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Abstract. We investigate the sharp large deviation properties of the energy and the maximum
likelihood estimator for the Ornstein—Uhlenbeck process driven by a fractional Brownian motion with
Hurst index greater than one half.
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1. Introduction. Since the pioneering works of Kolmogorov, Hurst, and Man-
delbrot, a wide range of literature has been available on the statistical properties of
fractional Brownian motion. On the other hand, one can realize that its large devia-
tions properties were not deeply investigated. Our purpose is to establish sharp large
deviations for functionals associated with the Ornstein—Uhlenbeck process driven by
a fractional Brownian motion

(1.1) dX; = 60X, dt + dW}H,

where the initial state X is 0 and the drift parameter 6 is strictly negative. The
process (W) is a fractional Brownian motion with the Hurst parameter 0 < H <
1, which means that (W) is a Gaussian process with continuous paths such that
Wi =0, E[W}H] =0 and

1
BW/WH] = S 4+ 52—t — s1),

The weighting function w defined, for all 0 < s < ¢, by w(t,s) = wI_Jls*H*%(t -
s)~H +%, where wy is a normalizing positive constant, plays a fundamental role for
stochastic calculus associated with (W/?). In particular, for ¢ > 0, let

t
(1.2) M, :/ w(t,s)dWH.
0
It was proved in [14, p. 578] that (M) is a Gaussian martingale with quadratic
variation (M), = A;'t>~2H | where
_ 2HT(3—2H)I'(H + 3)

2
H=
I'(¢-H)

and I' stands for the classical gamma function. Moreover, it follows from Jost’s
formula [11] on the transformation of the process (W) into (W!™#) that

<F(2H)1%g - 2H)>é /Ot(t — s taw )},
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Consequently, we assume in what follows that % < H < 1, since our investigation

also holds without any problem in the case 0 < H < 5. It is also more convenient to
study the behavior of

t t
(1.3) Y = / w(t,s)dXs = 0/ w(t, $)Xs ds + M.
0 0

It was shown in [12] that relation (1.3) can be rewritten as

(1.4) Yt—e/ Q. d(M), + M,

where the process (Q);) satisfies for all ¢ > 0

t
Q) = l;{ (tQH 1Y+/ 82H—1dYS)
0

with g =Ag/(2(1 — H)). Tt follows from (1.4) that the score function, which is the
derivative of the log-likelihood function from observations over the interval [0, T], is

given by
T T
0= [ @uavi-o [ Qzaw
0 0

Via an approach similar to the one of [3] for the Ornstein—Uhlenbeck process, we shall
investigate the large deviation properties for random variables associated with (1.1)
such as the energy

T
(1.5) sr= [ @t aon,
0
as well as the maximum likelihood estimator of 8, solution of X1 () = 0, given by
A fOT Qt d}/t
0’1" = ﬁ
Jo Q¢ d{M

We also wish to mention the recent work [4] concerning the large deviation properties
of the log-likelihood ratio

(P R
=0 [ @uavi- 2L [ Qtaqn,

As usual, we say that a family of real random variables (Z7) satisfies a Large Deviation
Principle (LDP) with a rate function I if I is a lower semicontinuous function from
R to [0, +00] such that, for any closed set F' C R,

(1.6)

hmsupTlogP(ZT € F) £ — inf I(z),

T—o0 zeF

while for any open set G C R,

1
— i < liminf =
zuelfef(a:) < 11}11)1013; T logP(Zr € G).
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Moreover, I is a good rate function if its level sets are compact subsets of R. We refer
the reader to the excellent book [7] on the theory of large deviations; see also [2], [9]. A
classical tool for proving an LDP for St and 67 is the normalized cumulant generating
function

(17) Lr(a,h) = 7 TogB [exp(Zr(a,b)],

where, for any (a,b) € R,

T T
(1.8) Zr(a,b) = a / QudY, +b / Q2 d(M),.

The random variable Z7(a, b) allows for a unified presentation of our results. In order

to establish an LDP for St and éT, it is enough to prove an LDP for Z7(0,a) and
Zp(a, —ac), respectively. As a matter of fact, we have for all a,c = 0,

P(Sy = ¢T) = P(Z7(0,a) = acT), P07 = ¢) = P(Zr(a, —ac) = 0).

The following lemma was partially established by formula (5.12) in [12]. It provides

an asymptotic expansion for L7 which enlightens the role of the limit £ of L for the

LDP, as well as the first order terms A and Kp for the sharp LDP (in what follows,

abbreviated SLDP). One can observe that it is the keystone of all our results.
LEMMA 1. Let Ag be the effective domain of the limit L of L:

Ay = {(a,b) €R2: 0%~ 20> 0 and /6% — 2b > max(a + 0; —6x(a + 0))},
where §g = (L—sin(nH))/(1+sin(wrH)). Then, for any (a,b) in the interior of Ay, if
@(b) = V02 —2b, 7(a,b) = @(b) — (a+0), and rr(b) = ru((b)T/2) exp(—=Tp(b)) — 1,

we have the decomposition

(1.9) Lr(a,b) = L(a,b) + %H(a, b) + %KT(a, b) + %RT(Q, b),
where
(1.10) L(a,b) = —%(a+6‘+s@(b)),
(1.11) H(a,b) = —% log ;(;(’:)),
1 2p(b) — 7(a,b)
(112) ICT(a,b) = —5 10g <1 + T([))TT(Z))),

with the function ry defined for all z € C, with |argz| <, by

Tz

W (Ua(2)1-u(2) + 1-u(2)In-1(2)),

’I"H(Z) =

where I is the modified Bessel function of the first kind [13]. Finally, the remainder
18

1
Rr(a,b) = —3 log <1 + -

(1.13)

(2¢(0) — 7(a,b))? o)
(@, D)20(0) + rr(0)(20(6) — 7(a,))) |
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The proof of Lemma 1 is given in Appendix A.

Remark 1. By use of the duplication formula for the gamma function [13], one
can realize that if H = %, then ry(z) = €®* + e2*, which immediately leads to
rr(b) = e~ 279, Consequently, in that particular case, Kz (a,b) as well as Ry (a,b)
go exponentially fast to zero, and we find again Lemma 2.1 of [3] which is the keystone
for all results in [3].

2. The energy. First of all, we shall focus our attention on the energy (St).
One can observe that the strong law of large numbers as well as the central limit
theorem (CLT) for the sequence (St) were not previously established in the literature.

ProrosITION 1. We have

1
(2.1) lim 5T —

T—oo T B 2_0 a8

Moreover, we also have the CLT

1 T Law 1

Proof. The almost sure convergence (2.1) clearly follows from Theorem 2 below
together with the Borel-Cantelli lemma. As a matter of fact, the sequence (St/T)
satisfies an SLDP with good rate function I given by (2.11) and I(c) = 0 if and only
if c=—1/(20). In order to prove the CLT given by (2.2), denote

1 T
VT—\/—T<ST—I—%).

For all a € R, let Ap(a) = E [exp(aVr)]. We clearly have

oo (30 ) 8 o (255)].

Hence, we deduce from the decomposition (1.9) with ¢ = 0 and b = a that

Ar(a) = exp (% +T£(0, %) +H<0’ %)

(2.3) +KT<Q;%J<+RTOL5%)>.

On the one hand,

£(0.) =50+ o),

o = g2 20 _ _p 20
VT 02T

— g [
o= oyT 20T " °\T )

where

Consequently, since
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we obtain that

2
(2.4) Jim af YL (o, %) - —4%.
On the other hand, since (¢7) converges to —6, one can check that
(2.5) Jim. (H(O%) + Ky (0, %) + Ry (0\%)) = 0.
Therefore, we infer from (2.3)—(2.5) that
a2
(2.6) Th_r}réo Ar(a) = exp ( - W)

Convergence (2.6) holds for all a in a neighborhood of the origin which leads to (2.2)
and completes the proof of Proposition 1.

In order to obtain the large deviation properties for (S7), we shall make use of
Lemma 1 with ¢ =0 and b = a. On the one hand, let

Dy = {a ER: 62 —2a>0and /62 — 2a > —5H0}.

It is not hard to see that Dy =]—00, ap[, where
92
(2.7) =3 (1—0%).

Consequently, since |dg| < 1, one can observe that the origin always belongs to the
interior of Dg. On the other hand, for all @ € Dy, let p(a) = v6? — 2a,

(2.8) L(a) = £(0,a) = —% 0+ V% —2a),
(2.9) H(a) = H(0,a) = —% log %,
(2.10) Kr(a) =Kr(0,a) = —% log (1 + % rT(a)).

