Theoretical and numerical study of a quasilinear Zakharov system
describing Landau damping

R. Belaouar!?, T. Colin?, G. Gallice!, C. Galusinski?

1 SIS, CEA CESTA, BP 2 3311/ Le barp, France.
2 Mathématiques Appliquées de Bordeaux, UMR CNRS 5466 et CEA LRC MO03,
Université Bordeaux 1, 351 cours de la Libération, 33405 Talence, France

Abstract

In this paper, we study a Zakharov system coupled to an electron diffusion equation
describing laser-plasma interactions. Starting from the Vlasov-Maxwell system, and
using a transformation that decomposes slowly varying components on the plasma
frequency time scale, we derive a nonlinear Schrodinger like system which takes into
account the energy exchanged between the plasma waves and the electrons via Landau
damping. T'wo existence theorems are established in a subsonic regime. Then, by using
a time-splitting spectral discretizations for the Zakharov system and a finite difference
scheme for the electron diffusion equation, we investigate numerical simulations and
show how Landau damping works.

1 Introduction and physical situation

The interaction of an intense laser pulse with a plasma is a complex physical phenomenon
where numerical simulation plays a key role in its understanding. One of the main goal is
to simulate nuclear fusion by inertial confinement in a laboratory. We therefore need some
accurate and reliable numerical models of laser-plasma interactions. Vlasov or particle-
in-cell (PIC) simulations have been used for a more complete description of the problem.
However, these kinetic simulations have difficulties in studying weak instabilities and long
time behaviors because they need to resolve very small spatial and temporal scales. For
the same reasons, it is not possible to use Euler-Maxwell equations. At the beginning of
the 70's, Zakharov and its collaborators introduced the so-called Zakharov’s equations in
order to describe the non-linear interactions between the high-frequency electronic plasma
waves and the low-frequency ion-acoutic waves. Basically, the slowly varying envelope of
the electric field £ = V4 is coupled to the low-frequency variation of the density of the
ions dn by the following equations written in a dimensionless form [23] :

i0;V + A(Vep) = VA~Ldiv(nVe),
(1.1)
020m — Adn = A(|V|?).

Of course, variations of this systems exist (see [20] for example). For laser propagation,
one uses the paraxial approximation and the Zakharov system reads

(O +0,)E+ ALE = nE,
(1.2)
(07 —A)n=AL(|E]?),

where A} = 92 4+ 92. (See [16] for a systematic use of this kind of models for numerical
simulation). Concerning the system (1.2), F. Linares, G. Ponce and J.C. Saut (see [13])



have shown that the Cauchy problem is well-posed on R™ but T.Colin and G. Metivier
(see [3]) have shown that it is ill-posed in the periodic framework.

Recently, M. Colin and T. Colin [4], starting from [17], derived a complete set of
quasilinear Zakharov equations describing the interactions between the laser fields, the
stimultated Raman and Brillouin processes, the electronic plasma waves and the low-
frequency variations of density of the ions. The system involves four Schrédinger equations
coupled by quasilinear terms and a wave equation. It reads :

k 2 k3c w2, 4
<at | ko > Ao + ;—wOAAO - 32,40 2:; (Ap + e 2k0v A )
— g (V- Bo) A 01010, (1.3)
k 2 k: 2 4
(at koc® > ¢ 2Ap = <P < G > (Ag + e 2RV Ap)
wo 2w 2w
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<0t+ R; 8>AR+ AAp — QZC AR = ;R <on> Ap
R
-5 (V- E3) (Ag + e~ 2oy A p)eilkry—wrt) (1.5)
MeWR
. Ufh Wpe —1 -
10 Ey + AEy =——VA div (< on > E())
2wpe 2
552V (Ap(Ag + e v Ap)eBman) (1)
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(02 — 2A) < on >= P A(|Eo)? + p‘f (|Ag + e 2Ry A2
0774
+| AR )). (1.7)

