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Abstract

The aim of this work is to investigate the asymptotic behavior of solutions near hyperbolic
stationary solutions for partial functional differential equations with infinite delay. We sup-
pose that the linear part satisfies the Hille-Yosida condition on a Banach space and it is not
necessarily densely defined. Firstly, we establish a new variation of constants formula for the
nonhomogeneous linear equations. Secondly, we use this formula and the spectral decomposition
of the phase space to show the existence of stable and unstable manifolds. The estimations of
solutions on these manifolds are obtained. For illustration, we propose to study the stability of
stationary solutions for the Lotka-Voltera model with diffusion.

Key words: Semigroup, Hille-Yosida condition, integral solution, variation of constants for-
mula, hyperbolic stationary solution, stable and unstable manifolds.

1. INTRODUCTION

In this work, we are concerned with the asymptotic behavior of solutions near hyperbolic
stationary solutions for the following partial functional differential equation with infinite delay

d
{ () = Au(t) + F(u) for t > o, (1.1)
Uy =P € B?

where A : D (A) — X is a linear operator, not necessarily densely defined on a Banach space
(X, |.]). We suppose that A satisfies the following Hille-Yosida condition
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(H;) there exist w € R and My > 1 such that (w, +00) C p(A) and

IR(\, A)"| < _Mo for n € Nand A > w, (1.2)
(A —w)"
where p(A) denotes the resolvent set of A and R(A\, A) = (A — A)~! for A > w. Without loss of
generality, we assume that My = 1. Otherwise, one can renorm the space X with an equivalent
norm for which we get the estimation (1.2) with My = 1. B is a normed linear space of functions
mapping (—o0,0] into X satisfying the fundamental axioms introduced by Hale and Kato in
[14]. As usual, for every t € R, the history function u; € B is defined for 6 € (—o0, 0] by

ug () =u(t+0).

F is a continuous function from B into X. In [1], [2], [3] and [9], the authors investigated several
results on the existence, regularity, stability and boundedness of solutions for equation (1.1) when
D(A) is not necessarily densely defined in X. Recall, in [25], the author gave the basic theory
of partial functional differential equation with finite delay, several results on the asymptotic
behavior of solutions are given. When the delay is infinite the situation is more complicated,
since the properties of solutions depends on the choice of the phase space B. The book [16]
contains the fundamental theory related to functional differential equations with infinite delay.

The stability of stationary solutions plays an important role in the qualitative analysis of dif-
ferential equations. Many results on the existence of stable and unstable manifolds are developed
in the context of the following class of differential equations

dv

%(t) = Cv(t) + x(v(t)) for t >0, (1.3)
v(0) = wo,

where C is the infinitesimal generator of a strongly continuous semigroup (7'(t)),>, on a Banach

space and Y is a smooth function. The solutions of equation (1.3) can be expressed by using the
following variation of constants formula

o) = Tty + /O T(t — s)x(v(s)))ds for t > 0. (1.4)

Formula (1.4) and the fixed point theory are the powerful tools to deal with equation (1.3).
The book [15] contains more detailed analysis of this problem. In [11], the author proved the
existence of stable and unstable manifolds near stationary solutions for functional differential
equations of neutral type. Recently, in [4], the authors established new results on the existence
of centre manifold for partial functional differential equations with finite delay. They proved the
existence of the centre manifold and showed that the flot on the centre manifold is governed
by an ordinary differential equation in finite dimensional space. This property allows them the
prove some asymptotic stability results in critical case, namely, where the linearized principle
cannot be applied..

Recall that the variation of constants formula is the powerful tools to study the existence
of stable and unstable manifolds. Several works have been devoted to develop a variation of
constants formula adapted to study the qualitative behavior of solutions for partial functional
differential equations, about this topics, we refer to [27]. In [17] and [23], the authors established
a variation of constants formula for the following nonhomogeneous linear partial functional
differential equation with infinite delay

dt (1.5)

{ Lo (t) = Ault) + L(us) + £(2) for t > o,
uy = p € B,
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where L is a bounded linear operator from B into X and f is a continuous function from [o, +00)
into X. The authors assumed that A is densely defined in X and satisfies the Hille-Yosida
condition (Hj). Which is equivalent, by the Hille-Yosida Theorem, to A is the infinitesimal
generator of a strongly continuous semigroup on X. Using this formula, the authors established
in [22] the existence of stable and unstable manifolds of equation (1.1). However, this variation
of constants formula in [17] and [23], cannot be used when D(A) is not dense in X. In [3], a
variation of constants formula for equation (1.5) was obtained only when the phase space B is
a subspace of the space of continuous functions from (—oo, 0] into X. This formula was used to
show the existence of almost periodic solutions.

The goal of this work is to study the existence of stable and unstable manifolds near an
hyperbolic stationary solution of equation (1.1) for a general class of phase spaces B. Our
results extend the previous works [11], [17], [20], [21] and [23]. To achieve our goal, we construct
a new variation of constants formula adapted to our problem. This work is organized as follows.
In section 2, we state the fundamental axioms on B that will be used in the work, and we recall
some results on the spectral analysis of the equation (1.5) with f = 0. The aim of section
3, is to establish a new variation of constants formula for nonhomogeneous equation (1.5). In
Section 4, we use the variation of constants formula in order to investigate the existence of
bounded solutions of equation (1.5), respectively on R~, RT and R. In section 5, we establish
the existence of stable and unstable manifolds for equation (1.1) near an hyperbolic stationary
solution. Finally, we apply the basic theory of this work to study the local stability of stationary
solutions for the Lotka-Voltera model with diffusion.

Note that there are many examples where the operator A satisfies the Hille-Yosida condition
with non dense domain. In particular, non density occurs in many situations due to restrictions
on the space where the equations are considered. For example, periodic continuous functions and
Hoélder continuous functions are not dense in the space of continuous functions. The boundary
conditions may also generate operators with non dense domains: the domain of the Laplacian
operator with Dirichlet boundary condition is not dense in the space of continuous functions.

2. PHASE SPACE, INTEGRAL SOLUTIONS AND SPECTRAL ANALYSIS OF THE LINEAR EQUATION

The choice of the phase space B plays an important role in the qualitative analysis of partial
functional differential equations with infinite delay. Since properties of solutions depend espe-
cially on the choice of B. In this work, we employ the basic theory given by Hale and Kato
in [14]. To study our problem, we assume that (B, ||-||) is a normed linear space consisting of
functions mapping (—o0, 0] into X satisfying the following fundamental axioms

(A) there exist a positive constant N, a locally bounded function M (-) on [0,+00) and a con-
tinuous function K (+) on [0, +00), such that if z : (—o0,a] — X, a € R, is continuous on [0, a]
with z, € B, for some o < a, then for all t € [0, a],

ﬂ Ty € B,
i1) t — x is continuous with respect to [|-|| on [0, al,
iti) Nl (8)] < [lzel| < K (t — o) sup |z (s)|+ M (t — o) [lzo]-

o<s<t

(B) B is a Banach space.

