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Abstract: We give some partial results regarding to evolutionary dispersive Ginzburg-
Landau equations associated to the static case considered in Béthuel, Brezis and Hélein [1].
We treat the partially dissipative case. Moreover we perform an exact ”semi-classical” limit.
We obtain alternatively the Laplace, heat and wave equations as limit equation, depending
on the scaling that we consider.

1 Introduction and statement of the results.

In [1], Béthuel, Brezis and Hélein study the limit behavior as ¢ — 0 of the
minimizers for the problem

: 1 2 L o 22}
min {5 [Vl + 5 [0 (1)

where 2 is a simply connected domain in R?, g : Q2 — C is a given boundary
value such that |g| = 1 a.e. on 9Q and H, = {u € H'(Q,C),u = g on 9Q}.
Note that the minimizers of (1) satisfy

1— |u€]2

Au, = —u, =

(2)

They give a complete description of the behavior of the minimizers. The result
depends on the degree of g: d = deg(g,99). If d = 0 then u. — ugy in CH¥(Q)
for every o < 1 where ug is the unique harmonic map from € into S! such
that uy = g on 9. More precisely, ug = €' where

Ad)o = 0in Q,
{ e = g on 0. (3)

In the case where d # 0, then the limit develop singularities of infinite energy
which are called Ginzburg-Landau vortices.
The heat flow associated to (2), i.e.

€ 13 1 15 €
uj = A+ (1 - Py, (4)



has been studied by Lin in [3]. More precisely, the following results are proved
under some natural conditions:

Theorem [3] If the initial datum u§ converges to [[9_, et then the

J=1 |z— |
solution v (x,t) to (4) converges to T]}_, é Z |e’h0($’t) in L2 (0 x R+) strongly
and in HL (Q — {by,...ba} x RT) weakly, where ho(z,t) satisfies
%hf = Aho, m ) — {bl, bd} X R+.

On the other hand, a result is also given for a rescalled version of (4):

1 I3 € 1 £ 1>
Zut = Au® + ;2(1 — [uP)w, (5)

and it reads:

Theorem [3] Suppose lim._o \./log(L) = 0 and Ae — oo as € — 0. Then

the solution u. to (5) converges to 1%, o e™@ in L2 (Q x RY), where

]1|zb| loc

Ah(z) =0 in Q and h(x) = ho(x) on OS.
The aim of this work is to study the limit € — 0 for the flow:

ey + Aue = —u okl |“€| in Rt x Q,
us(z,t) = g(x) on 092, (6)
u-(z,0) = (z)in Q,

which is the Schrédinger equation associated to (2). We only consider the case
when |g| = 1 a.e. on 09, |[¢y] =1 a.e. on 2 and we assume the compatibility
condition 1y = g on 0€). Of course all these conditions imply

deg(g,00) = 0.

This assumption will allways be done in this paper. For the physical meaning
of the static model (2) see the references in [1]. Equation (6) is presented by
J.Neu [5] as an universal model in mathematical physics and he studies the
case of equation (8) below when deg(g,0€) # 0. This case arises in quantum
mecanics see [4].

The different limit equations that we obtain from variations of (6) are:
i) The Laplace equation:

—Au = u|Vul?,
lu] = 1 ae.
ulpo = g



ii) The heat equation:

gt — Au = u|Vul?,
lu| = 1 ae.
ulpe = g,
u(z,0) = ¥(z)
iii) The wave equation:
ug — 20u = —u(jw)? — 2|Vul?),
lu] = 1 ae.
ulpn = g,
u(r,0) = ¢(x),
u(z,0) = 0.

More precisely, this paper is organized as follows:
In section 2, we show the following result (see Proposition 2 and 3).

Theorem [f the solution u. to (6) converges to some limit u(x,t) in L*((0,T)x
Q) for some T > 0, then u(x,t) does not depend on t and u(x,t) = ug, where
ug denotes the unique harmonic map from € into S defined by (3) i.e.

