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1 Introduction

1.1 Physical context and motivations

The construction of powerful lasers enables the study of highly nonlinear
regime in plasma physics. Therefore, nonlinear models have to be used. The
simplest and most popular model for nonlinear interaction of a laser and a
plasma is the so-called Zakharov system [28]. Tt is used for dense, hot plas-

mas. A typical version of the scalar Zakharov system is

10+ Au = nu,

(1.1)
#n—An = Alul®

This system describes the nonlinear interaction of the envelope of the electric
field u with the low-frequency ionic fluctuation of density in the plasma n.
The local in time Cauchy problem for (1.1) has been well understood since the
work of T. Ozawa and Y. Tsutsumi [20] for regular solutions and J. Ginibre,
Y. Tsutsumi and G. Velo [11] (based on the ideas of J. Bourgain) for weak
solutions (see also the work of S. Schochet and M. Weinstein for an alternate

proof [24]). A vectorial version of the Zakharov equation

i0,(V) + A(Vy) = VATV (nVY),

(1.2)
0?n — An = AV|?,

has been studied by B. Bidegaray [1]. This version is closer to the physics. L.
Glangetas and F. Merle contructed blow-up solutions in two dimensions for
(1.1) [12, 13]. The numerical study of (1.1) and (1.2) is also quite complete.
Order 2, energy preserving schemes were introduced by R. Glassey [14, 15].
Physicists usually prefer spectral schemes (see [21] and [22]) coupling several

systems of the form (1.1).

In contrast, the justification of systems (1.1) or (1.2) from the bifluid



Euler-Maxwell system is far from satisfactory (see the book of C. Sulem and
P.-L. Sulem [25], chapter 13). In this paper, we will consider only regular
solutions of (1.1) obtained from example by T. Ozawa and Y. Tsutsumi’s
method and we will address the following question: in what sense solutions of
(1.1) describe accurately the solutions of the Euler-Maxwell system ? Of course
we do not have any definitive answer (see Remark 1.10 about the extension
of our result to the full Euler-Maxwell equations). For the setting of a quite
complete Euler-Maxwell model see [27] or [3] for a formal derivation of systems
used in [22]. A first justification of asymptotic expansions for small solutions
of the Euler-Maxwell equations leading to the Zakharov equations is given in

27].

The aim of this paper is to give some justifications of such expansions
for larger solutions starting from simplified systems of the form Klein-Gordon-
wave. Unfortunately, our proof does not apply to the Euler-Maxwell system.
The Klein-Gordon-waves systems for which our proof is valid are intermedi-
ate between Euler-Maxwell and Zakharov. We will construct such systems
and explain why we can justify such asymptotics for these systems. We also
introduce a semilinearization process that enables us to tranform simplified
quasilinear systems used to describe laser-plasma interactions into semilinear

systems to which our theory applies.

A global existence result for the Klein-Gordon-wave system (1.10) (for
fixed €) is given by T. Ozawa, K. Tsutaya and Y. Tsutsumi in [19].

Our method relies on the work of J.-L. Joly, G. Métivier and J. Rauch in
the nineties. In the next section, we introduce the mathematical context and

explain to what extent this work is related to their work.



1.2 Mathematical context

Consider hyperbolic semilinear systems of the form
L2, 0.)UF = (8, + A(D,) + %ﬁo)UE _ P, (1.3)
with the initial datum
Us(t =0,z) = P A(z)e™/* + c.c., (1.4)

where A(0;) = 3_; A;0;; the matrices A; are symmetric and Ly is skewsym-
metric. F'is a smooth map. p € R, controls the size of the initial datum. The

initial datum is oscillatory.

For the sake of simplicity, let us suppose that the nonlinearity F' is homo-
geneous of order ¢ (F(U) ~ U1?). Classical existence theorems for (1.3)-(1.4)
give solutions defined on time intervals of the form [0,#oe!=9?]. One can ad-
dress the question of the behaviour of the solutions as € — 0. The case where
p = 0 is called the geometrical optics regime. In this regime, the solution U®
is described by

U® ~ e Fe=eDEp(t 1) + cc., (1.5)

where w and k satisfy the dispersion relation
det (—w + A(k) + Lo/1) = 0,

and U satisfy a nonlinear transport equation
(0r + W'(k) - 0,)U = F1(U),

where F) can be expressed in terms on the Taylor expansion of F. For smaller
solutions, the lifetime is longer and on a longer time scale, dispersive effects

have to be considered: for p = 1/q — 1, we have

U ~ e/ (eilha=e/ey (ot o — W' (k)t) + c.c.), (1.6)



where V' (¢, z) satisfies:
1
i0.V + §w”(k)(8z, 9,)V =G(V).

This is a classical result of Joly, Métivier and Rauch [9]. In both cases, the ap-
proximations (1.5) and (1.6) are justified by error estimates. However, in many
physical cases, the nonlinearity F; and G in the limit equations vanish because
of algebraic properties of the systems. This property is called transparency by
Joly, Métivier and Rauch in [10]. In the physics literature, one can however
find expansions giving nonlinear models. The way these models are obtained
is the following. In the case p = 0, one seeks solutions living on [0, ¢y/¢], that
is on a diffractive time scale. One then obtains Davey-Stewartson-type sys-
tems [4]. For geometrical optics time scale, one has to consider large solutions
of amplitude 1/4/¢ in order to get nonlinear effects [10]. For diffractive time
scales with rectification, one takes p = 1/2 [6]. In all these cases, under the
transparency hypothesis, a formal WKB expansion is possible. But in order
to prove error estimates of these expansions, the transparency hypothesis is
not sufficient (except for dissipative cases, see [5]). Joly, Métivier and Rauch
proposed a subclass of systems for which stronger transparency hypothesis can
be made, which allow to obtain satisfying error estimates. This structure is

inspired from the physical Maxwell-Bloch systems. It is used in [4] and [6].

These systems have the form

1
Le(ﬁt, 8$)u = (8t + A(@x) + ELO)U = f(u, m),
1.7)
1 (
Mg(ata ax)m = (at + M(ax) + EMO)m = g(ua u)a
where the operators L an M¢ have the same structure as £° in (1.3). The idea
is to look for solutions to (1.7) for which m has a normal size (in comparison

with the lifetime of the solution), that is for example m of size € on [0,ty/¢],

while u is bigger (for example u of size O(1) on the same interval). Therefore,



the first equation of (1.7) can be handled in a straightforward manner and the

problem is to solve the second equation in (1.7).

After a rescaling, this is equivalent to considering

L (0, 0x)u = d(e)f(u,m),
(1.8)
M0y, 0.)m =  ——g(u,u),

where ¢(e) — 0 as ¢ — 0, and u and m have size O(1).

In [10], one has ¢(¢) = € and d(¢) = 1 on a time interval [0, ¢]. In [4], one
has d(¢) = ¢, ¢(¢) = ¢ and the time is O(1/¢). In [6], one has d(¢) = ¢,¢(e) = 1

and the time is O(1/¢). These scaling are not equivalent, see remark 1.15.

Here our goal is to justify the Zakharov equations. In this view, the

appropriate scaling is d(¢) = 1, ¢(¢) = /e and M*® has the form
M*(0,0,) = Oy + \/EB(a’B)u

that is we take My = 0 and we assume that the acoustic velocity is small.
This is reasonable in the physical context of plasma waves. Note that thanks
to the fact that the acoustic velocity is small, the transparency Assumption
1.7 needed for the proof of the error estimate is weaker than the hypothesis in

10].

This scaling is actually not completely convenient in order to derive the
Zakharov system and we will therefore consider the new spatial variable X =
x/+/e, that we still denote by z. The typical system that we will consider in
this paper will therefore be

(0 + %A(@x) + %)u = f(u,m),
(1.9)
(0 + B(0,))m = ! w, u)



In the next section, we present examples of systems on which our results

apply.

