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Abstract : In this paper, starting from the bi-fluid Euler-Maxwell system,
we derive a complete set of Zakharov’s equations type describing laser-plasma
interactions. This system involves a quasilinear part which is not hyperbolic
and exhibits some elliptic zones. This difficulty is overcome by making a change
of unknowns that are strongly related to the dispersive part. This change of
variable is a symmetrization of the quasilinear part and is the key of this paper.
This shows that the Cauchy problem is locally well-posed.

1 Introduction.

1.1 Physical context.

The construction of always more powerful lasers allows new experiments where
hot plasma are created in which laser beams can propagate. The main goal is
to simulate nuclear fusion by inertial confinement in a laboratory. Of course,
one wants also to simulate numerically these experiences (it is much cheaper
than true experiences !). We therefore need some precise and reliable models
of laser-plasma interactions. The kinetic-type models are the more precise ones
but the cost in term of computations is exorbitant and no physically relevant
situation for nuclear fusion can be simulated in this context. Therefore, we use
a bi-fluid model for the plasma : we couple two compressible Euler systems
with Maxwell equations. Even under this form, it is not possible to perform di-
rect computations because of high frequency motions and the small wavelength
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involved in the problem. At the beginning of the 70’s, Zakharov and its collabo-
rators introduced the so-called Zakharov’s equation [20] in order to describe the
electronic plasma waves. Basically, the slowly varying envelope of the electric
field F = V1) is coupled to the low-frequency variation of the density of the ions
én by the following equations written in a dimensionless form :

0,V + A(VY)) = VA~Ldiv(5n V),

(1.1)
026mn — Adn = A(|V]?).

Of course, variations of this systems exist (see [17] for example). For laser
propagation, one uses the paraxial approximation and the Zakharov system
reads

i(0, + 8,)E + ALE = nF,
(1.2)
(07 — AL)n = AL(|E]?),

where A = 92+ 2. (See [14] or [17] for a symmetric use of this kind of model
for numerical simulation). It is however not clear if system (1.2) is well-posed
or not and no results are available at the moment.

Physically, the complete situation is the following one : the laser enters
the plasma. Part of it is backscattered through a Raman-type process and a
Brillouin-type process. The Raman and Brillouin parts and the laser combine
together to create an electron-plasma wave. These four waves interact in order
to create a low-frequency variation of density of the ions which has itself an
influence on the four preceding waves. This situation can be described by two
systems of the form (1.2) and one of the form (1.1) coupled by quasilinear terms.
Such a system is used in [15] for numerical simulations.

Notations : As usual, we denote by L?(R?) the Lebesgue space
LP(RY) = {u eS'RY / |ull, < +oo}
where
;
lully = ([ opas)” i1 <p < voc
Rd

and
|[u||ox = ess.sup {|u(z)];z € Rd} .

We define the Sobolev space H*(R%) as follows

@ = {u e SR / fullgen = [ (0416 TORdE < o0

where u(€) is the Fourier transform of u. Let C(I, E) be the space of continuous
functions from an interval I of R to a Banach space E. For 1 < j < d, we set



Op;u = 687“ Fork € N4 k = (ki, ..., kq), we denote OFu = 33’2 8531; Different

positive constants might be denoted by the same letter C'. We also denote by
Re(u) and Im(u) the real part and the imaginary part of w.

1.2 Presentation of the problem.

The system used in [15] is

;2 9ime? 4
(9 +v0dy = 5—A1)Ag = == (V- E) Ape™™,
wo mwo mwo
. 2 2. 2 . )
(O +vRy — —— A )Ap = — " nAp+ (V- E*) Age™,
2WR MWR dmwp
4
(2iwpeds + 303, A)E = e A Ldiv(nE) + ——w? V(Ao Aje?),
mc

Z
167mm;

w2,
(02 — A)n = A ( cg (|Ao]? + |Ar)?) + |E? |,
where 0 = kjy —wit, t € R, y € R and A = 9% + 92. For simplicity, if A and
B are two vectors of R3, the inner product A - B is denoted by AB. In this
system, Ay denotes the envelope of the incident laser field, Ag is the scattered

light, E is the electronic-plasma wave and n the variation of density of ions.
Furthermore, the vector fields Ag, Ar and E are such that

Ao,AR,E : Rg —>(C3.

At this point, we do not give the orders of the different constants. We will use
them carefully in the next section.

The authors observe some numerical instability explained by the fact that
the paraxial approximation is done on Ay and Ag and not on E. This appears
through the presence of the operators

ic? ic?

Oy +’U()ay ——A, and 0O +v38y - —A

2wg 2wgr
on Ay and Agr while the evolution operator on E is the complete dispersive
one (2iw,0; + 3v3, A). As mentioned before, no existence results are known for
(1.2). It is probably ill-posed. See however [19] for variations around this kind
of system. In order to obtain a system having better properties, we will derive a
new set of equations starting from the bi-fluid Euler-Maxwell system. This will
be done in section 2. Our system involves four Schrédinger equations coupled
by quasilinear terms and a wave equation. It reads :

2 2
<8t+k068>A0+ AAo—k 82 _;}7<(5n>(140+€ 27k0yA)
wo

(V- Ey) Age~t(kiy—wit), (1.3)

2m(,w0



kget o wge —2ikoy
KgayAB = — < on > (AO +e AB)

. koc? c?

— 220, | Ap+—AAp —
' <at wo c’)y> B+2wo B 2wo
(V - Ey) Agel((PRo—ki)y—wit) (1.4)

e

2mewo

k 2 2 k2 4 w2€
i(0+ 550, ) Apt——AAp — B 92 AR = —2° < 6n > Ap
WR 2wWR 2wy, Y 2wR

B 2mewR (V- E) (Ao + e 2 ov Ag)eihiv=ent) - (1.5)
v2 Wpe 1
i0;Fy + —-AEy =—2°VA~div (< én > Ey)
2wWpe 2
+ 5oV (Ap(Ao + e 2RovAg e ) - (1.6)

w?

pe
62

+Arl?)) . (1.7)

(07 — 2A) < on >= A (|Eo|* + 22 (|Ag + e 2H0¥ Ap|?

Admngm;

Here A is the incident laser field, Ag is the Brillouin component, Ag is the
Raman field, EFy the electronic-plasma field and < dn > the low-frequency
variation of the density of the ions. The coefficients are described in section 2.
The complete electric field is recovered by

iwo

E Ap(t, X)ei(k‘oy—wot) + %AR(t, X)ei(kRy—th)
C

T
+ Zw—OzﬁlB(t, X)e hoytwot) L B¢, X)e ret 4 cc.,
c

where (k1,w1) are defined by
ko = kr + k1, Wo = WR + Wpe + w1.- (18)

We are namely in a situation where we want to describe a three-waves inter-
action. It is easy to see that kg has to be non positive if kg is non negative.
Therefore, the velocity of Ag is non positive. System (1.3) — (1.7) differs from
that used in [15] by the presence of Ap and the complete dispersion in (1.3),
(1.4), (1.5). This will play a fundamental role in the existence theory. However,

