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Introduction

The goal of this memoire is to explain the proof of a theorem of Kolyvagin
on the group of rational points on an elliptic curve, following the exposition
by Gross in his article [Gro].

An important question in the theory of elliptic curves is to determine the
structure of the group of rational points of a given elliptic curve. Mordell-
Weil’s theorem, theorem (0.2), asserts that an elliptic curve E over a field
K satisfies:

E(K) ~ 7"+ E(K)tors:

where E(K)tqrg is the group of torsion points on E, which can be effectively
determined for a given elliptic curve.

Unfortunately it seems hard in general to have an efficient way of determin-
ing the rank.

The theorem of Kolyvagin, proposition (2.1) in this mémoire, asserts that
for 'modular’ elliptic curves over QQ if we can prove that a certain Heegner
point yx € E(K), definition (1.11), has infinite order in F(K) then we can
deduce that the rank of the curve is one.

This theorem is important for a number of different aspects.

First of all, recently Breuil, Conrad, Diamond, and Taylor proved that every
elliptic curve over QQ is modular, that is it admits a modular parametrisation:

¢: Xo(N) — E.

So Kolyvagin’s theorem can be applied to every elliptic curve over Q.
Moreover, in [GZ86], Gross-Zagier show that Heegner points satisfy a for-
mula that links their height to the value in 1 of the first derivative of the
L-function of the elliptic curve. As a consequence the point yx € F(K) has
infinite order if and only if L'(E/K,1) # 0.

So Kolyvagin’s theorem can be combined with Gross-Zagier’s formula to
give a proof of a special case of the Birch and Swinnerton-Dyer conjecture,
namely the fact that if you consider an elliptic curve E over QQ and show
that ords—1 L(FE,s) < 1, then you can deduce

rank(E(Q)) = ords—1 L(E, s),

as predicted by the conjecture.

Another aspect that has to be ramarked is that the tecnique that Kolyvagin
uses in proving the theorem is very powerful and has later been generalised
to a number of different situations. His method lies in the construction of
an "Euler system’ of Heegner points, in the language of Kolyvagin, that is



used to bound the order of the Selmer group Sel(E/K), definition (0.3),
from which we can deduce information on the group of rational points.

Chapter 0 is concerned with giving some preliminaries on elliptic curves,
class field theory and complex multiplication.

Chapter 1 explains a construction of the modular curve Xo(N), gives some
generalities on modular functions and modular forms and finally gives the
definition of a Heegner point on a modular curve. These points correspond,
in the moduli interpretation of Xo(N), section (1.2), to couples of elliptic
curves with the same ring of complex multiplication.

Chapter 2 is dedicated to the proof of a special case of Kolyvagin’s theorem,
proposition (2.2).

The proof, which is the prototype of a general Euler system argument, goes
as follows.

First of all we show that the system of Heegner points as defined in chapter
1 satisfies the properties of being an Euler system, proposition (2.7). Then
using these properties we are able to construct a system of cohomology
classes, which Kolyvagin calls the ’derivative classes’, that are proved to be
locally trivial except maybe at some particular prime which is linked to the
Heegner points, propositions (2.14) and (2.16).

The last part of the chapter is then concerned with finishing the proof by
bounding the order of the p-Selmer group, with the prime p as in (2.3). First
by using Galois cohomology and some results from Tate’s local duality we
are able to obtain information on the local components of the Selmer group
from the cohomology classes. Then Chebotarev density theorem, is used
to convert information on the local components of the Selmer group to an
upper bound on its order.

Some comments on notation.

We will write F,, for the full group of torsion points on the algebraic closure
of the field of definition of K, i.e. if F is an elliptic curve defined over a
number field K then E, := E(K) the p-torsion of E(K). More generally (-),
indicates the p-torsion of group in brackets, for example we will meet E(K),
where L is a number field or a p-adic field. When using cohomology we will
always intend group cohomology as defined for example in [CF67] Chap. IV
and we will denote H"(K, F) = H"(Gal(K/K), E(K)) and H*(L/K,E) =
H"(Gal(L/K),E(L)).



Chapter 0

Preliminaries

In this chapter we are going to review some basic definitions from the theory
of elliptic curves, some results from class field theory and complex multipli-
cation.

0.1 Elliptic curves, first definitions.

Definition 0.1. An elliptic curve over a field K is a non singular projective
curve over K of genus 1 equipped with a K-rational point, O € K.

By the Riemann-Roch theorem, an elliptic curve can be described ex-
plicitely as the projective non singular plane curve described by a cubic
Weierstrass equation of the form:

Uz + arzyz + asyz® = 22 + asx’z + anxz® + ag® (0.1)

Remark. For any extension L of the field K, the L-rational points E(L)
are naturally equipped with an abelian group structure with O € E(K) as
the zero element.

A major problem in the theory of elliptic curves is to actually describe
the group of rational points.
We have the following result:

Theorem 0.2 (Mordell-Weil theorem). Let E be an elliptic curve over a
number field K. The group of rational points F(K) is finitely generated, i.e

E(K) ~ E(K)tors X Z"
where E(K )iors is a finite group and r = r(E/K) is called the rank of E.

Unfortunately the proof of this theorem doesn’t provide us with a pro-
cedure to effectively compute the generators of F(K).
The proof of the theorem has two steps. First of all one has to prove the



"Weak Mordell-Weil theorem’ which asserts that E(K)/pE(K) is finite for
some prime p. Then one uses the theory of heights in the projective space
to deduce that a point of E(K) is not ’infinitely divisible’ and so one can
exhibit a set of generators of E(K) knowing F(K)/pE(K) .

The problem of effectivity lies in the proof of the "Weak Mordell-Weil’ theo-
rem. In fact finiteness is deduced by injecting the group E(K)/pE(K) into
another group, called the p-Selmer group, which one can compute and prove
that it is finite, nevertheless there is not enough information on the ’differ-
ence’ between these two groups. We are not able to describe in general the
quotient of the p-Selmer group by E(K)/pE(K), which is the p-torsion of
the so-called Tate-Shafarevich group.

Let us see in detail how these groups are contructed.
Consider the exact sequence:

0+ E,—E-2E—0, (0.2)

where (-), is the p-torsion.

Taking Galois cohomology by the group Gal(K /K) one obtains:
0— E(K), - E(K) % E(K) - H\(K,E,) -» H'(K,E) % H(K,E) — ---
From which one deduces the following short exact sequence:
0 — BE(K)/pE(K) — H'(K, E,) — H'(K,E), = 0 (0.3)

Now consider a prime v of K and let K, be the completion of K at v,
Gal(K,/K,) can be seen as a decomposition group of Gal(K/K), so that
Gal(K,/K,) — Gal(K/K)).

So considering the morphism of restriction in cohomology one has the fol-
lowing commutative diagram:

0 0

E(K)/pE(K) H'(K, E,)

l lg

00— H'U E(K,)/pE(Ky) — Hv Hl(Kva Ey) — Hv Hl(Kva E)y —0
(0.4)

Notation. When we write H! (K, E), by E we mean E(K) and similarly
for HY(K,, E).

Definition 0.3. The p-Selmer group of E/K is the kernel of go f, i.e.

Sel,(E/K) = ker(H' (K, E,)) — HHI(KU’E)p)



Definition 0.4. The p-torsion of the Tate-Shafarevich group is the kernel
of g. We can define the Tate-Shafarevich group to be:

I(E/K) = ker(H'(K, E) — | [H'(K,, E))

From these definitions we can deduce the following descent sequence:
0 = E(K)/pE(K) -2 Sel,(E/K) — II(E/K), — 0,  (0.5)
where the map 0 sends a class [P] to the cocycle:

5(P): Gal(K/K) — E,
o — 0(%P)—%P.

0.2 Reduction of elliptic curves over local fields.

Throughout this section let R denote a complete discrete valuation ring,
L = FracR its fraction field, 7 € R a uniformizing element which generates
the maximal ideal m = (7) and k = R/mR the residue field of characteristic
l.

We assume that L is complete with respect to the valuation.

Given an elliptic curve E we wish to find a model £ of E over R.

Definition 0.5. Let E be an elliptic over over L.
A minimal Weierstrass model of E over R is a generalized Weierstrass equa-
tion
W . yQZ + ajxyz + agyz2 = 2% + asx’z + aqr2® + a6z3
of an elliptic curve W isomorphic to E such that:
1. all the a; € R and
2. ord,; (A(W))!> 0 is minimal (among all the VW as above which satisfy 1.)

Remark. We have in particular from the definition that:

Now we would like to analyze the reduction of the model W of E over
the residue field k.

! Considering the coefficients of the affine form of the equation for W
f@,y) 1y + ey + asy = 2° + a2a” + aax + as

as variables, the intersection of the ideal (f,0f/0z,0f/0y) in Z[z,y,a1,- - ,as] with
Zlai,- - ,a¢] is a principal ideal, generated by a polynomial A(a1,- - ,a6) € Z[as, - , ag].
A = A(W) is precisely the discriminant of W, unique up to sign.



Definition 0.6. Let F be an elliptic curve over L; fix a minimal Weierstrass
model W over R. The reduction of E over k is £ : =W Qgrk, i.e.

E: y22 +ajrxyz + 633/22 =23+ 62:622 + E4:Ez2 + Egzg,
where a; € k are the reduction of the a;s modulo m.

Remark. 1. E is a cubic projective curve over k. Its discriminant is equal
to A(E) = A(W) mod 7.
2. The isomorphism class of E does not depend on W, only on E.

Definition 0.7. We say that E has good reduction over R if ord;(A(W)) =
0, i.e. if A(E) # 0 which means that E is an elliptic curve over k.

We say that E has bad reduction over k if w|(A(W)), which means that E
is not smooth over k.

Consider the reduction map on the elliptic curve:
red : E(L) ~ W(R) — E(k),

which is obtained by sending a point (a : b : ¢) € W(R) to the point
(@:b:¢) € E(k), where @ is the reduction of @ € R mod .

Let us assume that if £/ has bad reduction, then its unique non-smooth point
S is defined over k. This assumption is automatically satisfied if chark # 2,3
or if k is perfect.

Let:

~sm E if F has good reduction.
] E\{S} if £ has bad reduction.

It can be proved that there there exists a group law on Esm(k:), which makes
it a group variety.

Proposition 0.8. Let Eo(L) = red~!(ES™(k)), then there exists an exact
sequence of abelian groups:

0 = Ei(L) — Eo(L) "% Bsmr) - 0, (0.6)
where E7(L) = ker(red).

We can say something more about E;(L):

Proposition 0.9. Let E over R be the formal? group associated to E then
there exists an isomorphism of groups:

E\(L) — E(xR).

Moreover Ey(L) ~ E(wR) is a pro-l-group. (I =char k)

2See [Sil09] Chap. IV and Prop. 2.2 Chap. VII



Now consider the case of an elliptic curve E, which has good reduction
over L.
Then sequence (0.6) becomes:

0— Ei(L) — E(L) — E(k) = 0 (0.7)

Now suppose that m is an integer prime to [. Then, by the fact that Ey is
pro-l we have that multiplication by m induces an isomorphism on Fj(L).
So we have the following commutative diagram:

0 E(L)m E(k)m 0
0—= E1(L) E(L) E(k) ——0
0— ENI(:) E(ZL) E(Lm) —0

0 E(L)/mE(L) — E(k)/mE(k) —=0

From which we can deduce:
E(L)/mE(L) =5 E(k)/mE(k) (0.8)

and
E(L)y = E(k)m. (0.9)

Moreover if L is replaced with an extension M large enough to contain all
of E(L),, then: N
Ep = E(L)y ~ E(K5P),,.

We want to give an idea of the reason why minimal Weierstrass models
W do not seem to be sufficient. The problem is when E has bad reduc-
tion. In that case we have seen that E is not smooth over k, so WV is not
’smooth’, in scheme-theoretical language, and the group law over W is not a
morphism, which implies that W is not a group scheme. On the other hand
if we consider WY(~ FEy(L)), the largest subscheme of W which is ’smooth’
over R, it can be proved that there exists a morphism W% x W9 — W9 which
makes it a group scheme, but we have lost the point extension property, i.e.
WO(R) # E(L).
What we would like to find is a ’smooth’ scheme & over SpecR such that:
1. £&(R) ~ E(K) and
2. the group law on E extends to a morphism & xp & — €.

