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We propose and analyze a mathematical model of hematopoietic stem cell dynamics,
that takes two cell populations into account, an immature and a mature one. All cells
are able to self-renew, and immature cells can be either in a proliferating or in a resting
compartment. The resulting model is a system of age-structured partial differential equa-
tions, that reduces to a system of delay differential equations, with several distributed
delays. We investigate the existence of positive and axial steady states for this system,
and we obtain conditions for their stability. Numerically, we concentrate on the influence
of variations in differentiation coefficients on the behavior of the system. In particular,
we focus on applications to acute myelogenous leukemia, a cancer of white cells charac-
terized by a quick proliferation of immature cells that invade the circulating blood. We
show that a blocking of differentiation at an early stage of immature cell development
can result in the over-expression of very immature cells, with respect to the mature cell
population.

Keywor ds: Hematopoiesis modelling; System of delay distributed equations; Asymptotic
stability; Differentiation blocking; Acute myelogenous leukemia (AML).
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1. Introduction

The production process of blood cells is called hematopoiesis. It consists in the
regulation of differentiating and partially self-renewing cell populations.

Hematopoietic stem cells (HSC), located in the bone marrow, are at the root of
the process. They are immature cells able to differentiate (that is, to produce a cell
committed to one of the three blood cell lineages: red blood cells, white cells, or
platelets) and self-renew (that is, to produce a cell with the same maturity level).
A majority of HSC are usually in a non-proliferating stage, also known as resting
or Gy phase!.

HSC differentiate in committed stem cells, also known as progenitors, that pro-
duce in turn precursor cells. These cellular development stages correspond to more
mature cells than HSC that only proliferate. Some of these cells (especially progeni-
tors, in some lineages) keep an ability to self-renew throughout several divisions 3.
Finally, blood cells are produced and released in the bloodstream.

First mathematical models of HSC dynamics have been proposed in 1978 by
Mackey?, based on works by Lajtha® and Burns and Tannock®. Since then, they
have been improved and analyzed by many authors, in particular with applications
to hematological diseases. Recently, Pujo-Menjouet and Mackey” applied the model
of Mackey? to chronic myelogenous leukemia, Bernard et al.® considered the case
of cyclic neutropenia. Colijn and Mackey?>'? proposed a more complete model that
incorporates the dynamics of the different blood lineages. All these models assume
constant cell cycle durations. The implicit assumption is that an average of cell
cycle durations is considered. The division of each hematopoietic cell occurs at the
end of the proliferating phase, during mitosis, where a cell produces two daughter
cells. Biologically, proliferating cells do not divide at the same age, and there are
strong evidences that the age of division is distributed on some time interval (see
Bradford et al.ll).

112:13:14,15 apalyzed various versions of Mackey’s model* with non-

12,14,15

Adimy et a
constant cell cycle durations. A simple way, considered in , was to assume a
probability of division depending on the time spent by a cell in the proliferating
phase. This proved to add some information on HSC dynamics when applied to
chronic myelogenous leukemia!#15.

In a previous work, the authors'® considered a HSC dynamics model that took
into account several cell generations, and investigated the effect of perturbations of
cell cycle durations on the behavior of the entire cell population, in relation with
chronic myelogenous leukemia. In the current work, we still consider a discrete-
maturity structured system for the HSC dynamics (that leads to a compartmental
model), but also for more mature cells, so a consequent number of cell generations
is taken into account, and can be related to biological knowledge. We explicitly con-
sider probability rates of cell differentiation (that we call differentiation coefficients)
and self-renewal, for each cell generation. We also assume distributed cell cycle du-

rations for all hematopoietic cells. The discrete-maturity approach is similar to the
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one in Pujo-Menjouet et al.!”, yet constant cell cycle durations were considered in
Pujo-Menjouet et al.!” and cells were unable to self-renew.

Contrary to the work in'®, we investigate the influence of differentiation coeffi-
cients, that allow cells from one generation to enter the next generation, on the cell
population behavior. In particular, we focus on the consequences of a differentiation
blocking (that is, cells from one given generation can no longer go to the next one)
and how it can be related to the appearance of acute myelogenous leukemia. This
pathology is a cancer of white cells, supposed to be due to a blocking of differenti-
ation at an immature level'®, that arrests hematopoietic cell maturation, together
with an inhibition of apoptosis’® (programmed cell death), and accelerates changes
in myelogenous leukemia that becomes acute and is no longer chronic.

In the next section, we present the discrete-maturity structured model that
will be considered in this paper. Section 3 is devoted to the existence of steady
states for the delay system, obtained by reduction of the initial partial differential
equation system, and their stability analysis. In particular, existence of steady states
is investigated in the case of a differentiation blocking. We then focus on properties
of the unique positive steady state, describing persistence of all cell generations,
in Section 4. We stress the strong dependence of the steady state on changes in
parameters values, especially differentiation coefficients. We carry out numerical
simulations in Section 5 that describe a situation corresponding to what is observed
during the transformation of chronic myelogenous leukemia in acute myelogenous
leukemia, related to differentiation blocking.

2. Discrete Maturity-Structured Model

We basically consider two different hematopoietic cell populations, one composed
with immature cells, and the other one made of mature cells. Immature cells are
separated in two sub-populations, non-proliferating (or resting) and proliferating
cells. At contrary, mature cells are known to proliferate without going into a resting
compartment. Both populations can self-renew — that is, cells have the ability to
produce by division similar cells, with the same maturity or developmental level.
Self renewal is known to be a property of immature cells, that has been proved to

23,20 and which is gradually lost while cells become

occur for more mature cells
mature. See Figure 1.