Here Ay is the incident laser field, Ap is the Brillouin component, Ap is the Raman field,
Ey the electronic-plasma field and < dn > the low-frequency variation of the density of
the ions. See [4] for the precise definition of all the constants involved in (1.3)-(1.7).
However these various fluid models do not take into account the kinetic effects such
that Landau damping (wave-particle process). This process is especially important in the
context of fusion by inertial confinement by lasers because electrons are accelerated to
high energy and this induces a preheat of the fusion fuel and reduces the target gain. In
order to obtain a system describing this wave-particle process we will derive a new set of
equations starting from the Vlasov-Maxwell system. This will be done in section 2. The
system involves the Zakharov equations coupled with a quasilinear diffusion equations for



the electron distribution function. In one dimension of space, the dimensionless system
reads :

2 (:E + v E) + 302F = 6nE + E,(x)e*F17=«1t), (1.8)
2¢  a2c Moo 2
O} — poton = L07 <|E| ) , (1.9)
D(t,€) T Fu(tv =), £€Q (1.10)
vit, = 77 0vle(l, V= 7)), ’ .
2 [¢] ¢ ¢
where
1 |~ 1\ ?
8tFe = BU (D(t,’l))avFe), D(t,'l)) = W E t,f = ; , U E Qv. (111)

Here F is the slowly varying amplitude of the high-frequency electronic plasma waves, én
the low-frequency variation of the density of the ions, F. the spatially average electron
distribution function and 7 the spatial fourier transform of v corresponding to the Landau
damping rate. This kind of model is valid for bounded velocity that are also bounded
away from zero. (2, is the velocity domain on which equation (1.11) has to be satisfied
and Q¢ = {{ e Rst. v e Qy,v= %} The domain ()¢ will therefore be taken under the
form, Q¢ = [-A, —a] U [a, A] with 0 < a < A (see section 2).

Note the term ¥ is only defined on Q¢ by (1.10) and is extended by 0 outside the domain
Q.

The term E,(2)e*12=1) is the pump wave. In this work, it is a given function. (ky,ws)
satisfies the dispersion relation of the Schodinger equation : w; = %k% The energy is
brought to the system through this term. In fact, in a more complete model, this term
will be given by the Raman interaction given by system (1.3)-(1.7) and corresponds to
\% (A}‘%(Ao + e_QikoyAB)ei(kly_“’lt)). We postponed the study of this completed system to
a futur work.

Notation : We define the Sobolev space H*(R%) as follows

HY(RY) = {u e S®RY / llulldqpey = /R 1+ [Pyl < +oo}

where u(§) = F(u) is the Fourier transform of w.

1.1 Statements of the results.

The local in time Cauchy problem for the usual Zakharov equations (1.1) is now well
understood in the context of regular solutions (see [1], [14], [19] [21] for local models, see
[2] for the non-local case (1.1)). For weak solutions, one can see [6]. For finite-time blow-
up see [7, 8]. For system (1.3)-(1.6), M. Colin and T. Colin have shown local existence in
time for strong solutions [4].

Unfortunately, we are not able at this point to give an existence result for (1.8)-(1.11).
We will restrict ourself to the case p = 400 corresponding to a “subsonic regime”. In
this case, introducing H,(t,§) = Fe(t, %) and devoting by € = Q¢ the frequency domain,



system (1.8)-(1.11) becomes
i(OE +vx*E)+0*FE = |E]*E + f,
OnHe — E0¢(EP| BP0 He) = 0, VE €9,

I;(tag) = Sgn(é)agHe(t,f)lg,
H.(0,.) = Haol.), E(0,.) = Fo(.).

(1.12)

The second equation of system (1.12) has to be endowed with boundary conditions. Since
v is extended by zero outside of €2, and since U(t,§) = sgn(§)0cHe(t, &) for £ € €, it is
natural to impose J¢ Hejpq = 0.

