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Motivation 1

Perspectives in the survey by [Koç and Laporte, 2018]:

I “Our belief that further studies should focus on developing
effective and powerful exact methods, such as
branch-and-cut-and-price, to solve all available standard
VRPB instances to optimality.”

I “No exact algorithm has yet been proposed for the time
windows extension of the VRPB. This type of effective
algorithms could be applied to the VRPB with time
windows.”

Koç, Ç. and Laporte, G. (2018).
Vehicle routing with backhauls: Review and research perspectives.
Computers and Operations Research, 91:79 – 91.
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Motivation 2

Generic Branch-Cut-and-Price (BCP) state-of-the-art solver for
Vehicle Routing Problems (VRPs) [Pessoa et al., 2019].

vrpsolver.math.u-bordeaux.fr

Non-trivial modelling allows us to solve VRPB more efficiently
using the solver.

Pessoa, A., Sadykov, R., Uchoa, E., and Vanderbeck, F. (2019).
A generic exact solver for vehicle routing and related problems.
In Lodi, A. and Nagarajan, V., editors, Integer Programming and Combinatorial
Optimization, volume 11480 of Lecture Notes in Computer Science, pages
354–369, Springer International Publishing.
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Generic Model: Graphs for Resource Constrained
Shortest Path (RCSP) generation

Define a set R of resource indices, partitioned into main
resources RM and secondary resources RN

Define directed graphs Gk = (V k ,Ak ), k ∈ K :
I Special vertices vk

source, vk
sink

I Arc consumption qa,r ∈ R+, a ∈ Ak , r ∈ R
I cycles with zero main resource consumption should not

exist
I secondary resources may be of a special type that allow

negative consumption
I Accumulated resource consumption intervals [la,r ,ua,r ],

a ∈ Ak , r ∈ R
I May also be defined on vertices ([lv ,r ,uv ,r ] , v ∈ V k , r ∈ R)

Let V = ∪k∈K V k and A = ∪k∈K Ak
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Generic Model: Graphs for RCSPs generation (2)

Resource Constrained Path (disposable resources)
A path p = (vk

source = v0,a1, v1, . . . ,an−1, vn−1,an, vn = vk
sink)

over Gk is resource constrained iff for every r ∈ R, the
accumulated resource consumption tj,r at visit j , 0 ≤ j ≤ n,
does not exceed uaj ,r , where

tj,r =

{
0, j = 0,
max{laj ,r , tj−1,r + qaj ,r}, j > 0
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Generic Model: Variables and Mappings
Define continuous and/or integer variables:

1. Mapped x variables
I Each variable xj , 1 ≤ j ≤ n1, is mapped into a non-empty

set M(j) ⊆ A.
I The inverse mapping of arc a is M−1(a) = {j |a ∈ M(j)}.

2. Additional (non-mapped) y variables
3. Bounds [L̄k , Ūk ] for the number of paths in Pk in a feasible

solution.

Define also
I For each k ∈ K , Pk is the set of all resource constrained

paths in Gk

I P = ∪k∈K Pk

I λp = how many times path p ∈ P is used in the solution.
I hp

a = how many times arc a is used in path p
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Generic Model: Formulation

Min
n1∑

j=1
cjxj +

n2∑
s=1

fsys (1a)

S.t.
n1∑

j=1
αijxj +

n2∑
s=1

βisys ≥ di , i = 1, . . . ,m, (1b)

xj =
∑

k∈K

∑
p∈Pk

( ∑
a∈M(j)

hp
a

)
λp, j = 1 . . . ,n1, (1c)

L̄k ≤
∑

p∈Pk
λp ≤ Ūk , k ∈ K , (1d)

λp ∈ Z+, p ∈ P, (1e)
xj ∈ N, ys ∈ N j = 1, . . . ,n1, s = 1, . . . ,n2.

(1b) may be separated on demand through callback routines
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Generic Model: Collection of Packing Sets

Define a collection S of mutually disjoint packing sets, each
one being a subset of A, such that the constraints:∑

a∈S

∑
p∈P

hp
aλp ≤ 1, S ∈ S, (2)

are satisfied by at least one optimal solution (x∗, y∗, λ∗) of
Formulation (1).

I The definition of a proper S is part of the modeling
I Packing sets can be defined on vertices (each one is a

subset of V )

Packing sets generalize customers in the classical CVRP
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Why we need Packing Sets?

Knowledge about packing sets allows the solver to use
state-of-the-art techniques in a generalized form:

I ng-paths [Baldacci et al., 2011]

I Distance matrix for packing sets is expected from the user
to obtain initial ng-neighbourhoods

I Limited Memory Rank-1 Cuts [Pecin et al., 2017]

I Elementary path enumeration [Baldacci et al., 2008]
I Additional condition to use enumeration:

Two partial paths ending in the same vertex and mapped to
different columns in (1b) should correspond to different
collection of packing sets

10 / 21



Rounded Capacity Cuts (RCC) Separators

Interface for separating RCCs [Laporte and Nobert, 1983].
CVRPSEP code [Lysgaard, 2003] is used by the solver

Each separator is characterized by a triple
I sub-collection S ′ ⊆ S of packing sets,
I a demand dS for each S ∈ S ′,
I capacity Q.

