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Abstract : in this paper, we study a singular perturbation of an eigenvalues problem related to supra-
conductor wave guides. Using boundary layer tools we perform a complete asymptotic expansion of the
eigenvalues as the conductivity tends to +oo.

1 Introduction

Let Q and O two bounded connected smooth domains of IR? such that Q cc ©. We denote
U=0\n0.
We consider the self adjoint operator H? on L?(0) with domain H?(O) N H{(O) defined by:

H® = —A +olg, (1.1)

where o is a positive real number. In this paper we study the asymptotic behavior of the eigenvalues
of H% as o tends to +oo. The limit operator is H* = —A defined on H2(U) N H (U), that is u =0
on oU = 00 U 9.

Remark 1.1 Such a problem appears in the study of an electromagnetic wave guide O x IR with
section O, where U X IR is a dielectric body and Q x IR is a supra-conductor material with very
large conductivity. For mathematical studies concerning electromagnetic wave guides, see [3] and

[4]

According to general monotone convergence theorems (see [15]), it is well known that H? tends to
‘H®® in strong resolvent sense, as ¢ — +o0o. In our case, where the operators are self-adjoint, non
negative with compact resolvents, this implies that the eigenvalues of H? tend to ones of H> (see
also [5]). To our knowledge, there is no result concerning the rate of the convergence (see below for
more references).

The goal of this paper is to build an asymptotic expansion of the eigenvalues of H? when o tends
to +oo.

We denote R7 (&) = (H—&I) ™! the resolvent of H?, defined on L?(O) with values in H2(O)NH{(O)
for £ ¢ spec H°.

We first prove that the resolvent of H? admits a first order asymptotic expansion :

Theorem 1.1 We define the operator R*®(€) by : if f € H(O), R®(€)(f) is defined by R™(&)(f)(x) =
Uo(z) if x €U and R>®(&)(f)(x) =0 if x € Q, where

U% =0 on 0Q U 00O,

(—A-6U° = f on U.
On the other hand we define RY () by : if f € HY(O),

V() (x)e VoP®) if 2 € Q,
RY(§)(f)(x) =
Ul(z) ifx e,



where

Ul'=0 on 00,
0
Ut = OL on 052,
ov
(A -U' =0 onU,

and
e o is an extension of U1|aQ on €,
o forxz € Q, p(x) = dist(x,0N),

e Y is a cut-off function equal to 1 in a neighborhood of Of).
Then when o tends to +oo, R(§) admits an asymptotic expansion of the type :

RO(€) = R™(€) + \%R‘f(f) + %Ké’(f),

and there exists C' independent on o such that the remainder term K§(§) satisfies :

13 ) (DNl a0y < Clf a0y
VfeHY 0), o
G E) (D22 0) < — 1/l 0)-

o
Remark 1.2 We denote R (€) = (H™ —£I)~! the resolvent of H™, defined on L (U) with values
in HX(U)NHEU). Then the first term of the asymptotic expansion of R°(€) is R*®(£) = eR>®(&)r,
where e : L>(U) — L*(O) is the extension by zero in Q and r : L>(O) — L*(U) is the restriction
operator.

Theorem 1.1 prove the existence of a first order asymptotic expansion of the resolvent and we
deduce the following theorem concerning eigenvalues :

Theorem 1.2 Let A*° be an eigenvalue of H™ with multiplicity m. We fir n > 0 such that
B(X*,n) N spec H™® = {\>*}, where B(A®,n) = {£ € C, |A\*° —¢&| <n}.
Then for sufficiently large o, H® has exactly m eigenvalues counted according to their multiplicities
in B(A*°,n), and these eigenvalues \Y admit an asymptotic expansion of the type :
A A°°+1 +(1) (1.2)

7 = —u; + o(—). .

2 \/E'UZ \/E
Furthermore if we denote (f1,. .., fm) an L*(U) orthonormal basis of the eigenspace ker(H>®—\*I),
then (1i)1<i<m are the eigenvalues of the matriz A with coefficients :

01i0J;

;i = .
“ 9q Ov Ov

Remark 1.3 The computation of the eigenvalues and eigenvectors of the limit operator H™ give
easily a first order approzimation of the eigenvalues of H, since A is deduced from the eigenvectors

of H™.



Remark 1.4 In the proof of Theorem 1.2, we show in fact that the remainder term in (1.2) is
1

@) (—3) This estimate is not optimal as we will see in Theorem 1.3.
o4

We can not build an asymptotic expansion of the resolvent at any order in £(H'; H') as it is done

at order 1 in Theorem 1.1. Nevertheless it is possible to prove that the eigenvalues of H? admit an
asymptotic expansion at any order :

Theorem 1.3 Let A*° be an eigenvalue of H*. With the notations of Theorem 1.2, for any i,
1 <4 < m, \] admits an asymptotic expansion at any order, that is there exists a sequence
(“g)je]N such that for all N,

Voo 1
)\;‘:)\OO‘FZ_l,UIg‘FO(@)
j=102 g 2

Remark 1.5 Theorem 1.1 remains valid in all dimension, but in Theorem 1.2, we use a Sobolev
embedding which prevents the generalization of our proof at any dimension. Nevertheless the proof
of Theorem 1.3 does not depend on the dimension, so the eigenvalues of H° admit an asymptotic
expansion at any order in all dimension.

