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Introduction On the Cramer-Chernov theorem

On the Bahadur-Rao theorem

The Gaussian example

Let (X,) be a sequence of iid (0, 02) random variables. If
n
Sn - Z Xk
k=1

we clearly have S, ~ NV(0,02n). Consequently, for all ¢ > 0

o c?n
> = - :
P(Sn > nc) o exp( 202) {1 + o(1)}
Therefore,
im 1 logP(S, > ne) = — S
0 09 o = - 202

VN

Question. What about the non-Gaussian case ?
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Introduction On the Cramer-Chernov theorem

On the Bahadur-Rao theorem

Let (X,) be a sequence of iid random variables with mean m.
The Fenchel-Legendre dual of the log-Laplace L of (Xj) is

I(c) = sup{ct — L(t)}.
teR

Theorem (Cramer-Chernov)
The sequence (Sp/n) satisfies an LDP with rate function |
@ Upper bound: for any closed set F C R

lim supllogP(i” € F) <—infl,

n—oo

VN
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Let (X,) be a sequence of iid random variables with mean m.
The Fenchel-Legendre dual of the log-Laplace L of (Xj) is

I(c) = sup{ct — L(t)}.
teR

Theorem (Cramer-Chernov)
The sequence (Sp/n) satisfies an LDP with rate function |
@ Upper bound: for any closed set F C R

lim supnlogIP(S € F) —inf,

n—oo
@ Lower bound: for any open set G C R

liminf — IogP(& e G) —infl.
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Introduction On the Cramer-Chernov theorem

On the Bahadur-Rao theorem

On the Cramer-Chernov theorem

The rate function / is convex with /(m) = 0. For all ¢ > m,

1
lim —logP(Sn, > nc) = —I(c).

n—oo n
@ Gaussian: If X, ~ N(0,0?) with 02 > 0,

@ Exponential: If X, ~ £(\) with A > 0,
Ac—1—log(Ac) if ¢>0,
I(c) =

+00 otherwise. /I
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Introduction On the Cramer-Chernov theorem

On the Bahadur-Rao theorem

On the Bahadur-Rao theorem

Theorem (Bahadur-Rao)

Assume that L is finite on all R and that the law of (X,) is
absolutely continuous. Then, for all ¢ > m,

exp(—nl(c))

P(S, > nc) =
( " ) Uctc 27Tn

[1 + o(1)}

where t, is given by L'(t;) = ¢ and 02 = L"(t;).

Remark. The core of the proof is the Berry-Esséen theorem.

VN
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Introduction On the Cramer-Chernov theorem

On the Bahadur-Rao theorem

Theorem (Bahadur-Rao)

(Sn/n) satisfies an SLDP associated with L. For all ¢ > m, it
exists (d; k) such that for any p > 1 and n large enough

exp(—nl(c)) P de ( 1 )
P(Sh>nc)=————— [1+4) 22+ 0 .
(Sn ) oolor/27n = nk nP+1

Remark. The coefficients (d; x) may be explicitly calculated as
functions of the derivatives /x = L(¥)(t,). For example,

g1 N
17 52\ 802 240% 202 £) N
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Gaussian quadratic forms
Main results Large deviation principle
Sharp large deviation principle

Gaussian quadratic forms

Let (X») be a centered stationary real Gaussian process with
spectral density g € L>°(T)

E[XnXk] = 217 /Texp(i(n — Kk)x)g(x) dx.

We are interested in the behavior of
W, = 1X(")'M,,X(")
n

where (M,) is a sequence of Hermitian matrices of order n and
Xi
XM= |,
Xn N
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Gaussian quadratic forms
Main results Large deviation principle
Sharp large deviation principle

Toeplitz and Cochran

Let T,(g) be the covariance matrix of X("). Via Cochran,

1.
W, = — Anpzn
n "k; prs

@ ..., \Mare the eigenvalues of Th(g)'/2M,Ts(g)!/?