As a consequence of axioms (A), we deduce the following result.



4

Lemma 2.1. [16] Let Cpo((—00,0]; X) be the space of continuous functions mapping (—oo, 0]
into X with compact supports. Then, Coo((—o0,0]; X) C B. More precisely, for a <0, we have

lell < K(—a)suplp(0)],
<0
for any ¢ € Coo((—00,0]; X) with the support included in [a,0].

In the whole of this work, we suppose that B satisfies axioms (A) and (B).

Definition 2.2. [1] Let ¢ € B, 0 € Rand T > 0. A function u : (—o0,T] — X is said to be
an integral solution for equation (1.1) on [o,T], if the following conditions hold
/) u is continuous on [0, T7,

zz)/ s)ds € D(A) for t € [0,T],

t t
i) u(t) = ©(0) + A/U u(s)ds + /0 F(ug)ds foro <t <T,
ot —o) for t <o.
For simplicity, in the whole of this work, an integral solution will be called solution. Several

results on the existence, uniqueness and stability of solutions of (1.1) are obtained in [1], [2] and
[9]-

Here, we suppose

(H2) F is Lipschitz continuous. Let ¢ be a positive constant such that
[F(p1) = Fp2)| < cllor = 2| for 1, 02 € B.

Let Ay denote the part of the operator A in D(A) defined by

{ D(Ap) = {z € D(A) : Az € D(A)},
Apzr = Ax.

Lemma 2.3. [5] Let A satisfy (Hy). Then, Ay generates a strongly continuous semigroup
(Tg(t))tzo on D(A)

Let a > 0 and 8 > 1 be such that
I To(t)| < Be™ for t > 0.

Theorem 2.4. [2] Assume that (Hy) and (H2) hold. Let o € R, ¢ € B be such that ¢(0) €
D(A). Then, equation (1.1) has a unique integral solution u = u(.,0,9) on [o,4+00) which is
given by

u(t)=To(t—0)p(0)+ lim tTo (t—s) AR (N, A) F(ug)ds fort> o,

A——+00
Uy = .

Corollary 2.5. Assume that (Hy) holds. Let o € R, ¢ € B be such that ¢(0) € D(A). Then,
equation (1.5) has a unique integral solution u = u(.,o,, L, f) on [o,4+00) which is given by

t

u(t) =To (t — o) p(0) + AETOO To (t — s) AR (X, A) (L(us) + f(s))ds fort>o,

Uy = ©.



Let L

Ba={peB:p(0)cDA)}
denote the phase space of equation (1.1). For ¢t > 0, V () is the bounded linear operator on B4
defined by

V(t)p =u(.,0,0,L,0) for o € By,
where u (., 0, ¢, L,0) is the solution of equation (1.5) with 0 =0 and f = 0.
Proposition 2.6. [2] Assume that (Hy) holds. Then (V (t));s, is a strongly continuous semi-
group on By. Moreover, (V(t)),s, satisfies the translation property

V(t + 0)$(0) for t+0 >0,
(V(#)o) (0) =
ot +0) fort+60<O0.

In order to study the behavior of solutions, we assume that B satisfies the following axiom

(C) if a uniformly bounded sequence (¢n),5q in Coo((—00,0]; X) converges to a function ¢
compactly on (—o0, 0], then ¢ is in B and ||¢, — ¢|| — 0 as n — oc.

For a Banach space (Y,|-|) and an interval J of R, BC(J,Y) denotes the space of bounded
continuous functions from J to Y endowed with the uniform norm topology defined for ¢ €

BC(J,Y) by |loo = suplé(t)].
teJ
Lemma 2.7. [16] Assume that B satisfies axiom (C). Then BC(R™,X) — B.

As a consequence of the above lemma, we get the following result.

Proposition 2.8. Assume that B satisfies axiom (C). Let ¢ : (—o0,a] — X, a € R, be a
function such that or € B for all t < a. Then o € BC((—o0,al; X) if and only if the B-valued
function t — o, belongs to BC((—o0, al; B).

Let (So (t));>( be the strongly continuous solution semigroup associated to the following trivial
equation
d
{ gu(t) =0 for t >0,
u=p€By={peB:¢p(0)=0}.
Then, for ¢ € By and t > 0, one has

(So (t)¢) (6) = { gffijti) efozr 6 + 0 <0,

Definition 2.9. [16] B is said to be a fading memory space, if B satisfies axioms (A), (B), (C)
and
150 (1) ¢ll — 0 for ¢ € By.

Moreover, B is said to be a uniform fading memory space, if axioms (A), (B), (C) hold and
150 (DI /= 0

Lemma 2.10. [16] The following statements hold

i) if B is a fading memory space, then the functions K and M in axiom (A) can be chosen to
be constants,

i1) if B is a uniform fading memory space, then the function K can be chosen to be a constant
function and the function M can be chosen such that M(t) — 0 as t — oc.
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We introduce the Kuratowski measure of noncompactness of bounded sets in a Banach space.
Let © be a bounded subset of a Banach space Y. Then, the Kuratowski measure of noncom-
pactness a (€2) of € is defined by

' d > 0: there exists a finite number of sets €2y, ..., 2, with
(@) = inf diam () < d such that Q C ,Glfzi '
1=
For a bounded linear operator S on Y, we define the Kuratowski norm |S|, by
|Slo =inf{d > 0:a(S(Q)) < da(Q) for any bounded set Q2 of Y} .
For semigroup (V' (t)),>q, we define the essential growth bound wess (V') by

o1
Wess (V) = tligloz lOg ‘V (t>|a :

Let A denote the infinitesimal generator of the semigroup (V (¢))s>0 on Ba.

Definition 2.11. Let C be a densely defined on Y. The essential spectrum of C denoted by
Oess(C) is the set of A € o(C) such that one of the following conditions holds

i) Im(AI — C) is not closed,
i1) the generalized eigenspace My (C) = UK er(M — C)* is of infinite dimension,

k>1
i13) A is a limit point of o(C) \ {A}.

The essential radius of C is defined by
Tess(C) = sup{|A| : A € 0ess(C) }-
In the sequel, we assume the following compactness condition.

(Hs) To(t) is compact whenever ¢ > 0.

Lemma 2.12. [7] Assume that (Hy) and (Hs) hold. If B is a uniform fading memory space,
then wess (V) < 0.

Let ot (A) = {\ € 0 (A) : Re(N\) > 0}. As an immediate consequence of Lemma 2.12, we have
the following spectral property of A.

Lemma 2.13. Assume that (Hy), (H3) hold and B is a uniform fading memory space. Then,
ot (A) is a finite set of the eigenvalues of A which are not in the essential spectrum. More
precisely, A € o (A) if and only if there exists x € D(A)\{0} solving the following characteristic
equation

ANz = z — Az — L(eMz) =0,
where ez is the element of B defined for all <0 by (e*z)(0) := e M.

