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Abstract

In this paper, we study a class of partial neutral functional differential equations with infinite delay.
We suppose that the linear part is not necessarily densely defined but satisfies the resolvent estimates
of the Hille-Yosida theorem. We give some suffidtieonditions ensuring thexistence, uniqueness
and regularity of solutions. A praiple of linearized stability is ab established in the autonomous
case. To illustrate our abstract results, we conclude this work by an example.

0 2004 Elsevier Inc. All rights reserved.

1. Introduction

In their study of a ring array of identical resistively coupled transmission lines, Wu and
Xia [32,33] showed that the corresponding system of hyperbolic equations is equivalent to
a partial neutral functional differential-difference equation (PNFDDE) defined on the unit
circle S1. They considered equations of the form
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a a
E[X(‘s-’t)_qx(sat_r)]:k@[x(‘g’t)_qx($7t_r)]+f(xl(§a )) (1)

forr >0, wheret € ST, x;(£,0) =x(&, 1 +6), —r <0 < 0,1 >0, k is a positive constant,
f is a continuous function andQq < 1.
Motivated by this work, Hale considered[0] and [21] a more general class of partial
neutral functional differentlaequations (PNFDES) of the form
2Dy, =k L Do + f(vy), =0
ot t 9x2 t t)s = Y (2)
vo=¢ €C:=C([-r,0]; C(S, R)),

with k a positive constantD¢)(s) := ¢ (0)(s) — ff’r [dn ()] (6)(s) fors € ST andg € C,
wheren is of bounded variation and nonatomic at 0; that is, there exists a continuous
nondecreasing functios [0, »] — [0, +o00) such that(0) = 0 and

0

/ [dn(©®)]v (©)

—€

<8(e) sup |y(6)

—€<6<0

, vel, eel0r],

with |.| a norminC(S1, R). The Laplace operatot = k(92/9x2) with domainC2(s1, R)
is an infinitesimal generator of @-semigroup of bounded linear operators©¢s?, R).
Hale presented the basic theory of existence, uniqueness and properties of the solution
operator associated to Eq. (2). The book by Wu [31] contains a detailed analysis of the
results obtained in [20,21,32,33].

In [8-12], we considered a general equation of the type (2), but with finite delay,
{%szADM+F@¢ t>0, 3)

xo=¢€eC,

where A is a nondensely defined linear operator that satisfies the Hille—Yosida condition
on a Banach spadé, |.|), C is the space of all continuous functions[e#r, 0] with values

in E, provided with the uniform norm topologf : C — E is a bounded linear operator
given by

0
D := $(0) — / [dn©)]p(®).

-r

wheren is of bounded variation ofi—r, 0] and nonatomic at.OF is a continuous func-

tion fromC into E. We established several results ceming the existence and regularity

of solutions. We also obtained some results concerning the stability and the asymptotic
behavior of the solution semigroup.

In [17], Desch et al. studied an abstract functional differential equations of neutral type
with infinite delay. They proved that the model proposed by Coleman and Gurtin [15],
Gurtin and Pipkin [19], and Miller [28] can be regarded as the following abstract functional
differential equation of neutral type with infinite delay:
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t

%|:x(t)+ / K(t—s)x(s)ds:|

—00

t

=A|:x(t)+/K(t—s)x(s)ds:|+F(t,x,), 4)

—00

where the operatof is a generator of &p-semigroup on a Banach space.
Furthermore, Hernandez and Henriquez [24,25] established some results concerning the
existence, uniqueness and qualitative properties of the solution operator of the following
general PNFDE with infinite delay:
{%um—Gawm=Awn+F0wa 120, 5)
xo=¢ €B,

where A generates an analytic semigroup on a Banach spade is the phase space of
functions mapping—oo, 0] into E, which will be specified latel; and F are continuous
functions from[0, +00) x B into E and for each : (—o0,b] — E, b > 0, andr € [0, b],

x; represents, as usual, the mapping defined ftewnv, 0] into E by

x0)=x@+0) foro e (—o0,0].

In [3] and [4], we have extended many similar results of [24] and [25] to the case where
A is a Hille-Yosida operator not necessarily densely defined phut only in the case
G = 0. We have obtained also some results on the local existence and stability.

In this paper, we prove that the sameules can be reproduced in the neutral case
with infinite delay. We consider the following general class of nonlinear partial neutral
functional differential equations with infinite delay:

%[X(t) =G, x)]=Alx(1) =G, x)]+ F(t,x), t=0, (6)
xo=¢ €B.
One can consider the following more general system:

Lix(t) — Ga(t, x)] = Alx (1) — Ga(t, x)| + F(t,x), >0, 6
xo:(pEB,

with two distinct functionsG1 and G». But we need, for problem (7) to be well posed,
the following assumption: Ran¢g@8,; — G1) € D(A) and A(G2 — G1) is a continuous
function onE. This assumption permits to write Eqgs. (5) and (7) as an equation of type (6).
We suppose that satisfies the Hille—Yosida condition (H1) (with nondense domain).

Note that there are many examples where evolution equations are not densely defined.
One can refer to [16] or to [8] for references and discussion on this subject. In particular,
nondensity occurs in many situations due to restrictions on the space where the equation is
considered (for example, periodic continuous functions, Hélder continuous functions) or
due to boundary conditions (for example, the sp&éavith null value on the boundary is
non dense in the space of continuous funcfjof&ir idea to use a nondense operator has
been successful for functional differential equations with finite and infinite delay, and for
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partial neutral functional differential equations with finite delay (see [1-12]). Our objective
is to extend this idea to Eq. (6).

