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Résumé - Nous continuons ’étude du probléeme de Cauchy et aux limites pour ’équation
de Korteweg-de Vries initiée dans [9]. On obtient des effets régularisants globaux uniformes
par rapport a la longueur de l'intervalle et nous montrons que la solution du probleme aux
limites converge, lorsque la longueur de l'intervalle tend vers l'infini, vers la solution du
probléme posé sur le quart de plan ¢ > 0, z > 0. Nous proposons un schéma aux différences
finies treés simple pour le probléme sur [0, 1] et montrons sa stabilité.

Abstract - In this paper, we continue the study of the initial-boundary-value prob-
lem for the Korteweg-de Vries equation that has been initiated in [9]. We obtain global
smoothing effects that are uniform with respect to the size of the interval. This allows us to
show that the solution of the boundary value problem converges, as the size of the interval
converges to infinity, towards the solution of the quarter-plane problem. We also propose a
simple finite differents scheme for the problem on [0, 1] and prove its stability.

Keywords: Korteweg-de Vries, boundary conditions, smoothing effects,
quarter-plane.

1 Introduction and statements of the results

1.1 Introduction

The Korteweg-de Vries equation has been introduced in [12] in order to de-
scribe the propagation of long water waves in a channel. If u(z,t) denotes the
elevation of the free surface of the flow with respect to the equilibrium position
at time ¢ and at the position z, this function satisfies

U + Uy + Uy + Uzer = 0, for t > 0 and x € R.

The pure Cauchy problem on the whole line for this equation has been exten-
sively studied, see for example [13], [2] for regular initial data. Recent results
shows that the Cauchy problem is well-posed in L? [7] or even in negative
order Sobolev spaces [11]. In laboratory experiments, the wave is created by
a "wave maker” at one of the extremities of the channel. In order to describe



this situation, J. L. Bona and R. Winther have considered the Korteweg-de
Vries equation in a quarter-plane [3], [4]:

U + Ugp + Uy + Ugee =0, >0, £ >0,
u(0,t) = g(t), t >0, (1)
u(z,0) = up(x), © > 0.

One of the results that is obtained reads as follows:

Theorem 1 (J.L. Bona, R. Winther) Suppose ug in H*(IR") and g in H} (IR™)
satisfy the compatibility conditions ug(0) = ¢(0), ¢'(0) + (Orup + uedrug +
D3up)(0) = 0, then there exists a unique solution uy in L5S,(RT, HY(IR™)) of

(]) loc

In [8], [9], [10], an initial-boundary-value problem for the Korteweg-de Vries
equation is studied:

Up + Up + Uy + Ugyy = 0, x € [0, L], t €[0,T],
u(O,t) = g(t)v te [O,T[,
u (L, t) =0, t €[0,T], (2)
Uge(L,t) =0, t €1[0,T],
u(z,0) = up(x), z €0, L],

where L > 0, T €]0, 4+o0[ and the following local existence theorem is estab-

lished:

Theorem 2 (T. Colin, J.M. Ghidaglia) Let uy be in H'(0, L) and g be in
CY(IR™) satisfy the compatibility condition ug(0) = g(0). Then there emists
T, > 0 and a function u* in L>(0,Ty; H*(0, L)) N C([0,TL]; L*(0, L)) which

solves (2). Moreover, if [ug| g and |g| g1+ are small enough, then Ty, = +oc.

This result is proved by energy methods using a long-wave type regularisation
introduced in [3]. In [9], some parabolic type smoothing effects are also proved
for (2) and this leads to a local existence theorem in L? for the nonlinear
problem. These smoothing effects are obtain by multiplying the equation by
zu and none of the results given in [9] are uniform with respect to the size
of the interval. Note that these smoothing effects were also discovered for the
quarter-plane by Bona and Winther [5].

The aim of this paper is to obtain a similar result but uniformly with respect
to L ; that is existence of u” on [0, T, [ for ul in L*([0, L]) with T, — +oc and
u’ — s when L tends towards 4oco provided that [F(1 + 22)(ub)?(z)dz is
bounded independently of L and where u., is the solution to the quarter-plane
problem.

This paper is organized as follows. We first prove the existence of a time
Tnin depending only on | g |51 and | ug |2((1422)ax) but not on L such that
uy, exists on [0, T},:,] thanks to uniform (with respect to L) smoothing effects
(section 2). This construction will also give uniform bounds on wuj, that will
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allow us to perform the limit L — +oo. We show that the existence time
T}, tends to 400 as L tends towards 4+oco (see section 3). A by-product of
the proof is that the quarter-plane problem is globally well-posed in the space
L*((1+2?%)dzx). In section 4, we present a finite different scheme for the initial-
boundary-value problem (2) ; we prove its stability and present some numerical
experiments.

Our main result reads as follows (Theorem 5):

Theorem Consider a family of initial values ul € L*([0, L]) such that
L
sup | |ug]P(x)(1 + 2%)dz < +o0
£>1Jo

and such that u tends towards uy in L} (IR™) strongly.
Then, for all T > 0, if L is large enough, ul(z,t) the solution of (2) with ini-
tial value uy is defined on [0,T] and u* tends towards u in LP(0,T; L} (IRT))

strongly for all 1 < p < 400, where u(zx,t) is a solution of (1) with initial data
Ug-

1.2 Notations and basic assumptions

Let X be a Banach space, 1 < p < 400 and —oo < a < b < 400. The notation
LP(a,b; X') denotes the Banach space of measurable functions u : (a,b) — X
whose norms are p th-power integrable (essentialy bounded if p = +00). There
are endowed with the norm : | u |7, 5= / | u(.,t) % dt if p < 400 and
| U |L°°(a,b;X): sup | ’I,L(7t) |X lfp = +00.
te(a,b)

In this paper, we assume that for 0 < L < 400 the initial data ug belongs
to L*(0,L) and that zug belongs to L*(0,L) and we introduce | . | which
denotes the L?((1 + 2?)dz) norm :

L
| uo [=] o |22((1442)de)= \//O (1 + 22)ud(z)d.
We introduce the space :
E = {f € L'(0,T; I3(1 + 2%)dx)), Vif € L3(0, T; L3(1 + 2*)da))}

endowed with the norm :

| f = /OT \//OL(1+x2)f2(m,t)dxdt—|—\//OT /()Lt(1+x2)f2(x,t>dxdt.