In order to construct local in time solutions for (1.12), the main problem is to deal with
a nonlinear coupling between the electric field, which is a function of the space position,
and the electronic distribution, which is function of the frequency. Due to this spatio-
frequential coupling as well as the nonlinear terms, we need to simultaneously consider
the problem in space and frequency variables for the electric field.
We obtain two kinds of result. The first one concerns the local existence and uniqueness
of solutions to (1.12). Moreover, one shows that if 7(0,£) > 0 then for all ¢, U(t,£) > 0.
The term v E is therefore a damping term. The second result is a global existence result
but only in the case where the nonlinear term |E|?E and the source term f in the right-
hand-side of the first equation of (1.12) are replaced by 0. Note that even in this case, the
system is far away of being linear!
Let us denote by H2(2) = {g € H*(Q2) s.t. % =0 on 00}.

Theorem 1.1. (Local strong solutions.) Let Eq and Hey such that Ey € H*(R), E, €
H2(Q)N HY(R) and H.o € H2(R).

Take f € L®(RT: HY) such that f € L®(R*; HY(R) N H2(Q)).

Then there exists T* > 0 and a unique solution (E, H.) of (1.12) satisfying

(E,E,H.) € L™([0, T*[; H'(R)) x L=([0,T*[; H*(Q) N H'(R)) x L>([0, T*[; HA (%)),
(E,E, H,) € C°0,T*[; H"(R))x C°([0, T*[; H*"(Q)NH'~"(R))x C°([0, T*[; H*>™"()), ¥n > 0.
Moreover if v(0,£) > 0 V€ € R then Vt € [0,T*], U(t,£) > 0.

Theorem 1.2. (Global solution in the homogeneous case.) Let Ey, Hy, such that EO €
HY(Q) Hy € HY(Q). One moreover assume that

Ueo(§) = Sgn(é)aﬁHeO(g) >0, V€€,

and (Ho+€20¢(|€]?| Eo|?))t € L®(Q). Then there exists E,H, such that E € LS (Ry, H'),
H. € L° (R, H') satisfying

loc
i(:F +v*E)+0°E =0, (1.13)
D(t,€) = sgn(€)OeHe(t,€), VE€Q,
O H, — €20 (|€]’|F|?0¢H,) = 0, VE € Q, (1.14)

E(Owr) = EO('T)a
He(ng) = H0(§)7
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and
O¢H, =0 on 082

in the weak sense.
Moreover Vt, &, v(t,&) > 0.
It follows that for all t € Ry,

/|E(t,x)|2dm §/|E0(m)|2dx.

The paper is organized as follows. In section 2, we formally derive the nonlinear model
(1.8)-(1.11). In section 3, we introduce the dimensionless form of the system, and give the
proofs of the main results. In section 4, we study a numerical scheme for (1.8)-(1.11) and
present numerical results.

2 Formal derivation of the system.

The aim of this section is to present a formal derivation of system (1.8)-(1.11). For physical
considerations, we refer to textbooks [5].

We consider here a plasma where collisions between the particles and the gravitational
field are neglected. In this context, the Vlasov equation describes the evolution of the
distribution function for each particle species « of the collisionless plasma in the phase
space (z,v) and time t. Denote by ¢, the particle charge of specy o and by m,, the mass
of specy a.. The Vlasov equation reads :

O falz,v,t) + 0.V folz,v,t) + Ao (E + lv X B> NVofalz,v,t) =0, (2.1)
c

Mg

«a = e denotes the electrons and o = i the ions. The fields £ and B correspond to the
electric and magnetic fields respectively and are given by the Maxwell equations :

4 1
V x B=-—j+-8E, (2.2)
C C
1
VXxE= —EatB, (23)
V.E = 4mp, (2.4)
V.B =0. (2.5)

where p = —e </ fe(z,v,t)dv — /fi(x,v,t)dv> and j = —e (/ vfe(x,v,t)dv — /vfi(m,v,t)dv>
are the density of the total charge and total current respectively. The constant c is the

velocity of the light in the vacuum. For a precise description of this kind of model, see
classical textbooks [5]. Equations (2.2)-(2.3) yield :