We give the definition of a Néron model in a greater generality then the
hyphothesis of the section, i.e. when R is a Dedekind domain.



Definition 0.10. Let L be the fraction field of a Dedekind domain R. Let
FE be an elliptic curve over L. A Néron model £ of E is a smooth separated
scheme over R such that:

1. Its generic fibre is E, i.e. there is a cartesian diagram

E ~& xpSpec(L) —¢&

|

Spec(L)

Spec(R)

2. The scheme & has the following universal property:
For any smooth scheme X — R and any morphism ¢ g : X xgpSpec(L) — E
there is a unique morphism 3 : X — £ such that:

¥ X g Spec(L) = Vg,
i.e. the following diagram is commutative:
X xpSpec(L) ——= X

\
¢Kl I
]
E ~ & xgSpec(L) —=&

Theorem 0.11. Let E be an elliptic curve as in definition (0.10), then a
Néron model £ over R exists.

Proof. A proof may be found in [Art86] of the general case of abelian vari-
eties or in [Sil94] Chap. IV for the special case of elliptic curves. O

Remark. 1. "The’ Néron model is unique by the universal property.

2. There is a group scheme structure on £ over R extending the group
variety structure on FE.

3. As a particular case of the universal property, i.e. when X = Spec(K),
we have:

Example 0.12. If E is an elliptic curve over a number field K such that F
has good reduction over a prime v, i.e. E has good reduction over the ring
Ok,, then a minimal Weierstrass model W as defined in (0.5) is a Néron
Model € for E over O, .

When E has bad reduction, as we have already remarked, the Néron model
is in general quite different from the smooth part of a minimal Weierstrass
model, which is, in fact, the connected component of the identity of the
Néron model.

Let us now define the conductor of an elliptic curve in the special case
of an elliptic curve defined over Q:



Definition 0.13. Let E be an elliptic curve over Q. Define the quantity®
fp as follows:

0, if E has good reduction at p,
=19 1 if F has multiplicative reduction at p,
2+ 0p, if F has additive reduction at p.

where J,, is a 'measure’ of the wild ramification in the action of the inertia
group on the Tate-module T),(E).
The conductor of an elliptic curve F over Q is:

NE/Q = prp.
p

Now we end this section with a definition.

Definition 0.14. Let E be an elliptic curve over Q and E the reduction of
the Néron model of E over Z,.

Write n, for the order of the group of F,-rational non-singular points of
E(Iﬁ‘p). Then set:

o — p+1—np, if p does not divide NV,
P> 1l p—np otherwise.

The L-series of E over Q is the function of the complex variable s defined
by:
L(E,s) =[] —ap* +p"2) " [](1 — app~®)-1.
PN pIN

0.3 Class field theory

In this section we refer to [Cox97] for an informal approach to the theory
and to [CF67] Chapter VII for more accurate statements and for proofs.
Let K be a number field. We shall indicate with the word ’prime’ in K
an equivalence class of non-trivial valuations of K. There is a distinction
between primes which are ’finite’, represented by prime ideals in O, and
primes which are ’infinite’, that can be real, represented by an embedding
K — R, or complex, represented by a couple of complex conjugate embed-
dings of K into C.

Recall that a modulus m in K is a formal product

m= Hp”"
p

3For a definition of multiplicative and additive reduction see [Sil09] Chap. VII Prop.
5.1. Let us simply note that if E has multiplicative, or additive, reduction at p then the
singular point of the reduction of £ modulo p has a node or a cusp respectively.

10



such that ny, > 0 for all p and n, = 0 for all but finitely many, if p is real
ny = 0 or 1 and if p is complex then n, = 0.

We can factorise a modulus m = mgmy,, where finite primes divide my and
infinite ones myo.

Definition 0.15. Let
Pri(m) = {a € K*|vp(a — 1) > ny Vplmg and o(a) > 0 Vo = plma.}

and I (m) be the set of fractional ideals of K generated by the prime ideals
which do not divide m.

Every a € P 1(m) defines a principal ideal in Ix(m), so we can define the
ray class group modulo m:

I (m)

Cm Pra(m)’

Let L/K be a finite Galois extension.
For any prime ideal p of K that is unramified in L and for q which lies
above p in L, there exists an element o = (q,L/K) of Gal(L/K) uniquely
determined by the condition that o(a) = a™® (mod q) for any o € O,
Moreover it can be proven that for all the prime ideals q lying above p, the
symbols (q, L/K) are conjugate to one another.
In particular if L/ K is an abelian extension then the set {(q, L/K) s. t. q|p}
is composed of only one element which we call the Frobenius element:

Frob(p) := (p, L/ K) = (g, L/ K)
for any q lying above p.
Definition 0.16. Let L/K be an abelian extension.

For any modulus m which is divisible by all the primes that ramify in L we
have a homomorphism
prteeprt — ILips L/K)™

called the Artin map (or reciprocity map).

(0.10)

Remark. A prime ideal splits completely in K if and only if it is in the
kernel of the Artin map.

Now recall the definition of the norm map Ny, : I, — Ik, which
sends a prime ideal q of L to N k(q) = pf/%) where p = qN O and
f(a/p) =[0r/q: Ok /p] = [Fq : Fy] is the residue degree.

By direct computation, it can be deduced that the image of I;, by the norm
map is in the kernel of the Artin map, i.e.

Npyr(In) Ckerpp g

Now we can state the first main theorem of class field theory.

11



Theorem 0.17. [Artin reciprocity law] Let L/K be a finite abelian exten-
sion. There exists a modulus m of K which satisfies the following properties:
a. It is divisible by all the primes of K that ramify in L,

b. PK,l(m) C keer/K

and is such that the following holds for the Artin map

1. It is surjective,
2. ker ¢/ = Pri(m)- Npjg(Ir(m')), where m’ is divisible by all primes of
L which lie above primes of m.

Remark. The minimal modulus m among the ones which satisfy properties
a. and b. of the theorem is called the conductor of the extension.

Now we need a result which tells us something about the existence of
such abelian extensions as in the previous theorem.

Definition 0.18. A subgroup H of Ix(m) is called a congruence subgroup
modulo m if
PKﬁl(m) CHC IK(m)

Theorem 0.19 (Existence theorem). Let m be a modulus of K and let H
be a congruence subgroup for m.

Then there exists a unique abelian extension L/K, all of whose ramified
primes divide m, such that

H = Pg1(m)Np g (I(m')),
m’ as in 2. of theorem 0.17, i.e. the Artin map induces:

Example 0.20 (Hilbert class field). Consider the trivial modulus m = 1
and the subgroup Pg of principal ideals, which is trivially a congruence
subgroup, then the theorem predicts us the existence of an abelian extension
K of K unramified everywhere. We call this extension the Hilbert class field
of K.

Example 0.21 (Ring class field of conductor n). Consider an order O,, =
Z+nOg of conductor n in an imaginary quadratic field K, in which we sup-
pose for simplicity that O = {£1}. Let Pic(O,,) be the group of projective
modules of rank 1 over O,, this is the same as:

Pic(0,,) ~ Cl(O,,) ~ PIKKZ(ZZ),

12



where we write I (n) for Ix(nOk) and

Pk 7(n) = {a € Ogla = a (mod n)Ok, a € Z such that (a,n) = 1}.

Since Pk z(n) is a congruence subgroup modulo n, we know from theorem
0.19 that there exists an extension K, of K, which we will call the ring class
field of conductor n, such that:

Pic(0,) — Gal(K,/K) (0.11)
Moreover we have the following diagram:

Ky,

(Ok /nOk)* /(Z/nZ)*
K
Pic(Ok)
K
<l,7>

Q

Let us make some remarks about the diagram:

1. Gal(K,/Q) ~ Gal(K,/K) x Gal(K/Q)

where complex conjugation 7, which generates Gal(K/Q), acts on Gal(K,/K)
by sending an automorphism o to its inverse, i.e. 77 loT = oL

2.

_ Gal(K,/K) _ Pic(On) ~ (Ok/nOk)*
= Gal(Ki/K)  Pic(Og) (Z/nZ)*

Gal(K, /K1) (0.12)

where the last isomorphism is deduced by the fact that Pic(O,,)/Pic(Ok) is
isomorphic to I (n) NPk / Pk 7(n) and this group sits in the exact sequence:

0— (Z/TLZ)X — (OK/TLOK)X — IK(n) ﬂPK/PKz(n) — 0.

We conclude this section with an important theorem on the density of
prime ideals with respect to the image of the Artin map.
Given a finite Galois extension L/K, not necessarily abelian, and a prime
ideal p of K, define

(p, L/K) :={(q, L/K) such that q|p}

This set forms a full conjugacy class in Gal(L/K).
As we have already seen, if L/ K is abelian then the conjugacy class (p, L/ K)
is composed of only one element Frob(p).

13



Theorem 0.22 (Chebotarev density theorem). Let L/K be a finite Ga-
lois extension. Let (o) be the conjugacy class of an element o € Gal(L/K).
Then the set of unramified prime ideals of K such that (p, L/K) = (o) has
Dirichlet density*:

o] _ (o)

IGal(L/K)| ~ [L: K]

In particular, if L/K is abelian, then the set of unramified primes such that
Frob(p) = o has density 1/[L : K], and hence is infinite.

0.4 Complex Multiplication

An important problem in algebraic number theory is to give an explicit
description of all abelian extensions of a given number field K. For instance,
the theorem of Kronecker-Weber gives a characterisation of the maximal
abelian extension of Q.

The theory of complex multiplication does essentially the same thing for an
imaginary quadratic number field K.

For the proofs of this section see [Cox97] or [CF67] Chap XIII.
Throughout this section we consider elliptic curves defined over C.

Definition 0.23. E ~ C/A is said to have complex multiplication if there
exists an element o € C\ Z such that oA C A, or equivalently if End(E) ®
Q = K is an imaginary quadratic field.

Remark. In the case when E has complex multiplication, End(E) will be
an order O in K, i.e. O =Z+nOg, with n € Z the conductor of the order.

Proposition 0.24. Elliptic curves with complex multiplication by a given
endomorphism ring O correspond, up to isomorphism, to elements of Pic(O).
The correspondence is given by:

C/a— a.

To each E we can associate an invariant j(E) € C, called the j-invariant,
which classifies elliptic curves up to isomorphism.
Let E ~ C/A, with A = [w1,ws], then j(E) = j(A) can be defined as follows:

g2(A)?
g2(A)3 — 27g3(A)?

J(A) =1728 (0.13)

“Recall the definition of Dirichlet density §(S) of a subset S of the set of finite primes

Mg of a number field K:
N(p)~*
0(S) := lim ZpES (»)

ss1+ —log(s—1) 7
provided that the limit exists.

14



where

1 1
gp2(A)=60 > = ————andgg(A)=140 Y = ——
(o) (M1 mee)? (maog) (ML )’

We call the denominator of the j-invariant the discriminant of A:
A(A) = ga(A)? —27g3(A)? (0.14)

Remark. The j-invariant that we have just defined can be associate to
every invertible ideal a € Pic(Q), by considering j(a) = j(C/a) and it can
be proved that j depends only on the ideal class of a.

Theorem 0.25. Let E be an elliptic curve complex multiplication by an
order O, of conductor n in an imaginary quadratic field K. Then the
following holds:

1. j(E) is an algebraic number,

2. K(j(F)) is the ring class field of K of conductor n,

3. If O, = Ok, ie. if n =1, then K(j(E)) is the Hilbert class field of K,
as defined in example (0.20).

We are now interested in being a little more explicit, we would like to
better understand the isomorphism:

Pic(0,) — Gal(K(j(A))/K))
p — Frob(p)

Theorem 0.26. Let O be an order of conductor n in K. Consider the
elliptic curve E/a with a € Pic(O,,). Let p be a prime ideal of O, with
norm prime to n, and let

P =pNOy.
Then the Frobenius element Frob(p) acts on j(a) by:

Frob(p)(j(a)) = j(a-p,").

