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Tracking with occlusions via graph cuts
Nicolas Papadakis and Aurélie Bugeau

Abstract

This work presents a new method for tracking and segmenting along time interacting objects within
an image sequence. One major contribution of the paper is the formalization of the notion of visible and
occluded parts. For each object, we aim at tracking these two parts. Assuming that the velocity of each
object is driven by a dynamical law, predictions can be used to guide the successive estimations. Separating
these predicted areas into good and bad parts with respect to the final segmentation and representing the
objects with their visible and occluded parts permits handling partial and complete occlusions. To achieve
this tracking, a label is assigned to each object and an energy function representing the multi-label problem
is minimized via a graph cuts optimization. This energy contains terms based on image intensities, that
enable segmenting and regularizing the visible parts of the objects. It also includes terms dedicated to the
management of the occluded and disappearing areas, that are defined on the areas of prediction of the
objects. The results on several challenging sequences prove the strength of the proposed approach.

Index Terms

Tracking, interacting objects, occlusions, graph ﬁjts optimization.

1 INTRODUCTION

Despite lot of attention being dedicated to this problemrdhe last twenty years, tracking segmented
objects remains a very concerning problem in computer wisla particular, the problem of dealing
correctly with occlusions is still an open subject.

1.1 State of the art on tracking

As presented in the recent review [33], three main categaidracking methods exist: point, kernel and
silhouette tracking. Here, we only focus on the latter whasims at extracting successive segmentations
of the target over time using a temporal consistency. Thisistency is often obtained using optical flow
estimations. The modeling of the dynamics also enablesndgewaiith the occlusions of an object.

The silhouette tracking algorithms can be decomposed into groups, depending on whether the
silhouette is represented by a set of parameters [17], |34y @ continuous energy function. As parametric
representation does not handle well topology changes ufitimzorporating complex shape priors as in
[9], this paper only concentrates on energy function methtdsuch works, the object boundary is mostly
defined by the zero level set of a continuous function [12],[126], [27], [29]. However, these methods
suffer from a high computational cost that we would like toidv

Using graph cuts is one solution to accelerate the trackinggss. The advantages of min-cut/max-flow
optimization are its low computational cost and the fact thaonverges to the global minimum without
getting stuck in local minima. This kind of approach was fused for tracking in [32] where the contour
of the object at previous time is dilated into a narrow bandgrAph is then constructed on this band,
which results in a segmentation of the object. Neverthelesso temporal information is included, this
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method is unable to deal with large displacements and cdepleclusions. Graph cuts have also been
used in [11] to successively segment one object or layewtirdime using motion information and in
[14] for kernel tracking. To our knowledge there are only twod of works [22], [23] and [5], [6] that
rely on graph cuts minimization to segment and track mutipbjects whilst using the object velocity
or a dynamical model. These two types of methods are basedpvadiction of the target at the next
instance, through a velocity estimation, followed by itsreotion with a graph cuts segmentation method.

In [22], [23], Malcolm et al. define a method in which the vetgoof each object is modeled by an
auto-regressive model to provide a prediction for the niexé tstep. A distance to the prediction is taken
into account so that the successive segmentations aralgpatinstrained. This model then enables the
process to be quite consistent in time. To consider strormg@ds of motion, the authors compute, for
each object, a scalar coefficient which represents the efrprediction in order to weight the influence
of predictions. However, the segmentations are quite blesta time. Moreover, it does not cope well
with partial and total occlusions as there is no specific @sedor dealing with interacting objects.

In [5], [6], Bugeau and Erez used external detections to help track objects. Allpikels belonging
to the objects are here represented. This method can bediasva filtering of the tracked objects with
image intensity and external observations, without anylne@associate objects and detections beforehand.
These detections enable the process to be robust to pactihlstons, and, if the motion of the target
is simple enough, to total occlusions also. On the other handdynamical model is considered, as
the motion is computed independently at each time using tlm$-Kanade motion estimator [21]. The
tracking is done in two phases of graph cuts: an individuatking of each object, and a separation
(through segmentation) of the possibly merged objects.

1.2 Discussion on graph construction

In the graphs built in [22], [23] one vertex corresponds te pixel of the image. This classic and simple
representation limits the occlusion management. Namdignaan object is occluded (by the background
or by another object), it can not be represented using onéyvamtex per pixel.

The graph representation used in [5], [6] leads to someast@y points: the vertices are not only
the pixels of the image, but there is also an extra vertex &mheobject detection, which enforces the
temporal consistency of the successive segmentationseTdditional vertices allow associating external
observations to the tracked objects. Thus this graph casideninformation outside the pixel grid.

The idea of using additional vertices that consider theestdtobjects was originally proposed in
[11], [18]. These works concern the estimation of dispafitym stereo images and combine dynamic
programming approaches with graph cuts resolution. Theoasitassociate state segmentation (coming
from the three and four-state moves algorithms of [8], [1@])h spatial labeling of the pixels. The
model proposed in this paper is related to this approach,eawil consider the state of predicted pixels
(good if a predicted pixel of an object belongs to the finalnsegtation of this object or bad otherwise)
simultaneously with the object segmentations. Neverfiseltne visual representation of the graph will be
closer to the one of [5], [6].

1.3 Contributions of the paper

Through this work, we seek to combine the advantages of thekimds of previously described tracking
methods [5], [6], [22], [23]. More precisely, we are inteegsin tracking and segmenting several (possibly
interacting) objects with a fast and accurate dynamic seggtien process. In particular, we focus on the
occlusion representation and management. Knowing thialinétion of the objects of interest at the first
frame of an image sequence, we aim at tracking them along Nloessumption about static background
is made.
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To realize this multi-target tracking, each object is reprged as a set of pixels that can be visible
or occluded. Several objects can then be associated withgéespixel of the current image, but only
one object will be visible. We introduce an energy involviagemporal consistency between visible and
occluded parts of the objects, through a system of predistidhe pixels predicted by the dynamics of
the objects are indeed segmented in two parts and labeledaas @y bad. The predicted pixels of an
object that will finally belong to the segmentation of thigemit are considered as good predictions while
the other pixels will represent the bad predicted areas.

Hence, the whole representation has the capability of niga&lasily with the partial and total occlusions
of the targets, while taking into account errors of predictiOur model then fully describes what is
happening during real tracking applications: appearadsgppearance and occlusions. The energy is
finally minimized with a graph cuts optimization.

Despite the similarity with the energy minimized in the wark{22], [23], we would like to emphasize
that the overall process took most inspiration from [5], #1d [19]. Indeed, we first added additional
vertices to the classical image graph following [5], [6]. \Ws0o adapted the principle of active vertices
(good and bad predictions) as well as the binary functiom thadels occlusions and rejects impossible
labeling from [19].

1.4 Important definitions and notations

Here, we focus on multiple objects tracking. We will assuimat fV objects are involved and denote as
O C R? the set of pixels at time of the image!(x,t). The imagel(z,t) varies spatially with the pixel
r € QF and temporally witht € [0, +0c). We will refer to thei'" object at timet by O!. Let us now
consider that only a subset of the pixels of each object ibleisTo that end, we define an object as
follows.

Definition 1.1: An objectO! is represented by the union of two disjoint subsets: the leisibt)! and
the occluded se®!\V!. These two subsets form a partition of the object)sa O:.

Such an object representation allows dealing with occiysas illustrated in Figure 1.

Vo Oy
(a) (b)
Fig. 1. lllustration of the definition of objects: The object 1 (resp. 2) is represented by the full (resp. dashed) line. (a)

The visible parts of the objects (V; and V%) and the background (V) form a partition of the image domain €. (b) The
whole objects area can intersect themselves in case of occlusions (01 N O5 # ).

We will assume that the initial segmentatié¥ of each object at time0 is known. We also suppose
that the objects are initially entirely visibléf = 1)?). From this initial segmentation, a color distribution
can be built for each object (fromi(z,0) andz € V?) and the probability?;(z) of a pixel z € Q' to
belong to an object can be computed. The subscript= 0 will be reserved for the background. Note
that, at each time, the visible parts of the objects and the background form rétipa of the image
domain:

ULV =Q and V! NV =0,Vi # j.
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We defineV} = O for the background. In fact, we do not want to segment theudled part of the
background (in reality0} = Q') and we only focus on its visible part.
From the image point of view, the visible part of the objecsa be represented with a labeling function
A QF — [0; N], that associates each pixel of the current image with ancblojethe background. We
then have:
v €V & \Nz) =1

1.5 Overview of the paper

This paper is organized as follows. We first detail two relaristing methods from the literature in section
2. Next, the dynamical model and the proposed energy aremess in section 3. The discretization of
the energy and the resolution by graph cuts is detailed itiosed. Some results and comparisons with
the method of [22] are finally presented in section 5. The whoiplementation details are given in
Appendix.