Proof. Lemma 2.12 implies that wess(V) < 0. By Corollary 2.11, p.258 in [10], we know that
ot (A) is a finite subset of the point spectrum o,(A). On the other hand, we have

Tess(V (1)) = efess(V) < 1,
and ef?ess(A) C g, (V (1)) for t > 0. Tt follows that
Oess(A) C {A € C: Re(\) < 0}.
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Consequently, ot (A) is a finite subset of the point spectrum o,(A). Let A € o7 (A). Then,
there exists p € D(A), ¢ # 0 such that Ap = Ay, which implies that

lim M = \p.
t—0t t
V(t)e —
By axiom (A) — (i7), we deduce that lim (#) (0) = Ap(0). Moreover,
t—0

(V(t)so —¢

t

1t 1 [
) 0) = 43 [ V)0 + 5 [ D)o
Let t go to zero. From the closedness of the operator A, we obtain that

#(0) € D(A) and Ap(0) + L(¢) = Ap(0).
By the spectral mapping Theorem, p.277 in [10], we have
M € o, (V(t)) and V(t)p = eMop.
Using the translation property of the solution semigroup, we obtain that
©(0) = eMp(0) for 6 < 0.
Since ¢ # 0, then ¢(0) # 0 and
ker A(X) # {0}.
Conversely, let A € C with Re()\) > 0. Then for all z € X we have eMz € B. If there exists
a € D(A)\ {0} such that A(A\)a = 0, then ¢ = eMa € Ba and ¢ € C'((—00,0]; X) with
©'(0) = da = Ap(0) + L(p) € D(A). By Proposition 5 in [2], we conclude that
¢ € D(A) and Ap = \p. O

Now, we are in a position to present the spectral decomposition of the phase space in the
hyperbolic case.

Definition 2.14. We say that the semigroup (V' (¢)):>0 is hyperbolic if
ot (A)NiR = 0.

Consequently, by Theorem 3.7, p. 333 in [10], we get the following spectral decomposition for
the phase space B4.

Theorem 2.15. Assume that (Hy), (H3) hold and B is a uniform fading memory space. If the
semiagroup (V (t))e>0 is hyperbolic, then B4 is decomposed as follows

Ba=SdU,

where S and U are two closed subspaces of By invariant by V (t). U is a finite dimensional space
and the restriction of V (t) on U becomes a group on R. Moreover, there exist positive constants
6 and p such that the following estimations hold

[V(©)ell < de (||| forp €S andt >0,

(2.1)
V()| < el ||| for o el andt <O0.

S and U are called respectively the stable and unstable subspaces of (V(t));>0. For the next,
P~ and P denote the projection operators respectively on S and U .



3. VARIATION OF CONSTANTS FORMULA

For the sake of simplicity, we assume that w > 0. Recall that in [23], a variation of constants
formula for equation (1.5) was established when A is the infinitesimal generator of a strongly
continuous semigroup on X. More precisely, one has the following expression.

Theorem 3.1. [23] Assume that A satisfies the Hille-Yosida condition (H;) and D(A) = X.
Then, the solution u(., o, p, L, ) of equation (1.5) is given by the following variation of constants
formula

u (o0, L f) =V (t—0)p+ nlingo/tV(t — )" f(s)ds fort> o, (3.1)

where

1
(nf+ 1)z for ——<60<0,
(I"z)(0) = 1"
0 forf < -

Moreover, for any T > o, the limit in formula (3.1) exists uniformly for t € [o,T].

The aim of this part is to extend formula (3.1) in the case where D(A) is not necessarily dense
in X. We introduce the following sequence of linear operators O™ mapping X into B defined,
for n > w and z € X, by

. n(nf + 1)R(n, A)x for — 1 <0 <0,
(©"2)(0) = 1 "
0 for 0 < -

For z € X, the function ©"x belongs to Coyo((—00,0]; X) with the support included in [—1,0].
By Lemma 2.1, we deduce

|0"z|| < NK(1)|z| for z € X and n > w,
where N = sup{\|(A] — A)~ ! : A > w}.

Theorem 3.2. Assume that (Hy) holds. Then, for all o € By, the integral solution u(.,o, ¢, L, f)
of equation (1.5) satisfies the following variation of constants formula
t
u(,o,0, L, f) =V(t—0o)p+ lim [ V(t—s5)O"f(s)ds fort>o. (3.2)

—
n—oo o

Moreover, for any T > o, the limit in formula (3.2) exists uniformly for t € [o,T].

Proof. From the uniqueness property of the solution with respect to the initial data, we obtain
the following decomposition

ut('707(p7L7f) = ’U,t(.,O',QO,L,O)+’U¢(.,O’7O,L7f)
- V(t—O')QD—FUt(.,O',O,L,f).

t
Let n > w and t > 0. The integral term / V(t — r)©"f(r)dr is the limit of the following

Riemann sum

p—1
M(to) = =23V (= 10" )

k=0




. t—o)k
in B, where rp, = 0 + %. Moreover, one can see that

p—1
t=e u(t +0,r,, 0" f(ry), L,0)

AL (t,0)(0) = ’
k=0

is a Riemann sum of the integral

t
§"(t,0)(0) = / u(t 4 60,7,0" f(r), L,0)dr.

By the uniform continuity of the function (6,r) — u(t+6,r,0"f(r), L,0) on (—oo, 0] X [0, t], the
Riemann sum A} (¢,0)(0) converges to the above integral uniformly in € in any compact set of
(—00,0]. Moreover, £"(t,0)(0) is continuous for § < 0, with " (¢,0)(0) =0 forall 6 <o —t— 1.
By Lemma 2.1, we deduce that the function £"(¢,0) € B and

1€"(t,0) = ALt 0)|| < K(E—o+1) S 1€ (t, 0)(0) — AL (¢, o) (0)].

Therefore, AL (t,0) converges to £"(t,0) in B as p — oo. It follows that
t
/ V(t—r)O"f(r)dr=£"(t,0).

1
On the other hand, if t + 0 < o — —, then
n
£"(t,0)(0) = 0.
1
Ifo——<t+0<o0, weget

n

t

et 0)(0) = /u(t—f—H,r, 0" f(r), L,0)dr
Umin{t,t-i-e-i—%}
- / n(t+ 0 — ) + 1nR(n, A)f(r)dr.

If t+ 6 > o, we obtain

&'(t,o)0) = /u(t—|—9,r,@"f('r),L,O)dr

lea

t+60
- To(t + 0 — r)nR(n, A) f(r)dr

—I—U/UHB lim (/TH_OTo(t +0 — s)AR(N, A)L(V (s — r)@"f(r))ds) dr

A——400

min{t,t+6+1}
—|—/ [n(t+6—r)+1nR(n, A)f(r)dr.
t+6

Set

t+0

(1, 0)(0) = / Jim ( / 10— AR AVL(V (s — 10" f(r))ds) dr.

p A——400
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The limit in A exists uniformly for ¢ < r <t + 6. This implies that

tH0 pt+0
Er(t,o)(0) = )\liIJIrl / To(t +60 — $)AR(N, A)L(V (s — r)O" f(r))dsdr
0" s
= )\liril a / To(t +60 — s)AR(N, A)L(V (s — r)O" f(r))drds
Tt40” s
= )\Erfoo 0t+ To(t+60 — s)AR(N\, A)L (/U V(s — r)@”f(r)dr) ds
t+0
= ,\hrf ' To(t+60 — s)AR(N, A)L (™(s,0)) ds.

