with

γi a
ps

k = bp
s

k and γi a
ps−k

k = bp
s−k

k , for all 0 ≤ k ≤ s. It implies that γp
k

i = γi, for all 0 ≤ k ≤ s such that
ak 6= 0. In particular, as as 6= 0, then γi ∈ Fps . If we denote by d the degree of the minimal polynomial
of γi over Fp, then Fpd := Fp(γi) ⊂ Fps , so d divides s. By the same token, for all 0 ≤ k ≤ s such that
ak 6= 0, γi ∈ Fpk . Therefore, Fpd = Fp(γi) ⊂ Fpk , which proves that d divides k, whenever ak 6= 0. It
follows that S1 =

∑s/d
j=0 ajd F

jd. In addition, as γi ∈ Fps , we gather from bp
s

k = γi a
ps

k for all 0 ≤ k ≤ s,
that Si = γi S1.
Note that {γ1, . . . , γn} are linearly independent over Fp. Otherwise, it would contradict the condition
(c) imposed in Definition 3.2.7. It follows that none of the γi’s, for i ≥ 2, are in Fp. So s ≥ 2. �

We now display a family of big actions satisfying the conditions described in Proposition 3.4.2.

Proposition 3.4.3. 1. Let s ∈ N∗, d ∈ N∗ dividing s and n ∈ N∗ such that n ≤ d.
Take {γ1 := 1, γ2, . . . , γn} in Fpd , linearly independent over Fp.
Put S1 :=

∑s/d
j=0 ajd F

jd ∈ k{F}, with as 6= 0.
For all i in {1, . . . , n}, we define Si := γi S1 ∈ k{F} and fi(X) := X Si(X) + ciX ∈ k[X]. Then for
all i in {1, . . . , n}, Z(Adfi) = Z(Adf1).

2. The function field of the curve C parametrized by : W p
i −Wi = fi(X) with 1 ≤ i ≤ n, is an étale

extension of k[X] with Galois group Γ ' (Z/pZ)n. Then the group of translations of the affine line :
{X → X + y, y ∈ V }, where V := Z(Adf1), extends to an automorphism p-group of C, say G, such
that :

0 −→ Γ ' (Z/pZ)n −→ G −→ V = Z(Adf1) −→ 0.

3. Thus, we obtain a big action (C,G) whose derived group G′ is isomorphic to (Z/pZ)n and such that
the representation ρ is trivial. Moreover, Z(G) = G′ = Fratt(G) ' (Z/pZ)n, where Fratt(G) denotes
the Frattini subgroup of G. Then G is a special group (see [Su86], Def. 4.14). Besides, if p > 2, G has
exponent p, whereas, if p = 2, G has exponent p2.

Proof :

1. Fix i in {1, . . . , n}. Then γi Adf1 = γi
ap
s
s
F s
∑s/d
j=0 (ajd F jd + F−jd ajd). Since γi lies in Fpd , γi Adf1 =

1

ap
s
s
F s,

∑s/d
j=0 (ajd γi F jd + F−jd ajdγi) = ap

s

s γi

ap
s
s

Adfi = γi Adfi . So, Z(Adfi) = Z(Adf1).

2. As Z(Adfi) = {y ∈ k, ∆y(fi) = 0 mod ℘(k[X])} (see [LM05], Prop. 5.5), it follows that, for all y in
V , ∆y(fi) = 0 mod ℘(k[X]). So, Galois theory ensures the existence of the group G.

3. We deduce from the first point that |G| = |G′||V | = pn+2 s. We compute the genus of C by means of
the formula given in Corollary 4.1. This yields : g = (pn−1) ps

2 . Therefore, |G|g = 2 pn+s

pn−1 . So, the pair
(C,G) is a big action.
We now show that Z(G) = G′. By Proposition 3.2.16, Z(G) contains G′. Conversely, let H be an index
p-subgroup of G′. As H ⊂ G′ ⊂ Z(G), H is normal in G and Lemma 2.2.4.2 in Chapter 2 implies that
the pair (C/H,G/H) is a big action. The curve C/H is parametrized by an Artin-Schreier equation :
W p −W = f(X) :=

∑n
i=1 λi fi(X), with (λ1, . . . , λn) ∈ Fnp not all zeros. Condition (c) of Definition

3.2.7.4 imposes deg(f) = maxi=1,...,n{deg λi fi(X)} = 1 + ps1 . Besides, by Proposition 3.2.14, we get
the following exact sequence :

0 −→ (G/H)′ ' Z/pZ −→ G/H −→ V ' (Z/pZ)2s1 −→ 0.

In this case, Proposition 8.1 in [LM05] shows that G/H is an extraspecial group, which involves
G′/H = (G/H)′ = Z(G/H). We denote by π : G → G/H the canonical mapping. Then π(Z(G)) ⊂
Z(G/H) = G′/H. As H is included in Z(G), it follows that Z(G) ⊂ G′. Since Z(G) = G′ ' (Z/pZ)n

and since G′ = Fratt(G) for any p-group G, we gather that G is a special group. Moreover, if p > 2,
Proposition 8.1 in [LM05] shows that G/H is an extraspecial group with exponent p. Then π(G)p = {e}
and Gp is included in H, for any hyperplanes H of G′. It follows that Gp = {e}. If p = 2, the same
proposition shows that G/H has exponent p2. It implies that G also has exponent p2. �

Remark 3.4.4. In the situation described in Proposition 3.4.3, |G|g2 = 4 pn

(pn−1)2 . Note that the latter quotient
does not depend on s any more.

Corollary 3.4.5. Let (C,G) be a big action as in Proposition 3.4.3. Let A∞,1 be the wild inertia subgroup
of Autk(C) at ∞. Then G is equal to A∞,1.
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Proof : For any big action (C,G), G is included in A∞,1. Furthermore, Corollary 2.2.10 in Chapter 2 shows
that the pair (C,A∞,1) is a big action with A′∞,1 = G′. Now, assume that (C,G) is a big action as described
in Proposition 3.4.3. Then p2s = |G|

|G′| ≤
|A∞,1|
|A′∞,1|

≤ p2 s. It follows that, in this special case, G is equal to A∞,1.
�

3.5 The case : each fi ∈ Σi+1 − Σi.

In this section, we define a filtration on the derived group G′ of any group G. More specifically, we focus
on groups G that are extensions of G′ by G/G′, both of them being p-elementary abelian, and we investigate
the case where the number of jumps in the filtration of G′ is maximal. Then we apply these results to the
case of big actions with a p-elementary abelian G′. This allows us to give a group-theoretic condition to
characterize the big actions such that each function fi lies in Σi+1 − Σi. In this situation, we prove that
the filtration on G′ actually coincides with its upper ramification filtration as exposed in Section 3.2.4.2.
and that, as opposed to the previous case, the number of jumps in the filtration is maximal whereas the
cardinality of V is minimal in regard to Lemma 3.3.12, namely : v = s1 + 1.

3.5.1 A filtration on G′.

Definition 3.5.1. For any group G, we define a sequence of subgroups (Λi(G))i≥0 as follows. Put Λ0(G) :=
{e}, where e means the identity element of G. For all i ≥ 1, let πi−1 : G→ G

Λi−1(G) be the canonical mapping.
Then Λi(G) is the subgroup of G defined by π−1

i−1(Z( G
Λi−1(G) ) ∩ ( G

Λi−1(G) ))′. Therefore,

Λi(G)
Λi−1(G)

= Z(
G

Λi−1(G)
) ∩ (

G

Λi−1(G)
)′.

In this way, we get an ascending sequence of subgroups of G′ :

{e} = Λ0(G) ⊂ Λ1(G) ⊂ Λ2(G) ⊂ . . . ⊂ G′,

which are characteristic subgroups of G.

In Section 3.5.3, we shall study the link between this filtration and the upper (resp. lower) central series.
In what follows, we study the filtration (Λi(G)) in the special case where G is a p-group with the exact
sequence :

0 −→ G′ ' (Z/pZ)n −→ G
π−→ V ' (Z/ pZ)v −→ 0. (3.2)

In other words, G is a p-group whose Frattini subgroup is equal to G′ ' (Z/ pZ)n, with n ≥ 1. For
convenience, we fix a set theoretical section, i.e. a map s : G/G′ → G such that π◦s = idG/G′ . We also define
a representation φ : G/G′ → Aut(G′) as follows. For all y in G/G′ and all g in G′, φ(y)(g) = s(y)−1 g s(y). As
G/G′ is a p-group, one can find a basis {g1, . . . , gn} of the Fp-vector space G′ in which, for all y in G/G′, the
matrix of the automorphism φ(y) belongs to the subgroup of GLn(Fp) made of the lower triangular matrices
with identity on the diagonal, namely :

Φ(y) :=


1 0 0 . . . 0

`2,1(y) 1 0 . . . 0
`3,1(y) `3,2(y) . . . 0 0
`i,1(y) `i,2(y) . . . 1 0
`n,1(y) `n,2(y) . . . `n,n−1(y) 1

 ∈ GLn(Fp).

Note that for n ≥ 2 and for all i in {1, . . . , n− 1}, `i+1,i is a linear form from G/G′ to Fp.

Proposition 3.5.2. Let G be a group satisfying (3.2). We keep the notation defined above.
Then the following assertions are equivalent.

1. The filtration defined by the (Λi(G))i≥0 satisfies :

{e} = Λ0(G) ( Λ1(G) ( Λ2(G) ( . . . ( Λn = G′,

which means, for all i in {1, . . . , n},

Λi(G)
Λi−1(G)

= Z(
G

Λi−1(G)
) ∩ (

G

Λi−1(G)
)′ ' Z/pZ.
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2. For all i in {1, . . . , n}, Λi(G) is the Fp-vector subspace of G′ spanned by {gn−i+1, . . . , gn}.
3. For n ≥ 2 and for all i in {1, . . . , n− 1}, `i+1,i is a nonzero linear form.

Proof : We prove that the first point implies the second one by induction on i. Assume i = 1. By the same
argument as in Lemma 3.2.17, one proves that Λ1(G) = Z(G)∩G′ is equal to ∩y∈G/G′ Ker(φ(y)− id). Then
the form of Φ(y) shows that ∩y∈G/G′ Ker(φ(y)− id) contains the Fp-vector space spanned by gn. As Λ1(G) is
assumed to be isomorphic to Z/pZ, it follows that Λ1(G) = Fp gn. Now, take i ≥ 2 and assume that Λi−1(G)
is the Fp-vector subspace of G′ spanned by {gn−i+2, . . . , gn}. Then G

Λi−1(G) is a p-group with the following
exact sequence :

0 −→ G′

Λi−1(G)
= (

G

Λi−1(G)
)′ ' (Z/pZ)n−i+1 −→ G

Λi−1(G)
π−→ G/G′ ' (Z/ pZ)v −→ 0.

This exact sequence induces a representation φi−1 : G/G′ → Aut( G′

Λi−1(G) ). Consider the canonical mapping :

πi−1 : G′ → G′

Λi−1(G) . In the basis {πi−1(g1) . . . , πi−1(gn−i+1)}, the matrix Φi−1(y) of the automorphism
φi−1(y) reads :

Φi−1(y) :=


1 0 0 . . . 0

`2,1(y) 1 0 . . . 0
`3,1(y) `3,2(y) . . . 0 0
`i,1(y) `i,2(y) . . . 1 0

`n−i+1,1(y) `n−i+1,2(y) . . . `n−i+1,n−i(y) 1

 ∈ GLn−i+1(Fp),

where the maps `i,j are the same as in Φ(y). As in the case i = 1, Λi(G)
Λi−1(G) = Z( G

Λi−1(G) ) ∩ ( G
Λi−1(G) )′ is

equal to ∩y∈G/G′Ker (φi−1(y) − id). The latter is the Fp-vector space of ( G
Λi−1(G) )′ = G′

Λi−1(G) generated by
πi−1(gn−i+1). It follows that Λi(G) is the Fp-vector subspace of G′ spanned by {gn−i+1, . . . , gn}. As the
second assertion trivially implies the first one, the equivalence between 1 and 2 is established.

We now prove that the second assertion implies the third one. Take i ≥ 1. As seen above, Λi(G)
Λi−1(G) =

∩y∈G/G′Ker (φi−1(y) − id) is the Fp-vector space spanned by πi−1(gn−i+1). From the form of the matrix
Φi−1(y), we gather that `n−i+1,n−i is non identically zero. The proof of the converse works by induction
on i. If i = 1, the form of the matrix Φ(y), with each `i+1,i non identically zero, implies that Λ1(G) =
∩y∈G/G′Ker (φ(y) − id) is the Fp-vector subspace of G′ spanned by gn. Now, take i ≥ 2 and assume that
Λi−1(G) is the Fp-vector subspace of G′ spanned by {gn−i+2, . . . , gn}. By hypothesis, each linear form `i+1,i

occurring in Φi−1(y) is non identically zero. It implies that Λi(G)
Λi−1(G) = ∩y∈G/G′Ker (φi−1(y) − id) is the

Fp-vector space spanned by πi−1(gn−i+1). We conclude as above. �

Remark 3.5.3. Note that the third condition of the Proposition 3.5.2 does not actually depend on the
triangularization basis {g1, . . . , gn} chosen for G′.

Proposition 3.5.4. Let G be a group satisfying (3.2) and the equivalent properties of Proposition 3.5.2. We
assume that n ≥ 2.

1. Then for all i in {2, . . . , n}, there exists λi ∈ Fp − {0} such that `i+1,i = λi `2,1. Therefore, one can
choose a basis of G′ in which the matrix Φ(y) reads as follows :

Φ(y) =


1 0 0 . . . 0
`(y) 1 0 . . . 0
`3,1(y) `(y) . . . 0 0
`i,1(y) `i,2(y) . . . 1 0
`n,1(y) `n,2(y) . . . `(y) 1

 ,

where ` is a nonzero linear form from G/G′ to Fp.
2. Furthermore, n ≤ p.

Proof : As G/G′ is abelian, for all y and y′ in V , Φ(y)Φ(y′) = Φ(y′)Φ(y). Then for all i in {1, . . . , n−2}, the
identification of the coefficients situated on the (i+ 2)-th line and the i-th column in the matrices Φ(y)Φ(y′)
and Φ(y′)Φ(y) reads :

`i+2,i(y) + `i+1,i(y′) `i+2,i+1(y) + `i+2,i(y′) = `i+2,i(y′) + `i+1,i(y) `i+2,i+1(y′) + `i+2,i(y).

Therefore, for all y and y′ in G/G′, `i+1,i(y′) `i+2,i+1(y) = `i+1,i(y′) `i+2,i+1(y). As `i+1,i and `i+2,i+1 are
nonzero linear forms, it follows that Ker `i+1,i = Ker `i+2,i. Then `i+1,i and `i+2,i+1 are homothetic. It implies
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that, for all i in {2, . . . , n}, there exists λi ∈ Fp − {0} such that `i+1,i = λi `2,1. We eventually replace the
basis of G′ : (gi)1≤i≤n with ( 1

λi
gi)1≤i≤n and denote `2,1 by `. In this new basis, the matrix Φ(y) reads as

expected and the first point is proved.
We now work with a basis of G′ in which the matrix Φ(y) reads as in the first point. We take some y0 in

G/G′ such that `(y0) 6= 0. Write In for the identity matrix of size n. Then the matrix Φ(y0)−In is nilpotent,
with nilpotency order n, i.e. n is the smallest integer m ≥ 1 such that (Φ(y0) − In)m = 0. As G/G′ has
exponent p, then (Φ(y0)− In)p = Φ(y0)p − In = 0. It follows that p ≥ n. �

Remark 3.5.5. In the situation exposed in Proposition 3.5.2, that is to say in the case where each linear form
`i+1,i in Φ(y) is non identically zero, the representation φ is said to be indecomposable, i.e. if G′ = H1

⊕
H2,

where H1 and H2 are two Fp-subvectors spaces of G′ stable by φ, then the Hi’s are trivial (left as an exercise
to the reader). Nevertheless, the converse is false, i.e. the representation φ can be indecomposable without
the linear forms `i+1,i’s being all nonzero.

3.5.2 A group-theoretic characterization for big actions with fi ∈ Σi+1 − Σi.

In the sequel, we study the filtration defined by the (Λi(G))i≥0 in the special case of a big action (C,G)
whose G′ is p-elementary abelian. Note that such a group G systematically satisfies condition (3.2). We now
investigate the case where the group G satisfies the equivalent properties of Proposition 3.5.2. In particular,
we show that these group-theoretic conditions characterize the big actions with a p-elementary abelian G′

and such that each fi lies in Σi+1 − Σi. The final section will be devoted to explicit families of big actions
satisfying these properties.

Notation. The notations used throughout this section are those established in Sections 3.2.1, 3.3.1 and
3.3.2.

Theorem 3.5.6. Let (C,G) be a big action with G′ ' (Z/pZ)n, for n ≥ 2.
Assume that the group G satisfies the equivalent properties of Proposition 3.5.2.

– Then p ≥ n+ 1 ≥ 3.
– Furthermore, for all i in {1, . . . , n}, mi = 1 + i ps1 . In particular, fi ∈ Σi+1 − Σi.
– Moreover, v = dimk V = s1 + 1.
– In this case, |G|g = 2 p

p−1
pn (p−1)2

n pn (p−1)+1−pn >
2 p
p−1 .

Proof : For a fixed n, we prove by induction on i that for all i in {1, . . . , n} such that i ≤ p−1, mi = 1+i ps1 .
By the way, we show that n ≤ p− 1. Indeed, we cannot propagate the induction when i = p− 1 and n = p.

The first step of the induction derives from the definition of m1. Then we consider some integer i such
that 2 ≤ i ≤ n and i ≤ p − 2 and assume that the proposition is true for all j ≤ i − 1. As seen in Section
3.2.5, we can write :

∀ y ∈ V, ∆y(fi) := fi(X + y)− fi(X) =
i−1∑
j=1

`j,i(y) fj(X) mod ℘(k[X]), (3.3)

where the maps `j,i from V to Fp refer to the coefficients of the matrix L(y). As the group G satisfies the third
condition of Proposition 3.5.2 which does not depend on the basis chosen for G′, it follows from Proposition
3.2.12 and Remark 3.2.13 that for all i in {1, . . . , n− 1}, each `i,i+1 is a nonzero linear form from V to Fp.

1. We first prove that the function fi does not belong to Σi.
Assume that fi lies in Σi and apply Lemma 3.3.13 to f(X) := ∆y(fi) −

∑i−1
j=1 `j,i(y) fj(X) and

a0 := mi−1. By induction hypothesis, mi−1 = 1 + (i− 1) ps1 ∈ N− pN. Note that Xa0 = X1+(i−1) ps1

lies in Σi − Σi−1. We gather from Lemma 3.7.6 that no Xa0p
r

, with r ≥ 0, belongs to Σi−1, so
none of them can be found in ∆y(fi) which belongs to Σi−1, as fi lies in Σi (cf. Lemma 3.3.9).
Besides, the property (c) imposed on mi by Definition 3.2.7.4 implies that, for any y in V such that
`i−1,i(y) 6= 0, a0 = mi−1 is the degree of

∑i−1
j=1 `j,i(y) fj(X). Such an element y exists since `i−1,i is

supposed to be a nonzero linear form. It follows that, when keeping the notation of Lemma 3.3.13,
fa0(X) = cmi−1(fi−1) `i−1,i(y)Xa0 , where cmi−1(fi−1) 6= 0 denotes the coefficient of Xmi−1 in fi−1. As
p does not divide a0, we gather from Lemma 3.3.13 that fa0(X) is identically zero, which contradicts
`i−1,i(y) 6= 0. Therefore fi does not belong to Σi. In particular, as Σ2 ⊂ Σi, fi does not belong to Σ2.
Accordingly, we can define an integer a ≤ mi such that Xa is the monomial of fi with highest degree
which does not lie in Σ2. Since fi is assumed to be reduced mod ℘(k[X]), a 6≡ 0 mod p.

2. We now prove that a− 1 ≥ 1 + (i− 1) ps1 .
Assume that a−1 < 1+(i−1) ps1 and apply Lemma 3.3.13 to f(X) := ∆y(fi)−

∑i−1
j=1 `j,i(y) fj(X) and
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a0 := mi−1 = 1+(i−1) ps1 ∈ N−pN. The proof works as above except that we now have to determine
the monomials of fi which could produce some p-powers of Xa0 in ∆y(fi). As a − 1 < a0, they must
be searched for among the monomials of fi with degree greater than a. But, by definition of a, such
monomials belongs to Σ2, so give monomials in ∆y(fi) which are in Σ1, whereas Xa0 = X1+(i−1) ps1

lies in Σi −Σi−1, with i ≥ 2. Just as in the first point, we can conclude that, for any y in V such that
`i−1,i(y) 6= 0, fa0(X) = cmi−1(fi−1) `i−1,i(y)Xa0 , which leads to the same contradiction as above.

3. We show that p divides a− 1.
Assume that p does not divide a− 1. We first suppose that a− 1 > 1 + (i− 1) ps1 and apply Lemma
3.3.13 to f(X) := ∆y(fi) −

∑i−1
j=1 `j,i(y) fj(X) and a0 := a − 1 ∈ N − pN. As explained above, the

monomials in fi with degree greater than a, produce in ∆y(fi) monomials which are in Σ1. But, as p
does not divide a−1, the monomial Xa−1 cannot belong to Σ1 : otherwise, a−1 = 1, which contradicts
a− 1 > 1 + (i− 1) ps1 , with i ≥ 2. So the only p-power of Xa−1 that occur in ∆y(fi) comes from the
monomial Xa of fi : it is ca(fi) a y Xa−1, where ca(fi) 6= 0 denotes the coefficient of Xa in fi. Besides,
Xa−1 does not occur in

∑i−1
j=1 `j,i(y) fj(X) whose degree is at most 1 + (i− 1) ps1 < a− 1. We gather

from Lemma 3.3.13 that fa0(X) = ca(fi) a y Xa0 is identically zero. It implies that V = {0}, which is
excluded for a big action. Accordingly, a− 1 = 1 + (i− 1) ps1 . The equality of the leading coefficients
in (3.3) implies that for all y in V , `i−1,i(y) = a ca(fi)

cmi−1 (fi−1) y. So the kernel of the linear form `i−1,i is

reduced to {0} and v ≤ 1, which contradicts Lemma 3.3.12. Accordingly, p divides a− 1. Thus, we can
write a := 1 + λ pt, with t > 0, λ prime to p and λ ≥ 2 because of the definition of a.

4. Put j0 := a− pt = 1 + (λ− 1) pt. We prove that j0 = 1 + (i− 1) ps1 .
Indeed, if j0 < 1 + (i− 1) ps1 , then a = j0 + pt < 1 + (i− 1) ps1 + pt. Using the second point, we get :
1+(i−1) ps1 < a = 1+λ pt < 1+pt+(i−1) ps1 . If s1−t ≥ 0, it implies (i−1) ps1−t < λ < 1+(i−1) ps1−t

with ps1−t ∈ N, which is impossible. So, s1 − t ≤ −1. In this case, as i − 1 < p, the inequality
1 + λ pt < 1 + (i− 1) ps1 + pt yields : λ− 1 < (i− 1) ps1−t < p1+s1−t ≤ 1, which contradicts λ ≥ 2. As
a consequence, j0 ≥ 1 + (i− 1) ps1 .
We now prove that j0 = 1 + (i − 1) ps1 . Assume that j0 > 1 + (i − 1) ps1 and apply Lemma 3.3.13
to f(X) := ∆y(fi) −

∑i−1
j=1 `j,i(y) fj(X) and a0 := j0 ∈ N − pN. No p-power of Xj0 can be found in∑i−1

j=1 `j,i(y) fj(X) whose degree is at most 1 + (i − 1) ps1 < j0. It follows that the monomials Xj0p
r

have to be searched for in ∆y(fi). Then the same argument as in the proof of Theorem 3.3.14 allows to
write : fa0(X) = T (y)Xj0 with T (y) :=

∑a
b=j0+1 cb(fi)

(
b
j0

)
yb−j0 , where cb(fi) denotes the coefficient

of Xb in fi(X). This entails the same contradiction with Lemma 3.3.12 as in the proof of Theorem
3.3.14. Therefore, j0 = 1 + (i− 1) ps1 .