Ap can be eliminated as shown in section 3.2 and the final system is using
Ac = Ag + e_QlklyAB :

koc2 2 k204 wQE
i(0Ac + 220,40 ) +——AA — XL A0 = 2 < on > Ao
wo 2w 2wp Y 2w
& —i _
~ s (V- Bo) Age™HFvmt), (1.9)



ke 2 k24 wQG
i <8tAR 1 R 8yAR) +CAAp - B2 AR = I < on > Ag
WR 2WR 2wy, 2WR
- QmewR (V- Ep) Ace!Frvment), (1.10)

2
i0, Eo + ;:zh AE, :%vxldivk n > Ey)
pe
+ 52V (ApAce i), (1.11)
e

2 _ 2 _
(07 — 3A) < on > Trnom,

w2€
A <EO|2 + c% (|Ac]* + |AR|2)> . (112)

1.3 Statement of the results.

The local in time Cauchy problem for the usual Zakharov equations (1.1) is
now well understood in the context of regular solutions (see [1], [12], [16] [18]
for local models, see [3] for the non-local case (1.1)). For weak solutions, one
can see [7]. For finite-time blow-up see [8, 9]. Here, we are interested in proving
local existence in time for strong solutions. We want to apply Ozawa-Tsutsumi’s
method (see [12]). The main problem is to deal with the quasilinear part of the
system :

i0Ac = — (V- Ey) Ag, (1.13)
i Ap = — (V- E}) A, (1.14)
i0,Ey = V(A% AC). (1.15)

We omit here the exponentials which play no role regarding the local existence
method. Even if any regular solution of (1.13) — (1.15) satisfies the conservation
law d

= [ ClAcl + Azl + |Eo*) = 0,

the system is not symmetric, neither hyperbolic ! Tt is therefore ill-posed (see
section 3.3).

However, when one adds the dispersion part, one can show that

i0Ac + aAAc = — (V - By) A, (1.16)
0, AR + BAAR = — (V- EX) Ac, (1.17)
i0,Ey + yAEy = V(AR Ac), (1.18)

is locally well-posed. The dispersion seems thus to play a fundamental role
(see section 4). The Cauchy problem for quasilinear Schrédinger equations has



been studied by many authors [4], [10], [11]. We want here a proof that can
be adapted to Zakharov-type models and that involves usual energy estimates.
In fact, we show that the dispersion plays the same role than dissipation for
non hyperbolic diphasic model (see [13]). The way we proceed is the following
one : we add new unknowns to the system and we use the dispersive terms to
symmetrize the quasilinear part. This is the key of this paper.

Our main result reads (see Theorem 5.1) :

Theorem. Let (ac,ag,e) € (H*t2(R%))3 ny € H*Y(R?) and n; € H*(R?)
with s > %+3. There exists T* > 0 and a unique mazimal solution (Ac, Ar, E,dn)
to (1.9) — (1.12) such that

(Ac, Ag, E) € C([0,T*[; H*T2)3, 6n e C([0,T*[; H ) nc ([0, T*[; H?)
satisfying
(Ac, AR, E,6n)(0) = (ac,ar,e,ng), 0:0n(0) =ny.
It is clear that the same theorem can be proved for system (1.3) — (1.7)

The paper is organized as follows. In section 2, we carefully derive our
new model. In section 3, we discuss the algebraic structure of the system :
we introduce a dimensionless form, we eliminate the Brillouin component and
study the lack of hyperbolicity of the quasilinear part. In section 4, we solve the
Cauchy problem for (1.16) — (1.18) using the dispersive part. In section 5, we
apply the same method to (1.9)—(1.12). In section 6, we give some complements
and open problems.

Acknowledgments : this work was partially supported by ACI Jeunes
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2 The nonlinear coupled model.

In this part, we derive the nonlinear coupled model describing the interaction
of a laser beam in a plasma with the Raman and Brillouin backscattered fields.
In section 2.1, we introduce the starting point : the bi-fluid Euler-Maxwell
system. We recall the polarization conditions for the transverse and longitudinal
unknowns. In section 2.2, we obtain the amplitude equations for the different
electric fields. In section 2.3, we couple these amplitude equations with the
linearized hydrodynamical equations for the ions.

2.1 The bi-fluid Euler-Maxwell system.

The Euler-Maxwell system describes the evolution of the electromagnetic field
in a plasma. The plasma is modelized by two fluids (one for the ions, one for



the electrons). Therefore, we couple Maxwell system with two Euler systems.
This coupling reads

8B+ eV x E =0, (2.1)
O E — ¢V x B = 4me ((ng + ne)ve — (ng + ni)v;) ,

T 1

(no + ne) (Orve + ve - V) = _Jdelegn, — e(no + ne) (E+ -ve x B), (2.3)
Me Me C
i1 i 1

(o + 15) (v + v Vo) = —LiFig, 4 €00 FM) L gy (9
m; m; c

One + V- ((no + ne)ve) = 0, (2.5)

on; + V- ((ng +n4)v;) = 0. (2.6)

The unknowns are :

e I/ and B are respectively the electric and magnetic field.

e v, and v; denote respectively the electron’s and ion’s velocity.

e ng is the mean density of the plasma.

e n. and n; are the variation of density respectively of electrons and ions
with respect to the mean density ng.
The constants are :

e ¢ is the velocity of light in the vacuum; e is the elementary electric charge.

e m, and m; are respectively the electron’s and ion’s mass.

e T, and T; are respectively the electronic and ionic temperature and 7, and
v; the thermodynamic coefficient.

For a precise description of this kind of model, see classical textbooks [5]. One
of the main points is that the mass of the electrons is very small compared to
the mass of the ions : m, < m;. Since the Lorentz force is the same for the ions
and the electrons, the velocity of the ions will be neglectable with respect to the
velocity of the electrons. The consequence is that we neglect the contribution
of the ions in equation (2.2).

Now, we recall the polarizations for the longitudinal and transverse compo-
nents of the fields in the linear regime. We begin with the linear theory of system
(2.1)—(2.6). The linearized version around (E, B, v., v;, ne,n;) = (0,0,0,0,0,0)
is (neglecting the contribution of the ions in (2.2)) :

8753 + cV x E= 07 (27)

O FE — ¢V x B = 4men,v., (2.8)
CTE

N0tV = —LVne _ E, (2.9)
Me Me

atne + ’ﬂov c Ve = 0. (210)



Now writing B = B + By with V x By =0 and V- By = 0 and using similar
notations for £ and v., we get

0By = 0, (2.11)
8tEH = 471'6710’06”, (2.12)
eTe
Dyve| = — 5 Vn, — < F, (2.13)
MeNo Me
One +noV - v =0, (2.14)
and
8B, +cV xE| =0, (2.15)
O:FE| —cV x B = 4mengve,, (2.16)
Opves = ——E,. (2.17)

e

(2.11) —(2.14) and (2.15) — (2.17) are two decoupled systems that can be treated
separately. We begin with the longitudinal part (2.11) — (2.14). Computing
0¢(2.13) and using (2.12) and (2.14) leads to

T, 4me?
(')fve” = ’Ym VV v — c nove”
That is
07 — v A + wieJve =0, (2.18)

since V X v, = 0 and where wp, is the electronic plasma pulsation

4me?ng
Wpe =
P me

and vy, is the thermal velocity of electrons

YeTe
Me

Vth =

The dispersion relation associated to (2.18) is therefore
w? = w2, + kg, (2.19)

For the transverse part, we compute 9;(2.16) and we use (2.15) and (2.17) to
obtain

OEL —PAE| +wo Bl =0, (2.20)
since V - E; = 0. The dispersion relation associated to (2.20) is

w? = wge + k22 (2.21)



For practical applications, the thermal velocity v, is always one order of mag-
nitude (at least) smaller than c¢. Therefore, the status of equations (2.18) and
(2.20) are quite different. One has to think to the solution of (2.20) under the
form e!**=“Y F(t, z) with &;F < wE and 9,F < kE while the one of (2.18)
will be e~ ™rely, with v < Wpeve.