We recall that the following well-known inequalities :

*w |%2((1+x)dz)§ 3w |%2((1+x2)dz) :
“| g lren< (C+VT) | g lmor) -

| G o2 eniaen< VT | G l120m502((1402)ds) -
*if win H'(0, L), with w(0) = 0 then | w |%°°(da:)§ 2| W |r2(d2)| Wa |22(dz) -
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2 Existence and uniqueness for the non homo-
geneous case (g # 0)

2.1 Local existence and uniqueness on [0, L], L < 400

Let T > 0. We introduce the space :
Xp = {w e C([0,T); L*((1 + 2*)dz)), w, € L*(0,T; L*((1 + z)dx)),

Viwg € L0, T; L2((1 + z)dx)), vVitwg, € L*(0,T; L?)}.

This space is endowed with the norm :
| w |x:=| W |peo01;02((1422)dw)) T | Wa |20, 7:02((142)da))

+ | Viw, | Lo (0,13 02((142)da)) T+ | Viwg, | L2(0,13L2) -

For ug in L?*(0, L), the unique solution of the linear homogeneous system

Up + Up + Ugee =0, x € [0, L], t €10,T],
w(0,8) = 0, ¢ € [0, 7T,
(L,t)—O te0,7T], (3)
Uz (L, t) =0, t €[0,T7,
u(z,0) = up(x), = €0, L],

is denoted S(t)ug (see [9], [10] for the construction of this semi-group). Let ¢ be
a smooth function defined over IR™ such that ¢(0) = 1 and ¢(x) =0, Vz > 1.
The definition of a weak solution for the system (2) is the following :

Definition 1 A weak solution to (2) on [0,T] is a function u(x,t) € X1 such
that

w(z, 1) = u(z,t) — ¢(x)g(t)

satisfy
a(z,t) = S(t)uo(x)—

/ot S(t = s){(a(z) + ¢(x)g(s))(te(x, 5) + ¢'(x)g(s5))
+9(5)(¢'(z) + ¢"(x)) + ¢(x)g'(s) }ds,
where tg(xr) = uo(x) — ¢(x)g(0).

The existence Theorem on [0, Tyyin], Tinin being independent of L, depend-
ing only on | g |z and | ug | reads as follows :

Theorem 3 Let ug be in L*((1+2?)dz), g be in H. (R') and 0 < L < +o0.
Then there exists a unique weak maximal solution defined over [0,TL[ to (2).
Moreover, there ezists Ty, > 0 independent of L, depending only on | ug |
and | g |m such that Ty, > T The solution u depends continuously on
uy and g in the following sense : let a sequence uj converging towards wy in
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L*((1+2?%)dx), let a sequence g™ converging towards g in H. (R™) and denote
by u™ the solution with data (uf,g"™) and T} its ezistence time. Then

limint 77" > T},

n—-+00

and for all T < Ty, u"™ exists on the interval [0,T] if n is large enough and u"
tends towards u in Xrp.

In order to prove this result, we first state some smoothing effects for (3),
i.e. in the linear case (cf section 2.1.1). Then, in section 2.1.3, we use these
estimates in the non linear case in a fixed point procedure.

2.1.1 Uniform estimates on the solutions to the linear homogeneous
problem

In this section we consider the linear problem (3). The following proposition
gives more precise results that those of [9]:

Proposition 1 Let ug be in L*(0, L). There exists a continuous function t —
c(t) such that
| e r22(4aryann < o(T) | o |,

(
| Us [200,1:L2((142)dz) < (T) | wo |, (
| u2(0,8) |2200) < (T) [ wo |, (6
| Vitug [peeor < o(T) | uo |, (
| Vtua(0,4) [r20) + | VEuea(0,4) [12000y< o(T) | g |, (
| Vtu, | Loo (0,132 ((142)de)) < (1) | uo |, (
| \/¥uzx |L2(0,T;L2)§ o(T) [ uo |- (10

Proof : multiplying (3) by u, zu, x?u, one gets the estimates (4), (5), (6).
Let us recall how one obtains (5) which is the more surprising estimate since
it gives a smoothing effect. Multiplying (3) by v and integrating on [0, L] give

L
C‘;t/ lu|?dz + u?(L,t) +u2(0,t) = 0. (11)
0

Multiplying (3) by zu and integrating on [0, L] yield

1d (L

L L
—— | w|u|’dx + / ruyudr + / TUpzzpudr = 0.
2.dt Jo 0 0

Integrating by parts gives, using the boundary conditions:

d L L L
—/ r|ul|?dx —/ |u|2d:t—|—3/ u? + Lu*(L,t) =0,
dt Jo 0 0



which implies (5) thanks to (11). Taking the L? inner product of (3) with w,,,
one obtains

d/ 22, ) + u2(0, 1) + u2,(0,2) = 0. (12)