5. We gather that v = t+ 1.
Indeed, since j0 = 1 + (i − 1) ps1 = deg fi−1 , the equality of the corresponding coefficients in (3.3)
reads : T (y) = `i−1,i(y) cmi−1(fi−1), which holds for all y in V . Put T̃ := T

cmi−1 (fi−1) . It has the same

degree as T and satisfies T̃ (y) = `i−1,i(y) ∈ Fp, for all y in V . It follows that T̃ p − T̃ is identically zero
on V , so v ≤ t + 1. Using the same argument as in the proof of Theorem 3.3.14, we prove that v ≤ t
contradicts Lemma 3.3.12. We gather that v = t+ 1.

6. We prove that s1 = t. It follows that v = s1 + 1 and a = 1 + i ps1 , which requires p > n ≥ 2.
As j0 = 1+(i−1) ps1 , then a = j0 +pt = 1+(i−1) ps1 +pt. But, a = 1+λ pt ≥ 1+2 pt. From i−1 ≤ p,
we gather that pt ≤ (i − 1) ps1 < ps1+1. Therefore, t ≤ s1. To prove the equality, we focus on the big
action (C/Hi, G/Hi) as defined in Proposition 3.2.14. Since v = t + 1, then |G/Hi| = pi+v = pi+t+1.
Besides, as mi ≥ a = j0 + pt = 1 + (i− 1) ps1 + pt ≥ 1 + ps1 + pt,

gC/Hi ≥
(p− 1)

2
pi−1 (mi − 1) ≥ (p− 1)

2
(pi−1+s1 + pi−1+t).

If u := s1 − t ≥ 1, the lower bound for the genus becomes :

gC/Hi ≥
(p− 1)

2
pt+i−1 (pu + 1) ≥ (p− 1)

2
pt+i−1 (p+ 1).

This contradicts condition (N) insofar as :

|G/Hi|
gC/Hi

≤ 2 p
p− 1

pi+t

pi−1+t (p+ 1)
=

2 p
p− 1

p

p+ 1
<

2 p
p− 1

.

Therefore, s1 = t, so v = s1 + 1 and a = 1 + (i− 1) ps1 + pt = 1 + i ps1 . Note that we find : λ = i. As
λ is supposed to be prime to p and as 2 ≤ i ≤ n and i ≤ p− 1, it requires that p > n ≥ 2.
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7. We conclude that mi = a = 1 + i ps1 .
Assume a < mi. Then by definition of a, there exists an integer r ≥ 0 such that mi = 1 + pr. Thus, we
get : mi = 1 + pr > a = 1 + i ps1 ≥ 1 + 2 ps1 . As p ≥ 3, this implies r ≥ s1 + 1. We gather a new lower
bound for the genus of C/Hi, namely :

gC/Hi ≥
(p− 1)

2
(ps1 + pi−1 (mi − 1)) =

(p− 1)
2

(ps1 + pi−1+r) ≥ (p− 1)
2

(1 + pi+s1).

As |G/Hi| = pi+s1+1, it follows that |G/Hi|gC/Hi
≤ 2 p

(p−1)
pi+s1

1+pi+s1
< 2 p

(p−1) , which contradicts condition (N)
for the big action (C/Hi, G/Hi). Accordingly, mi = a = 1 + i ps1 , which completes the induction.

To conclude, we compute the genus by means of Corollary 4.1, namely g = p−1
2 ps1 n pn (p−1)+1−pn

(p−1)2 . It follows
that

|G|
g

=
2 p
p− 1

pn (p− 1)2

n pn (p− 1) + 1− pn
≥ 2 p
p− 1

pn (p− 1)2

pn (p− 1)2 + 1− pn
>

2 p
p− 1

. �

Corollary 3.5.7. Let (C,G) be a big action as in Theorem 3.5.6. Let A∞,1 be the wild inertia subgroup of
Autk(C) at ∞. Then G is equal to A∞,1.

Proof : By Chapter 2 (Corollary 2.2.10), the pair (C,A∞,1) is a big action such that A′∞,1 = G′. It follows
that G/G′ is included in A∞,1/A′∞,1, both of them acting as a group of translations of Spec k[X]. In the same
way as we define the representation φ : G/G′ → Aut(G′) in Section 3.2.3 (or more generally in Section 3.6.1),
consider a representation ψ from A∞,1/A

′
∞,1 to Aut(A′∞,1). Fix an adapted basis of A (see Definition 3.2.7).

By duality (see Remark 3.2.3 and Proposition 3.2.9), this gives a basis of G′ = A′∞,1, in which the images of
φ and ψ are subgroups of triangular matrices of GLn(Fp) (cf. Section 3.2.5). For all y in A∞,1/A

′
∞,1 (resp.

G/G′), call Ψ(y) (resp. Φ(y)) the matrix of the automorphism ψ(y) (resp. φ(y)) in the previously fixed basis.
When restricted to G/G′, the two matrices coincide, i.e. if y lies in G/G′ ⊂ A∞,1/A′∞,1, then Φ(y) = Ψ(y). As
a consequence, the group A∞,1 also satisfies the third condition of Proposition 3.5.2. Therefore, by Theorem
3.5.6, |A∞,1||A′∞,1|

= s1 + 1 = |G|
|G′| . So, G = A∞,1. �

We conclude this section by showing that the big actions (C,G) such that G satisfies the equivalent properties
of Proposition 3.5.2 are exactly those with fi ∈ Σi+1 − Σi.

Theorem 3.5.8. Let (C,G) be a big action with G′ ' (Z/pZ)n, for n ≥ 2.
Then the following assertions are equivalent.

1. For all i in {1, . . . , n}, the function fi lies in Σi+1-Σi.
2. The group G satisfies the equivalent properties of Proposition 3.5.2.

Assume that these assertions are satisfied.
– Then p ≥ n+ 1 ≥ 3.
– For all i in {1, . . . , n}, mi = 1 + i ps1 .
– Moreover, v = s1 + 1 and |G|g = 2 p

p−1
pn (p−1)2

n pn (p−1)+1−pn .
– Furthermore, the upper ramification groups of G′ coincide with the subgroups Λi(G) studied in Section

3.5.1. More precisely, following the notation of Section 3.2.4.2, (G′)νi = Λn−i(G) for all i in {0, . . . , n}.

Proof : The implication from 2 to 1 comes from Theorem 3.5.6 which also shows that, in this case, n ≤ p−1,
mi = 1+i ps1 , for all i in {1, . . . , n}, v = s1+1 and |G|g = 2 p

p−1
pn (p−1)2

n pn (p−1)+1−pn >
2 p
p−1 . Conversely, assume that

the second assertion is satisfied. We prove by induction on i that, for all i in {1, . . . , n− 1}, the linear form
`i,i+1 is nonzero. Then by Proposition 3.2.12, Remark 3.2.13 and Remark 3.5.3, we gather that the group G
satisfies the third condition of Proposition 3.5.2. We first study the case i = 1 and consider the big action
(C/H2, G/H2), as defined in Proposition 3.2.14, i.e. the big action whose curve C/H2 is parametrized by
W p
j −Wj = fj(X), with 1 ≤ j ≤ 2. By hypothesis, f2 does not lie in Σ2. We infer from Proposition 3.2.16 that

the representation ρ associated with (C/H2, G/H2) is non trivial. Then the linear form `1,2 is nonzero. We
now take i ≥ 2 and assume that the property is true for all j ≤ i. It means that, for all j in {1, . . . , i−1}, the
linear form `j,j+1 is nonzero. Then by Theorem 3.5.6, for all j in {1, . . . , i}, mj = 1+j ps1 and v = s1 +1. We
now write condition (N) for the big action (C/Hi+1, G/Hi+1) as defined in Proposition 3.2.14, that is to say
the big action parametrized by W p

j −Wj = fj(X), with 1 ≤ j ≤ i+ 1. As |G/Hi+1| = pv+i+1 = ps1+i+2 and

gCHi+1
= p−1

2 {(
∑i
j=1 j p

s1+j−1) + pi (mi+1 − 1)}, we gather that the inequality
|GHi+1 |
gCHi+1

> 2 p
p−1 is equivalent

to the following condition on mi+1 :

mi+1 < ps1+1 − (
i∑

j=1

j ps1+j−1−i) + 1 = ps1(p− 1) +
i∑

j=2

(p− (j + 1)) ps1+j−i−1 + (p− 1) ps1−i + 1. (3.4)
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We now assume that `i,i+1 is the null linear form. Then for all y in V , ∆y(fi) =
∑i−1
j=1 `j,i+1(y) fj(X) mod

℘(k[X]). This ensures that the function field of the curve C : W p
j −Wj = fj(X), with 1 ≤ j ≤ i + 1 and

j 6= i, is a Galois extension of k(X) whose group H is isomorphic to (Z/pZ)i and, as usual, the group of
translations by V extends to an automorphism group of C, say G, with the following exact sequence :

0 −→ H −→ G −→ V −→ 0.

We compute the quotient |G|gC . As |G| = ps1+i+1 and gC = p−1
2 {(

∑i−1
j=1 j p

s1+j−1) + pi−1 (mi+1− 1)}, one can

check that |G|gC >
2 p
p−1 if and only if

mi+1 < ps1+1 −
i−1∑
j=1

j ps1+j−i + 1 = ps1 (p− 1) +
i−2∑
j=1

(p− (j + 1)) ps1+j−i + (p− 1) ps1−i+1 + 1. (3.5)

The condition (3.5) is verified since it is implied by (3.4). It follows that (C,G) is a big action. By Theorem
3.3.14, the i + 1-th function : fi+1, lies in Σi+1, which contradicts the hypothesis fi+1 ∈ Σi+2 − Σi+1.
Therefore, `i,i+1 is a nonzero linear form, which completes the induction and prove the equivalence between
1 and 2.

We now prove the last statement on the upper ramification filtration of G′. Starting from a given adapted
basis of A : {f1(X), . . . , fn(X)}, we get, by duality with respect to the Artin-Schreier pairing, a basis of G′,
say {g1, . . . , gn}. As proved, for all i in {1, . . . , n}, mi = 1+i ps1 , the jumps in the filtration of A, as defined in
Section 3.2.4.1, are : µi = mi+1 = 1+(i+1)ps1 , for all i in {0, . . . , n−1}. Put µn := 1+mn. Then Aµ0 = {0}
and, for all i in {1, . . . , n}, Aµi is the Fp-vector subspace of A generated by f1(X), . . . , fi(X). By duality
(see Proposition 3.2.9), (G′)νn = (G′)µn = {e} = Λ0(G) and, for all i in {0, . . . , n − 1}, (G′)νi = (G′)µi is
the Fp-vector subspace of G′ generated by gi+1, . . . , gn, which is precisely Λn−i(G), as seen in Proposition
3.5.2. �

3.5.3 The special case : s1 = 1.

In what follows, we exhibit some properties of the group G when (C,G) is a big action satisfying the
equivalent conditions of Theorem 3.5.8 with s1 = 1. In particular, we highlight the link with the problem of
capable groups, as studied by [Ha40] and [BT82], and with the p-groups of maximal class.

The center of G.

Proposition 3.5.9. Let p ≥ 3 and 2 ≤ n ≤ p− 1.
Let (C,G) be a big action which satisfies the equivalent conditions of Theorem 3.5.8 with s1 = 1.
Then Z(G) ⊂ G′. It follows that Z(G) is cyclic of order p.

Proof : As G satisfies the conditions of Theorem 3.5.8, and so the third point of Proposition 3.5.2, Λn−1(G)
is an index-p subgroup of G′. As Λn−1(G) = (G′)ν1 (cf. Theorem 3.5.8), the quotient curve C/Λn−1(G) is
the p-cyclic cover of the affine line parametrized by W p

1 −W1 = f1(X). Since v = s1 + 1 = 2, it follows from
[LM05] that the group G/Λn−1(G) is the extraspecial group of order p3 and exponent p. In particular, its
center is a p-cyclic group generated by τ such that τ(X) = X and τ(W1) = W1 + 1. Now, take σ ∈ Z(G).
Then σ induces σ̃ ∈ Z(G/Λn−1(G)). So, σ(X) = X. As k(X) = LG

′
, it implies that Z(G) is included in G′.

Besides, by Theorem 3.5.8, Λ1(G) = Z(G) ∩G′ = Z(G) ' Z/pZ, which proves that Z(G) is p-cyclic �

The link with the problem of capable groups.

Definition 3.5.10. (cf. [Ha40] and [BT82])
We say that a group G is capable if there exists a group Γ such that G ' Γ

Z(Γ) .

Proposition 3.5.11. Let p ≥ 3 and 2 ≤ n ≤ p− 1.
Let (C,G) be a big action which satisfies the equivalent conditions of Theorem 3.5.8 with s1 = 1.
Then for all i in {1, . . . , n}, the quotient group G/Λi(G) is capable.

Proof : Theorem 3.5.8 implies that the cover C → C/G′ is parametrized by n Artin-Schreier equations :
W p
j − Wj = fj(X) ∈ Σj+1 − Σj , with 1 ≤ j ≤ n. Take i in {0, . . . , n − 1}. Then the curve C/Λi(G) is

parametrized by the n−i first equations : W p
j −Wj = fj(X) ∈ Σj+1−Σj , with 1 ≤ j ≤ n−i. It follows that the

pair (C/Λi(G), G/Λi(G)) is a big action (cf. Chapter 2 Lemma 2.2.4) which still satisfies Theorem 3.5.8 with
s1 = 1. We deduce from Proposition 3.5.9 that Λ1(G/Λi(G)) = Z(G/Λi(G)). As G/Λi(G)

Λ1(G/Λi(G)) ' G/Λi+1(G),
we get the exact sequence :

0 −→ Z(G/Λi(G)) −→ G/Λi(G) −→ G/Λi+1(G) −→ 0.

The claim follows. �
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The link with the central series and with the p-groups of maximal class.

Definition 3.5.12. (cf. [LGM02] and [Hu67])

1. The upper central series of a group G is the ascending series :

{e} = Z0(G) ⊂ Z1(G) ⊂ Z2(G) ⊂ . . .

of normal subgroups of G defined inductively by

Zi(G)
Zi−1(G)

= Z(
G

Zi−1(G)
) for i ≥ 1.

2. The lower central series of a group G is the descending series :

G = C1(G) ⊃ C2(G) ⊃ C3(G) ⊃ . . .

of normal subgroups of G defined inductively by

Ci+1(G) := [Ci(G), G] for i ≥ 1

where [Ci(G), G] denotes the commutator of Ci(G) and G.

3. A group G is said to be nilpotent if there exists an integer k such that Zk(G) = G. If G is nilpotent,
the nilpotency class c of G is the smallest integer c ≥ 1 such that Zc(G) = G.

4. Now, assume that G is a p-group of order pk, with k ≥ 2. We say that G is a p-group of maximal class
if the nilpotency class of G is k − 1.

We first compare the two central series defined above with the filtration (Λi(G))i≥0 defined in Section 3.5.1.

Proposition 3.5.13. Let G be a group such that :

{e} = Λ0(G) ⊂ Λ1(G) ⊂ . . . ⊂ Λm−1(G) = G′.

and set Λm(G) := G (cf. Def. 3.5.1).

1. Then with the notation of Definition 3.5.12,

∀ i ∈ {0, . . .m}, Cm+1−i(G) ⊂ Λi(G) ⊂ Zi(G).

2. The group G is nilpotent of nilpotency class c ≤ m.

Proof :

1. The definition of the subgroups Λi(G) shows that (Λi(G))0≤i≤m is an ascending central series of G in
the sense of [LGM02] (Def. 1.1.10). The inclusion Λi(G) ⊂ Zi(G) follows. To show the other inclusion,
i.e. Cm+1−i(G) ⊂ Λi(G), use [LGM02] (Lemma 1.1.18). Then the inclusion follows from [LGM02]
(Lemma 1.1.19)

2. The previous result applied with i = m, shows that Zm(G) = G. �

We now examine the case of a p-group G when (C,G) is a big action satisfying Theorem 3.5.8 with s1 = 1.
In this case, G is nilpotent of maximal class and the filtration (Λi(G))i≥0 coincides with the two central
series of G.

Proposition 3.5.14. Let (C,G) be a big action with G′ ' (Z/pZ)n, n ≥ 1.
Assume that (C,G) satisfies the equivalent properties of Theorem 3.5.8 with s1 = 1.

1. Then G is a p-group of order pn+2 and maximal class n+ 1.

2. With the notations of Definitions 3.5.1 and 3.5.12,

∀ i ∈ {0, . . . , n+ 1}, Cn+2−i(G) = Λi(G) = Zi(G),

where Λn+1(G) := G.

Proof :
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1. The proof works by induction on n. First assume that n = 1. Proposition 3.5.9 implies : {e} 6= Z(G) ⊂
G′ ' Z/pZ. As v = s1 + 1 = 2, we obtain the following exact sequence :

0 −→ Z(G) = G′ ' Z/pZ −→ G −→ (Z/pZ)2 −→ 0

and G is an extraspecial group of order p3. We deduce from [Hu67] (p. 362) that it has maximal
class. Now, assume that n ≥ 2 and that the property is true for all big actions (C,G) with G′ '
(Z/pZ)n−1 satisfying the equivalent properties of Theorem 3.5.8 with s1 = 1. By Proposition 3.5.9,
Λ1(G) = Z(G) ' Z/pZ. As (C,G) satisfies the hypotheses of Theorem 3.5.8, the parametrization of
the function field of the curve reads : W p

j −Wj = fj(X) ∈ Σj+1 − Σj , with 1 ≤ j ≤ n. By Theorem
3.5.8, Z(G) = Λ1(G) = (G′)νn−1 . By duality, it follows that (C/Z(G), G/Z(G)) is the big action
parametrized by the n− 1 first equations : W p

j −Wj = fj(X) ∈ Σj+1−Σj , with 1 ≤ j ≤ n− 1. So, the
pair (C/Z(G), G/Z(G)) still satisfies the equivalent conditions of Theorem 3.5.8 with s1 = 1. As its
derived group is isomorphic to (Z/pZ)n−1, the induction hypothesis implies that G/Z(G) has maximal
class = n. Moreover, Zi(G/Z1(G)) = Zi+1(G)/Zi(G) for all i in {0, . . . , c − 1}, where c denotes the
niloptency class of G. So, the nilpotency class of G/Z(G) satisfies : c(G/Z(G)) = c − 1. Therefore,
c = n+ 1 and the claim follows.

2. Use [Hu67] (III, 14, Hilfsatz 14.2) together with Proposition 3.5.13. �

3.6 Examples.

We conclude this chapter with some examples illustrating the special case of big actions described in
Theorem 3.5.8, namely the big actions (C,G) with a p-elementary abelian G′ such that each fi lies in
Σi+1 −Σi. Note that Theorem 3.5.8 is twofold : on the one hand, it gives a group-theoretic characterization
of G (cf. 3.5.8.2) and, on the other hand, it displays a dual point of view related to the parametrization of
the cover (cf. 3.5.8.1). When studying the special family explicitly constructed via equations in Proposition
3.6.1, the second point of view naturally dominates in the proof. On the contrary, when exploring a universal
family as in Section 3.6.2, we are lead to combine both aspects.

Notation. The notations concerning big actions are those fixed in Sections 3.2.1 and 3.3.2. Moreover,
let W (k) be the ring of Witt vectors with coefficients in k. Then for any σ ∈ k, we denote by σ̃ the Witt
vector σ̃ := (σ, 0, 0, . . .) ∈ W (k). For any S(X) :=

∑s
i=0 σiX

i ∈ k[X], we denote by S̃(X) the polynomial∑s
i=0 σ̃iX

i ∈W (k)[X].

3.6.1 A special family.

Case s1 = 1.

Let p ≥ 3 and 1 ≤ n ≤ p − 1. We first construct a special family of big actions (C,G) which satisfy the
conditions of Theorem 3.5.8 with s1 = 1 and so, v = dimFpV = 2. We shall distinguish the cases n < p− 1
and n = p− 1.

Proposition 3.6.1. Let p ≥ 3. Let S(X) := ℘(X) and Q(X) := ℘(S(X)). Call V the Fp-vector space V
consisting of the set of zeroes of the polynomial Q.

1. Let n in {1, . . . , p− 2}. For all i in {1, . . . , n}, we denote

gi(X) :=
S(X)i+1

(i+ 1)!
=

(Xp −X)i+1

(i+ 1)!
.

Let fi := red(gi) be the reduced representative of gi, as defined in the introduction. Let C[n] be the
curve parametrized by the n Artin-Schreier equations : W p

i −Wi = fi(X), for 1 ≤ i ≤ n. Then the
function field of C[n] is a Galois extension of k(X) with group : H[n] ' (Z/pZ)n and the group of
translations of the affine line : {X → X + y, y ∈ V } extends to an automorphism p-group of C[n], say
G[n], such that we get the exact sequence :

0 −→ H[n] ' (Z/pZ)n −→ G[n] −→ V ' (Z/pZ)2 −→ 0.

Such a pair (C[n], G[n]) is a big action with G[n]′ ' (Z/pZ)n. Moreover, this big action satisfies the
conditions of Theorem 3.5.8 with s1 = 1.
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2. Let n = p− 1. We define gp−1(X) ∈ k[X] as the reduction mod p of the polynomial

1
p!

((Xp −X)p −Xp2 +Xp) ∈ W (k)[X].

Let fp−1 be the reduced representative of gp−1. Let C[p−1] be the curve parametrized by the p−1 Artin-
Schreier equations : W p

i −Wi = fi(X), for 1 ≤ i ≤ p−1, where the p−2 first fi’s are defined as in the
first case. The function field of C[p−1] is a Galois extension of k(X) with group H[p−1] ' (Z/pZ)p−1

and the group of translations of the affine line : {X → X + y, y ∈ V } extends to an automorphism
p-group of C[p− 1], say G[p− 1], with the following exact sequence :

0 −→ H[p− 1] ' (Z/pZ)p−1 −→ G[p− 1] −→ V ' (Z/pZ)2 −→ 0.

Such a pair (C[p− 1], G[p− 1]) is a big action with G[p− 1]′ ' (Z/pZ)p−1. Moreover, this big action
satisfies the conditions of Theorem 3.5.8 with s1 = 1.

Proof : Using Proposition 3.2.14, we first observe that the second case implies the first one, when excluding
the last equation : W p

p−1 −Wp−1 = fp−1(X). Therefore, it is sufficient to prove the second point.
Fix y ∈ V . We begin by calculating ∆y(gi) for 1 ≤ i ≤ p− 2. So, take i in {1, . . . , p− 2}. One first shows

that

∆y(gi) = gi(X + y)− gi(X) =
i−1∑
j=1

S(y)i−j

(i− j)!
gj(X) + gi(y) +

S(y)i

i!
S(X)

where the first sum is empty when i = 1. Since S(y) lies in Fp for all y in Z(Q) = V , one gets :

∆y(gi) =
i−1∑
j=1

S(y)i−j

(i− j)!
gj(X) + gi(y) + ℘(

S(y)i

i!
X).