1.3 Examples

A multidimensional Klein-Gordon-wave system. The following system
is directly obtained from the bifluid Euler-Maxwell system (see section 2.1):

1
VE = nk,

e? (1.10)
(0} — An = A|E).

1
(07 — gA+

It will be shown in section 2.1 that up to a change of unknowns this system
can be considered as being of the form (1.9). Our main result (Theorem 1.9)
therefore applies: Let E° nJ,n? € H? with o large enough. Let F and N be

the solution of the Zakharov system

(1.11)
2N — AN = A|FP,

with F(0) = E° N(0) = nJ,0:N(0) = n?. (F,N) is defined on [0, ], with
to > 0. There exists £, n solution to (1.10) defined over [0, ¢y], with the same
initial datum as F, N, and such that

I — (Fe ™ +cc)| +ln — N|| = O(Ve),
where || - || is the L°°(]0, o] x R®) norm.

A quasilinear, one-dimensional Klein-Gordon-wave system. Con-

sider the system

U 1 v 1 [ —v v
% I ER ) - "
v Ve U € U U (1.12)

(02 — 0P = O(u® + 7).



A local, nonlinear change of variables (section 2.2) transforms (1.12) into a
system of the form (1.7). This is a change of variables that transforms the
quasilinear term in (1.12) into a semilinear term. For this system, the result

is similar to the result for the multidimensional Klein-Gordon system (1.10).

A quasilinear, two-dimensional Klein-Gordon-wave system. The

two-dimensional version of (1.12) is

@g ‘I’_

(07 — Ay )n = Am,y(u2 + 7).
(1.13)

This system cannot be transformed into a system of the form (1.9). We show
in section 2.4.1 how the quasilinear coupling term has to be modified to allow

such a tranformation.

1.4 Assumptions and results

Consider the symmetric hyperbolic operators

d
. _ e o, b 5
L5(0,,8,) = 8,+ C(E)A(ax) + Lo/e =0, + o ;Ajaj + Lo/e,

d
M(0;,0,) = 0,+B(0,) =0+ Y _B;;.
j=1

The A;’s are hermitian N x N matrices; the B; are hermitian /N x Ny matrices.

Ly is a skewhermitian N x N matrix. Let f be a bilinear map C¥ x CN — CV,



and let g be a bilinear map: CY x C¥ — CM. Let U = (u,m) € CN*M and

s - K@ 0
- 0 M(d)
C(UU) = f(u(;m) C BUU) = (0)
g(u,u

The system we consider is

L (O 2)U" = %B(Uﬂ Us) +C(U5,U?). (1.14)

With the above notations, it has the form (1.8) with d(e) = 1.

We are interested in the regime c(¢) = /. For ¢(g) = /¢, classical results
[18] provide the existence of a unique regular solution to the Cauchy problem
for (1.14) with an initial datum of size O(1) (with respect to €) in H°(R?), for
o > N/2. The existence time is a priori only O(/¢).

Definition 1.1 (approximate solutions) Given an initial datum U°(z) €
H>(R%), we say that US defined over [0, t*| is an approzimate solution at order

k to (1.14) with initial value U® when

1
L5(0;.,)UE — %B(Uj, US) —C(UE,U?) = e¥Re,

UZ(0) = U°.

where R — 0 as e — 0 in L=([0,to] x RY), for all 0 <ty < t*.

Note that we will actually use a slightly stronger notion of approximate

solutions, via the representation by profiles.

Definition 1.2 (stability) An approzimate solution US at order k with ini-

tial value U° is said to be stable over some time interval [0, ™[ independent of



e, when for all family of maps H(x) € H*(RY), such that H® — 0 as e — 0
in H>*(RY), the solution U® to the Cauchy problem for (1.14) with the initial
datum U¢(0) = U° + e*H® satisfies

U= = Ugll Lo (0,20] xre) = 0(1), (1.15)

as e — 0, for all 0 <ty < t**.

Remark 1.3 e Note that this notion of stability is weaker than the one
used in [2].

e The error estimate in (1.15) can be made precise, depending on the pre-
cision of the approzimate solution and the initial data (see further, after

the statement of Theorem 1.9).

For 3 = (w, k) € R x RY, introduce the notations:

LE(30) i= —wiy + %A(k@g) + %Lo, M(30p) == —w0y + M(kdp). (1.16)

The characteristic varieties of L¢ and M€ are defined as

Char L¢ := {3 € R x R%, det L#(3)

(1.17)
Char M := {3 € R x R? det M(f3)

0},
0}.

For a characteristic phase 8 = (w, k) € Char L¢, one denotes by P(/3) the
orthogonal projector onto the Kernel of —w + A(k)/+/e + Lo/i, and by R the
set of all integers p € Z, such that pf is characteristic (pg € Char L¢). P and
R actually depends on ¢, as the matrix L°(3) depends on ¢ (see (1.16)). For
fixed e and for dispersive equations (Lo # 0), it is reasonable to assume that

R is a finite set (this is the “strong finiteness assumption” of [9]), and we will

do so.



Note that for 5 = (w,0), the matrix L*(pf) and the associated projector
P(pp) and characteristic harmonic set R actually do not depend on e. Such
a characteristic phase is considered in section 3 and in Theorem 1.9 (but in

Theorem 1.8, we can allow more general phases (w, k) — see below).

For a characteristic phase ' = (', k') € Char M, one denotes by Q(()

the orthogonal projector onto the Kernel of —w + B(k').

We need some kind of regularity for the phases p3 € Char L¢,p € R,
but we want to allow these points to be critical (in the sense of definition
1.4 of [26]; this means that we want to allow several branches of the variety
to intersect at p(3)) as this is the case for the Euler-Maxwell equations (see
the description of the characteristic variety of the Euler-Maxwell equations
in [27]). It is convenient to assume that Char L° satisfies an axisymmetry
property. This means that we assume in the following that the eigenvalues
of A(k)\/e + Lo/i depend only on k only through |k|. With this assumption,
Butler’s theorem [16, 26] implies that Char L is parameterized by smooth
maps. This assumption is satisfied by the physical examples we give in this

paper and by the Euler-Maxwell equations.

We will need some regularity for the eigenprojectors of the matrices B(k)
as well. Again, it suffices to assume that the eigenvalues of B(k) depend only

on |k|, an assumption satisfied by our model systems.

In section 3, we fix a characteristic phase 3 = (w,0) € Char L° and we
construct approximate WKB solutions in the variables ¢, z,0 = wt/e. We call
“profiles” maps depending on the variables ¢, x, 0 which are periodic in . We

make in section 3 the following “weak transparency” assumptions:



Assumption 1.4 For all p € R — {0}, for all u,u’ € CV, one has

g(P(pB)u, P(—pB)u’) = 0.

Assumption 1.5 For allp € R—{0}, pf is a local extremum of every branch
of Char L® that passes at pf3.

Assumption 1.4 is a necessary condition for the construction of WKB
solutions of high-amplitude (this is obvious from the WKB modulation equa-
tions, specifically (3.44)). Assumption 1.5 will ensure that the equations for
the profiles of the WKB expansions are well-posed (see remark 3.1 about the
well-posedness of the limit system). Assumption 1.5 precisely means that,
for a given p € R, if ¥ — wi(K),...,k — ws(k') are the eigenvalues of
\%A(k‘/) + Lo/i that satisfy w;(k) = pw, then w)(k) = 0 for all k (where '

denotes differentiation with respect to k € R% — the eigenvalues are analytic

thanks to the axisymmetry assumption).

Proposition 1.6 Under Assumptions 1.4 and 1.5, for any initial datum U°(x) €

H>(R%), there exists t* > 0 and an approxvimate solution U~ at order 1 de-

app
fined over [0,t*[. U;,, is represented by a profile Uy, and has the form of a
WKB expansion

Uépp(t7 I) = [Uzezpp(t7 Z, 9)]9:wt/a (118)

— [(UO + \/gUl + 5U2)(ta T, 9)]9=Wt/5'

Uy = (u,m) is solution of the vector Zakharov-type system (3.46)-(3.47).