The main difficulty compared to [3] is that the function L is not steep. Actually,

1
L(a) = ——u,
(@) 20602 — 2a

which implies that L'(ag) = —1/(2055). Moreover, for all ¢ > 0, L’(a) = ¢ if and only
if a = a, with a. = (40%c®> — 1)/(8¢?). Hence, a. < ag whenever 0 < ¢ < —1/(205g).
Denote by I the Fenchel-Legendre transform of the function L. Our first result on
the large deviation properties of (S7/T) is as follows.

THEOREM 1. The sequence (St/T) satisfies an LDP with good rate function

2
H
2
(2.11) ()= D1 2y 00 o> __ L
=0+ 50 —0m) ez -5,
+00 otherwise.
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Remark 2. If H = }, then 05 = 0 and the LDP for (S7/T) is exactly the one
established in [6] for general centered Gaussian processes.

We are now going to improve this result by an SLDP for (St /T') inspired by the
well-known Bahadur—Rao theorem [1] on the sample mean.

THEOREM 2. The sequence (St/T) satisfies an SLDP associated with L, H, and
K given by (2.8), (2.9), and (2.10), respectively.

(a) For all —1/(20) < ¢ < —1/(206x), there exists a sequence (bgk) such that, for
any p >0 and T large enough,

(2.12) P(Sp = oT) = exp(—=TI(c) + J(c) + Kn(c)) [Hilﬁf +(9< 1 )]
k=1

acoN 21T Tr+l

while, for 0 < c < —1/(20),

(213) P(Sy < T) = _exp(=TI(c) + J(c) + Ku(c)) {1 N i bg{: N 0( 1 )}
k=1

aeoN 21T T TP+t

where
1 1—20c 1 (1 +sin(wrH))(1 + 20cdy)

2.14 J()=—=1 K =——1
QL) (@)= 5 log =, Ku(e) = — log L 20,
with

40%¢2 — 1 9 3
(2.15) Ge=—p3— 0Oc= 4c°.
Moreover, the coefficients bgl, e ,bgp can be calculated explicitly as functions of the

derivatives of L and H evaluated at point a.. They also depend on the Taylor expan-
sion of K and its derivatives at a..

(b) For all ¢ > —1/(200y), there exists a sequence (dgk) such that, for any p > 0
and T large enough,

(2.16) P(Sy = 1) = ST + Pule) + Que)) [1 +zp: c;ik +O( 1 )}
k=1

aHCTH\/Zﬂ'T Terl
where
1 —(1+20chy) (2H — 1)%sin(nH)(1 + 20cé )
2.17) P =——log——F—- =
217) Pule) = =5 log ey Qul©) 2(1 — (sin(rH))2)
with
62(1 — 6%) 9 1
(218) aH:f, UH:_W.
Moreover, the coefficients dfl, ceey dgp can be calculated explicitly as functions of the

derivatives of L and H evaluated at point ag. They also depend on the Taylor expan-
sion of K and its derivatives at ag.
Remark 3. For example, the first coefficient bfl is given by

bH - 1 <81 S% S92 S3 8123 523 24 iz) —I—kH
aC

P c,1s

a2 2 2a.0% 202 240} 802

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/20/12 to 147.210.106.18. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SHARP LARGE DEVIATIONS 581

where £, = L9 (a.), hy = H9(a.), s, = hy + kq, with
B —40pgc?
= Jlim Kr(ac) = 2+ p (1 + 26c)’
160pc®(6 + pr (3 + 26c))

= lim K/
ke = Jim Kr(ac) = 2+ pu(1+20c)2

o ~ e(1420¢)2H —1)?
ky = lim T(Kr(ac) — Ku(c)) = 2sin(rH) (2 + pr(1 + 26¢))°

pu = (1 —sin(7H))/sin(7H). In addition, one can also observe that o2 = L"(a.)
and 0%, = L"(ag).

THEOREM 3. For c = —1/(200y), there exists a sequence (d) such that, for any
p >0 and T large enough,

exp(=T1I(c) + Ki)T'(1/4) g 1
(2.19) P(Sr 2 D) = 2ragopTH* [1 i ; (VT)k i O(TP\/T)]’

where ay and o3 are given by (2.18) and
1 1
KH = 5 10g(5H Sin(ﬂ'H)) + Z 10g(—95H)
As before, the coefficients di ... ,dg, may be calculated explicitly.

The proofs of Theorems 2 and 3 are given in section 4.

3. The maximum likelihood estimator. Our purpose is now to establish
similar results for the maximum likelihood estimator éT of 6. An alternative estimator
of 6 may be found in [10]. The almost sure convergence of 01 towards 6 was already
proved in [12]; see also [15], [16] for related results. We recently learned that the CLT
was established via a different approach in [5].

ProPoOSITION 2. We have

(3.1) lim 07 =60 a.s.

T—o0

Moreover, we also have the CLT
(3.2) VT (07 — 0) 2% N(0,—26).

Proof. The almost sure convergence (3.1) is given in [12, Proposition 2.2]. For all

c € R, denote
S
/ QY - ( n 0) =
One can easily check that

(3.3) P(VT(0r - 0) < ¢) = P(V(c) £ 0).

Consequently, in order to prove the CLT given by (3.2), it is necessary only to establish
the asymptotic behavior of the sequence (Vr(c)), where the threshold ¢ can be seen
as a parameter. For all (a,c) € R?, let Ar(a,c) = E [exp(aVr(c))]. We clearly have

Ar(a,¢) = exp <TLT<%,CT)>, where cr = —% (% + 0).
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Thus, it follows from the decomposition (1.9) that

Ar(a,c) = exp <T£ (% cT) +H (\/iT cT>

a a
3.4 +Kr( —=,cr ) +Rr | —, .
34 o(Fper) + e ()
On the one hand,

c(i c ) - <i+9+ )
\/T’ T 2 \/T er |,
where o = /0% — 2¢p = —0+/1 — 2¢7/62. Hence, since

or = —0 — a/VT + (a* — 2ac)/(20T) + o(1/T),

we deduce that

a? — 2ac

) a
(3.5) QJLI};OT‘C(ﬁ’CT) =~

On the other hand, since (yr) converges to —#6, it is not hard to see that

a a a
3.6 li H| —, +Kr{ —, +Rr| —, =0.
a0 g (n(per) wor (Gper) + e
The conjunction of (3.4), (3.5), and (3.6) leads to

. a? — 2ac
(3.7) 7}11330 Ar(a,c) =exp (— T)

This convergence holds for all a in a neighborhood of the origin. Consequently,

(3.8) Ve (o) L—Vw(z—cog—w

Denote by V(¢) the limiting distribution of (Vr(c)). It follows from a standard Gaus-
sian calculation that

(3.9) P(V(c) <0) = _417r9 /_; exp (g—;) da.

Finally, (3.3) and (3.9) imply (3.2), which completes the proof of Proposition 2.
In order to establish the large deviation properties of (67), we shall make use of
the auxiliary random variable defined for all ¢ € R by

T T
(3.10) Zr(c) 2/0 Qi dY; —C/O QF d(M),,

where we recall that P(67 = ¢) = P(Zr(c) 2 0). Let

Dy = {a € R: 6%+ 2ac > 0 and /62 + 2ac > max(a + 6; —5H(a+9))}.
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After some straightforward calculations, it is not hard to see that

0

Jlatl afl| ifcgg,

Dy = ,
Jatl af[ if ¢ > o

where a¢ = 2(c — 0) and

g c—Opm— \/02 — 20cpp + 02y
a = )
! HH

o — c—Opm +\/c®—20cum + g
2 )
HH

with pg = 6%. In addition, for all a € Dy, let ¢(a) = V62 + 2ac and

(3.11) L(a) = L(a,—ca) = —% (a +60+ 02+ 2ac),

(3.12) H(a) =H(a,—ca) = —% log %,
(3.13) Kr(a) = Kr(a, —ca) = —% log <1 + %TT(—M)).

The function L is not steep, since the derivative of L is finite at the boundary
of Dy. Moreover, L'(a) = 0 if and only if a = a, with a. = (¢ — 6%)/(2c) and
a. € Dy whenever ¢ < 6/3.