2 RELATED WORKS

In this first section, we describe some state-of-the-arttionals dedicated to segmentation and tracking
of objects. Many graph cuts based methods have been proposedégmentation issues but very few

works use this methodology for tracking. This section pneséwo works that are directly related to the

proposed approach. They both consider that the whole abgret visible and do not take into account
the occluding parts. In that case, for al=0--- N, V! = O!. In this section, we therefore refer to an

object by its visible part.

2.1 Segmentation

A simple segmentation of the background and Mebjects (inspired by the work of Boykov and Jolly
[1]) can be obtained, at each tintg by minimizing the following energy with respect to the labg
function A:

J(A) = Ep(A) + Er(N). 1)

The data ternf, measures the likelihoo#; of a pixel to belong to an objedt

Ep(A) ==Y I (P(x))d (Mx) — 1),

zeQt =0

whered(l) is the characteristic function (equals taf [ = 0 and 0 otherwise). The regularization term

(S'R is:
ExN) = B S ST I, 1), I )[1 = (M) — A=)

zeQt zeN(x)

whereRq > 0 is the regularization parameter afd: R x R — R* is a decreasing function that penalizes
the spatial discontinuities of the segmentation accorttinthe image data. A cost is then paid when two
neighbor pixelsz and z have different labels, i.e)(z) # A(z) andd(A(z) — A(2)) = 0.

This regularization is equivalent to the minimization oétlength of the boundaries between objects.
Note that the neighborhood of a pixelinvolved in energy (1) is defined by:

N'(z) = {z € Q" such that0 < |z — x| < [}. (2)

With such a model, the segmentations obtained at each timeusty suffer from temporal inconsistencies.
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2.2 Tracking with predictions

We now explain how using predictions allows enforcing thageral consistency. To that end, we briefly
review the method proposed in [22], [23], where the visikdetp)! of thei = 1--- N objects are tracked.

In this work, the segmentation obtained at a frame used as a constraint for the segmentation at time
t + 1. Assuming that the mean velocity (or a model of the mean Wglos known for each object, the
authors translate the current estimation at tinte have a predictionﬂf“'t of the object; at framet + 1.

The pixels that do not belong to the predicted Blé*tl't are discouraged to be associated with the object

1. This penalization is done with a new term:

EN =73 Y d@)i(\) —i).

i=1 zeQt+l

In this appearance term, an Euclidean distance funcfigm) to the prediction is introduced for all
r e Q! as
di(z) = min |z — z|.
zer‘Hlt

This distance (weighted by the cost> 0) is taken into account in order to constraint the new estonat
to be in the spatial neighborhood of the prediction. A coghen paid for the areas that do not belong
to the prediction but are nevertheless segmented as ok(jmmsselyvf“\vf“'t). This property makes
the process able to deal with tracking problems by addingei@ite on shape and position between
successive temporal segmentations.

This new model completes the energy (1) as it is adapted tectshjpresenting a quite continuous
deformation in space and time:

J(A) =Ep(N) + E,(N) + Er(N). (3)

Note however that, in case of partial and total occlusionsre is no special model involved to recover
the shape of the tracked object. Hence, in case of trackimguitiple objects, occlusions between objects
can not be treated correctly as a single pixel can not belongd different objects.

To illustrate this limitation, we applied this method to ajsence from PETS 2061where we aim at
tracking a truck and a pedestrian. On this sequence, theithigoof [22] loses the pedestrian during its
partial occlusion by the truck (see Figure 2). As the ocaludarts of the objects are not considered, the
pedestrian disappears due to the weight of the regulasizaérm. Moreover, the tracking of the truck
boils over the background and even segments another padesith similar color.

Increasing the weight of the regularization term allowgcéng these last errors, as illustrated in Figure
3, but the tracking of the pedestrian is almost impossiblén wuch a high regularization parameter. In
this sequence, the only solution would be to apply indepethg¢he algorithm of [22] to the truck and
to the pedestrian with different regularization paranseter

The previous experiments show the limitations of the meshmay based on the tracking of the visible
part of the objects. More precisely, there is no energy tezalidg with the bad predicted are +1't\Vf+1
and the representation of the occluded parts of the ob{£t¥! is not considered.

In this work, we want to deal with partial and total occlusoand also handle bad segmentations
properly (reject false segmentation that may occur at ane)tihanks to the motion information. To that
end, we will present in the next sections a model that considen empty intersections between objects
segmentation, and explain how a dynamical model permitéindgeaorrectly with occlusions. We will
show that the temporal predictions enables modeling, aeigihg and tracking both visible and occluded
parts of the objects.

1. database PETS: Performance Evaluation of Tracking and Sureei/lamailable on http://www.cvg.rdg.ac.uk/slides/pets.html



TRACKING WITH OCCLUSIONS VIA GRAPH CUTS 6

t =060 t =280 t =100

Fig. 2. Truck and pedestrians [22]: Only the visible part of the objects are tracked and the pedestrian is lost when
partially occluded by the truck. Moreover, parts of the background and even another pedestrian are finally segmented
as truck. In this example v = 1 and R = 10.

t =22 t =42 t="72

Fig. 3. Truck and pedestrians [22]: Increasing the weight of the regularization term (R, = 15) allows removing some
artifacts. However, as the visible part of the pedestrian is too small, its tracking is lost even before the partial occlusion.
In this example v = 1.

3 DEFINITION OF THE PROPOSED TRACKING MODEL

In this section, a method to estimate both the visible anduded parts of the tracked objects using
predictions is proposed. By segmenting good and bad predg;tive aim at dealing with the occlusions,
the disappearances and the regularization of the occluddd pf the tracked objects. In the end, our
model will allow tracking and segmenting several objecthjlevencouraging the conservation of their
shapes and motions.

3.1 Using predictions to deal with occlusions

In order to define a new functional taking into account both phredictions and the occluded parts of the
tracked objects, we need to clearly define the predicted)détd and ©'*I"

3.1.1 Predicted sets
Definition 3.1: Assuming that the estimation of the visible and occludedspair the object at time

t is known, and that this object is guided by a mean velocityovect between time and ¢ + 1, the
predicted set®) ™" and O are defined as:
VI = £y 4 5t € Q1) such thaty € V'Y,
t+1)t _
Ot =y 4 5t € Q) such thaty € O'}.

Note that the visible predicted sets of different objects bave a non null intersection. We will discuss
in details in subsection 3.3 how the velocitigsare computed.

(4)
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A simple but useful observation can be made from the consbruof the predicted sets. At timie the
visible partV! of the objecti is a subset of the whole obje@. As the predicted sets! ™" and 0/
have been built by translating! and O, the prediction of the visible part is necessarily a sub$ehe
prediction of the whole object " ¢ Ot“'t

3.1.2 Occluded sets

There is an important point that must be clarified now: whatiagption do we need to handle the partial
and total occlusions of the objects? Inde€d!\ V!, the occluded part of an objectt timet + 1, can
not be estimated only with the color data available at ttrrel. Some additional information is needed
to track correctly this occluded part. In this work we make fbllowing assumption:

Assumption 3.2: We assume that the occluded part of an object at ttme1 is a subset of the
prediction of the whole object from time O\ Vi+! ¢ O

This necessary assumption is the only strong assumpticth insthis paper. We nevertheless believe
that it makes sense as motion models are able to deal cgrretti simple occlusions [15], [26], [27] for
any kind of target. In this work, we will use simple motionigsdtion on the visible areas of the tracked
object through Lucas-Kanade approach [21]. Other assomgptould have been made. For instance, one
could have used prior information on the shape to deal wittigdacclusions as in [9]. However, this kind
of approach needs a pre-processing learning step depeowlitige target, that we would like to avoid. We
then prefer not having any morphological assumption on itheked object and let the dynamical model
do its job.

3.1.3 Defining and labeling good and bad predictions

The estimation of the object at timet + 1, 0!, permits to segment the predictiaf
disjoint subsets: the good predicted éﬁt“'t O'*! and the bad predicted s&t ™"\ 0!,

Naturally, if the estimation of2! and its motion are good enough, the bad predlcteﬁéf‘t Ot
should be empty. In practice, it is obviously not the caséhasbjects can be deformable and the motion
we consider is a simple translation.