Without any assumption on the dimension and on the multiplicity of the eigenvalues, it seems
to be the first asymptotic result (at all order) in Large-coupling Limit. Large coupling limit are
essentially discussed for operators with continuous spectrum. For example, for periodic problems
let us quote works of Hempel-Lineau-Herbst (see [11] and their references). They use a Floquet
decomposition (or direct fiber-integral decomposition [14]) and a monotonic convergence theorem
in each fiber. Concerning perturbations of the Laplacian on IR" of the form Hy = —A+V + Alq,
with V' € L?(IR"™), Demuth [7] use a Feynman-Kac formula to prove trace norm convergence of
the resolvent (Hy — 2)~", r > 1+ n/2, to the resolvent of associated Dirichlet problem. More
general perturbations of the type Hy = —A+V + AW, with V € L*°(IR") and 0 < W € L*°(IR")
are studied by Gesztesy and al. [8]. Exploiting monotonic convergence theorems they prove that
the discrete and essential spectrums of H) tend to the ones of the associated Dirichlet operator.
Furthermore, in [8], using WKB machinery, 1-order asymptotic expansions are given in 1-dimension
and for multiplicity m < 2. Further order asymptotic expansion is proved by Ashbaugh-Harrel [2]
in 1-dimension (on IRT) for Hy = —A + V + Alg, with V continuous supported in [0,1] and
W= (z—1)P 11 +o0[- By an analytic implicit function theorem they prove that the eigenvalues of

1
H), are analytic with respect to A~ »+2.

In the following, we fix an eigenvalue A*° of the operator H°°. The resolvent of H is compact, so
there exists n > 0 such that spec H* N B(A*,n) = {\*}.
We will use the following notations :

e E7 is the sum of the eigenspaces associated with the eigenvalues of H? contained in B(A*, 7).

e P7 is the spectral projection onto E?. It is given by :

—1 o
= 35 o, T C1E (13)

" 2ir

g

where C(A*°,n) is the circle of center A* and of radius 7.



o E™ is the eigenspace of H associated to A*°. We denote P> the spectral projection onto
E>.
o £ = ¢(E®) and P® = eP™r which satisfies :

-1

P* =_— / R>(&)dE. 1.4

i e 1S (14)

In order to perform the asymptotic expansion of the resolvent we use boundary layers machinery
inside €, that is we seek R?(£)(f) on the form :

1
R7(€)(f)(x) = VO (z, Vop(x)) + %Vl(wv Vop(@) + ...,
where ¢(x) denotes the distance from z to Q. The term 9 (x)a; (z)e”V7?(®) represents the forma-
tion of the thin layer near the boundary of 2.

Remark 1.6 Boundary layers should appear in the case of viscous perturbation of hyperbolic and
parabolic systems (see [9], [10] and [6]).

In the proof of Theorem 1.2, following Kato [12], we introduce the invertible operator A% = 1 —
P> + PP, This operator maps E°° onto E?. The first order asymptotic expansion of the
resolvent gives a first order asymptotic expansion of A7 in the space L(H'; H').

We denote Q° = P>®°[A]~1H7 A% P>. This operator belongs to £(E*) and has the same eigenval-
ues than H?P?. Using asymptotic expansions of the resolvent we obtain a first order asymptotic
expansion of Q9. Applying classical finite dimensional results due to Kato (see [12]) we deduce
Theorem 1.2.

In order to prove Theorem 1.3, we introduce the unitary operator B defined by :
BY = (1-W)7%((1 = P7)(1 - P®) + PTP®),

with W = (P — P*®)?, and we remark that Q7 = P>®°[B°]~'H7B? P> has the same eigenvalues
than H?. On the other hand, with algebraic arguments, we see that it suffices to perform the
asymptotic expansion of the resolvent for f € E* that is f = 0 on Q and f € C®°(U)NHE(U). This
is possible at any order in an algebra and we can compose the asymptotic expansions to obtain
that Q7 admit an asymptotic expansion at any order. Since Q° is self-adjoint, the eigenvalues of
Q" admit then a complete asymptotic expansion.

The article is organized as follows. In Section 2, we prove technical estimates and we introduce
the boundary layers tools. The asymptotic expansions of the resolvent are given in Section 3. We
conclude the proof of Theorem 1.2 in Section 4. The last section is devoted to the proof of Theorem
1.3.

2 Preliminaries

2.1 Boundary layers tools

We denote ¢ : Q — IRT the distance from z to 9§2. The open set Q being smooth, there exists
Q; C Q a neighborhood of the boundary 02 such that ¢ is smooth on €. Then we have |Vp| =1
on 1 and Vyp = —v on 0€), where v is the outward unitary normal on 0f).

