LINEAR PROGRAMMING BOUNDS FOR CODES IN
GRASSMANNIAN SPACES

CHRISTINE BACHOC

ABSTRACT. We develop the linear programming method to obtain bounds for

the cardinality of Grassmannian codes endowed with the chordal distance. We
obtain a bound and its asymptotic version that generalize the well-known bound
for codes in the real projective space obtained by Kabatyanskiy and Levenshtein.

1. INTRODUCTION

Philippe Delsarte has introduced the so-calladar programming methqdn
order to find bounds for the size of codes with prescribed minimal distance, in
the classical case of codes over finite fields. This method, also da#éshrte
methodor polynomial methogdexploits a certain family of orthogonal polynomials
attached to the situation, the Krawtchouk polynomials, and their positivity prop-
erty. These polynomials and their properties are intimately related to the action of
the symmetric group on the Hamming space. Delsarte method has proved to be
very powerful, and was extended to many other situations, where the underlying
space is symmetric of rank one, and is homogeneous under the action of a certain
group of transformations. Examples of such spaces are: the Johnson space, the
Grassmannian space over a finite field, the unit sphere of the Euclidean space, the
projective spaces over the real, complex and quaternionic fields.

In recent years, codes over the real Grassmannian space have attracted attention,
motivated by their application to information theory, more precisely to the so-called
space-time codesised for multi-antenna systems of communication. The distance
usually considered is the chordal distance, introduced in [4], defined in the fol-
lowing way: The Grassmannian spacenefdimensional subspaces &f', where
m < n/2, is denoted by, ,; to a pair(p, ¢) of elements of,, ,, is associatead
principal angle®, ..., 0,, € [0, 7/2]. Lety; := cos §;. Then

de(p,q) == v/m— (y1+ - + ym)-

In [4], the authors give bounds for the size of Grassmannian codes, called the
simplex and orthoplex bounds. The main drawback of these bounds is that they are
only valid in a certain range of minimal distances. In [5], an asymptotic bound,
derived from the Hamming bound, is given. Another approach is developed in
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[3], where bounds are given for codes which principal angles are subject to cer-
tain constraints (the so-calleftcodes), which arise naturally from the notion of
Grassmannian designs introduced in [2].

In this paper, we extend Delsarte method to the Grassmannian codes, exploiting
the zonal polynomials attached @&, ,,. These are symmetric polynomials in the
m variablesy, ..., yn,; they belong to the family of orthogongkneralized Ja-
cobi polynomialsIn the second section, we recall, or settle, the properties of these
polynomials needed to perform linear programming bounds; these properties are
easy to obtain by straightforward generalization of the arguments used in the clas-
sical cases. In fact, the principles underlying the LP method would remain true for
the zonal polynomials attached to any symmetric space. The real difficulties start
when one wants to actually perform explicit bounds, because the polynomials have
(for m > 2) several variables. The low degree cases are still easy to manage; this is
done in section 3, where we recover the simplex bound as the bound arising from
the case of degree one, and give new bounds from polynomials of degues
3. In the forth section, we propose a strategy based on the eigenvalues of certain
symmetric endomorphisms, which extends the one variable method based on the
zeros of the polynomials and on Christoffel-Darboux formula, but avoids to deal
with zeros of polynomials in several variables. We obtain an upper bound for the
size of a cod&” with minimal distancé, which is expressed in terms of the largest
eigenvalue. Section 5 settles the asymptotic behavior of this largest eigenvalue, and
in section 6 we derive an asymptotic version of the bound. Our bound coincides
with the bound given by G. Kabatiansky and V. Levenshtein in [15] for the case
of the real projective space, correspondingrto= 1. But it beats the Hamming
bound of [5] only when the minimal distance is relatively big.

2. ZONAL POLYNOMIALS ASSOCIATED TOG,, , AND THE LP BOUND

2.1. The zonal polynomials. The real Grassmannian spagg , (m < n/2)is
a compact symmetric space, homogeneous for the actién(ofR); it affords
a sequence of zonal polynomials, indexed by the partitior§ length at most
m, denoted byP,, and calculated for the first time in [14]. Recall thatxif=
(K1y-- vy km) With k1 > -+ > Kk, > 0, its length/(k) is the number of its
non zero parts, and its degréeg(x) also denoted byx| equals) ", ;. These
polynomials are symmetric polynomials in thevariablesy,, ..., y,,, of degree
||, with rational coefficients once they are normalizediy1,...,1) = 1. The
set(Py)|x<k IS @ basis of the space of symmetric polynomials in the variables
y1,. .., Ym Of degree at most equal tg denoted bys;,.

EachP, is associated to th®(n, R) irreducible representatiovi?~ occurring
in L2(G,n.n) (With the notations of [12]). The natural scalar producticiiG,y, )
induces a positive measure on the space of symmetric polynomials, denoted by
[, ], for which the polynomials’, are orthogonal. More precisely, this measure,
calculated in [14], equals
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du(yr, - ym) =A [ i —wl T w20 — )2 2ay,

1<i<j<m 1<i<m

(where is chosen so theg,f[O ) du(yi,...,ym) =1). and

[f, 9] = / fW)g(y)du(y).
[0,1]m

The dimension o/ is denoted byl,.. We letll; be the subspace &f. gener-
ated by the polynomial®,, with |x| = k, so that we have the orthogonal decom-
position:

S = Sp_1 L 1.
Let the dimensions of, I1;, be denoted respectively By, 7. The numbetr; is
also equal to the number of partitior®f & in at mostm parts. These dimensions
also depend omn, although it does not reflect on the notation, for the sake of
simplicity.

In view of the explicit calculation of the polynomialB,, it is better to use
the following characterization, which involves the polynomi@ls which are the
zonal polynomials associated to the symmetric sgatém,R)/O(m,R) (these
are Jack polynomials, normalized 6%(1,...,1) = 1, see [14], [20]), and the dif-
ferential operatoA induced orC[yy, . . ., y.,]>™ by the Laplace Beltrami operator
of G, n. The condition: for alll <i < m, xk; > p;, is denoted byx > L.

(i) P, is an eigenvector for the operator

L, 02 “ ) n 0
A=yt Y v wi—y) o+ (5 mA D)) s
- 83/ T 81/1 2 : 3%
i=1 i i#£j=1 i=1
92 - L0 1& 0
_;yzay?_iglyz(yz_yj) aiyl - 2;8%

(”) Pn = 5/40/4 + ZH|"Q>M ﬁn,ucy,
(i) P.(1,...,1)=1.
Condition (ii) is needed to avoid the multiplicities of the operator
Proposition 2.1. The polynomials’,;, normalized by’ (1,...,1) = 1, satisfy to:
(i) [Ps, Pe] = d3,!
(i) (Positivity property): For all finite seC C G, »,,
> Pei(p @), ym(p,q) = 0
p,qeC
(iii) Letpy, , be defined by the property:

PHPM = ZPZ,#PV
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The numberg;; , are non-negative numbers.