Consequently,

1
0if t+0<o— —,
n

min{t,t+9+%} 1
/ [n(t+ 0 —1r)+1nR(n, A) f(r)dr ifa—ﬁgt—l—Gga,
'to)O) =4 7

min{t,t+6+1}

t+60
/ To(t+6 —r)nR(n, A) f(r)dr + / [n(t+0—r)+1nR(n, A) f(r)dr
o 0 t+60

Hlimy o / To(t + 0 — AR, AL (€(r,0)) dr if ¢+ 0> o

Now we claim that (§"(.,0))n>. is a Cauchy sequence in C([o,T]; B) the space of continuous
functions mapping [0, T into B. Let n > m > w. Then, by Axiom (A), we obtain
)

€7 (t,0) = €™t o)l < K(T' —o+1)  sup - € (t,0)(0) =" (t,0)(0)].  (3.3)
—tt+o— <0<

For ¢ > o, we denote by f(o,t) = sup |f(s)|. If t + 6 > o, we obtain
o<s<t

€7 (t,0)(0) — €™ (¢, 0)(0)]

IN

t+6
/ Lt 40— 1) (nR(n A) — mR(m, A)) f(r)dr

min{t,t-+0+11}
+ / n(t+6 —r)+1nR(n, A)f(r)dr
t+0

min{t,t—&—@—t—%}
+ / [m(t+6—r)+1mR(m,A)f(r)dr
t+0

t+0
+ lim,\_,+oo/ To(t +60 —r)ARN, AL (" (r,0) — ™ (r,0)) dr|.

Consequently, we arrive at

§"(t,0)(0) = €™ (t,0)(0)] < sup

/ To(s — ) (nR(n, A) — mR(m, A)) f(r)dr

o<s<t
t+0+2 N 40+ ~

+/ [nR(n,A)|f(o,T)dr +/ |mR(m, A)|f (o, T)dr
t+6 . t+6

LB|L]eT / SUp| AR, A)||€" (r, @) — €™ (r, o) |dr,

o A>w
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which implies that

€ (t,0)(0) — €™ (t,0)(0)] < sup

o<s<T

/ To(s — 1) (nR(n, A) — mR(m, A)) f(r)dr

L NBILfeT / sup [[€7(s, @) — €™ (s,)|dr

+F0T) (54

1
Ifo——<t+0<o, we get
n

€7(t,0)(8) — €™(t,0)(6)| < NJ(0,T) (l " i) .

nom
1 1 .
If o——<t+4+ 60 < o——, we obtain
m n

€"(t,0)(0) — €™ (t,0)(0)| < N[ (o, T)%

Let M(T) = BNe°T|L| and

~ ~ 1 1
enm(T) = sup + Nf(o,T) (— + —) )
o<s<T n m

/ “To(s — ) (nR(n, A) — mR(m. A)) f(r)dr

S

Since the limit 111}_1 To(s + 0 —r)nR(n, A) f(r)dr exists uniformly for o < s < T, it follows
nN—-+00 o
that
enm(T) — 0 as n,m — +oo.

Consequently, from estimation (3.3), we obtain for o <t < T that
sup " (s,0) =" (s,0)|| < K(T'= 0 + 1)enm(T)

o<s<t
P t
+ K(T —o+1)M(T) | sup [[£"(s,0) = &M (s,0)]|dr.

o 0<s<r

Gronwall’s Lemma gives that

sup_[[¢"(s,0) = €"(5,0)[| < K(T = 0 + Denm(T) exp [M(T)K(T — o+ 1)T| — 0.

USSST n,m—-4o0o

We conclude that (£"(.,0))n>w is a Cauchy sequence in C([o,T]; B), for each T > o. Conse-
quently, there exists a function & € C([o, +00); B) such that

lim  sup [|£"(s,0) —&(s)|| =0 for any T > o.
n—+ <T

o<s

Let y : (—o0, +00) — X be the function defined by

A——400

0 fort+0 <o,
_ t+6
w(0) = { lim / To(t + 0 — 1)AR(, A)[L (E(r)) + f(r)]dr for t 40 > 0.

A—+400

0 for t < o,
y(t) = { lim / To(t = r)AR(, A)[L (£(r) + f(r))dr for t > o.

Then



12

We claim that
E(t) =y for t > 0.

1
Ift+6<o——, then [£"(¢,0)(0) —y(t+ 0)| = 0.
n
If0—1§t+9§a, we have
n

€ (t,0)(0) —y(t+0)| = [€"(t,0)(0)] < Nf(a,t)%-

Ift+ 60 > o, then

t+60
€ (t,0)(0) —y(t +0)] < / Ty(t + 0 — r)nR(n, A)f(r)dr

t+6 ‘

— lim To(t + 60 — r)AR(N, A) f(r)dr

A—+00

t+0
+| Jim / To(t + 0 — PIAR(A, A)LE" (1, o) — £(r)]dr

min{t,t+97%
+ / [n(t+0 —1r)+ 1nR(n, A)f(r)dr|.
t

+0

It follows that

§"(t,0)(0) —y(t+0)] < sup
o<s<t

/STO(S —r)nR(n, A)f(r)dr

— lim STo(s —r)AR(N A) f(r)dr

A—+00 J
~ ~ 1
+NB(t — 0)e*=) |L| sup [|£"(s,0) — &(s)|| + N [f(o,t)—
o<s<t n
< pall),
where
pn(t) = sup /STU(S —r)nR(n,A)f(r)dr — lim STO(s —r)AR(N A) f(r)dr

o<s<t|Jo A—+00 0'1

+NBteot |L| sup [[€%(s, ) — £(s)|| + N f(o,t)—.

o<s<t n

By Axiom (A), we deduce that

1€"(t0) =yl < K(t—o+1) sup [§"(t,0)(0) —y(t +0)
o—t—1<0<0

< K(t—o+1)pu(t) — 0.

n—-+00
We conclude, for ¢ > o, that £(t) = y;. From the definition of y, we obtain for ¢ > ¢ that
o) = tim_ [ To(t = PIAROL ALAr) + (0
Therefore, y(t) = u(t,0,0,L, f) and &(t) = u(-, 0,0, L, f). Consequently,
ug(, 0,0, L, f) =V (t—0) +7L1LII;o/tV(t —r)O"f(r)dr for t > o.
o

Moreover, for any T > o, the limit exists uniformly for ¢ € [0, T]. O



13
4. FORMULAS FOR BOUNDED SOLUTIONS ON R™, RT AND R

In the sequel, we assume that the semigroup (V' (t))¢>0 is hyperbolic.