THEOREM 4. The maximum likelihood estimator (éT) satisfies an LDP with good
rate function

—6)? 0
— (C 4 ) Zf c < 5,
(3.14) I(c) = ¢ )
2c—0 fc= —.
c ifc2 3
Remark 4. One can observe that the rate function I is totally free of the

parameter H. Hence, (éT) shares the same LDP as the one established in [8] for the
standard Ornstein—Uhlenbeck process with H = %

THEOREM 5. The mazimum likelihood estimator (01) satisfies an SLDP associ-
ated with L, H, and Kt given by (3.11), (3.12), and (3.13), respectively.

(a) For all 0 < ¢ < 6/3, there exists a sequence (bfk) such that, for any p > 0
and T large enough,

o= exp(—TI(Ucc)a—: JQ(;); Ku(c)) [1 +§; lf: N 0(%)]

(3.15)  P(r

1\

while, for ¢ < 0,

o exp(-THO + )+ Kn(e) [, =01 1
(3.16) P(hr <c)= - cor {Hz_uo( )}
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where

(317) I = -1 10g B0

1 —6)?
Kp(c) = —3 log (1 +PH (6462) )

with py = (1 —sin(nH))/ sin(rH),

c? —0? 1
3.18 e = , 0r=——.
( ) “ 2¢ e 2¢
Moreover, the coefficients bgl, ey bgp can be calculated explicitly as in Theorem 2.

(b) For all ¢ > 6/3 with ¢ # 0, there exists a sequence (dfk) such that, for any
p >0 and T large enough,

(319) P(ly = o) = SPETLE) + PO) sin(rH) {1 +i deik +@< ! )]

ocac2nT P Tk TPl

where

1 (c—6)(8c—0)
(3.20) P(c) = —3 log 12 ,

2 c?

3.21 c=92(c—#0 ez %
(321) w“=2e-0). ()= 35
In addition, the coefficients dgl, e ,dgp can be calculated explicitly as in Theorem 2.

(¢) Finally, for c =0, for any p > 0 and for T large enough,

0) = 2exp(—T1(c)) sin(mH) [1+§‘}—€+0(#)}

(3.22) P(Or Vo N

1\

As before, the coefficients dif . .. ,df can be calculated explicitly.

THEOREM 6. For c = 0/3, there exists a sequence (efl) such that, for any p > 0
and T large enough,

(3.23)
2p H

P<éT > g) _ exp(=T1I(c))I'(1/4) \/W[l +3° %k 4 O(TPi/T)]’

ArT1/4 ag/4 op 1 (\/T)]’C

where ag and oy are given by

46 3
(324) GQZ—?, 052—2—0
As before, the coefficients ell ... eg, can be calculated explicitly.

The proofs are left to the reader, since they essentially follow along the same lines
as those for the energy.
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4. Proofs of the main results.

4.1. Proof of Theorem 2, first part. We first focus our attention on the
SLDP for the energy St in the easy case —1/(26) < ¢ < —1/(206g). Let Lt be the
normalized cumulant generating function of Sp. We already have seen that a., given
by (2.15), belongs to the domain Dy whenever ¢ < —1/(295H) For all —1/(20) <
¢ < —1/(200g), we can split P(St = ¢T') into two terms, P(Sy 2 ¢T') = ArBr with

(4.1) Ar = exp(T'(Lr(ac) — cac)),
(4.2) Br =Er {exp(—ac(ST - cT))1ST;cT},

where Er stands for the expectation after the usual change of probability

dPr
(4.3) P - exp (acST — TLT(aC)).

On one hand, we can deduce from (1.9) with L(a) = £(0,a), H(a) = H(0,a), Kr(a) =
Kr(0,a), and Rr(a) = Rr(0,a) together with (2.11) and (2.14) that

Ar = exp (T(L(ac) — cae) + H(ao) + Kr(ac) + RT(ac)),
(4.4) Ar = exp ( —TI(c) + J(c) + Kr(ac) + RT(ac)).

Consequently, we infer from (2.10) and (2.14) that for any p > 0 and T large enough

(45) Kr(a, Z Ty (T%)

where the coefficients (v, ), which also depend on H, may be calculated explicitly. In
addition, it is not hard to see from (1.13) that RT(aC) = O(exp(—T/c)). Therefore,
we deduce from (4.4) and (4.5) that for any p > 0 and T large enough

(4.6) Ar = exp(=TI(c) + J(c) + Ku(c) {1+Z_+O(TP+1)}

where, as before, the coefficients (ay) can be calculated explicitly. For example,

B —2¢(1 + 20c)rf
 sin(rH) (2 + (1 + 20c)py)”

It now remains to give the expansion for Br which can be rewritten as

(4.7) Br =Er [exp(—acacx/TUT)lU@O ,
where
ST — T
Up=22"—
T oNT

LEMMA 2. For all —1/(20) < ¢ < —1/(2606), the distribution of Up under P
converges, as T goes to infinity, to the N'(0,1) distribution. Moreover, there exists a
sequence (Br) such that, for any p > 0 and T large enough,

(4.8) BT:%{l+i%+O<T;1)].
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The sequence (Br) depends only on the derivatives of L and H evaluated at point
ac. They also depend on the Taylor expansion of K and its derivatives at a.. In
particular,

PR

0 acoc\/27r7

g L(s sl m s sy 56 L 1
" o2\ae 2 2 20002 202 240f T 802 a2 )’

where £y = LD (a,), hy = HD(a.), and s, = hy + k.

The proof of Lemma 2 is given in section B.1.

Proof of Theorem 2, first part. The expansions (2.12) and (2.13) immediately
follow from the conjunction of (4.6) and (4.8).

4.2. Proof of Theorem 2, second part. We are now going to establish
the SLDP for the energy St in the more complicated case ¢ > —1/(260x). We have
already seen that the point a., given by (2.11), belongs to the domain Dy = J—o0, afr]
whenever ¢ < —1/(200g). Consequently, for ¢ > —1/(200y), it is necessary to make
use of a slight modification of the strategy of time varying change of probability
proposed in [6].

Now, we show a modification of the decomposition (1.9) which allows us to re-
place rp(a) by pg in Kp, putting the difference into the remainder term. The modified
remainder will be denoted by Rr.

LEMMA 3. For any a € Dy, we have the following decomposition:

(4.9) Ly(a) = L(a) + % H(a) + % K(a) + % Rr(a),

where L and H are given by (2.8) and (2.9), respectively,

(4.10) K(a) = —% log <1 + %m{),

and the remainder term has the form

- S
p(a) +0)°

Proof. Tt follows from (1.9) that

Lo(a) = L(a) + %H(a) + %KT(a) + %RT(a)
~ L(a) + %H(a) + %K(a) + %RT(a),

where

Rr(a) = Kr(a) — K(a) + Rr(a).
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Hence, if we denote ¢ = v/02 — 2a, then it is not hard to see that
. 20+ (¢ + 0)rr(a)
exp(—2Rr(a)) =
Xp( T( )) 2<P+((P+0)pH
(p+0) —oT )
x |1+ e 'Y
( (0 = 0)(2¢ + (¢ + O)rr(a))
_ 20+ (p+0)rr(a) (v +0) 2T
20+ (p+0)pn  (¢—=0)2p+ (¢ +0)pn)
(o +0)(rr(a) — pn) (¢ +0) o—2T¢
2¢0 + (¢ + 0)pu (o —0)(2¢ + (¢ + O)pn)
which ends the proof of Lemma 3.

Denote by Ar the suitable approximation of the normalized cumulant generating
function L given by

1 1
(4.12) Ar(a) = L(a) + T H(a) + T K(a).
The previous lemma enable us to write
1 .
(4.13) Ly(a) = Ar(a) + T Rr(a).

One can observe that A7 is a holomorphic function in the domain Dy. In addition,
there exists a unique ap, which belongs to the interior of Dy and converges to its
border ayy, solution of the implicit equation

(4.14) Ayp(a) =c.