1 4
§¥E+VXVXE:—§@$ (2.6)

and since the mass of the electrons is very small compared to the mass of the ions (m, <
m;) and the Lorentz force is the same for electrons and ions, the contribution of the ions



in the current j can be negleted, so the electric field satisfies :

1 4dme

C—Qa,?E + VXV XE=—5 [v0fedv. (2.7)
In a situation where an electromagnetic wave is injected into a collisionless plasma, one
can identify one high-frequency time scale for the evolution of the electronic plasma wave
and the high-frequency electromagnetic wave. In nuclear fusion by inertial confinement,

1

the time scale is the order T'= — = 10~ s where wpe 1s the electron plasma frequency.
pe

2.1 The high-frequency electron motion

The goal of this part is to obtain an equation for the slowly varying amplitude £ of the
high frequency longitudinal electric field and its dependence on the slowly varying density
fluctuation. The electric field is assumed to be decomposed as :
1 —iwpet
E = 3 (Ee7™ret +cc), (2.8)
and we make the time envelope approximation assuming 0;€ < wp,.£. Here c.c. denotes

the complex conjugate.
For any function f, we define its average over the fast time scale by

2T

w t+wpe
< f>= ﬁ/ f(z,s)ds
2r Jy

which gives the slowly varying components only.
We also define its average over the slow time scale by

< fezwpet > e—zwpet

which gives the slowly varying amplitude of the high-frequency component.
Plugging (2.8) in (2.7) gives :

OLE — 2iwp0,E — w;eé' + PV x V x € = dme < eret /v@tfe(x,v,t) > . (2.9)

We therefore have to found the contribution of the right-hand side of (2.9), that is the
contribution of f,.

We separate the behavior of the cold fluid from kinetic effects. We perform on the Vlasov
equation (2.1) for electrons a change of the velocity reference frame. We introduce the
jitter velocity u. of the total high-frequency electric field defined by

du,

1
Mo = e (E + e X B) . (2.10)

From now on, we work in the one dimension phase’s space (z,v). Let us define a distri-
bution function F, in the oscillation frame by F.(x,w,t) = fe(z,w + ue,t), the equation
satisfied by F is

OcFe + WO, Fy — U0z ueOpFe = WO e Oy Fo — U0 Fe. (2.11)



This formulation is convenient because it provides a clear separation of kinetic effects and
cold fluid effects. For example the current for the electrons can be written as :

j(@,t) = qeue(x,t) [ Fo(z,w, t)dw + g [ wF,.(z,w,t)dw,
= qette(z,t)ne(z,t) + ge [ WFe(z,w,t)dw,
where n.u, is the fluid contribution and the integral contains kinetic effects. Nevertheless,

the distribution F, contains high and low frequency components, so that we can introduce
the following decomposition :

1 4
Fe(z,w,t) = Fy(z,w,t) + 3 (Fre ™r 4+ c.c), (2.12)
1 4
e =5 (we™™ret +c.c.). (2.13)

with at (FO,Flaul) < wpe (F(]a Flaul)’
Then plugging (2.12)-(2.13) in the right-hand side of (2.9) gives :

0PE — 2iwpe 0 € — wgeﬁ = —iWpe <47T€U1 < ne > —|—47re/wF1 (x,w,t)dw) . (2.14)

By using (2.10), it follows that at the leading order:

£
u = i (2.15)
MeWpe
Using the definition of wpe, wf)e = %, where ng is the background density, the slowly

varying amplitude & satisfies
w2
61525 — 2iwpe 0 = L2 (ng— < ne >)E — i4mewpe /wFl(m,w,t)dw.
no

Now, we have to determine the contribution of the integral [wF}(z,w,t)dw. To this aim,
we have to think of the solution of (2.11) under the form (2.12)-(2.13).
Keeping only at most quadratic terms, we find that (Fy, F}) are given by