Proof. These properties where already pointed out in [3][Lemma 2.2] and step on
very general arguments (see [16][Theorem 3.1]). For the sake of completeness, we
briefly recall the arguments. Let, ..., eq,, be any orthonormal basis of the sub-
spacet;,, of L*(G,n ) isomorphic toV,?*. Let< f,g >:= [;  f(p)g(p)dp be

the usual hermitian form oh?(G,,, ). Let P« (p, ¢) := Ps(y1(p, @), - - -, Ym(p, q))-

We have (this is called theddition formulg

1
Y. Pelpa) =5 D7 (D _eilpeila)
PpgeC 26 pgeC =1
1 d2.‘<,
=2 (D cilpeila)
2K i=1 p,qeC
d2.‘-c
1 2
=——> > e)| >0
dox i=1 peC ‘
More generally, for any function : C' — C, we have:
d2.~c
- 1 2
> a@al@Pulp.a) = —— > | > ale)| 0.
e 25 521 pec

Conversely, assumg < S is a polynomial with real coefficients, such that, for
any finite seC' C G,, , and any functionx : C' — C,

> a(p)a(q)F(p.q) > 0,

p,q€C

and let us prove that’ expands on thé’,; with non-negative coefficients. Taking
limits, we have

//m’n a(p)a(q)F(p, q)dpdg > 0

foranya € L?(G,,,) and hence, using the addition formula,
/ ; Pi(p; ) F(p, q)dpdq = 0.

If F = ZMSk fvP,, the left hand-side equals, /ds,., which proves that the co-
efficients f,. are non-negative numbers. Using once again the addition formula, it
is easy to show that the produl}, P, holds this general positivity property, and
therefore expands on thg, with non-negative coefficients.

O
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2.2. The principles of the LP bound. The positivity property of the polynomials
P, is the basement of the linear programming method to upper bound the cardinal-
ity of §-codes.

Definition 2.2. A Grassmannian cod€ satisfying the constraint:
Forall p # q € C*,dc(p, q) > 6.

is called ad-code.

Proposition 2.3. AssumeF, € S}, satisfy:

(i) Fp = ngk fxPq with f, > 0forall «, fo >0

(i) Fe(yr,...,ym) < O0forall (yi,...,yn)suchthaty ", y; < m — &>
Then, the following bound holds for ahycode:
Fi(1,...,1)

Jo '

Proof. This is a standard argument, that we recall here. (Ldte aj-code. As
before, we letFy(p, q) = Fx(y1(p,q), - - -, ym(p, q)). We calculate

S Fpa)= Y f( D> Pulpa)

p,qeC |k|<k p,qeC

IC| <

Assumption (ii) leads td;(p,q) < 0 whenp # ¢g. The remaining terms of the
left hand-side, corresponding o= ¢, give a contribution ofC'|Fj(1,...,1). As-
sumption (i), together with the positivity property of the polynomigls(Proposi-
tion 2.1 (ii)), show that all the terms of the right hand-side are non-negative. When
x = (0), P, = 1 and the contribution igy|C|?. We obtain
IC|FL(1,...,1) > folC|?

equivalently
Fi(1,...,1)

fo '
It is worth noticing that equality in this inequality happens if and only if, for all
1 < |k| < k such thatf, # 0, Emec P.(p,q) = 0 and, for allp # ¢q € C,
Fi(p,q) = 0. The first condition says that is a 2k-design in the sense of [2]
(when it holds for alll < |k| < k), and the second one th@tis an F;-code in the
sense of [3]. 0

IC| <

2.3. The three-term relation and the Christoffel-Darboux formula. We join
here more material on the sequence of polynonifaghat will be of later use. The
results presented here are essentially established in [9], except that we deal with
symmetric polynomials. Following [9], the (column) vector of the polynomials
with |x| = k is denoted byP;. If necessary, we order the partitions of the same
degree in increasing lexicographic order.

We also set

o=yttt Um



6 CHRISTINE BACHOC

and, when necessary, we make the involved variables explicit, by wuitipg
rather thanr. Ther;, x 7, diagonal matrix, denoted by, with entries

Dilr, k] = doy = dim(Vnz”)

is the inverse of the Gram matrix ©},.
Next result is an analogue of the so-called “three-term relation”.

Theorem 2.4. For all £ > 1, there exists matriced,, By, Cy, of size respectively
Tl X Thal, Tk X Tk, T X MTk_1, such that:

Py = AgPry1 + BplPr + CPr1.
Moreover,(DyBy)t = DBy and DCy, = (Dp_1A_1)".

Proof. The polynomialso P, with |x| = k are symmetric of total degrele +
1 so they afford a decomposition over thB, ) ,<x+1- Moreover,[o P, P,] =
[Pe,0P,] =0if |u] <k —2.

If || = || = k, we have: B[k, p][Py, P,] = [0Ps, P, = [Pe,0P,] =
By |u, k][ Px, Px], which proves that the matri®y By, is symmetric. The same
argument shows thdd,Cy, = (Dy_1 A1)

O
Notations: We want to define:(*) (respectivelyk;)) to be the partition obtained
from k by increasing (respectively decreasing) thth partx; by one. This is not
possible for all, since the result should be also a partition, i.e. the new parts should
be in decreasing order. Hence we define:

{u(n) = {1U{i € 2.m] | kiey > Ki}
dk):={i€[l.m—1]| k; > kiz1} U {m (if £, > 0)}

The setu(x) is the set of indexesfor which (Y makes sense (respectivelyx)
for k(;)). Moreover, if|x| = k, || = k + 1 and|rg;)| = k — 1.

Otherwise explicitly mentioned, in the rest of this papers’ are partitions of
degreek, while ., i/ are partitions of degrele+ 1 andv, v are partitions of degree
k—1.

Proposition 2.5. e Forall x, pandx’, Ax[k, u] > 0, and B[k, k'] > 0.
e The coefficients of the matri; are equal to zero, except the coefficients
Ag[r, k], which are positive.

Proof. The first assertions are equivalent {o:P, P,] > 0 for all x, u of any
degree. Bufo Py, P,] = [1,0P.P,) andoc = m(1 — )P + m{ Joint with
Proposition 2.1(iii), we obtaifil, o P, P,| > 0.