As k is an algebraically closed field, gi(y) = 0 mod ℘(k[X]). We gather that ∆y(g1) = 0 mod ℘(k[X]) and
that, for all i in {2, . . . , p− 2}, ∆y(gi) =

∑i−1
j=1 `j,i(y) gj(X) mod ℘(k[X]) with `j,i(y) := S(y)i−j

(i−j)! ∈ Fp. Since
gi(X)− fi(X) lies in ℘(k[X]) and since each `j,i(y) belongs to Fp, it follows that

∀ i ∈ {1, . . . , p− 2}, ∆y(fi) =
i−1∑
j=1

`j,i(y) fj(X) mod ℘(k[X]) with `j,i(y) :=
S(y)i−j

(i− j)!
.

Now fix y in V and calculate ∆y(gp−1). As Xp − X = S(X) mod p, we first notice that (Xp − X)p =
S̃(X)p mod p2W (k)[X]. It follows that gp−1 can also be seen as the reduction mod p of the polynomial :
1
p! (S̃(X)p − Xp2 + Xp) ∈ W (k)[X]. By the same token, from S(X + y) = S(X) + S(y) mod p, we gather
that S̃(X + ỹ)p = (S̃(X) + S̃(ỹ))p mod p2W (k)[X]. It follows that

S̃(X + ỹ)p − S̃(X)p − S̃(ỹ)p =
p−1∑
i=1

(
p

i

)
S̃(X)i S̃(ỹ)p−i mod p2W (k)[X].

Likewise,

(X + ỹ)p −Xp − ỹp − (X + ỹ)p
2

+Xp2 + ỹp
2

=
p−1∑
i=1

(
p

i

)
(Xi ỹp−i −Xpi ỹp(p−i)) mod p2W (k)[X].

Then we obtain the following equalities :

1
p!

(S̃(X + ỹ)p − S̃(X)p − S̃(ỹ)p + (X + ỹ)p −Xp − ỹp − (X + ỹ)p
2

+Xp2 + ỹp
2
)

=
p−2∑
i=1

S̃(ỹ)p−i−1

(p− i− 1)!
S̃(X)i+1

(i+ 1)!
+
S̃(ỹ)p−1

(p− 1)!
S̃(X) +

p−1∑
i=1

(
p
i

)
p!

(Xi ỹp−i −Xpi ỹp(p−i)) mod pW (k)[X]

=
p−2∑
i=1

S(y)p−i−1

(p− i− 1)!
S(X)i+1

(i+ 1)!
+
S(y)p−1

(p− 1)!
S(X) +

p−1∑
i=1

(−1)i

i
(Xi yp−i −Xip yp(p−i)) mod pW (k)[X]
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since the kernel of the map :
{
W (k)→ k
(a0, a1, . . .)→ a0

is pW (k). From S(y) ∈ Fp , we infer :

∆y(gp−1) =
p−2∑
i=1

S(y)p−i−1

(p− i− 1)!
gi(X) + ℘(

S(y)p−1

(p− 1)!
X) + ℘(

p−1∑
i=1

(−1)i+1

i
Xi yp−i) + gp−1(y).

It follows that ∆y(gp−1) =
∑p−2
i=1 `i,p−1(y) gi(X) mod ℘(k[X]), with `i,p−1(y) = S(y)p−1−i

(p−1−i)! ∈ Fp. Since
gi − fi ∈ ℘(k[X]) and `i,p−1(y) ∈ Fp,

∆y(fp−1) =
p−2∑
i=1

`i,p−1(y) fi(X) mod ℘(k[X]) with `i,p−1(y) =
S(y)p−1−i

(p− 1− i)!
.

By Galois Theory, this ensures that the group G[p−1] is well-defined. Furthermore, it is easy to check that for
all i in {1, . . . , p−1}, deg fi = 1+i p. In this case, the same computation as in the end of the proof of Theorem
3.5.6 shows that |G[p−1]|

gC[p−1]
= 2 p

p−1
pp−1 (p−1)2

(p−1) pp−1 (p−1)+1−pp−1 , which proves that the pair (C[p − 1], G[p − 1]) is a
big action. To conclude, note that for all i in {1, . . . , p− 2} and for all y in V , `i,i+1(y) = S(y), which proves
that `i,i+1 is a nonzero linear form from V to Fp. Therefore, because of Remarks 3.2.13 and 3.5.3, G[p− 1]
satisfies the third assertion of Proposition 3.5.2 and then the conditions of Theorem 3.5.8. �

Remark 3.6.2. The preceding proof shows that, in the case of Proposition 3.6.1,

∀ y ∈ V, ∀ i ∈ {2, . . . , p− 1} and ∀ j ∈ {1, . . . , i− 1}, `j,i(y) =
S(y)i−j

(i− j)!
.

It follows that the matrix L(y) defined in Section 3.2.5 now reads :

L(y) = exp(S(y) J) =
n−1∑
i=0

(S(y)J)i

i!

where J is the n× n nilpotent matrix :

J :=


0 1 0 . . . 0
0 0 1 . . . 0
0 0 0 . . . 0
0 0 0 0 1
0 0 0 0 0


In what follows, we explore the properties of the group G[n] when (C[n], G[n]) is a big action as defined in
Proposition 3.6.1. To compute the exponent, we still have to distinguish the case n < p − 1 (Proposition
3.6.3) and the case n = p− 1 (Proposition 3.6.4).

Proposition 3.6.3. Let (C[n], G[n]) be the big action defined in the first point of Proposition 3.6.1, i.e. with
n < p− 1. The notations are those introduced in Proposition 3.6.1.

1. Let σ in G[n]. Let y in V such that y := σ(X)−X. Then

σ[W ] =t L(y)[W ] +X[R(y)] + [Z(y)]

where tL(y) denotes the transpose matrix of the upper triangular matrix L(y) defined in Section 3.2.5.,
[W ] :=t [W1, . . . ,Wn], [R(y)] :=t [S(y)

1 ! , . . . ,
S(y)n

n ! ], and [Z(y)] :=t [Z1(y), . . . , Zn(y)], where, for all i
in {1, . . . , n}, Zi(y) is an element of k which satisfies ℘(Zi(y)) = gi(y).

2. The group G[n] has exponent p.

Proof :

1. For the need of the proof, it is more convenient to work with the non-reduced functions, namely the
functions gi’s. However, we still write the equations : W p

i −Wi = gi(X), without changing the notation
of Wi. As seen in the proof of Proposition 3.6.1,

∀ y ∈ V, ∀ i ∈ {1, . . . , n}, ∆y(gi) =
i−1∑
j=1

`j,i(y) gj(X) + gi(y) + ℘(Pi(X, y)),
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where the sum on j is empty for i = 1 and where Pi(X, y) := S(y)i

i! X. From W p
i −Wi = gi(X), we

infer that σ(W p
i −Wi) = σ(gi(X)) = ∆y(gi), which implies ℘(σ(Wi)) = ℘(Wi +

∑i−1
j=1 `j,i(y)Wj +

X S(y)i

i! + gi(y)). Therefore, for all i in {1, . . . , n},

σ(Wi) = Wi +
i−1∑
j=1

`j,i(y)Wj +X
S(y)i

i!
+ Zi(y),

where Zi(y) is an element of k such that ℘(Zi(y)) = gi(y). Using the vector notations of the proposition,
we thus obtain the expected formula.

2. To prove the second assertion, we compute σp[W ]. An induction shows that :

σp[W ] = (tL(y))p[W ] +X(
p−1∑
i=0

(tL(y))i) [R(y)]

+y (
p−2∑
i=0

(p− i− 1) (tL(y))i) [R(y)] + (
p−1∑
i=0

(tL(y))i) [Z(y)].

We first notice that (tL(y))p is equal to the identity matrix I, since tL(y) − I is nilpotent of size
n ≤ p − 2. Moreover, by Remark 3.6.2, tL(y) = exp(J(y)) =

∑n−1
i=0

J(y)i

i! , where J(y) := S(y) tJ .
Accordingly, ∑p−1

i=0 (tL(y))i =
∑p−1
i=0 exp(i J(y))

= I +
∑p−1
i=1

∑n−1
j=0

(i J(y))j

j! = I +
∑n−1
j=0

J(y)j

j!

∑p−1
i=1 ij

= I + (
∑p−1
i=1 i0) I +

∑n−1
j=1

J(y)j

j!

∑p−1
i=1 ij

=
∑n−1
j=1

J(y)j

j!

∑p−1
i=1 ij mod p

But one easily checks that N (j) :=
∑p−1
i=1 ij = 0 mod p for all j in {1, . . . , p− 2}. Since n− 1 ≤ p− 3,

we gather that
∑p−1
i=0 (tL(y))i = 0 mod p.

To conclude, the last sum to compute is S :=
∑p−2
i=0 (p− i− 1) (tL(y))i. Likewise, one shows

S =
∑p−2
i=0 (p− i− 1)exp(iJ(y))

= (p− 1) I +
∑p−2
i=1 (p− i− 1)

∑n−1
j=0

(iJ(y))j

j!

= (p− 1) I −
∑p−2
i=1 (i+ 1) I −

∑n−1
j=1

J(y)j

j! (
∑p−1
i=1 (i+ 1) ij) mod p

= (p− 1) I − (N (1)− 1) I −
∑n−1
j=1

J(y)j

j! N (j)−
∑n
j=2

J(y)j

j! N (j) mod p

Since N (j) = 0 when 1 ≤ j ≤ n ≤ p − 2, it follows that
∑p−2
i=0 (p − i − 1) (tL(y))i = 0 mod p. As

σp(X) = X + p y = X mod p, we gather that the order of σ divides p. Therefore, the group G[n] has
exponent p. �

Proposition 3.6.4. Let (C[p−1], G[p−1]) be the big action defined in the second point of Proposition 3.6.1,
i.e. with n = p− 1. We keep the notations introduced in Proposition 3.6.1.

1. Let σ in G[p− 1]. Let y in V such that y := σ(X)−X.
Put T (X, y) :=

∑p−1
i=1

(−1)i+1

i Xi yp−i, i.e. the reduction mod p of 1
p{(X + ỹ)p −Xp − ỹp} ∈W (k)[X].

Then
σ[W ] =t L(y)[W ] +X [R(y)] + [Z(y)] + [T (X, y)],

where tL(y) denotes the transpose matrix of the matrix L(y) defined in Section 3.2.5,
[W ] :=t [W1, . . . ,Wp−1], [R(y)] :=t [S(y)

1 ! , . . . ,
S(y)p−1

(p−1) ! ], [T (X, y)] =t [0, 0, . . . , 0, T (X, y)] and [Z(y)] :=t

[Z1(y), . . . , Zp−1(y)] where, for all i in {1, . . . , n}, Zi(y) is an element of k satisfying ℘(Zi(y)) = gi(y).

2. The group G[p− 1] has exponent p2.
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Proof :

1. The proof of the second point of Proposition 3.6.1 shows that

∀ y ∈ V, ∆y(gp−1) =
p−2∑
j=1

`j,p−1(y)Wj + ℘(Pp−1(X, y)) + gp−1(y),

where

Pp−1(X, y) :=
S(y)p−1

(p− 1)!
X +

p−1∑
i=1

(−1)i+1

i
Xi yp−i =

S(y)p−1

(p− 1)!
X + T (X, y).

The same calculation as in the proof of Proposition 3.6.3 yields :

σ(Wp−1) = Wp−1 +
p−2∑
j=1

`j,p−1(y)Wj +
S(y)p−1

(p− 1)!
X + T (X, y) + Zp−1(y),

where Zp−1(y) is an element of k such that ℘(Zp−1(y)) = gp−1(y). The formula of the first point then
derives from the vector notation together with the expression of the others σ(Wi), for 1 ≤ i ≤ p − 2,
obtained in Proposition 3.6.3.

2. We now calculate σp[W ]. As in the previous proof, an induction shows that :

σp[W ] = (tL(y))p[W ] +X(
p−1∑
i=0

(tL(y))i) [R(y)] + y (
p−2∑
i=0

(p− i− 1) (tL(y))i) [R(y)]

+(
p−1∑
i=0

(tL(y))i) [Z(y)] +
p−1∑
i=0

[T (X + i y, y)].

Still as in the proof of Proposition 3.6.3, tL(y)p = I and
∑p−1
i=0 (tL(y))i =

∑p−2
j=1

J(y)j

j! N (j), where

N (j) :=
∑p−1
i=1 ij = 0 mod p, for j in {1, . . . , p− 2}. Besides, as previously seen,∑p−2

i=0 (p− i− 1) (tL(y))i = −
∑p−2
j=1

J(y)j

j! {N (j) +N (j + 1)}

= −J(y)p−2

(p−2)! N (p− 1) = J(y)p−2

(p−2)! = J(y)p−2 mod p

Then y (
∑p−2
i=0 (p − i − 1) (tL(y))i) [R(y)] = y (S(y)tJ)p−2 [R(y)] =t [0, . . . , 0, y S(y)p−1] mod p. To

complete the calculation, one has to compute
∑p−1
i=0 T (X + i y, y). As T is the reduction mod p of the

polynomial 1
p {(X + ỹ)p −Xp − ỹp}, it follows that∑p−1
i=0 T (X + i y, y) = 1

p

∑p−1
i=0 {(X + (1 + i) ỹ)p − (X + i ỹ)p − ỹp} mod p

= 1
p {(X + p ỹ)p −Xp − p ỹp} = −yp mod p

Therefore, σp[W ] = [W ]+t [0, 0, 0, . . . , 0, y S(y)p−1−yp] mod p. If y ∈ Fp, or equivalently S(y) = 0, then
σp[W ] = [W ] +t [0, 0, 0, . . . , 0, y] mod p. Otherwise, S(y) 6= 0 and, as S(y) lies in Fp, S(y)p−1 = 1 mod
p, which implies σp[W ] = [W ] +t [0, 0, 0, . . . , 0, y − yp] = [W ] +t [0, 0, 0, . . . ,−S(y)] mod p. We gather
that if y = 0, the order of σ divides p. Otherwise, σ has order p2. This proves the second assertion. �

We now describe the center of G[n]. As an application, we shall see that G[n] is capable (cf. Def. 3.5.10) for
all 1 ≤ n ≤ p− 2.

Proposition 3.6.5. Let (C[n], G[n]) be a big action as defined in the first or the second point of Proposition
3.6.1, i.e. with n < p− 1 or n = p− 1. Let σ in G[n]. Then σ belongs to the center of G[n] if and only if

σ(X) = X and ∀ i ∈ {1, . . . , n− 1}, σ(Wi) = Wi

It follows that the center of G[n] is isomorphic to Z/pZ.

Proof : One can use the same method and calculation as in the previous propositions. One can also directly
deduce from Proposition 3.5.9 that the center is p-cyclic. �

Corollary 3.6.6. Let p ≥ 3 . We keep the notation of Proposition 3.6.1.
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1. The group G[1] is the extraspecial group of order p3 and exponent p, namely the unique non abelian
group of order p3 and exponent p. Moreover, we get the following exact sequence :

0 −→ Z(G[1]) ' Z/pZ −→ G[1] −→ (Z/pZ)2 −→ 0.

It follows that the extraspecial group of order p3 and exponent p, with p > 2, is capable as defined in
Definition 3.5.10. More precisely, G[1] ' Γ

Z(Γ) with Γ = G[2].

2. More generally, for all 2 ≤ n ≤ p− 1, we have the following exact sequence :

0 −→ Z(G[n]) ' Z/pZ −→ G[n] −→ G[n− 1] −→ 0.

It follows that the group G[n− 1] is capable, namely G[n− 1] ' Γ
Z(Γ) with Γ = G[n].

Proof :

1. The first assertion derives from [LM05] (Prop. 8.1).

2. Call Kn := k(C[n]) = k(X,W1, . . . ,Wn) the function field of the curve C[n]. Put k(T ) := K
G[n]
n , where

T = Q(X), Q being defined as in Proposition 3.6.1. Then Galois theory, combined with Proposition
3.6.5, gives the following exact sequence :

0 −→ Gal(Kn/Kn−1) ' Z(G[n]) ' Z/pZ −→ Gal(Kn/k(T )) −→ Gal(Kn−1/k(T )) −→ 0.

The claim directly follows. �

Remark 3.6.7. 1. Computation using MAGMA package on finite groups shows that, for n ≥ 2, the group
G[n] is, in general, not uniquely determined by the group extension conditions mentioned in Corollary
3.6.6.

2. Note that [BT82] (Example 1.12 p.187) gives another proof of the fact that the extraspecial group of
order p3 and exponent p, with p > 2, is capable. Nevertheless, this proof uses some group Γ of order p5

whereas, in our case, Γ = G[2] has order p4.

General case.

Starting from the big actions defined in Proposition 3.6.1, for which s1 = 1, we use the base change
displayed in Chapter 2 (Section 2.3) to obtain new ones which still satisfy the conditions of Theorem 3.5.8
but have arbitrary large s1.

Proposition 3.6.8. Let p ≥ 3, 1 ≤ n ≤ p − 1 and s0 ∈ N. Let S0(X) be an additive separable polynomial
of k[X] with degree ps0 . Let (C[n], G[n]) be the big action defined in Proposition 3.6.1. Consider the additive
polynomial map S0 : P1

k → C[n]/G[n]′ ' P1
k.

1. Let C̃[n] := C[n] ×P1
k

P1
k be the curve obtained after the base change defined by S0. Then the cover

C̃[n] → C[n]/G[n] is Galois with group G̃[n] ' G[n] × (Z/pZ)s0 . Moreover, the pair (C̃[n], G̃[n]) is a
big action with G̃[n]′ ' G[n]′ × {0} and Z(G̃[n]) ' (Z/pZ)s0+1.

2. This big action (C̃[n], G̃[n]) satisfies the conditions of Theorem 3.5.8 with s1 = s0 + 1.

Proof :

1. The first assertion derives from Chapter 2 (Prop. 2.3.1). Another proof consists in replacing X with
S0(X) in the proof of Proposition 3.6.1, knowing that the calculation only requires S0 to be additive.

2. One deduces from Lemmas 3.3.7.2 and 3.3.7.7 that fi(X) ∈ Σi+1 −Σi implies fi(S0(X)) ∈ Σi+1 −Σi.
The claim follows. Another proof consists in considering the filtration (Λi(G[n]))i≥0, as defined in
Section 3.5.1. By Proposition 3.6.1, this filtration satisfies the first condition of Proposition 3.5.2. Then
one concludes by checking that, for all i ≥ 0, Λi(G̃[n]) ' Λi(G[n]). �

3.6.2 A universal family.

Under the hypotheses of Theorem 3.5.8, one already knows the form of the functions fi’s, namely their
degree mi = 1 + i ps1 and their belonging to Σi+1 − Σi. For given p, s1 and n ≤ p − 1, this naturally
yields an algorithmic method to parametrize the functions fi’s. In this way, we obtain a universal family
parametrizing the big actions (C,G) that satisfy Theorem 3.5.8 with f1 monic and s1 = 1. Eventhough it
theoretically works for any p ≥ 3, in what follows, we merely illustrate this method in the special case p = 5
and n ≤ p − 1 = 4. In this case, we also describe the corresponding space of parameters and, when n = 2,
we give necessary and sufficient conditions on the parameters for two curves of the family to be isomorphic
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and we characterize the subfamily corresponding to the special curves that are studied in Section 3.6.1.1.
In each case, we eventually try to determine the different non-isomorphic models which can occur for the
corresponding group G. Following what has been done for the p-cyclic case in Chapter 1 (§ 1.2.10), one should
compare the results obtained in this section with the works of Pries ([Pr05]) and Kontogeorgis ([Kon07]).

Notation. The notations used throughout this section are those established in Sections 3.2.1 and 3.3.2.

Proposition 3.6.9. Let (C,G) be a big action such that G′ ' (Z/5Z)2. Assume that (C,G) satisfies the
conditions of Theorem 3.5.8 with s1 = 1.

1. Then there exists a coordinate X for the projective line C/G′ ' P1 and an adapted basis for A such
that the functions fi’s read as follows :

f1(X) = X6 + 2 (b25
11 + b11) b−5

11 X
2

f2(X) = b511X
11 + 4 b25

11X
7 + 2 (b50

11 − b211) b−5
11 X

3 + b1X

where b11 ∈ k − {0} and b1 ∈ k are algebraically independent parameters. In this case,

V = Z(Adf1) = Z(X25 + 4 (b125
11 + b511) b−25

11 X5 +X)

∀ y ∈ V, `1,2(y) = 2 (b511 y
5 − b25

11 y)

2. Two pairs of parameters (b11, b1) and (b′11, b
′
1) in k× × k give isomorphic k-curves C if and only if

(
b′11

b11
)24 = 1 and b′1 = ± b′11

b11
b1.

3. The linear base change : X → λX , with λ ∈ k×, applied to the big action defined in Proposition 3.6.1,
gives a subfamily of the universal family {f1, f2} displayed above if and only if λ ∈ F×25. The subfamily
obtained in this case is the one characterized by b24

11 = 1 and b1 = 0.

4. The group G is isomorphic to the one obtained in Proposition 3.6.1. More precisely,

(a) The group G has order 54, exponent 5 and 5-rank 2.

(b) The center of G is cyclic of order 5.

(c) The quotient group G/Z(G) is an extraspecial group of exponent 5.

(d) The group G is nilpotent of maximal class 3.

(e) Call CG(G′) the centralizer of G′ in G. Then CG(G′)/G′ ' {y ∈ V, φ(y) = id}, is cyclic of order
5.

Proof :

1. After an homothety and a translation, one can rigidify the parametrization and fix a coordinate X for
the projective line C/G′ ' P1 such that f1 is a monic polynomial with no monomial of degree one (cf.
Cor. 3.2.12). Then Theorem 3.5.8 implies that the functions fi’s read as follows :

f1(X) = X1+5 + a2X
2

f2(X) = b511X
1+2.5 + b7X

2+5 + b3X
3 + b6X

1+5 + b2X
2 + b1X

with b11 6= 0. Note that, for convenience of calculation, the coefficient of X11 is directly written as a
p-power. Following Proposition 3.2.16, we first calculate Adf1(Y ) = Y 25 +2 a5

2 Y
5 +Y . As V is included

in Z(Adf1) and as these two vector spaces have the same dimension over Fp, namely s1 + 1 = 2 = 2 s1,
we gather that V = Z(Adf1). Now consider the relation :

∀ y ∈ V, ∆y(f2) = `1,2(y) f1(X) mod ℘(k[X]). (3.6)

Computations using Maple show that for all y in V , `1,2(y) = 2 b7 y + 2 b511 y
5. As V = Z(Adf1), we

deduce from Proposition 3.2.12 that Adf1(X) divides the polynomial (2 b7X + 2 b511X
5)5 − (2 b7X +

2 b511X
5). This requires : b7 = 4 b25

11 and a2 = 2 (b25
11 + b11) b−5

11 . In addition, (3.6) also yields b3 =
2 (b50

11− b211) b−5
11 and b6 ∈ F5. Accordingly, by replacing f2 with f2− b6 f1, one can assume that b6 = 0.

It follows that b2 = 0, hence the expected formulas.