We have the following proposition :



Proposition 2.1 Let v € H%(aﬂ) and f € H%(Ql) Then there exists an unique o € H%(Ql)

such that
2(Ve,Va) + Apa = [ in Oy

(2.5)
a =y on Of.
Furthermore there exists a constant C such that :
ol 0y < € (Mt oy * )
Proof. Even if it means reducing €)1, we give a parameterization of {1 of the form :
A: 00 x[0,0] —
(z,s) — x — sv(x)
We denote & = awo A. Equation (2.5) is equivalent to :
8a -
25, T 8wz, 8))a = (f o A)(z,s),
(2.6)

a(z,0) = y(z).

This is a linear differential equation with 1"legu1ar coefficients. Cauchy-Lipschitz Theorem shows
that there exists a unique & € C*(0,0; H2(0f2)) satisfying (2.6) and there exists a constant C'
independent on 7 such that :

180 500y < C (Mgt oy + 11, ) -

Since a = @ o A~1, we obtain that o € Hz (1) and that there exists a constant C' such that

) S <”7||Hz ooy T ||f||H2(Q )

[lex]

2.2 Estimates

First we recall in Lemma 2.1 and Lemma 2.2 two classical a priori estimates.

Lemma 2.1 There exists a constant C' such that for any & € C(A®,n), for any v € H'(U) such
that (—A — &)u € L2(U), we have :

lull 2@y < € (lull 2 + (=8 = Oullz2qs) -

Proof. Let f € L2(U). There exists w € H2(U) N HE (U) such that —Aw —&w = f in U. Moreover,
lwll g2@) < Cllfllz2@), where C' does not depend on § € C(A*°,n) and f.

Then we have :
/ uf :/ u(—Aw — &w)
U U

——/Auw—&/uw—i— u@_w
u u

ou Ov



Hence,

ow
< = Au = &ull 2@ [lwl L2 @y + HUHLQ((’?M)”%”LQ(M)

J

< C (Il - Au = &ull 2 + o ) 122

These estimates are true for all f € L?(U), so by a duality argument, we obtain :

lull 2@y < € (Il = Au = &ull 2y + llullz2gans) ) -

Remark 2.1 More general estimates of this type are proved in [13].
Lemma 2.2 There exists a constant C such that for all v € H(),
1013290y < € (I0132(0) + IWllz2@ Vol 2@)) -

Sketch of the Proof. We prove the estimate for regular maps and we conclude the proof by a
density argument (see [1]).

In the asymptotic expansion of the resolvent, the following a priori estimate will be used to estimates
remainder terms.

Proposition 2.2 Let g € L?(Q2), v € L?*(09) and & € C(A\*,n). There exist og > 0 and a constant
C, independent on g, v and &, such that for all 0 > oy, if a and b are the solution of the following
system,

(A =&b+0b=g on (1)
(A —=¢&a=0o0nlU )

ob  Oa
a—bandg—g—l-’yon@@ (ui1)
a=0 on 00 (1v)

then we have the following estimate :
C C
2 2 2 2 2
L9+ [ 1902 +0 [ 1 < S g0 + Vo Sl (2.7)

Proof. We multiply the first equation by b and the second by a. We add up the two equalities and
we obtain :

/\Vb|2+/|Va|2+a/|b]2:§/ |b;2+§/\ay2+/g6+ @b—/ 9a..
Q u Q Q u Q aq Ov aq Ov

Using (i4i), we have :

Lo+ [ 19al 4o [ b2 < lel [ w2+ 1el [ 1ol + lglzalbllie + [ b
Q u Q Q u o0

Now, we have the following estimates :



e For o sufficiently large, |£| < %.
llgllz2 (o lI0] ||b|| 2|| I3
. J— J—
gllrzn L2(Q) < Q) T Illr2(@)

[laf<c [ el
% o0

and since a = b on 0f, using Lemma 2.2, since [£| < A + 7,

e According to Lemma 2.1,

€l [ 10l < KIbl32 0y + Kbl 200y | 0220,

and for o sufficiently large,
o 1
€l [ 10 < 1Bl + 51903200

e Finally, for o > og, with oq sufficiently large,

[0 < Ilzan b0
20
1 1
< Clvllezo)l1bllL29) + ClivlL2@0) 10l 72(0) VOl £2(q)

o 1 K
§||b||L2 Z||Vb||2L2(Q) + %HVH%Q(E)Q)‘

Using these estimates, we obtain the claimed result.

3 Asymptotic expansions of the resolvent

We fix f € L?(0) and we denote u® (resp v°) the restriction of R(&)(f) on U (resp Q). The couple
(u”,v7) satisfies the following system :

—Au? —¢u’=f onlU (1)

A+ (c—&Ev=f onQ (2

u? =v7  on N (3) (3.8)
ou’ o’

E = E on 89 (4)

u” =0 ondO (5)

We will seek asymptotic expansion of u? and v of the form :

W (2) = U%(z) + \%Ul(ag) + %U%) +

V(@) = VO, Vop(a)) + =V (@ Vael@) + VA Vae(e) +

1
Nz



where the profiles V*(z, z) can be decomposed on the following way :
Vi, 2) = Vi(z,2) + V' (2),

where V7 and their derivatives tend to zero when z — +oc.
We formally replace u” and v7 in (3.8) by their profile and we say that each order of the asymptotic
expansion is zero.