—AUO = U0|VU0‘2,
lup] = 1 a.e.,
Uo|aQ = g.

Moreover, if the initial value v of u. is equal to ug then u.(x,t) — ug in
LP(0, T, HY(Q)) for all p < oo and T < cc.

In section 3, we introduce some dissipation in the problem, namely:

= 4+ 8(e)) (A, + w20 )

We prove (see proposition 4 and theorem 1)
Theorem If § > 0 is constant, then u. — wu in C(0,T, L*) strongly and in

L>(0,T, H') weakly, where u satisfies the heat flow equation for harmonic
maps:

s — Au = u|Vul?,
lu| = 1 ae.,
u = g on 0,
u(t=0) = .

On the other hand, if 6(¢) — 0 but 55 — 0 then, ue — ug in Lr(0, T, H')
strongly for all p < oo and T < 0.

We can compare this result with that of lin [3] that we have recalled above.
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Finally in the fourth section, we rescale u. in time:
Ve := u.(z, et),

so that v, satisfies:
icve + 2 Av, = —v.(1 — |v]?), (8)

and we get (theorem 2)
Theorem The fonction v. converges tov inC(0,T, L?) strongly and in L>=(0,T, H')

weakly, where v is the solution of the wave equation for harmonic maps:

v — 280 = —v(|vg|* = 2|Vv]?), v =1 a.e.,

v =g on 0S),
o(t = 0) = o,
Ut(t:()) =0.

We also give a formal computation of the next term of the asymptotic expan-
sion in this case.

2 Some partial results on the dispersive case.

In this section, we consider

ey + Aue = —uel_l# in Rt x Q,
uelwt) = gla) on 00, )

ue(x,0) = () in

where deg(g,0Q)) = 0 and ¢ € H*(Q). Any solution in C([0,T], H?) of (9)

satisfies . (- Jul
< 2 LT |UT) 2
|51Vl + =5 = | vl (10)
We first have the

Proposition 1 For any ¢ € H?, there exists a unique global solution u. to
(9) such that
u. € C(RT, H*)NCYR™, L?).

Moreover, u. satisfies (10).
Proof: This result is obtained using Brezis-Gallouet’s technics [2]. n

Note that the estimate (10) is strongly needed to prove the existence result.
On the other hand, (10) is the only estimate that we know on this problem.
This is why we restrict ourself to the case when deg(g, 02) = 0.

Concerning the limit behavior, we have:

Proposition 2 Suppose that u. — u ase — 0 in L*((0,T) x Q) strongly, then
u(z,t) = uo(z), the harmonic map defined by (3).
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Proof: Let us multiply (9) by u. and let us then take the imaginary part, one
obtains:

10
5 at|ug|2 + Im(Au.u.) =0,
or equivalently
10, 0 ,0u.
24+ Im ) =0. 11
garltel Mg (g, t) (1)

Then, since u. is bounded in L>*°(R™, H'), we can extract a subsequence that
converges weakly in this space. We get

d Ou. 9,0
Im—(lﬂs) Imaxj(ﬁmuju) in D,
since u. — w in L2((0,T) x Q) strongly. On the other hand, |u.|> — 1 in
L>*(R*, L?), so that

10
28t’u€’2 —0in D"

Hence (11) implies

=22y — 0, jup =1 due L®0,T,HY. (12)
m-——(z—u) =0, [u[*=1a.e andu
(%cj a.’ll'j
The results (12) classically implies that for each ¢, u(.,t) is equal to the har-
monic map. ]

So we are only left with proving that u. converges. In the most general
setting, we are unable to prove or disprove this statement (see the remark at
the end of the paper). However we have the

Proposition 3 If the initial data v s identically equal to the harmonic map
ug (defined by (3)), then u.(z,t) — uo(z) in LP(0, T, H') for all p < oo and
T < o0.

Proof: Let us first recall that the harmonic map is the unique minimizer to:

min |Vul?. (13)
ue HY(Q), /Q

Ul = 9,
lu| =1 a.e.