Theorem 4.1. Assume that (Hy), (H3) hold and B is a uniform fading memory space. If f is
bounded on (—o0,0] and u is a solution of equation (1.5) on (—o0,0], then u € BC((—o0,0]; X)

if and only if
0

P up= lim V(=s)P~ (©"f(s)) ds. (4.1)

n—-+o0o — 0
Moreover, u is given by
ug = V()P ug+ (K~ f)(t) fort <0,
where K~ : BC((—00,0]; X) — BC((—00,0]; B4) is the bounded linear operator defined for each
f e BC((—00,0);X) and t <0 by
¢

(K=fH)®)= lim [ V(t—s)PT(O"f(s))ds+ nEI-sI-loo/ V(t—s)P™ (O™ f(s))ds.

n—-+0o00 0

Proof. Let u be a bounded solution of equation (1.5) on (—oc,0]. Then, for a < ¢ < 0, one has

t
up = V(t—a)ug, + lim / V(t—s)O" f(s)ds.
n—+oo [
It follows, for a <t < 0, that

t
P u=V(t—a)P u, + lim V(t—s)P™ (0" f(s))ds. (4.2)
n—-4o00 a
Since u is bounded on (—o0, 0], we deduce by Proposition 2.8 that ¢ — w; is bounded on (—o0, 0].
Letting a — —oo in (4.2), we get for t <0
t
P u; = lim V(t—s)P™ (O"f(s))ds.

n—-+00 — oo
Taking ¢ = 0, we obtain formula (4.1). On the other hand, for ¢ < 0, we have

Uy = P+ut+P*ut
t t

= V({t)Ptug+ lim [ V(t—s)PT(0"f(s))ds+ lim V(t—s)P™ (O™f(s))ds.
n—-—400 0 n—-+4o00 — oo
Conversely, assume that formula (4.1) holds and consider the Ba-valued function v defined for
t <0 by
v(t) = V()P ug + (K™ f)(1).
Then, v is a bounded function on (—oo,0]. Moreover, for a < ¢ < 0 one has

a

v(t) = V(#)Ptug+ lim V(t—s)PT(©"f(s))ds+ lim tV(t —s)PT (0" f(s))ds

- n—-4o00 0 n—-4o00 a
a t
+ lirJrrl / V(t—s)P™(O"f(s))ds + lirf / V(t—s)P~ (O"f(s))ds.

Finally, we arrive fora <t <0 at
t

v(t) = V(t—a)v(a)+ lim V(t—s)O"f(s)ds.

n—+oo [,
Moreover,
v(0) = PTuy+ (K™ f)(0)
= P+’u,o + P~ uyg
= ug.
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Which implies that u; = v(t) for ¢t <0, thus u € BC((—o0,0]; X). O

Theorem 4.2. Assume that (Hy), (Hs) hold and B is a uniform fading memory space. If f
is bounded on [0,+00) and u is a solution of equation (1.5) on [0,400), then, u is bounded on
[0, 4+00) if and only if
+o00o
PTug = — lim V(—s)PT (0" f(s))ds. (4.3)

n—-+0oo
If (4.3) holds, then u is given for t >0 by
ug = V(t)P up + (K*f)(t),

where Kt : BC([0,400); X) — BC([0,+00); Ba) is the bounded linear operator defined for
f € BC(]0,+00); X) and t > 0 by
t

wnw= i | V(= )P (©4(3) s

— lim V(t—s)Pt (©"f(s))ds.

n—-—+o0o t

Proof. Assume that u is a bounded integral solution of equation (1.5) on [0,+00). Then, for
t>a>0,

¢
Ptuy = V(t—a)PTu, + 11141_1 / V(t—s)PT (O™ f(s))ds.

Since (V' (t))¢>0 becomes a group on U, we get for ¢ > a > 0 that

¢
Ptu, =V(a—t)PTu; — lim V(a— s)PT (©"f(s))ds. (4.4)
n—-+o0o a
Since u is a bounded function on R™ and thanks to Lemma 2.10, we get that ¢t — u; is bounded
on [0, +00). Letting ¢ — 400 in (4.4), one has

Ptu, = — lim +ooV(a — 5)PT(©"f(s)) ds.

n—+oo [,
Taking a = 0, we get formula (4.3). Moreover, for t > 0,

Uy = P_ut+P+ut

t —+o00
— V(P u+ lim / V(t— $)P— (0" f(s))ds — lim [  V(t—s)P+(O"f(s))ds.
n— o 0

n—-—+00 t
Finally, we arrive for ¢t > 0 at
up = V(t)P ug + (K* f)(t).
Conversely, assume that formula (4.3) is true and consider the B4-valued function v defined for
t >0 by
v(t) = V()P ug + (KT f)().
Then, v is a bounded function and for all £ > a > 0 one has

a

v(t) = V()P ug+ ngrilm ; V(t—s)P~(O"f(s))ds+ nEI}—loo/ U(t—s)P~ (0"f(s))ds
+o0 a a
“dim [ V(- )P+ (07 f(s))ds — nng/t V(i — 5)P* (07 f(s)) ds.

—
n+ooa

Consequently,
ot) = Vit—a)u+ Tim / V(t - 5)0mf(s)ds.
n—-—+0oo t
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On the other hand,
v(0) = Pup+ (K*f)(0)

= P ug+ Prug
= Up,
which implies for ¢ > 0 that
up = v(t).

Consequently, v € BC([0, +00); X). O

Theorem 4.3. Assume that (Hy), (H3) hold and B is a uniform fading memory space. If
f € BC(R; X), then equation (1.5) has a unique bounded solution w on R which is given for
teR, by

t

wy = lim V(t—s)P™(O"f(s))ds — nETm/t+mV(t —5)PT (0" f(s)) ds. (4.5)

—
n—-+00 — 0

Proof. Let w be given by formula (4.5). Then, for ¢ € R,

t

~ v_ +oo
el < IP‘5K(1)N|f|m/ 6_“(t_$)ds+|P+|6K(1)N|f|oo/ h(t=5) g
t

SKN|flae
< BN leo 1p-y 1 pr,
which implies that w is bounded on R. Moreover, for all £ > a in R, we have
a t
wy = lir_~1_1 V(t—s)P™(O"f(s))ds + / V(t—s)P™(©"f(s))ds
_Ooa e “+o0
- liIJIrl V(t—s)PT(O"f(s))ds — V(t —s)PT(©"f(s))ds
n—-+oo t a

t
= V(t—a)w, + / V(t—s)O"f(s)ds.
a
This implies that w is a solution of equation (1.5) on R. For the uniqueness, we suppose that
there is another bounded solution v of equation (1.5). Then v — w is a bounded solution of the
homogeneous equation

d

S (t) = Au(t) + L(u) for t € R.