The question of the global existence for the Zakharov equations in several

space dimensions is still open, so we only have t* < oo a priori.



In section 4, we fix a characteristic phase § = (w, k) € Char L¢, where k is
possibly nonzero, and we prove an energy estimate for the linearized equations
in the variable t,x,0 = (k- x — wt) /e under the following “approximate linear

9

transparency” assumption (where the projectors P and ) were introduced

shortly after Remark 1.3):

Assumption 1.7 There exists eg > 0 and C > 0 such that for € €]0, ], for
all ¢ = (1,m) € Char L, for all & = (7', n+ pk) € Char M®, for allp € R, if
|7 = (7 +pw)| < Ve,

then for all u,u’ € CV,

€
|7 — (T + pw

min (1,

P |QENS(PBBu, PEN)] < OVelulu|

We check that Assumption 1.7 is satisfied by our model systems in section
2.4.1. This assumption is weaker than the corresponding assumption of Joly,

Métivier and Rauch [10], which is

Q) g(P(pBYu, P(E)u)| < Clullu||7" = (1 + pw). (1.19)

For example, when |7/ — (7 +pw)| = O(y/€), we allow the interaction coefficient

Q) g(P(pB)u, P(E)]

to be of size O(1) whereas (1.19) implies that it is of size O(y/). Note, however,
that the regime we consider is less singular than the regime under consideration

in [10] — see remark 1.13.

Assumption 1.7 is the key of the stability proof of section 4.1, as it provides
a control of the resonances (constructive interactions of waves). The interac-

tion is through g, the semilinear source term. The (generalized) resonance



condition is ® = |7 — (7 + pw)| < /e. We assume that the corresponding
interaction coefficient C' = |Q(&)g(P(pB)u, P(£)u')| is small (compare with
Assumption 2.5 of [10] where the authors assume that the interaction coeffi-
cients vanish — transparency — at the resonances). After changes of variables,
it appears in the course of the stability proof (section 4.1) that our goal is to

find uniform bounds (with respect to ¢) for singular integrals of the type

1 [t itd
— —)Cdt'.
\/E/o exp(—)C

This amounts, by non-stationnary phase arguments, to find a uniform bound

for the ratio

C/\/E’. (1.20)

/e
Assumption 1.7 precisely provides such a bound. The existence of such a

bound can be seen as a transparency property (in the sense of Joly, Métivier

and Rauch [10]) of our Klein-Gorond-waves systems.

We will make use of this assumption in the following context. Let t* > 0
and let U = (ué, m?) be a family of profiles in the variables ¢, z, 8, defined over
[0, ¢*[, uniformly bounded in W1°°([0,,], H°(RZ x T)), for all o € R and all
0 <ty < t*. There exists C' independent of € such that [[UZ, 0, U || o ((0,t0], 1) <

C(o,tp). We also suppose that for all p,

(1= P(pB))u, = Ve, (1.21)

where 1S € W1([0,t], H(RZ x T), for all 0 € R and all 0 < ¢, < t*
(where u, is the pth Fourier coefficient of the profile u). Note that (1.21) is
satisfied by the approximate solution constructed in section 3, see in particular
equation (3.43). In the profile variables ¢, z, 0, the leading term of the operator
linearized around U is

L% (0, 0y) + L7 (30p) 0

1

(U, 01,0y, D) =
€ —ng(UZ) M(ataaw) + %M(ﬁ&g)



where g(ug)u = g(uq, u) + g(u, u,), and where the notations L(3) and M ()
were introduced in (1.16). With these notations, the following theorem holds:

Theorem 1.8 Consider a profile US defined over [0,t*[, uniformly bounded
in W1o°([0, o], H°(RE x T)), for all o € R and all 0 < ty < t*, and satisfying
condition (1.21). Under Assumption 1.7, where § = (w, k), for sufficiently
large o, for all 0 < tg < t*, there exists C(o,ty) > 0 such that for all profile
U € C°([0, to], HTTH(RZ x T)) N CY([0, to], H° (RS x T)), for all 0 < t < tq, the

energy estimate holds

t
13 € ﬂ
IO o xry < NUO)]] o (ray + C/ 1£5(U%, 01, O, gaG)U(t/)HHU(Rgx’E)dt/-
0
(1.22)

We will make use of this theorem with Ui = Ug , the profile representing
the approximate solution constructed in section 3. With Proposition 1.14,

Theorem 1.8 implies our main result:

Theorem 1.9 Under Assumptions 1.4, 1.5, 1.7, where = (w,0), the approz-
imate solution U;,, is stable over its interval of evistence [0,t*].
In this theorem, we have to restrict to a characteristic phase § = (w,0) €

Char L#, that is with £ = 0, in order to ensure well-posedness of the limit

system (3.46)-(3.47) (see remark 3.1).

In (1.15), the error estimate depends on the order of the approximate
solution and on the size of the perturbation of the initial data (see the proof
of Proposition 1.14). In particular, for approximate solutions at order 1 with

the same initial datum as the exact solution, the error estimate is O(y/2).



Remark 1.10 The extension of Theorem 1.9 to the full, quasilinear Euler-
Mmazwell equations is a very interesting direction for future work. The Fourier
analysis of the proof of Theorem 1.9 cannot be directly applied to the Fuler-
Mazwell equations. Indeed, for quasilinear systems, the perturbation equation
has varying coefficients. However, one can expect the Klein-Gordon-waves
system to be a good approximation of Fuler-Maxwell for low frequencies, and
Assumption 1.7 to hold for the Fuler-Maxwell system for low frequencies. For
high-frequencies, the convection terms in the Fuler equations, that were es-
sentially neglected in the derivation of the Klein-Gordon-waves systems (see

section 2.1), are not negligible, and may create additional resonances.

In section 2.3, we consider quasilinear systems of the form:

L(y, 0x)u = f(u,m),
M(@t,ax)m = 8369(“?“)7

(1.23)

where L® and M*® have the same form as above. We state and discuss a “strong

transparency assumption at infinity”:

Assumption 1.11 There exists C' > 0 such that for all u,u’ € C", for all
k,1,U' and for alln,n’ € RY, withn +n' #0,

1Qu(n +1")g(Pe(n)u, P (n')u')] < Cle(e)m(n +n") — Xe(n) — X () [ul o],

where Py, A and @y, i; are elements of the spectral decomposition of A and

B
Al = MmQi(m),  Bn) =Y mu(n)Qiln).

We prove the following proposition:

Proposition 1.12 Under assumption 1.11, there exists bounded families of

bilinear maps S¢,h* : H° x H — H?, ¢ €]0,1], such that the change of



variables

u U
- : (1.24)
m m+ S¢(a, @)
turns (1.23) into
L) = flan S0, 0) .

where {fs}ae]o,l] is a bounded family of polynomial maps.

It is interesting to compare the transparency assumptions 1.4, 1.5, 1.7,

1.11 with assumptions 2.1, 2.2, 2.5 and 2.10 of [10]:

Assumptions 1.4 is the same as Assmption 2.1 in [10]. Both are necessary

conditions for the existence of high-amplitude WKB solutions.

e Assumption 1.5 is comparable to Assumption 2.2 in [10] as it ensures

that the profile equations are well-posed.

e Assumption 1.7 is weaker than Assumption 2.5 of [10]. We do not sup-
pose that the interaction coefficients vanish at the resonances. We only

suppose that we have a certain control of the ratio (1.20).

e Assumption 1.11 is comparable to Assumption 2.10 of [10] as it im-
plies a conjugation result. Here we conjugate quasilinear and semilinear
systems. Joly, Métivier and Rauch used their Assumption 2.10 to conju-
gate their Maxwell-Bloch systems to systems for which weakly nonlinear
results apply. They proved that Assumption 2.10 is stronger than As-
sumption 2.5. As Assumption 2.5 is actually not satisfied by our model

systems, we cannot expect such an implication.