The normalized cumulant generating function of W, is given by

1 1 <
Lo(t) = - IogIE[ exp(ntWp) } =3, Z log(1 — 2tA})
k=1

/N

as soon as tbelongsto A, = {te R/ 2tA] < 1}.
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Let T,(g) be the covariance matrix of X(". Via Cochran,

1.
W, = — Anpzn
n "k; prs

@ \,..., A\ are the eigenvalues of T,(g)"/2M,Tx(g)'/2
@ Z' ..., Z" areiid with x(1) distribution

The normalized cumulant generating function of W, is given by

1 1 «
Lo(t) = - IogIE[ exp(ntWp) } =3, Z log(1 — 2tA})
k=1

/N
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Gaussian quadratic forms
Main results Large deviation principle

Sharp large deviation principle

LDP assumption. There exists ¢ € L°°(T) not identically zero
such that, if m, =essinf ¢ and M, =esssup ¢,

(H1) m, <A< M,

and, for all h € C([m,, M,]),
1 n
(Hy) Jlim > h(M) = / h(¢(x))dx.
—e M
Under (Hy), the asymptotic cumulant generating function is

L(t) = —417r/TIog(1 — 2tp(x))dx

where t belongs to A = {t € R / 2max(m,t, M t) < 1}. m
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Gaussian quadratic forms
Main results Large deviation principle

Sharp large deviation principle

Large deviation principle

The Fenchel-Legendre dual of L is given by

1
I(c) = Stle.lﬂg {ct + yym /T log(1 — 2tgo(X))dX} .

Theorem (Bercu-Gamboa-Lavielle)

If (Hy) holds, the sequence (W,) satisfies an LDP with rate
function I. In particular, for all ¢ > p

1
nll—?;oE logP(W, > ¢) = —I(c).

with (= 2l / e(x)dx.
T Jr

o\
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Gaussian quadratic forms
Main results Large deviation principle
Sharp large deviation principle

Sharp large deviation results

SLDP assumption. There exists H such that, forall t € A
1 1
H. = - _
(Hz) Lat) = L(t) + - H(t) + o[ )

where the remainder is uniform in t.

Theorem (Bercu-Gamboa-Lavielle)
Assume that (Hy) and (H») hold. Then, for all ¢ >
_ exp(—nl(c) + H(t))

P(W, > ¢) = o [1 + o(1)]

where t, is given by L'(t;) = ¢ and 02 = L"(t;).

A\
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Gaussian quadratic forms
Main results Large deviation principle
Sharp large deviation principle

Sharp large deviation results

SLDP assumption. For p > 1, there exists H € C2P*3(R) such
that, forallt € Aandforany 0 < k <2p+3

(He(p)) 190 = L9 + T HOM) + 0 1)

where the remainder is uniform in t.

Remark. Assumption (Hz(p)) is not really restrictive. It is
fulfilled in many statistical applications.

VN
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Main results Large deviation principle
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Theorem (Bercu-Gamboa-Lavielle)

Forp > 1, assume that (Hy) and (Hz(p)) hold. Then, (W,)
satisfies an SLDP of order p associated with L and H. For all
C > u, it exists (d; k) such that for n large enough

P(Wh > ©)

_ exp(—ni(c) + H(te)) [1 .\ Z o (1)] .

Uctc 2mn np+1

Remark. The coefficients (d; k) may be given as functions of
the derivatives Iy = L9(t.) and hx = H¥(t;). For example,

1( h W I hkhy 5B h k1
det=—|—r—Atostrr—mgt i —or s |
o < 2 2 802 202 240 1, 2t02 f2 A
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Autoregressive process
Ornstein-Uhlenbeck process
Statistical applications Fractional Ornstein-Uhlenbeck process

Stable autoregressive process

Consider the stable autoregressive process
Xny1 = 0Xn + eng, 6] <1

where (&) is iid V(0, 02), 02> 0. If Xy is independent of (&,)
with (0,02 /(1 — #?)) distribution, (X,) is a centered stationary
Gaussian process with spectral density given, for all x € T, by

g2

90) = 107 20008 x°

VN
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Autoregressive process
Ornstein-Uhlenbeck process

Statistical applications Fractional Ornstein-Uhlenbeck process

Let 6, be the least squares estimator of the parameter 6

~

n
Z X Xk—1
=T
> Xi
k=1
L

We have 6, — 0 a.s. and v/n(f, — 0) = N(0,1 — 62). One
can also estimate 6 by the Yule-Walker estimator

n
Z X Xk—1
én — k=1

nx2 °
kgo “ N
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Autoregressive process

Ornstein-Uhlenbeck process
Statistical applications Fractional Ornstein-Uhlenbeck process

9—+v602+8 0+v6?+8
a:f and b:T.