Throughout this paper, we set
nL={1,...,1}, leN, 1>2

Let us denote by r;(t,a) and p;(t,a), i € I,, n > 2, the resting and proliferating
cell population densities, respectively, of the i-th generation of immature cells, with
age a > 0 at time ¢ > 0. All cells age with unitary velocity, and the age represents
the time spent by a cell in a compartment. Resting cells can be lost at a constant
rate §; > 0, and they can be introduced in the proliferating compartment of the
i-th generation with a rate ;. Proliferating cells can die by apoptosis (programmed
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Fig. 1. Schematic Representation of the Hematopoiesis Process. Immature cells are either in a non-
proliferating phase (right hand side) or in a proliferating phase (left hand side). At each division,
a proportion K; of dividing cells go to the next resting stage, that is at level ¢ + 1, the other part
stays at the same level i. After n compartments, cells are more mature and they only proliferate,
with differentiation coefficients k;. At the end, cells leave the bone marrow.
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cell death) with a rate ~;, and, if they do not die, they divide with a rate g;(a)
depending on their age a in two daughter cells. Each daughter cell enters the resting
phase of either the next generation (differentiation) or of its own generation (self-
renewal). The proportion of cells that differentiate is supposed to be constant for
each generation, and is denoted by K;. Moreover, proliferating cells can divide
between the moment they enter the proliferating phase and a maximal age 7; > 0.
Hence, the cell densities r; and p; satisfy the following transport equations,

%+8ri:—(6i+ﬁi)7‘i, CL>O7 t>0’
., o 2.1
% T 9a = — (v +gila)) pi, O<a<m, t>0.

The introduction rate [3; is supposed to depend upon the total density of resting
cells*?!, denoted by z;(t), where

“+00
x;(t) == / ri(t,a)da, t>0.
0
Functions 3;, ¢ € I,,, are assumed to be differentiable, positive and decreasing with

lim ;(z) =0. (2.2)

Tr——+00

Boundary conditions associated with (2.1), describing the flux between the two
phases and two successive generations, are given by

o (£0) = 2(1 - Ky) /0 " (@ (t a)da,
ri(£,0) = 2(1 — K)) /On gi(a)pi(t,a)da

Ti—1
+2K;_1 / gi—1(a)pi—1(t,a)da, 12> 2, (2.3)
0

+oo

pi(t,0) = ; Bi(wi(t))ri(t, a)da = Bi(wi(t))xi(t), i€ I,

lim 7;(t,a) = 0.

a——+o0

In the equation for r;(¢,0), the first term on the right hand side of the equality
accounts for self-renewing cells of the i-th generation that re-enter the i-th gener-
ation, and the second term for differentiating cells from the (i — 1)-th generation.
Coefficients 2 account for the division of each mother cell in two daughter cells.

In addition, system (2.1) and (2.3) is completed by initial conditions. These are
nonnegative L! functions r{ and p? such that, for i € I,

{m((),a) =1%a), a>0,
pi(0,a) = pY(a), a €0,

Now, denote by ¢;(t,a) the density of mature cells (also with age a at time t) of
the j-th generation, j € I,,,. These cells only proliferate, divide, and then either enter

(2.4)
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the next stage of their development or re-enter a cell cycle at the same generation.
During their cell cycles, they can be lost by apoptosis with a rate o; > 0. Similarly
to immature proliferating cells, mature cells divide with a rate h;(a) depending
on their age a, and their divisions occur before they reach a maximal age ;. The
proportion of mature cells from the j-th generation that differentiate is denoted by
k; and is supposed to be positive and constant. Thus, the cell density satisfies, for
j €I,

%-ﬁ-%:—(aj—f—hj(a))qj, 0<a<t;, t>0. (2.5)
Similarly to what has been presented in (2.3) and (2.4), initial and boundary con-
ditions are given by

g;(0,a) = q?(a), a€[0,0;],7 € I, (2.6)

01

q1(t,0) =2(1 — kq) ; hi(a)qy(t,a)da + 2K, /OTn gn(a)pn(t,a)da, (2.7)

and, for j > 2,

0; 0,1
4;(t,0) :2(1—1<;j)/0 hj(a)qj(t,a)da+2kj_1/0 hy-1(a)g;1(t a)da. (2.8

Initial conditions q? are nonnegative L' functions.
The two division rates, g; and h; are assumed to be continuous functions such
that

Ti Oj
/ gi(a)da = +o00 and / hj(a)da = +o0.
0 0

These hypotheses describe the fact that proliferating cells which did not die during
the proliferating phase, have to divide before they reach the maximal age 7; (for
immature cells) or §; (for mature cells).

The system of age-structured partial differential equations formed with (2.1),
(2.3), (2.4), (2.5)—(2.8), can reduce to a system of delay differential equations by
integration over the age variable (see Appendix A). Setting

R
fi(a) == gi(a)e™ 0 9B 0 <q <7y i€, (2.9)
the equations governing the total population densities of resting cells are, for ¢ large
enough (t > 7 := max;ey, (7)),

dx i
dt

(t) == (0; + Biws(1)) zi (1)
+2(1 - K,) /OT =1 £,(a)Bs (@it — a))as(t — a)da (2.10)

+2K;4 /TF1 e Ve f 1(a)Bi(zim1(t — a))zi—1(t — a)da,
0
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with the convention Ky = 0. The first term in the right hand side of the equality
describes the loss of resting cells of the i-th generation either by death or intro-
duction in the proliferating phase, the second term accounts for self-renewing cells
re-entering the generation, and the last term for differentiating cells of the previous
generation entering the i-th generation. Defining the total density of proliferating
cells in the é-th generation y;(t) by

yi(t) ::/ pi(t,a)da, t>0,
0

one also obtains

dy;
dt

(t) = —vivi(t) + Bi(zi(t))zi(t)

- (2.11)
- /0 e " fi(a)Bi(zi(t — a))x;(t — a)da.

For all ¢t € [0, 7],

zi(t) = @i(t) and yi(t) = i(t),

where ¢;(t) and 1;(t) are given continuous functions.

The solutions of system (2.10)—(2.11) are defined, bounded and nonnegative for
all £ > 0 (see details in Appendix A).

It is clear from system (2.10)—(2.11) that the behavior of proliferating cell density
1; is influenced by the behavior of resting cell density x;, while the behavior of resting
cell density x; is independent of the behavior of proliferating cells.

If we now focus on system (2.5)—(2.8), we clearly see that this system only
depends on the proliferating cell density p,, through the boundary condition for ¢;
n (2.7). Using (A.2), this boundary condition can be rewritten, for ¢t > 7,

01
q1(t,0) =2(1 — k‘l)/o hi(a)q(t,a)da
(2.12)

12K, /0 " e b, (@) B (o (t — @) (t — a))da.