We are then able to write the polarization conditions on the fields. As usual,
e

o

we introduce the variation of density én. =

e Longitudinal part : the linear equations for the longitudinal part are
(2.11) — (2.14). Using the time envelope approximation, one sets

(B), Bj ve|, 6ne) = e “r<!(By, ||, |, 0ne)

with o B o B
Ou(By, By, Vel Ine) < wpe( By, Bjjs Vel One)-

One obtains :

By =0, (2.22)
~ ZYﬂpe -
= — FE 2.2
Vel dreng (2.23)
Sne = — Ey. 2.24
fte 4meny I ( )

e Transverse part : in this case, in the physical literature, it is usual to work
with the vector potential A such that B = V x A and the scalar potential ¢ in
the Lorentz jauge 0;¢) = ¢V - A. The linearized equations become :

Opp = ¢V - A,
O0tA + cE = ¢V,
OFE — cV x V x A = 4mengu,,

6T€
OV = fLV(ine — iE,
Me Me

O¢dne + Vv, = 0.

The transverse part is :

OAL +cE| =0, (225)
OE| —cV xV x Al = 4mwengv,, (2.26)
O = ——E,. (2.27)

Looking for the solution in the form (A ,E),ve)) = gika—wt) (ZL,EL,@L)
with o o
(AL, B, Ve)) < w(AL, E1,0e1),



a:v(A/JJ EJ_; a‘}'eJ_) < k(ﬁJ.? EJ_7 56J.)7
one obtains

W ~

E, = —AL (2.28)
Bl = —A4,. (2.29)
M,

2.2 Amplitude equations for the electric fields.

We now present a weakly nonlinear theory of the laser-plasma interaction. We
will generalized the equations used in [15]. The electromagnetic transverse part
is decomposed into three parts :

i) the incident wave with vector potential Age!(For=wot) 1 ¢ ¢,
ii) a Raman backscattered wave with vector potential Agze!(Fr*=wrt) 4 ¢ c.
iii) a Brillouin backscattered wave with vector potential Ape(—For=wot) L ¢ ¢,

These three waves create a longitudinal electronic plasma wave at the pulsa-
tion wpe. The corresponding electric field is Ege™™r<! 4 c.c. These four electric
fields combine in order to create a low-frequency density modulation < dn >.
Using the polarization condition (2.28) for the transverse part, we look for the
electric field in the form

in

E =2 Ag(t, X)e'FKoX—wot) | Wr
C

AR(t, X)ei(KR-Xwat)
C
+ B0 A (¢, X)emi Ko XHwot) 4 Bt X)e~ et 4 e, (2.30)
C

with X = (z,y,2). The aim of this section is to find the envelope equations
satisfied by Ao, Ar, Ap and Ey. We introduce (K;,w) satisfying

Ky=Kgr+ Kq, W = WR + Wpe + w1. (231)
Note that (Kg,wr) and (Ko, wp) satisfy the same dispersion relation (2.21).

In order to match the notations used in [15], we take Ky = ko(0,1,0) and
Kgr =kg(0,1,0). (2.30) becomes

E :@Ao(u X)ei(koy—wot) + WiAR(t) X)ei(kRy—wRi)
C C
+ L0 Ap(t, X)emikovtwot) 4 By(4, X)e~net 4 coc, (2.32)
C

and (2.31)

ko = kr + k1, Wo = WR + Wpe + w1.-

10



We begin with the nonlinear Maxwell equations with the vector potential :

aﬂ/i =cV- A,
(9,514 —|— CE = va,
OE — cV x V x A =4dre((ng + ne)ve — (no + n;)v;).

Combining together these equations and neglecting the effects of the ions, we
obtain

0FA — AAA = —4meng(1 + one)ve. (2.33)

Using the form (2.30), the relations (2.31), the dispersion relation (2.21), the
polarization condition (2.24) and (2.29) and collecting the factor of e*(Foy—«ot)
in the right-hand-side of (2.33), we get

07 Ao — 2iwg0, Ag — A AAg — 2ikoc®0yAg = — w2, < 6n > (Ag + e 2FY Ap)
+ < (V . Eo) AReii(klyiwlt).
Me

We now relax the usual time envelope approximation : at the first order, one
has 72iw08tA0 - 2ik0028yA0 = O, that is

k 2
0 Ay = -9, A,
wo
and ) 4
k§c
92 Ag —fﬂ 92 Ao
0
We therefore get
koc? c? k2ct w? )
i(0yAg + — 0, A —AAy— 20?4, =L <én> (A —2ikoy g
iAo + wy Y O)+2w0 07 20,3 VY T 2w n>(Ao+e 8)
(& .
_ V - Ep) Ape—ikiy—wit)
2mew0( 0) Are
(2.34)
We make the same computation for the harmonic e*(Fr¥=“r?) to obtain
krc? c? k%t w2
(0 A 0y A —AAR — B 02Ap =L <én> A
(0 Ar + wr ¢ R)+2w3 R 2w Y B=our =" R
e . .
- V- E}) (Ag + e 2kov A p)eilhy=wit) 2.35
s (V- 5) (Ao + e 50 A p)e (2:35)

The equation for the Brillouin component e~*(kov+wot) ig similar

, koc? ? kget o wzQ)e 2ik
- Zmewo (V - Ey) Agei(@Ro—kny—w1t) (2.36)

11



For the electronic-plasma part, we go back to the Maxwell equations in (B, F)
(2.1) — (2.2) and we get

OPE + AV x V x E = 4medy ((ng + ne)ve). (2.37)

We use the Euler equations (2.3) and (2.5) in order to determine the right-hand-
side of (2.37) keeping only at most quadratic terms :

atQE +AV XV XE = 47T€(—7’L0’UGVUE - %nevgne - %E
enyg ¢ e

Ve X B — 10,V - v,).
CMe

We write E = Ege ™ret and we replace dn. by —ﬁv - Ey thanks to the
polarization condition (2.24) and get

OBy — 2iwpe0Eg + >V x V x E — v}, VV - E
27

“pe e e .
= —Qewpene/ ’ (Ue ! V’Ue + 76neE + ——Ve X B+ 'Uev . Ue)ezwpctdt.
0 Me CMie

The right-hand-side is computed using the polarization relations (2.28) — (2.29).
One gets

2 2
ve-Vve+ive><B+veV-ve: ¢ (A-VA+ AV - A) + c Ax (VxA)
cme c2m? c2m?
62 |A|2
T 2m? (VT_’_AV.A)’
since for all v )
v~Vv=V%+(V><v)><v.