After some tedious but straightforward calculations, we can deduce from (4.14) that
there exists a sequence (ax) such that, for any p > 0 and T large enough,

p
a 1
(4.15) aTZZ—k+O<W)

k=0
with
06

Qo = ag, a1 = —ma

_ 20cdp (4 +sin(mH)) 4 2+ sin(rH )
N 2(1 + 20cdy )?

a2

Moreover, if o7 = ¢(ar) = V62 — 2ar, then we also have for any p > 0 and T large
enough,

P
(4.16) @T:Z%jto(%)
k=0
with
-1
wo = —00m, 1= ma

20cép (5 + sin(rH)) + 3+ sin(rH)
26‘5]{(1 + 26‘65]{)3

$2 =
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Hereafter, we introduce the new probability measure

dPr

= exp ((ITST — TLT(GT))

and we denote by Er the expectation under Pr. It clearly leads to the decomposition
P(ST z CT) = ATBT, where

(4.18) A =exp <TLT(aT) — cTaT>,
(4.19) Br =Er [GXP(—CLT(ST - CT))lsTgcT}-

The proof now splits into two parts; the first is devoted to the expansion of A7, while
the second gives the expansion of Br. It follows from (4.12), (4.13), and (4.18) that

(4.20) Ar = exp(T(L(ar) — car) + H(ar) + K (ar) + Rr(ar)).

We can deduce from the Taylor expansions of ar and ¢r given by (4.15) and (4.16)
that

T
T(L(ar) — car) = ~3 (0 + o1 + 2car)

1< + 2ca 1
Z—T(CCLH—L(CLH))—%—CCH—§Zw+0( )
k=1

1 1< PYr+1 + 2cap41 1
:—TI(C)+§—§; Tk + O o )

Consequently, we obtain that for any p > 0 and T large enough,
P (677 1
(4.21) exp (T(L(aT) - caT)) = exp(—TI(c))\/E[l + Z Tk +0 (W)} ,
k=1

where the coefficients (ay) can be calculated explicitly. For example,

-1
N 49(5}1(1 + 269(5}1)2 (

ai 20c65 (4 4 sin(rH)) + 3 4 sin(rH)).

By the same way, we find that for any p > 0 and T large enough,

(4.22)  exp(H(ar)) = 2or__ \/Tn(wH)[l + i % + (’)(Tpl“)},
k=1

or —0
where the coefficients (8x) can be calculated explicitly. For example,

1+ sin(nH)

pr= 4055 (1 + 20c65)”

The expansions for K (ar) and Rr(ar) are much more tricky. On the one hand,

2¢7
eXp(K(aT)) = \/280'1“ + (SOT +9)pH
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One can observe that 2pg + (po + 0)py = 0. Hence, multiplying the numerator and
the denominator by 7', we obtain that for any p > 0 and T large enough,

2T pr
K = =\/0Toyg(1 -6 1+ 260ch
exp(K (ar)) \/2T90T+T(90T+9)pH VOT5( m)(1+20com)
Yk 1
. Je ol
k:lT Tr+1

where, as before, the coefficients (k) can be calculated explicitly. On the other hand,
Rr(ar) = Kr(ar) — K(ar) + Rr(ar). It is not hard to see that

; 207 + (@1 + 0)r7(ar)
ap(=2hrlon) = = o T Opn
n (o +0)?
(o1 — 0)(2¢r + (o1 + O)pH
_ 2¢7 + (o1 + O)rr(ar)

- + O(T exp(20T55)).
207 + (o1 + 0)pn (T exp(20T011))

] exp(—2T¢r),

Therefore,

exp(Rr(ar) = |52 (1+ O(T exp(26T31)) ).

Recall that rr(a) = rg(e(a)T/2) exp(—T¢(a)) — 1. It is shown (equation (A.9) in
Appendix A) that for any p > 0 and T large enough,

(4.24) r(ar) = pu + ! Ep 2 +0 !
. T
“ sin(mH) — ok Tk Tl )’

. \/ 207 + (o1 + 0)pu

where the coefficients (1) can be calculated explicitly. For example,

2H — 1)
o ZH 17

4
Consequently, we infer from (4.24) that
1
T(rr (o) = pu) = wrtar) + O 7).
where
1 & 2k
wrlar) = sin(wH) ; ok Th=1"

If pp = T (291 + (o1 + 0)pr ), then we obtain that for any p > 0 and T large enough,

. _ ur <
exp(Br(ar)) = \/MT e P L o (1+O(T exp(2075m))).
B 1 — sin®(7H)
V1 —sin®(nH) + 4rH sin(rH)(1 + 20¢61)
P Ok 1
(4.25) x[1+;ﬁ+0<m)],
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where, as before, the coefficients (d) can be calculated explicitly. Putting together
the four contributions (4.21), (4.22), (4.23), and (4.25), we find from (4.20) that for
any p > 0 and T large enough,

Ap = exp(=TI(c) + Ry (c))dm v/2e0T sin(wH) (1 + 20cd )

(4.26) [1+Z_+O<Tp+1)]

where the coefficients («) can be calculated explicitly and

1 (2H — 1)%sin(nH)(1 + 2005H)>
4.27 R =—=log|1-—
(4.27) 1) = g log < 1~ sin®(nH)
The rest of the proof concerns the expansion of By which can be rewritten as
(4.28) Br = Er | exp(—arTUr) 1y, 20|,
where
St — T
Ur = TT

LEMMA 4. For all ¢ > —1/(200y), the distribution of Ur under Pt converges,
as T goes to infinity, to the distribution of vy N2 —~g, where N stands for the standard
N(0,1) distribution,
1+ 26‘65]{

_ !
(429) = o= Llan) = —5

(1 —sin®(7H))vg
1 —sin®(rH) — (2H — 1)2sin(rH)(1 + 20cdy)

In other words, the limit of the characteristic function of Ur under Ep is

(4.30) vy =

(4.31) () = SREHY)

VI=2ivgu
Moreover, there exists a sequence (ﬁk) such that, for any p > 0 and T large enough,
Bk 1
(4.32) Br = T’“ + O it |-

The coefficients (Bx) depend only on the Taylor expansion of ar at the neighborhood
of ap together with the derivatives of L and H evaluated at point ap. They also
depend on the Taylor expansion of K1 and its derivatives at ag. In particular,

1
B = m exp(Qu(c) — Ru(c)),

where Ry (c) is given by (4.27) and

(2H — 1)?sin(mH)(1 + 20cdx)
2(1 — sin?(7H))

Qu(c) =

The proof of Lemma 4 is given in section B.2.
Proof of Theorem 2, second part. The expansions (4.26) and (4.32) imply (2.16),
which completes the proof of Theorem 2.
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4.3. Proof of Theorem 3. We shall now proceed to the proof of Theorem 3
which essentially follows along the same lines as those of Theorem 2, second part.
First of all, one can observe that if ¢ = —1/(260y), then we have exactly a. = ap.
As in the proof of Theorem 2, there exists a unique ar, which belongs to the interior
of Dy =]—o00,ay| and converges to its border ap, solution of the implicit equation

L
206y’

where Ar is given by (4.12). We deduce from (4.33) that

(4.33) Ap(a) =c=—

0(er + Opr)
cor(or —0)(2+ pr)’

(4.34) T(or +00m)* =

Consequently, we infer from (4.33) and (4.34) that there exists a sequence (ay) such
that, for any p > 0 and 7' large enough,

2p 2p

ak Pk

1 1

with

ap = amg, o= —00m, a1 = —(=08m)2, 1 =\/—06H,

00

ay =——~ (I +sin(rH)), @2 = (3 4+ sin(wH)).

1
4
Furthermore, we have the decomposition P(St = ¢T') = ArBr, where Ar and Brp

are given by (4.18) and (4.19), respectively. Via the same lines as in the proof of the
expansion (4.26), we find that for any p > 0 and 7' large enough,

Ap = exp(—=TI(c))(—05eT)* \ /26 sin(nH)

(4.36) X [1+§ (j%)k +O<TP—1/T>}

where the coefficients (ay) can be calculated explicitly. It still remains to give the
expansion of By, which can be rewritten as

(4.37) Br =Er {GXP(—QT\/TUT)luTgo},
where
ST — T
4.38 Upr=———.
(4.38) ST

LEMMA 5. For ¢ = —1/(200g), the distribution of Ur under Pr converges, as T
goes to infinity, to the distribution of og Ny + 77H(]\722 — 1), where N1 and N2 are two
independent N(0,1) random variables and

1
2 _ TN _
(4.39) oy =L'ag) = I THER
1
4.40 -
(4.40) T (Zh0m)t
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In other words, the limit of the characteristic function of Ur under Er is

exp(—ingu — u?c% /2)

4.41 D(u) =
(4.41) (u) T3
Moreover, there exists a sequence () such that, for any p > 0 and T large enough,
2p
Bk 1
(4.42) Br = +0 ,
; (VT)* T°T

where the sequence (Bx) can be calculated explicitly. In particular,

1 1 1
=— —— I =)
b dmagnm P < 4) (4)

The proof of Lemma 5 is given in section B.3.
Proof of Theorem 3. The expansions (4.36) and (4.42) imply (2.19), which com-
pletes the proof of Theorem 3.