The coefficientsA [x, ] can be more precisely calculated, using ([22, Lemma
7.5.7]). Since we do not normalize the polynomi@lsin the same way, we intro-
duce coefficients!| such that

oCr= Y mcu.

lu|=k+1
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They differ by a positive multiplicative factor from the generalized binomial coef-
ficients (’;) defined in [22]; see also [17]. Then we have

s =[] (52)

| > 0andAy[k, k] # 0. O

(©)

P k()
K

K

Since(" ") > 0, also|

Theorem 2.6(Christoffel-Darboux Formula)Let
Qr = Z Aglk, p Py € Ty
lul=k+1
With the previous notations, we have:
(i) Forall £ >0,
. ZW:k d2n (Qn(x)Pn(y) - Pf-c(x)fo(y))
o(z) —oly)

Z doy Py (2) P (y)

lv|<k

(i) Moreover, ife := "1 a%-v

> (P)? = Y0 2 ((cQulw) Pely) — (Pula)) @ulo)).

vI<k Ir|=k

Proof. The proof of (i) is the same as [9][Theorem 3.5.3]. Note that we cannot
hope for a formula for each; like in [9], since we should stick to symmetric
polynomials. If

Y :=(AsPsy1 (x))tDs]P’s(y) - PS(x)tDsAsPs-i-l (v)
= Z dax (Qn(x)Pn(y) - PH(JT)QK(y)),

Inl=s

with the help of Theorem 2.4, we have:

Ys— X511 = (O’(%) - U(y))Ps<x)tDSPs(y>'
The formula (i) follows from summing up these identities, fox s < k.
In the equation (i), we replad@, (z) P (y) — P (x)Qx(y) by

Qn(l') (Pn(y) - PK(:E)) - Pﬁ(x) (Qn(y) - Qn($))

Then, if we specializey = yo, ..., z.,m = ym and letz; tend toy;, we obtain
2 8@5 . 8P/i
D da(Puw)* = 37 el (W) Paly) = (5" (1) Qu(v)-

lv|<k |k|=F
lul=k+1
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The same identity holds when one replageby anyy;; if we sum up all these
identities, we obtain the more symmetric formula (ii).
O

Remark 2.7. The left hand side of the Christoffel-Darboux formula

Ky(z,y) =Y do P, ()P, (y)-

is thereproducing kernebf the space of symmetric polynomials of degree at most
k. It satisfies the characteristic property: for &l € Sk, [Kx(z,.), Q] = Q(x).

2.4. An LP bound from Christoffel-Darboux formula. In the classical cases,
Christoffel-Darboux formula is involved in the setting up of bounds of the type
|C| < M(0) whereM () is an explicit function ob. Usually the running interval
of ¢ is divided into subintervals, related to the zeros of the zonal polynomials. This
is the line followed in [21], and also in [15]; see [19] for a unified presentation.
In this section, we follow this method, and analyze the difficulties arising from the
several variables situation.

The numerator, of degrge+ 1, of the right hand side of Christoffel-Darboux
formula (Theorem 2.6(i)) is denoted Wy, (z,y). We consider the polynomial
in the variablesyy, . .., y,, of degreek + 1,

F2k+1($, y) L= _Nk-‘rl(aj? y)Kk(ZE, y)
_ Niq1(z,y)?
o(y) —o(z)
Proposition 2.8. Letz satisfyo(x) > s := m — §%. Assume the following condi-
tions hold:
() Forall k, |k| <k, Pi(z) >0
(i) Forall k, |k| =k, Qx(z) <0
Then,FQkH(x,j satisfies the conditions required in Proposition 2.3.

Proof. We have: ,
Nev1(z,9)
F2k+1(xay) U( ) O'(.f)
hence condition (i) is satisfied when< o (z).

To prove condition (i), we point out that, i andG are two polynomials with
non-negative coefficients on th&,, then the produck’G holds the same property.
This is a direct consequence of Proposition 2.1(iii).

From the definition ofKy(x,y), its coefficient onP, with |v| < k equals
da, P, (z) (and for higher degree partitions it is zero). On the other hand,

—Nk+1 T y Z d2/4 /@ ) QK< ) K( ))

|r|=k

= Y ( > dowAg[r, p] P ) — > d2xQu()Puly)

ul=k+1 " |nl=k Ir|=k
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The coefficientA [k, u] is always non-negative. Clearly, under the conditions
of the proposition, the coefficients ef NV, (x,y) on the P, and P, are non-
negative.

O

Corollary 2.9. Assumer satisfies the conditions of Proposition 2.8. Then, for all
o-codeC,

(m = o(@)) (X <k dov P (x))”
- Z|N|=k dQHPK(x>QH<x)

Proof. In order to apply Proposition 2.3, we are left with the computatiofy@ind
of Fory1(z, (1,...,1)). Sincelori1(z,y) = Kip(x,y)?(o(y) — o(x)), we have

ICl <

Fopsa(z,(1,...,1)) = (Y doy ()’ (m — o(a)).

i<k

Using the orthogonality of th&,, we obtain

fo = [Farpa (@), 1] = —[Ke(, ), N (2, )]
=—[> daP(2)P,), Y donQu(x) Py
\

v|<k |k|=k

— Z dor P () Qw ().

|k|=k
|

The main problem with this approach, is that, in general, we don't even know
if the inequalities (i) and (ii) of Proposition 2.8 have a solutienIn case these
inequalities define a non empty ared®t, a second problem would be to optimize
the choice ofz in this area. In the classical case = 1, Q; = P11 (up to a
positive multiplicative factor). The interlacing property of the real zeros of the
orthogonal polynomial$’;, ensures that one can takes [z, zx.+1], Wherezy, is
the largest zero afy, so thatPy 1 (z) < 0andP;(z) > 0 for all« < k. Moreover,
one uses asymptotic estimates of these zeros to derive an asymptotic bound for the
size of codes.

In the general case > 2, we don’t have such tools to deal with the inequalities
of Proposition 2.8, which seem to be intractable in general. The firsticasd,
leading to a polynomial of degrek is however discussed in the next section. On
the other hand, one can think of the zeros of orthogonal polynomials in one variable
as being the eigenvalues of the so-called Jacobi matrices associated to the sequence
of polynomials. We study in section 4 the eigenvalues of the analogous matrices in
the general case, and derive bounds for codes, which contain as a special case the
bound obtained from a possible solution of these inequalities.
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3. LPBOUNDS OF SMALL DEGREE

We take the following notations: let := m — ¢2, the maximal value of
among pairs of points of a codg. We are looking for a function\/(s) such
that |C| < M(s). Obviously, M(s) is an increasing function. In this section,
we discuss the cases of small degkedrying to optimize the choice of}, in
Proposition 2.3

3.1. Degreel. Let F; = 1+ f1 P, with f; > 0 (condition (i)). We haveP;, =
n m2
m(n—m) (U o T)

Wheno € [0,s], 1 + f1 P, should be non-positive (condition (ii)). Therefore,
The zero ofl + f; P, should be greater than It leads to the condition:

m? m(n —m)
§——< ——Fh—~
n o nfi
Since f1 > 0, we obtain the necessary conditien< %2 The smallest value

for f1 is then

corresponding to a polynomial proportionald¢e- s. We obtain the bound

2
if s <, |C| <
n

m — S
m2 _
n

which is the so-called simplex bound proved in [4].