Moreover, at first order V- A = 0. One finally gets using the time envelope
approximation

2

. vfh c Wpe
ZatE0+7VV'EQ— V xV x Ey= <5H>E0
2wpe Wpe
CWpe * —2ik i(kry—wit)
+ 2sze:V(AR(AO +e oY Ap)e'MyTLit)), (2.38)

Now since v, < ¢, we perform the limit ¢ — 400 in this expression. We
find V x Ey = 0 and therefore Fj is a gradient. We then eliminate the term
V x V x Ey in (2.38) by applying the divergence on it :

2
0V - Bgt—t AV - By = “P5V . (< §n > Ep)
2wpe 2
CWpe * —21 i —w
+ 202:”6A(AR(A0+6 Zikoy A p)etthy=wit)),

12



Recall now that Ey = V¢ and apply VA~! on this equation yields

2
i0,Ey + 21:3’1 AE, :%VA_ldivK on > Ep)
pe
+ 53tV (Ap(Ag + e v Ag)eiuman) - (2.39)

See [6] for the justification of such an approximation in the context of nonlinear
Schrédinger equations. We still have to obtain an equation for < én >.

2.3 Acoustic approximation for the low-frequency part.

Since V- E = —e(n. —n;) and since the electric field has a high-frequency at the
first order, one gets that electron’s low-frequency part < én > equals ion’s low-
frequency part < dn; >. We look for an equation on < dn; >. The linearization
of (2.4) — (2.6) yields :
Ov; = *’YiT'V < on; > +£ < E >,
m; m;
Oy <5ni>+V-vi:O,

where < F > is the low-frequency part of the electric field. One gets
i T
07 < dn; > SITIA < on; >= ~SV.<E>. (2.40)
my my

In order to express < E >, we divide (2.3) by ng + n. and we take the mean
value component

&
<V -V >= 03V <dne > —— < E > —

€ me

< Ve X B >,

that is

e
—<E>:fvt2hV<5ni>f<veone>f
Me meC

<vexB>. (241)

The contribution of the longitudinal part to the right-hand-side of (2.41) is only
in the term < v, - Vv, > which gives

|ve/? wge 2
<V >= V|E
2 1672e2n2 ol

thanks to the polarization condition (2.23) and since V x Ey = 0 at the first
order.
The contribution of the transverse part is

2

<0 VU= ——v X B>=——— < A-VA+Ax (VxA) >,
mecC c*m?
2
€ 2
=~z <V,

13



thanks to the polarization condition (2.29) and B = V x A. We obtain

2

< Ve - V'Ue 4+ L’Ue X B >= _%V(lAO + e—?ikoyAB|2 + |AR‘2)

MeC cmg

Finally, the low-frequency component of E is

2
W,
<E>= 03V <dn; >——LV|E|
Me th ’ 16m2e2m? [Eol
2

€

55 V(|40 + eV Ap[* + | Ag?).
e

Plugging this expression in (2.40) gives

1 w2, )
(07 — c2A) < on >= I -A <|E0|2 + “2(JAg + e 2RV AR | 4 ARQ))2.42)

TNom; c?

where ¢? = 'Y;l—n + 'Ym—Te is the acoustic velocity.

Equations (2.34), (2.35), (2.36), (2.39) and (2.42) form a closed set of equa-
tions describing the laser-plasma interactions. In the next section, we investigate
the algebraic properties of this system.

3 Structural properties of the system.

This system is strongly quasilinear and we investigate its structure. In order
to make more comprehensible computations, we first introduce a dimensionless
form (3.1) — (3.5). Then we show that the quasilinear part in the equations of
Ao, Ar, Ap, Ey is not symmetric. Then we prove that the Brillouin component
Ap can be eliminated. The system becomes (3.6)—(3.9). We finish by discussing
a resonance relation on (kj,w;) and by some remarks.

3.1 Dimensionless form.

1 . 1 .
We use — as time scale, o as space scale and introduce
0

wo
~ Wpe Aj;
A= w222 withi=0,Ror B,
c
~ w 2Mewq /WoW W
B Y ith o = SOV ORGpe
Q ekq
~ k - w
kl :*1, Wi = 71)
ko wo
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and dropping the tildes, we get the following system :

ke 2k ke w2,
<(6t 2 8) 2§A—248§> 22 (Ag+ e %W Ap)
0

— (V- Eo) Age™"Fv=rt) - (3.1)

krkoc? 2k2 k3 k2 w2,
2(8,5 + RFoC 8y)+ ¢ %o A — 0 RC 82 R = < on > AR
WRWO 2WRwWo 2w? BWo 2WRWo

_ (V . Ef)k) (AO +e ZiyAB)ei(kly wlt)7 (32)

2.2 2 2
(i(at - ko‘; dy) + kOA _ ke 82) Ap =;£z <on > (Ap + W A)

w? 20 2 20 4 =y 2
— (V- EO)ARei(@—kl)y—wlt)’
(3.3)
2 1.2
i0,Ey + —th" AR, _””5 VA~ldiv(< on > Ep)
2wpew0 2w
+V (A*R(AO n e*MAB)eZ(kwwt)) : (3.4)

2k 4 .
0F < on > — SN < gn >= e WOL;RA<wpe |Ag + e 2Y Ap|? + |Eo|?
wd m; wo

i Wpe
Wpe
+ p|AR|2> . (3.5)
WR
Me . k3 .
Note that — is small, as well as —>5-. All other coefficients are of order 1
m; )

thth L
except ——— which is small.
WpeW(

3.2 Elimination of the Brillouin component.

In this section, we prove that we can in fact decrease the number of unknowns.
We introduce _
AC = AO + B_ZZyAB.

Let us compute

R PR ke
(z(at+ 33 o)+ gA_ e 32>AC,

15



one obtains after a straightforward computation :

2

k2 k2 ket w2,
<z(3t+ wga) 22A—2 a Ao = 5t < on> Ao

— (V- Ey) Age~ikhiv=wrt) — (36)

Of course (3.2), (3.4) and (3.5) become

krkoc? 22 k2k2 A w2
i(0) + SRR gy ¢ B0 A L TOTRE ) pp = e s A
WRWo 2WRwWo 2wpwo 2WRrwo

— (V- E}) Ageithy=wit) - (3.7)

2

2
k e
i0,Ey + " Ay = e “vA© Ldiv(< dn > Ey)
2Wpewo 2w
+V (ApAgeitaren), (3.8)
and
k2 4
(af ) < bon >= e LR A (“ff’e|Ac|2 + | Eol? + w”e|A |2>

wi m; Wee 59)
3.9

(3.6) — (3.9) form a closed set of equations that we solve in the sequel.

3.3 Study of the quasilinear part.

In this section, we consider the quasilinear part of the system (3.6) — (3.8) and
we omit the exponentials :

O Ac =i (V- Eo) A, (3.10)
O AR =i(V-E}) Ac, (3.11)
OBy = —iV(A%LAC). (3.12)

Unfortunately, this system is not obviously symmetrizable as we show below for
the scalar 1-D model. Let us write Ac = uy +ius, Ag = ug+iug, Ey = us+iug.
System (3.10) — (3.12) reads :

Oy = —0Oxusuz — Oy UsUy,
Orug = Opusuz — OpUpliy,
Ouz = Ozuguy — Opusta,
Opuy = Opusuy + Opugua,
atU5 = 6x(UQU3 — U1U4),

Orug = —0y (urus + uguyg),

16



and it can be rewritten in the form
oU = M(U)oU,

with U = (uy, ug, us, ug, us, ug)’ and

0 0 0 0 —Ugq4 —U3
0 0 0 0 us —Us
o 0 0 0 —u ow
M(u)_ 0 0 0 0 (5% U2
—Ug U3 Ug —u; O 0
—u3z —Uq4 —UP —U2 0 0

This matrix is obviously not symmetric and the blocks

Mlz(_u2 u1> and M2:(u2 —u1>

Ul u2 —U1 —U2

are such that M{ = —Mjy. Therefore the Cauchy problem for (3.10) — (3.12) is
certainly ill-posed and the Cauchy problem for (3.6), (3.7), (3.8) and (3.9) can
not be handled directly by coupling Ozawa-Tsutsumi’s method with hyperbolic-

type energy estimates for symmetric system. We will explain in section 4 how
to overcome this difficulty by using the dispersive part.