2. Use [LM05] (Prop. 3.3).
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3. This directly comes from calculation.
4. The space of parameters of the universal family is a Zariski open of the linear affine space, which implies

that it is irreducible and so connected. It follows from Proposition 4.3.2 (with s0 = 0) combined with
the previous point that G is isomorphic to the group obtained in Proposition 3.6.1. Then properties
(a) , (b) (c) and (d) respectively derive from Proposition 3.6.3, Proposition 3.6.5, Corollary 3.6.6. and
Proposition 3.5.14. We now prove the last point. Consider W := {y ∈ V, φ(y) = id} ⊂ V . Because of the
definition of the representation φ (cf. Section 3.2.3), we first notice that CG(G′) = {g ∈ G, g g2 g

−1 =
g2, ∀ g2 ∈ G′} = π−1(W ), where π is defined via the following exact sequence :

0 −→ G′ −→ G
π−→ V −→ 0.

Then CG(G′)/G′ ' W . As W := {y ∈ V, `1,2(y) = 0} has dimension 1 over F5, it follows that
CG(G′)/G′ ' Z/5Z. �

Remark 3.6.10. The first property of the fourth point of Proposition 4.3.2 is sufficient to characterize G.
Indeed, MAGMA shows that there exists only one group G, up to isomorphism, such that G has order 54,
exponent 5 and 5-rank 2.

Proposition 3.6.11. Let (C,G) be a big action such that G′ ' (Z/5Z)3. Assume that (C,G) satisfies the
conditions of Theorem 3.5.8 with s1 = 1.

1. Then there exists a coordinate X for the projective line C/G′ ' P1 and an adapted basis for A such
that the functions fi’s read as follows :

f1(X) = X6 + 2 (b25
11 + b11) b−5

11 X
2

f2(X) = b511X
11 + 4 b25

11X
7 + 2 (b50

11 − b211) b−5
11 X

3 + 2 (c6 − c56) b−5
11 X

f3(X) = 4 b10
11X

16 + 4 b30
11X

12 + c511X
11 + 4 b50

11X
8 + 4 c25

11X
7 + c56X

6

+4 (b75
11 + b311) b−5

11 X
4 + {(b25

11 + b11) c11 b
−5
11 + 2 (b25

11 + b11)2 c511 b
−10
11 }X3

+2 (c56 b
25
11 + c6 b11) b−5

11 X
2 + c1X

where b11 ∈ k − {0}, c6 ∈ k and c1 ∈ k are three algebraically independent parameters whereas c11 ∈ k
satisfies c511 ∈ V , i.e.

c25
11 + 4 (b25

11 + b11) b−5
11 c

5
11 + c11 = 0.

In this case,
V = Z(Adf1) = Z(X25 + 4 (b125

11 + b511) b−25
11 X5 +X)

∀ y ∈ V, `1,2(y) = `2,3(y) = 2 (b511 y
5 − b25

11 y)

∀ y ∈ V, `1,3(y) = `1,2(y)2

2! + 2 (c511 y
5 − c25

11 y)

2. The group G satisfies the following properties :
(a) The group G has order 55, exponent 5 and 5-rank 2.
(b) The center of G is cyclic of order 5.
(c) The group G is nilpotent of maximal class 4.
(d) Moreover,

CG(G′) ) G′ ⇔ CG(G′)/G′ ' Z/5Z ⇔ (
c11

b11
)5 ∈ F5.

Proof :

1. Continue the work begun in the first point of Proposition 4.3.2 and consider the relation

∀ y ∈ V, ∆y(f3) = `1,3(y) f1(X) + `2,3(y) f2(X) mod ℘(k[X])

with
f3(X) = c16X

1+3.5 + c12X
2+2.5 + c8X

3+5 + c4X
4 + c511X

1+2.5 + c7X
2+5

+c3X3 + c6X
1+5 + c2X

2 + c1X with c16 6= 0

Furthermore, following Proposition 3.5.4, one can assume that `2,3 = `1,2.
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2. The exponent is obtained by computation. The description of the center comes from Proposition
3.5.9. The nilpotency class of G derives from Proposition 3.5.14. To prove the last point, recall that
CG(G′) = π−1(W ) where

W = {y ∈ V, φ(y) = id} = {y ∈ V, `1,2(y) = `1,3(y) = 0}

= {y ∈ V, b511 y
5 − b25

11 y = 0} ∩ {y ∈ V, c511 y
5 − c25

11 y = 0} ( V

As a consequence,W has dimension 1 over F5 if and only if the linear forms b511 y
5−b25

11 y and c511 y
5−c25

11 y
are homothetic, i.e. ( c11b11 )5 = ( c11b11 )25. The claim follows. �

Remark 3.6.12. Contrary to the previous case (see Proposition 4.3.2), there are two non isomorphic models
for the group G according to whether c511 b

−5
11 ∈ F5 or c511 b

−5
11 6∈ F5. But, still as in Proposition 4.3.2, the

properties mentioned in the second point of Proposition 3.6.11 are sufficient to characterize each of these
two models. Indeed, MAGMA shows that there exists only one group G, up to isomorphism, with order 55,
exponent 5, 5-rank 2, a center of order 5 and such that CG(G′) = G′ (resp. CG(G′) ) G′) .

Proposition 3.6.13. Let (C,G) be a big action such that G′ ' (Z/5Z)4. Assume that (C,G) satisfies the
conditions of Theorem 3.5.8 with s1 = 1.

1. Then there exists a coordinate X for the projective line C/G′ ' P1 and an adapted basis for A such
that the functions fi’s read as follows :

f1(X) = X6 + 2 (b25
11 + b11) b−5

11 X
2

f2(X) = b511X
11 + 4 b25

11X
7 + 2 (b50

11 − b211) b−5
11 X

3 + 2 (c6 − c56) b−5
11 X

f3(X) = 4 b10
11X

16 + 4 b30
11X

12 + c511X
11 + 4 b50

11X
8 + 4 c25

11X
7 + c56X

6

+4 (b75
11 + b311) b−5

11 X
4 + {(b25

11 + b11) c11 b
−5
11 + 2 (b25

11 + b11)2 c511 b
−10
11 }X3

+2 (c56 b
25
11 + c6 b11) b−5

11 X
2 + 2 { (d11 − d5

11) b−5
11 + (c56 − c6) c511 b

−10
11 }X

f4(X) = 2 b15
11X

21 + b35
11X

17 + 3 b511 c
5
11X

16 + 4 b55
11X

13 + 4 (b25
11 c

5
11 + b511 c

25
11)X12

+d5
11 b

5
11X

11 + 3 b75
11X

9 + 3 b25
11 c

25
11X

8 + (4 d25
11 b

25
11 + (c25

6 − c56) b25
11)X7

+d5
6X

6 + {2 d5
11 (b50

11 − b211) b−5
11 + (c56 − c6 + d11 − d5

11) (b25
11 + b11) b−4

11

+2 (c56 − c6) b−3
11 }X3 + {2 (d5

11 b
25
11 + d11 b11) b−5

11

+2 (c56 − c6) (b11 c
5
11 − b511 c11) b−10

11 }X2 + d1X

where c6 ∈ k and d1 in k are two algebraically independent parameters, b11 ∈ k× sastisfies b2511
b11
∈ F×5 ,

c11 ∈ k satisfies c511 ∈ V , i.e.
c25
11 + 4 (b25

11 + b11) b−5
11 c

5
11 + c11 = 0

and d11 ∈ k satisfies

b25
11 (d11 − c6)25 + 4 (b25

11 + b11) (d11 − c6)5 + b11 (d11 − c6) = 0.

In this case,
V = Z(Adf1) = Z(X25 + 4 (b125

11 + b511) b−25
11 X5 +X)

and, for all y in V ,

`1,2(y) = `2,3(y) = `3,4(y) = 2 (b511 y
5 − b25

11 y)

`1,3(y) = `2,4(y) = `1,2(y)2

2! + 2 (c511 y
5 − c25

11 y)

`1,4(y) = `1,2(y)3

3 ! + `1,2(y) (`1,3(y)− `1,2(y)2

2! ) + 2 (d5
11 − c56) b511 y

5 − 2 (d25
11 − c25

6 ) b25
11 y

2. The group G satisfies the following properties :
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(a) The group G has order 56, exponent 52 and 5-rank 2.

(b) The center of G is cyclic of order 5.

(c) The group G is nilpotent of maximal class 5.

(d) Moreover,

CG(G′) ) G′ ⇔ CG(G′)/G′ ' Z/5Z ⇔ (
c11

b11
)5 ∈ F5 and (d5

11 − c56) ∈ F5.

Proof :

1. Continue the work begun in the two preceding proofs.

2. The exponent is obtained via calculation. The description of the center derives from Proposition 3.5.9.
The nilpotency class of G derives from Proposition 3.5.14. The last property is obtained in the same
way as in the last point of Proposition 3.6.11. �

Remark 3.6.14. Contrary to the previous cases, the properties listed in the second point of Proposition 3.6.13
are not sufficient to characterize the group G. Indeed, MAGMA gives 39 models for a group G satisfying (a)
and (b).

We conclude with the following

Problems :

1. For any p, find equations for the universal family (at least for s1 = 1) as we obtained for the special
family.

2. Compare the universal family corresponding to a given s1 with the one obtained after a base change
by a generic and additive polynomial map, applied to the universal family with s1 = 1. As shown in
Chapter 4 (Rmk. 4.5.7), the universal family is generally larger.

A last interesting question is raised by the following

Remark 3.6.15. The last three propositions seem to suggest that any p-cyclic étale cover of the affine line
given by

W p
1 −W1 = f1(X) := X S(X) with S ∈ k{F ]

could be embedded in a big action (C,G) where C is parametrized by n Artin-Schreier equations :

W p
i −Wi = fi(X) ∈ Σi+1 − Σi with 1 ≤ i ≤ n < p− 1

and that without any restriction on the coefficients of f1. Nevertheless, it is no more true for n = p − 1
unless the coefficients of S(X) satisfy a specific algebraic condition to be determined (see e.g. b2511

b11
∈ F5 in

Proposition 3.6.13).
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Chapitre 4

Large p-group actions with
|G|
g2 ≥ 4

(p2−1)2
.

4.1 Introduction.

Setting. Let k be an algebraically closed field of positive characteristic p > 0 and C a connected non-
singular projective curve over k, with genus g ≥ 2. As in characteristic zero, the k-automorphism group of
the curve C, Autk(C), is a finite group whose order is bounded from above by a polynomial in g (cf. [St73]
and [Sin74]). But, contrary to the case of characteristic zero, the bound is no more linear but biquadratic,
namely : |Autk(C)| ≤ 16 g4, except for the Hermitian curves : W q+W = X1+q, with q = pn (cf. [St73]). The
difference is due to the appearance of wild ramification. More precisely, let G be a subgroup of Autk(C). If
the order of G is prime to p, then the Hurwitz bound still holds, i.e. |G| ≤ 84 (g− 1). Now, if G is a p-Sylow
subgroup of Autk(C), Nakajima (cf. [Na87a]) proves that |G| can be larger according to the value of the
p-rank γ of the curve C. Indeed, if γ > 0, then |G| ≤ 2 p

p−1 g, whereas for γ = 0, |G| ≤ max{g, 4 p
(p−1)2 g

2} ,
knowing that the quadratic upper bound 4 p

(p−1)2 g
2 can really be attained. Following Nakajima’s work, Lehr

and Matignon explore the big actions, that is to say the pairs (C,G) where G is a p-subgroup of Autk(C)
such that |G| > 2 p

p−1 g (see [LM05]). In this case, the ramification locus of the cover π : C → C/G is located
at one point of C, say ∞. In Chapter 2, we displayed necessary conditions on G2, the second ramification
group of G at ∞ in lower notation, for (C,G) to be a big action. In particular, we showed that G2 coincides
with the derived subgroup G′ of G.

Motivation and purpose. The aim of this chapter is to pursue the classification of big actions as initiated
in [LM05]. Indeed, when searching for a classification of big actions, it naturally occurs that the quotient |G|g2
has a sieve effect. Lehr and Matignon first prove that the big actions such that |G|g2 ≥

4
(p−1)2 correspond to

the p-cyclic étale covers of the affine line parametrized by an Artin-Schreier equation : W p −W = f(X) :=
X S(X)+ cX ∈ k[X], where S(X) runs over the additive polynomials of k[X]. In Chapter 2, we showed that
the big actions satisfying |G|g2 ≥

4
(p2−1)2 correspond to the étale covers of the affine line with Galois group

G′ ' (Z/pZ)n, with n ≤ 3. This motivated the study of big actions with a p-elementary abelian G′, say
G′ ' (Z/pZ)n, which is the main topic of Chapter 3 where we generalized the structure theorem obtained
in the p-cyclic case. Namely, we proved that when G′ ' (Z/pZ)n with n ≥ 1, then the function field of the
curve is parametrized by n Artin Schreier equations : W p

i −Wi = fi(X) ∈ k[X] where each function fi can
be written as a linear combination over k of products of at most i+ 1 additive polynomials. In this chapter,
we display the parametrization of the functions fi’s in the case of the big actions satisfying |G|g2 ≥

4
(p2−1)2 .

In what follows, this condition is called condition (∗).

Outline ot the chapter. The chapter falls into two main parts. The first one is focused on finiteness results
for big actions (C,G) satisfying |G|

g2 ≥ M for a given positive real M > 0, called big actions satisfying
GM , whereas the second part is dedicated to the classification of such big actions when M = 4

(p2−1)2 . More
precisely, we prove in Section 4.4 that, for a given M > 0, the order of G′ only takes a finite number of values
for (C,G) a big action satisfying GM . When exploring similar finiteness results for g and |G|, we are lead
to a purely group-theoretic discussion around the inclusion Fratt(G′) ⊂ [G′, G], where Fratt(G′) means the
Frattini subgroup of G′ and [G′, G] denotes the commutator subgroup of G′ and G (cf. Section 4.4). When
the inclusion is strict, |G| and g also take a finite number of values for (C,G) satisfying GM . This is no more
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true when Fratt(G′) = [G′, G]. In this case, we can only conclude that, for p > 2, the quotient |G|g2 takes a
finite number of values for (C,G) satisfying GM with an abelian G′. Note that we do not know yet examples
of big actions with a nonabelian G′. Another central question is the link between the subgroups G of Autk(C)
such that (C,G) is a big action and a p-Sylow subgroup of Autk(C) containing G (Section 4.3). Among other
things, we prove that they have the same derived subgroup. This, together with the fact that the order of
G′ takes a finite number of values for big actions satisfying GM , implies, on the one hand, that the order
of G′ is a key criterion to classify big actions and, on the other hand, that we can concentrate on p-Sylow
subgroups of Autk(C). In Section 4.5, we eventually display the classification and the parametrization of big
actions (C,G) under condition (∗) according to the order of G′. Pursuing the preceding discussion, we have
to distinguish the cases [G′, G] = Fratt(G′)(= {e}) and [G′, G] ) Fratt(G′)(= {e}).

Notation and preliminary remarks. Let k be an algebraically closed field of characteristic p > 0. We
denote by F the Frobenius endomorphism for a k-algebra. Then, ℘ means the Frobenius operator minus
identity. We denote by k{F} the k-subspace of k[X] generated by the polynomials F i(X), with i ∈ N. It is a
ring under the composition. Furthermore, for all α in k, F α = αp F . The elements of k{F} are the additive
polynomials, i.e. the polynomials P (X) of k[X] such that for all α and β in k, P (α + β) = P (α) + P (β).
Moreover, a separable polynomial is additive if and only if the set of its roots is a subgroup of k (see [Go96]
chap. 1).

Let f(X) be a polynomial of k[X]. Then, there is a unique polynomial red(f)(X) in k[X], called the
reduced representative of f , which is p-power free, i.e. red(f)(X) ∈

⊕
(i,p)=1 kX

i, and such that red(f)(X) =
f(X) mod ℘(k[X]). We say that the polynomial f is reduced mod ℘(k[X]) if and only if it coincides with
its reduced representative red(f). The equation W p −W = f(X) defines a p-cyclic étale cover of the affine
line that we denote by Cf . Conversely, any p-cyclic étale cover of the affine line Spec k[X] corresponds to a
curve Cf where f is a polynomial of k[X] (see [Mi80] III.4.12, p. 127). By Artin-Schreier theory, the covers
Cf and Cred(f) define the same p-cyclic covers of the affine line. The curve Cf is irreducible if and only if
red(f) 6= 0.

Throughout the text, C denotes a connected nonsingular projective curve over k, with genus g ≥ 2. We
denote by A := AutkC the k-automorphism group of the curve C and by S(A)p any p-Sylow subgroup of
A. For any point P ∈ C and any i ≥ −1, we denote by AP,i the i-th ramification group of A at P in lower
notation, namely

AP,i := {σ ∈ A, vP (σ(tP )− tP ) ≥ i+ 1},
where tP denotes a uniformizing parameter at P and vP means the order function at P .

4.2 The setting : generalities about big actions.

Definition 4.2.1. Let C be a connected nonsingular projective curve over k, with genus g ≥ 2. Let G be a
subgroup of A. We say that the pair (C,G) is a big action if G is a finite p-group such that

|G|
g

>
2 p
p− 1

.

To pinpoint the background of this work, we first recall basic properties of big actions established in [LM05]
and Chapter 2.

Recall 4.2.2. Assume that (C,G) is a big action. Then, there is a point of C (say ∞) such that G is the
wild inertia subgroup G1 of G at ∞. Moreover, the quotient C/G is isomorphic to the projective line P1

k

and the ramification locus (respectively branch locus) of the cover π : C → C/G is the point ∞ (respectively
π(∞)). For all i ≥ 0, we denote by Gi the i-th lower ramification group of G at ∞ :

Gi := {σ ∈ G, v∞(σ(t∞)− t∞) ≥ i+ 1},

where t∞ denotes a uniformizing parameter at ∞ and v∞ means the order function at ∞.
1. Then, G2 is non trivial and it is strictly included in G1.
2. The quotient curve C/G2 is isomorphic to the projective line P1

k.

3. The quotient group G/G2 acts as a group of translations of the affine line C/G2 − {∞} = Spec k[X],
through X → X + y, where y runs over a subgroup V of k. Then, V is an Fp-vector subspace of k. We
denote by v its dimension. This gives the following exact sequence :

0 −→ G2 −→ G = G1
π−→ V ' (Z/ pZ)v −→ 0,

where

π :
{
G→ V
g → g(X)−X.
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4. Let H be a normal subgroup of G such that H ( G2. Then, (C/H,G/H) is a big action with second
ramification group G2/H.

Recall 4.2.3. (Chapter 2- Thm. 2.2.6.4). Let (C,G) be a big action. Then,

G2 = G′ = Fratt(G),

where G′ means the commutator subgroup of G and Fratt(G) = G′Gp the Frattini subgroup of G.

To conclude this first section, we introduce new definitions used in our future classification.

Definition 4.2.4. Let C be a connected nonsingular projective curve over k, with genus g ≥ 2. Let G be a
subgroup of A. Let M > 0 be a positive real. We say that :

1. G satisfies G(C) (or (C,G) satisfies G) if (C,G) is a big action.

2. G satisfies GM (C) (or (C,G) satisfies GM ) if (C,G) is a big action with |G|g2 ≥M.

3. If (C,G) satisfies GM with M = 4
(p2−1)2 , we say that (C,G) satisfies condition (∗).

Remark 4.2.5. There exists big actions (C,G) satisfying GM if and only if M ≤ 4 p
(p−1)2 (see [St73]).

4.3 A study on p-Sylow subgroups of Autk(C) inducing big actions.

In this section, we more specifically concentrate on the p-Sylow subgroup(s) of A satisfying G(C) (resp.
GM (C)).

Remark 4.3.1. Let C be a connected nonsingular projective curve over k, with genus g ≥ 2. Assume that
there exists a subgroup G ⊂ A satisfying G(C).

1. Then, every p-Sylow subgroup of A satisfies G(C).

2. Moreover, A has a unique p-Sylow subgroup except in the three following cases (cf. [Han92] and
[GK07]) :

(a) The Hermitian curve
CH : W q +W = X1+q

with p ≥ 2, q = ps, s ≥ 1. Then, g = 1
2 (q2 − q) and A ' PGU3(F,q2) (cf. [Leo96]). It follows that

|A| = q3 (q2 − 1) (q3 + 1), so |S(A)p|
g = 2q2

q−1 >
2 p
p−1 and |S(A)p|

g2 = 4 q
(q−1)2 , where S(A)p denotes any

p-Sylow subgroup of A. Thus, (CH , S(A)p) is a big action with G′ = G2 ' (Z/pZ)s. It satisfies
condition (∗) if and only if 1 ≤ s ≤ 3.

(b) The Deligne-Lusztig curve arising from the Suzuki group

CS : W q +W = Xq0 (Xq +X)

with p = 2, q0 = 2s, s ≥ 1 and q = 22s+1. In this case, g = q0(q − 1) and A ' Sz(q) is the
Suzuki group. It follows that |A| = q2 (q − 1) (q2 + 1), so |S(A)p|

g = q2

q0(q−1) >
2 p
p−1 and |S(A)p|

g2 =
q2

q20 (q−1)2
< 4

(p2−1)2 , for all s ≥ 1. Thus, (CS , S(A)p) is a big action with G′ = G2 ' (Z/pZ)2s+1

but it never satisfies condition (∗).

(c) The Deligne-Lusztig curve arising from the Ree group

CR : W q
1 −W1 = Xq0 (Xq +X) and W q

2 −W2 = X2q0 (Xq +X)

with p = 3, q0 = 3s, s ≥ 1 and q = 32s+1. Then, g = 3
2 q0 (q − 1) (q + q0 + 1) and A ' Ree(q)

is the Ree group. It follows that |A| = q3 (q − 1) (q3 + 1), so |S(A)p|
g = 2q3

3q0(q−1)(q+q0+1) >
2 p
p−1

and |S(A)p|
g2 = 4q3

9q20(q−1)2(q+q0+1)2
< 4

(p2−1)2 for all s ≥ 1. Thus, (CR, S(A)p)) is a big action with

G′ = G2 ' (Z/pZ)2(2s+1) but it never satisfies condition (∗).
In each of these three cases, the group A is simple, so it has more than one p-Sylow subgroups.

Now, fix C a connected nonsingular projective curve over k, with genus g ≥ 2. We highlight the link between
the groups G satisfying G(C) (resp. GM (C)) and the p-Sylow subgroup(s) of A.
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Proposition 4.3.2. Let C be a connected nonsingular projective curve over k, with genus g ≥ 2.

1. Let G be a group satisfying G(C).

(a) Then, there exists a point of C, say ∞, such that G is included in A∞,1. For all i ≥ 0, we denote
by Gi the i-th ramification group of G at ∞ in lower notation. Then, A∞,1 satisfies G(C) and
A∞,2 = G2, i.e. (A∞,1)′ = G′. Thus, we obtain the following diagram :

0 −→ A∞,2 −→ A∞,1
π−→ W ⊂ k −→ 0

|| ∪ ∪
0 −→ G2 −→ G = G1

π−→ V −→ 0

In particular, G = π−1(V ) where V is an Fp-vector subspace of W .

(b) A∞,1 is a p-Sylow subgroup of A. Moreover, except in the three special cases mentionned in Remark
4.3.1, A∞,1 is the unique p-Sylow subgroup of A.

(c) Let M be a positive real such that G satisfies GM (C). Then, A∞,1 also satifies GM (C).