Therefore, it is sufficient to analyze equation (2.10) to determine the behavior of
immature proliferating cell densities, given by (2.11), as well as the behavior of ma-
ture cell densities, given by (2.5)—(2.6), (2.8) and (2.12). Consequently, our analysis
will focus, in the following, on equation (2.10).

In the next section, we investigate existence and stability of steady states for
system (2.10)—(2.11), (2.5), (2.8) and (2.12).

3. Existence and Asymptotic Stability of Steady States

This section is devoted to the existence of steady states of the entire system (2.10)—
(2.11), (2.5), (2.8) and (2.12), and their stability analysis. A steady state of this
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system is a time-independent solution. We first concentrate ourselves on the exis-
tence of steady states of equation (2.10), that is constant solutions. Details of this
study are presented in Appendix B.1.

Denote by E = (T1,...,T,) a steady state of (2.10). Then E satisfies

[(2(1 ~ Ky) /O e £, (a)da — 1) Bi(Ty) — 51] T =0, (3.1)

and, for i =2,...,n,

2K </ o 6A'i1afz—1(a)da> Bi—1(Ti—1)Ti—1
0
(3.2)

+ [(2(1 - Ky /OT e fi(a)da — 1) Bi(T:) — 52,] T = 0.

It is easy to see that E® = (0,...,0)T is always a steady state. It is the trivial steady
state, describing the extinction of all resting cell generations, and consequently of
all cell generations, either mature or immature.

First, assume K; # 0 for all i € I,,. Denote by ¢y the number of generations ¢
satisfying

(2(1 - K3) /On e " fi(a)da — 1> B:(0) <4, (3.3)

and by c¢; the index of the first resting cell generation verifying

(2(1 - Ki) /0” e " fi(a)da — 1) Bi(0) > 4;.

When ¢y = n, we set ¢c; =n + 1.

Inequality (3.3) characterizes a cell generation with a large death rate J; com-
pared to the "birth” rate: §;(0) is the maximum introduction rate in proliferating
phase and, since one mother cell produces 2(1 — K;) OTi e 7 f;(a)da self-renewing
daughter cells, 2(1—K;) [ e77 f;(a)da—1 measures the difference (either positive
or negative) between surviving self-renewing daughter cells and pre-existing mother
cells. Hence, generations i satisfying (3.3) are expected to not survive without a cell
influx coming from the generation i — 1, and they have only one steady state value,

Assume

2(1 — KZ-)/ Lo f(a)da> 1, fori € I (3.4)
0

Then, system (3.1)—(3.2) has n — ¢o + 1 steady states and at least the first ¢; — 1
components of each steady state are zeros (see details in Appendix B.1).

This result still holds if the equality is satisfied in (3.4). Condition (3.4) describes
a positive production of cells of a given generation coming from mother cells of the
same generation. If this condition is not satisfied for a given 4, then necessarily (3.3)
holds true.
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Remark 3.1

a) If all cell populations have larger death rates than production rates (that is , they
satisfy (3.3), or equivalently, co = n), then E° is the only steady state of system
(2.10) and all cell populations go extinct asymptotically.

b) A positive steady state, say E* = (z%,...,2:)T, with x5 >0, ..., a% > 0, exists
if and only if

(2(1 _KY) /O =M f, (a)da — 1) 31(0) > b, (3.5)

and it is unique if (3.4) holds true. Condition (3.5) is then necessary to obtain
persistence of all cell generations, yet it does not ensure that all cell populations
will converge towards this steady state value (see Proposition C.2).

Example 3.1 We illustrate the above result of steady state’s existence on simple
examples. We assume (3.4) holds true, and we set

&(0) = (2(1 — ) [ e pada - 1) 5:(0) — 5.

1) Assume the number of generations n = 4, ¢o = 2 and ¢y = 3. Then, £1(0) <0
and £5(0) <0, while £3(0) > 0 and £4(0) > 0. In this case, n—co+1 = 3 and steady
states are

E®=(0,0,0,0)", (0,0,0,2%)" and (0,0,23,2})".
2) Assume nown =4, co =1 and ¢c; = 1. Then, £1(0) > 0 and either £&(0) <0, or
£3(0) <0, or £4(0) < 0. There are n — co + 1 = 4 steady states. E° = (0,0,0,0)T is
always a steady state and, from Remark 3.1, since £1(0) > 0, E* = (z%, 25, 2%, 25)T
is also a steady state. First suppose that £2(0) < 0, leading to £5(0) > 0 and £4(0) >
0. Then other steady states are
(0,0,0,25)" and (0,0,x%,23)".

Second, suppose that £3(0) < 0, leading to £2(0) > 0 and £4(0) > 0. Then other
steady states are

(0,0,0,23)" and (0,23, 2%, 23)".

Finally, suppose that £4(0) < 0, leading to £2(0) > 0 and &3(0) > 0. In this case,
other steady states are

(0,0, 23, ‘TZ)T and (0,3, z3, fX)T

From Example 3.1, one notices that steady states can be of three different kinds.
The trivial steady state, denoted by E°, with all its components equal to zero is a
particular steady state. It corresponds to the extinction of all cell generations. On
the opposite, the positive steady state, denoted by E* (see Remark 3.1), corresponds
to all cell generations’ persistence. Other steady states have at least one component
equal to zero, and one positive component. They are called azial steady states, and
describe extinction of some cell generations together with persistence of others.
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The trivial steady state E° is asymptotically stable, that is all cell generations
die out, if for all 7 € I,

(2(1 - K;) /On e 7 fi(a)da — 1) B:(0) < 45, (3.6)

and it is unstable (extinction is avoided) if there exists i € I,, such that

(2(1 - Ki) /0” e " fi(a)da — 1) Bi(0) > 6;.

This result is proven in Proposition C.1. The meaning of condition (3.6) has been
discussed above, after (3.3). Extinction of the entire cell population occurs when,
for each generation, the death rate is larger than the production rate. One may
notice that the trivial steady state is asymptotically stable only when it is the only
steady state of the system (see Remark 3.1).

Stability of the positive steady state cannot be handled as easily as the one of
the trivial steady state, because of the nature of the characteristic equation that
induces mathematical difficulties. However, sufficient conditions for the stability of
E* can be obtained. The following result then holds (see Proposition C.2): If, for
all i € I,

(2(1 ) | " e (a)da+ 1) (Gilal) + 2B 46 >0, (3.7)

then E* is asymptotically stable. Then all cell generations persist and all solutions
of system (2.10) converge towards E*.