We now introduce a second labeling function U;O! — [0; 1]. This labeling function represents the
good and bad predictions: a pixel € O! will be a good (resp. bad) prediction if(y") = 1 (resp.
(y') = 0).

Let us now explain how the good and bad predictions will allepresenting disappearance and
occlusion of the tracked pixels of the objects.

1 into two

3.1.4 Interacting pixels

From definition 3.1, the pixe}’ of the objectO! is associated with the pixal = y* + o! of the image at
time ¢+ 1. In order to enhance the model and consider disappearandescalusions, we create a strong
link between the labels of these interacting pixglandx. Recalling that\(z) = i & z € V/, four cases
can be described:

. yi is a good predictiona( € O\ ©*1) andz is labeled with the object (z € V!*'): = belongs
to VI*!, the visible part of the object (more precisely: € V™ n O,

« 3" is a good prediction and is not labeled with the objeat(x ¢ Vt“) x belongs to the occluded
part of the object (z € O\ V!*! ¢ O from assumption 3.2).

. ' is a bad predictiona( € O\ ©*1) andz is not labeled with the objeat « belongs to the bad
predicted area associated to the objett € O\ O!+1).

« 7' is a bad prediction and is labeled with the object the situation is impossible.
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As shown in Table 1, a summary of these possibilities can beemade in term of labels.

m(y') =1 m(y') =0
Mz) =1 Good prediction and pixel visibler(c V1) Impossible
Az) # i | Good prediction and pixel occluded € O\ Vi*1) | Bad prediction ¢ € O\ 0! )
TABLE 1

Description of the different cases associated to the label value of interacting pixels y* € O! and
r € QY with z =y + ol

3.2 Extending the energy

Let us now explain how the predicted s@é“‘t will be used and incorporated into the energy function
in order to obtain a better temporal consistency and ded agtlusions.

3.2.1 Temporal consistency and bad segmentations rejections

The bad predictions come from the disappearance of somésmkéhe object (from deformation) and/or
from error of construction of the predicted sets (due to tlotion model)

A new energy term is needed to monitor the bad predlcted @‘éé \O!*!, From definition 3.1, a
pixel y* € O! has as corresponding predicted pixel:= y' + v/ € Q'*'. As the bad predicted area
corresponds to the caséy’) = 0 and )\( ) # i, the new term is defined as

3 S AL — 5@ — ).

1= lyeot

Here the penalization is made through the functipr R, described in the next section, that will measure
the difference between the local measured velocity at pgiaind the mean motion of the object. Using
the motion information will allow rejecting some bad segtagions that may occur at one time. Namely,
if the velocity of a pixely’ is far from the mean motion while does not belong to the object, minimizing
&s is equivalent to setting’ as a bad prediction. This new term will also add temporal isterscy to
successive segmentations by keeping as object the preégiotels corresponding to good predictions.

3.2.2 Tracking occluded parts of the objects

The good predicted s&' ™' N O*' can be separated into two parts: its visible pa'¢ n V1) and
its occluded part@!™'" N (OF\ V).

As the original energy (1) already measures the likelihobthe whole visible set!*! through the
data term, we only need to handle the occluded part of theigii@al This will be done by penalizing
the area of the occluded pa®{™\V'*' = O n (O*1\VI+1), from assumption 3.2). This region
corresponds to the pixelg € O! such thatr(y’) = 1, whose associated predicted pixel= y' + v! is
occluded by another objech(z) # i) A new energy term can then be defined:

Y Y de ~1)[1 - 6(A(x) — ).

1= 1yeot

This new term includes a weight parametee R. Moreover, as we want the occluded and visible parts of
an object to be spatially close, we better use the distdf{ag of a pixelz € Q! to V”l't to encourage
the final occluded set to be close to the prediction of theblgspart of the object. As this distance is
null vz € VI we here consider the distandgz) = d;(z) + 1. Indeed, we also want to penalize the
occluded parts contained inside the predicti6hi?'" N V*!. Let us note that, if the visible part of the
objecti is empty (complete occlusion of the objet we computed;(x) as the distance to the predicted
setO ! vr e i1,
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3.2.3 Coherence constraint
t+1]¢

Recalling that the good predicted visible arég™¢ N V," ") is implicitly considered by the data and
appearance terms of energy (3), the cag¢) = 1 and A\(x = ¢ + v!) = i is already treated. From this
observation and the two last energy terms, it appears thgtane case is still not addressed. In fact,
when the pixely’ € O! is a bad prediction of the object its corresponding predicted pixel= y* + v!
can not be associated with the objecihis last case can be explained mathematically as:

Ty =0= Nz =y" +0}) #1i. (5)

We impose this constraint by adding an energy term:

Eo(m, \) =UY > d(r(y)s(Ax) — 1),

i=1 yico!

with U — +o0 a huge value that prevents from impossible associations.

3.2.4 Spatial regularization of the whole objects

Finally, an additional term will allow regularizing spdtathe occluded parts of the objects by penalizing
the length of the boundary between good and bad predictednsglt will therefore involves the
neighborhoods\™ ! (1) = {2 € O, such that:' € A"(y')} andR, > 0 a constant of regularization:

Emp(m) =Ry ) > D> [—dx(y’)—n(z))].

i=1 yiEOf ziej\/il’t+1(yi)

3.2.5 Final Model

Merging all the terms introduced from the beginning, ouckiag problem consists in minimizing the
following energy:
minE(m, A) = Ep(A) + E,(X) +Es(m, A) + Eu(m, A) + Ec(m, A) + Er(A) + Erp()

ﬂ-’)\ N v 4 ' \v-’ \V/ (6)
(A) (B © (D)

The terms of the energy have been merged in the followingesefise term A consists of energies
involving single pixels of the image domaiii™!. The term B is dedicated to energies depending on pairs
of interacting pixelsy’ € O! andz = y' +v! € Q1. The term C (resp. D) involves pairs of neighboring
pixels in the image aref!™! (resp. the predicted ared¥).

Minimizing this energy gives the optimal labelingand enables obtaining the séts™! ¢ O!*! in the
following way:

. for all z € Q1 if \(z) =4, thenz € VI*! c O,

. forall y' € O, if n(y’) = 1, thenx = ' + ot € O/,

With respect to the energy of Malcom et al. (3), our model naWyfdescribes what is happening in
real tracking applications: appearance, disappearant®esiusions. Let us now explain how the motion
information is used to define the functiops
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3.3 Use of motion information

To build the predicted sets and to compute the functigp’), we assume that the objects move, up to
an uncertainty, with a mean velocity. We therefore use Gaussian velocity models and charaetdre
motion of each object at time¢ with the law N (¢}, o) defined by the mean motiosj and the variance
ot
To compute the unknowns ando?, a set of points of interest is considerdg;; },_,..nt € V;, where
N} is the number of points of interest detected (by the Harrimeodetector [16], for example) in the
visible part of object at time¢. The optical flow vectors)fj are computed at these points with a simple
Lucas-Kanade multi-resolution scheme [21] (using the eslp;;, t), VI(pj;,t) andI(pj;, ¢+ 1) at the
finer scale). More complex motion estimators could have hessd. Nevertheless, as our prediction is
finally obtained with a simple mean motion, we prefer to refyafast and simple motion estimator.

To add a temporal consistency in the successive estimatianalso rely on a dynamical model on the

velocities of each object.

3.3.1 Dynamical model

Assuming that we already have a previous estimation of thanmé ' and the variancer! ™' of the
velocity of the object, we use these values to filter the neetoreestimation with:

Uy = Kijuj; + (1 — Kij)o; ™! @)
o, — o] .
WhereKij = max k?, e:L’p(—T) Pz(pw) ,
N UZ P \V/
ol Probability of belongi
Filter the velocity values = 10 the objecy o 2

andf is the minimum wanted value of mean velocity update rates Phairameter determinespriori the
quality of the chosen constant motion model. If an objecliydallows this velocity model, one can set
k = 0. On the other hand, if the velocity of the tracked object igequnpredictablek should be chosen
closer tol. From our experimentations, we fixed this paramete.#5, in order to ensure a minimum
evolution of the motion value.