The paper is organized as follows. In Sent®y we recall some results that will be used
in this work. In Section 3, we first prove the existence and uniqueness of integral solutions.
Then, the integral solutions are shown to be strict under more restrictive assumptions. In
Section 4, we state some properties of the solution operator associated to the autonomous
case of Eg. (6). Also, we investigate the stability near an equilibrium. Mainly, we prove
that the equilibrium of the sation semigroup associatéalthe autonomous case is locally
exponentially stable wém its linearized solutio semigroup around this equilibrium is ex-
ponentially stable. Finally, to illustrate oursudts, we give in Section 5, an example which
is a special nonlinear case of Eq. (4).

2. Preliminary results and definitions

We first study the existence and uniqueness of solutions of Eq. (6). Throughout this
paper, we suppose thak, |.|) is a Banach space an, ||.||g) is a seminormed abstract
linear space of functions mappilg oo, 0] into E, and satisfies the following fundamental
axioms, which have been introduced firs{22] and widely discussed in [26].

(A) There exist a positive constardf and functionsk (), M(.):R* — R™, with
K continuous andM locally bounded, such that for any € R anda > O, if
x:(—o00,0 +a]— E, x, € Bandx(.) is continuous orio, o + a], then for every
in [0, o + a] the following conditions hold:

(i) x; B,
(i) |x(0)| < H||x:||5, which is equivalent to
(i") o0 < Hllpll for everyyp € B,
(iii) llxllg < K(t —o0)sup, << [X()| + Mt — o) |lxs I 5.
(Al) For the functionx(.) in (A), t — x; is a B-valued continuous function far in
[o,0 +al].
(B) The spaces is complete.

We assume also that the operatosatisfies the Hille—Yosida condition:
(H1) There exist two constant& > 1 and o € R such that(, +o0) C p(A) and
SUR (A —@)"R(X, A)"||: L > @, n € N} < M, wherep(A) is the resolvent set of
andR(x, A) = (A — A)~L.

We start by introducing the following definitions.

Definition 1. Let ¢ € B. We say that a functiom : (—oo,a] — E, a > 0, is an integral
solution of Eqg. (6) in(—oo, a] if the following conditions hold:

(i) x is continuous of0, a];
(i) x(1)=¢(), —c0 <t <0;
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(iii) fy(x(s) — G(s,x,))ds € D(A) fort €[0, al;
(V) x(1)=G(t,x)+¢0) — GO, )+ Afg(x(s) — G(s, x:)) ds + [y F (s, x;) ds for 0<
t<a.

Definition 2. Let ¢ € B. We say that a function : (—oo, a] — E is a strict solution of
Eq. (6) if the following conditions hold:

(i) 1+ x(1) = G, x;) € C}([0,al; E)NC([0, al; D(A));
(i) x satisfies Eq. (6) o—o0, a].

From the closedness property of the operatpwe can prove the following statements.
Lemma 3.
(i) If x is an integral solution of Eq(6) on (—oo, a], then for allt € [0, a], x(¢t) —
G(t,x;) € D(A). In particular ¢(0) — G(0, ¢) € D(A).

(ii) If x is anintegral solution of Eq6) on(—o0, a], suchthat — x(¢) — G (z, x;) belongs
to C1([0, a]; E) or C([0, a]; D(A)), thenx is a strict solution.

Proof. Letx be an integral solution of Eq. (6). To prove (i), it suffices to remark that for
allr €0, al],

t+h
1

x(t) — G(t, x;) :}lzanOE / (x(s) — G(s, xs)) ds

t

and

t+h
/ (x(s) — G(s,x;))ds € D(A) forh>O0andi+h<a.
t

We will prove now (ii). By definition, for alk € [0, ] andi > O such that + 4 < a,

1 t+h 1
A / (x(s) — G(s,x5)) ds = E{x(t +h) = Gt +h,xi4p) —x(1) + G(1,x)}

t
t+h

1/F( )d
W S, Xs)ds.
t

If x(s) — G(s, xy) is differentiable, sincé& is continuous, then the right side of the above
equality tends, ak tends to 0, to

d
E(X(t) —G(th)) = F(t,x)

and
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t+h

1
lim — / (x(s) - G(s,xs)) ds=x(t)—G(t,xy).
h—0+ h
t
From the closedness of the operatigrwe get thatc () — G (¢, x;) € D(A) and

A(x() = G(t,x)) = %(x(t) —G(t,x)) — F(t,x,) fortel0,al.

Then,x is a strict solution.
On the other hand, suppose that x (1) — G (¢, x;) belongs taC ([0, a]; D(A)). Again
by definition, for allz € [0, a] andh > 0, we have

1
E{x(t—i—h)—G(t+h,Xt+h)—x(t)—i—G(t,x,)}
t+h t+h
1 1
:E/A(x(s)—G(s,xs))ds+E/F(s,xs)ds.

t t

SinceA(x(s) — G (s, x5)) and F are continuous, the right side of the above equality tends,
ash tends to @, to A(x(t) — G(t, x;)) + F(t, x;). Which implies thatc(t) — G (¢, x;) is
differentiable at the right im and satisfies

dt
E(x(t) —G(t,x)) =A(x(t) = G(t,x;)) + F(t, x,).

