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Abstract: In this paper, we are concerned with Crank-Nicolson like schemes for:
1
(NLW,,) Fawa —i6,E, — AE, = \|E,|*E,.

We present two schemes for which we give some convergence results. On of the scheme
is dissipative and we describe precisely the dissipation. We prove that the solution of the
second scheme fits that of (NLW,) while the first one compute a average value of the
solution.
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1 Introduction.

1.1 Setting of the problem.

The aim of this paper is to discuss the behaviour of two schemes for the time-
envelope approximation in plasma physics studied in [3]. Let us first recall what
is the time-envelope approximation in plasma Physics. In a plasma medium,
the electrostatic field F statisfies the following wave equation:
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eNOTe

O FE 4wy B — 3, AE = w? |E|’E,

where w,, is the electronic plasma pulsation, vy, is the termal velocity of the
electrons and ¢, is the dielectric constant of vaccum. The constants NV, and
T, are respectively the average density of ions and the elctronic temperature.
This approximation is valid in the static limit for ions see [7]. Due to the size
of the coefficients, solutions to this equation are hightly oscillatory and are
known as Langmuir waves. Mathematicaly, these oscillations can be described
through the change of function:

E(z,t) = Re(E,,, e "“r").

This leads to the following equation on E,,, :

— Qiwped, B, — B0LAE,,, =~ |E
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The function E,,, is supposed to be the slowly varying part of the electric field.
Preciselly, in physical text, the assumption that is made is 0, E,,,,, << wpeE,
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After rescalling, this approximation can be shown to be equivalent to perform
the limit w — oo in [3]:

1
— 0 E, — i0,E, — AE, = |E,|*E,.
w
We study in fact the more general equation:
1
(NLW,) —28tzEw —i0,E, — AE, = \|E,|*E,,.
w

In [3], it is shown that for any initial data (Ey, E1) € H?*(IRY) x H*(R?) for
d < 3, there exists a unique solution to (INLW,) on a maximal existence
time [0,7,,[. Moreover, if E denotes the maximal solution to the nonlinear
Schrddinger equation with initial data Ey defined on [0, Tp|:

(NLS) —i0,E — AE = \|E[*E,

then on one hand,
liminf7,, > Ty,

w——+400

and on the other hand, for any T' < T, E, converges to E on [0,7] in
C([0,T]; H?) while 0,F,, oscillates at frequency w? around the value 0,F, ex-
cept in the compatible case, that is when E; = i(AEy + A|Fy|* Ep). In the
non-compatible case, F, — E oscillates at frequency w? and these oscillations
are of order of magnitude 1/w?. Tt follows that the oscillatory part of the
solution is physicaly relevent since it describes the second order term of the
solution to (NLW,,). It is therefore interesting to compute both the average
and the oscillatory parts of the solution. The aim of this paper is to study two
kinds of time-discretization to bring to the fore the behavior of the oscillatory
and the average parts.

These phenomena can be more easily observed through the following splitting
introduced in [2]. Let E, = F + G where the functions F' and G are solution
to:

( \ N —1
w2 1A 1 1A
atpz%(1_ 1- = F——.( 1-—| (AF+G" (F+0))

\ N —1
iw? [ 4A 1 4A 2%
atG:7(1+ 1_F G+;< 1—5 (/\\F+G\ (F+G))

The initial data for F' and G are recovered from Ey and E) (see [2] for details).
It is clear on this splitting that F' converges to E while G is the oscillatory
part of E,,.

The aim of this paper is to propose some schemes in order to investigate numer-
ically the preceeding approximation. We study two schemes of Crank-Nicolson
type for (NLW,) using this splitting for the associated discrete operators.

\
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1.2 Description of the schemes.

The Crank-Nicolson scheme for (NLS) seems to have been introduced for
the first time in [5], while the first results of existence and convergence can
be found in [8]. More precised results are given in [1]. All these results are
obtained through energy estimates. We will present in next section existence
and convergence results for (NVLS) using a discrete Duhamel formulation. This
formulation allowed us to obtain more precise uniqueness results for the discret
problem than in [1] and is well fitted for (NLW, ). However, this formulation
does not give that the Crank-Nicolson scheme is of second order [1].

The Crank-Nicolson scheme for (NLS):

iy + Au = —Mu|*u , u(z;0) = ug(z)

reads
n+l _ ,n 1 /\
e 5 A, iA(u"+1 +u”) = o 2f(u"+1,u")(u"+1 +u™),
where +1(2042 2042
f(un—l—l un) — ‘un ‘ 7 - |un| 7
’ |un+1|2 _ |un|2

Analogously, we introduce the two following schemes for (NLW,,):

( 1 En+1 —9En + Enfl En+1 — En» 1
— —i | == ) - ZAE" 4+ E"
w2 ( 52 ) ' ( 5t ) R AET+ B

A |E”+1‘20+2 _ |En|20+2

S 4 — En—|—1 En
(51) 2wtz B jpp L TEY
E°— E-1
E e _ =
\ 0 fa 5t g
and

( 1 En—|—1 —2E"™ + En—l En+1 _ En—l 1
- = '} _ _A En+1 En—l
w? ( 6t ) ' ( 20t ) 28 * )

n+1|20+2 n—1|20+2
5 _ ) ppme ey
20-+2 ‘En—kl‘? _ |En—1|2

(En+1 + En—l)’

Eo+E'

E°—E!
\ 2 =l

st 7

One one hand, we are able to prove existence, uniqueness and convergence of
the discrete sequences E™ for both schemes. There are no conditions on the



relative size of w and 4t for scheme (S;) while we need to impose that w*dt is
bounded for (S;) to derive uniform properties in w and §t.