The quantity 5;(x}) + af 5} (x}) represents the instantaneous rate of change of
the introduced cell population. Hence, (3.7), contrary to (3.6), describes a situation
in which the production rate is large enough, so the cell population persists.

The stability of an axial steady state is easily deduced from the stability of E°
and E*. For the sake of simplicity, we suppose that there exists ig € I, i9 > 1, such
that &;,(0) > 0 (this ensures the existence of at least one axial steady state), and
we focus on the axial steady state (0,...,0,27 ,..., ). It is asymptotically stable
if zero-components are stable and positive components are also stable. Using (3.6)
and (3.7), conditions for the stability are

(2(1 _K) / ¢~ f,(a)da — 1) Bi(0) < 65, for 1< i< i,
and i
(2050 [ e @ 1) () 4 0t 420, for i 2 o
If there exists 10§ 1 < 19 such that
<2(1 - K;) /On e " fi(a)da — 1) B3:(0) > 6,

then the axial steady state is unstable. These conditions can be easily extended to
general axial steady states.
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Before concentrating more on the positive steady state and its properties, let
us briefly state existence of steady states when one differentiation coefficient K;
vanishes, and conclude with the existence of proliferating population steady states.

Assume there exists io such that K;, =0, and K; # 0 for ¢ # ¢y. This condition
describes a blocking of cell differentiation in the ig compartment: cells of the ig-th
generation only self-renew, and no longer differentiate.

Our first observation is that the situation is very similar to the previous one
(when all K; # 0). Indeed, we can split the steady state vector E into two parts,
the first one defined for 1 < ¢ < ig and the second part for ig +1 < i < n. When
i = 19 + 1, the existence of a steady state value can be analyzed by analogy with
the case i = 1, since the cell population of the (ig + 1)-th compartment is no longer
supplied with cells from the previous generation (K;, = 0), and the same conclusion
than above hold for other values of 3.

Denote by ¢y (resp. ¢p) the number of generations i € I, (resp. ip +1 <1i < n)
satisfying (3.3).

We introduce new notations for the steady state vectors. Let E;; = (Z1,...,Tn
be a steady state of (2.10), where 0 < i <ig and 0 < j <n —ip. The index i is the
number of zeros in the first part of the vector, this latter beginning with the first
component until component iy, while j is the number of zeros in the second part

)T

of the vector, beginning with the (ig + 1)-th component until the n-th component.
For instance,

_ * * * *\T
By o= (0,23,...,27,0,25 1o, 20)",

_ * * * *\T'
B = (0,0,25,...,27,0,27 19,...,75,)",

_ * * * *\T'
By = (0,23,...,27,0,0,27 1 3,...,7,)".

With these notations, the trivial steady state reads as E;,(,—s,), while the unique
positive steady state reads as Eyg.

Assume (3.4) holds true and there exists ig such that K;, = 0, and K; # 0
for i # ip. Then system (2.10) has (ip — ¢y + 1)(n —ig — ¢y + 1) steady states. In
particular, if ¢y = i and ¢y = n — ig, then the trivial steady state E; (,_;,)(= EY)
is the only steady state of system (2.10).

Example 3.2 Suppose n =6, K3 =0, and
51(0) > 07 62(0) < 07 53(0) < Oa 54(0) < 07 55(0) >0 and 66(0) > 0.

Thenig=3,¢ =2andcéy=1. Thusig —co+1=2andn—ig—co+1=3, so
system (2.10) has 6 steady states. They are

E33 = (O,O,O,O,O,O)T, EO3 = (xf,x}x}(),(),O)T,

E32 = (0707 07 Oa 07 ‘rg)Tu E02 = (xikax§7x§70707$g)’r7

_ * *\T _ * * * * *\ T
B3 = (0,0,0,0,2%, 25",  Eo1 = (27,25, 2%,0,2%, 25)".
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One can note that the positive steady state Fyg exists, similarly to what is
written in Remark 3.1, if and only if

51(0) >0 and §i0+1(0) > 0,

and it is unique if (3.4) holds true.

Above results can be generalized to the case where several coeflicients K; may
vanish, but theoretical statements and proofs of such results would need a lot of
notations that would be uneasy to handle. The main idea is that the steady state
vector must be split in different parts, each one starting with an index 7 + 1 such
that K; = 0, and for each part one can apply the result of the beginning of the
section, when K; # 0 for all i. We do not develop this here.

From (2.11), steady states of the proliferating cell population y;, i € I, are

explicitly given by

1 T = \=

Y I
i 0

Since
/ "ot (a)da < / ' fi(a)da =1,
0 0

these steady states exist and are positive provided that the steady states Z; of (2.10)
exist and are positive.

Finally, we mention that details on the existence of steady states for the system
of mature cells are presented in B.2. This system has a unique steady state if and
only if condition (B.11) holds true, that is

6; R,
2(1— kj)/ e %%(a)e” o M dq <1 for j € Iy,.
0

One can easily see (cf. B.2) that this steady state vanishes only if Z,, = 0.

4. The positive steady state: Properties and simulations

We concentrate ourselves on properties of the positive steady state E*. We are
particularly interested in the behavior of the steady state component values
with respect to variations of the differentiation rates K;, that represent one novelty
of this paper.

We assume, without loss of generality, that K; # 0 for all ¢« € I,,. The positive
steady state E* = (z7,...,2)) exists and is unique if conditions (3.4) and (3.5)
hold true.

We define K; by

<2 /O " =1, (a)da — 1) 31(0) — 6y

(2 /O e fl(a)da> 40

Fl =
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and, fori € I,,, 1 > 2,
T
2/ e Vi fi(a)da — 1
0

—via i d
2/0 e " fi(a)da

Then z} = z}(K;), defined for 0 < K; < K;, is a decreasing function of K; (see
Appendix B.1.2). Moreover,

5
O ! and  lim 2i(K;) =0, (4.3)

T1
2/ e " f1(a)da — 1 K=k
0

and

lim  z}(K;) = i-1(27_1)27_y >0

0 >0, 2<i<n.

These properties hold in fact for any positive component of an axial steady state,
and not only for the positive steady state component values.