Multiplying (12) by s and integrating the resulting expression in the temporal
variable over (0, ), one obtains after integration by parts and by using (5) the
inequalities (7) and (8). Multiply (3) by zu,, leads to

d L L
%/ wul (2, t)dz + 2, (0, ) U (0, 1) — / 2(z,t)dx + 3/ (x,t)dx = 0.
0 0
(13)
Taking the product of (13) by s, integrating the resulting expression in the
temporal variable over (0,t), integrating by parts and using Cauchy-Schwarz
inequality give :

t/ ru? :Btdx+3/ / :vsd:nds<// wu?(z,t)dvds
+/ / xsd:pds+2\/ SuQOSdS\// su?2,(

The two first terms on the right-hand side of the above inequality are bounded
thanks to the inequality (5) and the last term thanks to the inequality (8).
This gives inequalities (9) and (10). ]

2.1.2 Non-homogeneous linear estimates

Thanks to standard duality technics, we obtain estimates that are independent
of L for the non homogeneous linear system

U + Uy + Ugew = f(x,t), 2 €[0,L], t €]0,T],
v(0,t) =0, t €[0,T],
v (L,t) =0, t € [0,7T], (14)
V(L 1) = 0, t € [0, 7],
v(z,0) =0, z €0, L].

Proposition 2 There exists a continuous function t — c(t) such that if f
belongs to E

| v Lo (0,m:02((1422)de) < S(T) | f |21 (0,002 ((1402)dar)) 15

(15)

| Ve 2201 L2((140)de) < S(T) | f [L10,102((1402)da)) s (16)
| v2(0,1) |20,y < e(T) | f Ir0,m:L2((1402)da)) s (17)
| Vitve |eorizzan < o(T) | f e, (18)

[ Vi (0.4) [20n < e(T) | f e, (19)

(20)

| \/%U:C:C(O,t) |L2(0,T)§ C(T) | f |E7 20
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| \/_Uacx |L2(0TL2(d:c <cT) | f g, (21)

| Ve | 2o 0,1302((140)da)) < S(T) | f 1L200,102((1422)da)) (22)

| v2(0,%) [L200.) + | V22(0,1) |20y < e(T) | f 20,1302 ((1422)da)) (23)
| Vaz [20,102(e) < (T) | f |L200.1522((140%)de)) - (24)

Proof : estimates (15), (16), (17) are dual of (4) and (5) since one has

v(z,t) = /Ot S(t—s)f(z,s)ds.

The inequality (15) is an obvious consequence of inequality (4). In order to
prove the estimates (16) and (17), we introduce 9 (¢) in L?(0,T) and compute:

T T rt
[ e enan 0@t 1< [ [ 0:8( = 9)f (@) la(@ean ds | 0 | de

T T
< /0 / | (1) || DSt — 8)f(,8) |12((14a)an) dEds

thanks to Fubini’s theorem

T T T 1/2
< [( rewra) ([T 10.50 9509 Brenw @) as

thanks to Cauchy-Schwarz inequality

1/2

T 2 p
<c (/ | o(t) [? dt) / | f(.;8) |L2(1442)dx) ds thanks to (5)
0 0

T 1/2
<c (/0 | o(t) [? dt) | f 2102 (1 402)da)) -

Inequality (16) therefore follows. By an analogous argument, we have the
estimate (17). In order to obtain (18), (19), (20), (21) we multiply (14) by v,,:

d/ 2(2, ) + 02(0, 1) + 02, (0,1) = —2/ (z, ) 0pe(z, )dar.  (25)

Multiplying (14) by xv,, gives

L L
:lit/ v (2, t)dx —/ 2(z,t) dm—|—3/ (z,t)dx + 20,(0,)v44(0, 1)
0 0

L
- —2/0 vx(:z:,t)f(x,t)dx—Q/O 20 (2, 8) f (2, 1) da. (26)
The combination 2x(25)+(26) shows that
d 0(2+x) 2(z, t)da + v2(0, 1) + 02, (0, 1) +2/ (&, t)d
(27)
L
<2/ xtd:p+c/ (14 2%) f*(z, t)dz.

0
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Multiplying (27) by s and integrate in the temporal variable over (0,t) leads
to the estimates (18), (19), (20), (21) thanks to the inequality (15).

We finally integrate (27) over (0,t¢) and inequalities (22), (23), (24) now
follow and the proposition 2 is proved. [ |

2.1.3 Nonlinear case

We now prove in this section a local existence result for the nonlinear system

(2).

Proposition 3 Assume that L > 1 and g(0) = uo(0) then there exists a time
T > 0 independent of L and an unique weak solution u of (2) on [0,T].

Proof : the proof is splitted in three steps.
1. First, we make a relevement of the boundary data as follows. Recall
that ¢ is a smooth function over IR™ such that

U + Uy + Ugye = —F (U, Uy, g), © €[0,L], t €[0,T],
a(0,t) =0, t € [0,7],
u, (L, t) =0, t €[0,T],
lize(L,t) =0, t €[0,T],
u(a:,()) - uo(x) - ¢(x)g(0)> S [O7L]v

where
F(t, g, 9) = (44 ¢g) (s + ¢'g) + g(¢" + &™) + ¢g'.

As a result, we have transformed the original problem (2) into a problem with
a Dirichlet boundary condition g = 0. In what follows, in order to simplify the

notations, we omit the tilde and we still denote the unknow by u instead of .
t

2. We write u(z,t) = S(t)uo(zx) —/ S(t — s)F(u,u,, g)(s)ds where S(t) is
0
the linear semi-group introduced in the section 2.1. We refer to section 2.1.1
for the part S(t)uo and to section 2.1.2 for the part [j S(t — s)F(u, ug, g)(s)ds.
We introduce the following functional 7 defined by

T (ug, g, u) := S(t)up(z) — /Ot S(t— s)F(u,ug, g)(s)ds.