3.4 The resonance condition (2.31).
Let us recall that the numbers kg, kg, k1, wo, wr and wy satisfy
ko = k1 + kg, W = WR + Wpe + w1.-

We moreover impose (as in [15]) that w; = wpe(k1Ap)?. This corresponds to

the fact that
Wpe + w1 = /w2, + vy k.

Therefore, condition (2.31) is a usual 3-waves interaction between two electro-
magnetic waves and a plasma-electronic wave :

ko = kg + k1, \/wge + k2 = \/wge + k% + \/wge + vZ, k2.

We expect a Raman growth on the Az component. It is therefore not surprising
that the quasilinear part is not hyperbolic.

3.5 A hierarchy of model.

Note that since |wg| > |koc| and |wg| > |kgrc|, the second order operators in
(3.6), (3.7) are elliptic. From now on, we will restrict ourself to the case where
this operator is

k2

2
2w§

17



This is the result that one obtains when making the time envelope approxima-
tion. In order to decompose the difficulty, we will consider successively more
and more complex model. The first one is the system of quasilinear Schrédinger
equations obtained by setting < dn >= 0 in (3.6), (3.7) and (3.8). We will
show how to handle the Cauchy problem in section 4. One could also use the
complete equation on Ey that is

2 ]C2 2k.2
0By + " gy . By — S0 G ¥ x By = <P (< 6n > Ep)
2
WpeWo WpeWo 2w
+ V(AR Age i ky=wit)y, (3.13)

We do not discuss (3.13) in this paper. It can certainly be handled by the same
method but the proof may be more technical.

4 The Cauchy problem for the nonlinear Schrodinger
system.
Let us consider the system obtained from (3.6), (3.7), (3.8) by setting < dn >=

0. It can be rewritten in the form (omitting the exponentials that have no role
in this context)

(1(8,5 + Ucay) =+ aA) AC = — (V . Eo) AR, (41)
(1(0r + vrOy) + BA) A = — (V - Ej) Ac, (4.2)
(10r +7A) Ey = V(AR Ac), (4.3)
where
kgcz krkoc?
Vc=—5, UVR= ———,
Wy WRWo
o kc? 5= ki c? _ vl k?
2w3’ 2Wrwo' 2wWpewp

Theorem 4.1. Let (ac,ar,eo) € H*(R?) with s > 4 + 3. There exists T* >0
and a unique solution (Ac, Ar, Fo) € (C([0,T*[; H*(R%)))3¢ of (4.1), (4.2), (4.3)
satisfying (Ac, Ar, Eo)(0,X) = (ac,ar, e0)(X).

Proof : A lot of work has already been done on quasilinear Schrédinger
equations. In [11], Kenig, Ponce and Vega use local smoothing effects in order
to obtain local existence. In [4] or [10], the authors use nonlinear changes of
unknowns in order to obtain local existence. Here we want a generalization of
such methods that can be adapted to Zakharov-type equations. In order to prove
Theorem 4.1, we transform system (4.1) — (4.2) into a dispersive perturbation of
a symmetric quasilinear system as follows. Let us first explain how the method
works. Cousider a system of PDE’s of the form (for simplicity, we consider the
1-D case) :

U + BU)OU + KU = 0, (4.4)

18



where
U : [0,T] xR — R

K is skew-adjoint and one-to-one, and
BU) = B:1(U) + B2 (U),

where By (i) is symmetric and Bz (U) is skew-symmetric. Except if By = 0, one
cannot handle directly (4.4) by usual energy methods. One introduces V = ;U4
X = 9,U and W = §?U. The equations on V, X and W read

oV + BU)D,V + K92V = semilinear terms, (4.5)
X + BU)O, X + KO2X = semilinear terms, (4.6)
W + BU)O,W + KO2W = semilinear terms, (4.7
O = semilinear terms, (4.8)
and
VYV + KW = semilinear terms, (4.9)

where the semilinear terms depend on U, V, X and W. Now in (4.5), we replace
V by —KW + semilinear terms (depending only on ¢/ and X') in By(U)9,V and
in (4.7) we replace W by —K 1V + semilinear terms (depending only on U and
X) in Ba(U)0,W. The new system on V and W reads

OV + B1(U)0,V — Bo(U)K9, W + K92V = semilinear terms, (4.10)

OW + By (U)0, W — Bo(U)K 10,V + KO?W = semilinear terms. (4.11)

Now system (4.10) — (4.11) may be symmetrizable, depending on the properties
of By and K. In our case, it will possible and we explain now why.
Let us introduce the following notations (for simplicity, we denote E = Ey):

B} = 0,,Ar, BL =0,,Ac, F' =0,,E,
Cr=AAR, Coc=AAc, G=AEFE,
DR == atAR, DC - atAC, H == 8tE
We write the equations satisfied by these new unknowns. We set
U:= (AC7AR3E7BCaBR7F7CCaCR7G,DCaDR;H)'
We also introduce the following linear operator

(0 +vc0y) + aA
L= (0 +vrOy) + LA
i@t +’YA
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The system becomes

L| Ar | = h), (4.12)

L By | = A, (41

where U = (Ac, AR, E,Br, B¢, F). Here f; is a smooth function and the
/3 are non-local functions satisfying |f3 (U)| < K|U|%. for some o, K and

s > 5. Indeed, the fg(l/{) are polynomial in Ag, Ag, FE, B%—i, Bé, FJ and
02 . (Ac, AR, E) that can be expressed in terms of C¢, Cr, G by

02, (Ac, Ag, E) = 02, A™'(Cc, Cr, G). (4.14)

x

In order to find the equations satisfied by C¢, Cr and G, we need to express
the nonlinear term V (A} A¢) in (4.3) more precisely using

V(AB)=A-VB+B-VA+Ax (VxB)+ Bx(VxA). (4.15)
‘We moreover set
ma(B):=A-VB+ Ax (V x B). (4.16)

The system satisfied by (C¢, Cgr, G) is therefore

Ce —ARV -G
| cn | = AoV -G + ), (4.17)
G ma;, (Co) +maq(Ck)

where f3(4) is a non-local function as f3 (). In the same way, the system for
(Dc, Dr, H) is

D¢ —ARV-H
L Dgr = —AcV - H* +f4(U), (418)
H max, (D) +mag (Df{)

where f4(U) is a non-local function as f3 (U). As mentionned before, the quasi-
linear part of (4.17) and (4.18) is not symmetric and therefore usual energy
estimates are inoperative. We now prove the following proposition.