0 Fy + wo, Fy — %393 \u1]2 OwFy = % (w@wulawﬁ — ulaxﬁ) +ce., (2.16)
O F — iwpe F1 + w0, F1 = w0, u1 0y Fo — 10, Fp. (2.17)

and since we have 0, F1 < wpF1, F1 satisfies
—1wpe 1 + w0, F1 = wOyu1 0y Fy — u10, Fp. (2.18)

Now, we want to compute [wFj(z,w,t)dw. Using the fact that for any distribution f,
we have 0, f = i{f, the solution of (2.18) can be written as

F1 = G *$7w S(Fo)



where S(Fp) denotes the operator wd,u1 0y, Fy — u10,Fy and G the Green’s function asso-
ciated with the equation (2.18)
1

/
Gl —a'v—v) = - Jim [ eite—an_ O =t)
’ 2T e—0t £V — wpe + i€

Then by using equation (2.18), F(z,w,t) can be written as

Fl = ——— (—wd, Fy + S(Ry)) . (2.19)

Wpe

Once again, we use this relation in (2.19), which gives

Fi= o (~wd. |- (k4 s + S(R)).

iWpe
and finally, with '} = G %5, S(Fp), we obtain

: 3
! wS(Fy) + 12 w?0,S(Fy) — w2

Wpe Whe Wre

wk = O2G * S(Fp). (2.20)

Computing [ wF(z,w,t)dw thanks to (2.20) give us three terms.
e The contribution of the first term to the current is 0 since Fy(w) = Fy(—w).
For the second and third term, we suppose that Fy can be decomposed as

Fy(z,w,t) = Foo(w,t) + dFp(z, w,t). (2.21)

where Fy is the spatially averaged distribution with [0Fy| < |[Fyo|. We also define, the
electronic thermal velocity ve and the local fluctuation of velocity dv(z,t) (dve < ve) by

novg = /w2F00dw , 71051)2 = /w25F0dw.
After some integrations by parts in w, the second term exactly yields
/w23xS(Fo)dw = —3ngv202u; — 3n00,(0v20,u1) — npdy(u10,60v2). (2.22)
Neglecting the two last terms in (2.22) one obtains
/ w20, S(Fy)dw ~ —3ngv2d*u;. (2.23)

The contribution of the third term gives in (2.20)

aﬁ/ 3G * S(Fy)dv = ai/R v3 </ A Gz —y,v— w)S(FO)(y,w)dydw> dv (2.24)

Then plugging the expression of G in (2.24) gives

11 )
[ Wars@yi =gt [ [ g ndeay,
v R, JRe

2m 1



where I(y,v,t) denotes the integral

I(y,€,t) = lim By, 1)

e—0+ JRr §U — Wpe + i€

which value is given by

I(y,&,t) = 173 Mdv |£|Z7Tﬂ < 5 >

5 va—@

where P denotes the Cauchy Principal value and

By, v, t) = (50)2 (v28yu1(y,t)8vF0(y,v,t) - ul(y,t)vﬁyFo(y,v,t)) .

The more important part of I(y,&,t) is the second one ( see [5]) and one gets

aﬁ/ V3G * S(Fy)d / / Gl y) (y, 2% t)dedy. (2.25)
v R, JRe QW\Q 3

We will therefore focus on the second term in (2.25) for which Fyy will play a role.