15



Chapter 1

Heegner points on Xj(N)

In this chapter we are going to explain a construction of the modular curve
Xo(N) and show the existence of a system of points on it, the so-called
Heegner points, which are defined over certain ring class fields.

1.1 The modular curve X;,(N)

Consider the upper half plane H = {7 € C|Im(r) > 0}. The group of
matrices GLj (R) = {< Ccl Z ) la,b,c,d € R and ad — bc > 0} acts on H

. a b T_a7'+b
= e d et +d

For our purposes we want to consider only the action of a certain subgroup

of SLy(Z) = {( (CZ Z > la,b,¢,d € Z and ad — bc = 1} namely the Hecke

by:

congruence subgroup of level N, for N € N:

FO(N):{<Z Z)ESLQ(ZHCEO modN}

Remark. I'y(1) = SL2(Z).

Proposition 1.1. The quotient H/I'o(/N) can be given a natural structure
of a Riemann surface.

Definition 1.2. Let Yy(N) be the Riemann surface such that:
Yo(N) = H/To(N)

Moreover, we can compactify and obtain:
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Definition 1.3. Let X((N) be the Riemann surface obtained as the com-
pactification of Yy(N), namely

X(C) ~ H*/T'o(N),
where H* = H UPY(Q) and ['g(N) acts on P1(Q) = QU {oo} by:

a b m_am+bn
c d

E_cqudn

with the convention that

aco +b a

cco+d ¢
The points in the finite set P1(Q)/To(N) = Xo(N) \ Yo(V) are called the
cusps of X.

Now our interest lies in better understanding these curves and to do
so we investigate on the functions and differentials that can be defined on
them.

In this direction we give two basic definitions.

Definition 1.4. A meromorphic function f : H — C is a modular function
for I'p(N) if:

i. f(77) = £(7) for any € To(N),

ii. f(y7) is meromorphic at the cusps for all v € SLy(Z), i.e. the g-expansion
of f(y7) at oo involves only a finite number of non negative powers of g.

Remark. a. Thanks to condition i, condition ii has to be checked only for
a finite number of elements of SLo(Z), the representatives of the cosets of
Fo(N) in SLQ(Z).

b. Condition ii tells us that we can see f as a meromorphic function defined
on Xo(V).

Example 1.5. We can consider the j-invariant defined in (0.13) as a func-
tion j : H — C by sending 7 € H to j(7) = j([1, 7]).

The function j is a modular function for SLa(Z).

Moreover we can define another function jy : H — C, by sending 7 € H to

Jn(T) == j(NT).
jn is a modular function for T'g(V).

Definition 1.6. Let k£ be an integer. A meromorphic function f : H — C
is a modular form of weight k for To(N) if:
i. f is holomorphic on H,

ii. f(y7) = (et +d)*f(7) for any = ( Z Z ) € Iy(V),
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iii. f(y7) is holomorphic at the cusps for all v € SLy(Z), i.e. the g-expansion
of

Fliv(r) = (er + &)~ f(y7)

at oo involves only non negative powers of ¢.

Definition 1.7. A cusp form of weight k is a modular form of weight k
for which the g-expansion of (f|xy)(7) = >_ a,q™ at the cusps is such that
ap = 0 for every v € SLa(Z).

Notation. We will indicate by Si(I'o(V)) the space of weight 2 cusp forms
for To(N).

Example 1.8. The discriminant A(A) as defined in (0.14) can be seen as
a modular form by sending 7 € C to A(7) = A([1,7]). It can proved that
A(T) is a cusp form of weight 12.

The next theorem characterises completely modular functions for I'g(N).

Theorem 1.9. Let N € N. Every modular function for I'y(N) is a rational
function of j and jy.

Proof. (idea of)

Step 1. Every modular function g for SLy(Z) is a rational function of j.
First of all one has to prove that every holomorphic modular function f
for SLo(Z) is a polynomial in j. This is done by first showing that if f
is holomorphic at oo, then it is constant; indeed in this case f(H U {oo})
is compact so that we can conclude by the maximum modulus principle.
Then since the g-expansion of j(7) begins with 1/¢ we can always find a
polynomial A(j(7)) such that f(7) — A(j(7)) is holomorphic at co. Step 1
follows by showing the existence of a polynomial B(j) such that B(j(7))g(7)
is a holomorphic modular function.

Step 2. Introducing the modular equation.

Let n = [SLa(Z) : T'o(N)] and explicitly compute a set of representatives for
the right cosets of I'g(NN) in SLa(Z), call them: {T'o(N)~;} fori=1,---n.
Then fix 7 € H and consider the polynomial in the variable X:

n

N (X,7) = [[(X - §(Nyr)),
=1

it can be proved that ®n(X,7) is a polynomial in X and j(7) since it is
easy to prove that the coefficients of X are holomorphic modular functions
for SLa(Z). So there exists a polynomial ®n(X,Y) € C[X,Y] such that
(X, (7)) = [Ty (X — j(N7m))-
The equation

ON(X,Y)=0 (1.1)
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is called the Modular equation.
Now if one introduces:

CN:{<8 Z)esm(Z)|adzN,a>o,0§b<d7(“’b’d):1}

then it is easy to show that j(N~;7) can be written uniquely as j(o7) with
o€ Cy.
N 0

In particular j(N7) = j(o7) where o = < 0 1

) € Cy so we have:

Oy (j(7),i(NT)) = 0.

Step 3. Conclusion.
To finish the proof, using the modular equation one exhibits an expression
for f(7) as a rational function of jy and j. O

Remark. The modular equation introduced in the proof of theorem (1.9)
has some very interesting properties:

1. Tt is irreducible over C and takes coefficients in Z, i.e. ®n(X,Y) €
ZIX,Y).

2. If 2,y € C, ®n(z,y) = 0 if and only if there is a lattice A and a cyclic
sublattice A" C A of index N such that ®x(j(A’),5(A)).

This theorem tells us that the field of meromorphic functions on Xo(N)
is C(4,jn). We know from the theory of Riemann surfaces that Xo(N) is
biholorphic to the complex points of a unique non-singular projective curve,
which has C(j, jn) as its field of rational functions. A remarkable property
of this curve, which we shall now explain, is that it can be defined over Q.
Let us see how to construct this curve. Consider the curve C' defined over Q
by the modular equation & (X,Y) =0 € Z[X,Y] (property 1. of the above
remark). This curve is singular, but we can find a non-singular projective
curve X, which is isomorphic to C over Q outside the locus of singularity of
C. Then there exists a natural biholomorphic map:

B: Xo(N) = X(C) (1.2)

which sends, outside a finite set of points, 7 +— (j(7),7(N7)) and we can
interpret X as a model for Xo(N) over Q.

Remark. Unfortunately the modular equation is not easy to compute nor
to work with, so in the next section we are going to describe a moduli
interpretation of Yy(V), which can be used to define a model for Yy (V) over
Q from a more ’theoretical’ point of view.
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1.2 A moduli interpretation

In this section we are going to explain (without proofs) how it is possible
to define a model for Yy(IN) over Z[1/N] by interpreting it as a (partial)
solution to the problem of classifying modular pairs (E /5, CN), where S is a
Z[1/N]-scheme, E is an elliptic curve over S and Cl is a subgroup scheme
of E isomorphic to Z/NZ.

The proofs of this section may be found in [??] or for a briefer account in
[?77].

Let us first analyse the case of S = Spec(C), where the situation is much
simpler.

Proposition 1.10. The points of Yy(N) are in bijection the set of isomor-
phism classes of couples (F, Cy) of an elliptic curve E over C together with
a cyclic subgroup C'n of order N.

Proof. Associate to 7 € ‘H the pair:

( C TZ+1/NZ> |

7+7 TZ+7

It is easy to check that any pair (E, Cy) as in the proposition is isomorphic

C TZ+1/NZ
to (Tz+Z, W) for some 7 € H.

Moreover two pairs:

( C TZ—i—l/NZ):( C T’Z+1/NZ>

TL+7 TLZ+Z T'24+7 TZ+7Z
are isomorphic over C if and only if 7/ € T'o(N)7. O

Remark. An equivalent point of view is to consider the points of Yy(N) in
bijection with isomorphism classes of couples (E, E’) of two elliptic curves
over C together with a cyclic N-isogeny, i.e. an isogeny ¢ : F — E’ such
that kervy ~ Z/NZ.

Now consider the case of a general Z[1/N]-scheme S. Define a functor
Fy:
Fy : Z]1/N]-schemes — Sets,

where to an S € Z[1/N]-schemes we associate Fy(5), the set of isomorphism
classes of pairs (E,g,Cx), where E is an elliptic curve over S and Cy is a
subgroup scheme of E isomorphic to Z/NZ.

An isomorphism between two modular pairs (F,Cy) and (F,Dy) is an
isomorphism E = F defined over S such that Cy is mapped to Dy.

This functor is not representable, but there exists what is a called a ’coarse
moduli scheme’ for Fiy, let it be Vo(N). This means that, if Fy ) is the
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functor Homgj;/n(+, Yo(IV)) from Z[1/N]-schemes to sets, then there is a
natural transformation of functors

j:FN — Fyo(N)

with the following universal property: If Z is any other Z[1/N]-scheme such
that there is a natural transformation

7 FN — FZ = HomZ[l/N](-,Z),

then ¢ factors uniquely through j:

Fyo(N)
Note that, by Yoneda’s lemma, the map Fy,(y) — Fz yields a map
yo(N) — 7.

We have to notice that j yields a map js from modular pairs (E,g,Cy) to
Yo(N)(S) which, for general S, need not be injective nor surjective. However
if S = Spec(k), then Yo(NN)(k) can be identified with the set of equivalence
classes of modular pairs (E/, Cn), where two pairs are deemed equivalent
if they are isomorphic over the algebraic closure of k. (As we have seen in
the case of C in proposition (1.10)).

Notation. By abuse of notation we will still use Yy(N) to indicate the
model Yy(N) defined over Z[1/N].

Remark. There exists also a moduli interpretation for Xo(N).

The extension to the cusps is obtained by including some 'degenerate’ mod-
ular pairs. (see [DI95] section 9.2). So we can find a model for Xo(N) over
Z[1/N] by considering the coarse moduli scheme, which is the solution to
the problem of classifying ’generalised’ modular pairs.

1.3 Operators on modular curves and the Eichler-
Shimura relation

In order to construct operators on modular curves it is useful to use the

moduli interpretation we have given in section (1.2) and define them on the

modular pairs which the modular curves classify.
Let us see the formal argument which we shall use.
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Let Y7 and Y5 be the coarse moduli scheme of the functors F; and F5. So
we have natural transformations:

J1: Py — Fy, = Homgp (- Y1)
and
j2 i Fo — Fy, = Homgj /n(+, Y2).

Suppose that we define a natural transformation
7 f& ——%'fb.

Composition with jo yields a natural transformation jy oi : Fy — Fy,,
so since Y7 is the coarse moduli scheme for F}; we obtain a commutative
diagram of natural transformations:

J201

7/ in turn comes from a map
Y1 — Y.

Thus any natural transformation of functors yields a canonical map of their
coarse moduli schemes.
If in addition the Y; are smooth with projective closures X; then there is an
induced map:

)(1 — )(2.

Let us now define some operators on modular curves.

Remark. We are going to define these operators on the open modular curve
Yo () and assume that they can be naturally extended to the cusps, in order
to have operators on Xo(V).

Let the integer N have the factorisation N = ab, with a and b relatively
prime. We will define a map

W : Yo(N) — Yp(IV)

called the Atkin-Lehner operator, by defining a natural transformation from
Fy to Fy.

Let K be a field containing Q and let (Ex,Cx) be a modular pair. The
group C'y has a unique decomposition C'y = C,+ C} as a product of a cyclic
group of order a and a cyclic group of order b, since a and b are relatively
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prime.
We define w, to be the natural transformation that sends:

W : (B,Cn) — (E/Cq, Ela] + Cy/Cl),

where, since C, NCy = {1} and E[a| ~ Z/aZ ®7Z/aZ, E[a]+ Cy/C, is cyclic
of order N.
It can be easily seen that w2 = 1.

