Construction of Monotone Hamiltonians for First Order HJ Equations on Unstructured Meshes

R. Abgrall

Mathématiques Appliquées de Bordeaux and Institut Universitaire de France

. – p.1/25

Overview

What is the problem ?

Viscosity solutions and boundary conditions Numerical approximation

. – p.2/25

The problem

Take |u^′| − 1 = εu_{xx} x ∈ [0, 1], u(0) = 0 u(1) = 2 > 1 Solution

u_ε(x) = x + exp (_{x−1} ε ) − exp ( −^1_ε ) 1 − exp ( −^1_ε )

. – p.3/25

. – p.4/25

Boundary condition H(x, u(x), ∇u(x)) = 0 x ∈ Ω F (x, u(x), ∇u(x) = 0 x ∈ ∂Ω Define G^∗(x, t, p) = { H(x, t, p) if x ∈ Ω max(F (x, t, p), H(x, t, p)) if x ∈ ∂Ω G_∗(x, t, p) = { H(x, t, p) if x ∈ Ω min(F (x, t, p), H(x, t, p)) if x ∈ ∂Ω

. – p.5/25

Viscosity sub-solution

u super semi–continuous function (semi–continue supérieurement) ∀ϕ ∈ C^2(Ω), if x_0 ∈ Ω is a local maximum of u − ϕ, then

G_∗(x_0, u_(x_0), ∇ϕ(x_0)) ≤ 0.

. – p.6/25

Viscosity sub-solution

u lower semi–continuous function ∀ϕ ∈ C^2(Ω), if x_0 ∈ Ω is a local minimum of u − ϕ, then G^∗(x_0, u_(x_0), ∇ϕ(x_0)) ≥ 0.

. – p.7/25

Dirichlet conditions G_∗(x, t, p) = { H(x, t, p) if x ∈ Ω max(H(x, t, p), u(x) − g(x)) if x ∈ ∂Ω G^∗(x, t, p) = { H(x, t, p) if x ∈ Ω min(H(x, t, p), u(x) − g(x)) if x ∈ ∂Ω

. – p.8/25

Numerical approximation H(x, u(x), ∇u(x)) = 0 x ∈ Ω F (x, u(x), ∇u(x) = 0 x ∈ ∂Ω F (x, t, p) = t − g(x) (Dirichlet) or F (x, t, p) = p · ⃗n − g(x) Neuman

. – p.9/25

Numerics

S(ρ, x_i, u(x_i), u) = S_H (x_i,u(x_i), {u_j; j ∈ V_i}) = 0 x_i ∈ Ω max(S_{Hb} (x_i, u(x_i), {u_j; j ∈ V_i}, S_F (x_i, u(x_i), {u_j; j ∈ V_i}) = 0 x_i ∈ ∂Ω Under which conditions, does the scheme converge to “the” solution of the problem.

. – p.10/25

General convergence result

Barles and Souganidis result for S(ρ, x, t, u)

1. Monotonicity: if u ≥ v, for all ρ ≥ 0, x ∈ Ω, t ∈ R and u, v ∈ L^∞(Ω), then S(ρ, x, t, u) ≤ S(ρ, x, t, v). 2. Stability: for all ρ > 0, there exists a solution u^ρ ∈ L^∞(Ω) to (1) with a bound independant of ρ, 3. Consistency: for all x ∈ Ω and ϕ ∈ C^∞_b (Ω), lim sup_{ρ→0,y→x,ξ→0} S(ρ, y, ϕ(y) + ξ, ϕ + ξ) ≤ G_∗(x, ϕ(x), Dϕ(x)) lim inf_{ρ→0,y→x,ξ→0} S(ρ, y, ϕ(y) + ξ, ϕ + ξ) ≥ G^∗(x, ϕ(x), Dϕ(x)) 4. Strong uniqueness principle: if u ∈ L^∞(Ω) is a subsolution and v ∈ L^∞(Ω) is a supersolution, then u ≤ v on Ω.