On the other hand, one shows that the second schemes is conservative while the
first one is dissipative. One of the aim of this paper is to investigate the effect
of this dissipation on the discrete solutions; we prove that the discret solution
given by (S2) behaves like the continuous one, particularly for the oscillatory
part (see the numerical experiments at the end of this paper). Moreover the
dissipation for (S;) is exponentially strong in w for the oscillatory part of E™,
so that the numerical solution obtained thanks to (S;) is the mean value of
the solution to (NLW,,).
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2 The Crank-Nicolson scheme for the nonlin-
ear Schrodinger equation (NLS).

The aim of this part is to recall some known results on the Crank-Nicolson
scheme for (NLS) and to present the method that we will use to discretize
(NLW,).

Let us begin with the inhomogeneous Schrédinger equation:

i+ Au = f,
u(z,0) = wup(x). (2.1)



We will consider the case z € R , 2 € TI? (i.e. periodic case) , or z € Q (a
bounded open set of le) with homogeneous Dirichlet or Neuman boundary
conditions. We will denote by S(t) = e®” the unitary group generated by
10, + A.

The implicit Crank-Nicolson scheme for (2.1) reads as follows:

u™tt —ym 1

. - n+1 n _ +1

T AT ) =gt (2.2)
ud = wp(x),

where g"*! denotes an approximation of g at time (n + 1/2)dt. Here the
operator A denotes either the laplacian for the above precised domain, or a
finite difference approximation of this continuous operator. The aim of the
following computation is to find a Duhamel-like formulation of (2.2).
Equation (2.2) is equivalent to:

1

_1 —
urt = (Z + %&tA) (z _ %&A) " + 6t (z + %&A) gt (2.3)
Let us introduce . . )
A= (z + 56tA> (z _ i(sm)
and
1 -1

By an obvious induction, one gets

w = ALy 4 3 6tAR Bk, (2.4)
k=0

On one hand, it is clear that, as in the continuous case, (A"*!) is an unitary
operator on any reasonable H?® space.

On the other hand, it is also clear that ||B||gs—gs < 1 and that B — —ild
in the strong topology of the operators. For ¢ € [ndt, (n + 1)dt] let us denote
by Ss:(t) the operator A™. Using a spectral decomposition for A it is easy to
see that we have a Trotter-Kato formula for S (), that is Ssz — S(t) for the
strong topology of the operators. For (NLS), equation (2.3) reads:

.U”+1 —u” 1 n+1 n A n+l . n n+1 n
I —|—§A(u +u )=—20+2f(u ,ut) (W ), (2.5)
where
|t 20H2  |yn |20+

f(’U,n+1, un) —

‘un+1‘2 _ |un|2

We next denote by ug(t) the piecewise constant function which value on
[ndt, (n + 1)dt[ is u™. With these notations, the discret Duhamel formulation



(2.4) for (2.5) reads:

A
20 + 2

S 51S5 (ndt — k6) B (uss((k + 1)5¢), wss(k6t)) (uge (k + 1)6¢ -+ uga (kot)).
= (2.6)

ust((n +1)8t) = Sst((n + 1)t)ug —

We have the following result:

Theorem 2.1
i) Let ug € H®, (s > 9). There exists a constant C independent of 0t and ug

2
and there exists such that for any ot < W there exists a unique mazximal
HS

solution ugs of (2.6) in L=([0,Ts); H®), (Ts5: = Nt for some integer N ).
Moreover, in the 1-D case if A < 0 or if A > 0 and 0 <2, one has Ty = +00
In the 2-D case , if A <0 and o =1 , then Ty = 4o00.

i) Let us denote by u the mazimal solution for the (NLS) equation

iug + Au = —Nul|*u , u(z;0) = ug(z)
defined in C([0,Ty[; H®). Then one has

lim inf Ty, > T,
ot—0

and VT < T, if 6t is sufficiently small, us belongs to L*([0,T]; H*) and
use — uw in L=([0,T]; H®).

Proof: i) Thanks to the Duhamel formula (2.6), it is clear that the problem
can be treated by a fixed point procedure as in the continuous case. So that
the local existence part of i) is straightforward. Note that this kind of proof
brings out that there exists Ty > 0 and K independent of dt < ¢y such that

T(gt Z To and |U5t|Loo([0,T0];Hs) S K (27)

On the other hand, it is clear that the Crank-Nicolson scheme (2.5) has the
following invariant quantities:

[l = [, vn >0,
1 n A n a
5 [ 1V - 2U+2/|u 27+ (2.8)

1 A
i V02_7/ 012042 vy > (0.
2/| ul 20 + 2 [l ) VIt Z

In the 1-D case, one can apply theorem 2.1 with s = 1(> %), so that one
obtain global existence when A < 0 or (A > 0 and ¢ < 2). In the 2-D case,
unfortunatly, we are not able to prove local existence in H'! so that the only



way to obtain global existence when 0 = 1 and A < 0 is to use Brezis-Gallouét
technique [4].
ii) Let us write the Duhamel formula for u(¢) solution of (NLS) between 0
and (n + 1)dt:

) (n+1)dt
u((n+1)8t) = S((n + 1)8t)ug + i /0 S((n + 1)t — 1) ul*u(r)dr.

Substracting this identity from (2.6) and taking the H® norm leads to

< [[Su((n +1)5t) = S((n +1)5%)

(k+1)5t A (2.9)
Sst((n+1)0t — k5t)Bﬁf(u(;t((k + 1)6t), us (kdt))

+Z

X (uge (K + 1)5¢) + ugy(kdt)) +iAS((n + 1)6t — 7)|u*u(r)dr|

In order to control the r.h.s of (2.9), one writes each integral on the following
form:

(k-+1)0t A
/k o Sal(n+1)0t = k6t) B f(us(k +1)08), up (ko)

x (uge((k + 1)6t) + uge(k6t)) + iAS((n + 1)t — 7)|ul* u(r)dr

p

(k+1)dt
< /M [Sst((n + 1)t — két) B 4 iS((n 4 1)6t — kt)]
t

X5 n 2f(u,;t((k + 1)6t), ust(kdt)) (uor((k + 1)0t) + us(k0t))dr .