Remark. In the case of b = 1, wy sends
WN - (E7CN) = (E/ONaE[N}/ON%
where if £ % E/Cly is the isogeny with ker ¢ = Cy ~ Z/NZ, then E/Cy %
E/E[N] is just the dual isogeny.
Let us now turn to Hecke operators. Fix a prime p not dividing N.
Let us define a map:
(a,8)
Yo(Np) 2 ¥o(N) x Yo(V),

by definig a natural tranformation:

(E70N7Cp) — ((E7 CN)?(E/C%CN—'_CP/CP)) (13)

where « is a degeneracy map which forgets the subgroup C).
Define the Hecke operator T,, as the image of the map (a, §):

Tp = Im(av ﬁ)

Remark. As before, we are cheating on the construction since we have not
defined a model for Yo(Np) over Z,). Furthermore we would like to have a
map:
(,8)
Xo(Np) — Xo(N) x Xo(IN).

Unfortunately we do not have enough time or preparation to go into the
details of these constructions. So we will assume to have such a well defined
map on Xo(NNp), which acts as (1.3) on points of Y5(Np), and that can be
reduced modulo p.

We can also interpret 7}, as a multivalued map, or better yet as a 'cor-
respondence’,
Xo(N) = = = Xo(N),

which sends a modular pair (E,Cy) € Xo(V) to

Z (E/CPZ’CN+01/CZ>
(E,CN,CP,L.)ES
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where

S = {B(E,Cy,Cp) where (E,Cn,Cp) € a1 (E,Cn)}.

Equivalently, consider the embedding of the modular curve Xy(N) into its
Jacobian:
Xo(N) = J(Xo(N)),

which sends the cusp (00) to the origin of J(Xo(N)), so that an arbitrary
point € Xo(N) is mapped to the divisor class (z) — (00).
T}, can be seen as a map on the Jacobian:

J(Xo(N)) — J(Xo(N))
(E,CN) ¥ 2moncy)es(B/Cp On + Cp/Cy),

Remark. We can also extend the definition of the Hecke operators T, when
p|N, by sending a modular pair (F,Cy) to the sum

Z (E/Cpi7CN+CPi/CPi)7
(B,Cy.Cp;)ES

with the additional condition that the sum is taken over the cyclic groups
Cp,, which have trivial intersection with Cy.

Proposition 1.11 (The Eichler-Shimura congruence relation). The Hecke
operator over I, satisfies:

T, = Fr, + Fr, on Yo(N) s,

where Fr), is the graph of Frobenius morphism in characteristic p, which
sends a point (E,Cn) € Yo(N)p, to Fry(E,Cn) = (E(p),C](\?)) and P/‘lr\p is
the dual morphism.

Furthermore, we can obtain the same relation on Xo(N) g, .

Proof. Since the number of supersingular curves is finite, we can restrict
our attention to the dense subset Yy(N )ord of points on Yy(N) which are
represented by ordinary elliptic curves. It will be enough to show the relation
over these points to prove the proposition.

Let (F,Cy) € Yo(N )?rd be one of these points. Call {C),|i =1, ---p+ 1}
be the p + 1 subgroups of E of order p. One of the them is the kernel of
the reduction map F — E over F », let it be (), then the kernel of the
Frobenius map Fr,, : E — E® is exactly C,, and so we have: E®) ~ E/C,,
and similarly C’](\Z;) = Cn + Cpy/Chy-

On the other hand we can factorise the multiplication by p map as:
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for every i = 1,--- ,p+ 1. We know that ¢ is separable since the kernel is
Ch,, so that 9 is the Frobenius morphism, which means that (E/ Cpi)(p) ~F
and with a similar reasoning we have (Cy + G, /Cp,)P) ~ Cy.

Now we can conclude since we have equalities:

(E/Cpm Cn + Cpo/cpo) = Frp(E, Cn)

and
Z(E/pr Cn + Cp,/Cp;) = Frp(E,Cy)
i#0
which implies the Eichler-Shimura relation, from the definition of T,
As we mentioned before we will not go into the details of proving that the
same congruence relation holds on Xo(N) g, - O

1.4 The modular parametrisation

In this section we are going to explain how the operators we introduced in
the last section can be defined on the space of cusp forms and state, without
proof, some important theorems from the theory of modular forms.

The proofs of this section may be found in [[Kna92]].

Consider the Hecke operators T}, for all p.

Fix a basis of (F,Cy) = (C/[1,7],[1/N,7]) and of (E/Cp,Cn + Cp/Cp) =
(C/[1,7'],[1/N,7']]), then an integer matrix which satisfies [1,7'] = M|1, 7]
and [1/N,7'] = M[1/N, 7] must lie in the set:

M(p,N) = {( ‘CL Z ) € Mats(Z) | ad — be = p, (a, N) = 1 and N|c}

and viceversa.
Let S2(T'o(N)) be the space of weight two cusp forms for T'g(NV), it seems
natural to have:

Definition 1.12 (Hecke Operator). Let {«;} be a collection of coset repre-
sentatives of I'o(N) \ M (nN)!.
We define

T, : SQ(FQ(N)) — SQ(FO(N))

f — > feolai

where f o [a;](7) = det(c;)(em + d) 72 f (qu7), if a; = ( z 2 )

Let us now turn to the Atkin-Lehner operator wy.

!Notice that T'o(N) has finite index in M (p, N).
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Definition 1.13. Let ay = ( ](\)f _01 )

The Fricke involution wy on the space of weight 2 cusp forms Sa(I'g(N)) is
defined in the following way:

wy : Sy(To(N)) — So(T(N))
f —  foloy]

explicitly wy f(7) = f o [an](T) = ﬁf(%)

Remark. wy is an involution on the space of weight two cusp forms, i.e.
w%; = id. If we consider the + and the — eigenspaces of S3(I'o(NN)) for wy
we have a direct sum decomposition:

Sy(To(N)) ™ @ Sa(To(N)) ™.

Define the L-function of a cusp form as:

L(Saf)zz%’

n=1

where f(7) = Y77, cnq™ is the g-expansion of f at the cusp oo, then we
have the following:

Theorem 1.14 (Hecke). Let f € S2(I'g(/V)) be a cusp form in one of the
eigenspaces S5V (I'g(N)) of wy, where ey = £1. Then L(s, f) is initially
defined for Res > 2 and extends to be entire in s. Moreover, the function

A(s, f) = N*/(2m) ~*T(s)L(s, f),
satisfies a functional equation:
A(s, f) = —enA(2 — s, f). (1.4)

We would now like to study a little further the structure of the space
S2(To(NV)). From this analysis we will be able to single out a particular
modular function f for I'g(NN), which, through the so-called "Eichler-Shimura
construction’, will let us construct a map from the modular curve to an
elliptic curve Ef, ¢ : Xo(IN) — Ey, that is very important for all the
considerations in the next chapter. In fact, through this map, we will be
able to ’transport structure’ from Xo(N) to Ey.

First of all let us define an inner product on the space of cusp forms:

Definition 1.15. The Petersson inner product on Sa(I'g(N)) is defined as:

(M) L,

(fih) =

f
Ry

where 7 = p+i0 and Ry is a fundamental domain for I'o(V).
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The Hecke operators T}, with p { N, on the space of cusp forms Sy (I'o(V))
are self adjoint relative to the Petersson inner product. So it can be proved
that, since the Hecke operators T}, for p { N, commute, S2(I'o(V)) splits
into the orthogonal sum of simultaneous eigenspaces for the operators T),
with p JN.

An cusp form which is an eigenvector T, with p { IV, is called an eigenform;
eigenforms in the same eigenspace are said to be equivalent.

Moreover, since the Hecke operators commute with each other for all p, in
each space of equivalent eigenforms in the decomposition of S2(I'g(IN)) there
will be at least one eigenvector of all the T}, also with p|N. We have the
following:

Theorem 1.16 (Hecke-Petersson). The whole space S2(I'g(IV)) of cusp
forms is the orthogonal sum of the spaces of equivalent eigenforms. Each
space of equivalent eigenforms has a member which is an eigenvector for all
the T),.

Moreover, such an eigenform f in S2(I'o(/N)) can be normalised so that its
g-expansion f(7) =Y >, ¢,¢™ has ¢; = 1 and the L-function for f, L(s, f),
has an Euler product expansion:

s =M M r=arrapes] 09

p|N pIN

convergent for Res > 2.

The problem now is that, since in general the Fricke involution wy and
the Hecke operators T}, for p| N do not commute, we are not able to identify
a correlation between L-functions which have an Euler product expansion
and L-functions which satisfy a functional equation.

The problem turns out to be coming from some cusp form which ’come triv-
ially from modular forms of a lower level d|N’.

Let us be more precise. If rira| N and if f(7) is an eigenform for I'g(N/r172),
then f(re7) is an eigenform for I'o(N) with the same eigenvalues. Such an
eigenform is called an oldform.

The eigenforms in the orthogonal complement of the space of oldforms are
called newforms.

There is the important "Multiplicity one theorem’,which characterises new-
forms:

Theorem 1.17 (Atkin-Lehner). If f € Sy(I'g(N)) is a newform, then its
equivalence class is one-dimensional, i.e. consists of the multiples of f.

Let us analyse a consequence of this theorem.
The operators wy and 7T}, for p|N commute with the Hecke operators T}, for
p1 N, so they send each equivalence class to itself. In the case of a newform
f the equivalence class is Cf, so this means that we can find an eigenform
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f for wy and for all the T)s, such that as a consequence of theorems (1.14)
and (1.16), its L-function L(s, f) has an Euler product expansion as in (1.5)
and satisfies a functional equation as in (1.4).

Let us summarise these results in the following:

Theorem 1.18 (Hecke-Petersson, Atkin-Lehner). The space So(I'o(N)) of
weight 2 cusp forms admits the following decomposition:

So(To(N)) = P EP DeSa(To(d)) Y,

d|N e|%
where D, : g(17) — g(eT) and

S5(To(d))" " =~ ) Cyx
gx

with gy a normalised eigenform for I'g(d).

The gy are eigenvectors for the Hecke operators T, for all p and for the
Fricke involution wy and the following holds:

1. T, f = ¢, f for all p,

2. wyf =enf with ey = £1.

Moreover the L-function L(s, f) has an Euler product expansion as in (1.5)
and satisfies a functional equation with sign —ey as in (1.4).

Now we turn to the Eichler-Shimura theory. The next theorem will
predict us the existence of a normalized newform f for S(I'o(IN)) to which
we can associate an elliptic curve Ey with a map from the modular curve
Xo(N) to Ey, which satisfies:

L(s, f) = L(s, E).

Theorem 1.19 (Eichler-Shimura). Let f(7) = > 7, ¢y exp(2minT) be a
newform in S2(I'g(/V)) normalized to have ¢; = 1, and suppose that all the
¢, are in Z. Then there exists a pair (Fy,v) such that:

1. E; is an elliptic curve defined over Q.

2. Ey is a quotient of Jac(Xo(IV)) by (T, — ¢ - id)Jac, for all p, so that T},
acts on E; as multiplication by the integers c,, for all p.

3. The differential > c,q"dq/q associated to f is a nonzero multiple of

v*(w), where w is the invariant differential of E.

4. If
~(70)
Ay = { / F(e)de | 7 € ro<N>}

70

then Ay is a lattice in C, and F is isomorphic to C/Af over C.
5. L(FE, s) coincides with L(f, s), for almost all c,.
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Remark. Eichler-Shimura proved point 5. for Euler factors for p t N. For
the 'bad’ factors at p|N this follows from results of Langlands and Carayol.

If we compose the map v in the Eichler-Shimura construction with the
inclusion map of Xo(IV) — Jac(Xo(IN)) we obtain map defined over Q:

¢ : Xo(N) — E. (1.6)

The map ¢ is called the Modular parametrisation of Ef.

Theorem 1.20. (Carayol) The integer N is the conductor of Ey.

From a theorem of Wiles we can deduce that the viceversa also holds
over Q:

Theorem 1.21 (Wiles, Taylor-Wiles, Breuil-Conrad-Diamond). Let E be
an elliptic curve over Q of conductor N. Then there exists a newform
f € S2(To(N)) such that:

L(E,S) :L(E7f)

Furthermore, from results on the Tate’s conjecture for abelian varieties
proved by Faltings, it can be deduced that FE is isogenous to the elliptic
curve Ey obtained via the Eichler-Shimura construction.