Proposition 4.1. Let b € C3 be a constant. The adjoint in L? of —bV- is
mb*(').
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Proof : Let V and W two C* vector fields in C3. Let us compute
/mb*(V) -Wr = /(b* -VV 40" x (VxV))-W* by (4.16),
:/((b*~V)V-W*+(W* < b) -V x V)
z/(b*~V)V-W*+/V><(W* < BY)-V
since the operator Vx is self-adjoint. Now using the relation
Vx(AxB)=AV-B—BV-A+B-VA—-A-VB
and the fact that b is constant, one gets
Vx (W*xb*)=-=b"V -W*4+0b*-VIW*.

Moreover
/(b*-V)V-W* :—/V~(b*~V)W*.

It follows that
/mb*(V)~W*:7/V-(b*-V)W*f/b*V~W*~V+/b*~VW*~V
:f/b*V~W*~V:f/bV~W~V*.

This ends the proof of Proposition 4.1. [J

In the quasilinear part of (4.17) or (4.18) the terms —AgV - H in the first
equation and ma: (D¢ ) in the third one can be rewritten as

0 0 —AgRV- D¢
0 0 0 Dr
mas () 0 0 o

where the operator
0 0 —ARrV:
0 0 0
mAE() 0 0
is skew-adjoint. Therefore usual energy estimates will apply. Unfortunately,
this is not the case for the other part. For the terms —AcV - G*, ma.(Ch),
—AcV - H* and ma, (D}) we use equations (4.2) — (4.3)
iDr + BCr = q1(U), (4.19)
and

iaijR + ﬁazj Cr= g%(u)v (420)
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where ¢; is a smooth function and the g% are functions satisfying the same

properties as the f% .
In the same way, one has

iH 4+~G = gs(U), (4.21)
and
iy, H +70,,G = gi(U). (4.22)

Plugging these relationships into the bad terms of equations (4.17) and (4.18),
we obtain :

CC _ARV -G
Ll cr | = —H4eV. H” + f5(U), (4.23)
G mA};(CC) + émAc(D*R)
and
D¢ —ARV -H
L Dgr = iyAcV - G* + fG(U) (424)
H mA;% (Dc) — iﬁmAc (C}’%)

The complete systems reads :
0 0 ]

"~ PR, (429)
0 M(Ac, AR, 0) 1%

SISESES

where

U= (ACaARaEaBCaBRaF)a
V= (OCaCR7G7D07DRaH)7

and M is a 6x6 matrix of operators which value is

0 0 -WV. 0 0 0
0 0 0 0 0 Y

M(V w. 8) _ mW*() 0 0 0 émv(U) 0
T 0 0 0 0 0 -WV.

0 0 AVV-o 0 0 0

0 —ipmy (o) 0 mw«(-) 0 0

where ¢ is the complex conjugation (for a vector field A in R3, 04 = A*).
A straightforward change of variable enables us to restrict to the case v =
0 = 1. In this case, the operator M (V, W, 0) with V and W fixed constants is
symmetric. (4.25) then reads

0 0

(0 + C(V) +iDA)U = < 0 iM(Ac,Ag,0)

) U+iF (U), (4.27)
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where 4
C(V)=>_ C;ox;,
j=1

corresponds to the order one terms in (4.25) and D is the diagonal dispersion
matrix. Usual energy estimates for the system (4.27) yield Theorem 4.1.

5 The Cauchy problem for the nonlinear Za-
kharov system.

In this section, we consider the following non-dimensional form of system (3.6) —
(3.9). We have omitted the exponentials which have no role in this context.

b2
(i(at—l—vcay) —I—CYA) Ac = 571146' — (VE) Ag, (5.1)
b
(0 + vrd,) + BA) Ar = 5ndr — (V- BY) Ac, (5.2)
b
(10 + yA) E = inE + V(ARA0), (5.3)
(07 — v2A)n = aA (|E|)* + blAc|? + c|Ar|?) (5.4)
where &
a—4%wO;JR, b= wpe, c= wpe, vscs 0
m; w wo WR Wo

Here, < én > is denoted by n for simplicity.

Theorem 5.1. Let (ac,agr,e) € (H*t2(R%))3, ny € HFYRY) and ny €
H*(R?) with s > & + 3. There exists T* > 0 and a unique mazimal solution
(Ac, AR, E,n) to (5.1) — (5.4) such that

(AC7AR7E) S C([O7T*[;Hs+2)3d7 nec C([OvT* [7 H5+1) mcl([O7T* [7 Hs)
with the initial value
(Ac, AR, E,n)(0) = (ac,ar,e,ng), On(0) =nq.

The proof relies on the transformation described in section 4. In addition to
the variables of section 4, we have to use An and 9;n. We therefore write the
equations satisfied by n and dyn. Take

p=Vn, ¢q=An, r=0n, A=VAOn, p=V\ v=A\ T=0)\,

and set
N = (n,p,q,7, A\, i, v,7),
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U:= (AC7ARaE7BC>BR7F7CC7CR7G7DCuDR;H)~
The equations for A/ are

on =V -\

oA = Vn+ hi(U),

Opj =V - uj,

Buptj = Vpj + haj (U),
0q=V v,

O = Vg + V(hs(U,U)),
or=V -,

Oy = Vr + V(ha(U,U)),

where hi, hoj, hs and hy are smooth functions. hs(-,-) and h4(-,-) are bilinear.
The system is :

ON + A(V)N + Fy(U) + V(Fs(U,U)) =0, (5.5)
where

d
AV) =" A0,
j=1

the matrices A; are symmetric, F is a smooth function and F3(-,-) a smooth
bilinear function. The equations satisfied by U are

0 0

(3:& +C(V) +i5A) U= < 0 iM(Ac,Ar,0)

) U+ iF (U) + BN, U), (5.6)

where E(, -) is a bilinear mapping, M(Ac, Ag,0) is the symmetric operator
defined by (4.26) and

d
C=> Cjoa,,
j=1

corresponds to the order one terms in (5.1) — (5.2).
Now using the real form of 2, one obtains the following system for U = (Re ), ImU ))

d
U + C(V)U + DAU =~ A;(U)0:,U + FL(U) + BN, U), (5.7)

=1
where

d
C(V) = _C;0a,,
j=1



with C; being constant symmetric matrices. D is a skew-symmetric non-singular
matrix, B(:,) is a (possibly non-local of order 0) bilinear mapping, for all j,
A;(U) is symmetric and

Ur— A;U)

is linear. Moreover, system (5.5) becomes
ON + E(V)N + F(U) + V(F5(U,U)) =0, (5.8)

where Fy and F3 are smooth functions. We will now apply Ozawa-Tsutsumi’s
method to (5.7). Set A = 9. The system satisfied by A is

8A + C(V)A+ DAA =B(ON,U) + BN, A) + F,(U)A

d d
+ ) AU, A+ A (AU, (5.9)
j=1 j=1
and
d
A+ C(VIU+ DAU =" A;(U)0:,U + Fy(U) + BN, U). (5.10)
j=1

Let us consider an initial datum Uy € H*?, Ay € H® given by (5.10) and
No € H*L. Just as in [12], we first transform (5.10) by adding —aDU on both
sides of (5.10) :

d
A+ C(VIU+ D(—a+ AU =Y A;jU)d,, U + Fy(U) + BN, U) — aDU5.11)

Jj=1

We now consider a linearized version of (5.9) — (5.11) and (5.8) as follows.
Take A € C([0,T]; H*), N € C([0,T]; H**') N C1([0,T]; H®) and construct new
functions B and P by the following procedure. First construct & € C([0,T]; H®)
by

t
U = Uy +/ A(s)ds, (5.12)
0
and obtain V by solving
d
A+C(V)V+D(—a+ AWV => A;U)d,,V + Fy(U) + BN ,U) — aDU5.13)
j=1

We will obtain a solution to (5.13) for « large enough thanks to the fact that
A;(U) are symmetric. Now take (B, P) as being the solutions to

8B+ C(V)B + DAB =B(0,N,U) + BN, B) + F,(U)B

d d
+) A;(B)O, V4> Aj(A)d,B, (5.14)
j=1 j=1
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0P + E(V)P + Fy(V) + V(F3(V,V)) = 0. (5.15)

Note that the symmetry of the matrices .A; will play a crucial role in the reso-
lution of (5.14).
Let

7 : (AN)— (B,P).