Appendix A: On the main asymptotic expansion. We shall first prove the
asymptotic expansion (1.9) of the normalized cumulant generating function Lr(a,b).
This result was partially established by formula (5.12) in [12]. By Girsanov’s theorem,
Lr(a,b) can be rewritten as

1

T
Lr(a,b) = flogE [exp (a/ Q: dY; +bST>}
0

1 r 1
:TlogEg,{exp ((a—l—@—g@)/ QtdYt—I—§(2b—6‘2+<p2)ST)}
0

for all ¢ € R, where E,, stands for the expectation after the usual change of probability

dP, T 1,5
d—P—eXP<(<P_9)/O QtdY;f_§(90 —07)St |.

If 92 — 2b > 0, we can choose ¢ = V62 — 2b and 7 = ¢ — (a + 6) which leads to

(A1) /:T(a,b):%1ogE4exp<—T/OTQtdn)].

By Ito’s formula, we also have

T 1 T
/ Q.dY, = = ZHYT/ 2H-lgy, —T).
0 2 0
hat

Consequently, we obtain from (A.1) t

T
(A.2) Lr(a,b) = g—i—% long[exp<—TlTHYT/ t2H=1 d}/t)}
0

Under the new probability P, the pair (Y, fOT t2H-14Y;) is Gaussian with mean
zero and covariance matrix I'r(¢). Denote by I and J the two matrices

10 0 1
I—<0 1) and J—<1 O)'
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As soon as the matrix

Ty 1 1
Mr(a,b) = I+ = T7(9)JT7(9)

is positive definite, we deduce from (A.2) together with standard calculus on the
Gaussian distribution that

(A.3) Lr(ab) =7 - % log det (Mx(a, b)).

Furthermore, it has been already proven by relation (5.12) of [12] that, if 7 > 0, then

1 2 2
(A4) det(Mr(a,b)) =— {a:T <1 + L ¢%7 ginh 5T) —yr (1 — L 07 cosh 5T) }
ZT 4 ¥

with 67 = Tp/2, 27 = Ig_1(67) - (07), yr = Li—g(07)Ia (d7), and

4sin(mH)

2 =X —_ =
T T —Yr T

where Iy is the modified Bessel function of the first kind. We refer the reader to
[13, Chap. 5] for the main properties of Bessel functions. Therefore, if pr = (z7 +
y7)/2zr and v = 2pre~T¥ — 1, then we deduce from (A.4) after some straightforward
calculations that

2 — 7)? 2 —
det(Mr(a,b)) = (2p—7) +pr T2 —17) eTe 4 L 2T
12

4?2 22 4?2
T 20— T (20 —7)% _
A5 = 2Te(q 2Ty |
(A.5) 2()06 < + 2% rp + o7 e

Consequently, we infer from (A.3) and (A.5) that

1 1 T 1 20—T1
Lr(a,b) = —=(a+0+¢)— — log —— — — log 1
r(a,b) 2(a+ +p) 5T 108 25 o og( + " rT)

1 (2@ - 7)2 —2T
— g (1 ).
o7 08 < R C e ——

In order to complete the proof of Lemma 1, it remains to show that the limiting
domain Ay reduces to 6% — 2b > 0 and V62 — 2b > max(a + ; =5y (a + 6)). On the
one hand, we have already seen that our calculation is true as soon as 62 — 2b > 0
and 7 > 0, which can be rewritten as

p>a+0.

On the other hand, we also have the second constraint

20—T1
A6 1
(A.6) + o rr >0

leading to

(A7) V02 =2b > —6y(a+0).
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As a matter of fact, it follows from the asymptotic expansion (5.11.10) of [13] for the
Bessel function Iy that for all z € C with |z| large enough and |arg(z)| £ 7/2 — 6
where § is an arbitrarily small positive number, and for any p > 0

(A8) ri(z) = ff;pﬁf [1 * Z i: (Il%)]

Moreover, the coefficients (7",~C ) can be calculated explicitly. For example, one can
check that rff = —(2H —1)?/4 and ril = (2H —1)?(2H +1)(2H — 3)/32. In addition,
all the coefficients (rf’) vanish if H = 1. Consequently,

p k
_ 2 T‘k 1
(A-9) rr(e) = sm 7TH Zl ka +0 (Tp+1>

with pg = (1 — sin(wH))/sin(rH). Hence, as T tends to infinity, (A.6) reduces to
20+ (o+(a+80))py > 0s0 p(2+py) > —pu(a+0). Finally, since 6y = py/(2+pn),
it clearly implies (A.7), which completes the proof of Lemma 1.

Appendix B: On the characteristic functions.

B.1. Proof of Lemma 2. If &7 denotes the characteristic function of Uz under
P, then it follows from (4.3) that

(B.1) B (u) = exp ( “‘Z\/_ <LT (ac + ﬁf) - LT(ac)>>.

First of all, it is necessary to prove that for T large enough, ®7 belongs to L?(R).
One can observe that, in contrast to [3], it is impossible here to make use of the
Karhunen-Loeve expansion of the process (X;).

LEMMA 6. For T large enough, ®1 belongs to L?(R).

Proof. The proof is a direct consequence of Proposition 4 in section C.1. We shall
now establish an asymptotic expansion for the characteristic function @7, similar to
that of Lemma 7.1 of [3].

LEMMA 7. For any p > 0, there exist integers q(p), r(p), and a sequence ((pkH’l)
independent of p such that for T large enough

(B.2) <I>T(u):eXp< ){ \/—Z Z wklu (%Wﬂ

k=01= k+1

and the remainder O is uniform as soon as |u| < sTYS for some positive constant s.

Proof. Tt is rather easy to see that for all k € N, Rgé) (ac) = O(T* exp(—T/c)).
Hence, we infer from (1.9) together with (2.8)—(2.10) that for all k¥ € N,

B3)  L{P(ac) = LW (ac) + % H® (a) + % K (ac) + O<Tk o ( - Z))

Therefore, we find from (B.1) and (B.3) that for any p > 0,

2p+3 . k
U L®) (q,
log @7 (u) —|—TZ ( o /T > kE )
+ 2§1 ( i )k H* )(a0)+K7(“k)(a0) +O(_Hlax{1’u2p+4})
k=1 o'c\/T k! Terl .
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We deduce the asymptotic expansion (B.2) by taking the exponential on both sides,
remarking that, as soon as |u| < sT'/¢ for some positive constant s, the quantity
u!/(v/T)* in (B.2) remains bounded.

Proof of Lemma 2. It follows from Parseval’s formula that Bp, given by (4.7),
can be rewritten as

1 w7

B.4 Br=—— 14+ — O (u) du.

( ) T 27TCLCO'C\/T /R, ( acac\/T> T( )
For some positive constant s, set sy = sTY/6. We can split By = Cp + Dp, where
(B.5) Cr——21 _ (1 P >1c1> (u) du

' T 27mcac\/T |u|<sp acoc\/T ’ ’
1 i -t
B.6 Dr=———— 1+ — D7 (u) du.
( ) r 27TGCO'C\/T |u|>sT ( GCO'C\/T> T( )

From now on, we claim that for some positive constant v,
(B.7) |Dr| = O(exp(—vTY?)).

As a matter of fact, it follows from (B.1) that

exp <T <LT ( + ﬁf) - LT@))) ‘

We also deduce from (2.8) that L(a.) > 0 and thus, using Proposition 5 in section C.1,
we find that

ern o (- 2 ) )

which leads to (B.7). Finally, we deduce (4.8) from (B.2) and (B.5) together with
standard calculus on the A/(0, 1) distribution.

@7 (u)] =

B.2. Proof of Lemma 4. If &7 stands for the characteristic function of Up
under P, we have from (4.17)

(B.8) Br(u) = exp ( —iuc+ T(LT (aT + %) - LT(aT))>.

As in the proof of Lemma 2, it follows from Proposition 4 in section C.1 that for T
large enough, ®7 belongs to L?(R). We shall now propose an asymptotic expansion
for @, slightly different from that of Lemma 7.2 of [3].