_|_

/k F G (4 190t = 7) — S((n + 1)6t — koE)] Nu[Zu(r)dr

ot

Hs

(k+1)5t 1
+ /k S((n+ 1)6t = k5N |5 Fusa(k + 1)68), usu (ko)

ot

x (st ((k + 1)0t) + sy (k6t)) — [u*u(r)] dr

HS

= IP" 4 1P 4 I
We denote by

[Ueo(n,msy = sup  |u(not)|gs.
n=0...N+1

Inequality (2.9) can be written as:

(st — wieo(v,ms) < |(Sst = S) Uol oo (v sy + sup Z "+ I;" + I3 (2.10)
k=0



Since S5: — S in the strong topology of operators in H*, one has
(S5t — 5) uo|loo(N’Hs) — 0 as it — 0.

In the same way, as B — —il,

sup Y IP" — 0 as 6t — 0.

On the other hand, as the group S(t) is strongly continuous,

sup ZI;“" — 0 as §t — 0.

k .
For I3"", we write

= 5ot 2f(u((k + 1)0t), u(kdt))(u((k + 1)0t) + u(kdt)) + Ry(7),

G

<l 5o 1 g [ (uar((k 4 1)0), g (ko)) (us((k +1)8t) + us (kdt))

—f(u((k + 1)6t), u(kdt)) (u((k + 1)dt) + u(kdt))| .
+dt  sup |Ri,(7) | s = Ji + 0tG(6)
T€[kbt,(k+1)6t]

As w lies in C([0,T]); H®), on has

N
> 6tG(0t) — 0 as 6t — 0.

k=0

Due to the form of f, on has
IA| (k+1)6t . .
"= 20+ 2 Jeae ¢ <|u5t((k +1)6t)[f7e + |ust(kt) |7,

+u((k + 1)6t) 37, + |u(kst)[37.)

¢ (usa((k + 1)88) — w((k + 1)3)] o + [usa (k3) — u(k38)] ).
Now according to the uniform estimates of us; and u on [0, Nét], on has
Jp < Ot (|uge((k +1)0t) — u((k + 1)6t)| 4o + |use(kot) — u(kot)
Finally, (2.10) leads to
[use — oo, sy < 0(1) + ONOt|usy — wlioo(n,mr9)- (2.11)
Let us write T} = Ndt; taking C'T; < 1 leads to

1)

|’U,5t - U|l°°(N,H5) S O(].)

Applying the proof with the new initial data u(77), one gets the lower semi-
continuity of the existence time Ty as 0t — 0 and the convergence on [0, T]
for any T < Ts. [ ]



Remark 2.1 We prove in this theorem (part i) the uniqueness of the solution
given by the numerical scheme for 6t small enough. This was an open question

in [1].

3 Two schemes for (NLW,) and their invari-
ants.

Let us recall that for:

LO0}E — i0,FE — AE = M\ E|*E,
(NLW,,)
Et=0)=f, 0,E(t=0)=g,

we introduce the two following schemes.

( 1 En+1 —9FEn + En—l En+1 . 1
— —i| =—— ) = ZA(E" + E"
w? ( 52 ) ' ( ot ) AET 4+ )

A |E”+1‘20+2 _ |En|2a+2

S { — En—|—1 En
(1) wr2 EEE— e L HEY
E°— E-1
E e _ =
{ 0 fa 5t g
and

( 1 En—|—1 —2E"™ + En—l En+1 _ En—l 1
- = '} _ _A En+1 En—l

w? ( 6t ) ' ( 20t ) 28 * )
)\ |En—|—1|20+2 _ |En71|20—|—2

= 25 +2 |E"TZ— B2

(En+1 + En—l)’

Eo+E7

EO_Efl
{ 2 _f7

st 7

For the continuous problem (NLW,,), one can prove (see [3]) that the following
quantities are constant in time:

Ji %Im/EatE _ o (3.1)

1 A . i
/ <E|6tE\2 + |VE|)? — U—H\EV +2) =(C* (3.2)

We now present the discret equivalents of (3.1) and (3.2) for (S;) and (S,).



Proposition 3.1
i) Let (E™)_1<n<n be the solution of (S1), one has

n+1l _ mn
[1Bm2 - 2 Im [E <7E E )
w ot
2 —o (E°— E!
_ 02 _ =
—/|E | wQIm/E (7& ) (3.3)

Ek+1 _ g\ (B~ B
ot ot

/\ |En—|—1‘2a—|—2
o+1

1 n
+E /Z:O 5tIm

and
2

En-l-l S
| +|VE"? —

ot

/(

no1 | BN opk 4 pEP?
ot [ 5ot 3.4
1|E° - B 02 A 0|20+2
Y BV - 2| ooz
[\ =5 | F Vel
i) Let (E™)_1<n<n be the solution of (S;), one has
1, a2 1 [EPH— B
[ 5B+ B = S [ (T)
(3.5)
1 0(2 -1)2 2 o (E°—E7
= [ (B +1B7) = 57 [ B (=
and \
1 |E"tt — En 1
- - En+12 En2
e e e U]
— A /<|En+1|20+2+ |En|2zr+2)
20 +2 (3.6)
1 |E°— B 1 02 L2 |
— [l 2= | L(vE B
[{@ 5 | o (VEr+IvE)
_ A /(|E0|20+2+ |E—1|20+2)
20 + 2 '

Proof: The proofs are standard, we omit them.
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Remark 3.1 It is clear that (Sy) has ezactly the same invariants as the con-
tinuous problem, while the last term of the Lh.s of (3.4) is clearly a temporal
diffusion term of order of magnitude %. We will come back on this diffusion
term in the last part of the paper.