The proof consists in showing that 7 is a contraction on a suitable ball of
C([0,T]; H®). We split the proof in 5 steps. Take

R =2(|t

e + Mo

Hb) )
and consider B(R) the ball of radius R in C([0, T]; H*(R?) x H*T1(R?)).

e step 1 : Solving the elliptic equation (5.13). Assume that (A,N) € B(R).
Then

U|gs < |Uo|lgs + TR < R,
provided that T is small enough. Applying D~! on (5.13) yields

d
DT'C(V)V+ (—a+ AV -> D 'A;U)d,,V=D"'F,
J=1

where
F=-A+FU)+ BWN,U)—aDU.
Lemma 5.1. The bilinear form

d
a(V1, Vs) = /(D‘lc(v)w Vo—aV1 Vo= VVI-VVa— Y DA (U0, Vi Vo)

j=1
1s elliptic for a large enough.

Proof : Compute

d
. /(D—lc(vw V=S DA U0,V V)

j=1

S K (W2 (VY2 + [Uloo V]2 [VVL2) -

Recall that

Ul < K'|U|ie < K'R,

so that
" 2 2 1 2

Take o = 2K (1 + R?). This provides

« 1
a(V,V) > §|V|iQ + 5|W|%2. O
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Then using usual arguments for elliptic equations, one obtains that there exists
a unique V € H*"? solution to (5.13) such that

V|gs+2 < CL(R)|F|ns,
and
Vo< o,m;me+2) < C1(R) (|Alp0,7;m5) + C({U|L< 0,7;0+))
+ N Les (0,75 05) U Lo (0,13 15) + U Lo (0,719 ) 5

since

|FU)|ue < C(Uln-),

where  — C(z) is a continuous function. It follows that there exists Ca(R)
such that

|V‘Loo(07T;Hs+2) < C3(R). (5.16)

e step 2 : Resolution of the dispersive equation (5.14). We first use a long-
wave type regularization of (5.14) : take B¢ solution to

9,(1 — eA)B° + C(V)B*+DAB = B(O,N,U) + BN, B%) + F, (U)B°
d d
+ Y A(B)O VYA (AL B, (5.17)
Jj=1 j=1

with B¢ (0) = B().
There exists a unique solution

B e c([0,T); H*)

to (5.17) since (5.17) is a linear, zero order (in space) equation. We will now
perform energy estimates on (5.17) and we will use several times the following
inequality :

V (u,v) € L*° N H*,V (a, B) such that |o| + |3] = s,

|0%udv| 2 < C ([ulpe[v]me + [uln

U|L00) : (5 18)
See [2]. Note that 9 denotes here any spatial derivative of order a.
Proposition 5.1. There exists C5(R) > 0 such that

B (0,1311%) < |Bo

me + Cs(R)T.

27



Proof : L? estimate : multiply (5.17) by B¢ and get

1
56’9t/(|5'5|2 +e|VB|?) <C (10N | oo U] L2 B2 + IN | oo [ B[

d
+ 3 IB3210s, V= + C(U| =) B7[7: )

j=1
d
+Z/Aj(,4)axj85.8€.
j=1
Now, since A;(.A) is symmetric, one obtains
d 1
Z/Aj(A)(‘)IjBE B = -5
j=1

and this last quantity is controlled by

d
/ Aj(8,, A)B° - B7,

j=1

00, Al |5

Therefore, on has
/|B€\2 < |BE + TCs(R). (5.19)
H* estimate : one applies 9° on (5.17) and takes the L? inner product with
0°B¢. The only non straightforward term is the quasilinear one
/Aj(A)asasze - 0°B°.
Again the symmetry of A; gives
1
/Aj(A)asaijf -0°B° = —3 /Aj(awj.A)ﬁsBE - 0°B°,
which is controlled by
|00, Al |0°B° |72 < C|A|:|0°B°|1,
since s > % + 1. We then obtain
1
300 (1B + €|B7[fe01) < Ca(R)IB"[f: + Ca(R)IB"[os,

from which Proposition (5.1) follows. O
Letting € — 0 gives a solution

Be L>(0,T;H)NC([0,T); H*™) V¥n>0,
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to (5.14) satisfying

|B|L9C(O,T;H5) S |B|Hs + C5(R)T (520)

e step 3 : Solving the “wave equation® (5.15). Note that
IVE3(V, V)| 0,1;m5+1) < CV| oo 0,15m5+1)5
and
VI oo (0,7;15+2) < Ca(R),
thanks to (5.16). It follows that
|7D‘Loo(07T;Hs+1) S |NO|H5 + OG(R)T (521)
Inequality (5.20) and (5.21) show that :

Proposition 5.2. There exists Ty > 0 such that if T < Ty, T maps B(R) into
itself.

e step 4 : 7 is a contraction in L°(0,T;L?) if T is small enough. It is
obtained as usual. The crucial point is again the symmetry of A;(U).

Proposition 5.3. There exists T1 < Ty such that if T < Ti, T is a contraction
mapping on B(R) in the L>=(0,T; L*)-norm.

It follows that there exists a unique (A, N) € B(R) such that

T(A’N) = (-AvN)a
that is a unique solution of
d
Oh A+ C(V)A+ DAA=B(ON,U) + BN, A) + > A;(A)dy,V
j=1
d
+ ) Aj(A)D, A+ FLU)A,
j=1

ON + E(V)N + F(V) + V(F5(V,V)) =0,
where U is given by

t
U :Z/l0+/ A(s)ds,
0

and V is the solution to the elliptic equation

d
A+C(V)V+D(—a+ AV =" A;U)d.,V+ Fi(U)
+_B(/\/,u) —aDU. (5.22)
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e step 5 : Going back to the original problem. We still have to prove that
V = U which is done by making an estimate on the elliptic equation (5.22) just
as in [12]. This ends the proof of Theorem (5.1).