1.5 Definition of a Heegner point on Xy(N).

In this section we are going to introduce the key definition of a Heegner
point, which will be an important tool in the proof of the theorem on the
rank of an elliptic curve in the next chapter.

Heegner points on Yy(IN), or more generally on X (V), correspond to (gen-
eralised) modular pairs (F,Cy), where E and E/Cy both have complex
multiplication by the same order O.

Let us be more precise. Consider a quadratic imaginary field K = Q(v/—D),
of discriminant —D.

For simplicity assume that D # 3,4, so that the ring of integers O of K
has unit group Oy = {£1}.

Fix an integer N, such that every prime dividing N is split completely in
K. This assumption, called the 'Heegner Hypothesis’, garantees the exis-
tence of a prime ideal M of Ok such that O /M ~ Z/NZ. We also have
N~ /O ~Z/NZ.

Now consider an order O of K of conductor? n prime to N. 91, = NN O is

2In this mémoire, we will only be considering orders of squarefree conductor n.

29



an invertible ideal in O, with M, 1/O ~ Z/NZ.
(C/O, M 1) is a modular pair, since if E = C/O, then

N10/0c N710/O = E[N],

so that M 1/O is a cyclic subgroup of E of order N.

Definition 1.22.
z, = (C/O,N1/0) (1.7)

is a Heegner point on Xo(N).

Remark. Equivalently, we can describe Heegner points x,, as isomorphism
classes of couples of elliptic curves:

(C/o,c/mh,
with ker(C/O — C/M,; 1) =N, 1/O ~ Z/NZ.

Proposition 1.23. The Heegner point x,, as defined in (1.7) lies in Xo(N)(K,),
where K, is the ring class field of of K conductor n.

Proof. (Sketch) As we saw in theorem (0.25) K (5(C/O)) = K(j(C/M;1)) =
K, is the ring class field of K of conductor n. Moreover we can deduce from
the birational equivalence (8 of (1.2) that, outside a finite number of singular
points of the modular equation, we can consider the point x,, on Xo(V) as
having coordinates (j(C/M,1),5(C/0)). So we deduce that

xn € Xo(N)(Ky).

For what concerns those finite number of singular points for the modular
equation, the proof is a little more complicated so we will not go into the
details here. O

We recall that K, is a normal extension of Q and the Galois group
Gal(K,/Q) is the semi-direct product of its normal subgroup Gal(K,/K),
isomorphic to Pic(O) by (0.11), and the group Gal(K/Q) of order 2, gen-
erated by complex conjugation 7, which acts on Gal(K,/K) ~ Pic(O) by
sending an ideal a to its inverse a=! = rar L.

Heegner points of conductor n are stable under the action of Gal(K,/Q).

Proposition 1.24. The action of complex conjugation 7 € Gal(K,,/Q) is
as following;:

2, = 7((C/O,M,;1/0)) = (C/O,M;1/0) = (C/O,M,NLO/0O).

Moreover, directly from the theory of complex multiplication, theorem
(0.25), we have the following:
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Proposition 1.25. Let 0 € Gal(K,,/K). Then we have:
orn = 0(C/0,9M,1/0) = (C/a, ', M, a; " /0),

where a, € PicQO is the ideal class that corresponds to ¢ under the isomor-
phism of theorem (0.11).

Proof. We have seen in theorem (0.26), that o € Gal(K,/K) acts on j-
invariants by sending j(—) to j(— - a;!). In the present case we have that:

o(j(0),5(OM, 1) = (H(O - a; "), (M, - a 1)),
so that o(C/O,M>1/0) = (C/az !, (MNa,/O) 7). O

The Heegner points of conductor n are also stable under the action of
the Atkin-Lehner involutions and the Hecke operators T,,, for p{ N.
The Atkin-Lehner involution wy acts on Heegner points via the formula:

wy ((C/O,M;170) = (C/N L, N“to/m ).
from which we can deduce that:
w3 (z,) = wy(C/M L, NTTo/m Y = (C/NLo,m 1 O/NTLO) ~ x,,
where the last isomorphism is given by the isomorphism multiplication by

N:C/N~'O 5 C/o.
Let n = ml, [ prime which does not divide m, we have the following diagram:

Ky, (1.8)

Q

Call G), = Gal(K,, /K1) the Galois group of the extension K, /K;. Since
Op =7* ={£1}, K; and K,, are disjoint and so we have:

GnZHGl:GZXGma

ln
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where G; = Gal(K,,/K,).

Moreover we have an exact sequence:
0 — Gal(K;/K1) —» G, = Gy = 0,
then we deduce from example (0.21):
G ~ Gal(K, /K1) ~F JF[.

Now let us assume that A is inert in K, then FY ~ T3, so that Gy is cyclic
of order [ + 1.

Let us now consider a trace map, which we define on the Jacobian of the
modular curve Tr; : J(Xo(N))(Ky) — J(Xo(N))(K,) which sends

Proposition 1.26. With the above notation and hyphothesis we have:
Tl(l‘m) = Tl"l(:En),
where T is the Hecke operator on J(Xo(N)).

Proof. Let O,, = Z + nOk be the order of conductor n in K. Call = C/O,,
and Cy = N,,;1/O,,. By definition we have:

Ti(wa) = Y (E/CL,Cn+Ci/Cy),
C|CE[l]

where the sum is over the [ 4 1 cyclic subgroups of E[l] of order .
On the other hand, since (I, m) = 1, we have

zn = (E,CN) = (C/On, ‘)’Igl/On) = ((C/0n)/C, (mﬁl/om)/cl)

for some unique cyclic subgroup of order | Cj, since O,,/O,, is cyclic of order
[. Furthermore

= o(C/0n, N, /Oy) (1.9)
= 0((C/Ow)/Cr, (O, /Om) /C1)
= ((C/Om)/asCr, (fﬁ;l/(’)m)/agq),
where a,Cj is another cyclic subgroup of order [ of C/O,,. Indeed, since
o€ Gy = Gal(K,,/K,,), then a,0,, is principal and so a,(O,,/O,) ~ a,C;

is another cyclic subgroup of order I.
So we are done. O
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1.6 Heegner points on elliptic curves

Let E an the elliptic curve over Q of conductor N. Fix a modular parametri-
sation defined over Q:
¢: Xo(N) — FE

By means of this parametrisation we can transport the Heegner point
construction from the modular curve to the elliptic curve, so that we can
obtain certain points on F defined over ring class fields.

Define

Yn = @(x,) € E(K,), (1.10)

where K, is the ring class field of K of conductor n.
Furthermore if we let z1 := (C/Ox,N"1/Ok) € Xo(N)(K1), where K is
the Hilbert class field of K, then define

y1 = ¢(x1) € E(Ky)

and
yr = Trg, )k (11) € E(K), (1.11)

where the trace is taken by summing the conjugates of y; using the group
law on FE.
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Chapter 2

Kolyvagin’s Theorem

In this chapter we are going to prove the main result of this 'mémoire’,
which is proposition (2.2). First of all, given an elliptic curve E over Q
we are going to use Heegner points to show the construction of a system of
cohomology classes in the Galois cohomology of E, section (2.4), and study
their properties. Then, using some results from Tate’s local duality and
some Galois cohomology computations, we will be able to bound the order
of the p-Selmer group of E/K and finally deduce our result.

In the late 80’s Kolyvagin published a paper in which he used Birch’s con-
struction of a Heegner point to define a system of Heegner points, which
satisfied the properties of what is now called an Euler system, and used this
construction to prove the following theorem:

Theorem 2.1. Let E be an elliptic curve over Q.

Assume that the point yx, as defined in (1.11), has infinite order in E(K).
Then:

1. the group E(K) has rank 1.

2. the group II(E/K) is finite.

In his paper [Gr84] Gross does not prove all of this result, but explains
the proof of a slightly weaker proposition to illustrate Kolyvagin’s main ar-
gument:

Theorem 2.2. Let p be an odd prime such that the extension Q(E,)/Q
has Galois group GLy(Z/pZ) and assume that p does not divide yx in
E(K)/E(K)tors- Then:

1. The group F(K) has rank 1.

2. The p-torsion subgroup of III(E/K) is trivial.

Remark. These assumptions make sense, in fact if £ does not have com-
plex multiplication then Q(£,), the field generated over Q by the p-division
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points of F, has Galois group over Q isomorphic to GLy(Z/pZ) for all suffi-
ciently large primes p.

Moreover modulo torsion we can always find a p which does not divide yg,
since thanks to the Mordell-Weil theorem yx is not ‘infinitely divisible’ in
E(K)/E(K)tors- In fact, since the group E(K) is finitely generated, there
exists only a finite number of integers n € N such that yx = nP , where
P e E(K)\ E(K)tors-

We know, from (0.5), that there exists a sequence of Fj,-vector spaces:

0 — E(K)/pE(K) - Sel,(E/K) — TI(E/K), — 0,

From the hypothesis of theorem (2.2), we can deduce that F(K) cointains
no p-torsion so we have:

r(B/K) = dimg, B(K) [pE(K), (2.1)
which means that we are left to proving:

Proposition 2.3. Let p be an odd prime such that the extension Q(£,)/Q
has Galois group isomorphic to GLg(Z/pZ) and assume that p does not
divide yx in E(K) modulo E(K)typg. Then the group Sel,(E/K) is cyclic
generated by (yx).

Let us see how this proposition imples the result in (2.2).

Indeed if 0 # yx € E(K)/pE(K), then dimp,(E(K)/pE(K)) # 0, but
E(K)/pE(K) injects into Sel,(E/K), which has rank one by proposition
(2.3) and so by (2.1) r(E/K) = 1. So we have 1.

Moreover 6 : E(K)/pE(K) — Sel,(E/K) is an isomorphism of F,-vector
spaces so the cokernel, which equals HI(E/K),, is zero. So we have 2.

In the rest of the chapter we are going to illustrate a proof of this proposi-
tion.
Let us set some notation. E is an elliptic curve over Q of conductor N.

K is an imaginary quadratic field with discriminat —D # 2,3, which satis-
fies the Heegner condition, i.e. every prime dividing NN is split completely
in K.
Furthermore we make the assumption that all the Heegner points we con-
sider have conductor n, which satisfies the following hyphothesis:

n is squarefree and for all [|n, [ does not divide N - D - p. (2.2)

2.1 (Galois action on torsion points

Let K(E,) the Galois extension obtained by adjoining to K the coordinates
of the p-torsion points of E.

35



In this section we are going to consider the p-torsion points on FE, for p
prime, and see how the Galois group Gal(K(E,)/Q) acts on them.

Proposition 2.4. The extension K (E,)/K is unramified outside the primes
which divide p- N.

Proof. Let X be a prime of K which does not lie above pN. FE has good
reduction over Ok, , so if v is a prime lying above A it is enough to show that
the extension of the residue fields I, /F has the same degree as K (£),), /K.

The curve reduction of E over F) is an elliptic curve E and so from (0.9)
we deduce that the reduction map gives an injection:

E, — E(F.).

An element of the inertia group of K(E,),/K) then fixes all elements of
K(FEp) since it fixes their images in ., so it is trivial. Then we are done
since the index of ramification e equals the order of the inertia subgroup. [J

Remark. It follows from the last proposition that every prime ! which di-
vides integers satisfying (2.2) is unramified in K (E,)/Q.

We denote by Frob(l) the conjugacy class in Gal(K(E,)/Q) containing
the generators of Gal(FF,/F;) for every prime vy above .
We assume that:

T € Frob(l), (2.3)

where 7 is complex conjugation.
One often says that [ satisfying (2.3) is a 'Kolyvagin prime’.

Remark. By Chebotarev density theorem, theorem (0.22), there is an infi-
nite number Kolyvagin primes.

As a consequence of (2.3) we have that [ remains inert in K; call \ its
unique prime factor in K.