4 Splitting of the schemes (S;) and (Ss)

In the continuous case, the following splitting was introduced in [2] for (NLW,,):

E=F+G,
-1
w? 4A , VAN o0

N

—1
8,G = 2% (1 /11— %) G—i (\/1 - %) ANE®E.  (4.2)
w w

One can compute explicitly the initial data for F' and G from f and g (see [2]).
The principle of this splitting is the following one: the function G contains

2 / 4A
all the oscillatory part of the solution (see the operator z% (1 +4/1 — —2),
w

but of course the order of magnitude of G(0) is 2. On the other hand, F
converges to the solution of (NLS).

The aim of this section is to present a similar splitting for (S;) and (S). In
analogy with (4.1) and (4.2), we search a splitting for (S;) and (S) of the
form:

E"=F" +G"
Fn—l—l _ Fn ) Fn—|—1 + Fn 1 « il
R <72 ) + (5 +ig) f (4.3)
Gn+1 _ Gn ) Gn+1 + Gn 1 ) .
T = ’Lﬂ (f) +’}/2 <5_t + Zg) f +1, (44)

where f"*1 denotes the r.h.s of (S;) or (Ss).
Let (X1, X5) be the roots of the caracteristic equation of (S;) or (S2). These
caracteristic equations are:

For (57)

1 7 A -2 7 A 1
R R I
w2t 6t 2 + w22 + ot 2 + w26t? 0 (4.5)

1 i A -2 1 i A
© (3 3) X G) G- D)0 @
w28t 20t 2 + w2t? + w2(5t2+2(5t 2 0 (4.6)

(Of course X; and X, are operators.)

11



If we look to the homogeneous problem associated to (4.3) and (4.4), we get
-1
P (1-igot)  (1+i5t) P
} 5 +1 2
and by identification, one finds

—1
X, = (1 - z’%dt) (1 —H’%(St) . (4.7)

In the same way, one gets for X,

1
X, = (1 _ i§5t> (1 + i§5t> . (4.8)

The nature of the operators « and ( will give us some informations on the
behaviour of the schemes. We still have to determine (71, 72). We deal with
both schemes separately.
4.1 Splitting for (.5;)
Using (4.7) and (4.8), one writes
F™ = X0 F™ 4y X (4.9)
G™ = XoG™ + v X M (4.10)
Rewritting these identities for F™ and G™ gives
Fm :Xanil +’}/1X1fn, (411)
G" = XQGnil + ’}/QXan. (412)
so that (4.9) and (4.10) yield
Fn—l—l —

Xi P by X f™) + m Xa frH (4.13)

X (
Gn+1 = .XQ(XQGn_l + ’)/QXan) + ’}/QXan—i—l. (414)

Plugging (4.11)-(4.14) into (S;) and using the fact that X; and X, verify the
caracteristic equation (4.5) leads to

( 1 1 A

-2 7 A n ntl
+ <w25t2_ + 5 5) (mXy + 72X2)} fr=fmr

12



So we have to solve

1 7 A
(W — 5T 5) (X1 +7Xe) =1

1 i A , , 2 i A
(s 3) 3t ) (- ot =

We have proved

Proposition 4.1
It is equivalent to solve (S;) with Ey and Ey given or to solve

Frtl = X, F™ 4 X,
G™H = XpG" — 7 Xp ",
E" = F" 4+ G",

1 _ /\ ‘En+1|20+2 _ |En‘20+2
20 +2 |ErHL2 — |En?

{ F° = (X2 — Xl)ile(Xinl — EO),

(B + E"),

GO - (X2 - Xl)_lXQ(EO - XlE_l).

The operators X, and Xy are solution to the caracteristic equation (4.5) and:
1 i A\ .
= (e~ 5z) G-xT

Proof: The only thing that we have to find is the value of the initial data for

F and G. One has
FO + GO — EO

and for all n
XoF"™ 4+ X1G™ = X, Xo(F™ 4+ G™).

Applying this identity with n = —1 leads to
FO + GO — EO,
X2F0 + X1G0 = XlXQE_l,

which leads to the result. ]

13



4.2 Splitting for (Ss)

The same technique works for (S3). The case of (S3) is easier since one find
explicit and usefull values for X; and X,. One gets:

Proposition 4.2
It is equivalent to solve (S3) with Ey and Eqy given or to solve

Frtt = X, FP 44X, f7,

Gn—|—1 — X2Gn _ ’)’ngn_H,
E" = F" +G",
)\ |En—|—1|20+2 _ |En—1|20+2
n+1 __ n+1 n—1
= 20+2  |Entl2 — |En-lf2 (E B ) ’
FO - (X2 - Xl)_le(.XQE_l — EO),

GO = (X2 - Xl)_ng(EO - XlE_l).
Moreover the operators X1 and Xy which are the solutions to the caracteristic
equation (4.6) are given by:

1 i AN 1 1 i |1 4A
— - = - Y 2
Xiz = (w25t2 20t 2) (w25t2 - 2\/&2 +Aa w25t2)'

-1
1 4A
= i) = + A2 —
7 (Z 2 w26t2)
Remark 4.1 The modulus of X, or Xy for (Ss) is equal to one. So that the
operators o and (B in (4.3) and (4.4) for (S2) are self adjoint and therefore ic

and i3 are skew-adjoint and generate unitary groups on any H?.
On the contrary, this is not the case for (S1).

and

5 Existence and convergence.

Using these framworks, we will prove existence and convergence for (5;) and
(S2), for fixed w.