We fix the time ¢. Since by (10), u.(¢) is bounded in H'(2), we can extract a
subsequence u (t) that converges in H'(€)) weakly and in L? strongly:

u.(t) — v. Moreover, |v| =1 a.e. Tt follows by (10) that [ |[Vv|* < [, [Vuol?.
The caracterization (13) then implies that v = ug and [, [Vv|* = [, [Vuel?.
Since for any subsequence, the limit is the same, the whole sequence u. con-
verges. Hence, u.(t) — uo in H' strongly and this is true for all ¢ > 0. Finally,
we remark that since u. is bounded in L®(R, H'), Lebesgue’s theorem implies
that u. — ug in LP(0, T, H') for all p < oo and T < oo. [

These results are the only ones that we get on the original system (6). The
remaining of this paper deals with modifications of this original system.
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3 The dissipative case.

We introduce some viscosity in system (6) in the following way:

ter = (i + 8(2)) (Aup + o 171,

£2

" o, (14

[Pl =1 ae,we 1(Q), deg(v),00) = 0.
The first result we get is the

Proposition 4 We suppose that § does not depend on . The solution u, to
(14) satisfies:
u. — u in C(0,T,L*) strongly and L>(0, T, H') weakly, where the limit u is
the solution to

)

Tl Au = u|Vul?, ju| =1 a.e. , u(0) = 1.

Proof: We first compute some energy estimates. We first multiply (14) by @
and integrate:

1— |u5|2

/Q ‘U€t|2 = (Z + 5)(/9 Ausagt + u57ﬂ5t>. (15)

Taking the real part of (15), we obtain

Ue 2 d VUE 2 1-— Ue 2y2
/ el = =T / Au5u5t+u55||u” _563(/9‘ 2 - 4’52’ =)
(16)

We now take the imaginary part of (15):

d, [ Vul | (1= Jul?)? 1 — Ju.]?
_f(/g 5 =+ 12 )+6Im/Au8u5t+u5€7ugt). (17)

A linear combination of (16) and (17) yields

2 2 (Vue* (1= Jue)?)
6 [ Juaf? + <1+5>dt(/ ) =0

After integration in time, this leads to

A T Y AN

We now compute the equivalent of (11) for system (14). We first multiply (14)
by ., this gives

|u5|2

1—
l_LE'U/Et = (Z + 5)(Au€ﬂ6 -+ T’u5|2) (19)



Taking the imaginary part of (19) leads to

1 — |u?
Im(t.ue) = Re(Auue + #

Taking the real part of (19) gives
Q |u5|2 .
ot 2
A linear combination of (20) and (21) leads to

- |u6|2

1 g|u€|2 _ Im( 5
14620t 2 1+ 42

aaust) - (asuszj );tj ) .

lue|?) + 6 Im(Au.a.).

= —Im(Aut.) + dRe(Au.u. + T‘UE‘Q).

(20)

(21)

(22)

Now, by (18), u. is bounded in L>°(R*, H') while u.; is bounded in L?((0,T) x
Q). The classical compactness result implies that u. — u in C(0, T, L?) strongly
and in L>(0,T, H') weakly. Moreover, by (18) we know that |u| = 1 a.e. We

can now pass to the limit in (22) and find:

b _
[m(muut — (ty,),) = 0,

which is equivalent to

J

Wut — Au= u]Vu|2, ]u\ =1a.e. .

Remark: If we write u = €, then 6 satisfies:

o 00

Troag 200

Hence, when 6 — 0, 85 — 6y with Afy = 0. Therefore, u — uy = the harmonic

map. This is a motivation for the:

Theorem 1 Suppose that §(¢) — 0 but that % — 0. Then
us(x,t) — uo(x),

in LP(0, T, H") for allp < oo, T < 0.