One has



Lemma 1 There exists a constant c(T') depending on T, independent of L
such that for all ug € L*(0, L) :

| S()uo [x< e(T) | uo |
and the map T w— ¢(T') is continuous.

Proof : it is an obvious consequence of inequalities (4), (5), (9), (10). =

For the non homogeneous problem the following lemma holds :

Lemma 2 There ezists a constant ¢(T') depending on T, independent of L
such that for all f in E

t
| [ St =)f(s)ds [x< e(T) | £ 16
and the map T +— ¢(T) is continous.

Proof : it is an obvious consequence of inequalities (15),(16), (18), (21). =

3. Contraction procedure : we begin with a lemma :

Lemma 3 For all w in H'([0, L]) such that w(0) = 0, one has

[ Vaw =<5 (] 0 [y @ 2wt | o). (28)

Proof : first, one has

sup | vaw |< sup | w <[ w =< V2| w [p2yf] we [
0<z<1 0<z<1

since w(0,t) = 0.
Concerning x > 1, one has :

sup | Vaw <] w(1) | +v2y/] Ve W | (w) |2 since w(0) = 0

< V2l w [/l we [z + V2| Vaw (2] w |12 + | VaEw, |12 because x> 1.

Finally,

| Vaw 1< 2V2y/| w 12/ wp 12 + V2V Vaw [24/] w |12 +vTw, |12

< 2\/5\/| w |L2(1+ac)\/| Wy |L2(1+x)+\/§\/| w |L2(1+a:)\/| W |2(140) + | We |22(142)
< 3\/5\/\ w ’L2(1+:0)\/| We r2(140) + V2 | W 1201 40)

<51 w 2o we L2yt | W |r204a) (31).




The following estimate is the keypoint of this section :

loc(]R+>7

then there ezists a continuous function t — c(t) such that for all T in [0, Ty],

Proposition 4 Suppose that ug, vy are in L*(0,L), g and h are in H}

| T<u0797u) - T(“Oa h: U) |X§
o(T) [ uo —vo | +e(TIWVT(| g o) + | b o) +14 | x) [ 9= b o
+e(T)TY |u—v|x (Julx + v |x)
+e(TIVT |u—v|x (| b lmor + | ulx + | v]x)

Proof :
We have

7T (ug, g, u)—=T (vo, h, v) = S(t)(uO—vo)(w)—/ot S(t=s)(F(u, uz, 9)—F(v,v;, h))(s)ds.
We introduce the following quantities :
G(s) = F(u,ug, )(s) — F(v,04, h)(s) = F, + Fy + F,
F.=¢¢'(g" = 1*) + (9 = h)(&' + &) + o9’ = 1),
Fy = (u¢'g — vd'h) + (¢gus — dhuvy),

F, = uu, —vv,.

Thanks to the lemma 1 and 2, one gets
‘ T(uo,g,u) - T(Uo, hav) ‘XS C(T) ’ Uo — Vo ’

ol G |pomizaaee) + | VG |20miz2042%).

Now, we want to control G in L'(0,T; L*(1 + %)) and v/tG in L?(0,T; L*(1 +
2?)). We estimate separately the three parts of G : F,, F; and F},.

1. The term independent of u and v (i.e F.):

On the one hand, one has

| Fe [22((14a2)an) < (14 [ g(t) [+ | A(E) [) | g(t) = h(2) | +c | g'() = I'(t) |
since ¢ is compactly supported. On the other hand, one gets
| F. |g< VT | F, | L2(0,7522 (1 442)da)
so that
| F |e< VT | B lmory + | g lmon) | 9= P laorn

since H'(0,T) C L*>(0,T).
2. The linear term Fj :
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One has for the first term of F

| ud'g —vd'h |20 20422 < | d'ulg — h) |r20m02(1422))
+ [ ¢'(u—v)h) |r20102(1442))

IN

clg=hlw=omnlvlronzow)
+c | h e v — v 20,2 (142))
since ¢ is compactly supported

< clg="nhlmon|ulx +c|hmon|v—r]|x

< clulxlg—="nhlmor +u—2vlx|h|aon))
and for the second term of F; we have :

| O(Ueg — v2h) [20m52422)) < | SU(9 — D) | 1201502 (1422))
+ [ ¢(ue — v2)h | L2022 (1122))

IN

¢lg—="hlw=omnl ua [20122(0140))
+c|h ’LOO(O,T)’ Ug — Vg \L?(O,T;L2(1+x))
since ¢ is compactly supported

IA

clg—nh | 0| w |x +c|h |H1(0,T)| u—uvly .
We therefore obtain
| Fi |e< VT (| ulx| g —h|mor + | u—v x| b lmon)

3. The nonlinear term F;,; :
in order to estimate

| Wy — V0 | 102 (1 taydey) | VEUU — 102) | 1200 702 (102)de)

we write uu, — vv, = (u — v)u, + v(u; — v;). For the first term, we want a
bound of UV, in L*(0,T; L*((1 + 2*)dz)) where U = v — v with V = u. First
one has,

T
| UVy (L1 0.m:02((1402)dn)) = /0 | UV | 12((402)da)) Al

T L
- / /(1—|—x2)U2Vx2dxdt
0 0
T L L
- / / U2V2dz + / 22UV 2dxdt
0 0 0

T L L
V2 / (\/ / UQVszer\/ / 22U2V2d)dt.
0 0 0

11
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Moreover:

L L
/0 U*Vide <| U |7 /0 (1 +2)V2de <2| U |2asa)| Us 204w Va [F20140)

and
L L L
/ 22UV 2 e <| 2U? |Loo/ eV2de <| \/TU |ioo/ (14 2)V2de.
0 0 0
Therefore

[2UVe 2 < [ VaU |1 JF(1+ 2)V2da

< 5(\/| u |L2(1+w)\/\ U 2040+ | U le2aiay) | Ve l2sa)
thanks to the lemma 2.