It follows for ¢ > a that
v —wy = V(t—a)(vey — wy),

and
Pt (vy —wy) = V(t —a)PT(vy —w,) for t, a € R,
P~ (v —wy) =V (t —a)P™ (vg —w,) for t > a.
Then,
| PF(v; — wy)| < 0e*=9 | P |sup |jvs — ws| for t < a, (4.6)
seR
and
1P~ (v — wy)|| < Se M= P~ | sup ||vs — ws]| for ¢ > a. (4.7)
seR

Letting a go to +oo in (4.6), we get that P (v; — wy) = 0. Consequently, (v; — wy) € S.
That is vy — wy = P~ (v — wy). Passing to the limit as a goes to —oo in (4.7), we obtain that
vy = wy for ¢ € R. This implies that formula (4.5) determines a unique bounded solution on R.

O
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5. STABLE AND UNSTABLE MANIFOLDS

In this section, we study the existence of stable and unstable manifolds near an hyperbolic
stationary solution for the following nonlinear partial functional differential equation

d
{ Ju(t) = Au(t) + L(ug) + g(u) for ¢ >0, (5.1)
Uy = p € Bv

where L is a bounded linear operator from B to X and ¢ : B — X is a continuous function.
Without loss of generality, we assume that zero is a stationary solution of equation (5.1). That
is equivalent to say that g(0) = 0. We suppose that

(Hy) g : B — X is a Lipschitz continuous function and g is differentiable at 0 with ¢’(0) = 0.

Then the linearized equation of (5.1) at 0 is given by

dt" (5.2)

{ d (t) = Au(t) + L(ug) for t > 0,
ug = p € B.

The Lipschitz constant Lip(g) of g is defined by

. glp1) — g 2
Lintg) = sup ) =0(0)
P1FP2 H@l = 902”

The stationary solution 0 of equation (5.1) is said to be hyperbolic if the solution semigroup of
the linear equation (5.2) is hyperbolic.

The stable manifold S(g) and unstable manifold U(g) associated to the stationary solution 0 of
equation (5.1) are defined respectively by

8(9>:{@€BA3Ut('780’9) — 0},

t—-+4o00

Ulg) = {s@ €Ba:u(,9) — 0},

——00

where u(., p, g) denotes the solution of (5.1) in (—o0, 0] or [0, +00) with ug(.,p,g) = ¢.

Theorem 5.1. Assume that (Hy), (Hg), (Hy) hold and B is a uniform fading memory space.
Then, there ezists € > 0 such that, for Lip(g) < €,

5(9) = { o € B suplltprg)l < oo

() = { & B suplint.o.9)] < o0}

and
lue(., 0, 9)|| < 20| P~ plle™ 5" for t >0 and » € S(g),

lue (-0, 9)| < 28| PFplle for t <0 and ¢ € U(g),

where § and p are the positive constants defined previously in (2.1). Moreover, S(g) and U(g)
are respectively positively and negatively invariant.
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Proof. Let ¢ € S(g) and u = wu(.,¢,g) be the solution of equation (5.1) on [0,00) with

uo(., ¢, 9) = ¢. Then u is bounded on [0, 00) and sup|g(u;)| < co. By Theorem 4.2, we deduce
t>0

that u is given for ¢ > 0 by

u= V()P o+ hrf V(t—s)P™ (0" (g(us))) ds
o0 (5.3)
— lim V(t—s)PT (0" (g(us))) ds.

n—-+0o00 t

This implies that
_ t
lwll < de=H | Pl +5|P_|K(1)NLip(9)/ e HE=) |lu | ds
0

+ 8|PT|K(1)N Lip(g)/ eH(t=9)| |y, ||ds.
t

To complete the proof, we need the following fundamental lemma.

Lemma 5.2. [12, p.110] Let o/, v/, K',I' and N’ be positive constants and v be a nonnegative
bounded continuous solution of either the inequality

t +00
Do) < K'e= 't + l’/ e =)y (s)ds + N'/ e Su(t + s)ds for t >0,
0 0

or the inequality

0 0
i) v(t) < K'e®t 4 1 / ¢ (=) (5)ds + N / e/ su(t + s)ds for t <0,

t —00

, U N L
If ' = ] + " < 1, then, in either case,

o(t) < (1 - ) 1K e (e ==811,
Let € > 0 be chosen such that
4eNOK(1) | (APHL 1P < 1.
Then, for Lip(g) < €, we obtain for ¢t > 0 that
ol <GP el + 1P N [ e s

+ (5|P+|K(1)]\~75/ e“(t_s)||us||ds.
¢

Using Lemma 5.2, we get that
lug]l < 26[|P~ e~ 2" for ¢ > 0. (5.5)

Conversely, let u be a bounded solution of equation (5.1) on [0,00). Then, by Theorem 4.2, we
get that wu is given for ¢ > 0 by formula (5.3) and using Lemma 5.2 we get the estimation (5.5).

We use the same approach in the case of the unstable manifold. In fact, let ¢ € U(g) and
u = u(.,p,g) be the solution of equation (5.1) in (—o0,0] with ug(.,¢,9) = ¢. Then w is
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bounded on (—o0, 0] and sup |g(u¢)| < co. By Theorem 4.1, we deduce that u is given for ¢t < 0
t<0
by
t
uw= VOPTp+ lim [ V(t—s)PT (0" (g(us)))ds
0

n—-+o0o

t (5.6)
+ lim V(t—s)P~ (0™ (g(us))) ds.

n——+00 — 0
It follows that
" 0
Jugl] < der*||PHol| +5|P+IK(1)NLip(g)/ M=) |lug]|ds
N , Ut (5.7)
+4|PT|K(1)N Lip(g)/ e’“(t_s)Husts.

Let € > 0 be chosen such that
4eNGSK (1
AeNOKQ) oI, [P]) < 1.
Then, for Lip(g) < e, we obtain for ¢ < 0 that

" 0
Juall < SUP* e + 81P K (1) e [ e, s
t
. t
+ 6|P|K(1)N5/ €= |y | ds.
Using Lemma 5.2, we get that
[ we|| < 26]|PF pllez? for t < 0. (5.8)

Conversely, let u be a bounded solution of equation on (—oo,0]. Then, by Theorem 4.1, we get
that u is given for ¢ < 0 by formula (5.6) and using Lemma 5.2 we get the estimation (5.8).
About the invariance principle, let us(., ¢, g) be a bounded solution of equation (5.1) on Rt such
that

sup|[ut (., ¢, g)|| < oo.
>0
Since, equation (5.1) is autonomous, it follows that

ut(vus(w(pvg)vg) = ut-i-s('?@vg)? for t,S Z 0.

Which implies that
us(., ¢, 9) € S(g) for s > 0.