Remark 1.13 Note that the nonlinear regime in consideration in this paper
is a regime of strong oscillations (oscillations fortes in the sense of Cheverry,
Gués and Métivier [2]). That is, we look for profiles of size O(1), that oscillate
with characteristic frequencies of size O(1/e), that are defined over a time
interval O(1), and that solve systems with a bilinear singular term with a
prefactor O(1/\/2). The regime that Joly, Métivier and Rauch considered in
[10] was more singular (same context, but singular prefactor O(1/e)). This

explains why we can prove stability in a less transparent context than in [10].

1.5 Linear and nonlinear stability

We say that the linearized equations are stable over [0, ¢**[, when an estimate
like (1.22) is available over [0, ¢**[. The following proposition asserts that when
the linearized equations are stable, the approximate solution is stable in the
sense of definition 1.2. In other words, linear stability implies nonlinear sta-

bility in our setting.

Let U¢ be a family of profiles with a time existence ¢* > 0. Suppose that
U¢ is an approximate solution to (1.14) in the profile variables: there exists
Re € L>([0,t], H°(RY x T)), with R® — 0 as e — 0, for all 0 < o < t*, such
that

1
L5 (0y, 0y, 689)U§ — —gB(UZ, US) — C(U:, Ue) = "R,

€ Ve

To U¢ corresponds a family of maps U: via (1.18).

Proposition 1.14 With the above notations, if o > d/2, then U: is an ap-
proximate solution at order k to (1.14) in the sense of definition 1.1. Suppose
that the linearized equations are stable over [0,t*[. Then if k > 1/2, then US is
stable over [0,t*[ and if k = 1/2, U is stable over [0, ™[, with t** < t*.



Proof: The condition o > d/2 ensures that the H? bounds for the pro-
files give L*° bounds for maps in the physical variables ¢,z. Thus U} is an
approximate solution. The proof of its nonlinear stability relies classically on
a Taylor expansion and Gronwall’s lemma. We work in the profile variables
t,x,0. Classical results [18] provide a local existence and uniqueness result for
the Cauchy problem for (1.14) in the variables ¢, x, 6 and with the initial value
U°® + ek He. The time existence given by [18] is only O(y/¢). We look for the

exact solution V*° in the form of a profile which is a perturbation of U :
Ve =TU; +£"U°
We have

e F (L0 Ony e BOp)U, — e PB(US,UY)) + L5(US, 01, 0., ¢ 305) U
= MIPB(US, U + 7 (C(U; + £MU°) — (1)),

that is

L5(U%, 0;, 0y, B0p)UT = —RE+e12B(U, U%) 4+ (C(US+eFU)-C(UY)).
(1.26)
Then (1.22) implies

O W)llae < e " (IV(0) = Uz (0) | e + CtolIRE|| o (0.t0),117))

t
+ C / (V2O ()| 2o + U)o [T (1) || 1 )l

If k > 1/2, then Gronwall’s lemma implies the convergence of U® in H°(R? x
T)) uniformly in ¢ over any compact interval [0, 4],y < t*. If & = 1/2, then
Picard iterates for (1.26) provide a time existence ¢** for U® which is a priori
smaller than t*, and the convergence holds over all compact interval [0, %],
with o < t** only. Finally, the injection H? — L gives the asymptotic

estimate of definition 1.2.



Remark 1.15  a) High-amplitude solutions for semilinear systems are stud-

b)

ied in [10]. Approximate solutions at all order are constructed, and an
enerqy estimate for the linearized equations yields an error estimate valid
over the time interval of the approximate solutions as in the first case of

the above proposition (theorem 8.2).

Such a proposition does not hold for diffractive geometric optics for high-
amplitude solutions as considered in [6] and [4]. In these paper, an esti-
mate of the form (1.22) is not enough to prove the error estimate. This is
due to the singularities of the profile equations (due to the “long waves”
asymptotics) that prevents the authors from constructing more than one
corrector. As a consequence, one has to take k = 0 in the above proof,
which yields error estimates over geometric optics time intervals of size
O(1) only. This is why strong transparency assumptions are made in [6]
and [4]. These assumptions are much stronger than assumptions provid-
ing linear stability estimates of the form (1.22) as Assumption 1.7 in this

paper and Assumption 2.5 in [10].

This paper is organized as follows: in section 2.1, we derive the system

(1.10) from the Euler-Maxwell system and we show how (1.10) enters the class

(1.9)

. We give a polynomial change of variable that transforms the quasilinear

model system (1.12) into a semilinear system of the form (1.7). In section 2.3

we introduce a procedure of normal forms to conjugate quasilinear systems

of the form (1.23) and semilinear systems of the form (1.7). We test our

transparency assumptions 1.4, 1.5, 1.7 on the systems (1.10) and (1.12) in

secti

on 2.4.1. We test the normal form procedure on the systems (1.12) and

(1.13) in section 2.4.2. We perform the WKB expansion in section 3 and

finally in section 4 we prove our main result, that is the stability of the WKB

expansion (Theorem 1.9).



2 The physical models

2.1 Derivation of a multidimensional Klein-Gordon-wave

system

The Euler-Maxwell system describes the evolution of the electromagnetic field
in a plasma. We consider a plasma as an ideal, nonhomogeneous, two-species
fluid composed of electrons and ions of charge respectively —e and e. The laser
is described by the Maxwell equations; the plasma is described by the Euler

equations of conservation of momentum and mass [7, 25]:

OB +cV x E =0,

O FE — cV x B = 4me ((ng + ne)ve — (ng + n)v;) ,

e . 1
(ng + ne) (Opve + ve - V) = _J Vne—M(E—i——ve x B),
m(i me C
Ly i 1
(TL() + ’I”LZ) (ékvi + V; sz) = —f);n‘ V?”LZ + W(E =+ Evi X B),

Omne + V- ((ng + ne)ve) =0,

om; +V - ((ng + n;)v;) = 0.
The parameters are m,., m; the masses of both species, 7. and ~; the specific
heat ratios of both species, T; and T, the temperatures of both species and
no the (assumed constant and isotropic) density of the plasma at equilibrium.
The variables are B, E the electromagnetic field, v.,v; the velocities of the
electrons and of the ions, and n. and n; the density fluctuations from the

equilibrium ny.

The nonlinear term in the Ampere equation is the current density term.
The nonlinear terms in the equations of conservation of momentum are the

Lorentz forces terms.



The mass of the electrons is small compared to the mass of the ions :

me < m;. The Lorentz force is the same for the ions and the electrons,

therefore the velocity of the ions is negligible compared to the velocity of the

electrons. As a consequence, we neglect the contribution of the ions in the

Ampre equation.

We restrict to longitudinal waves, that is

VxB=0, VxE=0, Vxuv, =0,

at first order. Neglecting most of the nonlinear terms, these waves satisfy the

following relation:

&gB - O,

OE = 4me(ng + ne)ve,
CTE

v, = —Levyp, — SR,
MeNg Me

omne + noV-v, = 0,

Taking the time derivative of (2.28) and using (2.29), we obtain

T, Ame?
Otv, = 7 V(V-v,) — (no + ne)ve.
€ mE
That is
w2
0? —v2 A+ w2 v, = —Ln,,,
( t Te pe) no
where w, is the electronic plasma pulsation
4men,

Wpe = )
D Me

and vp, is the thermal velocity of the electrons

[veTe
VTe = .
Me

(2.27)
(2.28)

(2.29)

(2.30)



For plasmas created by lasers, a typical value is wy. = 10's™!. Using the time

enveloppe approximation:
E =¢ “lE gy, = e ety
where E, ¥, are slowly varying enveloppes, in the sense that
|8tE~’| < wpe|E|, |0¢0e| < Whpe|vel,

(2.27) gives

—iwpe ) = 4men, .,

and the equation for the enveloppe of the field is

0 — 02 A+ W) E = —u? .
( t Ure +wpe) wpe Ne

Using T" and L as typical space and time sizes, the equation becomes

T%? - Ne ~
02— LA WA THE = - T?=F. 2.31
( t L2 + wpe ) wpe no ( )
Now one sets:
TUTE 1
Twye = —, = —
Cre T L NG
This gives
1 1.~ 1 n,. ~
#—-A+S)E=—-=—"FL.
(% € + 52) 2 nyg

Now for initial data of characteristic size e, we have E = O(e) and n./ng =
O(&?) (see [27]). This eventually gives the first equation of (1.10). The second
equation in (1.10) is obtained as usual by linearizing the Euler equations for

the ions (see [3] for more details, or a physics textbook as [7]).