6 Some complements.

6.1 Invariants.

System (3.6), (3.7), (3.8) and (3.9) has some invariants that we will make more
precise now. We rewrite this system using the relations of section 4 :

b .
(i(0r + vedy) + al) Ac = 5 <on>Ac— (V- Ey) Age™™ (6.1)
b ,
(i(0, + vrD,) + BA) Ag = 50 <on>Ap— (V- E})Ace®, (6.2)
i0;Eo +YAEy = gVA_ldiv(< on > Eg) + V (ARAce), (6.3)
07 < on > —v2A < n >=aA (|Eo|* + b|Ac|® + c|Ar|?), (6.4)

where 6 = k1y — w1t and

B k%cQ B krkoc? B czkg B Cng
Vo = 5 UR = , = 2 ﬂ - )
wg WRWo 2wj 2WRwWo
2 1.2
vk 0 dme WoWpr b— Wpe . Wpe _ csko
- 9 - 9 - 9 - ) s .
2wWpewo m; w2, wo WR wo

Proposition 6.1. For any regular solution of (6.1) — (6.4), one has

d
= [ @lAcP +14RP +|BoP) =0,

Proof : Multiply (6.1) by 2A4%, (6.2) by Af, (6.3) by Ef, integrating over
R?, summing the results and taking the imaginary part gives

1

30 [ (LAP +14aP +|EoP)

= Im/ (—2V - EyApAfe ™ — V- E; AR Ace + V(AR Ace®)E})
= Im/ (2V - E§ARAce™ — V- By AR Ace — AR AcV - Eje'?),

=0. 0O

Note that, this does not means that the quasilinear part is hyperbolic. In fact,
as noticed before, it is not! For some particular values of the parameters, we
have a Hamiltonian structure :
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Proposition 6.2. Assume that wy = 0 (that is 0 = kyy). Then, for any regular
solution to (6.1) — (6.4) such that én € C([0,T]; H™1)

&I

d 1 9 9 9 b? 5 bc 9
3 a|VAc|” + BIVAR|” + |V Eq| +5”(5|Ac\ +5|AR|

2 1 .
+ é\EO|2) + b&(\w + — [VA™'0,6n)?)) — Re/ (V- EjARAce™)
2 8a v2
1
+ §Im / (UcayACAZv + vRayARA})> =0

Proof : Multiply (6.1) by 0, Ag, (6.2) by 0; A}, and (6.3) by 0, E{, summing
the results, taking the real part and integrating over R? leads to

7Im/(vcayAcatAZ« +ch’9yARﬁtA}})
P (a|VAc|? + BIVAR|? + |V E|?
50 [ (@[VAc” + BIVAR|" + 7|V Eo[)
1 b? be b
-1 /5n (SO + Sl ARl + 50| Bol)
+ Re / (~=V - EgArdiAfe™ — V- Ej Acd; Aye®)
+ Re / V(ARAce)OLES. (6.5)
We compute each terms separately.
Im/(vcayAcatAZv +vR6yAR8tA}})

= —Im/(chcatayAE + URARatayAE),

=Im /(ch*CatayAc + vpARO:OyAR).
Therefore

Im/(vcayAcatA*c + ’URayARatA})
1
= S, / (vedy Ac A% + vrdy Ar Al (6.6)
Moreover
b2 be b
/5n (S OlACl” + S Ol ARl + S 0: Eo[*)
b be b
=0 [ n (G IAc + |4 + FIEoP)

b? be b
= [ oidn (GlAc + 1A + SIE). (67)
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The last term is
Re / (=V - EgAR0;Ae™ — NV - Bl AcOi Ae'® + V(AL Ace™)OEY)
= —Rc/&t(V~E§ wAc)e?. (6.8)

Now (6.6), (6.7), (6.8) in (6.5) provides

00 (-t [(ve0,Ac At + vnd, And)
=5 [@IVACE + IV AP + 4V EP)

=5 [on Glack + Kran + Y1)

—Re/at(v B ARAC)EY. (6.9)
We still have to deal with the two terms in the right-hand-side of (6.9). For the

second one, recalling that § = kyy —w.t, we take wy = 0 (which is not a physical
case, see next section) and we get

Re/@t(V~E§A}AC)ew = at/Re(v-EgA};,Aceikly). (6.10)

For the first term, we need to write the first order equation satisfied by on.
Introducing V' = ULVA_Iat&n gives

Oon = v,V -V, (6.11)
BV = v,Von + §V(|Eo|2 +b|Ac]? + c|Ag[?). (6.12)

Multiply (6.11) by én, (6.12) by V provides
1 a
30 /(\5n|2 +V? = - /(|E0|2 +blAc|? + c|ARP)V -V,
a
-2 /(\E0|2 4 b Ao + | Ar|?)dion.
Then
b 9, bc 9, b 2 b 2 2 2
0yon (§|AC| + 5‘AR| + §|E0| )25 Oron (b|Ac|” + c|AR|® + | Eol7)
b

v? 2 2
= — S . .1
1a at/(|5”| + V) (6.13)
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Using (6.10) and (6.13) in (6.9) gives
1 2 2 2 b 9 be 2
Oy 5 alVAc|® + BIVAR|® + |V Ey| +5”(§|AC| +§\AR|
b 2 bvg 2 1 -1 2 . i0
1
+ 5 Im / (veOyAcAG + URaARAE)> =0

which ends the proof of Proposition 6.2. [
At this point, we do not know how to use this conservation law.

6.2 Back to the resonance condition.

In order to obtain our model, we imposed the following relation (2.31) :
ko =kr+ki, wo=wpr+wpe+wr,

where

2 _ 2 2 2 2 _ 2 2 2
Wy = Wpe T hGe™, Wi = wpe + kRe”.

In fact, in the physical literature, one finds
(Wpe + W1)2 = wie + Utzhk%-

This is the classical three waves resonance. At the first approximation, this
gives (using wi < wpe) :

2 Vini (6.14)

~
Now rewrite (2.38)

2
0B + 5 0= ABy = “PEVATNiV(< 00 > Eo) + 55

Wpe 2

V(AR Age!Frv=eit)),

2¢2m,
The dispersion relation of the linear part is

2 12
_ vk

2wpe

Equation (6.14) means that (kq,w;) satisfies the dispersion relation and there-
fore the term A}‘%Aoei(’“ly*“’“) is resonant and the process will be efficient. More
precisely, since vy, = Apwpe Where Ap is the Debye’s length, the equation on
Ey can be written in 1-D (neglecting on and considering Ar and Aj as given)

2
ADWpe

10y Eo + Taon = Aetlkry—wit) (6.15)
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Let L be a characteristic scale in space, T' in time. The dimensionless form of
(6.15) reads :

T ,
73§E0 — AT ((F1L)y—=(iT)t)

Introduce k1L = g, wiT = %, and replace AT by A. Since wy = wpe)\%k% and
wiT = % (with w,k = O(1)), one gets
)\QDT w1 T 2w w
“YreTr2 TR T K2 K2

The dimensionless form of (6.15) is therefore

(ky wt)
10 Ey —|— 2 8yEO = Ae’ . (6.16)

A standard WKB expansion shows that

Eo = Be'™ = 1 0(e),

with w
i(0¢B + anB) = A.

This means a linear growth in time for B at the group velocity . On the other
hand, if the equation is

(kyfw/ t)

i@tEo + k2 85 == € 5
with ' # w, then Ey will stay of size O(g). Of course, nonlinear versions of
these results can be proved. We postpone the numerical study of this problem
to a further work.

6.3 Open problems

The existence and stability of solitary waves for these equations is open. It can
certainly be done for the coefficient corresponding to Proposition 6.2. It would
be interesting also to have some existence proofs for system (6.1) — (6.4) with
an existence time and bounds on the solutions which are independent of k; and
w1 in order to investigate the limit k; — +o00 and w; — +oo as in section 6.2.
Our proof is clearly not uniform with respect to these parameters.
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