Proof: We first rescale u. as follows:

i(e)

ve(z,t) = ue(x, mt)

Therefore

T 5(e)  [imee
2 _ +4(e) 2
/O /Q\vgt! drdt = 1+5(8)2/0 /Q]ugt(x,t)] dedt.
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Equality (18) then becomes

UE 1
/ | ol dxdt+/ Vol + | i = [ 5Iver.

Hence v, is bounded in L*(R*, H') and v, is bounded in L*((0,T) x Q).

Therefore (up to subsequences) the following convergences hold:

ve—wv in L>®(R*, H') weakly,
v — v in L®(RT, L?) weakly,

v.—wv in C((0,T), L?) strongly,
and |v| =1 a.e.
Rewriting (22), we get

10 |v.l]?

59t 2 Im(0.v2 — (VeVeq, ), )-
On the other hand
L0 _ 0 fuf -1
sot 2 200t e

and since % is bounded in L?((0,7) x ),

e 0 -1
26 Ot €

so that v satisfies:

Im(vv; — (V0g)e,;) = 0, and |v| =1 a.e.

Hence v is a solution to
— Av = 0|Vl |v] = 1.

Moreover,
v(t) — ug in H' strongly as t — oo.

Coming back to u., we get

2
€ 1- €
1+52/ /‘”“| dwdt + ( / el |U|

On the other hand, the energy estimate on (23) yields

[ e [ 55E= [ F5E

— 0in H'((0,7T) x Q),

(23)

|W|2. (24)

(25)

Replacing u. by v. in the first term of the left-hand side of (24) and using (25),

we obtain

bt e ddt + E.(u2)(T)

+52

P Pl A PC3

8
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where E.(u.) = 2 [ V|2 Ol U Using the energy estimate for v between

4e2
1+5 T(1+62)

times 7" and , equation (26) leads to

T(1+62 T(1+6 )

[ lealdzdt + B.w)@y = [0 [l + /'W|2 1+‘52>)

(27)
Let us now fix a real number A and e such that (1+5 > A. Equality (27)

gives
/ [ lealdzd + Bu)(T) < [7 [l + /'V”|2( (1;‘52)).

Letting € tends to zero in this last inequality, we get:

/ /\vt\ dxdt—l—hmsupE ue)( </ /\v \2—1—/ |Vu0|

since v — vy in L2(0, A, L?) weakly as € — 0 and since v(x,t) — up(z) in H'
strongly as t — oo. Letting A tends to infinity yields

2
lim sup F. (ue)( / |Vu0|

e—0

It follows that for fixed T', u.(T) — uo in H' strongly, and therefore the whole
sequence converges. The result follows by Lebesgue’s theorem. ]

4 Semi-classical limit.

In this section, we come back to the original system (9) and rescale . in time
as follows:
Ve(m,t) = ug(z, et).

The function v, satisfies
icve + e2Av, + v.(1 — |v[*) = 0. (28)
The result is

Theorem 2 We havev. — v in L®(R™, H') weakly and in C(0, T, L?) strongly,
where v satisfies

vy — 200 = —v(|jv? = 2|Vo]?), [v| =1 a.e.,

v(t=0) =1,

Ut(t = 0) = 0,
or equivalently v = € and

Qtt - 2A9 — 0



Proof: Let us multiply (28) by o. and take the imaginary part. One gets

01— |v|?

— o () + 2Im(B, ), = 0. (29)

On the other hand,

[ivu+ Sl g,

so that v. is bounded in L*®(R*, H') and v, is bounded in L*°(R™, H 1)
and we can extract subsequences such that v. — v in C(0, 7, L?) strongly and
v. — v in L®(0,T, H') weakly. On the other hand, (29) gives

1—
S‘UE = 2/ Im( vgvmy)x7 (1)dr. (30)

1— |v5

The quantity is bounded in L*°(0, T, L?) hence it converges weakly to
some function w and by (30),