In [22], [23], the involved velocity model is a simple filtdrdt projects the centroid of an object forward
in time with respect to the moving average of the gaAst 0 displacements. The authors also take into
account the possible error of prediction, by computing dascaefficient for each object. We believe that
such an error model is too coarse and can not be adapted irotadgects presenting strong changes
of motion direction. Thus, using a parameter representiggvelocity uncertaintyk( instead of7") and
applying a local process to the different points of inteegstbles us to capture more information. As will
be demonstrated in the experimental section, in contragutomethod, the criteria used by Malcolm et
al. is unable to recover bad prediction, and sometimes leadswanted over-segmentations.

Remark also that more sophisticated models involving dertgens [7] and/or the analysis of occluded
motion could have been studied [24], [34]. Neverthelessa gxel to pixel correspondence is needed
between the predictio®! and predicted?f“'t sets, we chose the simplest form of motion (translation)
and a basic dynamical model, in order to reduce the computtcost. From equation (7), the new mean
and variance values of the object velocity can be computed:

Nt Nt
o= S i, andof = - S — o) (8)
vog=1 vog=1

If no point of interest has been detected for an objeste simply choose! = v/~! ando! = 0! .



TRACKING WITH OCCLUSIONS VIA GRAPH CUTS 11

3.3.2 Predicted sets construction

Thanks to definition 3.1, for each objectthe mean motion vectar! enables obtaining, by translation
of V! and O, the predicted set¥' """ and O™, It may happen that, for some pixelé € O, their
correspondeny’ +o! does not belong to the image dom&lh™. Once the predictions have been realized,
we redefine the set®! a posteriorj by removing these pixelg':

0! = O — {4 € O, such thaty’ + 3! € Q'Y ©)

This step only affects the parts of the objects that leaverttage domain, so that it has no consequence
on the predictions. It nevertheless enables having a ubgédtive correspondence between the €@is
and Of“‘t. In practice, we simply use the integer partstdéfand ¢! in order to have a pixel to pixel
correspondence.

3.3.3 Error of prediction

The computed motion vectors also have an important role eénfainctionsg;(y*). More precisely, if an
interest pointpﬁj has a velocityvfj very different from the mean velocity of the objegtits associated
predicted pixel = p{; +; is more unlikely to belong to object In other words, we can assume that the

U?.—’T]?il
motion vector computed at this point is erroneous. Intrauyiche variance coefficient; = | = ‘,
we finally define the function of prediction errofs(p;;) as: Z

et
Bi(pi;) = B+ 1/(ej; +€) - (2% —1) , (10)
N—— ——

Encourages the vectors Penalizes the motion vectors
close to the mean value far from the mean value

where3 € R ande > 0 are some real parameters. If the measured matjpat pointpj; is close to the
mean motion valuey; of the objecti, then the predicted pixet = p;; + v; should belong to the object
i. In such a cases;; will be small andj;(x) high. Thanks to the second term of relation (10), the cost
of assigningpﬁj as a bad prediction will be high.

The third term has almost the opposite role: if the motiontsemeasured at poinp;; is far enough
from the mean velocity of the object its corresponding pixel may not belong to the object for et
time step. The exponential operator will then decrease #heevof 3;(y’) and the pixelr = pﬁj + ot will

be encouraged to disappear (i.e., belong to theddet\ O!+!,

Finally, for the pointsy’ belonging toO! which are not interest points, we s&ty’) = 3 (so,a fortiori,
in the current occluded sets, we havsgy') = 3, Vy' € O\ VY). As a specific regularization is involved
on the predicted set®’ ™" (with the term E of the cost function), the local motion infation, that is

only available at the interest poingsg;, will be diffused. Note also that if the value of the motionnist
informative, witho!~" high ore!; = 1, theng;(y’) = 3.

This is a simple but important improvement of [22], [23], as @se of the motion measures allows
correcting the bad estimations and predictions of the gdadbjects.

4 GRAPH CONSTRUCTION

To minimize the energy (6) we need to create a graph adaptdtetenergy such that the minimum cut
corresponds to the minimum of the energy.

Let G = (V, E) be a directed graph built for our graph cuts minimizationbpem. The set of vertices
V = {n,} classically corresponds to the set of pixels Q! with two additional distinguished terminal
vertices{S, T} called the source and the sink.
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A novelty of our graph, inspired from [5], [6], is that additial verticesn,:. are considered, for all
previously segmented pixelg € O!. They are necessary to handle properly the occluded partiseof
objects, since such information can not be representeddsyirgy only one vertex for one pixel of the
current image. The set of edges representing the energg @ad linking the vertices is denoted By
As illustrated in Figure 4, the vertices,; andn,, corresponding to a previously estimated piyélof
objecti and its associated predictian= 3’ + ©! naturally communicate in the graph. These links are the
key point of the tracking of occluded parts.

Fig. 4. Nodes of the graph For each pixel z; € Q! of the current image, a vertex n,, is created. For each pixel y,
j = 1,2, of the object O, i = 1,2, some additional vertices n,. are added. The predicted sets Of“'t € Q! are also

1t are drawn.

presented and the bijective links between the vertices of O} and O,

In order to minimize the energy (6) within the graph, @gxpansion algorithm [3] is applied. In one
so-called cycle, thev-expansion successively tests each label {0--- N}. The algorithm then realizes
cycles until convergence.

Assuming that we have current labeling functiohsand 7, during an expansion corresponding to the
labela € {0--- N}, a noden, associated to a pixel € Q'!, can shift to the labek or keep its current
label A\(x). The situation is different different for the verticeg: corresponding to the pixelg € O! of

an objecti. We recall that for these pixels, the labgly’) = 0 corresponds to a bad prediction, whereas
7(y") = 1 denotes a good prediction. Remember also that the label ofeh gfi the predicted sef’ € O!

is linked to the label of its corresponding prediction= y' + v! € Q!!. This leads to considering two
cases for the possible moves of the labg)’): a =i and o # i.

For an expansion, the pixelsy’ of the setO! associated to the particular object a can keep their
current label § or 1) or move it tol (i.e., good prediction). The interacting pixel= y* + ©! can take
the labela, only if 3 is a good prediction.

On the other hand, the pixels of the sésrelatives to the objects# a can keep their current label
(0 or 1) or move it to0 (i.e., bad prediction). Namely, if* is not a good prediction, its interacting pixel
x =y’ + v can not take the label (from relation (5)). This last case is valid for the s€5 of all the
objects (— 1--- N) when the background is treated £ 0).

In the Appendix, we give more details on theexpansion algorithm that minimizes the cost function
(6) and finds the labeling functiomsand . One can check that all the involved energies are submodular
or regular in the sense of [20]. In this work, we use the atbaripresented in [2] to find the maximal
flow of the graph.

In practice, at each timg the labeling function is initialized with(z) = 0 (all the pixels of the current
image are associated to the background) and) = 0 (all the predictions are bad).

Note that if we findO!*! = (), for an objecti at timet + 1, we then remove this object from the
tracking process. The overall process is summed up in &hgord. 1.
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Algorithm 4.1:

1 Initialization:
— Assuming that all the objects are entirely visible at theiahitime ¢t = 0, each object = 1--- N is initialized
with V? = OY.
— The setVd = 0 is built.
— The probability functronsDz, i=0---N, are built.
2 Process at time+ 1:
— Find the points of interest iw}, i = 1--- N, and compute their optical flow
Filter the mot|on vectors |n order to obtauﬁ and the functions?;, i =1--- N.
Predict the set¥ " c 0 i =1... N.
Initialize the sets at time + 1 Wlth Vt“ Oft =0, i=1---N andVitt = O = Qi1
Construct the graph and apply tbeexpansron algorithm g|ven in Appendlx to m|n|m|ze the g@yef6) and obtain
Vit and Ot i =0--- N.
Sett =t + 1 and return to 2.

5 EXPERIMENTS
Before presenting experiments, the parameters relatecetmntdeling choices are discussed.

5.1 Short discussion

As the energy we minimize is composed of 6 different terms, rthnimum parameters that have to be
tuned is 5. However, from our experiments, we have obsedvatdmost of them can be fixed.

5.1.1 Object distributions

As the results were obtained from color sequences, we clwoseptesent the probability of a pixel to
belong to an object with a normalized 3D histogram. We detitteuse 16 bins for each channel of
color, so that each object is represented with bins. To handle the changes of illumination and be able
to deal with occlusions, the histograms must be updatedutlrg25]. In this work, we update them
continuously, taking into account both the past histogrard #ne current visible part of each tracked
object.