3.2. Degree2. We restrict ourselves to polynomials which are divisiblesby s.
Then, such polynomials are polynomialssinWe write:

Fy = (0—s)(0—b) = faPy+ fuuPi1 + f1iP1 + fo.
with the condition thab < 0. With t = s — m? /n, we find:

s :m(m—% 2)(n —m)(n —m+ 2)
2 3(n+2)(n+4)
2m(m — 1)(n —m)(n —m — 1)

fu = 3(n—2)(n— 1)
2

m m n — m2
f=m (1-7) <n+n(i(—2)?n—)}—4) _t_b>

2m?(n —m)? m?
o= mty  w Y

The conditionf, > 0, whent > 0, is equivalent to

m? 2(n —m)?
@ b>n<1_tn(n—1)(n+2)>
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(and whent <= 0 is always fulfilled), which implies
2(n —m)?

nn—1)(n+2)
The conditionf; > 0 is equivalent to

(2) t <

m? 4(n — 2m)?
< — —t.
3 = n +n(n—2)(n—|—4) t
One can check that the right hand side of (3) is positiverfior> 2, whent
satisfies (2).
The boundB = (f2 + f11 + f1 + fo)/ fo equals

(4) B—gm=t
fo
. o . —Qm(n—m) 2(n—m)2
As a function ofb, it is decreasing when € [(nfl)(n+2)’ G CES)
hence the best choice bfs b = (0. We obtain the bound:

Theorem 3.1.
(5) . )
tse fo g 2ol o s 2 ()
n —s+ =

n(n—1)(n+2) m +n(i(f%%

[, and

This bound, which is an increasing function of s, improves on the simplex bound

whens > ™ _ %ﬂ%) Their common value at = ™= — _2m(m) s

("+1). However, the orthoplex bound proved in [4, (5.6)] readsx m?/n =

IC| < ("$1), which is better than (5) in the rang&” — %, ™I we

plug in (5) the values = m?/n, we find thatC| < % <(n-1)(n+2)
(see also [4, (5.6)]), and equality is attained for a family of codes wita 27,
m = n/2, constructed in [6, Theorem 1]. These codes are also optirdakigns

(see [1]).

3.3. Degree3. We do not study general polynomials of degseaut rather apply
the approach described in subsection 2.4.

The polynomialF3 has degre8, and is again a polynomial ia. In the fol-
lowing, we calculate the best choice for(and discuss its existence). Let:=
o(x) —m?/n. We should have:

(i) u>s—m?/n
(i) w > 0 (Condition (i)

)2 m2 (n—mm)2 e
(iii) u? — n(47§—2)2(n2|—4)u - ni(njl)(njz) < 0 (Condition (ii))

The polynomial of degre occurring in (iii) has a positive discriminant, and a
unique positive root that we shall denote by, Let b andc be the coefficients of




12 CHRISTINE BACHOC

this polynomial, so that it is equal 1 — bu — ¢, and letd := % The
bound is then equal to:

(n—1)(n+2)(u+d)*(m —u—m?/n)
2u(u? — bu — ¢) ’

The calculation ofB’(u) shows that it is increasing in the ran@a, =] (the
numerator has the form: + d times a degred polynomial with a unique real root
x1). Hence, fors € [z1 + %2, x9 + %2], the best choice fou is u = s — m?/n.

We obtain:

_ 2m(n—-m) _ 4(n—2m)? _ _2m*(n—m)?
Theorem 3.2. Letd = A=D1 0 = 2= D) € = n2n=1)(nt2) "

B(u) == —

w2tV Tl

)

m2 m2 b b2
If s €

(m—s)(s = ™ 4+ d)%(n — 1)(n +2)
2(s — ™) (= (s — )2 4 b(s — ™) +¢)

4. THE ENDOMORPHISMST},

IC| <

We introduce an endomorphish, : S, — S which eigenvalues will play the
role of the zeros of the zonal polynomials in the rank one case.

Proposition 4.1. Let
Tk : Sk — Sk
P— prSk(JP)
where the orthogonal projection of}, is denoted byrg, (note that, in general,
o P does not belong t6}, but rather toSy1).

The endomorphisrl}, is a symmetric endomorphism 8§, and is an isomor-
phism.

Proof. We have, forallP, Q € S, [Tk(P),Q] = [0P,Q] = [P,oQ] = [P, Tx(Q)]-
Moreover,[o P, P] = [0, P?] > 0 unlessP = 0, because of the positivity of the
measure OR[y1, . . ., y,,]>™. ThusTy, is injective.

O

Let J;, be the matrix of this endomorphism in the ba§l3., |<| < k}. From the
three-term relation (2.4)J; is the block-tridiagonal matrix:

By Ao
Ci BT A
Cy By As
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It is worth noticing that the matri¥, itself is not symmetric, because the poly-
nomialsP, are not of nornl. We shall later introduce and calculate the symmetric
matrix J’;, obtained in the normalized basis.

In the end, we shall need some very precise information on the coefficients of
J'i.. For the moment, the only, but crucial, property that we will exploit is the fact
that it isnon-negative and irreducible

Lemma 4.2. The eigenvalues df;, are real, and belong t¢0, m[. The maximal
eigenvalue of;,, denoted by, is of multiplicity1, and possesses an eigenvector
with positive coordinates. Moreove;, 1 < Ag.

Proof. The matrix.J, is non-negative and irreducible in the sense of [11], because
of Proposition 2.5 (note that the coefficients |x, Ii(i)] are positive). Moreover,

it is the matrix of a symmetric endomorphism, so its eigenvalues are real. From
[11, Perron-Frobenius Theorem], it follows that the maximal eigenvalue has mul-
tiplicity equal to 1, and that, ifv is an eigenvector, eithar or —v has positive
coordinates. Let us now prove that all its eigenvalues belofi@ to|.

For anyv € Sk, v # 0, we havelov,v] = [ ov?du(y), wheredp is a positive
measure. We integrate on the domdinl]™, on which0 < ¢ < m, henced <
[ov,v] < mv,v]. If vis an eigenvector df}, associated with an eigenvalewe
have[ov, v] = [Av,v] = A[v, v], SO we can conclude that< A < m.