2. Conversely, let ∞ be a point of the curve C such that A∞,1 satisfies G(C). Consider V an Fp-vector
space of W , defined as above, and put G := π−1(V ).

(a) Then, the group G satisfies G(C) if and only if

|W | ≥ |V | > 2 p
p− 1

g

|A∞,2|
.

(b) Let M be a positive real such that A∞,1 satisfies GM (C). Then, G satisfies GM (C) if and only if

|W | ≥ |V | ≥M g2

|A∞,2|
.

Proof : The first assertion (1.a) derives from [LM05] (Prop 8.5) and Chapter 2 (Cor. 2.2.10). The second
point (1.b) comes from Chapter 2 (Rem 2.2.11) together with Remark 4.3.1. The other claims are obtained
via calculation. �

Remark 4.3.3. Except in the three special cases mentionned in Remark 4.3.1, the point ∞ of C defined in
Proposition 4.3.2 is uniquely determined. In particular, except for the three special cases, if P is a point of
C such that AP,1 satisfies G(C), then P =∞.

To sum up, if G satisfyies G(C) (resp. GM (C)) and if A∞,1 is a (actually ”the”, in most cases) p-
Sylow subgroup of A containing G, then A∞,1 also satisfies G(C) (resp. GM (C)) and has the same derived
subgroup. So, in our attempt to classify the big actions (C,G) satisfying GM , this leads us to focus on the
derived subgroup G′ of G.

4.4 Finiteness results for big actions satisfying GM .

4.4.1 An upper bound on |G′|.
Lemma 4.4.1. Let M > 0 be a positive real such that (C,G) is a big action satisfying GM . Then, the order
of G′ is bounded as follows :

p ≤ |G′| ≤ 4 p
(p− 1)2

2 +M + 2
√

1 +M

M2
.

Thus, |G′| only takes a finite number of values for (C,G) a big action satisfying GM .

Proof : We first recall that G′ = G2 is a nontrivial p-group (see e.g. [LM05] Prop. 8.5). Now, let i0 ≥ 2 be
the integer such that the lower ramification filtration of G at ∞ reads :

G = G0 = G1 ) G2 = . . . = Gi0 ) Gi0+1 = . . .

Put |G2/Gi0+1| = pm, with m ≥ 1, and Bm := 4
M

|G2/Gi0+1|
(|G2/Gi0+1|−1)2 = 4

M
pm

(pm−1)2 . By [LM05] (Thm. 8.6),

M ≤ |G|g2 implies 1 < |G2| ≤ 4
M

|G2/Gi0+1|2

(|G2/Gi0+1|−1)2 = pm Bm. From |G2| = pm|Gi0+1|, we infer 1 ≤ |Gi0+1| ≤ Bm.
Since (Bm)m≥1 is a decreasing sequence which tends to 0 as m grows large, we conclude that m is bounded.
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More precisely, m < m0 where m0 is the smallest integer such that Bm0 < 1. As M ≤ 4 p
(p−1)2 ≤ 8 (see

Remark 4.2.5), computation shows that Bm < 1⇔ pm > φ(M) := 2+M+2
√

1+M
M . As (Bm)m≥1 is decreasing,

|G2| ≤ pm Bm ≤ φ(M)B1 =
φ(M)
M

4 p
(p− 1)2

.

The claim follows. �

Next we deduce that, for big actions (C,G) satisfying GM , an upper bound on |V | induces an upper bound
on the genus g of C.

Corollary 4.4.2. Let M > 0 be a positive real such that (C,G) is a big action satisfying GM . Then,

g < |G′| |V | p− 1
2 p

≤ 2
p− 1

2 +M + 2
√

1 +M

M2
|V |.

This raises the following question. Let (C,G) be a big action satisfying GM ; in which cases is |V | (and
then g) bounded from above ? In other words, in which cases, does the quotient |G|g take a finite number
of values when (C,G) satisfy GM ? We begin with preliminary results on big actions leading to a purely
group-theoretic discussion leading to compare the Frattini subgroup of G′ with the commutator subgroup of
G′ and G.

4.4.2 Preliminaries to a group-theoretic discussion.

Lemma 4.4.3. Let (C,G) be a big action. If G′ ⊂ Z(G), then G′(= G2) is p-elementary abelian, say
G′ ' (Z/pZ)n, with n ≥ 1. In this case, the function field L = k(C) is parametrized by n equations :

∀ i ∈ {1, . . . , n}, W p
i −Wi = fi(X) = X Si(X) + ciX ∈ k[X],

where Si is an additive polynomial of k[X] with degree si ≥ 1 in F and s1 ≤ s2 . . . ≤ sn. Moreover,
V ⊂ ∩1≤i≤nZ(Adfi) where Adfi denotes the palindromic polynomial related to fi as defined in Chapter 3
(Prop. 3.2.13)

Proof : The hypothesis first requires G′ = G2 to be abelian. Now, assume that G2 has exponent strictly
greater than p. Then, there exists a surjective map φ : G2 → Z/p2Z. So H := Kerφ ( G2 ⊂ Z(G) is a
normal subgroup of G. It follows from Chapter 2 (Lemma 2.2.4) that the pair (C/H,G/H) is a big action
with second ramification group (G/H)2 ' Z/p2Z. This contradicts Chapter 2 (Thm. 2.5.1). The last part of
the lemma comes from Chapter 3 (Prop. 3.2.13). �

Corollary 4.4.4. Let (C,G) be a big action. Let H := [G′, G] be the commutator subgroup of G′ and G.
1. Then, H is trivial if and only if G′ ⊂ Z(G).
2. The group H is strictly included in G′.
3. The pair (C/H,G/H) is a big action. Moreover, its second ramification group (G/H)2 = (G/H)′ =

G2/H ⊂ Z(G/H) is p-elementary abelian.

Proof :

1. The first assertion is clear.
2. As G′ is normal in G, then H ⊂ G′. Assume that G′ = H. Then, the lower central series of G is

stationnary, which contradicts the fact that the p-group G is nilpotent (see e.g. [Su86] Chap.4). So
H ( G′.

3. As H ( G′ = G2 is normal in G, it follows from Chapter 2 (Lemma 2.2.4 and Thm. 2.2.6) that the pair
(C/H,G/H) is a big action with second ramification group (G/H)2 = G2/H. From H = [G2, G], we
gather that G2/H ⊂ Z(G/H). Therefore, we deduce from Lemma 4.4.3 that (G/H)2 is p-elementary
abelian. �

Corollary 4.4.5. Let (C,G) be a big action. Let F := Fratt(G′) be the Frattini subgroup of G′.
1. Then, F is trivial if and only if G′ is an elementary abelian p-group.
2. We have the following inclusions : F ⊂ [G′, G] ( G′.
3. The pair (C/F,G/F ) is a big action. Moreover, its second ramification group (G/F )2 = (G/F )′ =

G2/F is p-elementary abelian.
4. Let M be a positive real. If (C,G) satisfies GM , then (C/F,G/F ) also satisfies GM .
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Proof :

1. As G′ is a p-group, F = (G′)′(G′)p, where (G′)′ means the derived subgroup of G′ and (G′)p the
subgroup generated by the p powers of elements of G′ (cf. [LGM02] Prop. 1.2.4). This proves that if G′

is p-elementary abelian, then F is trivial. The converse derives from the fact that G′/F is p-elementary
abelian (cf. [LGM02] Prop. 1.2.4).

2. Using Corollary 4.4.4, the only inclusion that remains to show is F ⊂ [G′, G]. From [G′, G′] ⊂ [G′, G],
we deduce that G′/[G′, G] is abelian. So, (G′)′ ⊂ [G′, G]. Besides, as G′/[G′, G] has exponent p,
(G′)p ⊂ [G′, G]. The claim follows.

3. Since F ( G′ = G2 is normal in G, we deduce from Chapter 2 (Lemma 2.2.4) that the pair (C/F,G/F )
is a big action with second ramification group : (G/F )2 = G2/F = (G/F )′. Furthermore, as G2 is a
p-group, G2/F is an elementary abelian p-group (see above).

4. This derives from [LM05] (Prop. 8.5 (ii)). �

This leads us to discuss according to whether Fratt(G′) ( [G′, G] or Fratt(G′) = [G′, G]. We shall start with
the special case {e} = Fratt(G′) ( [G′, G], i.e. G′ is p-elementary abelian and G′ 6⊂ Z(G) (see Cor. 4.4.1).
Before exploring this case, we need to recall some results on big actions with a p-elementary abelian G′.

4.4.3 Preliminaries : big actions with a p-elementary abelian G′(= G2).

In this section, we fix the notations used throughout this section and recall some necessary results on big
actions with a p-elementary abelian G2 that have been obtained in Chapter 3.

Recall 4.4.6. Let (C,G) be a big action such that G′(= G2) ' (Z/pZ)n, n ≥ 1. Write the exact sequence :

0 −→ G2 ' (Z/pZ)n −→ G
π−→ V ' (Z/pZ)v −→ 0.

1. We denote by L be the function field of the curve C and by k(X) := LG2 the subfield of L fixed by
G2. Then, the extension L/k(X) can be parametrized by n Artin-Schreier equations : W p

i − Wi =
fi(X) ∈ k[X] with 1 ≤ i ≤ n. Following Chapter 3 (Def. 3.2.3), one can choose an ”adapted basis”
{f1(X), . . . , fn(X)} with some specific properties :

(a) For all i ∈ {1, . . . , n}, each function fi is assumed to be reduced mod ℘(k[X])

(b) For all i ∈ {1, . . . , n}, put mi := deg fi. Then, m1 ≤ m2 ≤ . . . ≤ mn.

(c) ∀ (λ1, . . . λn) ∈ Fnp not all zeros,

deg (
n∑
i=1

λi fi(X)) = max
i∈{1,...,n}

{deg λi fi(X)}.

In this case, the genus of the curve C is given by the following formula (cf. Chapter 3- Cor. 3.2.7) :

g =
p− 1

2

n∑
i=1

pi−1 (mi − 1). (4.1)

2. Now, consider the Fp-vector subspace of k[X] generated by the classes of {f1(X), . . . , fn(X)} mod
℘(k[X]) :

A :=
℘(L) ∩ k[X]
℘(k[X])

.

Recall that A is isomorphic to the dual of G2 with respect to the Artin-Schreier pairing (cf. Chapter
3- Section 3.2.1). As seen in Chapter 3 (Section 3.2.2), V acts on G2 via conjugation. This induces
a representation φ : V → Aut(G2). The representation ρ : V → Aut(A), which is dual with respect to
the Artin-Schreier pairing, expresses the action of V on A by translation. More precisely, for all y in
V , the automorphism ρ(y) is defined as follows :

ρ(y) :
{
A→ A

f(X)→ f(X + y)

where f(X) means the class in A of f(X) ∈ k[X] For all y in V , the matrix of the automorphism ρ(y)
in the adapted basis fixed for A is an upper triangular matrix of GLn(Fp) with identity on the diagonal,
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namely

L(y) :=


1 `1,2(y) `1,3(y) . . . `1,n(y)
0 1 `2,3(y) . . . `2,n(y)
0 0 . . . . . . `i,n(y)
0 0 0 1 `n−1,n(y)
0 0 0 0 1

 ∈ GLn(Fp),

where, for all i in {1, . . . , n− 1}, `i,i+1 is a nonzero linear form from V to Fp (see Chapter 3 Section
3.2.4). In other words,

∀ y ∈ V, f1(X + y)− f1(X) = 0 mod ℘(k[X]).

∀ i ∈ {2, . . . , n}, ∀ y ∈ V, fi(X + y)− fi(X) =
i−1∑
j=1

`j,i(y) fj(X) mod ℘(k[X]). (4.2)

For all map `, we write ` = 0 if ` is identically zero and ` 6= 0 otherwise.
3. The case of a trivial representation can be characterized by the equivalent assertions (see Chapter 3-

Prop. 3.2.13) :
(a) The representation ρ is trivial, i.e.

∀ i ∈ {1, . . . , n}, ∀ y ∈ V, fi(X + y)− fi(X) = 0 mod ℘(k[X]).

(b) The commutator subgroup of G′ and G is trivial, i.e. G′ ⊂ Z(G).
(c) For all i in {1, . . . , n}, fi(X) = X Si(X) + ciX ∈ k[X] where each Si ∈ k{F} is an additive

polynomial with degree si ≥ 1 in F . So, write Si(F ) =
∑si
j=0 ai,j F

j with ai,si 6= 0. Then, one
defines an additive polynomial related to fi, called the ”palindromic polynomial” of fi :

Adfi :=
1
ap

si

i,si

F si(
si∑
j=0

ai,j F
j + F−j ai,j).

In this case,

V ⊂
n⋂
i=1

Z(Adfi).

Since, under condition (∗), G′ is p-elementary abelian, we deduce from point (b) that the case of a
trivial representation corresponds to the case {e} = Fratt(G′) = [G′, G].

4. To conclude, we recall that for all t ≥ 1, Σt means the k-vector subspace of k[X] generated by 1 and
the products of at most t additive polynomials of k[X] (cf. Chapter 3 Def. 3.3.1). As proved in Chapter
3 (Thm. 3.3.13), for all i in {1, . . . , n}, fi lies in Σi+1.

4.4.4 Case : Fratt(G′) ( [G′, G].

Proposition 4.4.7. Let M > 0 be a positive real such that (C,G) is a big action satisfying GM . Suppose
that {e} = Fratt(G′) ( [G′, G]. Then, |V | and g are bounded as follows :

|V | ≤ 4
M

|G2|
(p− 1)2

≤ 16 p
(p− 1)4

2 +M + 2
√

1 +M

M3
(4.3)

and
p− 1

2
|V | ≤ g < 32 p

(p− 1)5

(2 +M + 2
√

1 +M)2

M5
. (4.4)

Thus, under these conditions, g, |V | and so the quotient |G|g only take a finite number of values.

Proof : Write G′ = G2 ' (Z/pZ)n, with n ≥ 1. As G2 6⊂ Z(G), Chapter 3 (Prop. 3.2.13) ensures the
existence of a smaller integer j0 ≥ 1 such that fj0+1(X) cannot be written as cX+XS(X), with S in k{F}.
If j0 ≥ 2, it follows that, for all y in V , the coefficients of the matrix L(y) satisfy `j,i(y) = 0 for all 2 ≤ i ≤ j0
and 1 ≤ j ≤ i − 1. Moreover, the matricial multiplication proves that, for all i in {1, . . . , j0}, the functions
`i,j0+1 are nonzero linear forms from V to Fp. Put W :=

⋂
1≤i≤j0 Ker `i,j0+1. Thus, W is the intersection of

j0 hyperplanes of V . As a consequence, dimkW ≥ dimkV − j0, which gives :

|W| ≥ |V |
pj0

. (4.5)
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Let Cfj0+1 be the curve parametrized by W p −W = fj0+1(X). It defines an étale cover of the affine line
with group Γ0 ' Z/pZ. Since, for all y inW, fi0+1(X+y) = fi0+1(X) mod ℘(k[X]), the group of translations
of the affine line : {X → X + y, y ∈ W} can be extended to a p-group of automorphisms of the curve Cfj0+1

, say Γ, with the following exact sequence :

0 −→ Γ0 ' Z/pZ −→ Γ −→W −→ 0.

The pair (Cfj0+1 ,Γ) is not a big action. Otherwise, its second ramification group would be p-cyclic, which
contradicts the form of the function fj0+1(X), as compared with Chapter 2 (Prop. 2.2.5). Thus, |Γ|

gCfj0+1

=

2 p
p−1

|W|
(mj0+1−1) ≤

2 p
p−1 . Using (4.5), we obtain |V |

pj0
≤ |W| ≤ (mj0+1 − 1). Combined with the formula given in

Chapter 3 (Cor. 3.2.7), this inequality yields a lower bound on the genus, namely :

g =
p− 1

2

n∑
i=1

pi−1 (mi − 1) ≥ p− 1
2

pj0 (mj0+1 − 1) ≥ p− 1
2
|V |.

It follows that M ≤ |G|
g2 = |G2| |V |

g2 ≤ 4 |G2|
(p−1)2 |V | . Using Lemma 4.4.1, we gather inequality (4.3). Inequality

(4.4) then derives from Corollary 4.4.2. �

The following corollary generalizes the finiteness result of Proposition 4.4.7 to all big actions satisfying GM
such that Fratt(G′) ( [G′, G].

Corollary 4.4.8. Let M > 0 be a positive real such that (C,G) is a big action satisfying GM . Suppose that
Fratt(G′) ( [G′, G]. Then, |V | and g are bounded as in Proposition 4.4.7. So the quotients |G|g and |G|g2 only
take a finite number of values.

Proof : Put F := Fratt(G′). Corollary 4.4.5 asserts that the pair (C/F,G/F ) is a big action satisfying GM
whose second ramification group : (G/F )2 = G2/F is p-elementary abelian. From F ( [G2, G], we gather
{e} ( [G2/F : G/F ], which implies (G/F )2 = (G/F )′ 6⊂ Z(G/F ). We deduce that |V | is bounded from
above as in Proposition 4.4.7. The claim follows. �

4.4.5 Case : Fratt(G′) = [G′, G].

It remains to investigate the case where Fratt(G′) = [G′, G]. In particular, this equality is satisfied when
G′ is included in the center of G and so is p-elementary abelian (cf. Lemma 3.3), i.e. {e} = Fratt(G′) = [G′, G].
The finiteness result on g obtained in the preceding section is no more true in this case, as illustrated by the
remark below.

Remark 4.4.9. For any integer s ≥ 1, Proposition 2.2.5 in Chapter 2 exhibits an example of big actions
(C,G) with C : W p −W = X S(X) where S is an additive polynomial of k[X] with degree ps. In this case,
g = p−1

2 ps, V = Z(Adf ) ' (Z/pZ)2s and G′ = G2 ' Z/pZ ⊂ Z(G). It follows that |G|g2 = 4 p
(p−1)2 . So, for all

M ≤ 4 p
(p−1)2 , (C,G) satisfies GM , with {e} = Fratt(G′) = [G′, G], whereas g = p−1

2 ps grows arbitrary large
with s.

Therefore, in this case, neither g nor |V | are bounded. Nevertheless, the following section shows that,
under these conditions, the quotient |G|g2 take a finite number of values.

Case : Fratt(G′) = [G′, G] = {e}.

Proposition 4.4.10. Let M > 0 be a positive real and (C,G) a big action satisfying GM . Assume that
[G′, G] = Fratt(G′) = {e}. Then the quotient |G|g2 takes a finite number of values.

Proof : Write G′ = G2 ' (Z/pZ)n, with n ≥ 1 and keep the notations of Lemma 4.4.3. First of all,
Lemma 4.4.1 implies that pn can only take a finite number of values. Moreover, as recalled in Lemma 4.4.4,
V ⊂

⋂n
i=1 Z(Adfi). Since Adf1 has degree p2s1 , |G| = |G′||V | ≤ pn+2 s1 . We compute the genus by means of

[Ro09] Cor. 3.2.7) :

g =
p− 1

2

n∑
i=1

pi−1 (mi − 1) =
p− 1

2
ps1 (

n∑
i=1

pi−1psi−s1).

It follows that

0 < M ≤ |G|
g2
≤ 4 pn

(p− 1)2(
∑n
i=1 p

i−1psi−s1)2
,
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which implies

(
n∑
i=1

pi−1psi−s1)2 ≤ 4 pn

M (p− 1)2
.

Since pn is bounded from above (Lemma 4.4.1), the set {si − s1, i ∈ [1, n]} ⊂ N is also bounded, and then
finite. Thus, the quotient

g2

p2s1
=

(p− 1)2

4
(
n∑
i=1

pi−1psi−s1)2

takes a finite number of values. Moreover, from M ≤ |G|g2 = |V | pn
g2 , we infer that 1

|V | ≤
pn

M g2 , which implies

1 ≤ p2s1

|V |
≤ p2 s1 pn

M g2
=

4 pn

M (p− 1)2 (
∑n
i=1 p

i−1psi−s1)2
≤ 4 pn

M (p− 1)2
.

It follows that the set {p
2s1

|V | } ⊂ N is bounded, and then finite, as well as the set { |V |
p2s1
}. Therefore, the

quotient |G|g2 = pn |V |
p2s1

p2s1

g2 can only take a finite number of values. �

The last remaining case is Fratt(G′) = [G′, G] 6= {e}.

Case : Fratt(G′) = [G′, G] 6= {e}.

As shown below, this case can only occur for G′(= G2) non abelian. Note that we do not know yet
examples of big actions with a non abelian G′(= G2).

Theorem 4.4.11. Assume that p > 2. Let (C,G) be a big action with Fratt(G′) = [G′, G] 6= {e}. Then,
G′(= G2) is non abelian.

We deduce the following

Corollary 4.4.12. Assume that p > 2. Let M > 0 be a positive real. Let (C,G) be a big action satisfying
GM with G′ abelian. Then, |G|g2 only takes a finite number of values.

Remark 4.4.13. Theorem 4.4.11 is no more true for p = 2. A counterexample is given by Chapter 2 (Prop.
2.6.10) applied with p = 2. Indeed, when keeping the notations of Chapter 2 (Prop. 2.6.10), take q = pe with
p = 2, e = 2s−1 and s ≥ 2. Put K = Fq(X). Let L := Fq(X,W1, V1,W2) be the extension of K parametrized
by

W 22s−1

1 −W1 = X2s−1
(X22s−1

−X) V 22s−1

1 − V1 = X2s−2
(X22s−1

−X)

[W1,W2]2 − [W1,W2] = [X1+2s , 0]− [X1+2s−1
, 0].

Let G be the p-group of Fq-automorphisms of L constructed as in Chapter 2 (Prop. 2.6.10.3). Then, the
formula established for gL in Chapter 2 (Prop. 2.6.10.4) shows that the pair (C,G) is a big action as soon
as s ≥ 4. In this case, G′ = G2 ' Z/22Z × (Z/2Z)6s−4 (cf. Chapter 2 Prop. 2.6.7.2). As the functions
X2s−1

(X22s−1 −X) and X2s−2
(X22s−1 −X) are products of two additive polynomials, it follows from next

proof (cf. point 6) that [G′, G] = Fratt(G′) 6= {e}.

Proof of Theorem 4.4.11 :
1. Preliminary remarks : the link with Theorem 2.5.1 in Chapter 2.

(a) One first remarks that Theorem 4.4.11 implies Theorem 2.5.1 in Chapter 2. The latter states that
there is no big action (C,G) with G2 cyclic of exponent strictly greater than p. Indeed, assume
that there exists one. Then, G′ = G2 is abelian and Fratt(G′) = (G′)p 6= {e}. To contradict
Theorem 4.4.11, it remains to show that F := Fratt(G′) = [G′, G]. From Corollary 4.4.5, we infer
that (C/F,G/F ) is a big action whose second ramification group G2/F is cyclic of order p. Then,
(G/F )′ = (G/F )2 = G2/F ⊂ Z(G/F ) (cf. Chapter 2 Prop. 2.2.5 and Chapter 3 Prop. 3.2.13). It
follows that Fratt((G/F )′) = [(G/F )′, G/F ] = {e}. As F ⊂ G′, this imposes F = [G′, G]. Then,
Theorem 4.4.11 contradicts the fact that G′ = G2 is abelian.