5.1.2 Regularity function
To regularize the segmentation on the image, we use a adagsimction (as in [1]) that encourages the
discontinuities of segmentation to coincide with the imaigcontinuities. For alle € Q' 2 € N(z),
we then chose the functiof' as:

ex Fx_| (I’,t) _ ](Zat)|2

|x — 2| or

F(I(x,t),1(z,1)) =

)

whereo; is the allowed standard variation. Let us underline thatllioar applications, we fixed; = 80
and the regularization parameter weighting this energyzgo= 10. We use a 8-neighborhood system,
that corresponds te = /2 in definition (2). The regularization of the occluded partshe objects are
handled with the parametét, = 1.

5.1.3 Occlusion vs disappearance

As we would like to keep tracking the occluded part of the objere should impose < 3. However, if

the velocity computed at a point of interagtis far from the mean velocity of its corresponding objgct
thanks to definition (10), we will havg;(y*) < u. This will encourage disappearance instead of occlusion.
The parametee of definition (10) has been set t01.
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5.2 Results

The algorithm has been tested on 5 image sequences. Thenfadelinitializations, the tracking results,
the different parameters as well as the mean computatiarss @re given. Both visible and occluded
parts of the tracked objects are drawn (dark color for thébhspart and light color for the occluded
part). The occluded part acts like an uncertainty guided by ttegliption around the visible estimation
and helps the process to deal with occlusions.

To compare our results with the method of [22], [23], we m=di the same experiments fixidg,, 5;
andy to 0, thus recovering the original energy (3). We did not compait the method of [5], [6] as it
requires some external observations.

As illustrated by the 5 image sequences treated, when tuappgopriately the three main parameters
i, 3 and -, our method is more able to deal with partial and total odohs and gives more stable
segmentations with respect to [22], [23]. Indeed, the fraghf all the objects is realized conjointly by the
global graph cuts minimization, and not independently a&Jjn[6], [23]. Unlike [22], the representation
of the occluded and visible parts of the objects allows dealiell with interacting objects. To show the
limitations of our model, namely the tuning of the three paeters;, 5 and~, we will also present the
results obtained by our method with standard values: 1.5, § = 2.5 and~y = 0.5 and explain the reason
of the failures. Moreover, here we consider errors of ptemhicthat enable to correct bad estimations. Let
us also note that the kind of sequences we treat here is mudh challenging than the one presented in
[22], [23], where objects with slow motions in quite unifordsackground (as the football example here
presented) were tracked.

5.2.1 Wakeboarder

(240 images, 340x240 pixels, 1 object, 5.3 frames/second).

Parameters:;y = 1.5, # = 2.5 andy = 0.5 (little enough to authorize the appearance of pixels quate f
from the prediction, as the motion of the wakeboarder is large

This first sequence presents a wakeboarder who has a lot n§gelhaf motion direction. In this simple
sequence without occlusions, as illustrated in Figure & whkeboarder is well tracked along time.

t = 215 t=220 t = 230 =240
Fig. 5. Wakeboarder sequence: = 1.5, 8 = 2.5, v = 0.5. The dark red indicates the visible part of the tracked object

whereas the light red denotes the occluded part. The large motion of the boarder at the end of the sequence is well
handled by the algorithm.

2. The different colors are more visible in the electronic version or on thédeos available at
http://sites.google.corfsite/nicolaspapadakjwvideo tracking
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To illustrate the influence of the parameters and the inte&fesur motion error model, we applied the
method of [23] to this sequence by fixing,, 5, and x to 0. In Figure 6, we see that both our method
and the one of [23] fail if the parameteris too high, as the prediction is bad and the dynamical model
is not adapted to the large change of motions.

t=2
Fig. 6. Wakeboarder sequence results{a) Application of [23] with R, = 0, u = 0, 3; = 0 and v = 2. (b) Our method
with R, = 1, p = 2, § = 2.5 and v = 2. The motion of the wakeboarder presents some large changes of amplitude in
time that are not well handled by the dynamical model. The tracking is thus lost for both methods with ~ too high, as
this parameter weights the distance of the estimated segmentation with respect to the prediction.

From Figure 7, it is clear that a smaller value pfallows [23] to search farther from the prediction
and track well the object. However, as a global error of mtah on the object is taken into account in
[23], through a scalar number to weight the influence gfthis modification leads to over-segmentations.
The segmentation boils that has boiled over the backgrotiraha time (frame70) is never corrected
(frames80 and 90). On the contrary, our scheme allows enforcing the pointsntd#rest to belong or
not to the segmentation, thanks to the local decision takerelation (10). We are then more robust to
over-segmentation.

(b) ._ - == S
t="170 t =100

Fig. 7. Wakeboarder sequence results{a) Application of [23] with R, = 0, u = 0, 8; = 0 and v = 0.5. (b) Our
method with R, = 1, p = 2, § = 2.5 and v = 0.5. The tracking is quite good in this example, the large motion
between consecutive frames is handled by reducing the value of the parameter ~ to 0.5. This lower parameter leads to
segmenting parts of the background as object with [23], whereas our error of prediction model (equation (10)) is able
to reject some bad detections.
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5.2.2 Truck and pedestrians

(100 images, 340x240 pixels, 2 objects, 4.2 frames/second)
Parameters;u = 1, § = 1.5 andy = 2.0 (the motion of the objects are small).

In this sequence from PETS 2001, a truck and a pedestrianingar motions are tracked. We can see,
from the occluded part representation and the dynamic instthat the pedestrian is well recovered
after its occlusion. Moreover, as illustrated on Figure\&reif some bad segmentations of the truck are
sometime present, the segmentation is always well recdvafter some frames, as the motion of the
bad part of the segmentation is rejected by the process. W@paring with results obtained by [22]
on Figures 2 and 3, we see that our method is able to solve theptimcipal problems: dealing with
occlusions and reject false segmentations.

t =47 t =051 t =064 t =100

Fig. 8. Truck and pedestrian sequenceu = 1, 3 = 1.5 and v = 2.0: . The dark blue (resp. red) indicates the visible
part of the truck (resp. the pedestrian) whereas the light blue (resp. red) denotes the occluded part. Thanks to the
tracking of the occluded parts, the pedestrian is well recovered after its occlusion (¢t = 64). When the segmentation of
the truck boils over the background (see t = 47), this erroneous area is rejected after few frames (see ¢t = 51) thanks
to the error model. It is also interesting to note that the electric pole that occludes the truck on frames ¢t =9 and ¢t = 18
is always segmented as the background (it is colored in light blue which mean that the truck is occluded).

To illustrate the influence of the terms B and C of our energynoe show the results obtained by
setting particular value of and g;. First of all, let us consider that;(x) = 5. As shown in Figure 9, the
motion information is not used to reject bad segmentati@h thay occur at one time. The segmentation
of the truck that boils over the background is never coryecttovered.

t=39 t=259 t="79

Fig. 9. Truck and pedestrian sequenceu = 1, 3; = 3 = 1.5 and v = 2.0: The pedestrian is well tracked, but the bad
segmentations are not rejected, as no error is taken into account on the local motion of the interest points.

To moderate the quality of our result in this sequence, wevsimoFigure 10 that with the standard
parameters, the tracking fails and oversegments the sbjseimely, as the appearance parameter is too
small with respect to the size of the image, the process alkwarching for the target too far away from
the prediction. A solution would be to study the value of thagameter with respect to the velocity of
the object. It will be the subject of future works.
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t=9 t=39 t =359 t="79

Fig. 10. Truck and pedestrian sequence with standard parameters: = 1.5, 3 = 2.5 and v = 0.5: The small value
of the parameter ~ leads the process to search for the target too far away from the predictions.