Theorem (Bercu-Gamboa-Rouault)

o (6,) satisfies an LDP with rate function

1 1462 —26c .
J(c) = éIog (1_02) if ¢ € [a,b],

log |0 — 2¢| otherwise.
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9—+v602+8 0+v6?+8
a:f and b:T.

Theorem (Bercu-Gamboa-Rouault)

o (6,) satisfies an LDP with rate function

1 1462 —26c .
J(c) = EIog (1_02) if ¢ € [a,b],

log |0 — 2¢| otherwise.

e (0,) satisfies an LDP with rate function

1 1462 —20c ;
Diog (LEZZ20CY  ir o - 1.1

+o00 otherwise.
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Least squares and Yule-Walker

STABLE AUTOREGRESSIVE PROCESS
2 T T T

0.6

0.4

N R N

0
-2 -15 -1 -05 0 0.5 1 15

. 2
THE RATE FUNCTIONS | AND J VA\‘
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Autoregressive process
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Yule-Walker

Theorem (Bercu-Gamboa-Lavielle)

The sequence (6,) satisfies an SLDP. For all ¢ € R with ¢ > 6
and |c| < 1, it exists a sequence (d. k) such that for any p > 1
and n large enough

P(y> o) SPERIE) + H(G)) [ +Z Aok , ( ; )]

UctcV27T np+1
t_c(1+92)—9(1—02) 2 _ 1—¢c?
c 1—¢2 ’ ©7 (1+62—-20c)2’

- (1—co)*
File) = ~5 09 <(1 —0)2(1+ 62 — 200)(1 - 02)2) |
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Yule-Walker

YULE WALKER

107 I I I I
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Autoregressive process
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Explosive autoregressive process

Consider the explosive autoregressive process
Xn+1 =0Xn + €n+1, |0| > 1

where (gp) is iid N'(0,02), 02> 0. The Yule-Walker estimator
satisfies 6, — 1/6 a.s. together with

o (i) £ e

where C stands for the Cauchy distribution.

VN
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Autoregressive process
Ornstein-Uhlenbeck process
Fractional Ornstein-Uhlenbeck process

Statistical applications

Explosive autoregressive process

Theorem (Bercu)
The sequence (6,) satisfies an LDP with rate function

1 14622
= log <M> if ce]—1,1[, c#£1/6,

2 1—-¢2
€)=9 o ifc=1/6,
400 otherwise.

\

VN
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Discontinuity

EXPLOSIVE AUTOREGRESSIVE PROCESS
2 T T T

0.8 q

0.6 q

0 L L

DISCONTINUITY ’ VA\‘
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Yule-Walker

Theorem (Bercu)

The sequence (6,,) satisfies an SLDP. For all ¢ € R with
¢ > 1/6 and |c| < 1, it exists a sequence (d. k) such that for
any p > 1 and n large enough

o exp(—nl(c) + H(c)) d, 1
Hiw> 6= octev2mn [ +Z -+ (np+1
p _ (fc=1)(0—c) 2 1-c2

1-c2 (1+ 62 —20c)2’

1 (bc —1)°
H(C) = _E IOg <(1 +62 — 200)(1 — C2)) .