With

B( @t>— uj—f’eau( t)8F< @t>—u( )w38F< wpet)
y7£7 — 52 yUI\Y, v14'0 y7£7 1317 é. 0 57 )

we write :

L1 o oy, e e L G <w,,e >d€d
7_,t = u ,t
R, Jre 27l By £ Y R, JR, 27[] 52 OyirOFio 3 Y
/ / lﬁ(:v ) w 8 a SE ( pe ) d{d
+ U T
Ry JRe 2”‘5’ 52 ' ’ 3 Y

ei(z—y) 3
i 65F pe dédy.
+/Ry/Rg 2le] ¢ WY °( s’t> s

Integrating by part with respect to y the first integral, give us

et (z— y) w eté(z—y) Wpe
pe 24
By, —,t)dldy = iw e/ / ————u10, K < > dédy
/Ry /Rg 2ale] "W Y v Je, Jo, 2mlele Ot e
/ / zf(x ) w a 8 SE < pe > d&d
+ i T
R, Jre 27lé] € e 3 Y

/ / zf(x ) w ( )8 SF < Wpe > dfd
7t M 7t *
R, JR, 27[¢] 5 DEROTONS T Y




Neglecting the two last terms (since 6Fy < Fyp), we obtain that the contribution of this
term in the current is :

dime 4z7re e€@=y)
ai/v?’G*Sde— e// w1 (t,y)0y F <
Whe (7o) “r Ry JR; 277’5‘5 9 Foo

4 eié(a— y)
= —W ‘ e / / E(t,y)9 Foo (t
P meiope Ja, Jo, 2HIEIE

where (2.15) has been used.
So, we have

Pe ) ded
5>5y

“re ) aed
,£>€y

dime

2T 52 / 3G+ S(Fp)dv = 2i E(t,y) / i ( >d§
v G * v = 2iwpe , .
wpe ‘ P Ry Y R¢ 2m 2ng ‘ﬂf o §

= inpe/ Elt,y)v(t,x —y)dy
Ry

= 2iwpe€ * v
with

1 e N
o —1) = 5= [ (e
3

where

e 7Tu)3€ Wpe
v(t,§) = _Wé’gavFOO (t, %) : (2.26)

Finally, at the first order, the slowly varying envelope satisfies the nonlinear Schrédinger

equation
2

2iwpe O + 2iwpeE * v + 31}2625 = (< n,>-—n)€
no

with o given by (2.26).

In order to close the system, we have to find an equation evolving Fyg and an equation
evolving the low-frequency dn. =< n. > —ny.

The equation involving the spatially averaged distribution Fyg is recovered by substitute
the Green’s function solution of (2.18) into the right-hand side of (2.16) and taking the
spatial average we find the usual quasilinear diffusion equation (see [18])

)

2 2
By Foo — Oy (D(t,v)dy Foo) = 0, with D(t,v) = mi—m ‘5 <t, pr)
e

Woo\ |2
where the diffusion coefficient D(¢,v) depends on the density spectral energy ‘5 ( P e)‘ .

As usual, the plasma is assumed to be quasi-neutral on the slow ion acoustic time Scale,
that is dn, = dn; with on; = n; — nyg.

Now we look for an equation involving dn;. Since m; > me, the study is much simpler
and we assume that the ion distribution function is Maxwellian.

In this context, one can see in [4], [17], [22] and [23], that on; satisfies the wave equation

1 2
£ )
167Tmi r <‘ ’

d2on; — 2020n; =

10



where ¢c; = 4/ % is the ion acoustic velocity.
1

Finally, we have to deal with the following system

, 202 Whe
2iwpe (O + v % E) + 30205E = n—éné’, (2.27)
0
1
2¢ 2925 2 2
0fon — 0%on = e} (\5; ) , (2.28)
7'1'(,(13 w.
(€ t) = ——L0,F.(7F), 2.29
ez |4 Wpe 2
0Fy = 00 (D, 000, Fy), D) = s E(e===0). @30

It describes the interaction between the high-frequency envelope of the longitudinal electric
field and the low-frequency density fluctuation (wave-wave process) and the resonant in-
teraction between the electrons and the longitudinal electron plasma waves (wave-particle
process).