3.1 Order O

Proposition 3.1 Let A*° and n as in Theorem 1.2. Then for all £ € C(A*°,n), R7(§) satisfies the
asymptotic erpansion :
R7(€) = R™(§) + KT (9),

where K¢ (&) is an operator defined on L*(O). Furthermore, there exists a constant C such that :

C
IET () (o) < U_%”f”LQ(O)

VEeC(N®,n), Yo >oq, ¥V feL*0),
. C
KT () (N)lzz0) < ﬁllfllm(oy

Proof. Let f € L*(O). We denote u’ (resp. v?) the restriction of R(&)(f) on U (resp. ). We
know that u? and v7 satisfy (3.8). We write

u’ () = U%) + a’(z),
v7(x) = b7 (x),

where U satisfies :
U% =0 on 09,
U% =0 on 00,
(~A—U° = fonl,

that is N
U° = (R®(&) o r)(f)-

The remainder terms satisfy the following system :
(A —=¢&a’ =0in U,

(A =& +0b” = fon Q,

a® = b% on 012,
oUY  9a®  Ob°
W + E = E on 89



We remark that there exist a constant C' independent on £ and f such that :
10N 2@y < ClIF N2y

We apply proposition 2.2 and we obtain that there exists a constant C' which does not depend on
& and f such that :

o2 o2 0|12 1 2 1 aUO
IVaZ |22y + VOl 220 + o107 |72 < C;WHB(Q) \/—H HL2 (99)
thus
o112 o112 T2 1 2
IVaZ |22 @y + IV 12y + allb7[72 ) < C—=11lI72(0)- (3.9)

Vo
Now we have :
a’(z)ifzeld

K{()(f)(@) = { e o
and Estimate (3.9) give that :

| Q

IVET () ()20 - £l z2(0)-

s

With estimate (3.9) we have that [|b7[|;2) < —5 || fll12(0) and using Lemma 2.1 and Lemma 2.2,

ii.ul Q

we can estimate ||a”||z2) and we obtain :
a2y < Clla%||r2(00)

< OV 200

1 1
<C (||b‘f||L2(Q) + llb"lliz(mIIVb"Ilizmm)

\/—”f”LQ(O

Hence we have : o
KT () (ll20) < %Ilfllm(m

This completes the proof of Proposition 3.1.

3.2 First order asymptotic expansion

First step. Formal asymptotic expansion
With the usual notations we seek formal first order asymptotic expansion on the form :

1

u’(x) = Uo(a:) + \/—E

Ulz)+...

o () = VO(a, vop(z)) + %vlu, Vau(@)) +

We recall that u” and v7 satisfy (3.8). We will replace u” and v? by their asymptotic expansion in
(3.8) and we will identify the different powers of o.

We will use the following notations :



e = (x1,...,T,) are the coordinates in IR",

2
° szaa—‘z/andvzz:%,
oV 0*V
ox1 0x10%
eVV=|  |andVV.= : :
ov 0?V
% 01,07
0*V 0?V
. sza—:ﬁ+"‘+a—:@%‘

We remark that if w(z) = V(x, /op(x)),

Va(z) = YV (2, Vop(z)) + VaVe(@)Va (e, vou(x)),
and
Aw(z) = o[ Ve2Vau(z, v/o0(x))
- (2<w<w>, VV. (2, Vap(a)) + Ap(a)Va(, ﬁso(m)))

LAV (2, Vo).
Using that |[V¢| = 1 we formally obtain the following equations :

(i) (A =U’ = finl,
from (3.8.1),
(ii) (—A-HU =0 in U,
(iii) VO—V9 =0in Q,
from (3.8.2),
(iv) V- VL — |2V, VV2) + ApVP] =01in @,
(v) U%=Vv0in 09,
from (3.8.3), (3.10)
(vi) Ul =Vv!in 09,
(vii) VY =0 in 09,
from (3.8.4), 0
(viii) 88% = -V} in 09,
(ix) U%=01in 00,
from (3.8.5),
(x) Ul =0 in 00.

Using the equations (3.10), we obtain :

10



e from (iii), we have VO(z, 2) = ag(x)e?.

e from (vii), ap(x) = 0 on OS2

e in (iv) we arbitrary cut the equation in two terms and we say that V! — V. = 0, ie.
V(z,2) = ay(x)e™?, and we have (2V, Vag) + Apag = 0 in €.