)
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Yule-Walker

YULE WALKER

I I I I I I
0.82 0.84 0.86 0.88 0.9 0.92

EXPLOSIVE CASE VA\‘
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Stable Ornstein-Uhlenbeck process

Consider the stable Ornstein-Uhlenbeck process
dX; = 0 X;dt + dB;, 06<0

with initial state Xp = 0, where (B;) is a standard Brownian
motion. We are interested in SLDP for the energy

]
sT=/ X2 dt
0

and the maximum likelihood estimator of 9

5 _Jo XedXy  X2—T

T Txzdat 2 x2dt "
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Autoregressive process
Ornstein-Uhlenbeck process
Statistical applications Fractional Ornstein-Uhlenbeck process

Strong laws and Central Limit Theorems

We have the SLLN St/T — —1/20 a.s. Moreover, we have

the CLT : ™ :
7 (5m+5) £ (0-3m)-

We have the SLLN QAT — 6 a.s. Moreover, we have the CLT

VT (67— 6) £ (0, ~26).

VN
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Stable Ornstein-Uhlenbeck process

Theorem (Bryc-Dembo)
The sequence (St/T) satisfies an LDP with rate function

(20c+1)2
I(c) = 8c
+o00 otherwise.

if ¢>0,

Theorem (Florens-Pham)

The sequence (67) satisfies an LDP with rate function

2
& 09) if ¢ < 0/3,

2c—0 otherwise.
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Stable Ornstein-Uhlenbeck process

Theorem (Bercu-Rouault)

The sequence (St/T) satisfies an SLDP. For allc > —1/20, it
exists a sequence (b k) such that, foranyp > 1 and T large

enough
exp(—TI(c)+H(c)) 2 < 1 >
P(St>cT)= -
(Sr=el) = VanT 21 TPl
462c2 — 1 1 1
e = 8 H(c) = —= Iog < (1-— 200))
ag = 4c8.
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Stable Ornstein-Uhlenbeck process

Theorem (Bercu-Rouault)

The sequence (57) satisfies an SLDP. For all0 < c < 6/3, it
exists a sequence (d; k) such that, forany p > 1 and T large
enough

P(Gr> c)zexp(—TI(c) + H(c)) [Hz"’: dc,k+o < 1 )]

oclte V2T — Tk TP+1
. G = H(c)——llo (c+6)(3c—0)
°= "¢ ~ 2% 4c2

02 = —1/2c. Similar expansion holds for ¢ > 6/3 with ¢ # 0.
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Stable Ornstein-Uhlenbeck process

Theorem (Bercu-Rouault)

@ Forc =0, it exists a sequence (bi) such that, for any
p>1and T large enough

- o (k)

@ Forc=0/3, it exists a sequence (dyx) such that, for any
p>1andT large enough

2
P@,N):exp(—ﬂ«»%i % o]

P(67> 0)=

4 T1/47g = (VT)k TP/T

where tg = (—0/3)'/4 /T (1/4).

)
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Fractional Ornstein-Uhlenbeck process

Consider the fractional Ornstein-Uhlenbeck process
dX; = 0Xdt + dB}', 6<0

where (B}) is a fractional Brownian motion with Hurst
parameter 0 < H < 1, (Bl) is a Gaussian process with
continuous paths such that BY = 0, E[B}'] = 0 and

1
E[Bf'BY = 5 (" + s — |t — s/?V).

The weighting function

W(t, S) _ WI;137H+1/2(1. . S)*H+1/2

/N

plays a crucial role for stochastic calculus associated with (Bf?). 2=
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A Gaussian martingale

Forallt >0and H > 1/2, let

t
M; = / w(t,s) dBY.
0

Then, (M;) is a Gaussian martingale with quadratic variation
2—2H

<M>;i=
t A

8H(1 — H)F(1 — 2H)[(H + 1/2)
r(1/2 - H)

AH =

/N

where I stands for the classical gamma function. =
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Forall t > 0, let

t
Y, = / w(t, s) dXs
0

Q_EH(tzl-HYJF/ 2H1dy)
2 0

where {y = Ay/(2(1 — H)). The energy is given by
T
St = / Q? d<M>;
0

while the maximum likelihood estimator of 4 is

J5 Q2 d<M>,

by =

/N
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Strong laws and Central Limit Theorems

We have the SLLN St/T — —1/20 a.s. Moreover, we have

the CLT : ™ :
2 (5r+5) S (03m)

We have the SLLN QAT — 6 a.s. Moreover, we have the CLT

VT (67— 6) £ (0, ~26).