It is well known that if the right derivative is continuous, then & property holds. We
conclude that — x(t) — G (¢, x;) is continuously differentiable of, a] and satisfies

d

E(x(t) —G(t,x)) =A(x(1) = G(t,x1)) + F (1, x1).
This completes the proof of the lemman

We know from [27] thatinder condition (H1)A is the generator of a locally Lipschitz
continuous integrated semigro@f(r)), >0 on E. In addition, the derivativéS’(¢));>o of
(S(1)):>0 generates &g-semigroup onD(A) such that

|§'(tH)x| < Me®|x| forallt >0 andx € D(A).
We need to recall some general projes of the integrated semigrof(t));>o.

Proposition 4[13]. For all x € E and¢ > 0,

1 1

/S(s)x dseD(A) and SH)x=A (/ S(s)x ds) +tx.
0 0
Moreover, for allx € D(A) andt > 0,

¢
S(t)x € D(A), AS(Hx =S(t)Ax and S@)x = / S(s)Axds +tx.
0
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Corollary 5[13]. For all x € E andz > 0, one hasS(¢)x € D(A). Moreover, for a given
x € E, S(-)x is right-side differentiable in > 0 if and only if S(#)x € D(A), and in that
case we havé’(r)x = AS(t)x + x.

Proposition 6 [14]. Let 1 : [0, a] — E, a > 0, be a Bochner-integrable function. Then, the
functionB : [0, a] — E defined byB(¢) = fé S(t—s) f(s)ds, is continuously differentiable

on [0, a] and satisfies, for € [0, al, |B'(1)] < M [ e®*=9)| f(s)|ds.

3. Existence and regularity of solutions

To obtain the global existence and uniqueness of the integral solutions, we make the
following hypothesis.

(H2) G:[0, +00) x B— E is continuous and there existg > 0 satisfyingagK (0) < 1,
such that
|G(t.91) — G(t, 92)| < aollpr — ¢2llp  for g1, 2 € Band: > 0.
(H3) F:[0,+00) x B — E is continuous and there exigts > 0 such that

|F(t, 91) — F(t.92)| < Pollpr — @2lip  for 1. 92 € Band: > 0.
Consider the mapping: [0, +00) x B — E defined by

Gt,9)=9(0) = G(1,9), (1,9)€[0,+00) x B.

Before stating our results, we first rewrite Eq. (6) in an integrated formplee3 such
thatG(0, ¢) € D(A). From the integrated semigroup theory, it is well known that a function
x:(—o00,a]l — E, a > 0, is an integral solution of Eq. (6) if and only.fis a solution of
the following equation:

{ G(t,x) =S (1)G(0, ¢) + %féS(t —$)F(s,xs)ds, t>0, @8)
X0 =¢.

Note that Corollary 5 and Propositid® imply, respectively, tha§(z)G (0, ¢) and[é St —
s)F (s, x5) ds are differentiable with respect to

Theorem 7. Assume that the conditior{si1)—-(H3) are satisfied. Then, for givep e B
such thatG (0, ¢) € D(A), Eq.(6) has a unique global integral solutiory(., ¢) defined on
(—00, +00).

Proof. Leta > 0andC([0, a]; E) be the space of continuous functions frfna] into E,
provided with the uniform norm topology. Lete B such thatG(0, ¢) € D(A). Consider
the nonempty closed subset®@f[0, a]; E) defined by

Za(9) :=={z € C([0,al; E): 2(0) = p(0)}.
Forz € Z,(p), we definez: (—oo, a] - E by
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z(t), t€[0,al,

20 = {cp(r), 1 <0.

SetK, := maxg;<q K (¢). By virtue of condition (H3) and axiom (A1), the mapping-
F (s, Zs) is continuous o1fi0, a]. Then, Proposition 6 implies that the mapping [é St —
$)F (s, Zy)ds is continuously differentiable of®, a].

Consider the operataf: Z,(¢) — Z,(¢) defined by

t

(J(0):=G(,72) + S ()G, p) + %/S(t —$)F(s,Zs) ds.
0

Without loss of generality, we suppose that> 0. Using the hypothesis, axiom (A)(iii)
and Proposition 6, we can see that for evér,yz2 € Z,(p) andt € [0, a],

|(J2H (1) — (22 ()] < (@0 + BoMe™ a) Ky l1zh — 22| oo

SinceK is continuous andgK (0) < 1, then we can chooge> 0 small enough such that
(a0 + BoMe®™a)K, < 1.

Then,J is a strict contraction itZ, (¢), and the fixed point of gives a unique integral
solutionx(., ¢) on (—o0, al.

A similar argument can be used|i, na], n > 2, to see that the integral solution exists
uniquely in(—o0, +00). This ends the proof. O

The following theorem asserts that, under magtrictive conditions, the integral solu-
tion is a strict one. In order to compute the integrabifrom the integral inE, we suppose
that B satisfies one of the following axioms.

(C1) If (pu)n>0 is a Cauchy sequence Brand if (¢,),>0 converges compactly i on
(—o0, 0], theng is in B and|| ¢, — ¢|lg — 0 asn — oo.
(D) For asequencep,),>oin B, if l¢,llg — 0 asn — oo, then for eact e (—oo, 0],
lon(0)] = 0 asn — oo.
Remark that axiom (D) implies that the spdgés normed.
Lemma 8 [29]. Let B be a normed space which satisfies axi@@i) and f:[0, a] — B,

a > 0, be a continuous function such thdtz)(9) is continuous for(z, 6) € [0, a] x
(—00,0]. Then,

|:/f(t)dtj|(9)=/f(t)(9)dt, 0 € (—o00,0].
0 0

We obtain a similar result by using axiom (D).