11— |v5]2

. 4Z/Imfuvgc)x()aleD'

hence w = 2 [§ Im(vvy,),,(7)dr. Therefore, as € goes to zero in (28) we get:
¢
v + 2v/ Im(vvy, )., (T)dT = 0,
0
with v(t = 0) = 1, v,(t =0) = 0 and |v| = 1. Writing v = ¢ we obtain

t
—0, +2 /0 Im(iA)dr =

or

Qtt - 2A9 = 0
and the result is proved. [ ]

We can obtain formally the next term of the asymptotic expansion of v..
Namely:

Proposition 5 Let v. = v +cw + €2..., then w formally satisfies:

and u = Im(wv) satisfies

tt — 20y = —Qttet, U(t = 0) = 07 U/t(t = O) = R@(Aqu)) = —|V¢|2
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Proof: We use the formal expansion of v, in (28), using (30), the terms of
order 1 in ¢ are

zwt—l—AU—l—Qv/ Im(vg, ), d7'+2v/ Im(wy,0), d7'+2w/ Im(vy,0),,dr = 0.
(31)
We remark that 2 5 I m (Vg V), dT = 0. Multiplying (31) by v gives

zwtv+Avv+2/ Im(vy, W), d7'+2/ Im(wg,0),,dT + 2w, = 0. (32)
On the other hand v, = —i6;v, so that (32) leads to
(wv)t+Avv+2/ Im(vy, W), dT—|—2/ Im(wy,0),,dr = 0. (33)
We first take the imaginary part of (33):
_ _ 1
Re(wv); = —Im(Avo) = —Af = —50”.

Hence 1
RG(UJ'D) = —5975, (34)
since w(t = 0) = 0.
We take now the real part of (33):
—Im(wv); + Re(Avo) +2/ I (v, W), dT+2/ Im(wg,0),,dT = 0. (35)
Since 0 = Alv|?> = 2Re(Avd) + 2|Vv|?, (35) becomes

¢ ¢
Im(wd); — |Vo|* — 2/ Im(vy, W)y, d7 — 2/ Im(wy,0),,dr = 0.
0 0

We now introduce u = I'm(wv) and we differentiate the previous equation with
respect to ¢:

uw + (|V0]*)e = 2Im(vy, @), — 2Im(w,,0),, = 0.

J

The next step is then to compute the different terms:

—2Im(vy, W)y, — 2Im(wy,0),, = —2AIm(w0)
FAIM( Wy, Vs, ) + 2IM(W0,0;) — 20 (Vg0 W),

= —2Au + 4Im(wy, Uy, ) + 4Im (W0, ).

The result now follows from a straightforward computation using the equation
on v. [

11



Remark: We would like to be able to say that the solution of the initial problem
behaves like v(x,t/c), but we are not able to prove that result. However, this
function could be a correct Ansatz. Indeed if we denote by ug = e'® (where
ug is the harmonic map) and v = €. Introducing ; = 0 — ¢y, 0, satisfies:

Qltt - 2A91 - 0,
01(t =0) = ¢o — 0(t = 0),
elt(t - O) - O,
6, = 0 on 0f).

Denoting by w; and A; respectively the eigenfunctions and eigenvalues of —2A
on €2, we get

bl

'U(lL‘7 t/g) — eidjoeizjzl a;jw;(z) cos(Ajt/e)

where a; are the Fourier coeflicients of 6 (¢t = 0).

Now, if 0(t = 0) = ¢y, then all the a;’s are equal to 0 and v(z,t/e) = €%
which is in agreement with the results of the first section.

If 0(t = 0) # ¢o, let us take the explicit case ( we do not know how to treat
the others) 6(t = 0) = ¢¢ + w; (). The function e™1(#)os(it/e) is hounded in
L>(0,T,H") and converges weakly to

2m
eiwl(x)cos()qt/s) N 2/\1/>‘1 eicos()\lt)wl(:r)dt’
m™Jo

which is a non zero function, independent of the time ¢ and whose modulus is
a.e. strictly less than 1.
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