5.1 Study of (S5;).
We work on the version of (S7) given in proposition 4.1:

Frot = X, F7 o X, f4,

(5.1)
GmHL = XoG" — X, fr

This result is:

14



Theorem 5.1
o Let (F{', GYY) € (H?)?(s > &) that may depend on 6t and such that

(F, GO — (Fy, Go) as 6t — 0 in H.

There exists a constant 6ty depending only on |(Fy, Go)|ms such that for any
6t < 8ty, there exists a unique mazimal solution to (5.1) with F° = F' G° =
GY defined on the interval [0, Ty;] (with Ty, = N6t for some integer N ).

o Let (F,G) be the solution of (4.1),(4.2) with the initial data F(0) = Fy, G(0) =
éo ant Ty, its existence time.

One has ligl_églngt > T and for all'T < T,

(F° G°) — (F,G) in L*=([0,T); H?)

where (F°, G) is the piecewise constant function which value at point t = nét
is (F™,G").
Proof: It will be exactly the same as for (NLS) (see part 2). The only points

that we have to prove are:

AN
e The operator % is bounded and converges strongly to ( 1-— —2) .
w

T T jw? 1—/1-2\T
e The discret groups X{* and X$* are bounded and converge to e’ ( “’2)

and ei% (1+V 1_4‘”_%)T respectively.

The proof goes through three lemmas.

Lemma 5.1
The operators X1 and X5 have their norm uniformly bounded in w and 0t.

Proof: One has the following explicit expressions for X; and Xs:

1 1 i AYE
R

2 lw2st? o6t 2
—2 i A R Gt R AR
G §) (R
w20t ot 2 2 2
(5.2)
where
A2 1 AA

=— -3+t >3
H=70 752 T o
We first remark that the operator

(L_i_éf (—_2+i_é>
w22 6t 2 w2st? 6t 2
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is bounded independently of w and dt. We still have to prove that the second
part of X o is bounded. Let us call it ¥ and use a spectral representation of
A (Fourier transform in IR?, diagonalization in Q C IR%).

o \lﬂﬂ/ﬂu%”\l_ﬂﬂm - ( 1 i §_2>‘1

2 2 D202 5t 2

and letting z = %, one gets

One has

On the other hand

\2—1——t\ 22+1+ . ,
>~ 2, — 1
( 251 ) 1 + w45t2 + 22+ o5
thereby proving lemma 5.1. ]

Proposition 5.1
1
Let K such that w?§t? < K. Then there exists a constant ¢(K) such that

T T
[ X7+ X5 < e(K).

Proof: We will use the invariants of (S;) given in proposition 3.1. Let us
denote by S3'(ndt)f the solution to

J

1 <E”+1 —2En—|—En+1) ) <E”+1 —
— —1
2

E" 1

E'—FE!

7—0
f? t Y

and by S (ndt)g the solution to

ot?

1 (E”+1 —2En+FEn+1 ) (E”+1 - E"
JEE— J— Z S —
w2



We now compute X7 and X% in terms of SJ' and S°.
It is clear that there exists two operators A and B such that

So'(ndt) = AXPT + BX3H.
Writting So(0) = Id and w = 0, one gets
A= (X, —Xy)'(1 - Xy) and B = (Xo — X1)7'(1 - X))
so that
SeH(ndt) = (X1 — Xo) M1 — Xo) X+ (Xy — X)) 1 (1 — X)) X0 P,
On the same way, one obtains

S%(ndt) = 6t ((X1 — X)X X (X, — Xl)—lxlxgﬂ) .

One can solve the system formed by (5.5) and (5.6) in X7 X5+

X+ = X, 5% (nét) — _&Xl SP(nst)
and x
X3 = X,5% (nét) — _& 259 (nét).

(5.8)

Since we know that the operators X; and X5 are uniformely bounded, we need
to show that S§¢ is uniformly bounded on H* and we have to find some bound

on =312 8% (nét).
The proof goes through two lemmas.

Lemma 5.2
There exists a constant ¢ independent of w and 6t such that:

‘I—Xk
ot

f‘HS sc (w | fl s +w? ‘f|HS) .

for k=1,2.

Proof: We use a spectral representation of —A on formula (5.2) to get:

co o [aa €Y [ 2+ EL
ZaRVas +6t2 +’i ZRRVa +6t2
i £2 2 2
o o 3%

X, = - - '
L= X 2(Fm—a+5) ) 2 (g =5+ )

=M+N

with e = +1 and i = (% — 5%2 - —ué%;) .
e Estimate of M: 2625
. t
_ ot (=i +5%)
2 (it + 55 + L)

w?

17



so that
M w? ( i+ 52‘”)

w
ot 2 (1 + 10tw? + §2—(5t2w2)
that is ortss?
t
ME_wt 1
2 2
ot 4 (1 + %&%}2) + 612w
" 252 <9w2§26t2)
S e + 2 )
4 E2W26t
and then,
MP?  w* 9
| 5t2,| <7+ Eaﬂg?. (5.9)
e Estimate of N:
" 1
4NJ? = i+ e

so that,

. 2
4|N‘2_ V“+6t2 < |U+E

|
o 1+(525t+ 25t)2 B 1+(¥+ﬁ)2

And with the expression of u, one gets:

4 2
‘N|2 (54 + 6t2 + 25t2 + fi_t)

4 2
- £45t?
ot (1+&+ L+ &)

(% + 26t2 + w26t2)
(1+£8 4 L+ &)

3§2 44 32
2¢2 45t 20t
W 5 52 “)1 + 1 .