Now letv be an eigenvector d¢f;,_; for A\;_1, assumed to be of norm We
have

ov = )\kfl'l) +u
with u € II;. Obviously, sinceleg(ov) = 1+ deg(v), v must be of degree exactly
k —1 (andu # 0).
Since

>\k — max [Tk(w)7 l’]
zeSp\{0} [z, 7]
we have[Ti(v),v] < A\g. But[Ti(v),v] = [ov,v] = Ap_1. The equalityd,_; =
A, would mean that is an eigenvector of ., which is not possible since it has
degreek — 1.

O

In the casen = 1, the eigenvalues df;, are exactly the zeros of the polynomial
Pi.1. In the general case, we prove in next lemma that common zeros of the
polynomials@ . give some of the eigenvalues. However, we do not know if such
common zeros do exist, neither if all of the eigenvalues are obtained that way (and
may be it is not so important):

Lemma 4.3. Leta € [0, 1]™ be a common zero of the polynomials

QN = Z Ak’[’%nu“]P,uv

lul=k+1
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for all k, |k| = k. Thenw := ZMSk’ da, P, () P, is an eigenvector df}, for the
eigenvaluer(«).

Proof. It is immediate from Christoffel-Darboux formula (Theorem 2.6(i)). If
Qr(a) = 0forall k, |k| = k, we have

(0(@) - U(y))v = - Z dQRAk[HuU/}PR(OC)Pu(y) c Hk+1
|M|\H=‘?-’T-1

and, therefrom,

o(a)v = Tg(v).
|

We now show how to obtain a bound for the sizefafodes, as a function of
Therefore, in order to cope with any possibjeve must perturb the endomorphism
T}, as explained next:

Theorem 4.4. Lete € R™, withe,, > 0. LetT}; be the endomorphism defined on
Sk by

Ti(w) = Ti(v) — € % vy,
wheree * vy, 1= Z\n\:k €xVk P,

(i) T has a unigue maximal eigenvalug, of multiplicity one, possessing
an eigenvectop© with positive coefficients. Moreovergit~ 0,

/\k—l < )\z < /\k

(i) Lete # 0. Any codeC such thats = m — §? < \{ satisfies

(3 ek v (e + )
(m = ) (X)) dy,; €,05?)

wherea,, := Q. (1,...,1) = Zw:kﬂ Aglk, p).

Proof. (i) The matrix.J; of T is equal taJ,, except the diagonal elements lying in
By,. Replacing/; by J; + M 1d for some appropriaté/, we obtain a non-negative
matrix which is irreducible so its largest eigenvalue has multiplicity one and has
an associated eigenvector with positive coordinates. It remains trug f&ince,
whene # 0, J; < Ji, we have)j, < \;. The proof of the inequalitj,_; < Aj, is

the same as the one &f _1 < Ag.

Cl <
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(i) We haveov® = A\, v° + € * v;, + u Whereu € II,;. We need to compute,
andwe seti =37, uuPy. Lety, |u[ =k + 1, we have:
uplPy, Bu] = [u, ] = o0, ] = [v°, 0 P,]
= Z vy [P, 0 P,

k<K

= Z U;[UPWPM}

|k|<k

= Z UZAk[KaM][PmPu]
|k|=k

and we obtainy, =, _; viAk[k, p]. We have found

u= Y (> vk u) Py =Y viQn,

lul=k+1  |sl=k || =k
hence thégeneralized Christoffel-Darboux formula”

(7) vt =

Now we proceed like in Proposition 2.8. Let the numerator of the right hand
side be denoted b¥1(y), and let

Ni11(y)?

= N, €.
o(y) — Ao k+1(y)v

Fopti(y) :=

We have:

fo=[Por1: 1] = [Neg1, 0] = [ D vienPa, Y vEP]
|k|=k |k|=k

_ €2 -1
= g v €y,
|r|=k

Since the coefficients of and ofv© are non-negative numbers, afid# 0 when
e # 0, it follows that ., 1 satisfies to the condition (i) of Proposition 2.3. Condi-
tion (ii) is clearly fulfilled if s < Aj,. We calculate

(g v+ 20)*

F2k+1(17'--’1):
m— Ay,

hence the announced bound.
O

Let us show that we have indeed generalized the situation described in subsec-
tion 2.4 and Proposition 2.8. Leat € R™ such thatP,;(z) > 0, Qx(x) < 0
for all |k| = k, andP;(x) > 0 for all || < k Lete € R™ be defined by:
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ex = —Qu(z)/Ps(x). We can show thakj, = o(z). Indeed, from (i) and (ii) of
the proposition,

Ue(y) N Z|n|:k 'U;Eﬁ( - (Qn(x)/Pﬁ(x))Pfi(y) + Qfe(y))
o(y) — A '

When we lety tend tox, the numerator tends t Since the coordinates of
v are positive andP,(z) > 0 for all |kx| < k, the left hand side cannot be
equal to zero wheny = x (Py = 1). So the denominator also tends to zero,
and A, = o(x). The Christoffel-Darboux formula (Theorem 2.6(i)) shows that
V€ = Z|f{\§k dQKPK/(x)PK'/-

Whenm = 1, m;, = 1 and anye > 0 is of this form. Whenm > 2, it is not
clear.. It is not even clear that at least angatisfying these inequalities exists.

Another natural question concerns the values Mabakes. It is hoped of course
that all values in the intervah,_;, \;] are attained. We have defined a mapping
from [0, +-o00[™ to |A\k—1, Ax], Sendinge to \{, which is continuous, hence the
image in an interval, containing, since clearly it is the image ef= 0. Let us
prove that\;, tends to)\;_; whene tends to+-co. To that end, we use the following
inequality, valid for any non-negative matrix J with maximal eigenval g 1]):

Forallx,z; > 0, A < sup

i Zg

This inequality remains true for the matrik, although it is not non-negative,
because we can apply it to sordg + M Id, an argument that was used before.
We choose for: € R** a vector, which firsk,_; coefficients constitute a positive
eigenvector of/;,_, for the eigenvalue;_. Its lastr;, coordinates are denoted by
u = (U )|k We have:

If o] < b —2, i =,
If ) =k —1, 50 — 5+ =
If ’Ii’ = ]{‘7 (Jii -+ (Bk.[lﬂ), /i] — 6,@)-

Ve Ciuik_1 Crlvsla,
Uk
The last equality relies on a result that is only proved in Section 5, Proposition
5.1(i), namely thaBy [, '] = 0 whenk # &'
Let us now choose an arbitrary small> 0; We can choose the coefficients

)=k Ak—1[VsK]ux
€T

Zm:k Ag—1[vklus

u,, > 0 such that < a for all v with |v| = k — 1. Then we can

v

choose,, > 0 such that ‘”':’C‘;S’“[V’K}x" + (B[, k] — €x) = 0. We are left with:

If o] < k-2, 02 — ),

Ty

Iy =k—1,%2 <5 4o

v

If || = k, L= — g,

Hence\;, < A\,_; + o for that chorice ot.
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Let us go back to the bound proved in previous theorem. We can simplify further
this bound, getting rid of the eigenvector. We obtain the following nicer, but weaker
version:

Corollary 4.5. LetC be a code such that — 6% < \;_;. Then,

4
(8) Ol <

Proof. If C satisfies)? > m — \x_1, Sincel,_; < Ay, for all non-negative (from
(1)), the bound in (iv) applies t6¢'. We get, using Cauchy-Schwartz inequality, and
A < Ag:

. 2
1 (Z|/{|:k vy (€x +an)) < 1
M=o Yjei=k o exvg? T m= Mg

2
Z d2n (6H + an) .
€

|k|=k r

ICl <

The functionz — @ is minimized over0, +oco[ whenz = a. We obtain,

with ¢, = a,, the announced bound.
O

5. ASYMPTOTIC BEHAVIOR OF THE LARGEST EIGENVALUE);, OF T},

In this section, we compute the limit taken by when the quotient/k tends
to some fixed value (Theorem 5.3). This result is needed to pass to the asymptotic
in the inequality (8) for the size of a Grassmannian code.

We first need some very explicit formulas for the coefficients of the symmetric
matrix J’;, associated to the endomorphigfy in the orthonormal basis
{Vd2 Py, |x| < k}. From now on we change our usual convention: if not speci-
fied,  is a partition of degree. The diagonal coefficients aof';, are the same as
the ones ofJ;, while the other coefficients, denoted Hy [«, 1], satisfy

| dax
Als[ﬁv M] =4 ['k';a M] di
2p

To start with, we gather some known results on the polynondigls

5.1. Review of some properties of the polynomial€’,,. The coefficientg ] and
(%) are defined respectively by the following properties:

9) oCr= Y m Cu

|ul=k+1

(10) =T (e
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and have the following explicit expressions:

(@) Ok — 2+ —i+ 1

K Ki Kj+73—1+
11 =
(11) [ } ]l;I 26 — 2K+ J — 1

J#

P m — i Kq ki+J—1+
12 = (k; +1
(12) (m) (rit+ 1+ 2 )j1:112m—2/<;j+j—i+2

J#i

(see [22, Lemma 7.5.7], [22], [14, Th 14.1], [17]). The polynomi@lsare inti-
mately related to the decomposition@f.(m, R)-modules ([12, Theorem 5.2.9]):

R(GL(m,R)/O(m,R)) = @ F2".
For later use, we settle the notatiof); := dim(F)) and we recall the formula

([10]):
(13) 0 :=dim(Fp) =[]

1<i<j<m

Ki — Kj + Jj—1
j—i
5.2. Formulas for the coefficients of the matrix.J’;..

Proposition 5.1. The matrixB;, has the following properties:
(i) Bs[k,k'] =0forall k # K.
(i) 1fm <n/2,

ON [5O7 % 4+ 1 — i
K K Ki +m 1
QBS[H,H]—EE(:)<m)[n]?m—i—n/Q—i—l—i
B Z <KZ>|:/€:| 26, +m—1—1
iedn) K@)/ LE@) 2k +n/2—1—1i

(iii) If m =n/2, Bslk, k| = m/2.

Proof. We recall that the coefficients,, , are defined by:

P, = ﬂﬁcﬁ + Z ﬁl{,llcll'

v|k>v

Inverting these relations, we obtain coefficienfs, such that

Cy = acP. + Z Py

v|k>v

Taking into account the formula (9), we obtain:

/
7] K
B =6 3 M PR Sl u o
lul=s+1 lv|=s—1
We use the following obvious relations;. 3, = 1 anda,. 3 . + B Qe ey = 0
to rewrite
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a0 w5 2 [0 2 L)

lv|=s—1

)

Let us assume first that £ «'. Since["] is non zero only ifu = () for some

indexs, and alsa3, ,» is non zero only ify = x'9) for some indexj, at most one

term in the first summation may be non zero, and the same argument holds for the
second summation. We only have to consider the case whesttisfies: for some
indexesi # j, k; = ki + 1 andx; = r; — 1. The remaining terms in the expression

of Bk, #'] correspond tg = £ = #'Y) andv = k) = ¥ ;).
Moreover, the coefficients, ,, are calculated in [14], and in particular we have:

Brers) 1</<;>2/<;j+m—1—j

15 —_— = = .
(19) B 2\k(jy/) 265 +n/2-1~j

Replacing in (14) we have

n Be 26j+m—1—j ([c®] (kO N
Bilk, k'] = By 2(2,<;j+n/2_ 1—3) ([ K } < m) - (%‘)) L(j)]).

Combining (9) and (10) in the obvious relation:

(€0 —oe)Cx = mCy,
leads to:
K\ [+ 0if ;é K
(16) m<u,)_ ()[ }:{ _ |
|u|=zs+1 FIAR |V:ZSl v) v m if K=k

From (16) we can conclude th&;[x, x| = 0 whenk # &'
Whenx = &/, replacing (15) in (14) leads to the formula (ii). If moreover
n = m/2, taking account of (16) we obtaifi;[x, k] = m/2.
O

We now give explicit formulas for the coefficients &fj.:
Proposition 5.2. With the following notations:

g ==2k; —1+m

N :=n—-2m
2P (z+1)(x+ N) 1
D(x) = and  C(z) = 2z + N)2z + N +2)’ (0)_N7+2'
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we have the expressions:

m N - g +2
Bilonl =5 =7 2 (I P—a+ D)5 7y
icu(k) J=1 !
J#i
N " q
i€d(r) J;l ’
JF

) 1/2
Ak, 0] = (( HD(Qi —qj+1)D(¢i + ¢ + N + 1)) C(@:)Clai + 1))
J#i
Proof. For the calculation ofB,, we replace in Proposition 5.1 (ii) the formulas
(11) and (12), and take account of Proposition 5.1 (jii).
In order to calculated’ [, x(V)], we have already seen that:

i —1
i< ] ()

o\ —1
We need a formula fo Bg:‘) . Expressions for the leading coefficients of

the polynomialg’; and P,; can be found in [20] and [23]. Putting them together
we find:

m@_fi(%+%+N')@%+M@%+N+m
g NG+ N+ (g + N)(gi + N +1)
J#i
where the last fraction must be understood &s+ 2)/(N + 1) wheng; = 0.
Joined with (9), we obtain

e K(i)]_ﬁ<Qi_Qj+1> <Qi+Qj+N+1> (¢ + N)(gi + N +1)
o S\ @ i +q;+N ) (2¢;+N)(2q; + N +2)°
J#

Next we use ([10]):

i) _ ﬁ <Qi —qj +2> <qz'+qg' +N+2> (2¢; + N+4)(¢; + N)(¢i + N +1)
N A ¢ +q+N (2¢; + N)(ai + 1)(a: +2)

J#i
where the last fraction must be understoodZsist 4)(N +2)/2 wheng; = 0, and
we obtain the announced formula faf[x, £(].