We consider the following general form for the introduction rates®7:4,
07
. — . K3 y
ﬁz(x) == /60,2 9?7 T xlh" 1€ In, (44)

where [ ; denotes the maximum introduction rate, 6; the value for which the in-
troduction rate reaches half of its maximum value, and b; is the sensitivity of the
introduction rate.

For numerical purposes, the division rates f;(a) are given by Dirac measures in
a = T;, SO

T
/ e " fi(a)da = eV,
0

Functions z} (K;) are drawn for K; € [0, K;) in Figure 2. Due to the difficulty to
represent clearly a consequent number of steady state components, we arbitrarily
decided to draw only four consecutive steady state components (from z3 to z}). For
i > 2, we take K;_1 = fi,1/2, since it is necessary to fix K;_1 in order to compute
7 (K).

In Figure 2.A, we consider a very particular case, where for all i € I,,,

51':55 Yi=" Ti=T, 615ﬂ7
with
1
S
1+ 23
1

§=0.01d7", y=02d", 7=1day, B(x) (4.5)

One can notice that the value of 6; set to §; = 1 cell.g™" allows to normalize the

population density values.
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With the previous mentioned values, we obtain
K =0.38319 and K; =0.3893, for i > 2.

One observes that the steady states are decreasing functions of K;, as expected.

When the different rates are not identical between generations, one can note that
the way the steady state component values z} are ordered can be very different.
This is illustrated on Figure 2.B, where ~y; decreases as ¢ increases and b; equals 3
for the first two generations and then equals 4.

Fig. 2. Steady state positive components z}(K;), i = 1,...,4, computed with K;_1 = K;_1/2 for
¢ > 1. Left: Parameters are given by (4.5). Right: Parameters are not identical between generations,
in particular «y; decreases as 7 increases and b; equals 3 for the first two generations and then equals
4. In both figures, the solid line is for z7, the dashed one for x5, the dotted one for z3, and the
dash-dot one for zj.

In Figure 2, it has been necessary to fix the value of K; to represent zj, ,,
due to the dependence of x7,, on xj(kK;). Hence, one may be interested in the
dependence of x} on K; and K;_;. This is obtained and displayed in Figure 3. We
only represented z3(Ko, K1) and z5(K3, Ks), and one must note that 3 (K3, K2)
was obtained by arbitrarily fixing the value of K in the interval (0, K1). The main
observation is that an increase of K;_; tends to increase the value of z¥(Kj;).

We then make a first conclusion: An increase of the differentiation coefficient
K;_1 of the previous generation tends to increase the value of the steady state
component of the considered generation x}(K;). Yet, this value strongly depends
on the various coefficients of the model (rates of introduction in the proliferating
phase, of apoptosis, etc.). We further analyze this dependence.

We investigate the evolution of the positive steady state component values as
functions of the generation ¢ € I,,. Hence, we fix all parameters and we consider
that «f = 2*(4) for all ¢ = 1,...,n. We compute then the steady state values over
a consequent number of generations (n = 20).
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Fig. 3. Panel A: The steady state 3 (K2, K1). Panel B: The steady state x3 (K3, K2). Both steady
state values are computed with parameters in (4.5).

First, all parameters are given by (4.5). We take the same differentiation coef-
ficient for all generations (K; = 0.2 for all 7). Values of the positive steady state
components are represented in Figure 4.A. One may note that values *(i) are rep-
resented by squares on each picture. However, for the convenience of explanations,
a solid line is drawn to connect two consecutive points.

One observe that steady state component values oscillate and stabilize about an
equilibrium value, located about 4.

In Figure 4.B, all parameters are the same than in Figure 4.A except that
K19 = 0.3. One observes that, first, the increase of the differentiation rate of the
tenth generation leads to a decrease of the steady state value for this generation
and, second, the perturbation is slowly attenuated and steady state values still reach
an equilibrium value after several oscillations.

If, on the contrary, one decreases one of the differentiation coefficients K; (not
shown here), then the steady state value corresponding to this generation increases.
In both cases steady state component values reach an equilibrium after oscillating.

The results presented in Figure 4 seem to indicate that modifications of differ-
entiation coefficients may lead to sustained perturbations. In Figure 5.A, we chose
a small differentiation rate (K; = 0.1) for the first five generations, then, up to the
eighth generation K; = 0.2, and other generations have K; = 0.3. This corresponds
to the usual situation in hematopoiesis where cells lose their self-renewing ability
as they mature, and increase their differentiation ability. One observes that the in-
crease of the differentiation coefficient seems to lead to sustained oscillations, when
the coefficient of differentiation passes through a critical value. This is confirmed
in Figure 5.B, where K; = 0.31 for all ¢ € I,,, and steady state component values
periodically oscillate.

Second, we now fix the differentiation coefficient to be equal through all gener-
ations, and we vary one of the other parameters. It appears that an increase of the
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Steady States x'(K) Steady States x;(K)

a6t

a4t

a2t

Fig. 4. Steady State Component Values. All parameters have the same value (given by (4.5)).
Panel A: K; = 0.2 for all . Steady state values oscillate, with damped oscillations, then reach an
equilibrium. Panel B: K; = 0.2 for all ¢ # 10, and K19 = 0.3.

Steady States x'(K) Steady States x(K)

Fig. 5. Panel A: For the first five generations, K; = 0.1, then K; = 0.2 for 3 generations, and all
other generations have a differentiation rate K; = 0.3. It seems that a threshold value is passed
through after the ninth generation, leading to a periodic behavior. Panel B: All differentiation
rates are equal to 0.31, and a periodic behavior of steady state component values appears.

apoptosis rate ~y;, of cell cycle durations 7;, or of the sensitivity of the introduction
rate b; leads to a decrease of the steady state component values z*(¢). This is pre-
sented in Figure 6.A where 7; varies. For the first 10 generations 7; = 1 day, then
T; = 1.5 days.

For some values of the differentiation coefficient, however, one can observe an
oscillating behavior of the values 2*(4), as already seen on Figure 5. When K; = 0.3
for alli € I, (see Figure 6.B), damped oscillations could lead to an equilibrium value
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when 7; = 1 day, but an increase of 7; up to 1.5 days induces periodic oscillations.