VN
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The energy

Theorem (Bercu-Coutin-Savy)
The sequence (St/T) satisfies an LDP with rate function

(20c+1)% |
=T < _
gc  10<es g
/(C): 002 2 0 . 1
27 (1 — Z(1 — >
5 (1= 08) + 51— d) if 0> 57

400 otherwise.

where 6y = (1 — sin(wH))/(1 + sin(7H)).

Remark. In the particular case H =1/2, §y = 0 and the LDP 9
for (S7/T) is exactly the one established by Bryc and Dembo. ZA\
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Theorem (Bercu-Coutin-Savy)

The sequence (St/T) satisfies an SLDP. For allc > —1/(20)
with c < —1/(200y), it exists a sequence (bgf «) such that, for
any p > 0 and T large enough,

exp(—TI(c)+J(c)+Khn(c))
ocleV2rT

P bgy 1
[1"',(2 7k tO <Tp+1 >]
=1

where 02 = 4¢3,

P(Sr>cT)=

46%¢c? — 1 1 1—20c
tc:Ta J(C):—2|Og( 2 >’
1 (14 sin(wH))(1 + 26cdy)
Kr(c) = 2 log ( 2sin(wH) '
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Theorem (Bercu-Coutin-Savy)

For allc > —1/(2606y), it exists a sequence (dgk) such that, for
any p > 0 and T large enough,

exp(—TI(c)+Pu(c)+Qn(c))

P(St>cT)=

ontuVv2n T
c,k
1+> i 1O (Tp+1>]
k=1
where o2, = —1/20353,,
02(1 — 62) 1 —(1 + 20c5y)
=—7%"  Pulo)= _2'°9< 454 sin(wH) )
2H — 1)?sin(wH)(1 + 26¢s
QH(C) _ ( ) ( )( H)'

2(1 — (sin(7H))?)
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Theorem (Bercu-Coutin-Savy)

For c = —1/(265y), it exists a sequence (d}) such that, for any
p >0 and T large enough
exp(—TI(c) + Kn)r(1/4)

2oty T1/4

P(St>cT)=

2p H 1

k=1 (\/;)k i O<Tpﬁ)

1+

where . .
Ky = > log(oy sin(mH)) + I log(—6dp).

VN
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the maximum likelihood estimator

Theorem (Bercu-Coutin-Savy)

The sequence (61) satisfies an LDP with rate function

(c—0)
c

if ¢ <6/3,

2c—0 otherwise.

Remark. One can observe that (67) shares the same LDP than
the one established by Florens-Landais and Pham for H = 1/2.
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Theorem (Bercu-Coutin-Savy)

The sequence (57) satisfies an SLDP. For all6 < ¢ < 6/3, it

exists a sequence (b’c‘f «) such that, forany p > 0 and T large
enough,

P(Br>c)= exp(— Tlc(rcl+ Jz(:).,-+ Ku(c))

P bl 1
143 oo (77
k=1

where 02 = —1/2¢, py = (1 — sin(rH))/sin(rH),

_ - 1 [((c+0)Bc—0)
=55 J(e) = —3log < 402 ) ;
)Y
Ku(c) = —% log <1 +pH(C4029) > . YN
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Theorem (Bercu-Coutin-Savy)

For all ¢ > 0/3 with ¢ # 0, it exists a sequence (dg’k) such that,
forany p > 0 and T large enough,

__exp(—TI(c)+P(c))/sin(wH)
B otev2nT

PLdy 1
[1"'; 7k 1O <Tp+1 >]
=1

P(é\TZ c)

where 5
°=2(c—0),  (°2= 2(sz
1 (c—6)(3c—10)
P(c) = ) log ( 102 > "
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Theorem (Bercu-Coutin-Savy)

@ Forc = 0, it exists a sequence (b{!) such that, for any
p>1andT large enough

P07 > 0)= eXp(f)/TLV;ﬂ(”H

P bl 1
+Z 20 (5pm

@ Forc=0/3, it exists a sequence (d{') such that, for any
p > 1 and T large enough, and 7y = (—6/3)'/*/I(1/4),

o8> o) SPETIO) Vsin(TH)

47T/ 419

1+ S+ ()

)
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