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. 1) General Framework:

Phasen – p.3/25



General Framework
Sharp-Interface Model: Euler Equations

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = 0

in Dvap/liq(t)

Jρ(v · n− s)K = 0

Jρ(v · n − s)v + pnK = (d − 1)σκn

in Γ(t)

ρ = ρ(x, t) > 0 : Density

v = v(x, t) ∈ R
d : Velocity

Γ

n(x,t)

(t)

liq
D   (t)D   (t)

vap

D = Dliq(t) ∪ Dvap(t) ∪ Γ(t).

Here σ > 0 is the surface tension and

s = s(x, t) normal propagation speed of Γ(t)

κ = κ(x, t) mean curvature of Γ(t)
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General Framework
Sharp-Interface Model: Euler Equations

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = 0

in Dvap/liq(t)

Jρ(v · n− s)K = 0

Jρ(v · n − s)v + pnK = (d − 1)σκn

-additional jump condition

in Γ(t)

ρ = ρ(x, t) > 0 : Density

v = v(x, t) ∈ R
d : Velocity

ρ

α
2 b

α
1

β
1

β
2

p

Pressure: p′(ρ) = ρW ′′(ρ).

Van-der-Waals pressure:

p = p(ρ) =
RTρ

1 − dρ
− aρ2
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General Framework
Sharp-Interface model: Notes
Wellposedness result for Delhaye-model: Benzoni-Gavage&Freistühler 04

DFG-CNRS research group:
Numerical solution by ghostfluid-approach

(Some) open analytical problems :

(i) thermodynamical consistent modelling of interface conditions

(ii) boundary treatment and contact lines

(iii) multi-dimensional wellposedness for initial value problems

(iv) one-dimensional wellposedness for initial value problems

. . .
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General Framework
Diffuse Interface Model: Navier-Stokes-Korteweg

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = µ∆v + γρ∇Dε[ρ]

ρ = ρ(x, t) > 0 : Density

v = v(x, t) ∈ R
d : Velocity

ρ

α
2 b

α
1

β
1

β
2

p

Pressure: p′(ρ) = ρW ′′(ρ).
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General Framework
Diffuse Interface Model: Navier-Stokes-Korteweg

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = µ∆v + γρ∇Dε[ρ]

ρ = ρ(x, t) > 0 : Density

v = v(x, t) ∈ R
d : Velocity

ρ

α
2 b

α
1

β
1

β
2

p

Pressure: p′(ρ) = ρW ′′(ρ).

The local version:

Dε
local[ρ] = ε2∆ρ

The global version:

Dε
global[ρ] = Kε ∗ ρ − ρ

Phasen – p.6/25



General Framework
Isentropic Diffuse-Interface Model: Notes
Wellposedness results: local and global existence results for initial value problem

DFG-CNRS research group:
Numerical solution by DG-method Talk by D. Diehl

(Some) open analytical problems :

(i) Sharp-interface limit (Joint work with W. Dreyer, Chr. Kraus)

(ii) Theory for boundary-value problems

(iii) Asymptotic behaviour of weak solutions in multiple space dimensions

(iv) Asymptotic behaviour of weak solutions in 1D

. . .
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. 2) The Sharp-Interface Model
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SI-Model
Sharp-Interface Model: Multi-Dimensional Case

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = 0

in Dvap/liq(t)

Jρ(v · n− s)K = 0

Jρ(v · n − s)v + pnK = (d − 1)σκn

-additional jump condition

in Γ(t)
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SI-Model
Sharp-Interface Model: Planar Front

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = 0

in Dvap/liq(t)

Jρ(v · n− s)K = 0

Jρ(v · n − s)v + pnK = 0

-additional jump condition

in Γ(t)
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SI-Model
Analysis: Sharp-Interface Model in 1D

ρt + ρvx = 0

(ρv)t +
(

ρv2 + p(ρ)
)

x
= 0

in R×(0,∞)

ρ = ρ(x, t) > 0 : Density

v = v(x, t) ∈ R : Velocity

ρ

α
2 b

α
1

p

p′(ρ) = ρW ′′(ρ)

Definition: (phases)
A state (ρ, ρv) is in the vapour (liquid ) phase iff we have

ρ ∈ (0, α1)
(

ρ ∈ (α2, b)
)

.