O
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5.3. The limit of ;. Now n varies withk so we rather denote by,i”) the endo-
morphism defined previously ar)@”) its largest eigenvalue.

Theorem 5.3.1f n/2k — ¢, whilen — +o00 andk — o0,

l+1/m
@+ 2/mpe

Proof. We give careful proofs in the cases = 1 andm = 2, and will be more
sketchy in the general case. As it was noticed previously, whea 1 the eigen-
values are the zeros of the Jacobi polynomials; their asymptotic is calculated in
[15], exploiting the differential equation for the Jacobi polynomials and Sturm’s
method. Another approach, using chain sequences, is used in [13]. However, none
of these methods seem to generalize easily to the several variable case. Our argu-

ment will only use the fact that the matrjf(,(cn) iS non-negative. More precisely,
we use the following:

lim A" = 4

Lemma 5.4. [11] LetJ be a non-negative symmetric matrix of sizevith largest
eigenvalue\.

() Forall z € R®withz; > 0, A < max;
(i) Forallz e R™ x # 0, \ > %

The casem = 1. We recover from Proposition 5.2 the formulas:

(n—2)(n—4)
(4s+n)(4s+n—4)
o (@sTDEs+ s +n Qs +n—1) 1/2
o (4s+n—2)(4s+n)?(4s +n + 2)
From these expressions we see that both sequences are increasingvatie-

over, we see easily thatif~ k, by ~ 2(;:*—21)2, anda’, ~ (ﬁ—;)g Applying Lemma

5.4 (i) withz; = 1 for all s leads to:

2bs =1—

>‘1(<;n) < a1+ b+ d
and the right hand side tends4¢/ + 1)/(¢ + 2)? whenn/2k tends to/.
We lower bound\,(f) using the method proposed in [13]: we take= 0 except

the | k] last coordinates which equal Lett := k — |vk| + 1. Then, taking
account of the fact that the first and last terms are truncated,

IWa-w | Y (@ b+ )
. - kE—t+1

k—t—1
> (kz—t—i—l) (@'t 4+ bri1 + d'e41)

Again, the right hand side tends4¢¢ + 1) /(¢ + 2)2, hence the result.
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The casem = 2. From Proposition 5.2, we have, setting:= x; + 2 and
V= K| — K2.

Bs[k, k] =1+

(n—6)(n—4) (45 4+ 2n — 4)2 B (45 4+ 2n — 8)?
8(4s+2n —6) \ (4k1 + n)(dk2 +n —2) (4k1 +n —4)(4k2 + n — 6)

A ] = (20 + 2)? (25 +n — 2)? ((2,-@1 1 2)(2m1 +3)(2k1 + 71— 3)(2R1 + 10— 2)) 1/2
s o (2v+2)2 -1 (2s+n—2)2 -1 (4k1 +n — 2)(4k1 + n)2(4r1 +n + 2)

A k] = (20)? (25 +n — 2)2 ((2N2 1 1)(2m2 + 2)(2k2 + 1 — 4)(2r2 +n—3)> 1z
s o (2v)2 — 1 (2s+n—2)2 -1 (4ko +n — 4)(4ka +n — 2)2(4ka + n)

One can verify that these coefficients are increasing witthenv stays con-
stant. This is easy to see fdt;, not so obvious for the two others because the
second term is decreasing while the last big quotient is increasing.

In order to obtain a lower bound fdlé”) from Lemma 5.4 (ii), we choose =
(z,) with: z,, = 0, 1. We fix a numbel < k — Vk. Let Ky, be the set of thé
partitions of degree with smallesty = k1 — k2. HencelCy s = {k | |k| = s, k2 >
|5] =V +1}. We setr,, = 1iff deg(k) >t := k— [Vk] +1, andk € Ky, We
need to avoid inCy s some partitions, namely the ones with= 0 and the ones
with v maximal (for those partitions, some terms are either missing or are equal to
Zero in(J’,i")x)N). Let this new set be denoted /v, ,. We have, when,, = 1,
k€ K'vs, |k #t,k,

2 2
(J’,(Cn)x),f = Bk, k] + Z Ak, k9] + ZA’S,l[/i(i), K]
=1 =1

In the expressions oft’,[, x(?)] we can minor the first term by (v # 0),
then minor each term by its minimal value in the sequemce cte to which it
belongs. As was mentioned before, this minimal value is obtained when the degree
is minimal, i.e. whers = ¢ or s = ¢ 4-1. We do the same fad’;_;[r(;), x] and for
Bslk, k]. Then we must consider the behavior wheis constant o3[, ], of:

AL = e B (OOl + 1) 4 (Cla Ol + 1))

and of the analogous expressidA, 1 [x] corresponding to the last term. These
expressions are increasing with. Let B, ™", A%, """ be their minimal values
in X'y . For simplicity, we assume thatin(B; ™", Byy1v™") = Byy™™",
and the same fod!, A2

We obtain:

T _ (k—t=1)(V -2)
z-x —  (k—t+1)V

Now we letn/2k tend to¢. SinceB; ™" is obtained at a partition essentially
equal to[t/2 — V/2,¢/2 + V/2, and sincet ~ k, we see that3; ™" tends

min

(Bt,vmm + Alty + AQt,V
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to 2(£ + 1/2)/(£ + 1) For the same reasom!, ;""" and A%, ;™" tend to
(€ +1/2)/(¢+ 1)? (the parameteV is still fixed at this stage). So we obtain

i s 2y 2
liminf A\, > (1 V)4(€+1)
Now we letV tend to+oo to obtain the appropriate lower bound.
The second and last step obtains an upper bound,(férfrom Lemma 5.4 (i)
with an appropriate choice af. The choicer,, = 1 for all s is not good enough

here becausB (2v+2)'/2+D(2v)'/2 # 2. We need some,, that modify properly
these factors. We choosg := (2v + 1)'/2 wherev = k1 — k2. We have

(J/(n) )

I-il{ _|_ZA/ R(z)+ZAS 1/{(), ]xm(D

(2s +n —2)?
2s+n—2)2 -1

(2k1 + 2) (261 + 3)(2k1 + 71 — 3) (261 + 10 — 2)) 2
(4k1 +n —2)(4k1 + n)2(4Kk1 + n + 2)