Lemma 9. Assume thaB satisfies axionfD) and f : [0, a] — B is a continuous function.
Then, for allo € (—o0, 0], the functionf (.)(9) is continuous o0, a] and satisfies
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a a
{/f(t)dt}@) =ff(t)(9)dt, 8 € (—o0, 0].
0 0

Proof. We have

¢ . a & ka .
/f(t)dt:nﬂTm;Zf(7> in B.

Using axiom (D), we get

r . a <& kn
|:0/f(t)dt](9)=nﬂfﬂw;;f<7>(9), 0 € (—o0,0].

On the other hand, the same axiom implies that the fungtioy(®) is continuous ofi0, a].
Then, it is integrable and satisfies

/f(t)(@)dt: lim 2 :f<—”)(9), 0 € (—o0,0].
n—-+oon a

0 k=1

This ends the proof of the lemman

For the regularity of the integral solutions, we add the following assumption.

(H4) G andF are continuously differentiable and their partial derivatives are locally Lip-
schitzian with respect to the second argument in the sense that; for any compact set
0 C [0, +00) x B, there exists a constagt > 0 such that

Dy F(t,0) — D F(t, ¥)| < Bille — ¥,
IDF(t,9) = D F(t, ¥)| < Bille — ¥ liB, ©)
DG (1, 9) = DpG(t, Y)Il < Brlle — Vi,
I1D:G(t,9) = DG, ¥)|| < Bille — ¥ i,

for all (¢, ), (t,¥) € Q andr > 0, whereD, F, D,F, D;G and D,G denote the
derivatives with respect toande.

Since for alla > 0 and any functions andy verifying the conditions in axiom (A),
the sets{(s, x5): s € [0,a]} and{(s, ys): s € [0,a]} are in a compact set db, a] x B,
condition (H4) implies that

”DgaF(s’xs) - DgaF(Sa y)ll < Billxs — ysliB,
I De F (s, x5) — Di F (s, ys) | < Billxs — ysliBs
||D¢G(S, Xs) — D¢G(S, y)ll < Bllxs — ysliB,
DG (s, xs) — D: G (s, ys)ll < Billxs — ysllB,

for all s € [0, a] and any functions andy as in axiom (A).
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Theorem 10. Assume thaf3 is normed and satisfies axio(@1) or axiom (D) and the
conditiong(H1)}~(H4) hold. Then, for each continuously differentiable functioa B such
that

¢'eB, G(0,9)eD(A), DyG(O,9)¢ + D;G(0,9) e D(A),

DyG(0, )¢’ + D:G(0, ) = AG(0, 9) + F(0, ), (10)

the integral solution of Eq6) given by Theorer is a strict solution.

Proof. Let a > 0. By Theorem 7, we know that Eq. (6) has a unique integral solution
x :=x(., ¢) which is the unique solution of

t
G(t,x) =5 1GO, )+ %/S(t —8)F(s,xs)ds forte[0,al. (12)
0
By Lemma 3, it suffices to show thatis continuously differentiable o, a]. From Corol-
lary 5, the assumptio@ (0, ¢) € D(A) implies that
S'(1)G(0, 9) = S(1)AG(0, 9) +G(0, ¢).
Then, Eg. (11) can be written as
d 13
g, x;)=6(0,¢)+ St)AG(O, ¢) + 7 / S(t —s)F (s, xs5)ds. (12)
0
Consider the following problem:
L[DeG(t, x)y: + DiG(t, x))]
= A[DyG(t, x1)y: + DG (¢, x;)] (13)
+DIF(t1xI)+D(ﬂF(tsx1)yh te[ova]s
yo=¢'".
Assumptions (H2) and (H3) imply, respectively, that,
|DyG(t,¥)| <ao and |D,F(t, )| <po forally € Bands>0.

Then, using the same reasoning as in the proof of Theorem 7, one can show that Eq. (13)
has a unique integral solutionon (—oo, a]. Letw: (—o0, a] — E be the function defined

by

e fort e (—o0, 0],
win) = @(0)+ [yy(s)ds forte[0,al.

Then, using Lemma 8 or Lemma 9, we can see that

t
wr=¢+ /ys ds forre[0,al. (14)
0
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Next, we show that = w on (—o0, a]. As in the proof of the last theorem, we proceed by
steps, that is, we first take> 0 small enough such thapK, < 1, and we use the same
argument to see the similar resultpn 241, . . ., [na, (n + D)a] for anyn > 2.