Using Proposition 2.1 we obtain that :
ag =0 on Q.
e Using (i) and (ix), since (v) implies that U? = 0 on 9, we have :

(A -&U%= fonl,

(3.11)
U% =0 on oU,
that is N
U® = (R®(€) or)(f)-
e Using (viii) and (vi) we have :
0
alelzaion(?Q,
v
thus U! is uniquely determined by :
(A -&U'=0onU,
0
Ul = % on Jf.
ov

e Finally, in order to gieﬁne a1, we will use a classical trace relevement from 02 to €2 denoted
by £q defined on H?2(99Q) with values on H?(f2), and we set

ou°
a1 = SQ(W)

In short, if we fix f € H'(O), we define R®(£)(f) = e(U°) by (3.11) and we define RS (£)(f) by :

() (x)e Vor@) if ¢ e Q,

RY(§)(f)(x) = (3.13)
Ul(z) if x €U,

where U; satisfies (3.12), ag is defined by
a1 = E(Uh) on Q, (3.14)

and where 1) is a cut-off function with support in Q; and equal to 1 in a neighborhood of 9. The
cut-off function v is used to avoid the problems of non regularity of ¢ far from 0f.

The main properties of the operator R{(§) are listed in the following lemma.

11



Lemma 3.1 The operator RJ (&) satisfies :
1. R7(&)(f) only depends on rf, the restriction of f to U.

2. rR7 (&) does not depend on o, and there exists a constant C such that for all o,
v feHY(O), [IrRIE)NMuzwy < Clirfllm o) (3.15)
3. There exists a constant C' such that :

v feHYO), |R{(E)(Nrz) < —1llrflae

N Ko

v fe HY(O), [IR{(E)()laq) < Coillrfllaqns
1

4. PPR{(&)P>® = WAPOO, where A is a linear map in E*°. The coefficients of the
matriz A in an orthonormal basis (fi1,..., fm) of E* are given by the formula :
[ 050U
Y Jaq Ov ov

Proof. Let f € H'(O). We define U° € H3(U) by (3.11). So Uy only depends on rf. Hence

8U0 .

—— oo € H %(89) only depends on rf and by classical results on elliptic equations we obtain
v

inequality (3.15).

In addition, by property of £q,

< ou°
leallzz@) < CliZ -1l 3 o0
< Clrflla @y,

and we have :

[RT(€) (Nl 20 < [9]| oo [levt || oo [le ™% 12

C
< —lIrfllaw-

o1

Furthermore
V(R () (I 2y < [9]| oo [l |2 1V (€7Y?) [ 2 + V4| oo lave[| o< le ™%l 2
[ oo IV aen | 2| (€Y% oo
1
< Coa|rfllgw

Remark 3.1 We use here the Sobolev embedding H?()) C L*®() which is valid in dimension
two. This is only here that there is a restriction on the dimension.

12



Let us prove now the last assertion.
Let (f1,..., fm) be an orthonormal basis of E°°. Let us compute P> R](&)P>(f;).
We note U® € H} (U) the solution of :

(—A—U = f;inlU.

We remark that U° = oo gf-.

We consider U! € H(U) the solution of :

(—A-U'=0in U,
0
Ut = ou” on 09
ov
U' =0 on 90.
We have : .
PRREOP=(5) =3 ([ U £) £
=1
Now we have : !
[vtti= —x [ v'ar,
u A Ju
_ 1 1, , 1 10f;
N )\00/1,{AU fz—l—)\ aQU ov

B {/ 1, 1 oU% af;
™ uUfZ—i—)\oo a0 Ov Ov

/Ufz_ /\°°—£) /89%'%’

PERI(E)P=(fi) = m— 22(/3 %'%}Df’

o Ov

Hence we obtain that :

thus

We are now able to prove the following proposition which contains the results of Theorem 1.1 :

Proposition 3.2 The resolvent R°(§) admits an asymptotic expansion of the form :

L Kg(e), (3.16)

L Re(e) + -

Vo
where R{(§) is defined by (3.11), (3.12) and (3.14).

Furthermore there exists oy > 0 and there exists a constant C' independent on & € C(A*°,n), such
that :

R7(€) = R™() +

IKS () (H)lno) < Clf o),
Vo>o0, VEECOA®), Y feH(0),
IKS () (2 (o) < Hﬂmly

13



Proof. We fix f € H'(0O), we define U?, U' and oy like in (3.11), (3.12), (3.14), and we set :

1 1
—=UY2) + —=a(z) ifx € U,

u’(z) =U%x
()U()+\/E 7

1 1
v (z) = \/—Ew(aj)al(a:)e_ﬁ‘p(x) + %b"(x) itz eQ.
The remainder terms a? and b7 satisfy the following system :
(1) (A —=&a’ =0in U,
(i) a’ =17 in 09,

da® OU! 0 Oay

o T " T, o

(iv) (A =& +0b” =g in Q,

(v) a’ =0 on 00,
where

g’ = Vof+ oy (2(V<p, Val) + Agooq) eV

+ (z/JAoq + &aq + Avag + 2(VY,Vaq) + 2a4(V, th)) e VP,

We have the following estimates :

8041

. H8—HL2 00) < Clla| g2y < Kl 3 KHUOHI‘Id , and we obtain :

3 (90)
80[1
”—HL2 00) < K[ fllmr -

e
ov

ou!t

o 15 lz2ee) < ClIU a2 < CIU 3 o =CI

||H% 09 hence

Ut
||—||L2(8Q < K| flla @

o 197120 < VOl fllzz) + KVal2(Ve, Var) + Apar)l| z2 o lle ™V L) + K llatl|z2q)

19712 < EVol fllzz@) + EvVollfllm @)
We apply Proposition 2.2 and we obtain that :
IV By + 195 oy + o116 ey < K (W13 + Wlpn)-

Furthermore, applying Lemma 2.1 and Lemma 2.2, since a® = b on 0f), we obtain that :

- K
la” Iz < =5 (1120 + 11 s)
g

So the proof of Proposition 3.2 is complete.