We now show how (1.10) can be tranformed into a semilinear system of

the form (1.9). Let

w =0 E, usy:=+eVE, u3:=E, mi:=n, my:=VAOn.



For the unknown (uq, ug, ug, my, ms), the system reads

( 1 1
Oy — %Vuz + Jus = mius,
1
@uz — %Vul = 0,
1
3tu3 — U = 0, (232)
9
Gtml -V meo = 0,
Ormy — Vmy = —=usls.
( Ve

(2.32) is a system of the form (1.9). We present in section 2.3 an abstract

setting for such a transformation.

2.2 A quasilinear, one-dimensional Klein-Gordon wave

system

Consider the system (1.12) in the form

5 U 1 5 ) ( 1) )
t + —=0, = n+ - )
v Ve U —u
(2.33)
n 0
8, Lo, 7= o o
L ) n U+ v

This is a one-dimensional version of the Klein-Gordon-wave system (1.10).
We give a polynomial change of variable that transforms it into a semilinear

system.
First perform the linear change of variable (diagonalization);

U=—@u+v), V= Ni=n+¢, Ny=n-—e.

1 1
E E(U—U),



Then we have
( U 1 U 1 1 -V

O + —=0, = (5 (N1 + N2) + -) ,
v ] Ve v 2 e\ v

N N U2+ V2
i R Y Yl =,
N, —N, —(U?* 4+ V?).

\

Now consider the polynomial change of variables:
Ny = Ny +aU? + BV2, Ny= Ny +~U? +6V?,
where «, 3,7, 0 are real constants to be fixed later. We have
ON1 = 0Ny + ad,(U?) + B0,(V?)
= —0,(Ny — aU? — V%) + 0,(U* + V?)
o p

2y, P 2 —an 1 2 2
- %c‘?z(U)Jr\/E@x(VH(ﬁ )+ (U7 + V7).

Thus choosing « and [ as

= ) ﬁ:: Y

the equation for N; becomes

- ~ -2 1

Similarly, if one lets
vi=06 0i=a

one obtains

~ ~ 2
0Ny = 0,y = Ve i bov (2.36)
The equation for (U, V) is

v U 1o o [ -V
) +0, = (508 + M)+ — (U2 + V) + )
1% I Ve 2 1—¢ € U
(2.37)
The system (2.35)-(2.36)-(2.37) has the form (1.7) with d(¢) = 1 and ¢(e) =

VE.



2.3 Nonlinear conjugation with quasilinear systems

We give in this section an abtract setting for the change of variables described
above. Consider quasilinear hyperbolic systems of the form (1.23). The phys-
ical relevance of such systems is given in the previous section. We prove in
this section Proposition 1.12. The validity of Assumption 1.11 is discussed in
section 2.4.2. We consider the regime c(¢) = /¢ below; in this paragraph, any
c(e) # 1 is appropriate.

With the above notations for the spectral decomposition of A and B, one

has for all 7 :
Id =) Pi(n)=>_ Qun).
k !

The eigenvalues A\ and p; are continuous, and they have directional derivatives

in every direction at every point [17, 26].

Proof of Proposition 1.12. If (u,m) is a solution of (1.23), then for any

bilinear map S¢ and for any change of variables of the form (1.24),
(Op + B(0y))m = —0,S°(0, u) — B(0,)S%(@, @) + 0rg(u,u).

One wants to find S° such that the right hand side of the above equation in-
volves no derivatives of @. With the form of the operators involved in (1.23),
it is natural to look for S in the form of a constant coefficient bilinear pseu-

dodifferential operator:

S (o) = [ expli 4+ 11))S5,(000), 50
n,n’ ERE
Then one has

8,55(a, @) = S°(a,a)+ S (a,da)
= —S°(A(0y)u,u) — S°(u, A(O,)u) + (order 0)(a, m),



and

]- € YT _L € ﬂ 11
55 AT ©) — 55°(@ A)T)

+ B(0.)S%(u,u) — 0.9(u, @) + (order 0)(a, m) = 0.

The homological equation is
c(e)B(8,) S (1, @) — S*(A(D, )i, i) — S° (i, A(9,)d) = (£)Dug(it, @).  (2.38)
In Fourier modes:
c(e)B(i(n +1'))Sy, (@(n), a(n')) = S, (Alin)a(n), a(n')) — S5, (@(n), Al )i(n'))
= i(n+n)g((aln), a(n)).

When n+1n' = 0, one sets S¢(n,n’) = 0. When n+n' # 0, a sufficient condition

is to have, for all n,n’ € R¢, and for all vectors u, v’ in CV,
g(u, w') = c(e)B(n +1')Sy  (u, ') = S (A(n)u, u') = Sy (u, A(n )u').
With the spectral decompositions of A and B, this gives
c(&)(n +n)Qu(n +1)g(Pe(n)u, Pe(n)u') = (c(e)mn +n') = Ae(n) = Aw (1))
xQi(n+n")Sy . (Pe(n)u, Pu(n')u').
Then with Assumption 1.11, setting for all u, v/, k, k', 1, n, 7,
Qi(n +1)S; . (Pe(n)u, P (n')u')
- jfj; ( jk’g% @+ a(Pela P,

one defines a bounded family of bilinear maps {5°}.¢j,1[ (because the growth of

w; and \g is at most linear). The dominant term in the 0 order operator in the

equation for 7 has coefficient ¢(¢)/e. This ends the proof of the proposition.

Remark 2.1 This is a high-frequency analysis, that is only the principal sym-
bols of L and M*® are in play in the construction of S¢, but it is the dispersion

term Lo that gives the coefficient c(g)/e.



2.4 Verification of the assumptions on the model sys-

tems
2.4.1 Verification of Assumptions 1.4, 1.5 and 1.7

Verification on (1.12). Consider (1.12) in the form (2.34). It has the form
(1.9) with

and

1 Uy Uy + Uy U
—(uruhy + ujug)
The eigenvalues of A(n)/v/e+ Lo/i are £X°(n) = ++/1 + n?/e. The associated

eigenvectors are
1

() — %)

The eigenvalues of B(n) are £n. The associated eigenvectors are f, := (1,0)

ei(n) ==

and f_ := (0,1). The characteristic variety of this system is the union of two
Klein-Gordon branches and two acoustic waves branches. Compare with the
characteristic variety of the Euler-Maxwell system as described in [27]. One

has

9(e4(0),e-(0)) = 0.
This is Assumption 1.4. The points 3 = (1,0) and —(3 = (—1,0) are respec-
tively a local minimum and a local maximum of the characteristic variety. This

is Assumption 1.5. The interaction coefficient is

i) =< Forge-(0), £ ) >= ity 1+ 15 Ty,

Let & := (|n|,n), and & := (A*(7),n). The condition |7/ — (7 — w)| < /& is



explicitly

|!ﬁ\+1—\/1+@}§\/5 (2.39)

We will use the uniform bounds: for all x,

1 1 1
L glef = glel < VITTaP < 1+ [5faf

Let 7 = /en, and
b(n) = Vel +1—+/1+ .

The interaction coefficient is
c(n) =1+ n*—Inl -1
The bound (2.39) is equivalent to [¢)| < /. Hence we have
Lo 1y
Sl =gl = Vel < ve.
This implies the existence of €; > 0 and ¢; > V2 such that for 0 < ¢ < €1, if
(2.39) is satisfied, then || < c;e'/4.