LEMMA 8. For any p > 0, there exist integers q(p), r(p), s(p) and a sequence
(@kH’Lm) independent of p such that for T large enough

Br(u) = a(u)exp ( - "g}‘)

p a(p) r(p) H l
(plml,mu max(l, |u|5(;l7))
Y et o)

k=11=1 m=1
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where @ is given by (4.31),

14 20céy
295}[ ’
(1 —sin*(7H))vy

1 —sin®(nH) — (2H — 1)2sin(7H)(1 + 20cdy)

1

of = L' (an) = T 903537
H

ya =c—L'(ag) =

VH

Moreover, the remainder O is uniform as soon as |u| < sT?/3 for some positive
constant s.

Remark 5. One can observe in this asymptotic expansion the limiting x? dis-
tribution ® together with an independent centered Gaussian distribution with small
variance o2 /T.

Proof. First of all, we deduce from (4.9) that

1 1 1 .

(B.9) Lr(ar) = L(ar) + = H(ar) + = K(ar) + = Rr(ar).
T T T

On the one hand, (2.8) implies that

1
MU . Tor iuby \ 2
T(L(a;p—i— ?> —L(aT)> - I ((1 . ) 1)
with by = 2/¢2. Consequently, for all p = 2
exp (T <L (aT + %) — L(aﬂ))
. . k
B iuprby  Tor iubp |u|PHL
= exp (*4 -5 Z i <—T +0 T ,
k=2
where I, = —(2k)!/((2k — 1)(2Fk!)?), which leads to
. x0
exp < —duc+ T(L <aT + ?> - L(aT)))

) {1 n ZZ Pk lu (maX(j{;ﬂS(m)ﬂ-

k=11=1

(B.10) = exp (

On the other hand, we also have from (2.9) that for all p = 1

B (H <aT ) %> ! HmT)) B <<pT - t9(;pi ;uf)T/T)%l>é
() () o)

with hy = (2k)!/(2Fk!)2. Hence,

1) s (11 {or+ 2) <) = [ 335 2 om0

k=11=1
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Furthermore, it follows from (4.10) that for all p = 1

exp (K (aT + ﬂ) - K(aﬂ) = ( 207 + (pr + G)pH 1 )
T 207 + orpa + Opu (1 — iubp/T) "2

B OpuT\ < iubp 1 |u[PH! ~3
() s

where cr = T'(2¢1 + (o1 + 0)pr). Therefore, if

dr(u) =1+ ulpgbr

3

2CT

then we find that for all p = 2

oo (1 (e ) ) = b (1 () S ()

1 [P\
(B.12) t o O .

One can easily check that as T goes to infinity, the limits of br, ¢r, and dr(u) are
given by 2/(861)%, —(2+pu)/(1 +20cdy), and 1 — 2iyyu, respectively, where vp is
given by (4.29). Then, we infer from (B.12) that for all p = 2

U 1
K “) K -
exp ( (CLT + T) (aT)> o
p a(p) r(p) UH ol
L [uf"®)
B.1 1 hol,m max(1, .
(B.13) [ ; zzz et o( L

Now, in contrast with [3], the remainder term Ry plays a prominent role that cannot
be neglected. Let & = T'(or + 0)(r(ar) — pa)/cr and

1

r(u) = % <<PT + 9<1 - iuTbT>_2) (TT <(IT + %) —PH)'

One can observe that & and &7 (u) share the same limit

2(1 —6)(1 + 20c8)rit

lim {T(u) = fH =

T—co 5H(2 —|—pH) sin(wH)
_(2H - 1)?sin(mH)(1 + 20cdp)
1 —sin?(7H)

In addition, it follows from (4.11) that

exp(Rr(ar)) = (L) : [1 + O(T exp(29T§H))]

cr + crér

= (1+¢&p)72 {1 + O(T eXp(zeTaH))] :
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Moreover, we also have
oo )- (45
X {1 n O(T exp(zeTaH))} :

where

o opHT iubT 7% iubT
er(u) = o ((1— T) -1- 2T)'

Therefore, along the same lines as in the proof of (B.13), we find that for all p = 2

exp <RT (aT + %) - RT(aT)) - %
(B.14) . [1 .S

imtt o (max(l, [u"®)
Tk(1 — 2ivgu)™ Tr+1
with

YH (1- sinQ(wH))'yH

T 14én  1-sin’(nH) — (2H — 1)2sin(nH)(1 + 20co5)

vH
Finally, Lemma 8 follows from the conjunction of (B.10), (B.11), (B.13), and (B.14).

Proof of Lemma 4. Via Parseval’s formula, By given by (4.28) can be rewritten
as

1 iu \ !
B.1 Br = 1+ — o .
(B.15) = S /R ( + TaT> (u) du

Let s7 > 0 be such that VT = o(st) as T goes to infinity. We can split By = Cr+Dr,
where

. —1
1 U
B.16 Cr = 14+ — | ®p(u)du,
( ) T 27TTaT ~/|USST ( * TCLT> T(U) Y

1 iu \
B.17 Dy = 1+— d du.
( ) T 27 Tar /|u>ST ( * TaT> r(u) du

On the one hand, we find from Proposition 4 and the fact that  — 2(1 + z)~3/* is
increasing that for some positive constant p

5 ILLS% S%« —3/4
|DT|:O T(1+T2)8Xp —T 1+ﬁ .

It clearly leads to
|Dr| =0 — —MS2T
T exp T .

On the other hand, the asymptotic expansion for Cp, which immediately leads to (4.32),
follows from Lemma 14, completing the proof of Lemma 4.
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B.3. Proof of Lemma 5. The proof follows along the same lines as the proof
of Lemma 4. The most important difference is that the scale of Taylor expansion is

T instead of T. Since ®p is the characteristic function of Ur defined by (4.38)
under P defined by (4.17), we have

(B.18) Br(u) = exp (;”9\5/; + T<LT (aT + ﬁ) - LT(aT))).

As in the proof of Lemma 2, it follows from Proposition 4 in section C.1 that for T
large enough @7 belongs to L%(R). We shall now propose an asymptotic expansion
for @ slightly different from that of Lemma 8.

LEMMA 9. For any p > 0, there exist integers q(p), r(p), s(p) and a sequence
(@ﬁl’m) independent of p such that for T large enough

7 (u) [1+i§§ @“m . +O(—ma(’i(/17_;)|g|:fp))>}

k=1 1=1 m ( M1 = 2ingu)™

where @ is given by (4.41). Moreover, the remainder O is uniform as soon as |u| <
sTY/S for some positive constant s.
Proof. First of all, we deduce from (4.9) that

(B.19) Ly(ar) = L(ar) + % H(ar) + % K(ar) + %RT(QT).

On the one hand, (2.8) implies that

i Tor (( mbT>% )
T|L +—=|-L =——((1- -1
(1or+ ) - ptem) =55 ¥
with by = 2/¢2.. Consequently, for all p = 2
ol )]
. P . k p+1
— exp <zug0TbT\/T _ Tor Zlk (zubT> N O( ] ))7
4 2 = VT (VT)r+1
where I, = —(2k)!/((2k — 1)(2¥k!)?), which leads to
iu/T 1 _ . u20%{
exp (295H +T<L(aT + ﬁ) - L(aT))) = exp < —duny = — >

(B.20) [HXP:% A <ma(X(\/1T—)|Z|+1(p))>]

k=11=1

On the other hand, we also have from (2.9) that for all p 2 1

o (1 o+ ) = ten)) = (= e(ﬁ%i/ﬁ)% )
(- () o)
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with hi = (2k)!/(2Fk!)2. Hence,

) p a(p)
iu
(B.21) exp (H<aT+ \/—T) — H(ar ) =1+ ;;
Furthermore, it follows from (4.10) that for all p = 1
1w
exp| K|lar+—= | — K(a
p (1 (or ) - o)

1
_ ( 207 + (o1 +0)pu ) :
201 + rpu + Oprr (1 — iubp /VT) "2
1

(o (DS o)

where cr = VT (297 + (o1 + 0)py). Therefore, if dp(u) = 14 iubpybr/(2cr), then
we find that for all p = 2

o (s 5) ) -

v ) o)

k=2

One can easily check that as T' goes to infinity, the limits of by, ¢p, and dr(u) are
given by 2/(005)2, (2 + py)v—00y, and 1 — 2inyu, respectively, where ny is given
by (4.40). Then, we infer from (B.22) that for all p = 2

<<7><>>%
p alp) v s(p
N 5 S R B ) |

Now, in contrast with [3], the remainder term R plays a prominent role that cannot
be neglected. Let & = VT (o1 + 0)(r(ar) — pr)/cr and

1

=2 oo ) ol 15) )

One can observe that & and &7 (u) share the same limit

lim &7(u) = 0.