Conditions to use
I Collection of packing sets is defined on vertices.
I For every S ⊆ S ′,

∑
v∈S

∑
p∈P

hp
vλp = 1.

I For every path p ∈ P,
∑

S∈S′
dS ·

∑
v∈S

hp
v ≤ Q.
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Vehicle Routing Problem with Backhauls

Data
I Depot 0
I Set L = {1, . . . ,n} of

linehaul vertices
I Set B = {n + 1, . . . ,n + m}

of backhaul vertices
I Graph G = (V ,A),

V = {0} ∪ L ∪ B,
A = {(i , j) : i , j ∈ V , i 6= j}.

I Travelling cost ca, a ∈ A.
I Demands di , i ∈ L ∪ B.
I K homogeneous vehicles

of capacity Q.

Feasible solution
K vehicle routes

I start and finish at the depot
I serve at least one linehaul

customer
I serve backhaul customers

strictly after linehaul ones
I total demand of linehaul

customers ≤ Q
I total demand of backhaul

customers ≤ Q

Objective
Minimize the total travelling cost
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Standard model with one graph
I Graph G1 = (V ,A1), v1

source = v1
sink = 0,

A1 = A \ {(0, j) : j ∈ B} \ {(j , i) : j ∈ B, i ∈ L},
I One main capacity resource :

q(i,j) =

{
dj , j ∈ L ∪ B,
0, j = 0. [lv ,uv ] =

 [dv ,Q], v ∈ L,
[Q + dv ,2Q], v ∈ B,
[0,2Q], j = 0.
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0

0

0
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Standard model with one graph: formulation
I Variable xa is mapped to arc a, a ∈ A1.
I [L̄1, Ū1] = [K ,K ]

I Formulation:

Min
∑
a∈A1

ca · xa

S.t.
∑

(i,j)∈A1

xa = 1, ∀j ∈ L ∪ B,

xa ∈ {0,1}, ∀a ∈ A1.

I Packing sets are defined on vertices: S = SL ∪ SB,
SL =

{
{v} : v ∈ L

}
, SB =

{
{v} : v ∈ B

}
.

I Distance matrix is based on travelling costs
I First RCC separator: (SL, {dv}v∈L,Q)

I Second RCC separator: (SB, {dv}v∈B,Q)

I Branching on variables x
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New model with two graphs
I Graph G1 = (V 1,A1), V 1 = {0} ∪ L, A1 = V 1 × V 1

I Graph G2 = (V 2,A2), V 2 = {0′} ∪ L′ ∪ B, A2 =
{

(0, j) : j ∈
L′
}⋃{

(i , j) : i ∈ L′, j ∈ {0} ∪ B
}⋃{

(i , j) : i ∈ B, j ∈ {0} ∪ B
}

.
I One main capacity resource :

q(i,j) =

{
dj , j ∈ L ∪ B,
0, j ∈ {0} ∪ L′. [lv ,uv ] =

 [dv ,Q], v ∈ L ∪ B,
[0,0], v ∈ L′,
[0,Q], j ∈ {0,0′}.

0[0,Q]

1
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New model with two graphs: formulation
I Variable xa is mapped to arc a, a ∈

{
(i , j) : j ∈ L∪B ∪ {0′}

}
I Variable zj is mapped to arc (j ,0) ∈ A1, j ∈ L
I Variable wj is mapped to arc (0′, j) ∈ A2, j ∈ L′
I [L̄1, Ū1] = [L̄2, Ū2] = [K ,K ]
I Formulation:

Min
∑
a∈A1

ca · xa

S.t.
∑

(i,j)∈A1

xa = 1, ∀j ∈ L,

∑
(i,j)∈A2

xa = 1, ∀j ∈ B,

zj = wj , ∀j ∈ L,

xa ∈ {0,1}, ∀a ∈ A1 ∪ A2,

zj ,wj ∈ {0,1}, ∀j ∈ L.

I Branching on variables x and y
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New model with two graphs: packing sets
We modify graph G1 by duplicating vertices in L to L′′:
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I Packing sets are defined on vertices:
S = SL ∪ SL′ ∪ SL′′ ∪ SB.