IN

IN

ot e o

That is:

2
St 2
One obtains with (5.9) and (5.10)

4‘ < 4w?E + gw (5.10)

‘ka <cwlg]+w?), k=1,2,

so that lemma 5.2 is proved. ]
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: : 1-X L
Since we need an estimate on —5%25%*(ndt), in view of lemma 5.2, we

need to bound w2S% and w(—A)2S5%. These properties are fullfilled in the
continuous case as S; is a smoothing operator.

Lemma 5.3
de > 0 such that VT > 0, for any n such that ndt < T,Vf € H', one has:

Satmot)f| | < e(U+T%) |flg,
and Vg € L?,
VST (nét)g, < ol
and ) )
w?Sf (ndt)g| , < e(1+T3w(5t)%) [glps -

Proof: For SJt, we rewrite (3.3) and (3.4):

/\sgt((n +1)dt) |

2 ey (e 0907 ity

ot B
[ur

S3t((k +1)dt) f — SSE(kSt) £\ [ St (kot)f — SH((k — 1)6t) f
Im/z( ) ( 5t )

ot
(5.11)
and
w2 Sat((n—i-l)ét()sf S8t (ndt) f ‘ /‘VS‘” n+1)5t)f‘
((k + 1)5t)f — 253 (kSt)f + S§((k — 1)t f |
/Zét 05t2

19



SEH((n+1)dt) f— S5t (ndt) f
ot

From (5.12), it is clear that |[V.S'((n+1)6t) f|;2 and 2
are bounded by |V f|.2. The equation (5.11) becomes:

J1siw+sos| < [ 147

L2

+— /\S‘” n+15tf\+—/ -

S ((n + 1)8t) f — S8 (nét) f‘

<S‘”((/€ +1)dt) f — 25" (kdt) f + Sg*((k — 1)5t)f>
ot

Sgt(kot)f —
ot

S ((k — 1)5t)f> ‘

The last term of the right hand side of this estimate is bounded thanks to the
diffusion term of (5.12), and one obtains:

2
SIS+ 17+

(1 - w-) SeH(n+ 1)dt) f

5t? i S8 ((k +1)6t) f — 2S5t (kdt) f + S ((k — 1)) f
w? 5t? 12
St (kot) f — Sgt((k — 1)dt) f
ot Lo
That is
1
(1 - E) 3 (n+ 1507, < 1P +

st Z”: S3H((k + 1)0t) f — 2S84 (két) f + SE((k — 1)6¢) f | :
w? | = 5t? 2

S8 (k3t)f = SE((k = 1)5t)f
ot

1
n 2 )2
k=0 L2
n

1/2
SO (kot) f — SH((k + 1)5t) f|”
<|f|H1+ VfLZ{Z . 5(;2 ‘ }
k=0

< |flm + 06t [V f72,
thanks to (5.12).
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For S?, we rewrite (3.3) and (3.4) again:

[ 182+ 1)styg|

38 g S D0 = 505t

st (5.13)
((k+1)dt)g — 2S¢ (két)g + S ((k — 1)6t)g
Zm/z ( 6t )

SPt(kot)g — SP*((k — 1)dt)g
% 5t

and

| S7((n+ 1)dt)g — S (ndt)g|

w25t?

+/\vsft((n+1)5t)g\2

52 / Z |S3((k +1)dt)g — 25“(212:)9 + S3((k — 1)t)g| (5.14)

1 2
= — [ 1o

‘wVSft

It is clear from (5.14) that

9,2 < ‘Q‘LQ-

On the other hand, multiplying (5.13) by w? gives:

4| oot 2 w? | ot 2
Wt S (n + 1)ot)g] < 5 [sM(m+1)dt)g]

49 S‘”((n+1)6t)g 5% (nt)g|*
ot L
+w25t25t SO((k+1)0t)g — 258 (kdt)g + S ((k — 1)dt)g
k=0 ot? L
| ST (kdt)g — SP'((k — 1)dt)g
ot ’
L2
so that
‘S‘” (n+1)dt)g ‘2 < 2|g|p2
n Sdt +1)6t _QSJt kot S(;t E—1)6t 9 1\ 1/2
+w?ot? Z +1)dt)g v (kot)g + SPH(( )ot)g
k=0 6t? o
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S (kdt)g — S¥((k — 1)dt)g
5t

9y 1/2
L2} '

, " 1/2
L < Aol + 0l ()
k=0

>{§

The r.h.s of this inequality is controlled via (5.14) by

5 [S7((n+ 1)dt)g

< 2lglze + (?6t'/?) ()" |g] 12,
which leads to the result. ]

Lemma 5.2 with lemma 5.3 finish the proof of proposition 5.1.
We moreover need a uniform bound on 7.

Lemma 5.4
One has:
Ve H® , |vf

e < Ot|f

HS.

Proof : We take a spectral represention of v, given thanks to proposition 4.1:

. -1
a:(l -i+§>(x—z)1

w2ot? 6t 2
One gets,
~ ~ &'4 ~ N &4
2 2
Hence
372 = 2+ 2,
ot
that is

4 2\ 2 4 2
o l—4 § 4€ 1 3 8¢ 1
fd - — N - > > [
g (4 w2(5t2) 5 268 T st T ot

Let us recall that for equations (5.1):
Pl = X F* 4 X, o,

Gn—|—1 — XQG" _ 7X2fn+1a

e
we have proved that, X; and X, are uniformly bounded operators, thatX}*

are bounded uniformly in 6¢ and in w under the condition w26t < K by
proposition 5.1. Moreover ¢ is bounded. Applying the technique presented
for (NLS) in section 2, one gets the existence part of theorem 5.1 .
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T T
For the convergence part, it is enough to show that: X' and X§* converge
2
i (1—4 /1-49T

2
respectively to e’ «*” and ez%(H\' 1= for the strong topology of
operators and that £ X;, — —2(,/1 — 22)~" for the same topology.
In order to find an asymptotic expression for X; and X5, we build it by the
caracteristic equation (after taking a spectral representation).