14
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4 Proof of Theorem 1.2

Proposition 4.1 The projector P° admits an asymptotic expansion of the form :

1 1
_Plva _
N

where PY7 is an linear operator defined on H'(O). Furthermore, there exist a constant C and o
such that for all o > oo and for all f € H(O),

7P ()l ey < Cllr f

P7 = P>+ M,

1
1P (Pl () < Cotllrfllma

o C
IPY7 (2@ < _%”Tf”Hl(L{)
g

and
1M () o) < Cllif I o)

C
1M ()Iz20) < — Il @
o4
Furthermore, 7PY7 is independent on o and P>®PL7 P> = (.

Proof. The operators H? and H* are self-adjoint thus the projections P? and P> are given by
the relations (1.3) and (1.4).
Therefore, according to Lemma 3.1 and Proposition 3.2, if we set

-1
PI’U — _/ Rl,o d

and )
M= _—— / K*7(§)de,
24 Je(ree )
the first assertion and the estimates are straightforward.
The second assertion is a consequence of Lemma 3.1 since

[ ox-ga—o.
C(A>n)

Proof of Theorem 1.2.
Using Kato’s method (see [12]), we introduce the operator A7 :

A7 =1~ P® 4 P7P>,

This operator maps E* into E? and leaves the orthogonal of F*° invariant.
Using Proposition 4.1, we obtain an asymptotic expansion of A7 :

1 1
A7 =T+ —=PYp>® 4 — M7P>, (4.18)
g

NG NG
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We remark that there exists a constant C' such that :

Plop(p)| <
H\/_ Hl((Q) 0‘%
V o>o ¥V feHYO), (4.19)

[0, = e e

So A7 is invertible in L(H(2); H'()) and

[Aa]—lzld_ipl,apoo_ 1 Mapoo_‘_—i_zoo )n |:P1,apoo+ M P> "
Vo N = o

Using assertion (4.19) we remark that :

Z( Dl [Pl’”PO"Jr M“Pw]n

D <
n302

%)%

L(H'(0))
Furthermore, using that P P19 P> = (), we obtain that

POO[_AU]_lz POO—%POOMUPOO—I—%POOMUPOOMUPOO

-1

n
2

53

n=3 7

n
[PLUPM + M"POO] :
Now since P is a regularizing operator,

[P MT P> £ prny < CIIMT P 2y <

So we have :

Pe(A%)L = P 4 —_N", (4.20)

with

=
g

Nl gy <
g

— N

As a consequence, the eigenvalues of H? contained in B
Q° defined on E*° by :

A, n) are the eigenvalues of the operator

Qa — POO(AO')—].HUPO’AO’POO'

Since we have the relation : 1

HOP® — — / ¢R(£)de, (4.21)
Cc(A>,n)

2w
we are lead to study the asymptotic expansion of P> (A%)~!R7 P7 A% P>,

Using Proposition 3.2, and equations (4.18) and (4.20) we have :

)
PN T RIPTATPY = (P \%NU) (F=©)+ \%Rf{(g) +
)

)

x (P + ZPlop> 4

16



i.€.
P®(A°)IRIPAP® =T, +...Ts

with
1 1
T, — P>®R>® P PO R>® Pl,O'Poo _—_P®R>® MPC P
L= PRSP + 2PV R + o PERE(E) ,
Ty = —_ P®R{(§)P® + L P®RY(€) P17 P™ + L xRy (6)M7 P>
2 = \/E 1 o 1 o 1 )
Ty = —— P®KZ(€)P + - PoK(€)PL7 P + L P> K ()M P>
3= \/E 2 o 2 o 2 9
Ty = S NTR®(€)P™ + LNTR®(¢)PLTP™ 4 LN R (€)M P
RN o o ’
1 o PO 00 1 o PO 1,0 poo 1 o PO o oo
Ts :;N R{(&)P + =N R{(§)P°P + =N R{(§)M° P,
o2 o2

1 1 1
Te = ;N”K?({)POO +—= N"Kg({)Pl’”POO + —5 N7K3 (§)M° P™.
02 o2

Since P*° is a regularizing operator, we remark that

g g C
1P K5 () ey < 1P oerzm KT ()l ez < e
o
Using Lemma 3.1, Proposition 3.2 and Proposition 4.1, we estimate the terms 77, ..., Ts. We recall
that P> PLo P> =,
o PPR®() = ! P, Thus T} = L o° #7‘{’ with 77 = LPOOM"POO, SO
AX — ¢ AX — ¢ AX — ¢ Vo
K
17 2y < —5-
!
o T = i¥AP°° + 75 where 75 = 1 (POOR"(g)Pl"’POO + POOR"(g)M”POO) and
Vo (A —¢)? 2 2 o ! 1 ’
we have :

ag
< —.
|73 ”c(Hl) =5

1 ag 1 loe] g g (o] ag (o]
o ITallcary < ZZIKS©llewrnn + SIPKE©llearn (IPY7P¥ ey + 1M7P< e ).