Proposition 2.5. Assumption (2.3) implies that
a;=1+1=0 (mod p),
where [ + 1 — a; = |E(F)|

Proof. 1t follows directly from the computations of the characteristic poly-
nomials of the Frobenius automorphisms acting on F,. In fact complex
conjugation satisfies 22 — 1 = 0 ( mod p ), while Frob(l) is such that
Frob(1)? — a;Frob(l) +1 = 0 ( mod p ), with [ + 1 — a; = |E(F;)|. So
from (2.3) we deduce that:

2? —qx +1=2%—1 (mod p),
which implies a; =14+ 1 =0 (mod p). O
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Remark. Recall that the a;s in proposition (2.5) are the coefficients of the
L-function of E as defined in (0.14), which coincide with the coefficients of
the L-function of f, the newform associated to E.

Let F; denote the residue field at A, which has [? elements. By (2.3) the
prime A splits completely in K (E,)/K, which implies that the residue field
at a prime \; of (’)K(Ep) above M\ is the same as F), i.e. F), ~ Fy. Moreover

E(Fy)p = E(F,)p ~ Z/pZ x Z/pL.

We can now consider the action of complex conjugation on this space and
deduce:

Proposition 2.6. There exists the following decomposition into eigenspaces
for complex conjugation of the reduction of the torsion points in the residue
field Fy: N

E(Fy), =~ Z/pZ,

where - is the plus eigenspace of the automorphism group {1,7} and -~ is
the minus one.

Proof. If we call Fr; the Frobenius map x — 2! we know that Fr; = 7 on F}.
So that:

|E(F))f| = {P € Ep|[FyP = P} = |[E(F)),| = [l + 1 — | =0 (mod p)
|E(F)), | = |{P € Ep|Fy P = —P}| = [ker(Fr; + 1)| = deg(Fr; + 1)
= det(Fr; + 1) = Tr(Fr;) + det(Fr;)) + 1 =a; + 1+ 1 =0 (mod p)

O

2.2 Construction of an ’Euler system’

Consider the collection of Heegner points of conductor n that we dfined in
section (2.4). Recall that the integer n is assumed to satisfy (2.2) and every
[|n is assumed to be a Kolyvagin prime, (2.3).
Recall from section (?7) that we have G, = Gal(Kn/K1) ~ [];, G =
G| X Gy, where G; = Gal(K,,/Kp,).
Moreover from example (0.21) and the fact that A = [Ok is inert in K we
deduce that:

Gy~ Gal(K,/Ky) ~F /F ~F}/F,

which is cyclic of order [ + 1.
We can now prove the ’Euler system’ properties that are satisfied by the
system of Heegner points y,, € E(Kp):
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Proposition 2.7. 1. Tryy, = a; - ym € E(Kp),
2. Each prime factor A, of [ in K, divides a unique prime A, € K,, and we
have the congruence y,, = Frob(Ay,)ym mod Ay,.

Proof. 1. This follows from lemma (??) and the fact that the Hecke operator
T; acts on the points of the elliptic curve as multiplication by the coefficients
ay, cf. thorem (1.19, 2.). So we have:

Tryym = Trl¢(xm) = ¢(Trl$m) = ¢(Tlxm)7 = al¢(xm) =a; - Ym

where ¢ is the modular parametrisation.
2. We are going to prove the corresponding fact on Xo(V):

Zp, = Frob(Ap,) @, in Fy

and then conclude using the modular parametrisation.

Indeed, the prime A is principal in K and has norm prime to m, so it is in
the kernel of the Artin map (0.10), which means that it is split completely
in K,,,/K.

The factors A\, of A in K, are totally ramified in K, i.e.

)\m = ()\n)H_Ia

this follows from the fact that since Oy = {£1} only the primes dividing
the conductor are ramified. So In particular the residue fields coincide:

Fy, =F,, =Fy=Fp

Now consider Tj(x,,) = Trj(x,). The points in this divisor are conjugates
of x, over K,,, so they are all congruent to x,, modulo A,. The Eichler-
Shimura congruence relation (1.11) 7; = Fr; +ﬁrl mod [ shows that one, and
hence all, elements are congruent to Frob(\,)z,, and we deduce:

Frob(Ap)Tm = 2, mod A,

2.3 Construction of cohomology classes.

In this section we are going to use the system of Heegner points we have
just defined to construct cohomology classes in H'(K, E,). One way to do
so would be to simply take the trace of the points y,, from K, to K and then
push it to H!'(K, E,) through the map 4, but this does not yield interesting
infomation. Instead we shall apply an operator to the y, in order to obtain
Gal(K,,/K7)-invariant elements, then computing the trace from K; to K
will yield the desired Gal(K, /K)-invariant classes.
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Let 07 be a fixed generator of G; = Gal(K,, /K1), cylic subgroup of order
[+1 of Gy, = Gal(K,/K1).
The augmentation ideal of the group ring Z[G], i.e. the kernel of the map
> oeG) n;o® = > n;, is principal and generated by o; — 1. Let

Tr, = Z o € Z|G]

sl
and let D; be a solution of the following equation in Z[G]:
(op—1)-Dy=1+1-"Tr.
Remark. 1. A solution exists, for example Kolyvagin takes
! S T

Dl:ZZUZ:—ZZ—_ll:l

1=1 i=1

2. Dy is well defined up to addition of elements in the subgroup ZTr;.
Let D, =[] D; in Z|G,,).

Proposition 2.8. The point Dy, € E(K,) gives a class [Dyy,| € E(K,,)/pE(Ky,)
which is fixed by G,.

Proof. Tt suffices to show that for all I|n [D,y,] is fixed by o; the generator
of G;. Hence we must prove that: (o; — 1)Dypy, € pE(K,).

(O‘l — I)Dn = (Ul — 1)Dle = (l +1-— Tl“l)Dm € Z[Gn],
= (01 = 1)Dnyn = (L + 1) Dinyn — Din(Triyn)
since [ + 1 = 0 (mod p) (congruence (2.5)), it now suffices to show that

Triy, € pE(K,,). This follows from the congruence a; = 0 (mod p) (2.5)
and part 1 of proposition (2.7). O

We would like to construct a point in F(K,,)/pE (K, ) which is invariant
not only for G,, = Gal(K,,/K1) but also for G, := Gal(K,,/K).
To do so, consider a set S of coset representatives for the subgroup G, in
G,, and define:

P, = Z oDpyy,.
c€eS

Then clearly the class [P,] is in (E(K,)/pE(K,))%".

In order to define a system of cohomology classes we first need a lemma:

Lemma 2.9. The curve F has no p-torsion rational over K.
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Proof. If not, either E,(K,) = Z/pZ or E,(K,) = (Z/pZ)?. The first
implies that F, has a cyclic subgroup scheme over Q, as K, is Galois over
Q. Hence the Galois group of Q(E),) is contained in a Borel subgroup of
GLy(Z/pZ). If E(K,), = (Z/pZ)?, then Q(E,) is a subfield of K,, and
we have a surjective homomorphism G, — GLa(Z/pZ). This is impossible
whenever p > 2. ]

From this lemma it follows immediately:

Proposition 2.10. There exists an isomorphism induced by restriction:
HY(K, E,) — HY(K,, E,)%".
Proof. From the terms of low degree of the Hochshild-Serre spectral sequence

we have:

Inf R
0= HY(Gn, E(Ky)p) = HY(K, Ep) 5" H' (K, Ep)9" — H2(Gn, E(Ky),),
where the last arrow is transgression.
From lemma (2.9) we deduce that E(K,), = 0, so the kernel of the map
Res is 0, while the cokernel injects into a group which is 0. So it is an
isomorphism. O

Let us now define the cohomology classes.
Consider the following diagram:

HY (Kn/K, E(Ky))p

Inf
0 E(K)/pE(K) Hl(Kv Ep) Hl(Ka E)p
J/ NlRes Res

0—— (E(K,) /pE(K,))9 2= HY(K,, E,)%" H (K, E)J"

(2.4)
The two rows are exact, by diagram (0.4). The column on the right is the
inflation-restriction sequence for Gal(K,,/K) < Gal(K/K) and the middle
vertical map is an isomorphism from proposition (2.10).
Let ¢(n) be the unique class in H'(K, E,) such that:

Res c(n) = 6,[Py,] in HY (K, E,)9". (2.5)

Let
d(n) = Im c(n) in H(K, E),. (2.6)
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By easy commutativity of the diagram and exactness of the bottom row,
Res d(n) = 0. So there exists a unique d(n) € H'(K,,/K, E(K,)), such that

Inf d(n) = d(n) in H'(K, E), (2.7)
Directly from the construction we deduce the following:

Proposition 2.11. 1. The class c¢(n) € H'(K, E,) is trivial if and only if
P, € pE(K,). N

2. The class d(n) € H'(K, E), and d(n) € H'(K,,/K, E), are trivial if and
only if P, € pE(K,) + E(K).

Proof. 1. The class ¢(n) is trivial if an only if §,,(P,) is trivial, but since 0,
is injective we have

6n(Pp) =04 P, =0in (E(K,)/pE(K,))% < P, € pE(K,).

2. Since Inf is injective we have:

din)=0<d(n)=0

and this happens if and only if either ¢(n) is trivial, (condition 1.), or ¢(n)
is in the image by ¢ of an element in F(K)/pE(K). O

The cohomology classes we have just constructed are represented by
explicit 1-cocycles:

c(n): Gal(K/K) — E,
—

o flo) =o(lP) - 1P, — =)

and

d(n): G,=Cal(K,/K) — E,
—  f(o) = —7(0_;)13"

(2

2.4 Properties of the cohomology classes c(n).

In this section we would like to investigate on the properties of the coho-
mology classes we have just constructed.

First of all we shall see how they behave under the action of complex con-
jugation.

Since p is odd we know we have a direct sum decomposition:

H'(K,E,) ~H'(K,E,)* o HY(K,E,)”

Recall from proposition (1.18) that the eigenform f = )" a,¢" associated to
the elliptic curve E satisfies: f(wnz) = €- f(z), where —e is the sign of the
functional equation which is satisfied by the L-function associated to E over

Q.
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Proposition 2.12. We have
TEy, = wy(oxy,),
which implies
TYn = €0yp + ( torsion ).
Proof. The first relation follows immediately from the definitions in section
(1.5). So we have:
T(zy — 00) = wyo(z — 00) + (wyoo — 00).

for some o € G,, and we can conclude by the relation

P(wno'(zn — 00)) = e¢(oyn)

and by Manin-Drinfeld theorem which implies that the class (0 — oc0) is
torsion in the Jacobian J(Xo(/NV)) and so in E.
O

Proposition 2.13. 1. The class [P,] lies in the ¢, = ¢ - (—1)f eigenspace
for 7 in (E(K,)/pE(K,))%", where f, = |{l:1|n}|.

2. The class ¢(n) lies in the e,-eigenspace for 7 in H'(K, E,) and the class
d(n) lies in the e,-eigenspace for 7 in H' (K, E),.

Proof. 1. The lift of complex conjugation 7 € Gal(K,,/Q) acts on elements
o € G, by sending 77107 to the inverse 0!, so we have the commutation

relation:

To =0 't

Now consider the action of 7 on P,:
TP, =71 Z oDny, = Z o Y Dpyn,
o€esS c€eS
where D,, = H”n Dy, with D; such that (o — 1)D; =1+ 1 — Try.
Considering the fact that:
(l+1—Tr)r=(1+1)T— Z or=1(l+1)—71 Z ol =7(4+1-Tr)
oeG ce@G

we have
(o= 1)Dyr =71(0p —1)D; = —O'l_l(Ul —1)7rDy,

so that:
(Ul — 1)(0'1Dl7' + TDl) =0
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which means, by direct computation, that o;D;7 + 7D; = k'Tr; for some
leZ.
Since Tryy, = a;ym =0 ( mod pE(K,,) ) then

P =Y o [[r D0y = Y o [T (=D,

= lln ocS lln

(1) ([Te0) Y o " Dulrya)( mod pE(K,))

ln oeS

But Ty, = €o’y, + ( torsion), by proposition (2.12), for some ¢’ € G,, and
lemma (2.9) shows that E(K,), = 0. Hence:

TP, =€, Hala/ . Z J_anyn( mod pE(K,))
ln oeS

But Hl|n o0’ € Gyand Y g o~ 'D,y, = P, which is invariant under the
action of G, modulo pF(K,), so:

TP, = ¢,P,( mod pE(K,))

and 1. is proved.
2. clearly follows from 1. and the fact that the action of complex conjugation
7 commutes with the maps in diagram (2.4). O

2.5 Local triviality of the cohomology classes.

In this section we would like to decide if the classes ¢(n) we have constructed
lie in the p-Selmer group as defined in (0.3).
Let us recall diagram (0.4):

0 BE(K)/pE(K) > ~HYK,E,) — ~H'(K,E), —~0 (28)

| | lg

0 — E(K,)/pE(K,) —H'(K,, E,) —= H'(K,,E), —=0

Now c(n) € HY(K, E,) is in the p-Selmer group (= ker(go f)) if and only
if the reduction d(n), € H'(K,, E), of f(c(n)) = d(n) € H'(K, E), is trivial
at every prime v.