1 ) &2 -2 £? 1
2 2 2 —
X (ﬁ—25t+55t>+X<F+1(5t+55t +E—O
Plugging
Xl,g =1+ 01,2575 + d1,25t2,

one gets by identification

2
c
( :),z) 12 +€2 =Y
that is
2 2
w 4¢
61,2227 (1:F 1+F)
Hence
T i (1; 1+‘f—22)T
X7, —e

On the other hand

-1
. 1 qoeNT [, 4¢2
vz _<W_E+5) (“"&\/HF“(&)

= — + o(dt)
W/ 1+ %2
Therefore R
0 R 1 1
6t—0 —
which ends the proof of theorem 5.1. [ ]
Remark 5.1

One can obtain convergence results as w — +00, 0t — 0 as long as the stability
1
condition w?0t?is statisfied. See section 6 for comments.

Remark 5.2

Using lemma 5.3 , one could work directly on the initial scheme (S1). Howewver,
we think that it is more interesting to caracterize the behaviour of F' and G
which are respectively the Schrodinger and the oscillatory part of the solution.
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5.2 Study of (S3).

The case of (S3) is easier. The result is the same that the one of theorem 5.1:

Theorem 5.2
o Let (FO',GY') € (H*)*(s > 2) that may depend on 6t and such that

(F2,G%) — (Fy, Go) as 6t — 0 in H°.

There exists a constant 6ty depending only |(Fy, Go)|gs such that for any 6t <
Sto, there exists a unique mazimal solution to (5.1) with F° = F{* G° = G§!
defined on the interval [0,Ty] (with Ty = N6t for some integer N)

e Let (F,G) be the solution of (4.3),(4.4) with the initial data F'(0) = Fy,G(0) =
Gy ant T, its existence time.
One has ligl i(I)lfT(;t < Ty and for all T < T,

%.

(F*,G%) = (F,G) in L>([0,T]; H")
where (F°, G) is the piecewise constant function which value at point t = nét
is (F™,G™).
T T
On one hand, since X; and X, are unitary operators, the semigroups X;*, X5*
are uniformly bounded.
On the other hand ~ is given by

1

\/54 6t2 + 25t2
which is obviously bounded by §f and

A

’)/:

0 1
l_>_'

ot ir e

T
We still have to prove the convergence of the semigroups X7) toward their
continuous counterparts.
Let us write

1 i § 2 1 ¢cd544
F 1 6t 8t
272 ( o7 ) +¢

i}
AT ” 712_1%+ET‘”2
5
X1’2 —_ e )
that is
2 2
T J—Ttlog(<1q:% 1+%6t> (1—|—z“’ ‘”))
X1,2 ~ e as 5t — 0,
and then
~ T ZT% <1$ 1+%>
X15,t2 ~ €
The result follows. ]



Remark 5.3

z I
The bounds on X1, Xo, X{* .y are uniform with respect to 0t and w without
any stabzlzty condition, so that any convergence result as w — —|—oo 0t = 0 on

Xl‘” and X can be adapted to (S;). Of course, since Xl‘” and XQ‘”5 are unitary
on L?, there is no diffusion in (Ss).

6 Final remarks and numerical experiments

6.1 Diffusion and oscillations

Let us recall the splitting for the continuous problem (4.1)-(4.2):

\ -1
iw? 4A 1 4A 2%
OF = - |1-y/1- — | F—~ ,/1_5) (MF+G (F+Q))
\ -1
iw? 4A 1( 4A %

We have |G(0)|ps < 5 (see [2]). It is clear that

2
z‘w—(k,/kﬂ)t )
2 2 1At
€ ¢ _>w—>—|—oo € )
i“’—Q(l-}—,/lf%)t TN
e 2 w —ew te—z t —>w—>—|—oo 0.

Therefore F' is the part of the solution that converges to the solution of (NLS).
The function G i 1s an oscillatory part of the solution, the amplitude of these
oscillations are —; while the frequency is 5-. The question is: how the scheme
take into account this behaviour? Let us con81der first the expression (4.3)
and (4.4) of the schemes:

(

\

Fn+1 _ Fn ) Fn—|—1 + Fn 1 n+1
ot ( 2 ) A (6t ) f (6.1)
Gn+1 —GF" ) Gn+1 + G 1 ﬂ il
(€Y (L e
From (4.7) and (4.8) one finds
21+ X)) - x)
a = 6t 1 1)
21
B==(1+X) (1= Xy)
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For the scheme (S1), under the condition w?§t = 1 (which does not satisfy the
stability condition w*§t < K), one obtains at the first order when §¢ — 0 that
Xy — %, and X; — 1, so that the linear part on G™ can be written as

L4+i . 1
———G"™ and G(T)_i(\/i)T/ét G(0),

in
4

<N

Gn—|—1 —

or
1

(\/§)Tw2

On the other hand, under the condition w6t = 1, one finds that
Xy = 1+4i6t"? + (—iA — 1)5t + O(6t3/?), X, =1+ O(6t),

G(T) = e T G(0).

so that -
1 -
X2T/5t ~ 5077 o~ IAT =T

7

that is

X;/Jt o @iTW? gmiAT =T

?
and we recover the correct behaviour for G” on short time scale; the oscillations
are however dampted in exponentially in time.
On the contrary, for scheme (S;), let us take w? = 517: in order to capture the
oscillations at the frequency w?, on has to take 6t at least smaller than ﬁ

Then

that is

o 1= 51464687 + 4¢26t
X = - 2
(1-14) + %ot
As 4t — 0 one gets _
. 1—1(1+2¢%0)
=D+ G

Therefore
P (1—4)+€22 — 141 (1+2¢%1)
1 (-9)+e8
et (3 +i)
- (g) e
and

. 1—2) +€2% 41— (14 26%61)
1+X, = ( 2) <1i%)+§22% ,
(2—i)+§25t(%—i).