Using the integrated form of Eq. (13) and the expressions satisfigd W obtain for
t €[0,a],

t t
/D(pg(s, Xg) Vs ds = —/Dtg(s, xg)ds + S(t)(AG(0, ¢) + F (0, ¢))

0 0
t

+/S(t —s)(D,F(s,xs)+D¢F(s,x5)y5)ds. (15)
0

On the other hand, from (14), the functior> w; is continuously differentiable. It follows
that, forz € [0, a],

'
d
— / St —s)F(s,wg)ds
dt

0

t
=S(t)F(0,¢) + / S(t —5)(DyF (s, ws) + Dy F (s, wy)ys) ds.
0
Consequently,

t

S F(0,p) = %/S(t —$)F(s, wg)ds

0
t

—/S(t—s)(DtF(s, ws) 4+ Dy F (s, wy)ys) ds. (16)
0

Consider the functions' andz? defined or{0, a] by

dy=6t,x) and Z2(t) =G(t, wy).
Using expression (12), we get

t
2H) = G(0, ¢) + S(1)AG(O, ¢)+%/S(t—S)F(s,xs)ds (17)
0

and
t 13
22(t) — G(O, Q) = / %g(s, ws)ds = /(D,g(s, ws) + Dy G (s, ws)ys) ds.
0 0
Then, we obtain from (15),
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t

(1) = f (DyG(s. wy) — DiG(s. xy)) ds

0
t

+ /(Dwg(s, wy) — DpG (s, x5))ys ds + S (AG(O, ) + F (0, 9))

0
t

+ G0, ¢)+ / St — s)(D,F(s, X5) + Dy F (s, xs)ys) ds.
0
Therefore,

2 — 22t = % S(t — $)F(s, x5)ds — S(t) F (0, p)

(DiG(s, wy) — D;G(s, xy)) ds

L O~ O—~—_

— [ (DyG(s, ws) — DpG(s, xg))ys ds

o
~

- /S(t —5)(DyF(s,x5) + Dy F (s, x;)ys) ds.
0
Expression (16) yields to

t

o) - 220 = % / S — s)(F(s, xs) — F (s, ws)) ds
0
t

- / (DyG(s. wy) — DyG(s. x)) ds

0
t

- / (DyG(s. ws) — DyGls. xy))ys ds

0
t

+ / St — s)(DtF(s, wy) — D,F(s,xs)) ds

0
t

+/S(t—s)(D(/,F(s,ws)—D(,,F(s,xs))ysds.
0
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Consequently, we deduce that
t
1 2
\z (1) —z (t)\ <6(a)/ llxs — wslgds,
0

whereo (a) = Me®™ o + p1+ (H + B1)bo + Brbo + b3p1 and

po=max{ sup [S)[: sup lIylis].
0<s<a 0<s<a

Sincexg = wo = ¢, axiom (A)(iii) implies that

lxe — wellg < Ka sup |x(s) —w(s)|

0<s<r
and
t
|x(t) — w(®)| < aollx — w5 +G(a)/ lxs — wslzds
0
t
<agK, sup |x(s) — w(s)| +cr(a)/ lxs — wsligds.
0<s <t
0
Consequently,

t
Il —willg < Ko SUP |x(s) — w(s)| < Ka(1— OéoKa)*lU(a)/ llxs — wsligds.
0

0<s <t
Using the Gronwall’s lemma, we conclude that

lx; —willg=0 forte[0,al.

Hence,x(t) = w(t)for all ¢+ € (—o0,a]. Repeating the same procedure[in 24], ...,
[na, (n + 1)a], we deduce that () = w(z)for all + € (—oo, +00) and,x is continuously
differentiable on(—oo, +00).

Finally, by Lemma 3 we get that is a strict solution. This completes the proof of the
theorem. O

4. The solution semigroup in the autonomous case and the linearized
stability principle

In this section, we suppose th&tandG are autonomous in Then, Eg. (6) becomes

{%um—GumzAum—Gum+Fua 120, (18)
xo=¢ € B,
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whereF andG are Lipschitz continuous of. Let G : B — E be the operator defined by
G(p) = ¢(0) — G(p). We verify that the integral solutions of Eq. (18) satisfy the properties
of a nonlinear strongly continuous semigroup on the subsBt of
Y:={peB: Glp) € D(A)}.
We also prove that this semigroup satisfies the translation property and a Lipschitz property.
For eachr > 0, define the nonlinear operatbi(z) on ) by
U () =x:(., 9),

wherex (., ¢) is the unique integral solution of Eq. (18). Observe that axiom (Al) and
Lemma 3 imply that

UnyQy)ycy forallr>0.

We have the following result.

Proposition 11. Assume that condition@11)}«(H3) hold. Then(U (#));>0 is a nonlinear
strongly continuous semigroup gn that is

) UO =1,
(i) Ut+s)=U@)U(s) forall ¢t,s >0,
(i) forall ¢ € Y, U(2)(p) is a continuous function af> 0 with values iny .

Moreover,

(vi) forall ¢t >0, U(z) is continuous fron)) into ),
(V) (U@®)):x0 satisfies, for > 0 andé e (—oo, 0], the translation property

_JWe+6)eH©O ift+6=0,
(U(r)(go))(@)—{w“e) e
(vi) for all T > 0, there are two functiong, r € L ([0, T],R*) such that, for allg;,
p2€),

|U@0(01) = U0 (92)| g <q)e" P lipr — g2lls, 1 €10, T1.