Proposition 2.14. The class d(n), is locally trivial in H'(K,, F), at the
archimedean prime v = oo and at all the finite primes v of K which do not
divide n.
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Proof. If v = 0o then K., = C, since K is imaginary quadratic, and Galois
cohomology of F is trivial (H'(C, E) = 0).

Case 1. (v,n-N)=1. _

d(n) is inflated from a class d(n) € H' (K, /K, E(K,))p, definition (2.7),
where K,,/K is unramified at v. Hence d(n), lies in the image of the sub-
group H' (KW /K,, F),, where K'' is the maximal unramified extension.
We are going to prove that this group is trivial when E has good reduction
at v.

In fact, let ¢ be the prime of Z which lies under v, recall that we have an
exact sequence, sequence (0.7):

0—>E1—>E—>E—>O,

where E; is a pro-q group.
Then we can deduce that H (KW /K, E1), = 0 and so there is an injection:

HY(KY/K,, E), — H'(Fy P /F,, E),.

We can now conclude by a theorem of Lang from which we deduce the
triviality of H'(Fy P /F,, E) :

Theorem 2.15 (Lang). Let A be a smooth, connected, commutative alge-
braic group over a finite field k. Then H!(k, A(k)) = 0.

Case 2. v fn but v|N.
Consider a Néron model £ for E over O, and let & be the connected com-
ponent of the identity of £ and £°/& the group of components.
As a consequence of Lang’s theorem (2.15) we have that H! (F;® /F,, £%) = 0.
So we have an injection

HY (K" /K,,£°%) < H (F:?/F,, £ /£°).

Hence to check the triviality of d(n), we need to check it in the cohomology
group H'(Fy7 /F,, £ /£°).
Let w be a place of K,, above v. We recall that d(n), is represented by the

cocyle:
Gal(Kn)w/Ky) — E(Kp)w)

_ (=P
Y = p

where — =% i 4 combination of the elements yn € E(K,,). To prove the

triviality of d(n),,which is killed by p, we are going to prove that the image
of the reduction of g, in £/£° lies in a subgroup of order prime to p.

From ([GZ86]; III, 3.1) we deduce that the class of the Heegner divisor
(z5,) — (00) lies, up to translation by the rational torsion point (0) — (c0), in
J(Xo(N)), in J(Xo(N))"*

LJ(Xo(N))? is the identity component of the Néron model of the abelian variety
J(Xo(N)) over O,.
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Hence y, is, up to translation by the rational torsion of &, in £°. Since
E(Q), = 0 by assumption the points y, lie in a subgroup whose image in
£/E° has order prime to p, so we are done. O

Proposition 2.16. If n = Im and X is the unique prime of K dividing [, the
class d(n)y is locally trivial in H'(Ky, E), if and only if P, € pE(K),,) =
pE(K)) for one (and hence all) places A, of K,, dividing .

Proof. We recall that the prime A splits completely in K,,, each factor A,
is totally ramified in K,,, i.e. \,Ok, = (\p)'*1, and Fy, =F,, = F,.
By construction the localisation of d(n)y € H!(K), E), actually lives in
HY(G), E(K),)),p, since d(n) goes to zero in Hl(Kn,E)g”, and it is repre-
sented by the cocycle:

G — E(K),)

(c—1)P,

oo

Since | does not divide N by assumption, E has good reduction at I.

So we can construct a minimal Weierstrass model £ for F over K, which
is also a Néron model by example (0.12), defined over Z; and such that
E(O,,) ~ E(K),).

We know that there exists an exact sequence of Gj-modules, sequence (0.7):

0= Ei(Ky,) — Eo(Ky) "4 BF, ) =0

As we have already remarked in the proof of proposition (2.14) HY(G, E1(Ky,)), =
0.

So we have an injection:
H'(G1, E(K,))p = H'(G1, E(Fy)),

where H (G, E(F)\)p = Hom(Gl,E(F,\)p), since Gy acts trivially on E(F)).
Hence d(n)y is trivial if and only if it has trivial image in H'(Gy, E(F))),,

so if and only if —=DPn pas trivial reduction modulo Ap for every o € Gy,

or equivalently if and only if the point
(o7 —1)P,
p

has trivial reduction modulo A, for o; the generator of Gj.
Recall that P, =Y gDy, - Dy - yn and (0 —1)Dy =1+ 1 — Tr; so

[+1 a]
Qn = ZUDm (yn - ym)
S p b

by proposition (2.7) we have the congruence:

I+1 a [+ 1)Frob(\,) —a
—yn——lymz( ) (Am) lym(mod An)
p p p

Qn =
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at all primes A, dividing A in K,,. For ¢ € Gal(K,/K) we conjugate this
congruence modulo by ¢ to obtain:

(l +1 a ) _ ((l + 1)Frob(c~\y) — a
ol —Yn— —Yym | =0
p p p

)i (1m0 3,)

but oFrob(c~!\,,) = 0o~ 'Frob(\,,)o so we obtain:

[+1 a [+ 1)Frob(\,;,) — a
(13t (= s

Hence:

(I + 1)Frob(A\,) —
p

We know by proposition (2.13) that the reduction of P, modulo \,, lies in
the €p,-cigenspace of E(F))/pE(Fy) for the action of complex conjugation
T.

Consider the eigenspaces E(IE‘)\)JF, E(IF)\)* C E(IE‘/\)

On the eigenspace E(Fy)" the automorphism Frob(\,,) acts as the identity,
since we made the assumption that [ is a ’Kolyvagin’s prime’, so that 7 €
Frob(A;,). Hence (I4-1)Frob(\;,)—a; acts as multiplication by [+1—a;, which
is the order of E(F\)", by the proof of proposition (2.6). Moreover on the
cigenspace E(Fy)~ the automorphism Frob(),,) acts as minus the identity
so that (I + 1)Frob(\,,) — a; acts as the multiplication by minus the order
of E(Fy)~, also by (2.6). In any case we conclude that (I + 1)Frob(\n,) — a;
kills E(F)).

The reduction of P,, modulo A, lies in E(IF/\)}?” ~ 7./pZ, by proposition
(2.13). So the reduction Q,, of Q,, is zero if and only if P,,/p € E’(FA)p, ie.

@n

Py, (mod \,)

P, € pE(IF')\), which is if and only if P, € p(K)), since p is an isomorphism
on El. L]

2.6 Tate local duality.

In this section we are going to review some basic results from Tate’s local
duality which we will use in order to prove Proposition (2.3).

Let Oy be a complete discrete valuation ring with finite residue field
Fy = O, /m of characteristic [ and field of fractions K.
Let K\ be the maximal unramified extension of K, with Galois group

g = Gal(K\'/K)) ~ Gal(F} P /Fy),

which is isomorphic to Z by sending the generator 1 € 7 to the Frobenius
automorphism Frob(A) € g.
Let E be an elliptic curve over K, with good reduction over O,.
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Let p be a prime different from [, since £ has good reduction over O;, we
have the following exact sequence for the reduced elliptic curve E over FFy:

0— E,, — E-E—o,
which induces the exact sequence in cohomology:
sep sep

0 = E(F))/pE(F)) — H'(g, E(F} ")), — H'(8, E(FY ")) = 0,

where the last group is zero by Lang’s thorem (2.15).
So we obtain: ~ ~ N
E(F)/pE(Ex) — H' (s, EEY),)

Moreover from (0.8) and (0.9) we have isomorphisms:
E(K))/pE(K)) ~ E(Fy)/pE(Fy) and B, := E(K)), = E(F\*P), = B(K{™).

So we obtain:
E(K))/pE(K)) = H'(g, E}). (2.9)

Now we recall Tate’s local duality theorem.

Theorem 2.17 (Tate-local duality). There exists a symmetric, non-degenerate
pairing of Z/pZ-vector spaces:

(-,-y: HY(Ky, E,) x H{(K), E,) — Z/pZ (2.10)

induced by Weil pairing, cup product and the invariant map form local class
field theory.

Proof. (sketch of the construction) The Weil pairing E, X E,, = 1, over Ky
induces a linear map
E,® E, — up

, which induces a map on cohomology groups for every j > 0:
H/ (K\, E, ® E,) — H/ (K}, p1p),

since Weil pairing is Galois equivariant.
So composing cup product with this map for j = 2 we obtain a pairing:

HY (K, E,) x HY(Ky, E,) — H%(K}, ptp)-

Moreover the invariant map from local class field theory gives a canonical
isomorphism:

~ 1
H?(K, pp) = Br(Ky), — 5Z/Z ~ 7./pZ.
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Proposition 2.18. The group H!(g, E,) is isotropic for the pairing (-, -) of
(2.10).

Proof. Being isotropic means that if we compute the pairing on elements of
H(g, E,) x H!(g, E,) we get zero.
Consider the following diagram:

InfxInf
Hl(ga Ep) X H1(97Ep) — HI(KM Ep) x H! (K, Ep)

| |

Inf
Hg(gaﬂp) = HQ(K/\HUP)
0 Z]pZ
where H?(g, 11,) = 0 from Lang’s theorem (2.15). O

Now consider the following commutative diagram:

0 —— E(K))/pE(K)) — H K\, E,) HY(K), E),

| | |

0 HY (K, E)} H' (K, E,)* — (E(K,)/pE(K)))* —=0

where -* = Homg(-, u(K))) is the Cartier Dual, rows are exact and the
middle map is an isomorphism by Tate local duality.

Since E(K))/pE(K)) ~ H'(g, E,) is isotropic for the pairing we know that
the first vertical map is injective, but in fact it also an isomorphism since
we have the following:

Lemma 2.19. dimy,,; E(K,)/pE(K)) = dimg,,H' (K, E),,.
Proof. Since we have the exact sequence:

0 — ker(Frob(\) — 1) — E, — E, — E,/(Frob(\) — 1)E, — 0,

then we know that E;Fmb()‘):l} and E,/(Frob(\) — 1)E, have the same
dimension over F,,.
So since we have:

E(K))/pE(K>) ~ H'(g, E,) = E,/(Frob(\) — 1)E,

and F 7
EFrobN=1) — B(F,), ~ B(K)),,
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we can deduce that E(K))/pE(K)) and E(K)), have the same dimension
over [,
So we can check the following equality of dimensions:

dimg /7 E(K))p = dimZ/pZHl(K/\7 E)p.
Consider the ﬁﬁt terms of the Hochshild-Serre spectral sequence for the
group g < Gal(K/K)y):
0 — Hi(g, B(KY),) — HY(K), E,) — HY(KW, E,)FTOP0) s 12(g, B(KY),),

where the last group is zero from a result in Galois cohomology which uses
the fact that F), is torsion.
We also have:

0 — E(K))/pE(K)) — HY(K), E,) — H'(K\, E), — 0.
So since H!(g, E,) ~ E(K))/FE(K)) then there exists an isomorphism:
Hl(K)\,E)p -~y Hl(K}\H,Ep)FrOb(/\),
but the inertia group Z = Gal(K,/K\¥) sits in the exact sequence
1P —7T—A—1,

where P is the wildly ramified inertia subgroup and A is the tamely ramified
inertia subgroup.
P is a pro-l group so its cohomology vanishes for degrees bigger than 0,
which means that

HI(K}\H’E;D) = Hl(Iv Ep) = Hl(AvEp)a

with A acting trivially on E, = E(K'),.
Moreover we know that A >~ [] ,, Z4(1), as a g-module, where Z4(1) is the
Tate module of the g-roots of unity, so we have:

Hom(A, £,)"0P™ ~ Hom(Z,(1), £,) 7P ~ Hom(up, E,)°0,

where the last group has the same dimension of E(FA)I, ~ FE(K))p by Weil
pairing.
To summarize:

dimg,z H (Ky, E)p = - - - = dimg 7 E(F)), = dimg 7 E(K)),p,
which is what we wanted to prove. O
So we can now conclude that
E(Ky)/pE(Ky) — H!(Ky, E);

and we have :
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Proposition 2.20. The pairing (-,-) of (2.10) induces a non-degenerate
pairing of Z/pZ-vector spaces

()1 BUK)/pE(Ky) x HY(K), B)p — Z/pL. (2.11)

Moreover we would like to remark that in the case when the p-torsion of
E is rational over K there exists an explicit formula for the pairing (-, -) of
(2.11).
Frob(x)—1
Indeed, take ¢; € E(K))/pE(K)) and construct the point e; = (%cl)

in E(K)), then take cy € H' (K, E,) and associate to it the homomorphism
¢2 : pp — E(K))p as in the proof of (2.19). Fix a primitive pth—root & of
unity in K and let ¢2(§) = ez in E(K))p. Then:

glere) = feg ep},

where {,} is the Weil pairing on E,,.
A proof of this construction may be found in an appendix of [Was89].