Hence,

T
1/2 1/2
| UVe | 0,102 ((1402)da) < \/5/0 U |L/2(1+x)| Uy |L/2(1+;,;)| Ve |24y dt

1/2 1/2
+5/ | U |L/2 (| Uz 12 ; 24y T 1 U |22 1+x)) | Vi [22(14a) dt
\UP/? | Us [ oty Ve | dt
L2(1+z) L2(1+x)| Yz L2 (1+2)
+5/0 | U 242 | Va l22(14a) dt
<c|U|x / | Us |2/221+x | Va [L2140) di

T
45U |x /0 Vi l2(is) dt

(VT +T | U x|V x,.
This last result yields

| (u = v)ug |22 07502((1402)da)) < C(\/T+ T1/4) |u—vx|ulx.

We write U instead of v, V instead of u —v and we use the same technique for
the second term:

| UVe | o1:02((1422)de)) = | V(Ue = V2) [L1(0,102 (1402 da))

<e(WVT+TYY Ju—vlx|vlx .
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Hence, the estimate on | uu, —vv, 1107, 12((1422)dz)) 18 established. The second
step is to estimate | VUV, | L2(0,T;L2((14+22)dz)), Where U is successively u —v or
vwithV =uorV =u—v. We write

| VEUVZV, 12000 <| VaU |re| Va Vi | 1240

<51 U l2ara/] Us l2aae)+ 1 U lies) | VEV |2
thanks to (31)

= 5\/| U |L2(1+x)\/| Us |L2(1+x) | Ve |L2((1+z)dx) +5 U ’L2(1+z)‘ Va |L2((1+J:)dz)
Then
| VE | VEUVZV, |20 |20 <
5\/| U | 0iz2@4a)) | VEVa 00102 (40) \/| Us |r20m:02((142)dny) VT
+5 | U |perir2(tay| VEVa |200:02((1ta)de))
<c|UYV x \/| Uy |L2(0702((14ayany VT
+e|U|x VT |V |x
<eVT|U x|V |x, YOSt <T.

Finally | vtUV, |L200,7522(1422)) < VT | U |x| V |x . Hence, the desired result
follows and proposition 4 is established. [ |

Let Ty > 0. Take R = 2¢(To)(| wo | +vVTo(1+ | g |#1) | 9 |mr). We denote
by Bpr the ball of center 0 and of radius R in Xr.

Proposition 5 Assume g in H} (IR*). Then, there exists a time T} in |0, Tp)
such that the application uw— T (ug, g, u) maps the ball Bg into itself.

Proof : applying proposition 4 with vg =0, h = 0,v = 0, one gets
| T(uo, g,u) |x< c(Tp) | uo | +

Cﬁﬂ ulx + | g lmor +1) | 9 lmor +clu % TY* + VT |u %k -
It follows

R
| T (w0, g.u) [x< 5 +eVT | ulxl gl el ulix TV +eVT [ufk .
Then, if u € Br then

R
[ T(u) [x< 5 + TR | g |m +cTVAR? + VTR

R
Choosing T such that ¢(TY*R* + VT | g |momn) R+ VTR?) < 5 ensures

that u — 7 (ug, g,u) maps the ball Bg into itself and proposition 5 is proved.
n
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Proposition 6 Assume g in H. (IR*). Then, there exists a time Ty in |0, T}]
such that the application u— T (ug, g, u) is a contraction over (Bg,| . |x).

Proof : applying proposition 4 where vy = ug, h = g yields
| T (uo. g:w) = T (ug, 9,v) |x< T Ju—v |x (Julx +]vx)
+eVT [u=vx (| g lmon + | ulx +|vx),
so that if u, v in Bg then
| T (ug, g,u) — T (ug, g, v) |x< ¢|u—v|x QRTY*+2RVT + VT | ¢ | (0,1))-
So that, if T" is small enough namely
c(2RTY* 4 2RVT + VT | g |mom) < 1

then the application u — 7 (ug, g, u) is a contraction over (Bg,| . |x). n

Proposition 7 There exists a unique u defined in Xr, weak solution of (2).

Proof : to prove this proposition, it is enough to apply the Banach’s fixed
point theorem for u +— 7 (ug, g,u) on Br (which is a complete metric space)
which yields local existence and uniqueness. As usual, one can then speak of
maximal solutions. u

2.1.4 Continuous dependance
Proposition 8 The solution u depends continuously on ug in
L*((1 + 2*)dx) and g in H..(IR™T).

Proof : once again, this follows from Proposition 4 for small times. Namely,
applying proposition 4, one gets :

| u—v|x<e(To) [ug—vo | +eVT (| g [ + | bl A1+ | u |x) [ 9= b |mom

VT Ju—vlx ([ hlm +ulx + o)+ eI Ju—v|x (ulx +]v]x).

Then if uy tends towards vy in L?(1 + 2?) and if g tends towards h in H'! one
gets that u tends towards v in Xp. These results were obtained locally in time.
But, since the time interval where this result holds depends only on | ug | and
| g |z, it can be extended as long the solution exists, which ends the proof of
Theorem 3. |

14



2.2 Global existence and uniqueness for the quarter-
plane problem (L = +00)

We introduce the space :
Xy = {w e C([0,T]; LA (IR*, (14+x%)dz)), such that w, € L*(0,T; L*(R*, (14z)dz)),
Viw, € L(0,T; L*(R™, (1 + 2)dx)), Viw,, € L*(0,T; L* (R, dx))}.