(b) The object of Theorem 4.4.11 is to prove that there exists no big action (C,G) with G′ = G2

abelian of exponent strictly greater than p such that Fratt(G′) = [G′, G]. The proof follows the
same canvas as the proof of Chapter 2 (Thm. 2.5.1). Nevertheless, to refine the arguments, we
use the formalism related to the ring filtration of k[X] linked with the additive polynomials as
introduced in Chapter 3 (cf. Section 3.3). More precisely, we recall that, for any t ≥ 1, we define Σt
as the k-vector subspace of k[X] generated by 1 and the products of at most t additive polynomials
of k[X] (cf. Chapter 3, Def. 3.3.1). In what follows, we assume that there exists a big action (C,G)
with G′ = G2 abelian of exponent strictly greater than p such that Fratt(G′) = [G′, G].
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2. One can suppose that G′ = G2 ' Z/p2Z× (Z/pZ)r, with r ≥ 1.
Indeed, write G′/(G′)p

2 ' (Z/p2Z)a × (Z/pZ)b. By assumption, a ≥ 1. Using [Su82] (Chap.2, Thm.
19), one can find an index p-subgroup H of (G′)p, normal in G, such that (G′)p

2 ⊂ H ( (G′)p (
G′ = G2. Then, we infer from Chapter 2 (Lemma 2.2.4) that (C/H,G/H) is a big action with second
ramification group (G/H)′ = (G/H)2 = G2/H ' (Z/p2Z) × (Z/pZ)a+b−1. Furthermore, as G′ is
abelian, Fratt(G′) = (G′)p (resp. Fratt((G/H)′) = ((G/H)′)p). From H ⊂ (G′)p with H normal in G
and Fratt(G′) = [G′, G], we gather that Fratt((G/H)′) = (G′)p/H = Fratt(G′)/H = [(G/H)′, G/H].

3. Notation.
In what follows, we denote by L := k(C) the function field of C and by k(X) := LG2 the subfield of L
fixed by G2. Following Artin-Schreier-Witt theory as already used in Chapter 2 (proof of Thm. 2.5.1,
point 2), we introduce the W2(Fp)-module

A :=
℘(W2(L)) ∩W2(k[X])

℘(W2(k[X]))
,

where W2(L) means the ring of Witt vectors of length 2 with coordinates in L and ℘ = F − id. One can
prove that A is isomorphic to the dual ofG2 with respect to the Artin-Schreier-Witt pairing (cf. [Bour83]
Chap. IX, ex. 19). Moreover, as a Z-module,A is generated by the classes mod ℘(k[X]) of (f0(X), g0(X))
and {(0, fi(X))}1≤i≤r in W2(k[X]). In other words, L = k(X,Wi, V0)0≤i≤r is parametrized by the
following system of Artin-Schreier-Witt equations :

℘([W0, V0]) = [f0(X), g0(X)] ∈W2(k[X])

and
∀ i ∈ {1, . . . , r}, ℘(Wi) = fi(X) ∈ k[X].

An exercise left to the reader shows that one can choose g0(X) and each fi(X), with 0 ≤ i ≤ r, reduced
mod ℘(k[X]).

4. We prove that f0 ∈ Σ2.
As a Z-module, pA is generated by the class of (0, f0(X)) in A. By the Artin-Schreier-Witt pairing,
pA corresponds to the kernel G2[p] of the map :{

G2 → G2

g → gp.

Thus, G2[p] ( G2 is a normal subgroup of G. Then, it follows from Chapter 2 (Lemma 2.2.4) that the
pair (C/G2[p], G/G2[p]) is a big action parametrized by W p−W = f0(X) and with second ramification
group G2/G2[p] ' Z/pZ. Then, f0(X) = X S(X) + cX ∈ k[X] (cf. Chapter 2, Prop. 2.2.5), where S is
an additive polynomial of k{F} with degree s ≥ 1 in F .

5. The embedding problem.
For any y ∈ V , the classes mod ℘(k[X]) of (f0(X + y), g0(X + y)) and {(0, fi(X + y))}1≤i≤r induces
a new generating system of A. As in Chapter 2 (proof of Thm 2.5.1, point 3), this is expressed by the
following equation :

∀ y ∈ V, (f0(X + y), g0(X + y)) = (f0(X), g0(X) +
r∑
i=0

`i(y) fi(X)) mod ℘(W2(k[X])), (4.6)

where, for all i in {0, . . . , r}, `i is a linear form from V to Fp. On the second coordinate, (4.6) reads :

∀ y ∈ V, ∆y(g0) := g0(X + y)− g0(X) =
r∑
i=0

`i(y) fi(X) + c mod ℘(k[X]), (4.7)

where

c =
p−1∑
i=1

(−1)i

i
yp−iXi+ps+1

+ lower degree terms in X (4.8)

For more details on calculation, we refer to Chapter 2 (proof of Thm 2.5.1, point 3 and Lemma 2.5.2).
6. We prove that fi lies in Σ2, for all i in {0, . . . , r}, if and only if Fratt(G′) = [G′, G].

Put F := Fratt(G′). We deduce from Corollary 4.4.5 that (C/F,G/F ) is a big action whose second
ramification group (G/F )′ = (G/F )2 = G2/F is p-elementary abelian. The function field of the curve
C/F is now parametrized by the Artin-Schreier equations :

∀ i ∈ {0, . . . , r}, ℘(Wi) = fi(X) ∈ k[X].
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As F ⊂ [G′, G] (cf. Lemma 4.4.5),

F = [G′, G] = [G2, G]⇔ {e} = [G2/F,G/F ] = [(G/F )′, G/F ]⇔ (G/F )′ ⊂ Z(G/F ).

By Chapter 3 (Prop. 3.2.13), this occurs if and only if for all i in {0, . . . , r}, fi(X) = X Si(X) + ciX ∈
Σ2.

7. We prove that g0 does not belong to Σp.
We first notice that the right-hand side of (4.7) does not belong to Σp−1 : indeed, the monomial
Xp−1+ps+1 ∈ Σp − Σp−1 occurs once in c but not in

∑r
i=0 `i(y) fi(X) which lies in Σ2 ⊂ Σp−1, for

p ≥ 3. Now, assume that g0 ∈ Σp. Then, by Chapter 3 (Lemma 3.3.9), the left-hand side of (4.7),
namely ∆y(g0), lies in Σp−1, hence a contradiction. Therefore, one can define an integer a such that
Xa is the monomial of g0(X) with highest degree among those that do not belong to Σp. Note that
since g0 is reduced mod ℘(k[X]), a 6= 0 mod p.

8. We prove that a− 1 ≥ p− 1 + ps+1.
We have already seen that the monomial Xp−1+ps+1

occurs in the right hand side of (4.7). In the
left-hand side of (4.7), Xp−1+ps+1

is produced by monomials Xb of g0 with b > p− 1 + ps+1. If b > a,
Xb ∈ Σp, so ∆y(Xb) ∈ Σp−1, which is not the case of Xp−1+ps+1

. It follows that Xp−1+ps+1
comes

from monomials Xb with a ≥ b > p− 1 + ps+1. Hence the expected inequality.

9. We prove that p divides a− 1.
Assume that p does not divide a − 1. In this case, the monomial Xa−1 is reduced mod ℘(k[X]) and
(4.7) reads as follows :

∀ y ∈ V, ca(g0) a y Xa−1 + Sp−1(X) +Ra−2(X) = c+
r∑
i=0

`i(y) fi(X) mod ℘ (k[X]),

where ca(g0) 6= 0 denotes the coefficient of Xa in g0, Sp−1(X) is a polynomial in Σp−1 produced by
monomials Xb of g0 with b > a and Ra−2(X) is a polynomial of k[X] with degree lower than a − 2
produced by monomials Xb of g0 with b ≤ a. We first notice that Xa−1 does not occur in Sp−1(X).
Otherwise, Xa−1 ∈ Σp−1 and Xa = Xa−1X ∈ Σp, hence a contradiction. Likewise, Xa−1 does not
occur in

∑r
i=0 `i(y) fi(X) ∈ Σ2. Otherwise, Xa = Xa−1X ∈ Σ3 ⊂ Σp, as p ≥ 3. It follows that

Xa−1 occurs in c, which requires a − 1 ≤ degb = p − 1 + ps+1. Then, the previous point implies
a− 1 = p− 1 + ps+1, which contradicts a 6= 0 mod p.
Thus, p divides a− 1. So, we can write a = 1 + λ pt, with t > 0, λ prime to p and λ ≥ 2 because of the
definition of a. We also define j0 := a− pt = 1 + (λ− 1) pt.

10. We search for the coefficient of the monomial Xj0 in the left-hand side of (4.7).
Since p does not divide j0, the monomial Xj0 is reduced mod ℘(k[X]). In the left-hand side of (4.7),
namely ∆y(g0) mod ℘(k[X]), the monomial Xj0 comes from monomials of g0(X) of the form : Xb,
with b ≥ j0 + 1. However, as seen above, the monomials Xb with b > a produce in ∆y(g0) elements
that belong to Σp−1, whereas Xj0 6∈ Σp−1. Otherwise, Xa = Xj0 Xpt ∈ Σp, which contradicts the
definition of a. So we only have to consider the monomials Xb of g0(X) with b ∈ {j0 + 1, . . . , a}. Then,
the same arguments as those used in Chapter 2 (proof of Thm. 2.5.1, point 6) allow to conclude that
the coefficient of Xj0 in the left-hand side of (4.7) is T (y) where T (Y ) denotes a polynomial of k[X]
with degree pt.

11. We identify with the coefficient of Xj0 in the right-hand side of (4.7) and gather a contradiction. As
mentionned above, the monomial Xj0 does not occur in

∑r
i=0 `i(y) fi(X) ∈ Σ2 ⊂ Σp−1, for p ≥ 3.

Assume that the monomial Xj0 appears in c, which implies that j0 ≤ p − 1 + ps+1. Using the same
arguments as in Chapter 2 (proof of Thm. 2.5.1, point 7), we gather that j0 = 1+(λ−1) pt = 1+ps+1.
Then, Xj0 lies in Σ2, which leads to the same contradiction as above. Therefore, the monomial Xj0

does not occur in the right-hand side of (4.7). Then, T (y) = 0 for all y in V , which means that
|V | ≤ pt. Call C0 the curve whose function field is parametrized by ℘([W0, V0]) = [f0(X), g0(X)]. The
same calculation as in Chapter 2 (proof of Theorem 2.5.1, point 7) shows that gC0 ≥ pt+1 (p − 1).
Furthermore, g ≥ pr gC0 (see e.g. [LM05] Prop. 8.5, formula (8)). As |G| = |G2||V | ≤ p2+r+t, it follows
that |G|g = p

p−1 <
2 p
p−1 , hence a contradiction. �

4.5 Classification of big actions under condition (∗).
We now pursue the classification of big actions initiated by Lehr and Matignon who characterize big

actions (C,G) satisfying |G|g2 ≥
4

(p−1)2 (cf. [LM05]). In this section, we exhibit a parametrization for big
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actions (C,G) satisfying condition (∗), namely :

|G|
g2
≥ 4

(p2 − 1)2
(∗).

As proved in Chapter 2 (Prop. 2.4.1 and Prop. 2.4.2), this condition requires G′(= G2) to be an elementary
abelian p-group with order dividing p3. Since G2 cannot be trivial (cf. Chapter 2 Prop. 2.2.2), this leaves
three possibilities. This motivates the following

Definition 4.5.1. Let (C,G) be abig action. Let i ≥ 1 be an integer. We say that

1. (C,G) satisfies G∗ if (C,G) satisfies condition (∗)

2. (C,G) satisfies Gp
i

∗ if (C,G) satisfies G∗ with G′ ' (Z/pZ)i.

4.5.1 First case : big actions satisfying Gp
∗ .

Proposition 4.5.2. We keep the notations of Section 4.4.3.

1. (C,G) is a big action with G2 ' Z/pZ if and only if C is birational to a curve Cf parametrized by
W p −W = f(X) = X S(X) ∈ k[X], where S is a (monic) additive polynomial with degree s ≥ 1 in F .

2. In what follows, we assume that C is birational to a curve Cf as described in the first point.

(a) If s ≥ 2, A∞,1 is the unique p-Sylow subgroup of A, where ∞ denotes the point of C corresponding
to X =∞.

(b) If s = 1, there exists r := p3 + 1 points of C : P0 := ∞, P1, . . . , Pr such that (APi,1)0≤i≤r are
the p-Sylow subgroups of A. In this case, for all i in {1, . . . , r}, there exists σi ∈ A such that
σi(Pi) =∞.

In both cases, A∞,1 is an extraspecial group (see [Su86] Def. 4.14) with exponent p (resp. p2) if p > 2
(resp. p = 2) and order p2s+1. More precisely, A∞,1 is a central extension of its center Z(A∞,1) =
(A∞,1)′ by the elementary abelian p-group Z(Adf ), i.e.

0 −→ Z(A∞,1) = (A∞,1)′ ' Z/pZ −→ A∞,1
π−→ Z(Adf ) ' (Z/pZ)2s −→ 0.

Furthermore, (C,A∞,1), and so each (C,APi,1), with 1 ≤ i ≤ r, are big actions satisfying Gp∗ .

3. Let V be a vector subspace of Z(Adf ) with dimension v over Fp. Then, (C, π−1(V )) is also a big action
satisfying Gp∗ if and only if

if p 6= 2, 2s ≥ v ≥ max{s+ 1, 2s− 3}
if p = 2, 2s ≥ v ≥ max{s+ 1, 2s− 4}

We collect the different possibilities in the table below :

case v s V G

1- 2s s ≥ 1† Z(Adf )† A†∞,1
2 2s− 1 s ≥ 2 index p subgroup of Z(Adf ) index p subgroup of A∞,1
3 2s− 2 s ≥ 3 index p2 subgroup of Z(Adf ) index p2 subgroup of A∞,1
4 2s− 3 s ≥ 4 index p3 subgroup of Z(Adf ) index p3 subgroup of A∞,1

5 (p=2) 2s− 4 s ≥ 5 index p4 subgroup of Z(Adf ) index p4 subgroup of A∞,1

case |G|/g |G|/g2

1 2 p
p−1 p

s 4
(p2−1)2 (p+ 1)2 p

2 2 p
p−1 p

s−1 4
(p2−1)2 (p+ 1)2

3 2 p
p−1 p

s−2 4
(p2−1)2

(p+1)2

p

4 2 p
p−1 p

s−3 4
(p2−1)2

(p+1)2

p2

5 (p=2) 2 p
p−1 p

s−4 4
(p2−1)2

(p+1)2

p3

† Note : In the case s = 1, this result is true up to conjugation by σi as defined in Proposition 4.5.2.

Proof :

1. See [LM05] (Thm. 1.1 I)
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2. See Remark 4.3.1, [LM05] (Thm. 3.1) and Chapter 2 (Prop. 2.2.5).

3. This essentially derives from Proposition 4.3.2 which implies (p + 1)2 ≥ p2s−v−1. If 2s− v − 1 ≥ 3, it
implies p2 + 2 p+ 1 ≥ p3, which is impossible for p > 2. Accordingly, if p > 2, we obtain 2s− v− 1 ≤ 2,
which means v ≥ 2s − 3. If p = 2, (p + 1)2 ≥ p2s−v−1 is satisfied if and only if 2s − v − 1 ≤ 3, i.e.
v ≥ 2s− 4. The claim follows. �

Remark 4.5.3. Note that, for p > 2, the solutions can be parametrized by s algebraically independent
variables over Fp, namely the s coefficients of S assumed monic after an homothety on the variable X. Note
that s ∼ log g.

4.5.2 Second case : big actions satisfying Gp2

∗ .

Case : [G′, G] = Fratt(G′) = {e}.

Proposition 4.5.4. Let (C,G) be a big action satisfying Gp
2

∗ . Assume that [G′, G] = {e} and keep the
notations of section 4.4.3.

1. The pair (C,A∞,1) is a big action satisfying Gp
2

∗ . Moreover, A∞,1 is a special group (see [Su86] Def.
4.14) with exponent p (resp. p2) (for p > 2 (resp. p = 2) and order p2+2 s1 . More precisely, A∞,1 is a
central extension of its center Z(A∞,1) = (A∞,1)′ by the elementary abelian p-group Z(Adf1), i.e.

0 −→ Z(A∞,1) = (A∞,1)′ ' (Z/pZ)2 −→ A∞,1
π−→ Z(Adf1) ' (Z/pZ)2s1 −→ 0.

2. Furthermore, s2 = s1 or s2 = s1 + 1.

(a) If s2 = s1, G = π−1(V ), where V is a vector subspace of Z(Adf1) with dimension v over Fp such
that 2 s1 − 2 ≤ v ≤ 2 s1. Then, A∞,1 is a p-Sylow subgroup of A. It is normal except if C is
birationnal to the Hermitian curve : W q −W = X1+q with q = p2.

(b) If s2 = s1 + 1, V = Z(Adf1) and G = A∞,1 is the unique p-Sylow subgroup of A.

The different possibilities are listed in the table below :

case s1 s2 v V G

(a)-1 s ≥ 2 s 2s Z(Adf1) = Z(Adf2) A∞,1
(a)-2 s ≥ 2 s 2s− 1 index p subgroup of Z(Adf1) index p subgroup of A∞,1
(a)-3 s ≥ 3 s 2s− 2 index p2 subgroup of Z(Adf1) index p2 subgroup of A∞,1
(b) s ≥ 3 s+ 1 2s Z(Adf1) A∞,1

case |G|/g |G|/g2

(a)-1 2 p
p−1

p1+s

1+p
4

(p2−1)2 p
2

(a)-2 2 p
p−1

ps

1+p
4

(p2−1)2 p

(a)-3 2 p
p−1

ps−1

1+p
4

(p2−1)2

(b) 2 p
p−1

p1+s

1+p
4

(p2−1)2
p2(p+1)2

(1+p2)2

Proof :

1. Use Proposition 4.3.2 to prove that the pair (C,A∞,1) is a big action satisfying Gp
2

∗ with the following
exact sequence :

0 −→ A∞,2 −→ A∞,1
π−→ Z(Adf1) ' (Z/ pZ)2 s1 −→ 0.

The proof to show that A∞,1 is a special group, i.e. satisfies Z(A∞,1) = (A∞,1)′ = Fratt(A∞,1) '
(Z/pZ)2, is the same that the one exposed in Chapter 3 (Prop. 3.4.3.3). Nevertheless, one has to
choose H an index p-subgroup of G2 such that C/H is the curve parametrized by W p

1 −W1 = f1(X).

2. Assume that s2− s1 ≥ 2. Then, |G| = p2+v ≤ p2+2 s1 and g = p−1
2 ps1 (1 +p1+s2−s1) ≥ p−1

2 ps1 (1 +p3).

So, |G|g2 ≤
4

(p2−1)2
(1+p)2 p2

(1+p3)2 < 4
(p2−1)2 , which contradicts condition (∗). So, 0 ≤ s2−s1 ≤ 1. In each case,

the description of A∞,1 and G derive from Proposition 4.3.2 combined with Remark 4.3.1. �
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To go further in the description of the functions f ′is in each case, we introduce two additive polynomials
V and T defined as follows :

∀ i ∈ {1, 2}, V :=
∏
y∈V

(X − y) divides T := gcd{Adf1 ,Adf2} divides Adfi .

In what follows, we work in the Ore ring k{F} and write the additive polynomials as polynomials in F .

case degF V degF T degF (Adf1) degF (Adf2) T

(a)-1 2s 2s 2s 2s V = T = Adf1 = Adf2
(a)-2-i 2s− 1 2s 2s 2s V divides T = Adf1 = Adf2
(a)-2-ii 2s− 1 2s− 1 2s 2s V = T divides Adf1
(a)-3-i 2s− 2 2s 2s 2s V divides T = Adf1 = Adf2
(a)-3-ii 2s− 2 2s− 1 2s 2s V divides T divides Adf1
(a)-3-iii 2s− 2 2s− 2 2s 2s V = T divides Adf1

(b) 2s 2s 2s 2s+ 2 V = T = Adf1 divides Adf2

The three cases where Adf1 = Adf2 can be parametrized in the same way as in Chapter 3 (Prop. 3.4.2).

case S1 or Adf1 S2 or Adf2
(a)-1 S1 =

∑s/d
j=0 αjd F

jd, αs = 1 S2 = γ S1, γ ∈ Fpd − Fp, d ≥ 2

(a)-2-i S1 =
∑s/d
j=0 αjd F

jd, αs = 1 S2 = γ S1, γ ∈ Fpd − Fp, d ≥ 2
(a)-2-ii Adf1 = (α1 F + β1 I)T, α1 6= 0 Adf2 = (α2 F + β2 I)T, α2 6= 0

(a)-3-i S1 =
∑s/d
j=0 αjd F

jd, αs = 1 S2 = γ S1, γ ∈ Fpd − Fp, d ≥ 2
(a)-3-ii Adf1 = (α1 F + β1 I)T, α1 6= 0 Adf2 = (α2 F + β2 I)T, α2 6= 0
(a)-3-iii Adf1 = (α1 F

2 + β1 F + δ1 I)T, α1 6= 0 Adf2 = (α2 F
2 + β2 F + δ2 I)T, α2 6= 0

(b) Adf1 =
∏
v∈V (X − v) Adf2 = (α2 F

2 + β2 F + δ2 I) Adf1 , α2 6= 0

We display the parametrization of the functions fi’s in the case (a)-2-ii for the smallest values of s, namely
s = 2 and s = 3.

Cas (a)-2-ii with s = 2 for p > 2.

f1 f1(X) = X1+p2 + a1+pX
1+p + 1

2 a2X
2

a1+p a1+p ∈ k
a2 a2 ∈ k
f2 f2(X) = bp

2

1+p2 X
1+p2 + b1+pX

1+p + b2X
2 + b1X

b1+p2 b1+p2 ∈ Z(wp
2
Xp3 + wp, (−ap2 + ap1+p w

p2 − wp2+p3)Xp2 + (a1+p − wp
2
)Xp − w−1X)

with b1+p2 6∈ Fp2 .
w w ∈ Z(X1+p+p2+p3 − ap1+pX

1+p+p2 + ap2 X
1+p − a1+pX + 1)

b1+p b1+p = wp
2
(bp

2

1+p2 − b1+p2)p + bp1+p2 a1+p

b2 2 b2 = wp (bp
2

1+p2 − b1+p2) (a1+p − wp
2
) + b1+p2 2

b1 b1 ∈ k

Case (a)-2-ii with s = 3 for p > 2.
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f1 f1(X) = X1+p3 + a1+p2 X
1+p2 + a1+pX

1+p + 1
2 a2X

2

a1+p2 a1+p2 ∈ k
a1+p a1+p ∈ k
a2 a2 ∈ k
f2 f2(X) = bp

3

1+p3 X
1+p3 + b1+p2 X

1+p2 + b1+pX
1+p + b2X

2 + b1X

w w ∈ Z(X1+p+p2+p3+p4+p5 − ap
2

1+p2X
1+p+p2+p3+p4

+ap
2

1+pX
1+p+p2+p3 − ap

2

2 X
1+p+p2 + ap1+pX

1+p − a1+p2X + 1)
b1+p3 b1+p3 ∈ Z(P1) ∩ Z(P2)− Fp3

with P1(X) = wp
3+1Xp5 + (1− w a1+p2)Xp3 + (w a1+p2 − wp

3+1)Xp2 −X
with P2(X) = wp

2
(a1+p2 − wp

3
)Xp4 + wp(−ap2 + ap1+p w

p2 − ap1+p2w
p2+p3 + wp

2+p3+p4)Xp3

+(a1+p + wp
2+p3 − a1+p2w

p2)Xp

+(−a1+p + ap2w
p − ap1+pw

p+p2 + ap1+p2w
p+p2+p3 − wp+p2+p3+p4)X

b1+p2 b1+p2 = wp
3

(bp
3

1+p3 − b1+p3)p
2

+ bp
2

1+p3 a1+p2

b1+p b1+p = wp
2

(bp
3

1+p3 − b1+p3)p (a1+p2 − wp
3
) + bp1+p3 a1+p

b2 2 b2 = wp (bp
3

1+p3 − b1+p3) (a1+p − a1+p2 w
p2 + wp

2+p3) + b1+p3 a2

b1 b1 ∈ k

The calculation of the case s = 3 already raises a problem as the parameter b1+p3 has to lie in the set of
zeroes of two polynomials.