When [1(n)| < e, we have

1 1
§|77|2 — §|77|4 —Veln| <e.

Thus there exists 0 < g9 < g7 and ¢ > 0, 2 < ¢ < 3, such that for all
0 < & < &9, [n] < cav/e. Then the interaction coefficient can be directly

bounded as

e(n)] < Inl(1+ 3 1nl) < ex/E(1+ ervE).

When e < |[¢(n)| < /€, we have

1
e< §|?7!2 — Vel

hence || > (1 + v/3)y/z. Thus for gy small enough and 0 < ¢ < &,
‘ac(n)‘ P Inl(1+ 30nl)
W(n) zInl* = vkl = glnl*
S 03\/57




with
) 1—|-61€(1)/4
cg.zll -1 NV
5(1+V3) —1—5cie

One chooses 0 < g9 < min(eq, £5) small enough such that ¢3 > 0. Finally, with

C = sup(ca(1 + cav/zy), €3),

Assumption 1.7 is satisfied.

Verification on (1.10). Consider (1.10) in the form (2.32). It has the
form (1.9) with

0 —n 0 0 0 1
0 n
Amy=| -n 0 0], Lo:=| 0 0 0 |, Bn):= :
n 0
0 0 0 -10 0
and
0
g(u,u) ==

Uy + U3
For n # 0, the eigenvectors of A(n)/v/e + Lo/i associated with the eigenvalues

+X==+/1+|n|?/c are

This gives
9(e+(0),e-(0)) = g(e-(0),e1(0)) = 0.
Again, # and —f are local extrema of the characteristic variety and Assump-

tions 1.4 and 1.5 are satisfied. The interaction coeflicient is

< o). gle-(0).ex(0)) >= 1 ”—H—_

Ve

One checks that Assumption 1.7 is satisfied; the computations are the same

as in the previous example.



2.4.2 Verification of Assumption 1.11

We now discuss the validity of Assumption 1.11 on (1.12) and (1.13) (there
is nothing to check for (1.10) as it is actually semilinear). In these examples,
all the resonances are regular (see [10]), so that in order to check Assumption
1.7, one only needs to check that the interaction coefficients vanish at the

resonarces.

Verification on (1.12). Consider (1.12) in the form (2.33). It has the
form (1.23) with

0 1 , 0
A=B= ;o g(u,u) =
10 uuy + ugul
The eigenvalues of A(n) and B(n) are +|n|, the associated eigenvectors are

1 1

ei(n) = ﬁ i% s

and the eigenprojectors are PL(n) = Q+(n) = e+(n) ® e+(n). The resonances

are given by the four equations

te(e)n 0| = |n| — |-

For symmetry reasons, it suffices to consider the resonances for the positive
branch of the acoustic wave equation, that is to restrict to the resonance
equation

c(@)n 0| =Inl = 'l
For a given n > 0, the solutions are

1— /e
=4 d "= —n.
n 1—1-\/577’ an Ui n

Then for ' = i;ﬁn, one has

/

nn
);

Q+(n+1)g(Pe(n)u, Pr(n ') =< u, ey (n) >< u'sex(n)) > (1 F Tl Tl



where < -,- > denotes the scalar product in R?. The interaction coefficient is

n "
Ci(ﬁyﬁ/) =1F mm

When ' = (1—+/2)(14+/¢)"'n, n and ’ have the same sign, and ¢, (,7") = 0.
When ' = —(1—+/¢)(14++/¢)"'n, n and i’ have different signs, and c¢_(n, ') =
0. Thus the interaction coefficient vanishes at the resonances and Assumption

1.11 is satisfied.

Verification on (1.13). Consider (1.13). It has the form (1.23) with

0 m m

—m 12

A(n) = Al m2) = , Bm)=|m 0 o [,

2 T

72 0 0
and
0
g(u, ') == gi(u) |,
gl(uvu/)

with g;(u,u’) := uju)] + uguly. The system is

(0 + %A@, 0,) + Lofeyu = f(u,m),

0
(at + B(axa 8y))m8 = axgl(usa us)

Oyg1(u®, u)

\

The eigenvalues of A(n) (resp. B(n)) are £|n| (resp. 0,=£|n|), where | - | is the
Euclidean norm in R?. One has A(n) = %|n|e+(n), with

1

[nl+m
72

ex(n) =




It is not restrictive to suppose 72 # 0 in the following computations. One has

B(n) f+(n) = £|n|fe(n), with

1
fem) =1 @ |
42
In]
and B(n)fo(n) = 0, with
0
Jo(n) = 1

The resonance equations are

te(e)nE£n0'| = |n| — ||

Again, it suffices to consider the positive branch of the acoustic wave equation,

that is to restrict to

c(@)n£n'| = Inl = [n']. (2.40)
The resonances with the + sign are deduced from the resonances with the
— sign by changing 6 into 6 + m (where n = |n|e?) or ¢ into 6 + 7 (where
n = |nle?). If |n| # |n'], then (2.40) with the — sign is equivalent to

c(@)*(Inl* + 171> = 2[nl1n| cos(8 — 6')) = |n|* + |7'|* = 2nl|n'],

that is

—_ 2 _p /
21 c(e) cos(g 0" _ @ N m
1—c(e) VAR

Resonances occur for all values of 7 €]0, +00[. Therefore the right hand side

can take any value in [2, +00[, and the above equation gives a void condition
for the angular variables: cos(f — ") < 1. The interaction coefficient is

14+ cosf1+cost
sin 6 sin 8’

) #0

c(0,0') := m < fe(n+n), g(es(n), ex(n') >= (1+



at the resonance, since the angular variables 6, 6’ can take any value in [0, 27].

The other resonances are given by the relation || = ||. One has

< Jon+1'),9(e+(n), ex(n') >=0.
These resonances are transparent.

We now see how g should be modified in order to satisfy Assumption 1.11.

We add to g a pseudodifferential term :

g(u,u') == / o exp(iz - (n+n'))i(n+n')g(0,0")(a(n), a(n'))dndn’.

One has again
< Jon+n'), gle+(n), ex(n) >=0,

hence a sufficient condition to impose on ¢ in order that ¢ + ¢ satisfies As-

sumption 1.11 is
< frm+n),9(es(n), ex(n) > +n+u'*e(0,0') =0,
for all n,n" such that c(e)|n+ 7| = |n| — |[7|. One sets
§(0,0") (u,u") = c(0,0") (uruly + ujus).

The condition becomes

1+ cosf . 1+ cost
sin @ sin 0’

c(0,0')( ) +¢(0,0) = 0.

When
14+cos® 1+cost B

sin 6 sin 0’

one has ¢(6,0") = 0 hence one sets ¢(,6) = 0. Otherwise, one sets

14+cos@ 1+cost
+

c(0,0") = —( )"te(0,9).

sin 6 sin 6’

It follows that A, B and g + g satisfies Assumption 1.11.



3 The approximate WKB solution

With the notations of the introduction, we construct in this section approxi-
mate solutions to the Cauchy problem for the system
LE(O, Op)ut = f(u®,m®), (3.41)
Me (0, 0p)ms = \/ng(ue,ue),
where f and ¢ are bilinear. The initial datum is U¢(0) = (u°(0), m°(0)) =
(u®(z),0) € H*(RY)). In view of Proposition 1.14, we want to construct ap-

proximate solutions at order 1 and defined over a time interval [0,¢*[, with

t* > 0 independent of €.

We make Assumptions 1.4 and 1.5. Assumption 1.4 is a weak transparency
assumption, as in [10, 4, 6, 27]. It implies that the pertinent regime is given by
solutions of amplitude O(1) (oscillations fortes in the sense of Cheverry, Gues
and Métivier [2]). Because of Assumption 1.4, solutions with amplitude O(+/¢)

(the weakly nonlinear regime) would indeed lead to a linear limit system.

One denotes by R the set of all integer p € Z, such that pj is characteristic
(p6 € Char LF). R is a finite set. For all p € R, P(pB) is the orthogonal
projector over the kernel of (—pw + Lo/7).