Theorem 4 Let ug in L* (R, (1 +2?)dx), g in H. (R"). Then, there exists
a unique u in C(R*; L2(R™, (1 + 2%)dz)) solution of (1) such that u belongs
to Xp for all T > 0. Moreover, for all t > 0, u belongs to C([t, +oo[; H?) and
for allt > 0, u(x,t) is the solution obtained by Bona and Winther.

Proof : All the estimates obtained in the previous section apply to the
quarter plane problem (L = +o00) since they are uniform with respect to L.
This gives local existence and uniqueness in the space Xp. In order to prove
that the solution is global, we need to establish some energy estimate. For the
sake of simplicity, we compute them in the case ¢ = 0. The general case can
be handle as in [3] using the change of function v = u — g(t)e ™.

Multiplying the equation by u yields

d [+
%/O | u |2 dz +u2(0,t) = 0
namely | u |2<| ug |12 . Multiplying the equation by zu gives

d +00 +00 2 rtoo +o0
—/ x|u]2dm—/ \u!de—f/ ]u|3d$+3/ uidr =0
dt Jo 0 3 Jo 0

so that i+ .
—/ :L“|u|2d$~|—3/ uidr < c+c | u, 2/22
dt Jo 0

And therefore
d /+oo | |2 dp <
— z|u z<c
dt Jo -

T “+o0
and / / u?dxdt < cT. Multiplying by z?u leads to
o Jo
d +00 400 4 [+too +oo
—/ x2|u|2dx—2/ x|u|2dac—f/ x|u|3dx+6/ x| u, |* dr =0,
dt Jo 0 3 Jo 0
which implies

d 400 400
—/ 12|u|2dx—|—6/ vuldr < c+eclug |72 .
dt Jo 0

After integration in time, one obtains

+o00 9 9 T p+oo 9 T p4oo 9
/ x| u | da:—|—6/ / x| uy | dmdt§c+/ / uydxdt.
0 o Jo o Jo

15



We therefore obtain global existence in the quarter plane. Since u(.,t) in H?
for a.e. t, it is the solution of Bona and Winther.

- Now, we prove the uniqueness for the solution of (1) : we know that the
solutions u belong to L>(0,T; L?), that u, belong to L?(0,T;L?), and that
Vtu,, belong to L2(0,T; L?). Let u and v be two solutions and we introduce :
w = u — v. This function satisfies w; + w, + Wypr + wWu, + vw, = 0. Multiply
by w and integrate the resulting expression with respect to the space variable
x on [0, +00], there appears :

d [t , 2 o, e
%/0 w (x,t)d:p+wx(0,t)+2/o w (x,t)uw(x,t)dx—/ w(x, t)v(z, t)de,

0

namely

[t e < Tt [y e (2 = (Tt (12 (] e 1),

1

1 _
But, we have | u, |?.€ L}, tiy/] Ugg |12 € LY, tT € L= then | uy |pe€
Ly, Ve €]0,1] since ;7= + 1+ 3 < 1.

]

3 Convergence towards the solution of the quar-
ter plane problem for the homogeneous case
(9 =0) when L tends towards +oo

For the sake of simplicity, we restrict ourselves to the case g = 0. The result
is of course valid if we suppose that g belongs to H'(IR*). The aim of this
section is to prove the following result:

Theorem 5 Consider a family of initial values ul € L*([0, L], (1 + x?)dx)
such that

L
sup [ |ub*(x)(1 + 2%)dz < +o0
r>1J0

and such that ul tends towards uy in L} (IR") strongly.
Then, for allT > 0, if L is large enough, u®(z,t) the solution of (2) with initial
value vl is defined on [0,T] and u® tends towards u in LP(0,T; L% (R"))

loc
strongly for all p < +o0, where u(x,t) is a solution of (1) with initial data ug.

In order to prove this theorem, we will perform some energy estimates on
the nonlinear equation. We therefore need more regular solutions:

83
Theorem 6 Suppose uy in H3(0,L) and 8U30 in L*((1 + x*)dz). Suppose g
x
in H2,(R™). Then u, the solution of (2) given by Theorem 3 satisfies Uzzy €

Xrp, YT < Ty, where Ty, is the maximum existence time of u.

16



Proof : one has to solve the integral equation 7 (ug, g, u) = w in the space
Yr = {u € Xp, tuyee € Xr}. One finds a local in time solution, just as in
section 2. Once this local solution in Y7 is constructed, one shows that its
existence time as a solution in Y7 is the same as that as a solution in X¢ by
standard means. We omit the details. [ |

3.1 Behavior of the existence time.

We prove :

Proposition 9 One has lim T = +o0.
L—+o00

In order to prove this result, we will use some estimates of u in L>=(0,T; H').
Since the initial value is not in H', this is clearly not possible. However, for
allmost avery ¢ > 0, the solution u(-,t) lies in H'. We therefore consider the
initial value problem at some new origine of time ¢;, such that u(-,t;) € H'.
An uniform control (with respect to L) of |u(-,t1)|x1 is given in the following
lemma:

Lemma 4 For all L > 0 there exists a time ty such that

L 4e
/ (1+ x)ui(w,tL)da: < —,
0 T2

where Ty 1s the existence time given in section 2. This time Ty is independent
of L.

This lemma is easily proven by contradiction using the fact that

T, /L
/ / (1 + z)ul(x, t)dxdt
o Jo

is bounded independently of L. ]

In order to show that T tends toward +oo, we will consider problem (2)
with initial data w(-,¢;). For the sake of simplicity, we still note ¢t = 0 and
up = u(-,tr).

We now adapt the method used in [9] for global existence for small data
and we introduce the time dependent function X :

X(0) = sup( [ | (14 Va)u [ (5)ds, 1)

We remark that X (¢) is nondecreasing and X (t) > 1.
We also introduce the fonction Y defined by

Y(t) = /OL(1 + @) (12 — u? — u®/3)dx.