We now describe the extreme possible valueg &f R and 5 € R. If we setuy = —100, for example,
the model will always prefer to consider that the predictidroccluded. This case will then just put the
objects as occluded and will not realize tracking. Simylaliking 3; = —100 will encourage the model to
consider that the predictions are always bad, this will émdttacking after one frame. The cages 100
and/or3; = 100 are more interesting. By highly increasing the value of theupeetery only, we prohibit
occlusions and the tracking of the pedestrian is lost afsepartial occlusion (Figure 11). Respectively,
we obtain increasing occluded areas by setting 100, as this value prohibits the disappearance of the
tracked area of the objects (Figure 12). Finally, if batland 3; have high values, it leads to increasing
the area of the visible parts of the objects with time (Figligg.

t=9 t =28 t =47

Fig. 11. Truck and pedestrian sequence: = 100, 3 = 1.5 and v = 2.0: The pedestrian is lost when partially occluded
by the truck. Indeed, the model does not allow occlusion as ¢ = 100. The oversegmentations in the background are
still present.

t=09 t =28 t =47

Fig. 12. Truck and pedestrian sequenceu = 1, 3; = 100, and v = 2.0: The dark blue (resp. red) indicates the
visible part of the truck (resp. the pedestrian) whereas the light blue (resp. red) denotes the occluded part. As the
disappearance of the prediction is discouraged by the model (with 3; = 100), the areas of the occluded parts of the
objects are increasing with time.

t=9 t =28 t =47 t =64

Fig. 13. Truck and pedestrian sequencey = 100, 3; = 100, and v = 2.0: As the presence of occluded parts (with
1 = 100) and the disappearance of the prediction (with 8; = 100) are discouraged by the model, the areas of the visible
parts of the objects are increasing with time.
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5.2.3 People in the station

(300 images, 240x220 pixels, 4 objects, 2.5 frames/second)
Parameters;y = 0.5, 6 =1 andvy = 1.

This sequence from PETS 2006 presents four pedestrianaréhatl dressed up with black clothes. Three
men have a very similar motion and walk in group, whereas tbenan has an opposite motion. As
illustrated by Figure 14, the segmentation of the group ofdhpeople is quite well estimated all along
the sequence, thanks to the temporal constraint. Moreewven, if the segmentation of one of the man boils
over the woman when they cross, the motion constraint ejinis bad segmentation after few frames.
However, the process sometimes rejects the feet of the ppeaesas they have a motion different from
the mean motion of the person. Considering additional in&diom such as the direction of the motion
could enable recovering these missing parts of the objects.

t =165 t =180 t =241 t =287

Fig. 14. People in the station sequencez = 0.5, 3 = 1 and v = 1. The dark colors indicate the visible parts of the
tracked objects whereas the light ones denote the occluded parts. As illustrated by the first frame, all 4 pedestrians
are dressed up with black clothes. The algorithm is nevertheless able to track correctly each person. Even if the
segmentation of one of the man boils over the woman when they cross (¢ = 95), the motion constraint occludes this
bad segmentation after a few frames (¢ = 100), before rejecting it (t = 101).
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When using the standard parameters, the process gives lglgbald results but it merges two pedes-
trians, as illustrated in Figure 15. Note that the partiatlesion with the woman is nevertheless well
recovered.

=82 t=99 =118

Fig. 15. People in the station sequence - results with standard paraeters: u = 1.5, § = 2.5 and v = 0.5. The
algorithm fails by merging two pedestrians.

The method of [22] also performs quite well on this exampkecan be seen on Figure 16. However,
as the occluded parts are not tracked, the results are lessagée when partial occlusion occurs and the
segmentation can boil over other pedestrian and the saitcas

t=134 t =165 t =180 t =241

Fig. 16. People in the station sequence - results with [22]R, = 0, u = 0, 3; = 0 and v = 1. The algorithm fails with
the partial occlusion of persons in green and blue as illustrated on frames 95 - 134 and the false green part is only
rejected after frame 165 thanks to the regularization. Moreover, the upper person in red is finally confunded with the
pedestrian in brown (frame 180), from the absence of occluded part tracking.

5.2.4 Football game

(160 images, 488x300 pixels, 15 objects, 0.2 frame/second)

Parameters:;y = 1.5, f = 2.5 and~y = 0.5.

In this noisy sequence from PETS 2003, 13 players and 2 efdiet are all dressed up with similar
clothes (red, white and black) are tracked. As illustratgd-lgure 17, the disappearance of one of the
player from the image is well handled (see- 30) and the players are correctly recovered after partial
occlusions { = 30 andt = 75).
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Initialization t=15

t =45

t =105

t =120 =135 t =150

Fig. 17. Football sequencey = 1.5, 3 = 2.5 and v = 0.5. Only the visible parts of the tracked persons are presented.
As illustrated by the first frame, the players of each team and the referees have similar colors. The algorithm is
nevertheless able to track correctly each player.

For visual clarity, only the visible parts of the objects at®wn. This example is quite simple, as the
player motion is quite small. Since the method of [22] givamsilar good results for this example, we
did not show this experiment.

5.2.5 Man behind trees

(100 images, 360x288 pixels, 1 object, 4.1 frames/second).

Parameters:;y = 1.5, § = 2.5 (encourages occlusion instead of disappearangey, 0.5.

The last sequence consists of a man wearing a (fortunatetypullover and walking behind trees with
a linear motion. This simple motion and the occluded pansesentation enable the process to recover
the target after the numerous partial and total occlusi@msthe other hand, these occlusions make the
segmentation quite rough (see Figure 18).
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=253 t =262 =271 t =300

Fig. 18. Man behind tree sequencey = 1.5, 8 = 2.5 and v = 0.5. The dark blue indicates the visible part of the
tracked object whereas the light blue denotes the occluded part. There are a lot of partial and total occlusions of the
target, but the tracking process always recover the man.

One could point out that the red pullover is quite simple woxer, but we would like to underline that
even with this fact, it is very difficult to track such an oad&d object continuously in time. For instance,
methods based on the color would segment the wall (whichastains a high level of red color) during
occlusions. Concerning tracking methods as [23], the oligeobviously lost at the first total occlusion,
as illustrated by the Figure 19.

t=10 t =42 t =284 t =87

Fig. 19. Man behind tree sequence - results with [23]R, = 0, u = 0, 3; = 0 and v = 0.5. The target is lost after the
first total occlusion.
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5.2.6 Tuning of parameters

In order to help using this method, we now give some hints tilpatameters tuning. The parameter
represents the weight of occluded area. If set to infinitg, tiodel will only consider visible areas. The
parameters: (resp.3) denotes the appearing (resp. disappearing) areas, ib sefinity, the object size
can only decrease (resp. increase). These three pararustetdy take value in the range, 3].

When the velocity of the object is high, the prediction can aé,lso the appearance parametshould
be small to allow areas far from the prediction to be segnteri@other important point is the difference
between the values af and . If 5 is bigger thany, then the model will encourage the disappearance
of objects with respect to their occlusions.

One simple example for non deformable objects can finally éiled. In this case the appearance
and disappearance parametgr&nd -~ can be set to infinity and the object size will remain constant
The position of the object is then only determined by the jotexh that varies with respect to the last
parameterx. If the occlusion parameter is also infinite, the object will always be fully visible soeth
motion model will determine the tracking and no correctibased on the image intensity will be done.
In case of occlusions, the tracking of the objects will be.l@n the other hand, i is small enough, the
model will consider occluded areas and the motion will be jgotad only on the visible parts, allowing
the process to deal with occlusions.

5.2.7 Computational cost

From these five experiments, we can see that the mean comopatatme of our non optimized algorithm

is around 4 frames per seconds for the tracking of one ohjerhages of size 360x300 with a standard
desktop PC. Note that the computational cost of the graphprotsess is proportional t2N, N being
the number of tracked objects. More precisely, the procegaires N a-expansions for a cycle and at
least 2 cycles ofv-expansions (if there is more than one object) to convergeur applications, we set
the maximum number of cycles to 2 as it seems a good comprdmeiseeen velocity and visual quality
of the results. Let us also note that all the pixels of the iesagre processed. Considering only a narrow
band around the predicted sets would naturally speed-uprtteess. The study of this band will be the
subject of future works for real time implementation pumpos

6 CONCLUSION

In this work, we have formalized the notion of visible andladed parts of an object in an original way.
The corresponding energy function contains some new tenaasallow tracking and segmenting these
two parts of an object of interest. Moreover, this represgon permits to naturally deal with the partial
and total occlusions of interacting targets.

A lot of perspectives can be drawn upon. First of all, as in me external detectors could be
incorporated to make the tracking more robust in the casesrdigient occlusions but also to handle the
entrance of new objects in the scene. Unlike [6], these tetexccould be used as a set of pixels instead
of a simple vertex.

Next, the velocity model could be improved in order to crdagter predictions for deformable objects.
Moreover, the direction of the motion measurements coulhken into account in the functiohto detect
bad predictions. Another important point is the tuning of frarameters. A study of the ratio between
object and image sizes could allow setting the regulanngbarameter to deal properly with small objects.
The analysis of the velocity could also permit to define aowafand around the predictions, which would
help fixing the appearance parameter value and decreaseritational cost.