Since P is a regularizing operator, and using Proposition 4.1 we obtain that

K
T: < —.
1Tl ey < —

In the same way we prove that Ty, T5 and T are bounded in £(H?) by

%%

Therefore we obtain that
1

\/E()\OO —&)72AP™® 4 o(c™2).

POO(.AU)_IRU(g)AUPOO —_ ()\oo —5)_1POO +
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Hence integrating this asymptotic expansion on C(A*°,7), we obtain that :

P (A7) "V HTPT AT P = AP P> 4 %AP‘” +0(07%).

Theorem 1.2 is then a consequence of the well known results in finite dimensional spaces (see [12]).

5 Further order asymptotic

In this section we seek an asymptotic expansion of the eigenvalues of H? at any order. The main
difficulty comes from the fact that the asymptotic at any order of the resolvent operator is not
valid in an algebra. The first order approximation is only in £(H', L?) and the further order ones
are in L(H k. L?) with k sufficiently large. Then we can not compose the asymptotic expansions in
the study of Q7 = P>®(A%)~"1H7 A7 P>,

The second difficulty is that Q7 is not self-adjoint and the existence of an asymptotic expansion of
the operator at any order does not imply the existence of the corresponding asymptotic expansion
for the eigenvalues.

We consider W7 = (P? — P>)2, This is a self-adjoint operator which tends to zero as ¢ tends to
400, according to Proposition 3.1. Consequently, for ¢ sufficiently large, we can define :

B = (1-W)7%((1 - P7)(1 - P®)+ P7P). (5.22)

Since W commute with P’ and P>, B° maps E* in E° and (E*)* in (E?)+. Moreover using
that P®° P = P* and that P°P° = P?, we remark that

=

B° B = (1-W°)"2(1-W)(1-W°)"2 =1,

that is B? is unitary and then H? P and Q" = P>(B°)~'H?B° P> have the same eigenvalues.
The crucial result to obtain the asymptotic expansion at any order is the following proposition :

Proposition 5.1 For B? defined above, we have:

P>(B°) ' H7BP> = (1 - WOP®)"3 PX [P P>(1 — W7 P>) 3 P~

Proof. By definition of B? and by using that W7 commute with P and P> we have :
B7P® = (1 - W%) 3P°P® = P"P>(1 - W) 3P

In the same way, P>(B7)~! = P*°(1 — W“)_%POOP“. Furthermore since W2 P> = P*W7 and
P> P*® = P> we have :
(1—W?) 2P = (1 — WIP®)"2 P>

This complete the proof of the proposition.

Therefore using the relation (4.21) the asymptotic expansion of P> (37)~1 H7B% P> will be a con-
sequence of the asymptotic expansion of (1 — W”POO)_%POOR”(S)P‘X’(l - W”POO)_%POO. More-
over since WI7P® = PXWIpP>® = P — P®PIpP>_ according to relation (1.3), we are re-
duced to discuss the asymptotic expansion of P®R?(£)P>. We remark that if g € H*(O) then
P>(g) € C*°(U) and vanishes on 2, thus it suffices to perform an asymptotic expansion of R?(&)(f)
with f € H}(U)NC®WU) and f =0 in Q.

18



Proposition 5.2 Let N € IN. Let f € H'(O) such that f = 0 in Q and such that the restriction
of finU is in C*°(U). Then R°(&)(f) admits an asymptotic expansion of the form :

1
Z Uk ) +—xa(z) ifz €U,
2

koO’2 o

R7(E)(f) =
e Vool iNbf’(a;) ifxeq,

g 2

and there exists a constant C zndependent on f and on o > og sufficiently large such that the
remainder terms a® and b° satisfy :

q
wl?r =

Q

a J—
a2y < 1l o

- C
Va7 2@y < _inHH?N(L{)
g

167N 22(0) < —5 1 fll 23 @y

2%l Q

IVl 20y < — I lmr2n -

2 Q

Proof.