17



The idea of the proof is to show that X () controls the norm |u| of the so-
lution. Then one proves that X (¢) also controls Y (¢) which itself controls

|(1+ \/Ex))ux\ 2. We therefore obtain an inequality for X (¢) in which the
coefficients of the nonlinear terms are always proportionnal to some positive
power of 1/L.

Estimates on X:

We consider the IBVP (2) with g = 0. Multiplying by u gives

2
dt/ (z,t)dx + u*(L,t) + gu?’(L,t) +u2(0,t) = 0.

Integrate in the temporal variable leads to

L
/Ou2(gc,t)dx—/0 ud(x dx—i—/ OSdS§L3/z/ | (14 VZ)u |3 (s)ds.

Thanks to the Cauchy-Schwarz inequality, one gets
¢/

X (29)

L
/ (xtd:c—i—/ (0,s)ds < ¢o +
0
L
where ¢y = / uZ(x)dz. Multiplying by zu leads to
0

d L L 9 9 L L
—/ qudm—/ u2dx+Lu2(L,t)+fLu3(L,t)—f/ u3dx—|—3/ uldr = 0.
dt Jo 0 3 3 Jo 0

L
We control / u3dx by
0

5/2)  1/2

[ulrelulzoe < Cluls [uslfz < |usliz + Clulj?

in order to obtain with (29)

d L 2
— 2 < P2 o 2L,
dt/o rudr + / uldx C+C’L3/2 3 u’(L,t)

Integrate this expression over (0,t) and since the function X (¢) is non decreas-
ing, one gets

+1/2
Tu a:tdx+2// :Usda:ds<c+ct—|— ——X°B(¢ 30
A X (@)

Multiplying the equation by the flux u + u?/2 + ug, gives

d L

af(@—ﬁ—ﬁmmmmgm@gmﬂgﬂ+w@@.

0

Multiplying the equation by x(u + u*/2 + u,,) leads to

L
d/ r(u2 —u® —u?/3)dr < (u+ 1u2)2(L,t).
dt Jo 2
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Therefore 1

Y/(t) < 2(ut Su?)*(L,t)
and by integration in time, it follows

t1/2 2
Y(t) <4—X0)V*+ S X(1).

1) <X (02 + Zx(0

Plugging in this last expression the value of Y (t) gives
1/2 3

/OL(l + )l (2, t)dr < C + C’tLX(t) + /OL(l + ) (u? + %)(x,t)da:.

Using (29) and (30) leads to
L , £1/2 #e " ”
/0 (+2)u(@, )do < C+C—X (1) +Ct+C o X+ [ua 2 (1 va)ul

Using Young’s inequality in this last expression yields:
L 1/2 10/3
/ (1+2)ul(x, t)de < C +C (t + X5/3> : (31)
0

On the other hand, the definition of X implies (using (29), (30) and (31))

13/3
X'(t) <] 1+ Vr)u 1< C 1+t+ﬁX5/3 .
VL

Integrating this inequality in the temporal variable yields :

t1/2 / 13/3
X <1+C[(1+t+ =X ,
0140 (1res )

that is

4
Xt <cC (1 + 1% + ;X8> : (32)
We are now able to prove proposition 9.

Note first that function X (¢) controls the norm |u| of the solution. There-
fore, in order to conclude, we only need to prove that X(¢) is bounded on a
time interval which length tends to infinity as L — +oo.

Take T > 0 and let R = 2C(1 + T)°. Tt follows from X(0) = 1 by con-
tinuation the existence of 7" in |0,7] such that sup X(¢) < R, hence (32)

te[0,77]
implies
R
sup X(t) < — +CT*R®/L*.
t€[0,17] 2
Choosing T' such that CT*R"/L?* < 1/4 leads to sup X(¢) < 3R/4. This

te[0,17]
condition is fullfilled as soon as T*27C7(1 + T°)"/L? < 1/4 which is satisfied
if T~ L* for some o« > 0. By continuation, it follows 7" = T. Hence, the
existence time T}, tends towards +oo when L tends towards +oo. [ ]
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3.2 End of proof of Theorem 5

Proof : let us take T' > 0. Thanks to the preceeding proposition, if L is
large enough, ul is defined at least on [0, 7] and is bounded in L?(0,T; H..).
Moreover d;u” is bounded in L?(0,T; H,,?). Therefore standard compactness
argument yields convergence in C([0,T]; H*) N L*(0,T; L3,.) strongly for all

loc

s> 0and p < o0 and in L*(0,T; H') weakly towards some function u(z,t)
lying in the same space. Therefore, u(0,¢) and u(z,0) make sense and are
equal respectively to g(t) and ug(x). Thanks to the strong compactness, it
is straightforward that w satisfies the Korteweg-de Vries equation. Therefore,

u is solution to the quaterplane problem. Since the limit is unique, all the

sequence u” converges towards u. [ |

4 Numerical approximation.

The aim of this section is to present a very simple finite-difference scheme for
problem (2) on the space interval [0, 1].