It is called elliptic for ρ ∈ (α1, α2).
We define the hyperbolic state space

U := (0, b) \ (α1, α2).
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SI-Model
Analysis: Sharp-Interface Model in 1D

ρt + ρvx = 0

(ρv)t +
(

ρv2 + p(ρ)
)

x
= 0

in R×(0,∞)

ρ = ρ(x, t) > 0 : Density

v = v(x, t) ∈ R : Velocity

ρ

α
2 b

α
1

p

p′(ρ) = ρW ′′(ρ)

Eigenvalues of the Jacobian

λ−(ρ, ρv) = v −
√

p′(ρ), λ+(ρ, ρv) = v +
√

p′(ρ)

 Mixed-type system of conservation laws
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SI-Model
Analysis: Weak Solutions, Clausius-Duhem Inequality, Non uniqueness
Definition: (Entropy solution)
A weak solution (ρ, ρv) ∈ L∞

loc(R × (0,∞)) of the SI-model that satisfies

(

W (ρ) +
1

2
ρv2

)

t
+

((

W (ρ) +
1

2
ρv2 + p(ρ)

)

v
)

x
≤ 0

in D′(R × (0, T )) is called entropy solution .

Explicit entropy solutions of 1D-Riemann problem

0.6

0.8

1

1.2

1.4

-0.2-0.3-0.4-0.5-0.6-0.7-0.8

ρ

ρ

Density at t = 0.1.
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SI-Model
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ρv2
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t
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W (ρ) +
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SI-Model
Analysis: Uniqueness by Kinetic Relations:
(Abeyaratne&Knowles, Truskinovsky, LeFloch et al.)
A (subsonic) phase transition

(ρ, ρv)(x, t) =

{

(ρ−, ρ−v−) : x − st < 0

(ρ+, ρ+v+) : x − st > 0

is called admissible iff it satisfies the RH-conditions and the kinetic relation

sJW (ρ) +
1

2
ρv2K − J

(

W (ρ) +
1

2
ρv2 + p(ρ)

)

vK = jG(j), j = ρ−(v− − s).

Example:

G(j) = −j (⇒ Phase transition is entropy solution.)

Note The kinetic relation can be written in the form

ρl = Ψ(ρr), Ψ : (0,∞) → (0,∞).
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SI-Model
Analysis: The Riemann Problem
Define u := (ρ, ρv).
For ul, ur ∈ U we consider the SI-model for the inital datum

u(x, 0) =

{

ul : x < 0

ur : x > 0

Theorem: (Merkle&R. 06)
Under appropriate assumptions on Ψ : (0,∞) → (0,∞) we have

(i) The Riemann problem admits a weak solution u : R × [0,∞) → U in the class of
self-similar functions consisting of Laxian shock waves, admissible phase transitions,
attached and rarefaction waves.

(ii) It is unique in this class if it satisfies the following properties.

1. phase transitions connecting states with the same pressure connect
Maxwell–states,

2. a one-phase solution is used whenever it exists.

Phasen – p.13/25



SI-Model
Analysis: Wave Curves and Solution for a One-Phase Case

(ρl, vl)

(ρr, vr)

Wρr,vr
2

Wρl,vl
1
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SI-Model
Analysis: Wave Curves and Solution for a Two-Phase Case
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SI-Model
Analysis: Wave Curves and Solution for a Nucleation Case
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SI-Model
Numerics: Some Methods for Undercompressive Waves/Mixed- Type Systems

• Lax-Friedrichs type schemes

• Hou&Rosakis&LeFloch ‘99, Merkle&R.’06: level-set appoach for (trilinear) pressure
function,

• LeFloch, Hayes, Mercier, R. ’98-’01: artificial dissipation approach for scalar
equations,

• Abgrall&Saurel ‘03, Le Metayer&Massoni& Saurel 05: discrete equations method for
evaporation fronts,

• Chalons ’06: transport-equilibrium approach

. . .

 Keep phase boundary sharp (whatever it costs)

 Do not use (hidden) phase field coupling
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SI-Model
Numerics: Riemann Solver Based Ghostfluid Approach (Merkle &R. 06)
Step 0: (data initialization)

For t0 := 0 we define

u0
j := (ρ0

j , m
0
j) :=

1

h

∫

Ij

(ρ0, ρ0v0)(x) dx (j ∈ Z).