Proof. The proofs of (i), (i) and (v) are straightforward. (iii) follows from axiom (A1) and

the uniqueness of the integral solutions to Eq. (18). To prove (vi), we suppose without loss
of generality thato > 0. Set, fore > 0, K, := maxgs<s K(s), Mg 1= SURyc e M (5),
x1:=x(., p1) andx?:=x(., o). Forr € [0, ], we have

UM @D - U @) | 5= |22 = 52| 5

<K@ sup |x1(s) —x2)| + M©®) o1 — ¢2ll5
0<s <t

< K sup G (xh) — G(x3)| +[5'5)(G(wr) — G(92)|}
<s <t
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s

+ K, sup %/S(S—G)(F(xi)—F(xg))d(’

0<s <t

+ M |lp1 — @215,

SO

U@ 1) = U@ (92)| 5
<aoKe sup |x} —x2| g+ [KeMe® (H + a0) + Me]llp1 — 2118

o<s <t
d S
+ K. sup —/S(s —o)(F(x7) - F(xﬁ))dcr :
o<s<t|ds "

Using Proposition 6, we have forQs < ¢,
N
" f S(s — o) (F(x2) — F(x2)) do
0
Chooses > 0 such that - K.ag > 0. Then, forz € [0, €],

s
< Memﬁo/ |t = x2| g do.
0

sup [xf —x?| s <(1- ang)—l{[KgMe@(H +a0) + M, Jllo1 — p2llB

o<s <t

t
+K6]\_4e‘:’8,30/ sup Hxsl—xszngdcr}.

<s<o
Using the Gronwall’'s lemma, we get

sup |2 = 22| 5 <vo(e) o1 — g2l5. (19)
0<s <t

where
vo(e) = (1 — aoKe) " H[Ke Me™ (H + o) + M| exp{ (1 — aoK.) " K. Me®* foe ).

Repeating similar arguments, we obtain similar estimatesddne, (n + 1)e] withn > 2.
Consequently, (vi) is true. Finally, (iv) imammediate consequence of (vi). This ends the
proof. O

In what follows, we study the stability of agguilibrium of the following autonomous
equation:

{%(Dxt +G(x) = A(Dx; + G(x)) + F(x)), >0, (20)
xo=¢ € B,

whereD andG satisfy the following condition.

(H5) D:B — E is an operator defined liy¢ = ¢(0) — Doy for ¢ € B, with Dg a bounded

linear operator fronf into E andG : B — E is a continuous function such that there
existsag > 0 satisfying(ao + | Dol) K (0) < 1,
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|G(p1) — G(92)| < aollor — p2lp for g1, @2 € B.

For eachu € E, we define a constant functicghon (—oo, 0] by #(0) = u for all 6
(—o00, 0]. By an equilibrium of Eq. (20), we mean a constant functiosuch thati € B
and satisfies

Di+G@) e D(A) and A(Dii+ G@))+ F(i) =0. (21)
Sety(r) := x(¢t) — i, theny satisfies, for > 0, the following equation:

d

dt
Which is equivalent to

(D + i) + Gy + 1)) = A(D(yr + @) + Gy + ) + F (y; +i0).

%(Dy, + Dii + G(y; + it) — G(it) + G (in))
=A(Dy +Di+ Gy + i) — G@) + G@)) + F(y; + i) — F () + F(i).
Then
4

7 (Dye + G(ye + i) — G (@)

= A(Dy; + G(y; + it) — G(ii)) + F(y; + it) — F(i0). (22)
Set, for eachy € B,
Gp)=G(@p+i)—G@) and F(¢)=F(p+i)— F(ii).
Hence, Eq. (22) becomes
4
dt
with

(Dy, + G(y)) = A(Dy: + G(v)) + F(y), (23)

G(0)= F(0) =0.

Consequently, to study the stability of an equilibrignof Eq. (20) is reduced to study the
stability of 0 as an equilibrium of Eq. (23). Then, without loss of generality, we can assume
thatz =0 and

G(0)=F(0)=0. (24)
In that case, condition (21) is reduced to
G(0)e D(A) and AG(0)+ F(0)=0. (25)

We assume that

(H6) F andG are Fréchet-differentiable at 0 agd(0) = 0.
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Let L = F’(0). Then, the linearized equation of Eq. (20) around the equilibrium 0 is the
following:

{ %’D}C[ = ADX[ + Lx;, t> 0, (26)

xo=¢ €B.

To define the nonlinear semigroQJ ()), >0 associated to Eg. (20) and the linear semi-
group(T (1));>0 associated to Eq. (26) in the same space

Bp :={¢ € B: Dy € D(A)},
we assume that
(H7) RangéG) C D(A).
Then, we have the following result.

Theorem 12. Suppose that the assumptiditl), (H3), (H5)—~(H7) and condition(24) are
satisfied. Then, far > 0, the Fréchet-derivative at zero 6f(z) is T (¢).

The proof of this theorem is based on the following fundamental lemma.

Lemma 13. Let H : B — E be a continuous function such that there exjsgs> 0, with
woK (0) < 1, satisfying
|H(p1) — H(p2)| < pollr — ¢2lls - for g1, 92 € B.

Letp € Bandg:[0, +00) — E be a continuous function. Suppose that there exist contin-
uous functiong, y: (—oo, +00) — E such that

{x(r)—y(r)=H<x,)—H(y,>+g(r), 120, 27)
X0=Yo= 9.
Then, for eacl” > 0, there exists a functioh € L ([0, T'], R") such that

lxt = yellg <b(t) sup|g(s)|, tel0,TI. (28)