(2s +n —2)? (2k2 4+ 1)(2k2 + 2)(262 + 1 — 4)(2k2 + 1 — 3

G )(

A = (5757) ((zsmfz)?fl)( (rz + 7 — )(drz + 11— 2)2(drz + 1) )>>1/2
) (( )
G )(

(2s +n —4)?
(2s+n—4)2-1

261) (261 4+ 1)(2k1 + 1 — 5) (261 + 1 — 4)) /2
4k1 +n —6)(4k1 + n —4)2(4k1 +n — 2)

(2s +n —4)?
(2s+n—4)2-1

(
(
(2r2 — 1)(2r2)( 252+n76)(252+n75)> 1z
(4ka +n —8)(4k2 + n — 6)2(dka +n — 4)

Since Lo
D(2'U+2) (2U+1)1/2 21)4—17
and
Doy 2=V 2
(2u4+1)1/2 2041’
we have:
Jl(n)
7( £ o) BF&K—FZAﬁﬁli -l—z:Ab
Tk

=1
This expression is increasing withwhenv is flxed. Whens is fixed, Bs[k, ],
S Afk, k@] and Yo7 | A%[k(), k] are maximal ak = [s/2, s/2] (we extend
the functions to partitions with real parts here). We obtain, wijth= [k/2, k/2],

max ~———" < By[py, px] +ZA ok, P +ZA [Pk

K Xz
k =1

The computation of these values shows that the rlght hand side tedd&-to
1/2)/(€ +1)? whenn/2k — /.
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The general casem > 2 works the same. For the lower bound, we k&g, :=

{k | |6| = s,km > =] =V + 1}. The cardinality ofiCy,; only depends on
mod m. We should avoid some partitionsity, s, namely the ones with some parts
equal and the ones withy,, = | > | — V' + 1. Their number is negligible compared
to the cardinality ofCy. ;. Then, we proceed in the same way asifor= 2.

The upper bound is obtained with = (J2,)'/2. We have

. Sosr \'? @i —qj+1
[T D - -+11/2<2“> =1~
a (gi—q;+1) 5o

_ =1 BT
J#i J#i
hence
(), b ()] L N g
S = Bl + ) A O]+ D Al ),
" i=1 i=1
where
i () TG4+ 1T 1/2
Ak, 5] = ﬁ((HD(Qi+Qj+N+1))C(Qi)0(%+1)>
=1 =1
i i
and similarly

Ao = [T 4 (T Plai+a5-+8 - D)las -2t -1)
=1 Y

J#i ;
We have the nice identity:

iﬁQi—QjJrl:m

i1 =1 qi — 4qj
J#i
We do not have a reference for this last identity, so we give an argument here: from
(13),

.
S

<

m

dimFg“>_Hni—;<j+j—¢+1
dim F* _jfl Ki—hkj+j—i
i

We obtain the demanded identity as the equality of the dimensions in the following
decomposition ofzL(m, R)-modules (Pieri’s rule, [12]):

FV @ Fy = el Fr'.

It turns out that the coefficient8[x, x], A*[x, k(!)] andA’[k;), x] are increasing
whenx runs over a sequence of the type+ s[1,1,...,1])s>0 (WhenN is big
enough), and that, on the space of partitions (with real partd)fixed degreet,
the maximum of the expressioix, x], > A*[x, V] andY "7, A’[k;), k] is
attained ak = p = [k/m,k/m, ..., k/m)].

Moreover, it is easy to see that, whep2k — ¢,
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. C+1/m
lim B =2—

im (Z Aﬂ[pk,pl(?]) = lim (Z Ab[(ﬂk)(l‘)aﬁk]) = m
i=1 =1
U

Remark 5.5. One obvious consequence of Theorem 5.3 is that, for fixete

eigenvaluex,(gn) runs over the whole interval, m[. Hence the bounds proved in
section 4 for the size of grassmannian codes potentially cover all possible minimal
distance.

6. AN ASYMPTOTIC BOUND FOR THE SIZE OFGRASSMANNIAN CODES
We are now ready to take the limit whertends to+oc in the inequality (8).
Theorem 6.1. LetC be a code irG,, , with s :== m — §2 €]0, m|. Let

_m. _ Sy\-1/2
p= T4 (- D)),
Then, whem — 400,
1
(17) —log|C| < m((1 + p)log(1 + p) — plog(p)).

Proof. We are left with the estimate bg(3_ | d2xax)/n.

Lemma 6.2. Leté, := dim(F¥). If n/2k — p~! whilen andk tend to+oo,

) 1

(18)  limsup —log( Y 6x) < m((1+ p)log(L+ p) — plog(p)).

Kk|=2k

Z‘(/l)gm
Proof. In the casen = 1, dg;, = dim Soy, = ("*25 ') and it is a classical result.
The general case is probably well-known but since we lack a reference, we give
a proof here. Lek be a partition of length at most. and of degre&k, that we
extend to a partition with parts with an appropriate number of zeros. From (13),

. Ky Ki—Kj+]—1
1<i<j<n
Sincex; = 0 whenj > m, we have

L2 Jj—1 - j—i
1<i<j<m 1<i<m j>m

Rj

: i
j>m J

We upper bound:
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and
H K /ij—i-j (2k+1)m2
-4 J—1
1<i<j<m
to obtain

m2 T ndk— 1
> e Y (H( ))
|k|=2k |k|=2k \i=1

U(r)<m U(r)<m

2k _ m
< (2k+1)™ <§< +S 1))
< (2k+1)™ <n ;k%)m

and we obtain the announced limiting result using the classical

1 n + 2k
lim —log
2k

n/2k—p=1 N ) = (1+ p)log(1 + p) — plog(p).

From the three-term relation (2.4), specializind1o. .., 1) we get trivially

a. < m and henceZM:,C dokar < MY |e|=2k Ox (ODViOUSIlyds,; < oy SiNCE
L(k)<m

V.2~ is contained inf2%).

Then we only have to solve the equation, involving the limiting result of Theo-
rem 5.3,

1
s= lim )\](6”) 4M
n/2k—p=1 ( 1+ 2/m>

which leads to

p=" (141 )71,

7. LPVERSUSHAMMING

In [5], A. Barg and D. Nogin give an asymptotic bound for the size of Grass-
mannian codes, derived from the so-called Hamming bound. They prove, with the
notations of Theorem 6.1:

Theorem 7.1.[5]

1
(19) —log|C| £ —mlog 1-—
n
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LP
BN

FIGURE 1. LP and Hamming asymptotic bounds far= 2

It turns out that our bound (17) is better that (19) only wieis small. The
crossing poing for the two bounds has the approximate value:

m
S0

10

1.4528 | 1.2714 | 1.1853 | 1.1372 | 1.1067 | 1.0856 | 1.0702 | 1.0584 | 1.0492

2 | 3 | 4

Figure 1 plots the two bounds fat = 2.
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