T—o0

In addition, it follows from (4.11) that

exp(Rr(ar)) = (ciT> {1 + O(ﬁ exp(29T5H))}

cr + crér

=(1+¢&r)°" {1 + o(ﬁexp(zeTaH))].
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Moreover, we also have

exp <RT (aT + %)) - (dT(t;T*('ue)Tiue)Ttuﬁ)T(U) ) ~3

X {1 n O(\/Texp(%TéH))},

where

o opHT iubT _% iubT
ET(U)— P l—ﬁ —1—7T .

Therefore, along the same lines as in the proof of relation (B.23), we find that for all

p=2
A .
exp (RT (aT + ?) - RT(GT)>
p a(p) (p) oH ! o(0)
(B.24) 1+ klm™ <maX(1, Jul ))
k=1 1=1 m=1 (\/T)k(l — 2ingu)™ (\/T)PJrl

Finally, Lemma 9 follows from the conjunction of (B.20), (B.21), (B.23), and (B.24).
Proof of Lemma 5. Via Parseval’s formula, By given by (4.28) can be rewritten

as
1 i\
B.25 Br = 1+ — P du.
( ) T 27rTaT /R ( + TGT> T(U) v
For some positive constant s, set s = s T/, We can split By = Cr + D, where
(B.26) Cr = — / ) g () du
' = 27TTaT |U\§ST TaT T ’
(B.27) Dp— 2 / ) (u) du
’ = 27rTaT |u|>sp TaT r '

On the one hand, we find from Proposition 4 that for some constant p > 0,

Dy| = (’)(exp (_ %))

On the other hand, the asymptotic expansion for Cr, which immediately leads to (4.32),
follows from the same arguments as those in [3, section 7.4].

Appendix C: Technical results.

C.1. Statement of the results. The main interest of the decomposition (4.9)
is given by the two following results. They show us that the different functions we
deal with are holomorphic and that the behavior of the remainder is negligible in our
calculations.

PRrROPOSITION 3. Denote

Da={2€C: Rz<an},

626%
D =<2€C: Rz<ag—¢c(2+¢) 5 , e > 0.
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Then, for T large enough, we have the following assertions.

(a) The functions ¢, Ly, L, H, K, Ry have analytic extensions to Da.

(b) The function (z,T) +— Ry (z) is O™ on Da x [Ta,+0o[ for Ta depending only
on H and 6.

(¢) For e > 0 and for all z € Dy

5H 4 1+4+¢
\/(HPHWHH)g|exp<H<z>+K<z>>|§ —\

(d) There exists a constant C' depending only on 0 and H such that for T large
enough and for all z € Dy,

1 C . 1 1
- - < — < 14+ =+ —.
> " T2 = lexp(—Rr(z))| £ Cy/1+ T + Te

PROPOSITION 4. For T large enough, ¢ > 2C/(T*(6u0)*), a € D1 N R, and
u € R, we have

} exp(T(Lr(a +iu) — LT(a)))}
< C(1+T%)exp (- % (1+ %)3/4)

and the map u + exp(T (Lt (a + iu) — Lr(a))) belongs to L*(R).
PROPOSITION 5. Let a € R be such that a < ag. Then, as T goes to infinity, we
have

exp(—Rr(a)) = (’)(max {1; m})

C.2. Proofs of the results. We shall denote the principal determination of
the logarithm defined on C\ ]—o0, 0] by

log z = log |z| + i Arg(2),
where
arcsin(|z|132) if Rz =20,

Arg(z) = { arccos(|z| 'R2) it Rz <0, Sz >0,
— arccos(|z| ' Rz) if ¥z <0, Iz <O0.

Proof of Proposition 3. Since T +— St is a positive increasing process, we have
for a < ag

E {exp(aST)} < lim exp(TLp(a)) < cc.
T—~+o0
The Lebesgue dominated convergence theorem yields that z — E [exp(zSr)] has an
analytic extension to {z € C, Rz < ay}. In order to prove Proposition 3, we have to

obtain the same result for ¢, L, H, K, and Rp. The proof is split into steps. First,
we study the function ¢.
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LEMMA 10. The function ¢ has an analytic extension on {z € C, Rz < agy} still
denoted by ¢ such that Arg(p) €|—n/4,7/4[, Ry €]—0ub, +oo [, Sp(z) vanishes if
and only if Iz =0, and fore >0

zlengl Rp(z) > =06 (1 +¢).

For all a < apg and u € R,

. u? 4u? o
(C.1) R(p(a+iu) —p(a)) = 203(a) <1 + @4((1)) '

Proof of Lemma 10. The properties of ¢ rely on the properties of the analytic
function defined for all z € C, Rz > 0, by

V1+22\AL+ﬂmp(%A@O+ZO.

On the one hand, the imaginary part of /1 + z is given by

SV1I+z= vIL Z|\;§%(l +2) sign (Jz).

If 82 > 0, then Arg(1l + 2) belongs to | — 7/2,7/2[, and Arg(+/1+ z) belongs to
| —m/4,7/4]. On the other hand, the real part of v/1 + z is given by

VIT+ 2]+ R(1L+ 2)
7% .

If Rz > 0, then |1 + z| = |R(1 + 2)| = R(1 + 2), and (C.2) leads us to

(C.2) RVI+z=

RVI+ 22 /R + 2).

Thus, for all z € C such that Rz > £(2+ ¢) we have R(1 + 2) > (1 +¢)? which clearly
implies that

(C.3) RWV1+z)21l+e.

Now, by the very definition of ¢, we have

2
p(z) = =00 \/1 + 202 (ag — 2).
H

Consequently, the condition z € D; leads to 26,2072 R(ay — 2) > €(2 +¢), and thus

zlengl Rp(z) > =06 (1 +¢).

Furthermore, we have for all a < ay and u € R

%(w(aHU)—w(a)):sD(a)@?( T —1>.
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Therefore, it follows from (C.2) that

R(p(a+ in) — p(a) = 2L (J L \/§>

V2 ¢*(a)

Finally, inequality (C.1) follows from the fact that for any 2 = 0

Vifzr+1-v22 ;,
T 4V2(1 4 x)3/4
which is applied to x = 4u?/¢*(a).
Hereafter, we study H and K. Observe that if a € | —00, 0], then H(a) = H(p(a))
and K(a) =K(p(a)), where for z € C such that Rz > —dy6 the functions H and K
are given by

~ 1 z—0 ~ 1 z+0
(C4) H(z)——§ log PR K(z)——§ log( 57 )

Then, the expected properties of H and K are some consequences of Lemma 10 and the
same properties of H and K on {z € C: Rz > —dp0} instead of {z € C: Rz < an}.

LEmMMA 11. The functions H andK admit analytic extensions on {z € C: Rz >
—dg0}. Moreover, if for all € > 0, we denote

Dy = {z €C: Rz> —dpb(1+¢), |Arg(z)]| < %},

then for z € Do

OH ~ ~ 4 1+¢
\/(2+pH)(5H+1)g\exp<H<z>+K<z>> <V

Proof of Lemma 11. Using (7.4), it is easy to prove the analytic extensions of H
and K on {z€ C: Rz > —dyub}. For K it is a consequence of the fact that for z € C,
Rz > (SHG

z+0 Opn PH  DH
%( 2z >_1+2+2§R > 25H_0

It remains to prove the inequalities stated in the lemma. We have

H(z) +K(z) = _% (log(z — 0) + log(2z + (2 + O)pr) — 2log(22))
- _% (log(z —0) +1log((2 + pr)z + Opy) — 210g(22))
- —% <10g(2 —0) +log(2 + pu) + log <Z + 2?;11{) - 210g(22))
1

=3 (log(2 + pm) + log(z — 0) + log(z + dyf) — log4 — 2log z).