I Packing sets in SL′ ∪ SL′′ are artificial and serve to satisfy
condition to use enumeration

I Distance to an artificial packing set is∞
I Same two RCC separators as for the first model
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Instances and exact approaches in the literature

Instances
I [Goetschalckx and J.-B., 1989]: 25–200 customers
I [Toth and Vigo, 1997]: 21–100 customers
I [Uchoa et al., 2017] (modified CVRP): 101–1001 customers

Exact approaches in the literature

TV [Toth and Vigo, 1997]: Lagrangian relaxation +
branch-and-bound

MGB [Mingozzi et al., 1999]: Heuristic solution of the dual
of an LP relaxation of route-based formulation +
enumeration of routes with small reduced cost

GES [Granada-Echeverri and Santa, 2019]:
MIP formulation
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Computational results
Comparison with the literature

Solved/Tried instancesInstance set
TV MGB GES Ours

[Goetschalckx and J.-B., 1989] 29/34 30/47 47/62 68/68
[Toth and Vigo, 1997] 23/30 24/33 28/33 33/33

Comparison of two models
One graph Two graphsInstances Size

Time (s) Nodes Time (s) Nodes
Classic 25–200 284 2.0 106 1.9
New 101–167 4814 28 1120 12

Large instances with 172–1001 customers

I 77 from 255 instances are solved to optimality in 60 hours
I The largest solved instance has 655 customers
I The smallest unsolved instance has 190 customers
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Conclusions

I Wishes of [Koç and Laporte, 2018] are fulfilled:
I All classic instances of the VRPB are solved to optimality
I All literature instances of the VRPBTW and HFFVRPB are

also solved to optimality
(straightforward modifications of the model)

I Many open instances for future works

I Model with two graphs is experimentally much better

I The code of the second model (≈130 lines of Julia code) is
will be available as a VRPSolver demo at

vrpsolver.math.u-bordeaux.fr

I Demos for several other VRP variants are available
(CVRP, VRPTW, HFVRP, PDPTW, TOP, CARP, 2E-CVRP)
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Thank you!
Questions?

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37
38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

9798
99

100

101

102

103
104

105

106

107

108
109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131
132

133

134 135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186
187

188

189

190 191

192

193

194

195
196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213 214

215

216

217

218

219

220

221

222

223

224
225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293 294

295

296

297

298

299

300

301

302

303

304

305306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340
341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

471

472473

474

475

476

477

478

479

480

481
482

483

484

485

486

487

488

489

490
491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507
508

509

510

511

512

513
514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529
530

531

532

533

534

535

536

537

538 539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582 583

584

585

586

587

588

589

590591 592

593

594

595

596

597

598

599

600

601

602

603

604

605

606607

608

609

610

611

612

613

614

615

616

617

618
619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

21 / 21



References I

Baldacci, R., Christofides, N., and Mingozzi, A. (2008).
An exact algorithm for the vehicle routing problem based on the set
partitioning formulation with additional cuts.
Mathematical Programming, 115:351–385.

Baldacci, R., Mingozzi, A., and Roberti, R. (2011).
New route relaxation and pricing strategies for the vehicle routing
problem.
Operations Research, 59(5):1269–1283.

Goetschalckx, M. and J.-B., C. (1989).
The vehicle routing problem with backhauls.
European Journal of Operational Research, 42(1):39 – 51.

Granada-Echeverri, M., T. E. and Santa, J. (2019).
A mixed integer linear programming formulation for the vehicle routing
problem with backhauls.
International Journal of Industrial Engineering Computations,
10(2):295–308.

22 / 21



References II
Koç, c. and Laporte, G. (2018).
Vehicle routing with backhauls: Review and research perspectives.
Computers and Operations Research, 91:79 – 91.

Laporte, G. and Nobert, Y. (1983).
A branch and bound algorithm for the capacitated vehicle routing
problem.
Operations-Research-Spektrum, 5(2):77–85.

Lysgaard, J. (2003).
CVRPSEP: a package of separation routines for the capacitated vehicle
routing problem.

Mingozzi, A., Giorgi, S., and Baldacci, R. (1999).
An exact method for the vehicle routing problem with backhauls.
Transportation Science, 33(3):315–329.

Pecin, D., Pessoa, A., Poggi, M., and Uchoa, E. (2017).
Improved branch-cut-and-price for capacitated vehicle routing.
Mathematical Programming Computation, 9(1):61–100.

23 / 21



References III

Pessoa, A., Sadykov, R., Uchoa, E., and Vanderbeck, F. (2019).
A generic exact solver for vehicle routing and related problems.
In Lodi, A. and Nagarajan, V., editors, Integer Programming and
Combinatorial Optimization, volume 11480 of Lecture Notes in
Computer Science, pages 354–369, Cham. Springer International
Publishing.

Toth, P. and Vigo, D. (1997).
An exact algorithm for the vehicle routing problem with backhauls.
Transportation Science, 31(4):372–385.

Uchoa, E., Pecin, D., Pessoa, A., Poggi, M., Vidal, T., and Subramanian,
A. (2017).
New benchmark instances for the capacitated vehicle routing problem.
European Journal of Operational Research, 257(3):845 – 858.

24 / 21


	Generic Model for Vehicle Routing Problems
	Models for the Vehicle Routing Problem with Backhauls
	Results and Conclusions