To suppose that the eigenvalues of A(k) + Lg/i depend on k only via |k
implies in particular that Char L¢ is smooth, but several branches of Char L¢
may intersect at pf3. For example, the point (w,,0) of the characteristic variety
of the Euler-Maxwell system [27] is regular and two Klein-Gordon branches
intersect at this point. As in [26], for a given p € R, let us consider the eigen-
values wy, ...,ws of A(k)+ Lo/i that satisfy w;(0) = pow. The corresponding
(holomorphic, see Butler’s theorem [16, 26]) eigenprojectors are 7y, ..., 7.
Assumption 1.5 is related to the well-posedness of the profiles equations, see

remark 3.1 below.



Ansatz. We look for approximate solutions of system (3.41) in the form

Us(t,z) = (u°,m°)(t,z) = [U(t,2,0)]p=w/c
= [Zgn/QUn(taxae)]H:wt/s' (342)

n>0

This is a three-scale geometric optics approximation. 3 = (w,0) is a fixed

characteristic phase satisfying

Lo

det (—w + ) 0.

The notation w, denotes the pth Fourier coefficient of a profile u. We use
the notations L¢(3), M(B) introduced in (1.16). As 8 = (w,0), L*(pfF) does
actually not depend on ¢, for all p € Z, hence we will denote this matrix by

L(pB). The equality L(pB3)a = b in CV is equivalent to

P(pB)b =0 and (1— P(p3))a = L(pB)~"

where L(p3)~! is the partial inverse of L(p3), naturally defined on the orthog-
onal sum ker L(pf) @ ran L(pf3). One defines the operator acting on profiles:

L(f)u := Z e L(pBu,, L(B) ' u:= Z e L(pB)u,,

p p

Z eszP pﬁ

p

3.1 WKB expansion

Terms of order O(1/e) :

L(pB)up, =0, peZ,

w89m0 = 0.



The eikonal equation is det (w+ Lg/i) = 0. The first equation gives the polar-

ization condition:

P(pB)ugy = top,p €R, gy =0,p¢R. (3.43)
The polarization condition for the second variable is my = my .

Terms of order O(1//¢) :

L(pﬁ>u1,p + A(aa:)uo,p - 07 p e Z:

wagml = g(uo, 110).

This implies

P(pB)A(0:)P(pB)uo, =0, peETR,
g(up,ug), = 0. (3.44)

Equation (3.44) is the weak transparency equality of Assumption 1.4, which
appears as a necessary condition for the construction of solutions of amplitude
O(1). For p € R, the algebraic lemma at first order at the critical point pg3
implies (see [17], Proposition 2, or [26], Proposition 2.8):

P(pB)A( Z w3 (0) - £m; (0

as with Assumption 1.5 one has w}(0) = 0 for all j. The nonpolarized part of

the first corrector is:

(1 =P(8)))m = —L(iB) " A(0:)uo,

(3.45)
mip = l;wg<u07 u0>p7 p # 0.

Terms of order O(1) :

L(pﬂ)ulp + A(aa:)ul,p + atuO,p = .f(u0> mO)pa pE Z,
wlpmy + (O + M (0,))my = g(up, uy) + g(uy, ug).



This implies for p € R,

(0, + P(pB)A(0:) L(ipB) 1 A(8,)) P(pfB)uoy
= P(pB) [ (P(pB)uop, moo), pETR,

(at + M(@z))mop = g(uo, L(zﬁ)_lA(é’x)uo)g —b—g(L(zﬁ)_lA(&E)uo, uo)o. (347)

(3.46)

The system (3.46)-(3.47) is the announced Zakharov system. The algebraic
lemma at second order at the critical point pf (see [26], Propositions 2.6 and

2.8) reads

S

P(pB)A(E)L(pB) A P(pB) = Y _(w}(0) - )} (0)€ + w(0) (£, &)m;(0),

7=1
and with Assumption 1.5, one has w}(0) = 0 and the real numbers w(0) all

have the same sign. This means that the symbol of

W" (pB) (0, 0;) P(pB) = P(pB)A(0,)L(pB) " A(0:) P(pp)

in a basis of Ran P(pf3) = @;_,;Ran m;(0) is a diagonal matrix with entries

"

wj(0). Hence it is an elliptic operator and the existence and uniqueness theorem

of Ozawa and Tsutsumi [20] applies to (3.46)-(3.47). The nonpolarized part

of the second corrector is:

(1 —P(B))uy = —L(i8) "L A(9,)uy, .
map = ip%(g(uo, u1)p + g(uy, uo)p, p # 0.

Terms of order O(/2) :

L(pBlusy + A(Oy)uspy + Opurp = f(ug, my), + f(uy, my)p,
wdpms + (0, + M (0,))my = g(ug, uz) + g(uz, ug) + 2g(uy, uy).

We set ug = 0,m3 = 0, P(pf)uz, = 0, and msy o = 0. Then one has

(0 — 1w (pB)(0z, 02)) P(pB)ur, = P(pB) f (o, my), + f(ur, mp),,  (3.49)
(c% + M(am))ml,g = (g(uo, 112) + g(ug, ll(]) -+ 29(111, 111)>0 (350)



The weak transparency assumption implies that

g(P(pB)uy, P(pB)uy) = 0,

hence the system satisfied by (P(pf)usp, m1p) is linear. It depends on non-

linear, differential terms involving Uy,.
With the above equations, the profile defined by
U® := (ug + veu; + (1 — P(B3))uz, moo + vem; + emy),

is an approximate solution to (3.41) at order 1 with an existence time ¢* > 0

independent of ¢.

Remark 3.1 Note that the limit system (3.46)-(3.47) has the form (1.1).
Without Assumption 1.5, we would have found

IO+ cO)u+Au = nu,

(3.51)
9?n — An = Alul?

a system for which there exists no existence result if ¢ # 0. Assumption 1.5

precisely ensures that ¢ = 0. A formal derivation of (3.51) can be found in [27].

3.2 Example

The limit system for (1.10) and (1.12) is

210pu + Au = —mu,
atm +V-m= O,
om +Vm = —2V|uf,

where, with the notations of the previous section, w = 1,u = Ey; and m =

n070.



4 Stability of the approximate solution

In this section, we establish our main result, that is the stability of the approx-
imate solution constructed in section 3. As mentionned in the introduction,
we are not in the weakly nonlinear regime of geometric optics, and classical

results [8] do not imply the stability in our context.

We prove Theorem 1.8 which states an energy estimate in H° norm for
the linearized operator in the variables ¢, x, 6. Its proof involves the following

lemma (also used in [6]), whose proof is straightforward:

Lemma 4.1 Fora > 0 andu € H®(R*xT), one sets u := F 1 (1{jy<c-a1 Fu),
where 1, <c—ay is the characteristic function of {n,|n| < e} C R% u ap-

proximates u in the following sense: for all o,
[ — wll o axr) < VElull o masery,
~ _ 1
with o' = o + 5.

Then, with Proposition 1.14, Theorem 1.8 implies the nonlinear stability
Theorem 1.9.

4.1 Proof of Theorem 1.8

One sets F© := L{(UZ, 0, 0y, B0y /e)U = (Ff, F3). to is fixed and < t*. One

defines the unitary groups of operators operating in H?, for all o :

5i(2) = exp<§<%A<aax © kOp) — w3 + Lo)),

SQ(E) - exp(é(B(E@x + ky) — wdy)),



and one performs the changes of variables (inpired by the “exponential can-

cellation” techniques of Schochet [23]):

o(t) = Si(Spult), nlt) = Sy()m(o),
to obtain ;
(t) = Sl(g)Ff,
om(t) = 5:(5)(zo(u)$i (~2)0l0) + ).
This gives t
ol < FoO)le + [ IFFE)
and

10w (@)l < [1ET ()] 2o

It remains to obtain bounds independent of € for n. It suffices to bound the

L>=([0,to], H°(R? x T)) norm of

/

F(t,2,6) == \%/0 Sg(g)g(ua(t’,x,9))81(—%)v(t’,x,9)dt’.