First step. Formal asymptotic expansion.
As in the Section 3, with the usual notations, we seek (u7,v?) of the form:

u () = U°(z) + —=U"(2) + %U%;) +

Jo
V(@) = VOl Fpla)) + =V oV pla)) + 2 VEe Vap(a) +

We recall that u” and v7 satisfy (3.8). Replacing u” and v” by their asymptotic expansion in (3.8)
and identifying the different powers of /o, we obtain :

e InU, for k=0:
(—A-HU=fonld
U% =0 on ouU
that is N
U° = (R®(&) or)(f)-
e In () fork>0:
(—A—VHFT - [(W% VVF) + Asan] F (VR YR = 0 in Q

o k—1 o k—1
e OUT OV
V., B 5, OO o

with V=1 = V9 = 0 (see Section 3).
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e InlU, for k>1:
(—A—-UF =0on U

Uk =VFk on 00

U* =0 on 00

Then we construct functions V¥ and U¥, k > 1, by induction. We set V*(z, 2) = ag(x)e™* with oy,

solution of
2V, Vag) + Apag = (A + &ag_1 in Q

5.23
ap = U — dak-1 on 0f) ( )
T 0w ov
and U*, solution of
(A -UF =0on U
U* = ay on 09 (5.24)

U* =0 on 00
where UY = rR®(£)(f) and o = 0.

Second step. Properties of the profiles.

Using (5.23) we remark that if ap_; € HP(Q) and U1 € HP(U) then, ay|spn € Hp_%(aﬂ) and
(A + &)ag_1 € HP72(Q). Hence oy, € HP2(Q) with Proposition 2.1.

Using classical results on elliptic equations, we obtain now that U* € HP~1(lf).

A straightforward induction allows us to claim that there exists a constant C' independent on f
and o such that :

V k<N, gl geo-neeq) + 10* | gaov-nr2q < ClFlla2v @) (5.25)

Third step. Estimation of the remainder terms.

For any N € IN we decompose u° and v’ on the form :
N k N

u’(x) = Z o 2UFz)+0 2a%(x) if x €U,
k=0

N
v (z) = Z J_gd)(;v)ak(:v)e_ﬁ‘p(x) + U_%b"(a:) if x € Q.
k=0

The remainder terms a’ and b7 satisfy the following system :
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(1) (A —=¢&)a’ =0in U,
(i) a’ =17 in 09,

da®  OUN _ob daN

da” _ o 5.26
(i) ov " o o o " o, (5:26)
(iv) (A =& +0b” =g in Q,
(v) a’ =0 on 012,
where
N—1
= Y 07 2V, Ve)arit + Adag +2(Vi, Vay,)) e V7%
k=0

+ (2(Vih, an) + Avay) e V¥ + (A + ane V¥,

which is bounded in L?(Q) by Cl| £l gr2w ) because @(x) > e > 0 on the support of the derivative
of 1, and using estimate (5.25).
We apply Proposition 2.2 and we obtain that :

IVa%l[Z20) + V071122 (q) + ollb7l72(q) \/—HfHHQN(u

Furthermore, applying Lemma 2.1, we obtain that :

- K
1671 2280y < ;Hf”HW(U)‘
and applying Lemma 2.1 it concludes the proof of Proposition 5.2.

We consider f € E>. We remark that since P*°f = f and since P*° is a regularizing operator,
there exists a constant C' such that :

£l 2z @y = 1P fllzy @y < ClFll 2 (5.27)
We introduce now the profiles U, ..., U defined by (5.24) and we set
AF©)(f) = P=(UP).

Using (5.25) and (5.27), since P> is a regularizing operator, we obtain that there exists a constant
C independent on f, £ and k € {1,..., N} such that :

IAR@©) (N2 < ClIfllzzan)

Furthermore if we denote K§(£)(f) = P*°(a”) where a” is defined by (5.26), we obtain the propo-
sition :

Proposition 5.3 For any N € IN

P®RO(E)P® = (A\®° —&)71P> + Z —A’f (£) P> + %Kj‘v,

k102 o 2

with || K| 2w < G-
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Corollary 5.1 There exist (P*);>o € E(EOO)]N such that for any N > 2:

N
1 1
PXPIpP® =PpP> 4+ 3" —P'P>® + - Pg,
k—2 o2 o2

with || Pg || 2@y < 55

Proof. It is a direct consequence of the above Proposition using the relation (1.3). The coefficient
-1
of =3 vanishes because / (A® — ¢)72d¢ = 0. For k > 2, Pk = —/ Ak(f)dé‘.
c 2im Je(xeo )

Proof of Theorem 1.3. Let B? defined by (5.22). Since B? maps E* on E?, the eigenvalues of
H° P° are the ones of Q7 = P> (B°)~'H?B? P®. This operator is self-adjoint then exploiting the
perturbation theory in fjnite dimension we will deduce the asymptotic expansion of the eigenvalues
of Q7 from the one of Q7 itself. According to the proposition 5.1,

O = (1 — WoP®)"2 P®H? PP P>®(1 — W7 P®) "2 P,

Using the relations W7 P> = P> — PP P> and (4.21), from Proposition 5.3 and its Corollary
we deduce that Q" admits an asymptotic expansion at any order with respect to 1/4/0. Since Q"
is a self adjoint operator, using finite dimensional results (see [12]), we obtain that the eigenvalues
of H? admit an asymptotic expansion at any order. This complete the proof of Theorem 1.3.
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