The same argument can be used to show that the unstable manifold is negatively invariant. [J

6. LOCAL STABLE AND UNSTABLE MANIFOLDS

In section 5, the stable and unstable manifolds have been obtained when the function g is
Lipschitz continuous and Lip(g) is small enough. In this section, we establish the existence of
the local stable and unstable manifolds where g is not globally Lipschitz. More precisely, instead
of assumption (Hy4), we make the following assumption

(Hs) g is continuously differentiable in B(0, pg), for some py > 0 with g(0) = 0 and ¢'(0) = 0.
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For p < pg, we define respectively the local stable and unstable manifolds associated to the zero
stationary solution of (5.1) by
Sioc(9) = {w € B(0,p) : |lue(., 0, 9)|| < p for ¢ = 0},
Uioe(g) = {p € B(0,p) : lue(-, ¢, 9)|| < p for t < 0}.

Theorem 6.1. Assume that (Hy), (Hg), (Hs) hold and B is a uniform fading memory space.
Then, there exists p < pg such that

23

ue (-0, 9)|| < 26||P~plle2" fort >0 and ¢ € Sjoe(yg),

lus( 0, 9)|| < 28] PTplle" for t <0 and ¢ € Uige(g)-
Moreover, any bounded solution by p on RT of equation (5.1) lies in Sie(g) and any bounded
solution by p on R™ of equation (5.1) lies in Uppe(g).

Proof. Without loss of generality, one can choose py such that sup |¢'(¢)| < co. For 0 < p <
llell<po
po, we introduce the function g, defined on B by

[ aly) forflofl < p,
PO\ g (o) for il > .

Then, we have the following Lipschitz property of the function g,.
Lemma 6.2. [26] For all p < po, the function g, is Lipschitz continuous and

Lip(g,) <2 sup |¢'(¢)]-
lell<p

We consider the following partial functional differential equation

d
{ pr (t) = Au(t) + L(us) + gp(uy) for t >0, (6.1)
Uy = P.
Let € be given in Theorem 5.1. Since sup |¢'(¢)| — 0 as p — 0, then there exists p < py such
lell<p
that
Lip(gp) <e.

Applying Theorem 5.1 to equation (6.1), we obtain the following estimations
e 05 9p) || < 28] P~ plle " for t > 0 and ¢ € S(gp),

e 0 90| < 201 Pl for ¢ < 0 and o € Ulg,).
Since g = g, in B(0, p), then
u(., ¢, 9) = ul., ¢, gp) for ¢ € Soc(g),

u(., 0, 9) = ul.,@,g,) for ¢ € Upoe(9g)-

Consequently, we get the asymptotic behavior of solutions

lue (s 0, 9)]| < 25|]P’ane_%t for t > 0 and ¢ € Sjoe(9),

lue(-, 0, 9)| < 26]|PTplle" for ¢ <0 and @ € Usoe(9)-
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Let u(., ¢, g) be a solution of equation (5.1) which is bounded by p. Then u(., , g) = u(., ¢, g,)
for ¢ > 0. By Theorem 5.1 we get that ¢ € S(g,). Since S(g,) is positively invariant, then
ui(., 0, 9p) € S(gp) for t > 0, this implies that u(., ¢, g) € Sjoe(g) for t > 0. The same argument
can be used in the case of the unstable manifold.[]

Definition 6.3. Let O be a subset of 54 which contains the origin 0. We say that O is tangent
to S (respectively U) at 0 if

Rl
1P~
Theorem 6.4. Sj,.(g) (respectively Ujoc(g) ) is tangent to S (respectively to U ) at 0.

1P
[P+

— 0 (respectively —0)as ¢ — 0in O.

Proof. Let ¢ € S, _(g). Then the corresponding solution (., ¢, g) of equation (5.1) is bounded
on [0,00). From Theorem 4.2, we get that

(o.¢]

o—P o=Prp=— lim V(—s)PT (0™ (g(us))) ds. (6.3)
n— o0 0
Thus,
SNK(1)|P*
1Pl < YEOIPTL @) sup )
p lli<e £>0

By estimation (6.2), we obtain that
S2NK(1)|Pt|

[PYo| <2
H ¢ll<p

We can choose p sufficiently small such that

FNK(1)|Pt 1
PNEUNE up 1) <+
K llll<p
Then,
1,
1Pl < S1P7 ol (6.4)
Consequently,
1,
lell = 5112~ ]l

Let ¢ € Sjoc(g) such that ¢ # 0. Then, (6.3) and expression (6.4) implies that ||u(-, ¢, g)| <
26(2[l¢0|l) = 46]|o||; hence

/ 252N K (1)|Pt|

1P sup  |g' ()] 1P|
K bl <4d]lell
Then,
+ 2 +
IPrel _ 2NEMIPT
1=l z sl <aa]le]
Hence,
[P .
— — 0as [[of| = 0 in Spec(g)-
[P~ ”

That is Spe(g) is tangent to S at 0. One can use the same reasoning to show that Ue.(g) is
tangent to U at 0. O
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For p < po, we define the following sets

N - p
Splg) = 1w € B(0,p) : [|IP7oll < 55 and [Jue(., ¢, 9)l| < p for t = 0},

~ P
Uplg) = {9 € BO.p) : |P*oll < 2 and (0,9 < p, for t <0},
We suppose furthermore that
(Hg) ¢ is bounded in B(0, pg).

Theorem 6.5. Assume that (Hy), (Hs), (Hs), (Hg) hold and B is a uniform fading memory
space. Then, there exists p < po such that P~ is a diffeomorphism from S,(g) to B(0,45) NS
and P is a diffeomorphism from ij(g) to B(0,45)NU.

Proof. Let p < pg be obtained in Theorem 6.1. Set
Bpow+5)(0,p) = {y € BO(R",B) : suply(t)] < p} :
Consider the Nemitsky operator G defined, for u € Bpo g+ 5)(0,p) and t > 0 by

(Gu)(t) = g(u(t))-
Let H be the operator defined from Bpcr+ 5)(0, p) x (B(0, %) NS) to BO(R™,B), for t > 0 by

H(u, )(t) = u(t) = V(t)p = [KT(Gu)](1).
Using the same argument as in Lemma 1.1, Appendix IV in [8], one can show that G has the

same properties as g. More precisely, we have the following interesting result.

Lemma 6.6. G is continuously differentiable. Moreover, for 2 € Bgow+ 5)(0,p), b € BC(R*,B)
andt >0
(G'(2)h)(t) = g'(2(t))A(2).
Consequently H is continuously differentiable in a neighborhood of (0,0). Moreover,

H(0,0) =0 and 20,0y = 1.
ou

By the implicit functions Theorem, we deduce that there exists p < pg such that for ¢ €
B(0, 45) NS, there exists a unique u*(¢) € Bpomr+ 5)(0, p) satisfying
H(u (), ) = 0. (6.5)
Moreover, the mapping
¢ — u'(p)
is a diffeomorphism from B(0, 45) NS to B+ p)(0, p). On the other hand, u*(¢p) satisfies for
t>0

w0 = Ve + T [ V(- 9P (O (s (0)() ds
— tim_[ V(- 9P (0" (gl (0)(5))) ds.

n—-—+0o ¢

We introduce the following function
) [u* () (®))(0) for ¢ >0,
CED=Y et - ([P @ e @) ds ) ) or e <o
0

n—-4o00
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Then v*(., ) is a bounded solution of (5.1) on Rt and
P75 ( ) = .
Using Theorem 6.1, we get for t > 0,
* _K —
lvi (o)l < 20e™ 27| P )].