ENET
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Therefore, after straightforward computations, one gets
a~ —£2
In the same way, one finds
o 14+ 1(1+42¢%t)
BNCHESS

Therefore,

7 ) ]
%, o LoEr€Fo1-s0ses

(1-5) e
]

(1-3)+ey

~J

On the same way,
(1-3)+ &% +1+1(1+28%1)

1+X, = (1_%)+§2%

I

~J

(1=3)+ey
so that
B~ —w?.

Therefore F™ converges to the solution of (NLS) while the equation on G™ is

asymptoticaly
Gn—|—1 _ Gn + o Gn—|—1 + Gn h .
——— 4w | ——— | = h.o.t.
ot 2
The scheme (S3) captures the oscillations with the good frequency. Note that
the condition on the time step: 6t < -2 is natural to obtain precise enough

w2
results.

6.2 Numerical results.

We have computed solutions to (S;) and (S2) in 1D, with ¢ = 2 using a
finite differences discretization of —A in order to illustrate the above described
behaviour. For 0 = 2, A > 0 one has blowing up solutions for (NLW,,) if w is
not two large (see [3]) and also for (NLS). We did not try to refine in time
and space near the numerical blow up. We compute on the interval [—5, 5]
with 6z = 1072. At each time step, one has to solve a nonlinear system:

1 En—|—1 _ 2En _|_ En—l ] En—|—1 _ En A En+1 _|_ En _
w? 5t ’ ot h 2 -

(6.3)

|E™1E 4 |ER* + B B <E”+1 - E)
3 2 ’
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E™ and E™ ! are given by the previous time steps.
To find E™*!, we use a fixed point procedure to solve

1 i1 |X|*+ |E"* +|E"? |X” (X + E"
(o434 <

w?2dt ot 2 3 2
We consider the iteration k :

1 i1 X[t + |En* + |En? | X,)?
{ ———_Ah_<| K+ \6| 7 Xk Xpoy =

)+ b

[ Xa[* + 1B + B X
6

This semi-implicit procedure has the advantage to preserve, at each internal
step, the invariant (3.3) for (S1) (or (3.5) for (S2)), and therefore it is more
stable than the explicit version.

e About blowing up : if w is large enough, the solution of (NLW,,) seems to
blow up allways before that of (NLS) and the existence time T;, seems to be
an increasing function of w. See figure 1 for which:

E"+ H"

E(0) = 4¢72%*" and 9,E(0) = e 2", 6t = 107°.

In all the figures, the t-scale is multiplied by 103.

50.0 s
w=10
40.0 - .
30.0 i
«=10*
20.0 - 2=10° .
(5:1
10.0 - |
2 2
w =10
w’=10
0.0 L | L | L | L
0.0 2.0 4.0 6.0 8.0

Figure 1: |E,(0,t)| for w? = 10,102,103, 10%,105, 106 computed by (S1).
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e About oscillations: for w? = 10°, 6t = 1075, E(0) = 4¢=2%*" and 8,E(0) =
e~292” one can see oscillations with the correct amplitude and frequency by the
scheme (S52) while there are no oscillation on the solution computed by ()
see figure 2 and figure 3.

2 2
1.5 1.5
1 1
0.5 0.5
0 0
0 1 2 3 4 0 1 2 3 4
12 2.15
10 2.14
8 2.13
4 2.11
2 2.1
0 2 4 6 0 0.5 1 1.5 2

Figure 2: Scheme (S2), noncompatible initial data, upper left: Invariant (3.2),
upper right: Invariant (3.1), bottom left |E,(0,%)|, bollom right |E,|.2(t).
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15 15
1 1 J
0.5 0.5
0 0
0 1 2 3 4 0 1 2 3 4
14 2.15
12 2.14
10 2.13
8 2.12 1~
6 2.11
4 2.1
0 2 4 6 0 0.5 1 15 2

Figure 3: Scheme (S1), noncompatible initial data upper left: Invariant (3.2),
upper right: Invariant (3.1), bottom left |E, (0, ¢)|, bollom right |E,|z2(t).

If one choose
8,E(0) = i(AE(0) + |E(0)[*E(0)),

that is for compatible initial data that ensure that G(0) = O(-x), these oscil-
lations disappear, see figure 4.
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15 15
1 1
0.5 0.5
0 0
0 1 2 3 4 0 1 2 3 4
15 2.15
2.14
10
2.13
2.12
5
2.11
0 2.1
0 1 2 3 4 0 0.5 1 15 2

Figure 4: Scheme (S2), compatible initial data, upper left: Invariant (3.2),
upper right: Invariant (3.1), bottom left |E, (0, ¢)|, bollom right |E,|z2(t).

For w = 10° the solution given by (S1) is close to that of the nonlinear
Schriodinger equation given by the Crank-Nicolson scheme. However, the be-
havior near the blow-up time of the solution given by (S2) for w large is hightly
oscillatory so that (S2) is not appropriate in this case. Therefore, both schemes
can be usefull: (S1) can be used in order to compute the mean value of the
solution to (NLW,,) until the blow-up time and (S2) in order to compute the
oscillations that exist in the physical solution.
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