. – p.11/25

Barles and Souganidis

Theorem 0.1 (Barles, Souganidis). Assuming the monotonicity, the consistency, the stability and the strong uniqueness properties, then, when ρ → 0, the solution u^ρ of converges locally uniformly to the unique continuous viscosity solution of H(x, u(x), ∇u) = 0.

. – p.12/25

Application

Assume that 1. H_b ≤ H, 2. S_H , S_{Hb} and S_F are monotone and stable, 3. for all ϕ ∈ C^∞_b (Ω), we have, For any x ∈ Ω or in a neighborhodd of ∂Ω lim ρ→0,y→x,ξ→0 S_H (ρ, y, φ(y) + ξ, φ + ξ) = H(x, φ(x), Dφ(x)) lim ρ→0,y→x,ξ→0 S_{Hb} (ρ, y, φ(y) + ξ, φ + ξ) = H_b(x, φ(x), Dφ(x)) lim ρ→0,y→x,ξ→0 S_F (ρ, y, φ(y) + ξ, φ + ξ) = F (x, φ(x), Dφ(x)) 4. The equation (??) has a uniqueness principle,

. – p.13/25

Application

Then the family u^ρ defined by (??) converges locally uniformly to the solution of (??) in Ω. We have the same result for (??) provided the condition 1 is replaced by H ≤ H_b.

. – p.14/25

Visual proof

Convex Hamiltonians + Dirichlet conditions H(x, u, p) = sup_{v∈V} {−b(x, v) . p + λu − f(x, v)} + Dirichlet

0 = u(x)− inf_{v(.)} [ ∫_{min(T,τ)} 0 f(y_x(t), v(t))e^{−λt}dt + 1_{{T <τ}}u(y_x(T ))e^{−λT} + 1_{{T ≥τ}}φ(y_x(τ))e^{−λτ} ]

. – p.15/25

Examples

H_b = −∞ impose strongly boundary condition, Case of convex hamiltonians

H_b = max

angular sectors max −y∈ang. sect ( U_i · y − H ∗ (y) )

i.e. do nothing, etc

. – p.16/25

Examples

H_b = −∞ impose strongly boundary condition, Case of convex hamiltonians

H_b = max

angular sectors max −y∈ang. sect ( U_i · y − H ∗ (y) )

i.e. do nothing, etc

. – p.16/25

Examples

H_b = −∞ impose strongly boundary condition, Case of convex hamiltonians

H_b = max

angular sectors max −y∈ang. sect ( U_i · y − H ∗ (y) )

i.e. do nothing, etc

. – p.16/25

Numerical examples ||∇u|| = 1 in Ω u = 0 for ||x|| = 0.5 u = C for ||x|| = 1. The constant C takes the values displayed in Table ?? Case 1 2 3 4 C 0.5 10 0.25 −11 Table 0: Boundary condition for the Dirichlet b.c.s

. – p.17/25

Examples

(a) (b) Figure 0: Dirichlet, case A, (a) weak conditions, (b) comparaison weak (∘) strong (∗)

. – p.18/25

(a) (b) Figure 0: Dirichlet, case B, (a) weak conditions, (b) comparaison weak (∘) strong (∗)

. – p.19/25

(a) (b) Figure 0: Dirichlet, case C, (a) weak conditions, (b) comparaison weak (∘) strong (∗)

. – p.20/25

(a) (b) Figure 0: Dirichlet, case D, (a) weak conditions, (b) comparaison weak (∘) strong (∗)

. – p.21/25

Improved convergence result

For convex Hamiltonians, take the Godunov boundary Hamitonian.

No boundary layers : control of ∇u.

. – p.22/25

Soner Bcs

. – p.23/25

Dirichlet Bcs

. – p.24/25

Non convex Hamiltonians

Situation much les clear

. – p.25/25