4.1 Description of the scheme and proof of its stability.

We take a time-step ot and a space-step dx. We denote by " the approximate
value of the solution at time ndt and at the point idx.
We denote by Xy the following space of finite sequences

Xy ={y=(Wo,y1, - yn) € RV with yo =0 and yy = yny_1 = yn_2}

endowed with the following inner product

N—2
V(y,2) € X%, (y,2) =02 ) yizi
i=1
and by the associated norm

vl = (y,y)"%

We also introduce the classical difference operators:

D+ i:yi+1_yi d(D- i:yz’_yi—l
(D7y)s = —5— and (D7y)i = = —

We first consider the linear problem asociated to (2):

U + Ugee = 0, x € [0,1], t >0,
w(0,t) = up(1,t) = uge(1,¢) = 0 for t >0, (33)
u(x,0) = up(x), for x € [0,1]
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The scheme associated to (33) reads:

ynJrl - yn
(S) T + D+D+D_yn+1 = O,
that is :
3 n+l 3 n+1 n+1
Y1 Yot Y3 for i — 1
ox3
n+l n+1 n+l _ ,n+l
y2+2 3yz+1 + 33/2 yzfl fOl" Z — 2’ . 7]\/v o 4
n+1 _,n 5:53
Yi Yi —0
ot * +1 +1 +1 B
—9n n _an
Yn—2 T 3Yn"3 UN“4 fori=N—3
ox3
n+l ntl
M7 fori—= N — 92
ox3

One first has

Proposition 10 For all y € Xy, one has:

_ 1, ox 3
(D'DD y,y) = i(D y)i + ?’DJFD yl*.
Before to prove this result, we remark that

1

Corollary 1 For any y™ € Xy there exists an unique y"™* satisfying (.S).

Proof: Tt is straightforward from proposition 10, since the matrix I+6tDt Dt D~
is clearly definite, positive.
We return now to the proof of proposition 10. We first prove:

Lemma 5 For all sequences z and y such that zy_1 =0 and yo = 0, one has
(D" z,y) = —(z,D7y).

This formula is well-known, we omit the proof. [ |

It follows that, applying lemma 5 with 2 = Dt D y:
Yy € Xy, (D*D*D7y,y) = —(D" D7y, D7y). (34)
In order to conclude, we need:

Lemma 6 For any sequence z, one has

1 1 )
(D" 2,2) = §z]2\,_1 — §Z% — §|D+z|2.
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Proof:

1 N=2 . —2z
S (Dtaa)= S ZHLTE
5 (D7 z, z) Z:ZI T
1 = E - ZH—l 1 2
s - 25I(Zi+l —2i)",
where we have used the inequality
Loy oy 1 2
(a—b)azg(a —b)+§(a—b). (35)
The lemma follows. u
Proposition 10 is then obtained thanks to (34) and lemma 6. ]

The following estimate shows that the scheme (S) is [*-stable

Proposition 11 For any y" satisfying (S), one has

n k+1 k|2
"2+ 6t S ot %

+ Z 5t|(D_yk)1|2 + ox Z (515|D+D_yk|2 = |y0|2.
k=0 k=0

Proof: Take the inner product of (S) with y"*! apply proposition 33 and
equality 35. |

In order to obtain the unconditionnal stability for the nonlinear version of
the scheme, we will find a discrete estimates that is equivalent to that of u, in
L*(0,T; L?) in the continuous case. Let us denote by z the sequence z; = idz.
One has:

Proposition 12 For all y™ satisfying (S), one has

2

" |2+5t25t’\/_< y’“)

N-3
—|—6tz (3\2’“ 1+ 62 > dx(i — 1)dz| (DT )|+

k=0 =2
0x(N = 2)(2h_y — 2k _5)* + 0x(2h — 28)7) = )7,
where 2¥ = D™y".

Proof: As in the continuous case, one takes the inner product of (S) with
y" 1. We omit the details. n
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We therefore have obtained

Proposition 13 There ezists a constant C' > 0 (independent of dx and dt)
such that any solution (y")n—o..., € X4 to

n+l _ ,n
Y &3/ L DYDYD Yy =0

satisfies

p
sup [y*|* 46t > |y"[7 < Clyol*.
k=0,p =0

where |yl = |DTy|.

Since Xy endowed with the norm |y|x = |y| + |y|1 is an algebra, i.e. there
exists C independent of dx such that

Vy,z € Xn, |yz|x < Cly|x|z|x

the existence proof of the continuous case of [9] applies in the discret nonlinear
case for any discretisation of the nonlinear part, for example f,, = %D*(y”)2
or y"D~y". One gets

Theorem 7 Let 4% € Xy be such that limsup [y°%°| < +oo. There ex-
6z—0
ists €9 > 0 such that if 6t < eg, there exists T > 0 and a unique solution

(yn75x76t)n:0,~~,[T/6t] to

yn—l—l _ yn

+ D+D+D—yn+1 = f"
ot
Moreover, there exits a constant C' independent of 6t and dx such that

p
sup |yk,§z,6t’2 + (525 Z ’ykﬁtﬁxﬁ S C’y0|2.
k=0,---,p k=0

This result means that independently of the discretization of the nonlinear
term, the scheme is unconditionnally stable.

4.2 Some numerical results.

We have implemented the scheme (S) using Scilab. The discretization used
for the nonlinear term is explicit and is y" Dt y™.

Performing a change of variables, we have solved the initial boundary value
problem on [0, L] with L = 10:

1 1
U + Zuuz + ﬁumx = 0.
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We have taken 0t = 2,5.107°, dx = 5.107°. We compute the solution during
4800 iterations in time, that is on the time interval [0, 7] with 7" = 0.12. The
initial value is

B « 4o

wl®) = G =1/2)) " cost®(4FL(x = 1/2))’

with o = 123% and 8 = 2. This correspond to the superposition of two
solitons with different speeds. The biggest one (which is also the fastest) is
at the begining behind the smallest. In fig.1 we have represented the solution
at time t; = ¢T/8 for i = 0,---,8. The result is correct since one obtains the
nonlinear interaction. However, it is less precise than the results obtained in
[6] (or [1] for systems) in the periodic framework with higher order schemes.
Here, our scheme is obviously of order one in time and space.

Figure 1: Interaction of two solitons.

These simultations show that this kind of boundary conditions can be used in
order to compute solutions to the KdV equation without beeing in the periodic
framework.
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