Steady States x'(K) Steady States x;(K)

a1t

Fig. 6. We vary the cell cycle durations 7;. For the first ten generations, 7, = 1 day, then 7, = 1.5
days. Panel A: For all generations K; = 0.1. Damped oscillations of the values x* (i) are observed.
Panel B: K; = 0.3 for all ¢ € I, and it seems that a bifurcation occurs, leading to periodic
solutions.

The results presented in this section indicate that, first, component values of the
positive steady state (and consequently all positive component values of axial steady
states) strongly depend on the differentiation coefficients. Moreover, a critical value
of the differentiation coefficient, that could correspond to a bifurcation, leads to
a periodic behavior of component values through generations. Second, an increase
of the parameters controlling cell mortality, proliferation, or cell cycle durations,
tends to decrease the steady state component values. In any case, the reaction of the
system to a small perturbation is not easy to predict, and two or more perturbations
can act together to create an important perturbation of the values of steady state
component values.

5. Differentiation blocking: How does acute myelogenous leukemia
appear ?

Similarly to what has been done in the previous section, we suppose that all cell
divisions occur when a proliferating cell reaches the limit of its age range, that is
a = 74, 0 fi(a) is the Dirac measure in a = 7;. Moreover, introduction rates 3;(x)
are given by Hill functions, as in (4.4), with b; = 3 and By, = 1 d7!, for all i € I,,.
We also fix the value of 8; to §; = 6 = 1 cell.g™!, to normalize the population density
values. The resulting numerical simulations will then have a qualitative interest. We
focus on the asymptotic behavior of the system, and the variations of steady states
values.
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The MATLAB solver dde2322, that allows to numerically solve delay differential
equations is used to perform numerical simulations.

It has been pointed out, in the previous section, that changes of differentiation
rates K; could lead to important modifications of steady state values and that,
associated with other changes (such as an increase of cell cycle durations), these
modifications could result in oscillating behavior of steady state values.

Our aim is to show that a blocking of cell differentiation (that is K; = 0 for some
i) in early stages of cell development can lead to an over-representation of immature
cells, whose density can become more important than the one of more mature cells.
This kind of situation is observed in acute myelogenous leukemia, where immature
cells quickly proliferate and then enter the bloodstream, with a lack of circulating
mature cells.

We simulate system (2.10) with parameters given by (4.5) and §; = 0.42 d~ 1,
dy = 049 d71, 63 = 0.54d7 Y, 84 = 0.56 d71, 5 = 0.58 d~!, and b6 = 0.6 d~ .
Initial conditions are chosen so that the system is close to its equilibrium. For
the first 20 days, differentiation rates K; are identical (K; = 0.1 d=1) for the n
generations. In order to produce clear, easily readable pictures, we chose a low
number of generations (n = 6) for immature cells. Even though the number of
generations of immature as well as mature cells can be discussed and is caution
to dramatic changes during stress hematopoiesis, the number of six generations for
immature cells can be thought as reasonable (six generations of immature cells, and
between five to ten generations of mature non-self-renewing cells would lead to a
total of eleven to sixteen divisions from the HSC to a mature hematopoietic cell).

When t = 20 days, the differentiation coefficient K3 of the third generation
is set to zero. This describes a blocking of differentiation for an early stage of
hematopoietic stem cells. We then observe an increase of the population density 3,
which becomes over-represented in the entire cell population 30 days later. This is
presented in Figure 7.

As the population density x3 increases, the population density x4 strongly de-
creases, whereas population densities x5 and xg (the more mature HSC population
densities) decrease more slowly. The increase of x3 exceeds the maximum level of the
more mature cell population density x4, so immature cells represent the majority
of HSC, after a certain time has passed.

One can note that the blocking of differentiation at an early stage of HSC devel-
opment can then perturb the entire system and lead to the dominance of immature
cells. This consequence is the same when the blocking of differentiation occurs for
other generations (not shown here). The main difference is the time needed to ob-
serve the over-expression of the cell population that does not differentiate, which is
longer when cells are immature.

The situation described in Figure 7 gives some information that can be related
to acute myelogenous leukemia (AML). This cancer of white cells is characterized
by a quick proliferation of immature cells, that invade the circulating blood and
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Fig. 7. Blocking of Cell Differentiation. For the first 20 days, solutions z1(t) to xe(t) of system
(2.10) are simulated, with all differentiation rates K; = 0.1 d=!, i = 1,...,6. When ¢ = 20 days,
the differentiation rate K3 is set to K3 = 0. An increase of the population density x3, together
with a decrease of x4, 5 and x¢, is observed, and leads, within 30 days, to an over-expression
of the cell population x3 in the entire population, with values that are larger than the previous
values of zg. At t = 0, from bottom to top, cell densities are z1(t) (solid line), z2(t) (dashed line),
x3(t) (dash-dot line), x4(t) (dotted line), x5(t) (solid line), x6(t) (dashed line).

become more present than mature blood cells. One cause of AML seems to be a
blocking of cell differentiation in the early stages of blood cell development.

6. Discussion

We proposed and analyzed an age structured model describing the dynamics of
hematopoietic cells, in order to illustrate the appearance of acute myelogenous
leukemia. Taking a discrete maturity structure into account, the model took the
form of a compartmental system describing the dynamics of each hematopoietic
cell generation, from the most immature one (HSC) up to mature blood cells. At
each stage of their development, cells were able to self-renew, and cell cycle dura-
tions were assumed to be non-constant.

We first determined the number of steady states, and performed their stability
analysis, which revealed the importance of differentiation coefficients on the system
behavior. Slight modifications of differentiation coefficients (as well as some other
parameters) can in particular destabilize the cell populations.

We particularly stressed out the dependence of steady states on differentiation
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coefficients. We showed that a differentiation blocking (that is, for a given genera-
tion, no cell can enter the next generation) could lead to an over-expression of some
immature cell populations. This result is appealing since it can be related to the
causes of acute myelogenous leukemia appearance. This cancer is characterized by
a sudden quick proliferation of immature cells, that invade the circulating blood,
due to a blocking of differentiation and a modification of apoptosis. We were able to
reproduce a situation which could describe the predominance of an immature cell
population over all other cell populations following a differentiation blocking. To our
knowledge, this had never been stressed by a mathematical model of hematopoiesis.