0<s <t
Proof. Lete > 0. By axiom (A)(iii) we obtain, for € [0, ¢],

lxr — yellg < K(1) sup |x(s) — y(s)|

o<s <t
< Kepo sup llxs — ysllg + Ko sup sudg(s)|.
0<s <t 0<s<t

We choose > 0 small enough such that-1 K, g > 0. Then,

sup Ilxs — yslig < bo(e) sup |g(s)],
0<s <t 0<s <t

with bg(e) = K. /(1 — K. 1t0). Similarly, forz € [e, 2¢],
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Ixe — yillg < Kt —e) sup |x(s) — y(s)| + Mt — &)llxe — yell

e<s<t
< Kepo SUP |lxs — yslls + Ko sup |g(s)]
0<s<t 0<s<t
+ M(t — &)bo(e) sup |g(s)]
0<s<t
<bi(e) sup|g()|,
0<s <t
where
K. + M.bo(e) M bj(e)
bi(¢) = —————— =bo(e) + ——.
! 1- Ko Ke
Using the same argument, we can see that of2¢, 3¢],
Ke + M:bi(e) Mebo(e)bi(e)
ba(e) = —————=bo(e) + ————
1-Keuo K
M.b3(e)  M?b(e)
=b .
o(e) + X. + K2
Inductively, forz € [ne, (n + 1)e] with n an integer such that + 1)e < T, we obtain
= (8)
lx: — yill < bn with b, (e) = bo(e) Y bo
o<s <t =0 8

Then, the inequality (28) holds for afy> 0. This completes the proof of the lemmat

Proof of Theorem 12. It suffices to show that for each € Bp, ¢t > 0 ande > 0, there
existss > 0 such that

U@ @) —Te|z<elelis for lellz < 8.
We have

D+ G) (U (p) —D(T(1)e)

t
d
-4 / St — ) [F(Us) @) — F(T'(s)¢)]ds
0

t

d
+ 8" ()G (p) + E/S(I —)[F(T(s)p) — L(T(s)¢)]ds
0
Then,

D+ 6)(Un(@) — (D+G)(T1)e)

t

d
=S5(1)G(p) — G(T()g) + E/S(t —)[F(Ue)(@) — F(T(s)p)]ds
0
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t
d
+e / S(t = )[F(T(5)p) — L(T(s)p)]ds.
0

Letx:(—o0,+00) = E, y:(—00, +00) — E andg: [0, +00) — E be defined by

x(t) = | TO@NO) it >0, =1 TOPO ifr=>0,
T e@® if € (—00,0], T e@® if € (—00,0],
and
d t
8(1)=5'1G(p) — G(T () + E/S(t = [F(UG) (@) = F(T(s)¢)]ds
0
d t
+ E/S(t —)[F(T(s)p) — L(T (s)¢)] ds.
0
Then,
{(D+G)(xz)—(D+G)(yz)=g(t), 120,
X0 = yo=¢.

Using Lemma 13, we obtaifx; — y;||g < b(t) SUR<s</ 18(s)]. By virtue of the continuous
differentiability of G and F at 0 and (vi) of Proposition 11, we deduce thatdor 0, there
existss > 0 such that

|G(T(s)p) — S' ()G ()| <ellols

and

t
[ 1F(T©0) - LT o) ds <elvlls forlvls <o
0
Consequently,
1
lg()] < Me™ (28||<p||3 + Po / U ) (p) - T(s)<o||5ds>
0

for M > 1 anda > 0 well chosen. It follows that

t

[U@ (@) = T 5 < bt)Me™ <28||¢||B + fo f e UG — T()o| ds)-
0
By Gronwall's lemma, we obtain

U@ (@) = T 5 < 26 Mellgl| g exp (b(t) M Bo + @)1 ].
We conclude thal/ (¢) is differentiable at 0 and, U ()(0) = T'(¢) foreachr > 0. O
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Asin [23, Theorem 5.2, p. 281], for ordinary NFDE and in [10] for PNFDESs with finite
delay, we have the following result.

Theorem 14. Under the same assumptions as in Theofeénif the zero equilibrium of
(T (1))r>0 is exponentially stable, then the zero equilibriumBf(r)), >0 is locally expo-
nentially stable in the sense that there eXist 0, > 0 andk > 1 such that

[U@ (@) 5 <ke ™ llglls  fort >0andg € Bp with [lg|i5 < 5.

The proof of this theorem is based oroposition 11, Theorem 12 and the following
result.

Theorem 15 (Desch and Schappacher [18]gt (V(7));>0 be a nonlinear strongly contin-
uous semigroup on a subsetof a Banach spac&. Assume thatg € £2 is an equilibrium
of (V(1)):>0 such thatV (¢) is Fréchet-differentiable atg for eachr > 0, with W () the
Fréchet-derivative akg of V (), r > 0. Then,(W(r)),;>0 is a strongly continuous semi-
group of bounded linear operators di Moreover, if the zero equilibrium ¢W (1)), >0 is
exponentially stable, thery is a locally exponentially stable equilibrium ¥ (¢));>0.

5. Application

To apply our previous results, we consider a special nonlinear case of the model (4),

%[v(rf) — J° K10, v(t +6,8))d0)]
= j?[v(t, £) — ff’oo K10, v(t +6,8))do] + ff’oo K2(0,v(t +6,&))do,
120, 0<EL], (29)
0
v(t,0) — [C K1(6,v(t +6,0)d6 =0, >0,
v(t,1) — [ Ki(6,v(t +6,1))d6 =0, >0,
U(esg):‘uo(esé)s —OO<9<0, O<$<17
whereK1, K7:(—00,0] x R — R andvg: (—o0, 0] x [0, 1] — R are continuous functions.

We chooser := C ([0, 1]; R) endowed with the uniform norm topology and we consider
the operatod : D(A) C E — E defined by

D(A) = |y € C?([0,1],R): y(0)=y(1)=0} and Ay=y".