Since ||| < %, we deduce for ¢ > 0, that

[of (o)l < p.
Let Q(¢) = v3(., ), for ¢ € B(0,45) N'S. Then Q is a diffeomorphism from B(0, £5) NS to

’ 28
S,(g). Furthermore, for ¢ € B(0, 45) NS, we have

P7Q(p) =
This implies that
- _ Q_1
which implies that P~ is a diffeomorphism from gp(g) to B(0, 45) NS. The same reasoning can
be used in the case of the local unstable manifold. [
As an immediate consequence of Theorem 6.1, we have the following well known linearized

stability principle which was established in [2].

Corollary 6.7. Assume that B is a uniform fading memory space and (Hy), (Hg) and (Hs)
hold. If ot (A) =0, then the zero solution of equation (5.1) is locally exponentially stable, that
1s, there exist p1, u1, My > 0 such that,

lue (-, 0, 9)Il < Mae™" | gl| for t >0 and ¢ € B(0, p1). (6.6)

Proof. If ot (A) = 0, then the unstable manifold is reduced to zero and the estimation (6.6) is
obtained from theorem 6.1. [J

7. APPLICATION

Now, we propose to apply the previous stability results to the following Lotka-Voltera model
with diffusion

%v(t,ﬁ): 8521)(15, / Ki(6 t+9§d9+/ Ky(0,v(t +6,£))dd for t >0and 0<¢ <,
v(t,0) = v(t,m) =0 for t>0,
v(0,8) = v9(0,8) for —co<f<0and0<E¢ <,
(7.1)
where K : (—00,0] = R, K3 : (—00,0] x R — R and vp : (—00,0] x [0, 7] — R are continuous

functions. Let X = C([0,7];R) be the space of continuous functlons from [0, 7] into R endowed
with the uniform norm topology. We consider the operator A : D(A) C X — X defined by

{ D(A) = {y e C?(0,7[;R) nC'([0,7];R) : y(0) = y(m) = 0},
Ay = 4.

Lemma 7.1. [2] A satisfies the Hille-Yosida condition in X, namely

1
(0,400) C p(A) and |R(N\, A)| < X for A > 0.
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Moreover

D(A) ={y € X :y(0) = y(m) =0} # X.
For the phase space B, we choose the well known space C, with v > 0, defined by

Cy ={¢: (—00,0] — X continuous such that , lim €"¢(f) exists in X},
o
endowed with the following norm

18lly = supe™|¢(9)] for ¢ € C,.
6<0

Lemma 7.2. [16] C, is a normed space satisfying (A), (B) and (C). Moreover, C., is a uniform
fading memory space.

In order to rewrite equation (7.1) in an abstract form, we introduce the following notations. For
t>0,0<0,¢€l0,7]

u(t)(§) = v(t,§) and (0)(§) = vo(0, E).
For ¢ € C

0 0
L(#)(€) = / K1 (0)6(6)(€)d0 and g(¢)(€) = / K (0, 6(0)(€))do.

Then, equation (7.1) takes the following form

d
{ d—ltt = Au(t) + L(ug) + g(ue) for t >0, (7.2)
uyp = e C»y.

In order to study the existence of solutions of equation (7.2), we suppose the following

(Eq) elim e"%vy(0,€) exists uniformly for € € [0, 7] and for 6 < 0, vo(6,0) = vo(8,7) = 0.
——00

(Eg2) For all <0 and &, & € R, one has

[K2(0,61) — Ka2(0,62)]
o)y RO <),

where kg is a positive measurable function on (—oo, 0] such that

0
/ e ko(0)do < 0.
Assumption (Eq) implies that ¢ € Cy and ¢(0) € D(A). Moreover, (E2) implies that L is a
bounded linear operator on C., and g is Lipschitz continuous. In fact, for all ¢1, ¢o € C,, one
has

0
19(61) — 9(62)] = sup lg(e1)(E) — g(82)(©)] < ( / e—wkowme) 161 — el

¢€fo,x] —o0

Theorem 2.4 implies that the existence and uniqueness of solutions for equation (7.2). Now, we
propose to study the asymptotic behavior of solutions. We make the following assumptions.

(E3) For 6§ < 0, K3(0,0) = 0, the function y — K3(6,y) is continuously differentiable for

y €R, 8—K2(0, 0) = 0 and there exists a positive measurable function k; on (—oo,0] such that
Y
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0
/ e k1 (0)df < oo and

< k1(9)|y1 — y2| for 6 < 0 and Y1,Y2 € R.

oy

Assumption (Eg) implies that g is continuously differentiable in C,. Moreover, for ¢ € C,,
¢ € C, and x € [0, 7], the following formula holds

0 0
’a—sz(evyl) — —Ks(0,y2)

0
0
W) = [ SLKa(6.6(60)(@)0(6) ()b,

It follows that ¢’(0) = 0 and the linearized equation at 0 is given by

du

= >

{ o Au(t) + L(uy) for t > 0, (7.3)
uyg = pe Cry.

Proposition 7.3. Assume that the assumptions (E1), (Es), (E3) are true and

/0 |K1(0)|d6 < 1.

—0o0

Then, the solution semigroup of equation (7.3) is exponentially stable. Consequently, the zero
solution of equation (7.2) is locally exponentially stable.

Proof. To study the stability of equation (7.3), we need to compute the characteristic equation.

In fact, for A € C with Re(X) > 0, the operator A()) associated to the linear equation (7.3) is
defined, for ¢ € D(A), by

AN = X9 — AV — ( /_ OooKl (0)&%9) 0.

Let A € C be such that Re(A) > 0. Then X is a characteristic value of equation (7.3) if there
exists ¥ € D(A)\{0} such that A(A\)9¥ = 0, this is equivalent to

<)\ — / OOO K1(0)eMdg — A) 9 =0. (7.4)

Since the spectrum o(A) is reduced to the point spectrum o,(A) and o,(A) = {-n?:n € N*}.
Then A is a solution of the characteristic equation (7.4) with Re(\) > 0 if and only if \ satisfies

0
A — / K1(0)eMd9 = —n? for some n € N*. (7.5)
— 00
By Corollary 6.7, it is enough to show that all roots of the characteristic equation (7.5) have

negative real parts. We proceed by contradiction and assume that equation (7.5) has, for some
n € N*, at least one root A with Re(\) > 0. Then

0
Re(\) / K1 (0)€ReN9 cos(Tm(A)8)dd — n?
o

IN

/_ |K1(6)|d6 — n2.

0

Since / |K1(0)|d6 < 1, then a contradiction is obtained with the fact that Re(A) > 0. Conse-
—00

quently, Corollary 6.7 implies that 0 is locally exponentially stable for (7.2). O
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