The model we considered, although incorporating features that were not taken
into account in previous models of HSC dynamics (such as self-renewing populations
at each stage of differentiation, and non-constant cell cycle durations), does not
incorporate feedback controls on apoptosis or cell differentiation. Apoptosis is now
known to be important in a lot of blood pathologies, including leukemias. Hence,
a complete and more pertinent description of hematopoiesis dynamics needs to
incorporate apoptosis control. Differentiation coefficients were considered constant
for each cell generation throughout this study. Yet, they are certainly controlled
(similarly to apoptosis) by regulation loops mediated by growth factors, whose
knowledge would allow to investigate the reasons of differentiation blocking. The
nature of such controls is however not clear at this time, and since the current
analysis proved to be not so easy the addition of cell differentiation controls could
be questionable. It remains, however, a fundamental question since regulation loops
are at the root of hematopoiesis control.

In addition, an objective of this model should be to better describe the transition,
for myelogenous leukemia, between the chronic phase (that can be characterized by
sustained oscillations?42°) and the acute phase. This has not been investigated in
details in this paper, but would need a better description of chronic myelogenous
leukemia and understanding of apoptosis control (apoptosis control proved to be
important for chronic myelogenous leukemia appearance). However, the information
brought by the addition of differentiation coefficients already gives clues for the
appearance of AML and can then have some importance in the search for leukemia
treatment (based on apoptosis and differentiation controls) through mathematical
models, and is actually under investigation.
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Appendix

A. Reduction to a Delay System

We present here a reduction of system (2.1), (2.3) and (2.4) to a delay differential
equation system.

Using the method of the characteristics, one easily obtains an explicit formula-
tion for p;(t, a), solution of equation (2.1), given for a € [0,7;) and i € I,, by

Rt
pY(a —t)e rite ogilams)ds, ift <a,
pi(t,a) = R, (A1)
Bi(zi(t — a))zi(t — a)e "%~ o %) if ¢ > g,
For t > 7;, (A.1) leads to
gi(a)pi(t,a) = e fi(a)Bi(xi(t — a))z(t — a), (A.2)

with f; given by (2.9). Integrating the first equation in (2.1) with respect to the age
variable a, between a = 0 and a = 400, and using (2.3), one obtains
dml t

E(t) =— (61 + Sr(z1(8)) z1(¢) + 2(1 — K7) /OT g1(a)p1(t,a)da, (A.3)
and, fori e I,,, 1 > 2,

dd? (t) = — (6; + Bi(wi (1) ws(t) + 2(1 — K;) /0 gi(a)p;(t,a)da

L (A.4)
+2K; 4 / gi—1(a)pi—1(t,a)da.
0

Thus, taking ¢ large enough (¢ > 7 := max;ey, (7)), one obtains (2.10), from (A.3)
and (A.4), using (A.2).

The system (2.10)—(2.11) is an autonomous system of delay differential equations
for ¢ > 7. Assuming ; is locally Lipschitz continuous on [0, +00), then, since j3;
is bounded, system (2.10)—(2.11) admits a unique global solution (see Hale and
Verduyn Lunel??). For nonnegative initial conditions, the solutions of (2.10)—(2.11)
are nonnegative and bounded. We refer to Adimy et al.'® for a proof of this result
in a particular case (when f;(a) is a Dirac measure in a = 7;).

B. Steady States of the Complete System
B.1. Steady states of the delay system

Denote by E = (T1,...,%T,) a steady state of (2.10). Then 7; satisty (3.1)-(3.2),
that can be written

51(51) 0 0 T
o1(T1) &(T2) O .. 0 T

0 Oég(fg) 53(53) 0 z3 =10 (B].)

6 0 an_l(fn_l)fn(%n) Tn, 0



May 29, 2008 9:49 WSPC/INSTRUCTION FILE Adimyetal JBS#3

22 Adimy, Crauste, EI Abdllaoui

where

a;(z) = 2K; </Tl 67iafi(a)da) Gi(x), for all i € I),_q,
0

&i(x) = (2(1 - K;) /Ti e % fi(a)da — 1) Bi(x) — 0;, for all i € I,.
0

Eliminating the trivial steady state E® = (0,...,0)T, that always exists, from
the study, let search for non-zero steady states £ = (Zy,...,T,)T # E° of (2.10).
From (B.1), E is a steady state if and only if

& (z1)T =0, (B.2)
gl(fz)fl = _ai—l(fi—l)fi—17 for all 7 € In,i > 2. (B3)

B.1.1. Ezistence and number of steady states.

Assume K; # 0 for all ¢ € I,,. Consequently, «;(x) > 0 for all i € I,,_; and all
x > 0. Moreover, let define

co:=card{i € I, : £(0) <0}, ¢ :=min{ieI,: &(0)>0}. (B.4)

When ¢y =n, we set ¢y =n + 1.
Assume

2(1 — KZ-)/ Cevef(a)da> 1, fori€ Iy (B.5)
0

We claim that system (B.1) has n — ¢g + 1 solutions and at least the first ¢; — 1
components of each solution are zeros.

Note that, with assumption (B.5), &;(z) is a decreasing function for all i € I,,,
since [; is decreasing.

From (B.2), either T1 = 0 or & (Z;) = 0. Suppose T # 0. From (2.2),
lim, 400 &1(x) = —6;. Since & (z) is decreasing, then equation &;(Z1) = 0 has
a positive solution T; = x7, which is unique, if and only if & (0) > 0.

Now let focus on Z; for ¢ > 2 and T;_; fixed. We consider two cases: either
Tio1 = 0or Tig = af_; > 0. If T,_1 = 0, then, from (B.3), T; is solution of
& (z;)T; = 0. Consequently, Z; = 0 or T; = z > 0, provided that &;(0) > 0. We can
state a first conclusion: from the definition of ¢; in (B.4), the first ¢; — 1 components
of each solution are zeros.

In the case Z;—1 = z}_; > 0, then, from (B.3), T; is solution of &;(z) =
—a—1(xf_;)af_,/x. The function x — —a;_1(zf_ )z}, /x is increasing, and ranges
from —oo to 0. With (2.2) and (B.5), functions ¢; are decreasing and tend to —J;
when x tends to infinity. Consequently, the above equation has a unique solution,
ZT; = Jir > 0.