It is well known (see [16]) that the operatdr satisfies condition (H1) with0, +-o00) C
p(A), |(M — A~ < 1/afor A > 0, and

D(A)={y€E: y(0)=y(1) =0} #E.

For the choice of a concrete phase spécee define for a positive constaptthe follow-
ing standard space:

Cy = {¢: (—o00, 0] — E continuous such tha@t lime??¢ (6) exists inE}.
— —00
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Lemma 16 ([26] and [30]).C, with the norm||¢||, = supbgo(ei’9|¢(9)|), ¢ € Cy, satis-
fies the axioméA), (Al), (B), (C1)and(D) with K (0) = 1.

We define, for alk € [0, 1] and¢ € C,,

0 0
G@#)E) = /K1(9,¢(9)(§))d9 and F(¢)(§) = /K2(9,¢(9)(§))d9-

If we put

x()(E)=v(,§), teR, £€[01]
p©)(E) =v0(0,§), 0<0, §e€l[0,1],
Eq. (29) takes the following autonomous abstract form:

Lix(t) — Gxp)) = Alx(t) — G(x)]+ F(x;), >0,

30
x0=¢ecC,. (30)

To study the existence of solutions of Eq. (30), we make the following assumptions.

() Foreachi =1,2, 6 <0 and¢1, 2 € R, |Ki(0,¢1) — Ki (0, ¢2)| < ki(0)]¢1 — ¢2l,
whereki, k2 are measurable nonnegative functiong ewo, 0] such that

0 0
/e—V“)kl(e)de <1 and /e—y%(e)de < o0;
—o0 —0Q0

(i) limg_ _o0 €”%v0(8, &) exists uniformly forg € [0, 1];
(i) v0(0,.) — [°_K1(6, v0(6,.)) d6 € D(A).

Assumption (i) implies that, fop1, ¢ € Cy,

0
sup |G (1) E) — G($2) ()] < ( / e—Wkl(e)de) lp1 — g2l
0<é<1 e
and
0
sup |F(¢1) (&) — F(g2) ()| < ( f e—Vekz(e)de) ¢ — 2l -
<<l o

Consequently, (H2) and (H3) are true.

Assumption (iii) is true, for example, ifo(., 0) = vo(., 1) = 0 andK1 (., 0) = 0.

Also, (i) and (iii) imply, respectively, thap € C, andg(0) — G(¢) € D(A). In de-
finitive, all conditions of Theorem 7 are satisfied. This proves the existence of a unique
integral solutiont of Eq. (30). To assert thatis a strict solution, we have to make more
assumptions.
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(iv) For eachi = 1,2, K; is C2-smooth and the second derivative &f with respect to
the second variable satisfies the following estimate:

2

9 .
a—gzKi(O, OB forod <Oands eR,
whereg; is a measurable nonnegative function(ervo, 0] such that
0
/ e~ B(0)do < co.
—0Q

By this assumptionf” andG are continuously differentiable and satisfy, fary € C,
and¢ € [0, 1],
G'(9)(¥)(&) :f?m%Kl(Q»¢(9)(§))(1/f)(9)(§)d9,
F'(9)(¥)(8) =f?m%Kz(O,¢(9)(§))(1ﬁ)(9)(«§)d9.

Moreover, as a consequence of assumption fVpndG’ are Lipschitz continuous i), .
In fact, this is a consequence of the following:

0
a a
/ ‘iKi(&¢1(9)(§))(¢)(9)(§)d9 - &Ki (60, $2(0)(£)) (W) (0)(€) | db
0

< / e 29 B3:(0) (7 |91(0) (&) — 92(0)(®)]) (" | () (®)]) 6,

—00

which implies

0
a a
/ ‘EKI'(G,¢1(9)(«§))(1ﬁ)(9)(€)d9 - &Ki (6, 920)(©) (W) () ()| a8

0
é( /62"951'(9)619)”(251—¢2|Iy||1ﬁ||y-

Then, (H4) is fulfilled. In addition, we assume that

(v) (8/06)vo € Cy,
0
vo(0,.) — /Kl(e, vo (0, .))d@ € D(A)
and
0

0 0 G S
500.) = /&Kl(G,vo(G,.))ﬁvo(Q, )d6 € D(A).

—00
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The above condition is true if, for example, € C2((—o0, 0] x [0, 1]; R),
d
i v
pim_e" 54008
exists uniformly for¢ € [0, 1] and satisfies

00 9¢

2000, 1) — [ L K1(6, v0(6. 1) Zv0(6. 1) d6 = 0.

: 2v0(0,0) = [° & K1(6, vo(8, 0)) 5 v0(8, 0)d6 =0,
Moreover, by the dominated convergence theorem, we can see that the function
0
i ©,.) /aK(e ® ))a ®,.)do
aevo LA aé_ l SUO 9. 89‘”0 9.

—00

is continuous oo, 1].
Finally, condition (10) in Theorem 10 is formulated, foe [0, 1], as

0
ivo(O,fE)— /iKl(e,vo(O,S))ivo(e,s)dO
30 3¢ 30
92 ’ ;
=@[vo(0,é)— /Kl(Q,UO(Qvé))d9j|+ /Kz(e,uo(e,g))de.

Hence, all the assumptions of Theorem 10 are satisfied. Then, we obtain that the integral
solutionx of Eq. (30) is strict. Consequently, the functiondefined byv(z, £) = x (1) (&)
fort > 0 and¢ € [0, 1], is a solution of Eq. (29).
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