2.7 Computation of the Selmer group.

In this section we are going to apply the results of the last section in our
situation in order to bound the order of the p-Selmer group of the elliptic
curve and prove proposition (2.3).

Consider the completion of the imaginary quadratic field K at the inert
prime A\ which lies above I.

First of all we claim that the p-torsion of F is rational over K.

In fact we assumed in (2.3) that [ was a Kolyvagin prime, which implies that
A splits completely in K(E,). From this we deduce that if v is a prime of
K(E,) above A, then F, ~Fy, so that

E(FA)p = E(F'y)p ~ Z/pZ X L[pL.

Moreover from (0.9) we have E(K)), ~ E(F,) and so the claim.

In this situation the spaces involved in the pairing (2.11) have each dimen-
sion 2 over Z/pZ. However we wish to work with spaces of dimension 1, so
we shall consider the action of complex conjugation on these spaces.

Recall that from proposition (2.6) we had E,(K))* = E(IF)\);F ~ Z/pZ.

We shall show that there exists a similar decomposition for the spaces
E(K))/pE(K)) and H'(K), E),.

Lemma 2.21. The eigenspaces (E(K))/pE(K)))* and H'(K), E); for
Gal(K,/Q;) = Gal(K/Q) = {1, 7} each have dimension 1 over Z/pZ.
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Proof. We have isomorphisms of Gal(K)/Q;)- modules:
E(K,)/pE(K)) = E(K)), and H' (K, E), = Hom(y,, Ep).
From the congruence [ + 1 = 0 mod p we deduce that

/J'p(f)\) - MP(K)\)v

in fact from Hensel’s lemma we can look for the p-roots of unity defined over
K\ in Fy, which contains them all since p divides {2 — 1, the order of IF)X\.
Moreover, since p does not divide [ —1, p is odd, y,(Q;) = {1}, which implies

pp(Kx) = pp(Kx) ™
So we have Hom(p,, E,) ~ E(K)), as groups, but with reversed action, i.e.
H' (K, E); ~ Hom(up, Ep)* ~ E(K))F.
[

Proposition 2.22. The pairing (-, ) of (2.11) induces non-degenerate pair-
ings of one dimensional Z/pZ-vector spaces

()" (B(E))/pE(Ky)™ x HY(Ky, B), — Z/pL.

In particular if dy # 0 lies in HI(K,\,E’)?)E and sy € (E(K))/pE(K)))*
satisfies (sy,dy) = 0, then sy = 0 mod pE(K)).

Proof. 1t suffices to check that the + and — eigenspaces for complex conju-
gation are orthogonal under (-, ).

Tate’s pairing satisfies (], c}) = (c1,c2)” = (c1, c2), since T acts trivially on
H?(K), pp) =~ Z/pZ, so the result follows. O

Now we shall apply the preceding considerations to classes which belong
to the p-Selmer group of the elliptic curve E, but for the proof we need to
recall a result from global class field theory.

Theorem 2.23. Given a number field K, recall that for a field L the Brauer
group is defined as Br(L) = H?(L,L™). There exists the following short
exact sequence:

0 — Br(K) — @Br(Kv) — % — 0,

where the first map is a product of restriction maps and the second one is
the summation over the local invariants inv, : Br(K,) — Q/Z and possibly
iNvVso : Br(R) = 1/27Z/ 7.
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Proposition 2.24. Assume that a class d € HI(K,E)I:J'E is locally trivial
at all places v # A, but that d) # 0 in HI(KA,E);k. Then for any class
s € Sel(E/K)¥ c H'(K, E,)* we have sy = 0 in H'(K, Ep)*.

Proof. The restriction sy € H'(Ky, E,)* of s lies in (E(K))/pE(K)))*, by
definition of the p-Selmer group. So by proposition (2.22) we only need to
check that (sy,dy) = 0 to conclude the proof.

To do this, lift d € HY(K, E), to an element ¢ € HY(K, E,), which is well
defined modulo E(K)/pE(K). Consider the global pairing (s, c)x induced
by cup product and Weil pairing, which is construction in the same way as
in (2.10), but in this case K is a number field and not a local field. The
image (s, ¢) ¢ lies in H2(K, y1,) = Br(K),. So from theorem (2.23) we deduce
that if we push (s, c)x to Q/Z we obtain zero, i.e.

Zinvv((sy,cv» =0,

v
but we already know from the hyphothesis that (s,,c,) = 0 for every v # X,
since d, = 0 in H' (K, E,). So this implies that

D vy ((sv, o)) = (51, 02) = (sr,dr) = 0.

v

O]

Now we wish to use the cohomology classes d = d(n) € H'(K, E),, con-
structed in section (2.4), to bound the order of Sel,(E/K), but before we
need a few more Galois cohomology computations.

Call L := K(Ep) and recall that we have assumed:
G = Gal(L/K) = Gal(Q(E,)/Q) ~ GL2(Z/pZ).

Proposition 2.25. H"(G, E,) = 0 for all n > 0 and restriction induces an
isomorphism:

Res: HY(K, E,) = HY(L, E,)¢ = Homg(Gal(Q/L), E,)

Proof. G ~ GL9(Z/pZ) has a central subgroup Z isomorphic to (Z/pZ)*
which acts as homotheties on the torsion points F,,.

Since p is odd Z # {1}, so that EpZ =H%Z, E,) = 0, moreover since Z has
order p — 1, which is prime to p, we also have H(Z, E,) = 0 for all 5 > 0.
We can now consider the Hochshild-Serre spectral sequence:

H™(G/2,H"(Z, Ey)) = H""(G, Ey)
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to conclude that H"(G, E,) = 0 for all n > 0.
On the other hand we have another spectral sequence induced by G <
Gal(K/K):

0 — HY(G, E,) Inf HY(K, E,) Res H(L, E,)9 — H(G,E,).

The vanishing of H"(G, E,) for n = 1,2 gives us the isomorphism in the
proposition. ]

From the last proposition we deduce that there exists a pairing:
] : HY(K, E,) x Gal(@/L) — E,

which satisfies for all o € G: [s,0(p)] = o([s, p]) for all s € H' (K, E,),p €
Gal(Q/L) and is such that if [s, p] = 0 for all p € Gal(Q/K) then s = 0.
Now let S ¢ HY(K, E,) be a finite subgroup, we shall eventually apply this
reasoning to S = Sel,(E/K). Let

Galg(Q/L) := {p € Gal(Q/L)| [s,p] = 0 for all s € S} (2.12)

and let L° be the fixed field of Galg(Q/L).
Then L® is a finite normal extension of L.

Lemma 2.26. There is an induced pairing
[]: S x Gal(L®/L) — E,,

which is non-degenerate and which induces an isomorphism of G = Gal(L/K)-
modules:
Gal(L®/L) = Hom(S, E,),

as well as an ismorphism of Gal(K/Q)-modules:
S 5 Homg(Gal(L®/L), E,).

Proof. We have the following injections, which follow from the definition of
L® and proposition (2.25),:

Gal(L®/L) = Hom(S, E,). (2.13)

and
S < Homg(Gal(L% /L), E,). (2.14)

We wish to show that they are actually isomorphisms, let us compute di-
mensions.

If r = dimg /,7(S), from (2.13) we deduce that Gal(L®/L) is a G-submodule
of Hom(S, Ep) ~ Ej. E, is a simple G-module, then E} is semi-simple. Any
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submodule of a semi-simple module is semi-simple, so we have an isomor-
phism:
Cal(L°/L) = E; for some s <.

Hence:
Homg(Gal(L®/L), E,) ~ (Z/pZ)*

since Homg (E,, E,) ~ Z/pZ, in fact G is the full group of automorphisms of
L = K(E,) and so the only automorphisms which commute with all of the
others are the scalars.

This group contains S ~ (Z/pZ)" by (2.14), so we must have s > r which
implies s = r and the proof. ]

We would now like to apply lemma (2.26) to S = Sel,(E/K).
For simplicity of notation let M = L° and H = Gal(M/L) = Gal(L%/L).
Since we eventually want to get to the proof of proposition (2.3), let yx €
E(K), as in (1.11), have infinite order and let it not be divisible by p in
E(K)/E(K)tors, 0Yk € Sel,(E/K) is its non-zero image inside the p-Selmer
group.
Let I be the subgroup of H which fixes the subfield L( %yK).
We have the following field diagram:

M
\
H ~ Hom(Sel,(E/K), E,) L(Lyr)
T
L = K(E,)
G ~ Aut(E,)
K
Q

Let 7 be a fixed lifting of complex conjugation in Gal(M/Q) and let H™
and I denote the +1 eigenspaces for 7 in H and 1.

Lemma 2.27. H = {(th)? :h € H}, IT = {(ri)?:i € I} and HT I+ ~
7/ pZ.

Proof. We have Ht = H™L. Indeed clearly H™"' C H*, since (H™)"' =
H™-1 = id implies H™! ¢ H*, and, since p is odd and H is a Z/pZ-
vector space, 2 is an automorphism of H which implies that if h € H' then
h = (hl/Q)T+1 so that h € H™*!. Then we have

HY=H™ = {(rh)?: h € H},
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since 77! = 7. The same reasoning works for I*. Finally H+/IT =

(H/I)* = B} ~7/pZ. 0

Proposition 2.28. Let s € Sel,(E/K)*.
Then the following are equivalent:

a. [s,p] =0forall pe H,

b. [s,p] =0 for all pe HT,
.[s,p]=0forall pe HT\ I,

d. s=0.

(@)

Proof. d. < a. from lemma (2.26) and clearly a.= b. = c.

So it suffices to prove c.=a.

Since s : Ht — E), is a group homomorphism and I # H*, the fact that s
vanishes on H'\ It implies that it vanishes on the entire group Ht. Let us
suppose that s € Sel,(E/K)*, then s induces a G-homomorphism H — E,,
see (2.14), which maps H* — Ef and H- — E,. If s vanishes on H™,
the image s(H) is therefore contained in £, but s(H) is a G-submodule of
the simple G-module E,, so if s(H) # E, we must have s(H) = 0, which
implies a. The same reasoning is valid for s € Sel,(E/K)~ with + and —
reversed. O

Now let A be a prime of K which does not divide N - p. Then A is un-
ramified in M/K; we assume further that A splits completely in L/K and
let Ays be a prime of M above A. Let Fry,, be the Frobenius substitution
of the prime \js in Gal(M/K), then Fry,, € H ~ Hom(Sel,(E/K), E, and
the G-orbit of A\j; depends only on A, call it Frob(\). By definition we will
write [s, Frob(\)] = 0 if and only if [s, p] = 0 for every p € Frob(\).

Proposition 2.29. For s € Sel,(E/K) c H'(K, E,) the following are equiv-
alent:

a. [s,Fry,, /] = 0.

b. [s, Frob(\)] = 0.

c. sy =0in HY(K), Ep).

Proo