For the remaining last two cases (a)-3-iii and (b), we merely display examples of realization so as to prove
the effectiveness of these cases.

An example of realization for the case (a)-3-iii.

T T = F 2s−2 + I
V V = Z(F 2s−2 + I)

Adf1 Adf1 = (F 2 + I)T
f1 f1(X) = X1+ps +X1+ps−2

Adf2 Adf2 = (F 2 + F + I)T
f2 f2(X) = X1+ps +X1+ps−1

+X1+ps−2

An example of realization for the case (b).

f1 f1(X) = X1+ps

f2 f2(X) = α2X
1+ps+1

+ β2X
1+ps + δ2X

1+ps−1

α2 α2 ∈ Fp2s
β2 β2 ∈ Fps
δ2 δ2 ∈ Fp2s

Case : [G′, G] ) Fratt(G′) = {e}.

Proposition 4.5.5. Let (C,G) be a big action satisfying Gp
2

∗ such that [G′, G] 6= {e}. We keep the notations
introduced in Section 4.4.3.

1. (a) Then, G = A∞,1 is the unique p-Sylow subgroup of A.

(b) For all i in {1, 2}, fi ∈ Σi+1 − Σi and mi = 1 + i ps, with p ≥ 3 and s ∈ {1, 2}.
(c) Moreover, v = s+ 1. More precisely, y ∈ V if and only if `1,2(y)p − `1,2(y) = 0.

2. There exists a coordinate X for the projective line C/G2 such that the functions fi’s are parametrized
as follows :

(a) If s = 1,
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p > 3 p = 3
f1 f1(X) = X1+p + a2X

2 f1(X) = X4 + a2X

V V = Z(Adf1) = Z(Xp2 + 2 ap2 X
p +X) V = Z(Adf1) = Z(X9 + 2 a3

2X
3 +X)

f2 f2(X) = b1+2 pX
1+2 p + b2+pX

2+p + b3X
3 + b1X f2(X) = b7X

7 + b5X
5 + b1X

b1+2 p b1+2 p ∈ k× b16
7 = 1

a2 2 ap2 = −b−p1+2 p(b
p2

1+2 p + b1+2 p)⇔ b1+2 p ∈ V 2 a3
2 = −b67 − b−2

7

b2+p b2+p = −bp1+2 p b5 = −b37
b3 3 bp3 = b−p1+2 p (b2 p

2

1+2 p − b21+2 p)
b1 b1 ∈ k b1 ∈ k
`1,2 `1,2(y) = 2 (b1+2 p y

p − bp1+2 p y) `1,2(y) = 2 (b7 y3 − b37 y)

Therefore, for p > 3, the solutions are parametrized by 2 algebraically independent variables over Fp, namely
b1+2 p ∈ k× and b1 ∈ k. For p = 3, as the monomial X3 can be reduced mod ℘(k[X]), the parameter b1+2 p

satisfies an additional algebraic relation : b16
7 = 1. Then, b7 takes a finite number of values.

In both cases (p = 3 or p > 3),

|G|
g

=
2 p
p− 1

p2

1 + 2 p
and

|G|
g2

=
4

(p2 − 1)2

p2 (p+ 1)2

(1 + 2 p)2
.

(b) If s = 2 and p > 3,

f1 f1(X) = X1+p2 + a1+pX
1+p + a2X

2

Adf1 Xp4 + ap
2

1+pX
p3 + 2 ap

2

2 Xp2 + ap1+pX
p +X

f2 f2(X) = b1+2 p2 X
1+2 p2 + b1+p+p2 X

1+p+p2 + b2+p2 X
2+p2 + b1+p2 X

1+p2 + b1+2 pX
1+2 p

+b2+pX
2+p + b1+pX

1+p + b3X
3 + b2X

2 + b1X
b1+2 p b1+2 p ∈ k×
b2+p2 b2+p2 ∈ k×

b1+p+p2 bp1+p+p2 = −2 bp1+2 p (bp2+p2 b
−p2
1+2 p + bp−1

2+p2)
`1,2 ∀ y ∈ V, `1,2(y) = 2 b1+2 p y

p2 + b1+p+p2 y
p + 2 b2+p2 y

V V is an index p-subgroup of Z(Adf1)
V = Z(2 bp1+2 pX

p3 + (bp1+p+p2 − 2 b1+2 p)Xp2 + (2bp2+p2 − b1+p+p2)Xp − 2b2+p2X)

a1+p ap
2

1+p = −bp−p
2

1+2 p − b
p
1+2 p b

−1
2+p2 − b

p2

2+p2 b
−p3
1+2 p − b

p2−p
2+p2

a2 2 ap
2

2 = bp
2

2+p2 b
−p2
1+2 p + b1+2 p b

−1
2+p2 + bp2+p2 b

p−2 p2

1+2 p + 2 bp−1
2+p2 b

p−p2
1+2 p + bp1+2 pb

p−2
2+p2

b1+2 p bp
2

1+2 p = −b2 p−p
2

1+2 p − b
2 p
1+2 p b

−1
2+p2 + b2 p

2

2+p2 b
p2−2 p3

1+2 p + 2 b2 p
2−p

2+p2 bp
2−p3

1+2 p + bp
2

1+2 p b
2 p2−2 p
2+p2

b2+p bp
2

2+p = bp2+p2 b
2 p−2 p2

1+2 p + 2 bp−1
2+p2 b

2 p−p2
1+2 p + b2 p1+2 p b

p−2
2+p2 − b

2 p2

2+p2 b
−p3
1+2 p − b

2 p2−p
2+p2

b3 3 bp
2

3 = b2 p
2

2+p2 b
−p2
1+2 p − b

2 p
2+p2 b

2 p−3p2

1+2 p − 3 b2 p−2
2+p2 b

2 p−p2
1+2 p − 3 b2 p−1

2+p2 b
2 p−2 p2

1+2 p − b2 p1+2 pb
2 p−3
2+p2 + b21+2 p b

−1
2+p2

b1+p2 b1+p2 ∈ Z(bp
2

2+p2 b
−p3
1+2 pX

p3 − (bp
2

2+p2 b
−p3
1+2 p + bp−p

2

1+2 p + bp
2−p

2+p2 )Xp2+

(bp−p
2

1+2 p + bp1+2 p b
−1
2+p2 + bp

2−p
2+p2 )Xp − bp1+2 p b

−1
2+p2 X)

b1+p bp
2

1+p = −(bp−p
2

1+2 p + bp
2

2+p2 b
−p3
1+2 p + bp

2−p
2+p2 ) bp

2

1+p2 − b
p
1+2 p b

−1
2+p2 b1+p2

b2 2 bp
2

2 = (bp2+p2 b
p−2 p2

1+2 p + bp−1
2+p2 b

p−p2−p
1+2 p + bp

2

2+p2 b
−p2
1+2 p)b

p2

1+p2+

(bp1+2 pb
p−2
2+p2 + bp−1

2+p2 b
p−p2
1+2 p + b1+2 p b

−1
2+p2) b1+p2

b1 b1 ∈ k

Therefore, for p > 3, the solutions can be parametrized by 3 algebraically independent variables over Fp,
namely b1+2 p2 ∈ k×, b2+p2 ∈ k× and b1 ∈ k. One also finds a fourth parameter b1+p2 which runs over an
Fp-vector subspace of k, namely the set of zeroes of an additive separable polynomial whose coefficients are
rational functions in b1+2 p2 and b2+p2 . So, for given b1+2 p and b2+p2 , the parameter b1+p2 takes a finite
number of values.

For p = 3,

f1(X) = X10 + a4X
4 + a2X

2

f2(X) = b19X
19 + b13X

13 + b11X
11 + b10X

10 + b7X
7 + b5X

5+
b4X

4 + b2X
2 + b1X
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with a4, a2, b13, b7, b5, b3 and b2 satisfying the same relations as above. But, this time, the parameters b19

and b11 are linked through an algebraic relation, namely :

b18
11 b
−9
19 − b611 b

−21
19 − b619 b

3
11 + b219 b

−1
11 = 0.

In both cases (p = 3 or p > 3),

|G|
g

=
2 p
p− 1

p2

1 + 2 p
and

|G|
g2

=
4

(p2 − 1)2

p (p+ 1)2

(1 + 2 p)2
.

Remark 4.5.6. One can now answer the second problem raised in Chapter 3 (Section 3.6). Indeed, one
notices that the family obtained for s = 2 is larger than the one obtained after the additive base change :
X = Zp + cZ, c ∈ k−{0} (see Chapter 2 Prop. 2.3.1) applied to the case s = 1. Indeed, such a base change
does not produce any monomial Z1+p2 in f2(Z).

A few special cases.
1. When s = 1 and p > 3, the special case a2 = 0 corresponds to the parametrization of the extension
Km
S /K given by Auer (cf . [Au99] Prop. 8.9 or Chapter 2 Section 2.6), namely
f1(X) = aX1+p with ap + a = 0, a 6= 0.

f2(X) = a2X2 p (X −Xp2).
2. When s = 2, the special case b1+p2 ∈ Fp leads to b1+p = b1+p2 a1+p and b2 = b1+p2 a2. So, one can

replace f2 by f2(X)− b1+p2 f1(X), which eliminates the monomials X1+p2 , X1+p and X2.
Proof of Proposition 4.5.5 :

1. As `1,2 6= 0, the group G satisfies the third condition of Chapter 3 (Prop. 3.5.2). Then, the equality
G = A∞,1 derives from Chapter 3 (Cor. 3.5.7). The unicity of the p-Sylow subgroup is explained
in Remark 4.3.1. The second and third assertions come from Chapter 3 (Thm. 3.5.6). Moreover, the
description of V displayed in (c) is due toChapter 3 (Prop 3.2.9.2). It remains to show that s = 1 or
s = 2. Using formula (4.1), we compute g = (p−1)

2 (ps + p (m2 − 1)) = (p−1)
2 ps(1 + 2 p). As |G| = p3+s,

condition (∗) requires : 4
(p2−1)2 ≤

|G|
g2 = 4

(p2−1)2
(p+1)2

ps−3 (1+2 p)2 . It follows that 3− s > 0, i.e. 1 ≤ s ≤ 2.

2. We merely explain the case s = 1. One can find a coordinate X of the projective line C/G2 such
that f1(X) = X S1(X) = X (Xp + a2X) (cf. Chapter 3 Cor. 3.2.12). Then, Adf1 = F 2 + 2 ap2 F + I
(cf. Chapter 3 Prop. 3.2.13). As V ⊂ Z(Adf1) and dimFp Z(Adf1) = 2 = s + 1 = v, we deduce that
V = Z(Adf1). As f2 ∈ Σ3 − Σ2 with deg f2 = 1 + 2 ps and as the functions fi’s are supposed to be
reduced mod ℘(k[X]), equation (4.2) reads :

∀ y ∈ V, f2(X + y)− f2(X) = `1,2(y) f1(X) mod ℘(k[X])

with f1(X) = X1+p + a2X
2

and f2(X) = b1+2 pX
1+2 p + b2+pX

2+p + b1+pX
1+p + b3X

3 + b2X
2 + b1X for p > 3

(resp. f2(X) = b1+2 pX
1+2 p + b2+pX

2+p + b1+pX
1+p + b2X

2 + b1X for p = 3)

Then, calculation gives the relations gathered in the table. In particular, we find : f2(X) = b1+2 pX
1+2 p+

b2+pX
2+p+ b3X

3 + b1X+ b1+p f1(X) with b1+p ∈ Fp. Since we are working in the Fp-space generated
by f1(X) and f2(X), we can replace f2(X) with f2(X)− b1+p f1(X), hence the expected formula. We
solve the case s = 2 in the same way. �

4.5.3 Third case : big actions satisfying Gp3

∗ .

Preliminaries.

The idea is to use, as often as possible, the results obtained in the preceding section.

Remark 4.5.7. Let (C,G) be a big action with G′(= G2) ' (Z/pZ)3. We keep the notations introduced in
Section 4.4.3.

1. Let C1,2 be the curve parametrized by the two equations : W p
i − Wi = fi(X), with i ∈ {1, 2}, and

let K1,2 := k(C1,2) be the function field of this curve. Then, K1,2/k(X) is a Galois extension with
group Γ1,2 ' (Z/pZ)2. Moreover, the group of translations by V : {X → X + y, y ∈ V } extends to an
automorphism p-group of C1,2 say G1,2, with the following exact sequence :

0 −→ Γ1,2 −→ G1,2 −→ V −→ 0.
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Let A1,2 be the Fp-vector subspace of A generated by the classes of f1(X) and f2(X). Let H1,2 (
G2 be the orthogonal of A1,2 with respect to the Artin-Schreier pairing. Then, C1,2 = C/H1,2 and
G1,2 = G/H1,2. Furthermore, as A1,2 is stable under the action of ρ, its dual H1,2 is stable by the dual
representation φ, i.e. by conjugation by the elements of G (see Section 4.4.3). It follows that H1,2 ( G2

is a normal subgroup in G. So, by Chapter 2 (Lemma 2.2.4), the pair (C1,2, G1,2) is a big action with
second ramification group isomorphic to (Z/pZ)2.

2. Likewise, if `2,3 = 0, the Fp-vector subspace of A generated by the classes of f1(X) and f3(X) is also
stable by ρ (see matrix L(y) in Section 4.4.3). So, the two equations : W p

i −Wi = fi(X), with i ∈ {1, 3},
also parametrize a big action, say (C1,3, G1,3), with second ramification group isomorphic to (Z/pZ)2.

3. Similarly, if `1,2 = `1,3 = 0, the Fp-vector subspace of A generated by the classes of f2(X) and f3(X) is
stable by ρ (see matrix L(y) in Section 4.4.3). So, the two equations : W p

i −Wi = fi(X), with i ∈ {2, 3},
also parametrize a big action, say (C2,3, G2,3), with second ramification group isomorphic to (Z/pZ)2.

Lemma 4.5.8. Let (C,G) be a big action satisfying Gp
3

∗ . Let (C1,2, G1,2) be defined as in Remark 4.5.7. We
keep the notations introduced in Section 4.4.3.

1. Then, (C1,2, G1,2) is a big action satisfying Gp
2

∗ .

2. If `1,2 = 0, then m1 = m2 = 1 + ps, with s ≥ 2.

3. If `1,2 6= 0, then m1 = 1 + ps, m2 = 1 + 2 ps, with s ∈ {1, 2} and p ≥ 3. In this case, v = s+ 1.

Proof :

1. Use Remark 4.5.7 and [LM05] (Prop. 8.5 (ii)) to see that condition (∗) is still satisfied.

2. We deduce from Proposition 4.5.4 that m1 = 1 + ps1 and m2 = 1 + ps2 with s2 = s1 or s2 = s1 + 1.
Assume that s2 = s1 + 1. Then, m3 ≥ m2 = 1 + ps1+1. We compute the genus by means of (4.1) :
g = p−1

2 (ps1 + p1+s2 + p2 (m3 − 1)) ≥ p−1
2 ps1 (1 + p2 + p3). Besides, by Chapter 2 (Thm. 2.2.6),

V ⊂ Z(Adf1), so |G| = p3+v ≤ p3+2s1 . Thus, |G|g2 ≤
4

(p2−1)2
p3 (p+1)2

(1+p2+p3)2 < 4
(p2−1)2 , which contradicts

condition (∗). It follows that s2 = s1 ≥ 2.

3. Apply Proposition 4.5.5 to (C12, G12). �

Remark 4.5.9. Let (C,G) be a big action satisfying Gp
3

∗ . Assume that `1,2 = `1,3 = 0. Then, the results of
Lemma 4.5.8 also hold for the big action (C2,3, G2,3) as defined in Remark 4.5.7.

Lemma 4.5.10. Let (C,G) be a big action satisfying Gp
3

∗ . We keep the notations introduced in Section 4.4.3.
Assume that `2,3 = 0. Let (C1,3, G1,3) be defined as in Remark 4.5.7.

1. Then, (C1,3, G1,3) is a big action satisfying Gp
2

∗ .

2. If `1,3 = 0, then `1,2 = 0 and m1 = m2 = m3 = 1 + ps with s ≥ 2. In this case, v = 2 s.

3. If `1,3 6= 0, then m1 = 1 + ps, m3 = 1 + 2 ps, with s ∈ {1, 2} and p ≥ 3. In this case, v = s+ 1.

Proof :

1. Use Remark 4.5.7 and [LM05] (Prop. 8.5 (ii)).

2. As `1,3 = 0, we deduce from Proposition 4.5.4 that m1 = 1 + ps and m3 = 1 + ps3 with s3 = s or
s3 = s+ 1.

(a) We show that `1,2 = 0.
Assume that `1,2 6= 0. Then, Lemma 4.5.8 applied to (C1,2, G1,2) implies m2 = 1 + 2 ps with
s ∈ {1, 2} and p ≥ 3. Moreover, v = s+ 1. As m2 ≤ m3, there are two possibilities :

i. s = 1 and s3 = s + 1 = 2., i.e. m1 = 1 + p, m2 = 1 + 2 p, m3 = 1 + p2 and v = 2. Then,
|G|
g2 = 4

(p2−1)2
p3 (p+1)2

(1+2 p+p3)2 <
4

(p2−1)2 , which contradicts condition (∗).

ii. s = 2 and s3 = s + 1 = 3. i.e. m1 = 1 + p2, m2 = 1 + 2 p2, m3 = 1 + p3 and v = 3. Then,
|G|
g2 = 4

(p2−1)2
p2 (p+1)2

(1+2 p+p3)2 <
4

(p2−1)2 , which also contradicts condition (∗).
As a consequence, `1,2 = 0.

(b) We deduce that m1 = m2 = 1 + ps with s ≥ 2.
Lemma 4.5.8 applied to (C1,2, G1,2) implies m1 = m2 = 1 + ps with s ≥ 2. In particular, g =
p−1

2 ps (1 + p+ p2+s3−s) and |G|g2 = 4
(p2−1)2

p3+v−2s (p+1)2

(1+p+p2+s3−s)2
.
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(c) We show that v = 2 s3 and conclude that s3 = s.
Assume that v ≤ 2 s3−3. Then, |G|g2 < 4

(p2−1)2
p2s3−2s (p+1)2

p4+2s3−2s < 4
(p2−1)2 which contradicts condition

(∗). Therefore, 2 s3−2 ≤ v ≤ 2 s ≤ 2 s3. Assume that v ≤ 2 s3−3. Then, |G|g2 < 4
(p2−1)2

p2s3−2s (p+1)2

p4+2s3−2s <
4

(p2−1)2 which contradicts condition (∗). Assume that v = 2 s3 − 1. So, v is odd and 2 s3 − 2 <

v ≤ 2s ≤ 2 s3 implies s3 = s and v = 2s − 1. Then, |G|g2 = 4
(p2−1)2

p2 (p+1)2

(1+p+p2)2 < 4
(p2−1)2 , which

is excluded. Now, assume that v = 2 s3 − 2. Then, 2 s3 − 2 = v ≤ 2s ≤ 2 s3 implies s3 = s or
s3 = s+ 1. In the first case, v = 2s− 2 and |G|g2 = 4

(p2−1)2
p (p+1)2

(1+p+p2)2 <
4

(p2−1)2 . In the second case,

v = 2s and |G|g2 = 4
(p2−1)2

p3 (p+1)2

(1+p+p3)2 <
4

(p2−1)2 . In both cases, we obtain a contradiction. We gather
that v = 2 s3. Applying Chapter 3 (Prop. 3.4.2), we conclude that s = s3.

3. Apply Proposition 4.5.5 to (C13, G13). �

Case : [G′, G] = Fratt(G′) = {e}.

Proposition 4.5.11. Let (C,G) be a big action satisfying Gp
3

∗ such that [G′, G] = {e}. We keep the notations
introduced in Section 4.4.3.

1. Then, G = A∞,1 is a special group of exponent p (resp. p2) for p > 2 (resp. p = 2) and order p3+2 s1 .
More precisely, G is a central extension of its center Z(G) = G′ by the elementary abelian p-group
V = Z(Adf1) = Z(Adf2) = Z(Adf3) :

0 −→ Z(G) = G′ ' (Z/pZ)3 −→ G
π−→ Z(Adf1) = Z(Adf2) = Z(Adf3) ' (Z/pZ)2s1 −→ 0.

Furthermore, G is a p-Sylow subgroup of A, which is normal except when C is birational to the Her-
mitian curve : W q −W = X1+q, with q = p3.

2. There exists a coordinate X for the projective line C/G2, s ≥ 2, d ≥ 2 dividing s, and γ2, γ3 in Fpd−Fp
linearly independent over Fp, b1 ∈ k, c1 ∈ k such that :

f1 f1(X) = X S1(X) with S1(F ) =
∑s/d
j=0 ajd F

jd ∈ k{F} as = 1
f2 f2(X) = X S2(X) + b1X with S2 = γ2 S1

f3 f3(X) = X S3(X) + c1X with S3 = γ3 S1

V V = Z(Adf1) = Z(Adf2) = Z(Adf3)

Therefore, the solutions can be parametrized by s+4 algebraically independent variables over Fp, namely
the s coefficients of S, γ2 ∈ Fpd − Fp, γ3 ∈ Fpd − Fp , b1 ∈ k and c1 ∈ k.

Moreover,
|G|
g

=
2 p
p− 1

ps

1 + p+ p2
and

|G|
g2

=
4

(p2 − 1)2

p3(p+ 1)2

(1 + p+ p2)2
.

Proof : As `1,2 = `2,3 = `1,3 = 0, the second point of Lemma 4.5.10 first implies v = 2 s3. Applying Chapter
3 (Prop. 3.4.2), we gather that s1 = s2 = s3, that V = Z(Adf1) = Z(Adf2) = Z(Adf3) and we get the
expected formulas for the functions f ′is. Moreover, it follows from Chapter 3 (Prop. 3.4.3 and Rem. 3.4.5)
that G = A∞,1 is a special group. The unicity of the p-Sylow subgroup is discussed in Remark 4.3.1. �

Case : [G′, G] ) Fratt(G′) = {e}.

Lemma 4.5.12. Let (C,G) be a big action satisfying Gp
3

∗ such that [G′, G] 6= {e}. We keep the notations
introduced in Section 4.4.3. Then, one cannot have `1,2 = `2,3 = 0.

Proof : Assume that `1,2 = 0 and `2,3 = 0. Since the representation ρ is non trivial, `1,3 6= 0. The
second point of Lemma 4.5.8 shows that m1 = m2 = 1 + ps with s ≥ 2. The third point of Lemma 4.5.10
implies that m3 = 1 + 2 ps with p ≥ 3 and s ∈ {1, 2}. Moreover, v = s + 1. As s ≥ 2, we obtain :
|G|
g2 = 4

(p2−1)2
(p+1)2 p2

(1+p+2 p2)2 <
4

(p2−1)2 , hence a contradiction. As a conclusion, either `1,2 6= 0 or `2,3 6= 0. �

As a consequence, there are 3 cases to study :

`1,2 6= 0 and `2,3 = 0 (cf. Proposition 4.5.13).