Finally, we would aim to impose some global constraints arhegeacked object to enhance both visible
and occluded segmentations. This could be done with a shapstraint, as in [30], or simply with a
pre-determined range of size for each object. An alteraatolution is to select a compact characterization
of the shape (e.g., pose parameters [4], ellipse parani8trsnormalized central moments [44], or some
top-down knowledge [28]). This will be studied in future Wer
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APPENDIX

In this appendix, we detail, for all the terms of energy (6§ tifferent graph cases associated to a current
labeling A during an expansion corresponding to the latkellThis part enables to re-implement exactly
the proposed algorithm.

Let G = (V, E) be a directed graph built for our graph cuts minimizationbpem. The set of vertices
V = {n,} corresponds to the set of pixels € P, where? = UN, 0! U Q! with two additional
distinguished terminal verticelsS, 7'} called the source and the sink. The set of edges linking theces
is denoted byE. A cut C = {V®,VT) is a partition of the set of vertices such thatc VS, T € VT,
The cost of the cut is the sum of the weights of the edges betweeertex inV*S and a vertex inv’.
A minimum cut is a cut with a minimum cost. It can be found by @uting the maximal flow using
the Ford and Fulkerson algorithm [13]. In this work, we use #digorithm presented in [2]. Any cut can
be described by a set of binary variables },—; .., one for each vertex iV = {n;},—; .. ,,, SO that
u; = 0 whenn; € V¥ andu; = 1 whenn; € VT. Thus, if the graph represents an energy, this energy
can be viewed as a function of the binary variables{u;}.

We recall that the set of labels is a finite §&tN] with 7(y") € {0; 1}, for the pixelsy’ € O! associated
to the verticesq,; and A(x) € [0; N] for the pixels of the image € Q! associated to the vertices.
To simplify the notations, let us introduce the whole labglifunction f = {\,7}. An energy£(f)
corresponding to a labeling within an a-expansion off can be represented by the binary variables and
a related energy, through relations :

. Unary energies, (f(x)), for z € P:
5u(];($)) = E,(0)(1 = u(n,)) + Eu(1)u(n,),
f(x), f(y)), for (z,y) € P x P:
E(f(2), [(y)) = Bp(0,0)(1 = u(ng))(1 = ulny)) + Ep(0, 1)(1 = u(ny))u(n,)
+ Ep(1,0)u(ng ) (1 — u(ny)) + Ep(1, Du(ne)u(ny).
The binary energies are graph representable and can be izedirny graph cuts as soon as [20]:
Ey(0,0) + Ey(1,1) < E,(0,1) + Ey(1,0). (11)

As a consequence, we have to check that all our binary esekgigfy this necessary condition of
submodularity. From the different possible valuesif-) and E,(-,-) , corresponding edges are built in
the graph (see [20] for construction details).

« Binary energiest,(

For a pixelz € Q1| the binary variablei(n,) = 1 represents the cost of assigning the labe&lhereas
u(n,) = 0 is the cost of staying with its current labal(x). The situation is slightly modified for the
verticesn,: corresponding to the pixelg’ € O, as we have to consider two cases= i and a # i.
Indeed, during an expansian, the pixelsy’ of the setO! relative to the objeci = o can keep their
current label (0 or 1) or move it td (i.e., good prediction).
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On the other hand, the pixels of the s&sassociated to the objecis# o can keep their current label
(0 or 1) or move it to0 (i.e., bad prediction). This last case is valid for all théss®! (i = 1---N),
when the background is treated € 0). In term of energy, we have:

« If @ =14, thenu(n,:) = 1 represents the cost of labelingas a good prediction, whereaén,i) = 0
is the cost that considers that the current labl’) will be conserved.

o If a # i, thenu(n,:) = 1 represents the cost of labeling as a bad prediction, whereas$n, ) = 0
is the cost that considers that the current labgl’) will be conserved.

We can now discretize the different terms of the energy (6)afeurrent expansion € [0; N].

(A) Visible and appearance data term:
Ve € Q1 the costsEp(A(x)) and £ (A(n.)) can be jointly represented by the energy,, as-
sociated to the vertex, with the following values:Ep, (1) = —In(P,(z)) + vdu(z), Ep,(0) =
—In(Pr@)(2)) + vdr@) (@)

(B) The terms including the prediction errors, the occlusiand the coherence are merged in one unique
binary energyvy' € O] andx = y'+v; € Q"*', the cost, ;- (7 (y), A(x)) corresponds to the energy
E, 50 with the following values:

() If 7w(y") =1 (If the prediction of pixely’ is good)
1) If a =1 (If we are currently testing the label associated to the ahje

a) If A\(z) =i (If the pixel = is well predicted and currently associated to objgct
El40(0,0) = EL,0(0,1) = B!y (1,0) = Elye(1,1) = 0.

b) else )

E,5c(0,0) = Ej3c(1,0) = pdi(z) (Occlusion), E,,0(0,1) = Ej4c(1,1) = 0 (Good
prediction).
2) else (v #1)

a) If A(x) =1 (If the pixel z is well predicted and currently associated to objgct
E}50(0,0) = 0 (Good prediction),E/ ;-(0,1) = ud;(x)d;(x) (Occlusion), B 5-(1,1) =
Bi(y') (Bad prediction),E, 5-(1,0) = +oco (Impossible,z can not be associated to the
object: if y" is a good prediction).

b) else 3
E;BC(O,_O) = E50(0,1) = G;(y") (Bad prediction),£} 5-(1,0) = E}50(1,1) = pd;(v)
(Occlusion).

(1) else (7(y’) = 0, in this case\(z) = i is impossible)
1) fa=1

E 50(0,0) = @(y")'(Bad prediction),E}’Lﬂc(l_,O) = pud;(z) (Occlusiqn),EiﬁC(l,l) =0
(Good prediction) 7, 5-(0,1) = +oo (Impossible,z can not be associated to the objédt
y* corresponds to a good prediction).

2) else (#1) | | |
ELBC(Ov 0) = Efwc(oa 1) = Eﬁgc(L 0) = EL@C(L 1) = Gi(y").

We omit the regularization energies of terms (D) and (E) @&ssibmething classical in graph construction.
One can check that all these energies are submodular, iretise f [20], by checking relation (11) for
each case.
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Once the graph has been created and cut, following the #igorof [2], the values of the binary
variablesu(n,) andu(n,) are obtained and the expansiaris created as follows:
. for all z € Q'*!, we associate the lab&(z) = o whenu(n,) = 1 (n, is associated to the sink) and
Az) = AMz) whenu(n,) =0,
. for all y* € O!, with i = o, we associate the labély’) = 1 whenu(n,:) =1 (n,: is associated to
the sink) andr(y’) = 7 (y’) whenu(n,:) =0,
. for all y* € Of, with i # o, we associate the lab&ly’) = 0 whenu(n,:) =1 (n,: is associated to
the sink) andr(y’) = 7(y’) whenu(n,:) = 0.
The update of the visible and occluded parts is then done thath
o forall z € Q1 if \(z) =4, thenz € VI c O,
. forall y' € O, if n(y') = 1, thenz = y' +of € O, elser = y' + ot ¢ O,

In a so-called "cycle”, this process is applied once for @l [0; N]. Cycles are then repeated until
convergence. In practice, the process converges most dintieein two cycles (just one cycle is needed
if there are no occlusions between objects). A sketch of thphgfor a currentv-expansion is given in
Figure 20.

Remark: We would like to underline that despite the similarity withetenergy minimized in the
work of [22], [23], the overall process has been more ingpirem [6] and [19], by adding additional
vertices to the classical graph [6] and combining the ppilecof active vertices (good and bad predictions)
as well as the binary function that models occlusions anectgjimpossible labeling (see cases (I)2a and
(IN1 of energiest ;) [19].

Current expansioni = 1

Assign new labeh?

Object 24 o
bad prediction?

Object &= a:
good prediction

17 Keep old label\(z;)?

Fig. 20. The current expansion corresponds to o = 1. Each vertex corresponding to the pixel z; € Q'*! of the current image can
keep its old label A(z;) (if the edge from the vertex n,, to the sink T is cut) or take the new label « (if the edge from the vertex n,, to
the source S is cut). Concerning the predicted sets, we have to differentiate the object 1 (—a) and the object 2 (# «). For the object
1, that corresponds to the current expansion, the vertices n,, 1 corresponding to pixels yJ € 0, j = 1,2, take the label ﬂ(yj) =1
if, at the end of the cut, they are associated with the source S On the other hand, for the object 2, the vertices n,, 2 corresponding

to the pixels y] € 0%, j = 1,2, take the label value 7T(y7) = 0, if at the end of the cut, they are associated with the source S. Note
that, when the current expansion corresponds to the background (o = 0), all the objects act like object 2 in the current example. In
this graph, the different energies are also illustrated, the black edges linking the vertices representing the pixel of the image to the
source and to the sink correspond to the term (A). The green and blue edges linking the prediction and the current segmentation
(OE““ and O, i = 1,2) represent the term (B). The last edges correspond to the two spatial regularizations: in brown the image
regularization (term C) and in purple the prediction regularization (term D).