Assume that for time tn > 0 the sequence

un
j := {(ρn

j , mn
j )}j∈Z ⊂ U

is given.
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SI-Model
Numerics: Riemann Solver Based Ghostfluid Approach (Merkle &R. 06)
Step 1: (Construction of two preliminary one-phase data sets)
For j ∈ Z define the vapour data set {uvap

n
j
}j∈Z at t = tn by

uvap
n
j

:=







un
j : un

j is vapour state,

un
k(j) : un

j is liquid state.

Here un
k(j) denotes the values of the vapour state in the cell Ik(j) which is most close to

the cell Ij .

The liquid data set {uliq
n
j
}j∈Z at t = tn is defined analogously.

xj xj+1 xj+2 xj+3xj−1xj−2

constant extrapolation

constant extrapolation
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SI-Model
Numerics: Riemann Solver Based Ghostfluid Approach (Merkle &R. 06)
Step 2: (Solution of Riemann problems)

For j ∈ Z determine the unique weak solution u(j,n) : R × [0,∞) → U of the
Riemann problem with initial data

u(j,n)(x, 0) :=























{

uliq
n
j

: x < 0

uvap
n
j

: x > 0
(uvap

n
j

= un
j ),

{

uvap
n
j

: x < 0

uliq
n
j

: x > 0
(uliq

n
j

= un
j ).

xj xj+1 xj+2 xj+3xj−1xj−2

phase transition

left and right state

pliq
n
j

: liquid state at phase boundary

pvap
n
j

: vapour state at phase boundary

sn
j : speed of phase boundary
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SI-Model
Numerics: Riemann Solver Based Ghostfluid Approach (Merkle &R. 06)
Step 3: (Construction of two final one-phase data sets)
Define the final vapour data set {u vap

n
j
}j∈Z at t = tn by

uvap
n
j

:=







un
j : un

j is vapour state

pvap
n
j

: un
j is liquid state

(j ∈ Z)

The final liquid data set {uliq
n

j
}j∈Z is defined analogously.

xj xj+1 xj+2 xj+3xj−1xj−2

ghost vapor

ghost liquid
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SI-Model
Numerics: Riemann Solver Based Ghostfluid Approach (Merkle &R. 06)
Step 4: (Time evolution)

For j ∈ Z define {uliq
n+1
j

}j∈Z

u liq
n+1
j

:= uliq
n

j
− ∆tn

h

[

g(uliq
n

j
, uliq

n

j+1
) − g(uliq

n

j−1
, uliq

n

j
)
]

Here g : U2 → R
2 is a standard numerical flux function for the Euler equations.

The data set {uvap
n+1
j

}j∈Z is defined analogously.

x

ρ
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SI-Model
Numerics: Riemann Solver Based Ghostfluid Approach (Merkle &R. 06)
Step 5: (Finalization)
Determine from {un

j }j∈Z and {sn
j }j∈Z a new phase distribution.

For j ∈ Z define {un+1
j }j∈Z by

un+1
j :=







uvap
n+1
j

: state in Ij is vapour state

uliq
n+1
j

: state in Ij is liquid state

x

ρ
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SI-Model
Numerics: an experiment
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SI-Model
Numerics: an experiment

grid size L1–error of ρ EOC L1–error of v EOC

0.04 0.08953370 0.22612267
0.02 0.04975303

0.85
0.11056125

1.03

0.01 0.03562381
0.48

0.08429837
0.39

0.005 0.02126755
0.75

0.04722471
0.84

0.0025 0.01247926
0.77

0.02572075
0.88

0.00125 0.00721779
0.79

0.01378924
0.90

0.000625 0.00406572
0.83

0.00702086
0.97

0.0003125 0.00222163
0.87

0.00332194
1.08

0.00015625 0.00130720
0.77

0.00195002
0.77

0.000078125 0.00076604
0.77

0.00115614
0.75

0.0000390625 0.00045315
0.76

0.00071321
0.70

0.00001953125 0.00025183
0.85

0.00038543
0.89

L1–error and EOC rate for subsequent refinement levels of the grid.
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SI-Model
Towards Multiple Space Dimensions

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = 0

in Dvap/liq(t)

Jρ(v · n− s)K = 0

Jρ(v · n− s)v + pnK = (d − 1)σκn

-+ additional jump condition

in Γ(t)

Without curvature (κ = 0) : transfer ghostfluid idea to multiple space dimensions

solve 1D-Riemann problem over Γ-edges

With curvature : transfer ghostfluid idea to multiple space dimensions

determine curvature of approximate phase boundary

solve generalized 1D-Riemann problem over Γ-edges
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SI-Model
Towards Multiple Space Dimensions