`1,2 = 0 or `2,3 6= 0 (cf. Proposition 4.5.14).

`1,2 6= 0 or `2,3 6= 0 (cf. Proposition 4.5.15).
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Proposition 4.5.13. Let (C,G) be a big action satisfying Gp
3

∗ such that [G′, G] 6= {e}. We keep the notations
introduced in Section 4.4.3. Assume that `1,2 6= 0 and `2,3 = 0.

1. Then, p ≥ 5 and there exists a coordinate X for the projective line C/G2 such that the functions fi’s
can be parametrized as follows :

f1 f1(X) = X1+p + a2X
2

V V = Z(Adf1) = Z(Xp2 + 2 ap2 X
p +X)

f2 f2(X) = b1+2 pX
1+2 p + b2+pX

2+p + b3X
3 + b1X

b1+2 p b1+2 p ∈ k×

a2 2 ap2 = −b−p1+2 p (b1+2 p + bp
2

1+2 p)⇔ b1+2 p ∈ V
V V = Z(Xp2 − b−p1+2 p (b1+2 p + bp

2

1+2 p)X
p +X)

b2+p b2+p = −bp1+2 p

b3 3 bp3 = b−p1+2 p (b2 p
2

1+2 p − b21+2 p)
b1 b1 ∈ k
`1,2 `1,2(y) = 2 (b1+2 p y

p − bp1+2 p y)
f3 f3(X) = c1+2 pX

1+2 p + c2+pX
2+p + c3X

3 + c1X
c1+2 p c1+2 p ∈ k×
c1+2 p c1+2 p ∈ V , c1+2 p and b1+2 p Fp-independent
c2+p c2+p = −cp1+2 p

c3 3 cp3 = −c−p1+2 p (c2 p
2

1+2 p + c21+2 p)
c1 c1 ∈ k
`1,3 `1,3(y) = 2 (c1+2 p y

p − cp1+2 p y)
`2,3 `2,3(y) = 0

Therefore, the solutions are parametrized by 4 algebraically independent variables over Fp, namely
b1+2 p ∈ k×, c1+2 p ∈ k×, b1 ∈ k and c1 ∈ k.
Moreover,

|G|
g

=
2 p
p− 1

p3

1 + 2 p+ 2 p2
and

|G|
g2

=
4

(p2 − 1)2

p3(p+ 1)2

(1 + 2 p+ 2 p2)2
.

2. In this case, G = A∞,1 is the unique p-Sylow subgroup of A.

Proof :

1. Lemma 4.5.8 first shows that m1 = 1 + ps, m2 = 1 + 2 ps, with p ≥ 3 and s ∈ {1, 2}. Moreover,
v = s + 1. As `1,2 6= 0 and `2,3 = 0, the second point of Lemma 4.5.10 imposes `1,3 6= 0. Then,
Lemma 4.5.10 shows that m3 = 1 + 2 ps. If s = 2, m1 = 1 + p2, m2 = m3 = 1 + 2 p3 and v = 3. So
|G|
g2 = 4

(p2−1)2
p2 (p+1)2

(1+2 p+2 p2)2 < 4
(p2−1)2 , which contradicts condition (∗). It follows that s = 1. In this

case, m1 = 1 + p, m2 = m3 = 1 + 2 p, v = 2 and |G|g2 = 4
(p2−1)2

p3 (p+1)2

(1+2 p+2 p2)2 . Therefore, condition (∗)
is satisfied as soon as p ≥ 5. The parametrization of the functions fi’s then derives from Proposition
4.5.5. Furthermore, the third condition (cf. Recall 4.2.1-c) imposed on the degree of the functions fi’s
requires that the parameters b1+2 p and c1+2 p are linearly independent over Fp.

2. The equality G = A∞,1 derives from the maximality of V = Z(Adf1) (see Proposition 4.3.2). The
unicity of the p-Sylow subgroup is due to Remark 4.3.1. �

Proposition 4.5.14. Let (C,G) be a big action satisfying Gp
3

∗ such that [G′, G] 6= {e}. We keep the notations
introduced in Section 4.4.3. Assume that `1,2 = 0 and `2,3 6= 0.

1. Then, p ≥ 5 and there exists a coordinate X for the projective line C/G2 such that the functions fi’s
can be parametrized as follows :

f1 f1(X) = X1+p2 + a2X
2

f2 f2(X) = γ2 (X1+p2 + a2X
2) + b1X

b1 b1 ∈ k
γ2 γ2 ∈ Fp2 − Fp
V V = Z(Adf1) = Z(Adf2) = Z(Xp4 + 2 ap

2

2 X
p2 +X)

First case : b1 6= 0
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f3 f3(X) = c1+2 p2 X
1+2 p2 + c2+p2 X

2+p2 + c1+p2 X
1+p2

+c1+pX
1+p + c3X

3 + c2X
2 + c1X

c1+2 p2 c1+2 p2 ∈ k×

a2 2 ap
2

2 = −c−p
2

1+2 p2 (cp
4

1+2 p2 + c1+2 p2)⇔ c1+2 p2 ∈ V
V V = Z(Xp2 − c−p1+2 p2 (c1+2 p2 + cp

2

1+2 p2)Xp +X)

c2+p2 c2+p2 = −cp
2

1+2 p2

c3 3 cp
2

3 = −cp
2

1+2 p2 (3 c2 p
4

1+2 p2 + 4 c1+p4

1+2 p2 + c21+2 p2)

e := c1+p2 − cp
2

1+p2 e ∈ Z ((cp
7−p3

1+2 p2 + 1 + cp−p
5

1+2 p2 + cp
7+p−p5−p3

1+2 p2 )X1+p4

−X1+p2 −Xp2 −X − 1)
b1 bp

5−p4+p3−p2
1 = −ep3−1

c1+p cp+p
3

1+p = −e1+p

c2 4 cp
3 (p−1)2 (p2+1)

2 = c
p3 (p2+1)
1+p2

+(cp
7−p3

1+2 p2 + 1 + cp−p
5

1+2 p2 + cp
7+p−p5−p3

1+2 p2 ) (c1+p2 − cp
2

1+p2)p
3+p2+p−1

c1 c1 ∈ k

Therefore, the solutions can be parametrized by 3 algebraically independent variables over Fp, namely
c1+2 p2 ∈ k×, c1 ∈ k and γ2 ∈ Fp2 − Fp. One also finds a fourth parameter e := c1+p2 − cp

2

1+p2 which
runs over the set of zeroes of a polynomial whose coefficients are rational functions in c1+2 p2 . So, for
a given c1+2 p2 , the parameter e takes a finite number of values.

Second case : b1 = 0

f3 f3(X) = c1+2 p2 X
1+2 p2 + c2+p2 X

2+p2 + c3X
3

c1+2 p2 c1+2 p2 ∈ k×

a2 2 ap
2

2 = −c−p
2

1+2 p2 (cp
4

1+2 p2 + c1+2 p2)⇔ c1+2 p2 ∈ V
V V = Z(Xp2 − c−p1+2 p2 (c1+2 p2 + cp

2

1+2 p2)Xp +X)

c2+p2 c2+p2 = −cp
2

1+2 p2

c3 3 cp
2

3 = −cp
2

1+2 p2 (3 c2 p
4

1+2 p2 + 4 c1+p4

1+2 p2 + c21+2 p2)
c1 c1 ∈ k

In this case, the solutions can be parametrized by 3 algebraically independent variables over Fp, namely
c1+2 p2 ∈ k×, c1 ∈ k and γ2 ∈ Fp2 − Fp.

In both cases,

|G|
g

=
2 p
p− 1

p4

1 + p+ 2 p2
and

|G|
g2

=
4

(p2 − 1)2

p3 (p+ 1)2

(1 + p+ 2 p2)2
.

2. Moreover, G = A∞,1 is the unique p-Sylow subgroup of A.

Proof :

1. (a) We describe f1, f2 and V .
Lemma 4.5.8 first implies that m1 = m2 = 1 + ps, with s ≥ 2. More precisely, we deduce from
Proposition 4.5.4 that f1(X) = X S1(X) and f2(X) = γ2X S1(X) + b1X, where S1 is a monic
additive polynomial with degree s in F , b1 ∈ k and γ2 ∈ Fpd − Fp with d an integer dividing s.
Moreover, v = 2 s and V = Z(Adf1) = Z(Adf2).

(b) We show that `1,3 6= 0.
Indeed, assume that `1,3 = 0. Then, we deduce from Remark 4.5.9 that m3 = 1 + 2 ps, with s ∈
{2, 3} and p ≥ 3. Moreover, v = s+1. As s 6= 1, it follows that s = 2 and |G|g2 = 4

(p2−1)2
p2 (p+1)2

(1+p+2 p2)2 <
4

(p2−1)2 , which contradicts condition (∗).

(c) We show that f3 6∈ Σ2.
If f3 ∈ Σ2, the representation ρ is trivial, hence a contradiction. Therefore, f3 6∈ Σ2 and one can
define an integer a ≤ m3 such that Xa is the monomial of f3 with highest degree among those
that do not belong to Σ2. Since f3 is assumed to be reduced mod ℘(k[X]), then a 6= 0 mod p.
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(d) We show that p divides a− 1.
Consider the equation :

∀ y ∈ V, ∆y(f3) = `1,3(y) f1(X) + `2,3(y) f2(X) mod ℘(k[X]), (4.9)

where `1,3 and `2,3 are non zero linear forms from V to Fp. The monomials of f3 with degree
strictly lower than a belong to Σ2. So they give linear contributions in ∆y(f3) mod ℘(k[X]) (cf.
Chapter 3 Lemma 3.3.9). Assume that p does not divide a−1. Then, for all y in V , equation (4.9)
gives the following equality mod ℘(k[X]) :

ca(f3) aXa−1 + lower degree terms = (`1,3(y) + γ2 `2,3(y))X1+ps + lower degree terms.

where ca(f3) 6= 0 denotes the coefficient of Xa in f3. If a − 1 > 1 + ps, then y = 0 for all y
in V and V = {0} which is excluded for a big action (cf. Chapter 2 Prop. 2.2.2). If a − 1 <
1 + ps, then, `1,3(y) + γ2 `2,3(y) = 0, for all y in V . It follows that γ2 ∈ Fp, which is another
contradiction. So, a−1 = 1+ps and by equating the corresponding coefficients in (4.9), one gets :
a y = `1,3(y) + γ2 `2,3(y), for all y in V . So, V ⊂ Fp + γ2 Fp and v ≤ 2. As v = 2 s, we deduce that
s = 1, which is a contradiction. Thus, p divides a − 1 and one can write a = 1 + λ pt with t ≥ 1
and λ ≥ 2, because of the definition of a. We also define j0 := a− pt.

(e) We show that v ≥ t+ 1.
By Chapter 3 (Lemma 3.3.11), pv ≥ m3 +1 > m3−1 ≥ a−1 = λ pt ≥ 2 pt. This implies v ≥ t+1.

(f) We show that j0 = 1 + ps.
If j0 < 1 + ps, we gather the same contradiction as the one found in Chapter 3 [proof of Theorem
3.5.6, point 4, with i = 2]. Now, assume that j0 > 1 + ps. As in Chapter 2 [proof of Theorem
2.5.1, point 6], we prove that the coefficient of Xj0 in the left-hand side of (4.9) is T (y), where T
is a polynomial of k[X] with degree pt. If j0 > 1 + ps, then T (y) = 0, for all y in V . This implies
V ⊂ Z(T ) and v ≤ t, which contradicts the previous point.

(g) We show that either v = t+ 1 or v = t+ 2.
We have already seen that v ≥ t. As j0 = 1 + ps, we equate the corresponding coefficients in
(4.9) and obtain T (y) = `1,3(y) + γ2 `2,3(y), for all y in V . As `1,3(y) ∈ Fp and `2,3(y) ∈ Fp, we
get T (y)p − T (y) = `2,3(y) (γp2 − γ2), with γ2 6∈ Fp. Then, for all y in V , R(y) := T (y)p−T (y)

γp2−γ2
=

`2,3(y) ∈ Fp and V ⊂ Z(Rp −R). In particular, v ≤ t+ 2.
(h) We show that m3 = a = 1 + ps + pt.

Assume that m3 > a. Then, by definition of a, m3 = 1 + ps3 with s3 ≥ s. Note that s3 ≥ s + 1.
Otherwise, m3 = 1 + ps = j0 < a. On the one hand, |G| = p3+v = p3+2s. On the other hand,

g =
p− 1

2
(ps + ps+1 + p2(m3 − 1)) =

p− 1
2

ps (1 + p+ p2+s3−s) ≥ p− 1
2

ps (1 + p+ p3).

Thus, |G|g2 ≤
4

(p2−1)2
p3 (p+1)2

(1+p+p3)2 <
4

(p2−1)2 . This contradicts condition (∗), so m3 = a.

(i) We show that s = 2 and v = 4. In particular, γ2 ∈ Fp2 − Fp.
We already know that s ≥ 2 and v = 2 s ≥ 4. So, |G| = p3+v ≤ p7. Assume that s ≥ 3. Then, as
t ≥ 1, we get : g = p−1

2 (ps+ps+1+p2(m3−1)) = p−1
2 (ps+ps+1+ps+2+pt+2) ≥ p−1

2 (2 p3+p4+p5).

It follows that |G|g2 ≤
4

(p2−1)2
p (p+1)2

(2+p+p2)2 <
4

(p2−1)2 , which is a contradiction. So s = 2 and v = 4.
We have previously mentionned that γ2 ∈ Fpd − Fp, where d is an integer dividing s. As s = 2,
the only possibility is d = 2.

(j) We deduce that t = s = 2, so m3 = 1 + 2 p2 and p ≥ 5.
We have seen v = t+ 1 or v = t+ 2, with t ≥ 1. As v = 4, there are two possibilities either t = 2
or t = 3. If t = 3, |G| = p7 and g = p−1

2 p2 (1 + p+ 2 p3). So, |G|g2 ≤
4

(p2−1)2
p3 (p+1)2

(1+p+2 p3)2 <
4

(p2−1)2 .

Therefore, t = 2 = s. In this case, |G|g2 = 4
(p2−1)2

p3 (p+1)2

(1+p+2 p2)2 and condition (∗) requires p ≥ 5.

(k) We gather the parametrization of f1, f2 and V .
As s = d = 2, f1 reads f1(X) = X S1(X) with S1(F ) =

∑s/d
j ajd F

jd = a0 I + F 2, since S1 is
assumed to be monic. Then,

f1(X) = X (Xp2 + a2X
2) and f2(X) = γ2X (Xp2 + a2X

2) + b1X

with a2 ∈ k, b1 ∈ k and γ2 ∈ Fp2 − Fp. In this case,

V = Z(Adf1) = Z(Xp4 + +2 ap
2

2 Xp2 +X).
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(l) We show that f3 ∈ Σ4 but f3 6∈ Σ4 − Σ3.
By Chapter 3 (Thm. 3.3.13), f3 ∈ Σ4. We now show that f3 does not have any monomial in Σ4−Σ3.
Indeed, as m3 = 1+2 p2, the possible monomials of f3 in Σ4−Σ3 are X1+2 p+p2 , X2+p+p2 , X3+p2 ,
X1+3 p, X2+2 p, X3+p and X4. Now, equate the coefficients of the monomial X1+p+p2 ∈ Σ3 in each
side of (4.9). In the left-hand side, i.e. in ∆y(f3) mod ℘(k[X]), X1+p+p2 is produced by monomials
Xb of f3 that belong to Σ4 − Σ3 and satisfy b > 1 + p + p2. This leaves only two possibilities :
X1+2 p+p2 and X2+p+p2 . In the right-hand side of (4.9), X1+p+p2 ∈ Σ3 −Σ2 does not occur since
`1,3(y) f1(X)+`2,3(y) f2(X) lies in Σ2. It follows that, for all y in V , 2 c2+p+p2 y

p+2 c1+2 p+p2 y = 0,
where ct denotes the coefficient of the monomial Xt in f3. As v = dimFp V = 4, we deduce that
c2+p+p2 = c1+2 p+p2 = 0. We go on this way and equate successively the coefficients of X2+p2 ,
X1+2 p, X2+p and X3 to prove that f3 does not contain any monomial in Σ4 −Σ3. Therefore, f3

reads as follows :

f3(X) = c1+2 p2 X
1+2 p2 + c1+p+p2 X

1+p+p2 + c2+p2 X
2+p2 + c1+p2 X

1+p2+

c1+2 p2 X
1+2 p + c2+pX

2+p + c1+pX
1+p + c3X

3 + c2X
2 + c1X.

(m) We determine f3.
We finally have to solve (4.9) with f1, f2 and f3 as described above. Calculation show that
c1+p+p2 = c1+2 p2 = c2+p = 0 and that the coefficients a2, c2+p2 and c3 can be expressed as rational
functions in c1+2 p2 (see formulas in the table given in the proposition). To conclude, one has to
distinguish the cases b1 6= 0 and b1 = 0. In the first case, b1, c1+p and c2 can be expressed as rational
functions in c1+p2 whereas e := c1+p2 − cp

2

1+p2 belongs to the set of zeroes of a polynomial whose
coefficients are rational functions in c1+2 p2 (see table). When b1 = 0, then c1+p = 0, c1 = c1+p2 a2

and c1+p2 ∈ Fp2 . It follows that f3(X) = c1+2 p2 X
1+2 p2+c2+p2 X

2+p2+c3X3+ c1X+c1+p2 f1(X).
As γ2 ∈ Fp2 − Fp, {1, γ2} is a basis of Fp2 over Fp. Write ε = ε1 + ε2 γ2, with ε1 and ε2 in Fp. By
replacing f3 with f3 − (ε1 f1 + ε2 f2), one obtains the expected formula.

2. The equality G = A∞,1 derives from the maximality of V = Z(Adf1) (see Proposition 4.3.2). The
unicity of the p-Sylow subgroup is due to Remark 4.3.1. �

The last case : `1,2 6= 0 and `2,3 6= 0, generalizes the results obtained in Chapter 3 (Section 3.6.2).

Proposition 4.5.15. Let (C,G) be a big action satisfying Gp
3

∗ such that [G′, G] 6= {e}. We keep the notations
introduced in Section 4.4.3. Assume that `1,2 6= 0 and `2,3 6= 0.

1. Then, p ≥ 11 and there exists a coordinate X for the projective line C/G2 such that the functions fi’s
can be parametrized as follows :
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f1 f1(X) = X1+p + a2X
2

V V = Z(Adf1) = Z(Xp2 + 2 ap2 X
p +X)

f2 f2(X) = b1+2 pX
1+2 p + b2+pX

2+p + b3X
3 + b1X

b1+2 p b1+2 p ∈ k×

a2 2 ap2 = −b−p1+2 p (b1+2 p + bp
2

1+2 p)⇔ b1+2 p ∈ V
V V = Z(Xp2 − b−p1+2 p (b1+2 p + bp

2

1+2 p)X
p +X)

b2+p b2+p = −bp1+2 p

b3 3 bp3 = b−p1+2 p (b2 p
2

1+2 p − b21+2 p)
`1,2 `1,2(y) = 2 (b1+2 p y

p − bp1+2 p y)
f3 f3(X) = c1+3 pX

1+3 p + c2+2 pX
2+2 p + c1+2 pX

1+2 p + c3+pX
3+p

+c2+pX
2+p + c1+pX

1+p + c4X
4 + c3X

3 + c2X
2 + c1X

c1+3 p 3 c1+3 p = 2 b21+2 p

c2+2 p c2+2 p = −b1+p
1+2 p

c3+p 3 c3+p = 2 b2 p1+2 p

c4 6 cp4 = −b−p1+2 p (b31+2 p + b3 p
2

1+2 p)
c1+2 p c1+2 p ∈ V
c2+p c2+p = −cp1+2 p

c3 3 cp3 = b−p1+2 p (b1+2 p + bp
2

1+2 p) (cp
2

1+2 p − c1+2 p)
c1+p c1+p ∈ k
b1 2 bp1 = b−p1+2 p (cp1+p − c1+p)

c2 2 cp2 = −b−p1+2 p (cp1+p b
p2

1+2 p + c1+p b1+2 p)
c1 c1 ∈ k
`1,3 `1,3(y) = 2 (c1+2 p y

p cp1+p − y) + 2 b21+2 p y
2 p − 4 b1+p

1+2 p y
1+p + 2 b2 p1+2 p y

2

= 2 (c1+2 p y
p − cp1+p y) + `21,2(y)/2

`2,3 `2,3(y) = 2 (b1+2 p y
p − bp1+2 p y)

Therefore, the solutions can be parametrized by 3 algebraically independent variables over Fp, namely
b1+2 p ∈ k×, c1+p ∈ k and c1 ∈ k. One also finds a fourth parameter c1+2 p which runs over V . So, for
a given b1+2 p, the parameter c1+2 p takes a finite number of values.
Moreover,

|G|
g

=
2 p
p− 1

p3

1 + 2 p+ 3 p2
and

|G|
g2

=
4

(p2 − 1)2

p3 (p+ 1)2

(1 + 2 p+ 3 p2)2
.

2. G = A∞,1 is the unique p-Sylow subgroup of A. Furthermore, Z(G) is cyclic of order p.

Proof :

1. In this case, the group G satisfies the third condition of Chapter 3 (Prop. 3.5.2). So, we deduce from
Chapter 3 (Thm. 3.5.6) that m1 = 1 + ps, m2 = 1 + 2 ps, m3 = 1 + 3 ps with p ≥ 5 and v = s + 1.
Furthermore, it follows from Lemma 4.5.8 that s ∈ {1, 2}. Assume that s = 2. Then, |G| = p6,
g = p−1

2 p2 (1 + 2 p+ 3 p2), so |G|g2 = 4
(p2−1)2

p2 (p+1)2

(1+2 p+3 p2)2 <
4

(p2−1)2 . This is a contradiction, hence s = 1.

In this case, |G|g2 = 4
(p2−1)2

p3 (p+1)2

(1+2 p+3 p2)2 and condition (∗) is satisfied as soon as p ≥ 11. Then, we deduce
from Proposition 4.5.5 the parametrization of f1, V and f2 mentionned in the table. Besides, we deduce
from Chapter 3 (Thm. 3.5.6) that f3 is in Σ4 − Σ3 with m3 = 1 + 3 p. This means that f3 reads as
follows :

f3(X) = c1+3 pX
1+3 p + c2+2 pX

2+2 p + c1+2 pX
1+2 p + c3+pX

3+p

+c2+pX
2+p + c1+pX

1+p + c4X
4 + c3X

3 + c2X
2 + c1X.

We determine the expressions of the coefficient by solving the equation :

∀ y ∈ V, ∆y(f3) = `1,3(y) f1(X) + `2,3 f2(X) mod ℘(k[X])

with `1,2(y) = `2,3(y) = 2 (b1+2 p y
p − bp1+2 p y) (cf. Chapter 3, Prop. 3.5.4.1). The results are gathered

in the table above.

2. The equality G = A∞,1 derives from Chapter 2 (Cor. 2.5.7). The unicity of the p-Sylow subgroup
comes from Remark 4.3.1. The description of the center is due to Chapter 2 (Prop. 2.6.15). �
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