Indeed, if we obtain

51| oo 0,20), o RaxTy) < C(t0) (V]| o0 (0,t0], 27 ®exT)) + 1060 L0 (0,0, 7 (REXT)) )
(4.52)
where C(ty) depends on ¢, but not on ¢, then Gronwall’s lemma allows one to

conclude.

We now prove (4.52). In Fourier modes:

I*(t,n,p) / Z / e Blertet =)l g (G, (1) — ', p — p))

><e_it'(A(an’—l—p'k)/\/g—p’w"'Lo)/3@(t’7 77/7 p/)dt,dn/.

The spectral decompositions read

A(ien + pk)) —ipw + Lo = Y i(—pw + A5 (en + pk)) Pu (en + pk),

!

-

S



Bli(en + pk)) — ipw =1 > _i(—pw + ps(en + pk))Qs(en + pk).

S

With the previous notation for the projectors, one has Py (n) = P(As(n),n),
and Qs(n) = Q(us(n),n). One sets

oS (enen’,p,p) = (P —p)w+ pus(en + pk) — Ao (en' + p'k),
Vig(en . p,p) = (0 —p)w+ ps(en’ + pk) — Ao (en' + p'k),
fis(en,en’,p) = @S alen,en’,p,p) — s o(en',p,p')

= ps(en+ pk) — ps(en’ + pk).

Ie decomposes as
I (t,n,p) ZZ

From now on, the indices s, s’ are fixed and we suppress the dependances of

the variables on these indices. We set
§ = (us(en + pk),en +pk), & = p'w+ Io(en +0'k),en’ +p'k),

§" = (ps(en' + pk), en’ + pk),

and

~ A

J(uq) = I°(t,m, p).

J (uq) depends linearly on u,. We want to find a uniform bound (with respect to
g) for the L>=([0, ], H° (R% x T)) norm of J(u,), the inverse Fourier transform

(with respect to n and p) of J(u,). We have
)= f/ 2 [ QU ult'on ot o = VP o )il

B ﬁ/o Z/ eV EQUE) g P i1y (¢, — 1)) P(E O i

The end of the proof is organized as follows: A regularity argument

(Lemma 4.1) for the approximate solution shows that the relevant phase is



1°. Then for the frequencies 7’ such that 1°(en) is far from 0, a non station-
nary phase argument provide a uniform bound for the integral. When 9° is

close to 0, Assumption 1.14 allows to obtain a uniform bound as well.

First consider J(u, —u, ), with the notation of Lemma 4.1. The parameter
a will later be chosen small enough. In this integral, the rough majoration of

the oscillating exponential by 1 gives

(g |<—/Z/| = — DO, of ) drf e

< —/ |« [0]) (¢, m,p)dt’,

where * denotes the convolution in the Fourier variables n, p. Using the nota-

tion < n,p >:= (1 + |n|® + p*)'/?) and Peetre’s inequality
<np>T< e <n—1,p—p >7<n,p >,

we have

| (ua — Qa)szqv(Rde)

c [ . . .
< & LI 02 = ) (< 00 57 ) g

c [t i o
= ?/0 | < 0,0 > Jita = [ ey | < 1,0 > [0][32 gyt

Then using Holder’s inequality and Lemma 4.1,

IN

H <np >7/? (A %)HLl(Rde) C(d)Hua - —aHH(’/(RdX’JI‘)

< C(d)\/gHua“Hﬂ”(]Rde)?
where C(d) depends only on d, 0’ = 0 + d/2 and ¢” = ¢’ + 5. This yields

HJ(“G_%)HL""([O,toLH”(Rde)) < C(to)Hua||L°°([O,t0},H“"(Rd><'ﬂ‘))HUHL"O([O,to},H"(RdXT))-
Consider now J(u,). One sets D° := {n/ € R |[¢(en/)| < /E}. The

integral over D° is denoted by J, and the integral over the complement of D*

in R? is denoted by Ji.



Integrating by parts, one has jl = le + jl’g, with

. 1 Ve .
Jip = —= / (i—) " Qg™ = u,(t,n —n',p — p')) Pi(t,n),p')dn/
Ve Z RA\ D=

g

1 KU . .
—— Z/ (i—)"'Qq(ii, (0,n — ', p — p))Po(0, 7, p')dnf,
19 ; Rd\ De

€

and
2= )71Q0, (g(e" e 1 Pit', ') ) difdt’
12 = I/Z/Rd\me Qay(g(e" Mot (', =1, p—p")) PO(t', 1, ') ) diy
j1,1 can be directly bounded as
| Jia| < C(la,| * [91(t) — || * [91(0)).

This gives again
[T all 2= o.to], 117y < C'(t0) (Nl oo 0,107, 1oy 101l 220 10,801, 52y - 22 (0) [ o [0(0) | 1 ) -
One has

1~ 1 / e—0 /

S = (psen +pk) — ps(en’ +pk)) =" p(pk) (0 =),

where pl(pk)no is the derivative of us at pk in the direction 7. As p, is
homogeneous of degree 1 (see the definition of Char M), u is homogeneous
and degree 0, in particular, it is bounded. Thus there exists C' such that for
all s, one has i < eCln —7n'|. One has

Jl 9= / / . -1 ztzp“:/a
\/_ R4\ D= 5

Qg( zt’M/E(’LMu +atu t 1 — 77 p p))P@(t’,n/,p/)dn/dt/

/ Z / 1 ity e
R4\ D= 5

Qg eq (t' .y — 1, p — p))POO(H ', p)dn'dt’.

(4.53)

Hence

t
ral £ Ctto) [ ((nll + 10 161 + |2, 010] )
0



and this yields as above
\|J1,2||L°°([0,to],H°) < C(to)(HUHLOO([O,tO},HU(Rde)) + Hatv”LOO([O,to],HU(RdX’]T)))7
where C(ty) depends on ||UaHLoo([o,t0],Hv”+1) and || Oyt || oo ([0,t0], ) -
It remains to bound .J,. The interaction coefficient that appears in Jy is
Q&) g(t,(n —n',p — )P )0, p).
By linearity of g, we can bound separately the contribution of
P((p = p)B)ia(n—n',p— )
and the contribution of
(1=P((p—p)B))i,(n—n'.p—p).
By assumption on u,,
(1= P((p—p)B))t(n —n',p — ') = O(Ve),

hence the contribution of this term is bounded as above. It remains to bound

the contribution of
Q) g(P((p = 1)B)t(n—n'sp — p))PE)0(n, ). (4.54)
We have
[€" — &l = [(fs(en,en’,p),e(n — )| = Oleln —n/|) < Ce'=.

By analyticity of ) (which is guarantied by the axisymmetry hypothesis on
Char M), we thus have

and choosing 0 < o < 1/2, we can change Q(&) into Q(&”) in (4.54). For
n'" € D%, one has || < y/e. This is the hypothesis of Assumption 1.7. Set



D; .= {n € D°,|¢*(enf)| < e}. The integral over D5 is denoted by J,; and
the integral over the complement of Dj in D® is denoted by jg,g. For ' € D3,

using Assumption 1.7, we have the bound
|QE"g(P((p—p)B)it, (n—1,p—p)) P(E)o( . 1)| < CVEl@,(n—n', p—p)l[o( . ).

This gives as above
. t
| Jo1| < C/ Z/ |, (', 0 — ', p— PO, 0, p) iyt
0 , n'
p

Finally, for " in D\ Dj, that is such that ¢ < [¢)°(er))| < /e, Assumption 1.7
implies

m\Q(é”)g(P((p—p’)ﬁ)@a(n—n’,p—p’))P(ﬁ’)@(n’,p’)\ < CVelt, (n—n")1o(n)].

An integration by parts then gives a bound for Jy5 of the same type as the
bound for J; 2. Gathering the pieces of the majoration of J together, one finds

the desired bound for n.
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