ρt + div(ρv) = 0

(ρv)t + div(ρvv
T + p(ρ)I) = 0

in Dvap/liq(t)

Jρ(v · n− s)K = 0

Jρ(v · n− s)v + pnK = (d − 1)σκn

-+ additional jump condition

in Γ(t)

Without curvature (κ = 0) : transfer ghostfluid idea to multiple space dimensions

solve 1D-Riemann problem over Γ-edges

With curvature : transfer ghostfluid idea to multiple space dimensions

determine curvature of approximate phase boundary

solve generalized 1D-Riemann problem over Γ-edges

Joint Work with Chr. Chalons, P.G. Lefloch (for next period)
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. 3) The Diffuse-Interface Model
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DI-Model
The Non-Local Equations in 1D (Lagrangian coordinates)

wt − vx = 0

vt − σ(w)x = αεvxx − (Kε ∗ w − w)x

w = w(x, t) > 0 : Strain

v = v(x, t) ∈ R : Velocity

σ

w
−

√

1/3
√

1/3

Stress-strain relation: σ = σ(w)

Choices for the kernel function K for Kε(x) = K(x/ε)/ε:

−1 1

K

x

τ = 5

Purely repelling kernel Attracting-repelling kernel
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DI-Model

Numerical Experiments for the Elasticity System I: (Haink 0 5)

w0(x) =

{

1 :x ∈
[

1
8 , 1

4

]

∪
[

1
2 , 7

8

]

,

−1 : elsewhere
v0(x) ≡ 0.
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DI-Model

Numerical Experiments for the Elasticity System II: (Haink 05)

w0(x) =

{

1.2 : x ∈
[

0, 1
2

]

−1.2 : elsewhere
, v0(x) ≡ 0.

τ = 5 τ = 10
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DI-Model
Theorem for Time-Asymptotic Behaviour

wt − vx = 0

vt − σ(w)x = αεvxx − (Kε ∗ w − w)x

in I × (0,∞), I = (0, 1)

w(., 0) = w0, v(., 0) = v0

u(0, t) = u(1, t) = 0, u(x, t) :=

∫ x

0

w(y, t) dy

Theorem: (Dressel&R.06)

Let w0, v0 ∈ L2(I) and σ be global Lipschitz.

(i) There is unique weak solution (w, v) ∈ C([0,∞), L2(I)) with

‖(w, v)‖L2(I) < C(‖(w0, v0)‖L2(I)), v ∈ L2((0,∞); H1(I)).

(ii) We have v(., t)
∗
⇀ 0, w(., t)

∗
⇀ w̄ for t → ∞.

Thereby w̄ : I → R is a weak solution of

σ(w) + Kε ∗ w − w = 0.
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DI-Model
Notes on the theorem:

(i) Almost(!) same result as by Andrews&Ball ’83 for local model

(ii) Solutions of the stationary (integral) equation

σ(w) + Kε ∗ w − w = 0.

are not smooth in general.
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Phasen – p.23/25



DI-Model
Analytical Entropy/Energy Inequality:
For w, v : I → R define the energy

E[w, v] =

∫ 1

0

W (w(x))+
1

2
v2(x) dx+

∫ 1

0

∫ 1

0

Kε(x− y)(w(x)−w(y))2 dydx

A weak solution (w, v) ∈ C([0,∞), L2(I)) satisfies

E[w(., t), v(., t)] < E[w(., s), v(., s)] (0 < s < t).

Discrete Entropy/Energy Decay for LDG-Scheme (Haink 06):
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Energy versus time for two different kernels Kε.
Phasen – p.24/25



DI-Model
Towards Convergence for the LDG-scheme:

wt − vx = 0

vt −
(

σ(w) − αεp + (Kε ∗ w − w)
)

x = 0

p − vx = 0

in I × (0,∞)

Theorem: (Haink&R.07)
The approximate solution (wh, vh) of a semi-discrete LDG-scheme on a uniform mesh
satisfies

d

dt
Eh[wh(., t), vh(., t)] ≤ 0.

Thereby we have

Eh[w, v] =

∫ 1

0

W (w(x))+
1

2
v2(x) dx+

∫ 1

0

∫ 1

0

Kε,h(x−y)(w(x)−w(y))2 .dydx
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