Then, one can easily see that the following situation holds: If z;_; = 0, then,
either &;(0) > 0, and Z; may take two different values 0 or z}, or &(0) < 0 and
T; = 0. Moreover, if T;_; = x]_;, then T; = x;. We refer to the situation when
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T;—1 = 0 and &;(0) > 0 as a ”branching”, since it corresponds to the appearance of
two distinct values of Z;, 0 and z}. The number of branching is equal, by definition,
to n — ¢y, and a branching increases the number of steady states by one unit.
Consequently, the number of solutions equals n — ¢g + 1, and the conclusion follows.

B.1.2. The positive Steady State

Assume K; # 0 for all ¢ € I,, and (3.4) and (3.5) hold true. Then the positive steady
state E* exists and is unique (see Remark 3.1), and we investigate its properties.
Define K; by (4.1) and (4.2). Then z} = x}(K;), defined for 0 < K; < K;. We
claim that z is a decreasing function of K.
First, it is easy to notice, from (B.2), that

1
2(1 — Kl)/ e " f1(a)da — 1
0

i (K1) = 67

)

where 3y ! is a positive and decreasing function, mapping (0, 31(0)] into [0, +00). Tt
follows that z} satisfies (4.3) and

d
—ua7(Kp) < 0.
picel 1(K7)
Second, we concentrate on z}(Kj;), i € I, i > 2. We first recall that the mapping
z v+ —oy_1(xf_;)xl_, /7 is negative and increasing, and the mapping z — &;(z, K;)
is decreasing. Therefore,
i1 (1)

&z, K;) > — for z € [0, 2] (K3)),

and

) < _aifl(ﬁ—l)x;‘q

&i(z, K
2

, for z >z} (K;).

Moreover, it is straightforward to check that the mapping K; — &(z, K;) is de-
creasing for all z > 0. Hence, if K;; > K, 2, then &(z, K;1) < &(z, K, 2) for all
z > 0. Consequently, when z = 2} (K 1), then

ai—1(zi_y)xi g

&i(2, Ki) > &i(2, K1) = — .

We deduce that z} (K, 1) < } (K;2). Thus the functions z}(K;) are decreasing, and
one easily obtains

o1 (x* x*
lim z}(K;) = M
K;—K; 5;
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B.2. Steady States of the Mature Cell Population
Let (Q1,...,Qm) be a steady state of system (2.5)—(2.6), (2.7) and (2.8). Then

Qv _ dQm _
dt dt
This yields, for j € I,
dO .
B~ (o 4 hy(a)Qs@), ac0,0)] (B.6)
and
01

Q1(0) = 2(1 — k1) hi(s)Q1(s)ds

T"O (B.7)
+2Kn/ e g, (8)Bn(Tn ) Thds,
0
where T, is the last component of the steady state of (2.10), and, for j > 2,
0;
Q](O) = 2(1 — ]{3])/ hj(S)Qj(S)dS
0 (B.8)

0; 1
+2kj—1/0 hj-1(s)Q@j-1(s)ds,

Thus, from (B.6), we deduce
Q@ = Q0 e (- [ (o + hy(sas) (B9)

where @;(0) is given by (B.7) and (B.8). Using (B.9) in (B.7) and (B.8), we obtain
that Q;(0) must satisfy

01 R
ll —2(1 - kl)/ e hy(a)e” o M da | Q(0)
0

— 9K, ( / e fn(s)ds> B (T )T,
0
), . (B.10)
ll —2(1— k])/ e %% (a)e” o hj(s)dsda] Q,;(0)
0

01 R,
=2k, (/0 e~ 7=1%h;_1(a)e” o hfl(s)dsda) Q;-1(0), j > 2.

All quantities on the right-hand side of (B.10) being nonnegative, @Q;(0) is well and
uniquely defined, and steady states Q;(a), j € I, exist and are nonnegative, if and
only if

9‘] R(l
2(1 - k:j)/ e~ % %hi(a)e” o M da <1 for j € I,y,. (B.11)
0

One can note that, if Z,, = 0, then Q;(0) = 0 for all j € I,,,, and so Q; = 0, even
though (B.11) is not satisfied. If T,, > 0, then steady states @Q;(a) exist provided
that (B.11) hold true, and they are strictly positive.
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C. Asymptotic Stability Analysis

Let E = (%;)c1, be a steady state of system (2.10). In order to determine conditions
for the stability of any steady state E of (2.10), we write the characteristic equation,
by searching for exponential solutions of the linearized system. We obtain that the
spectrum contains all A solutions, for i € I,,, of

At Gict =21 Ko [ e e Mda =0, (C.1)
0
where

o = a7 = - (af()) (C2)

T=X;

When E = E° then #; = 0 for all i € I,,, and p; = B3;(0). Therefore, the
characteristic equation is in this case ], A?(\) = 0, where

AJ(N) == A+ 6 + Bi(0) — 2(1 — K;)5:(0) /Ti e~ £y (a)e M da.
0

Roots of A? have negative real parts if and only if £;(0) < 0 (We refer to Adimy et
al.'* proof of Theorem 3.1, for a similar result).

Proposition C.1 The trivial steady state E° is locally asymptotically stable if for
all i € I, inequality (3.6) hold true, and unstable when there exists i € I, such that

{2<1 - K;) /0 e fi(a)da — 1| Bi(0) > §;. (C.3)

Proof. Note that (3.6) is equivalent to &;(0) < 0. Thus all characteristic roots have
negative real parts. It follows that E° is locally asymptotically stable.

If (C.3) holds true, then &;(0) > 0 and the characteristic equation associated
with E° has at least one positive real root. Consequently E° is unstable. O

To ensure the existence of E*, assume (3.5) holds true. One can note that E° is

unstable in this case (see Proposition C.1). The next proposition states and proves
a sufficient condition for the stability of the positive steady state.

Proposition C.2 Assume (3.5) holds true. If, for all i € I,
[2(1 - K;) / ’ e~ fi(a)da + 1| pi(xf) +6; >0, (C.4)
0
where p;(x3) is defined by (C.2), then E* is locally asymptotically stable.

Proof. Using arguments similar to the ones in Adimy et al. '*, Theorem 3.2, applied
to the characteristic equation (C.1), one can easily deduce Proposition C.2. |
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