Thus

-

exp((:) 4R (2)) = (A PEEEL )
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where /z = \/|z|exp(i Arg(z)/2). For z € C such that | Arg(z)| £ 7/4, we have
|Sz| £ Rz; if moreover we have Rz > —dy0(1 + ), then
1> z+ 00 Z%z—l—éHﬁz €
= z = Rz T (1+e)
1—|—<5Hz z—0 2%2—921.
Orr z 2Rz

We have used the fact that the function x — (z+0g6)/x is increasing and the function
z +— (z — 0)/z is decreasing. Assertion (c) of Proposition 3 is then proved.
Now, we focus on Rp. First, observe that for z € C such that Rz < 0, we have

Rr(2) = Rr(¢(2)), where for z € C such that Rz > —y0),

(z+0)(rr(z) — pn) (z+6) 02T
(2+pu)(z+6ul)  (2+pu)(z—0)(z+0ub)

< 1
Rr(z) = —3 log [1 +

= —% 1og |:Z(2 —I—pH)(Z + 5H0) + Z(Z + 9)(?1"(2’) —pH)

zZ\Z 2
(C.5) + % egT‘Z} + % log[z(2 + pr)(z + 61 0))
c6) = —% (108 2(2)] — logl(2 + par)2] — loglz + duf),
where

T
Fr(z) = 7"H<72>€TZ -1,

él,T(z) =22+ pu)(z+6ul) + 2(z + 0)(7r(2) — pu) + 22+ 0)? 2Tz

z—0

The properties of Ry are some consequences of Lemma 10 and the following lemma.
LEMMA 12. Denote
T
) 4 *

For T large enough and for all z € D3, él,T(z) € C\]—00,0].

In fact, Lemma 12 and decomposition (C.6) give us an analytic extension of Ry
on D3. Moreover, there exists T3 depending only on H and 6 such that the function

Dy = {z € C: Rz > —dgb, Arg(z) € }—

IS

Rir(2)
(2 +pr)z(z + 0pb)

(2,T) —

is C*° and never vanishes on {(z,7): z € D3, T > T3} and is C* with respect to

(2,T). Since Ry = Rr(y), the function (z,T) — Rr(z) is C* on {T" > T3} and
{z € C: Rz < ag}. Assertion (b) of Proposition 3 is then proved.
Proof of Lemma 12. 'We recall that for z € C such that Arg(z) €]—n/4,7/4]

_exp(22) ~ (2H - 1)?
~ sin(7H) (1 4z

ra(z) — + % sin(wH)F(z)),
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where F' is a continuous bounded function. Then, for z € Ds,

. ! 1
T‘T(Z) — PH = T_Z + T2—Z2 F(TZ)
We can exhibit a polynomial term from §17T(2):
Rl,T(z) = 2(2 —l—pH)(Z + 5H0)
1 1 Z(Z + 9)2 _oT
— + == F(T —_— 8
—|—z(z—|—0)(TZ + T ( z)) t— 5 ¢

=22+ pr)(z +0u0) + (2 + 0) %1

z+6 2(z+0)2 o
F(T _ ?
+<T2z (Tz)+ 5 ¢
1

=22+ pu)(z +05b) + (2 +6) T

z+0 T°2*(2+0) _or.

(C.7) +

Let us denote

Pr(z) = 2(2+pu)(z+0dnb) + (z+0) 2.
(€8) )
C = 1= 0u sup F(Tz)—i—z——'_aT?zze*%T < 4o00.
5H 2€D3 —0

Observe that for z € D3, on the one hand,

SPr(2)] = |92] {(2 +pu) 2Rz + 646) + %1

2+ r
sl [ 2422 (g0 + 2.

v

Then, for z € C such that

Sr > 4 1 C 1
S - | =_1
2+ pm (—og0) T2 T
we have |S§1T(z)| > 0. On the other hand,
07’1

RPp(z) = (2+ pr)R(z)(Rz + 610) + — Rz (2 +pm)(S2)?,
2 —0nt” 7 — (2 +p)(32)”
Then, for T large enough and for all z € D3 such that
o 4 1 [ C 7“1}

Sz — |7 =

T 9hpn (o) T2 T

we have %él,T(z) > 0. We are allowed to conclude that if T is large enough and
z € D3, then Ry r(z) € C\]—00,0]. Lemma 12 is proved.
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It remains to prove assertion (d) of Proposition 3. This is given by the following
lemma.
LeEMMA 13. Denote

Dy={2€C: Rz>—0gb(1+¢)}.

Then, there exist a constant C depending only on 6 and the index H such that for T
large enough and z € Dy

Vis o (R s o1 5+ )

Proof of Lemma 13. Observe that

Jexp (= Br2)| - \/<2 el

From (C.7) and (C.8),

|Pr(2)] _C R (2)]
2 +pn)lzllz+ 6] T2 = (2+4pu)lz|lz + oub)|

| Pr(2)| C
(2+pu)|z|lz +dg0] T2

A

A

On the one hand, the very definition of Pr implies that

T RH R R

2+ pu)2(z+0ub) =z

and since 6 > 0, we find that for z € C such that £z > —déy6, and for T >
2r1071 6!

P(2) ! n]® e L
(2—|—pH)z(z+5H9)‘ =7 \/{%” T} + (822 2 5
On the other hand,
P(z) g1 r0(1 + o) 1
(24 pg)z(z +0ub) T (2+py)z T (2+pu)z(z+dmb)
and
P(z) <14+ T r0(1 + 6pr) 1
(2+pm)z(z+0m0)| ~ 00T (2 + pu) T (24 pm)d%6%”

Lemma, 13 is proved.
Finally, the proof of Proposition 3 follows from the conjunction of Lemmas 10-13.
Proof of Proposition 4. Using the decomposition (4.9), assertion (c) of Proposi-
tion 3, the fact that for a € D1 N R,

0 < inf exp(Rr(a+ iu)) < sup exp(Rr(a + iu)) < oo,
ueR u€ER
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and the equality R(a + iu) = Ra, we only have to bound
u > exp(T'(L(a + iu) — L(a))).

The bound is clearly given by inequality (C.1).
Proof of Proposition 5.  Recall that, by Lemma 12, Rr(a) = Rr(p(a)) with

éT given in (C.5). Moreover, there exist 0 < z; < x5 < —dg0 such that for all
T €]—0m,+00]

Rir(x) — 2+ pu)(@ — o7)(z — 25) = O(T2).

Since 0 < x5 < . < =80, we have for all x € |—dy, +00|

<1.

‘ 2 +pu)(x —x3)(x —z7)
(2+pu)z(z —0ub)

Consequently,

i Rur(p(a) — <2+pH><so<a>—x )(¢la) — f)
xp(—fr(a)) £ \/1+ @ Pl E P —

=o(m 1 v )

which ends the proof of Proposition 5.

C.3. A contour integral for the Gamma function. In order to obtain an
asymptotic expansion for By, it is necessary to make use of the following lemma which
slightly extends Lemma 7.3 of [3]. First of all, let f, be the density function of the
gamma G(a,b) distribution, with parameters a,b > 0, given by

ba
(C.9) fa(w) =< Tla)

0 otherwise.

% exp(—bx) ifx >0,

For all integers k,¢ > 0, and for all positive real numbers o2, v, v, let
Zkil

2mo 2k+0
vg(a, b, l) = Wﬂizﬁ ‘(1)

LEMMA 14. For any integers p > 0 and £ = 0, we have

2u2

, o " ok (a, b ?) 1
(C.10) /Rexp < —ivu— <o ) = 221/u Z (TP+1>

k=0

with b = v/(2v).

Proof of Lemma 14. Denote by N, the Gaussian kernel with the positive variance

o2

1 x?
NU(ZE) = o-—\/% exp - ﬁ .
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It is well known that the characteristic functions of N, and f, ; are given by

Ng(x) = exp < — 02;2) and fa}b(x) = <1 — %) *“’

respectively. Then, it follows from [17, p. 177] that for all integers £ = 0 and for all
positive real numbers a, b, T

2,2
(C.11) / exp ( — jvx — —) gfab( )dv = 2m’€fa}b *NT(Z)(x).
R

Along the same lines as in [3, section 7.3], it is not hard to see that for any p > 0
S (2k—+0)
(C.12) fapx NO(z) = Z o K] f (2) + O(F*wHD),
k=0

Hence, we deduce from the conjunction of (C.11) and (C.12) with 72 = 02 /(Ty?) that

2
/Rexp(—iva: ;TU2> v’ fup(v) dv

2k
¢ o (2k-+¢) 1
(C.13) = 2mi ZWJ" (@ )+O<Tp+1)'

Finally, by taking the values x = 1 and b = v/(2v) together with the change of
variables u = v/~ in (C.13), we find that

(C.14) / . _U2u2 ut i abf Lo 1
. ReXp myu oT (1 — ZZUU Tp+1 )

k=0

which completes the proof of Lemma 14.

Acknowledgments. The authors thank Marina Kleptsyna for very fruitful dis-
cussions on Laplace transforms of functionals of fractional Brownian motion.
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