TRACKING WITH OCCLUSIONS VIA GRAPH CUTS 26

REFERENCES

[1]
(2]
(3]
[4]
[5]
[6]
[7]
(8]
9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]

[17]
[18]

[19]
[20]
[21]
[22]

(23]
[24]

[25]
[26]
[27]

(28]
[29]

[30]

[31]
[32]

[33]
[34]

[35]

Y. Boykov and M. P. Jolly. Interactive graph cuts for optimal bdary &amp; region segmentation of objects in n-d imagedEEE
Int. Conf. Comp. Vis. (ICCV’'01)volume 1, pages 105-112, 2001.

Y. Boykov and V. Kolmogorov. An experimental comparison of peimt/max- flow algorithms for energy minimization in visiolEEE
Trans. on Pat. Anal. and Mach. Intel6(9):1124-1137, 2004.

Y. Boykov, O. Veksler, and R. Zabih. Fast approximate energyimization via graph cutslEEE Trans. on Pat. Anal. Mach. Intell.
23(11):1222-1239, 2001.

M. Bray, P. Kohli, and P. Torr. Posecut: Simultaneous segmentatioh3d pose estimation of humans using dynamic graph-cuts. In
Europ. Conf. on Com. Vis. (ECCV’063006.

A. Bugeau and P. &ez. Track and cut: simultaneous tracking and segmentation of multipetslwith graph cuts. IfProc. Int.
Conf. Comp. Vis. Theory and Appl. (VISAPP’08)lume 2, pages 447-454, 2008.

A. Bugeau and P. &ez. Track and cut: simultaneous tracking and segmentation of multifget®hvith graph cutsEURASIP J. on
Image and Video Proces2008:1-14, 2008.

T. Corpetti, E. Memin, and P. Brez. Dense estimation of fluid flow$EEE Trans. on Pat. Anal. and Mach. IntelR4(3):365-380,
2002.

I. J. Cox, S. L. Hingorani, S. B. Rao, and B. M. Maggs. A maximlikelihood stereo algorithm.Comp. Vis. Image Underst.
63(3):542-567, 1996.

D. Cremers. Dynamical statistical shape priors for level setsbaseking. IEEE Trans. on Pat. Anal. and Mach. IntelR8(8):1262—
1273, 2006.

A. Criminisi, A. Blake, C. Rother, J. Shotton, and P. H. Torr. Eéfit dense stereo with occlusions for new view-synthesis by four-state
dynamic programminglint. J. Comput. Vision71(1):89-110, 2007.

A. Criminisi, G. Cross, A. Blake, and V. Kolmogorov. Bilayer segmtation of live video. InlEEE Conf. Comp. Vis. Pat. Rec.
(CVPR’06) volume 1, pages 53-60, 2006.

S. Dambreville, Y. Rathi, and A. Tannenbaum. Tracking defdnmabjects with unscented kalman filtering and geometric active
contours.American Control Conf.2006.

L. R. Ford and D. R. Fulkerson. Maximal flow through a netwo@lanadian J. of Mathematic8:399-404, 1956.

D. Freedman and M. Turek. lllumination-invariant tracking viagrauts. INIEEE Conf. Comp. Vis. Pat. Rec. (CVPR’0&plume 2,
pages 10-17, 2005.

D. Freedman and T. Zhang. Motion detection and estimation - aantars for tracking distributiondEEE Trans. on Image Proces.
13(4):518-526, 2004.

C. Harris and M. Stephens. A combined corner and edge detedtioRroceedings of The Fourth Alvey Vis. Confages 147-151,
1988.

M. Isard and A. Blake. Condensation — conditional density prapiag for visual trackingInt. J. of Comp. Vis.29(1):5-28, 1998.

V. Kolmogorov, A. Criminisi, A. Blake, G. Cross, and C. Rotheri-Il8yer segmentation of binocular stereo video. IEEE Conf.
Comp. Vis. Pat. Rec. (CVPR’Q5)olume 2, pages 407-414, 2005.

V. Kolmogorov and R. Zabih. Computing visual correspondenith occlusions via graph cuts. IHEEEE Int. Conf. Comp. Vis.
(ICCV'01), volume 2, pages 508-515, 2001.

V. Kolmogorov and R. Zabih. What energy functions can be mingalizia graph cuts?2EEE Trans. on Pat. Anal. Mach. Intell.
26(2):147-159, 2004.

B. Lucas and T. Kanade. An iterative image registration technigtte am application to stereovision. Int. Joint Conf. on Artificial
Intell. (IJCAI), pages 674-679, 1981.

J. Malcolm, Y. Rathi, and A. Tannenbaum. Multi-object tracking tlylo clutter using graph cuts. IEEE Int. Conf. Comp. Vis.
(Iccv’o7), 2007.

J. Malcolm, Y. Rathi, and A. Tannenbaum. Tracking through clutgng graph cuts. IBrit. Mach. Vis. Conf. (BMVC’'07)2007.

C. Mota, I. Stuke, T. Aach, and E. Barth. Spatial and spectralyais of occluded motionsSignal Processing: Image Communication
20:529-536, 2005.

H. T. Nguyen and A. W. M. Smeulders. Fast occluded objectkinacby a robust appearance fitdEEE Trans. on Pat. Anal. and
Mach. Intell, 26(8):1099-1104, 2004.

M. Niethammer and A. Tannenbaum. Dynamic geodesic snakegdoal tracking. INIEEE Conf. Comp. Vis. Pat. Rec. (CVPR’04)
volume 1, pages 660-667, 2004.

N. Papadakis an&. Mémin. A variational method for the tracking of curve and motidn.of Math. Imag. and Vis.31(1):81-103,
2008.

D. Ramanan. Using segmentation to verify object hypothesetEHE Conf. Comp. Vis. Pat. Rec. (CVPR'02D07.

Y. Rathi, N. Vaswani, A. Tannenbaum, and A. J. Yezzi. Particlerfilte for geometric active contours with application to tracking
moving and deforming objectdEEE Trans. on Pat. Anal. Mach. Intell29(8):1470-1475, 2007.

F. Schmidt, E. Aarts, D. Cremers, and Y. Boykov. Efficientmhanatching via graph cuts. Energy Minimization Methods in Comp.
Vis. Pat. Rec. (EMMCVPR’07pages 39-54, 2007.

D. Terzopoulos and R. Szeliski. Tracking with kalman snaldedive vision pages 3-20, 1993.

N. Xu, R. Bansal, and N. Ahuja. Object segmentation using grapgh based active contoursComp. Vis. and Image Underst.
107(3):210-224, 2007.

A. Yilmaz, O. Javed, and M. Shah. Object tracking: A surv&ZM Comp. Sury.38(4), 2006.

W. Yu, G. Sommer, S. Beauchemin, and K. Daniilidis. Oriented &irecof the occlusion distortion: Is it reliablelEEE Trans. on
Pat. Anal. Mach. Intell. 24:1286-1290, 2002.

L. Zhao and L.S. Davis. Closely coupled object detection and satation. InI[EEE Int. Conf. Comp. Vis. (ICCV’'052005.



TRACKING WITH OCCLUSIONS VIA GRAPH CUTS 27

Nicolas Papadakis was born in 1981 in France. He currently has a post-doctoral position in the foundation
Barcelona Media in relation with the Univertity Pompeu Fabra in Barcelona, Spain. He graduated in 2004 from
the National Institute of Applied Sciences (INSA) of Rouen in Applied Mathematics and received the Ph.D.
degree in Applied Mathematics from the University of Rennes, France, in 2007. His main research interests
are tracking, depth estimation and motion analysis.

Aur élie Bugeau received her Ph.D. degree in signal processing from the University of Rennes, France, in
2007. Since November 2007, she has been holding a post-doctoral position in the foundation Barcelona Media,
Barcelona, Spain. Her main research interests include objects detection and tracking, data clustering, image
and video inpainting.