Usually the electron plasma waves are created by a pump wave obtained by the stimulated
Raman scattering, acting as a source term in (2.27) (see [4]). However, it is possible to
add a given pump wave in the derivation of the Schrodinger equation by changing the
envelope approximation (2.8) by

E,t) = %(Ep(t, 2)ei kTt 4 g (4 2))em el 4 .,

and we can replace (2.27) with

2
w A
iwpe (€ + v E) + 302026 = L2onE + W2 Eyelkrr—et), (2.31)
no
Since the dispersion relation of the linear part of (2.31) is w = 321;%5, we choose (k1,w1)

satisfying this relation.

2.2 Dimensionless form

We now introduce a dimensionless form of (2.27)-(2.30).
We use T' = WL as time scale and L = Ap, as space scale (where Ap, = ufe is the Debye’s

pe pe

length) and introduce

~ e =~ 1 ~

E = E, v= v,
MeVeWpe Wpe

~ _ w1

k1 = kiApe, wi1=—,

Wpe

~ 1

FQ = —eFo, on = —adn
no no
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Dropping the tildes, we get the following system :

% (O,E + v * E) 4+ 302E = 6nE + E,(x)e!F1e—w1t), (2.32)
826m — pud%on = Ho? (]E\Q) : (2.33)
4
s 1
D(t,§) = ———08,F.(t, =), 2.34
(t.€) S [E] ( 5) (2.34)
1 |~/ 1\
O F, = 0, (D(t,0)8,F.), D(t,v)=—|E(t,-]|, (2.35)
4 |v| v
2
where p = 5—3 = %

Usually, (2.32)-(2.33) are satisfied on the whole space R. But (2.34)-(2.35) are valid only
for bounded speeds and far away from zero. The velocity domain that we consider is

veEQ,=[-A—-alUla, 4], (A>a>0),
which gives frequency domain of the form,
£eQ=[-at,-AulA e, (A>a>0).

Apart from this set, 7,(.,£) is extended to 0.
Moreover, in order to study the system (2.32)-(2.35), it is more convenient to write it by
using the variable £ rather than the variable v on equations (2.34)-(2.35). Then denoting

1
¢

the system that we study is (we set all coefficients equal to one excepted p)

He(t7€) = FO(tv

i(OE 4 v E)+0°E = 0nE + Ey(z)e!*12=w10) 5 e Rt >0,

1 2.36
—0%6n — 020n = 0X(|E)?), z€R,t>0, (2:36)
1
OHe — 0 (|EP| Bt €)POgHe) = 0, € € Qeyt >0, 237
ﬁ(t&) = Sgn(g)afHe(t’é)lﬁg
The boundary conditions are
8§He\8§25 = 0, I)WQE = 0. (238)

3 Proofs of the main results.

Let us consider the system (2.36)-(2.37). In the following, we will replace Q¢ by €.
Unfortunately, we are not able to handle the general case. So we will consider only the
case pu = 400 corresponding to a subsonic regime. Therefore, the system (2.36)-(2.37) to
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be solved becomes
i(OF +vxE)+02E = |E*’E + S(t,z),

OHe — E0:(|€]°| B0 He) = 0, VE € Q,
O¢Heiq =0, (3.1)
(&) = sgn(§)deHelg,
He(.,0) = Heo(.), E(.,0) = Eo(.).
The functional space for H, is
H%(Q) = {u € H*(Q) such that Onujgq = 0}.

In order to simplify computations, and without loss of generality, we take Q =]—2, —1[U]1, 2].
The first step of the proof is the construction of solutions given by theorem (1.1) for a reg-
ularized problem. The regularization is obtained by taking a non degenerate dissipation
on equation (2.37), namely one replaces |€|3|E|? by |£[*|E|? + ¢ with ¢ > 0.

Moreover the left hand side of the first equation of (3.1) is replaced by a source term f.
One then obtains local existence for solutions whose time of existence depends on € and
f- We obtain a solution satisfying

(E,E,H,) € L%®(0,T*; H(R)) x L>®(0,T*; H*(Q) N HY(R)) x L>=(0,T*; H2(Q)).

The next step consists in replacing f by |E|?E by using a fixed point method. The
important point is that H' is an algebra and E, E are in H' so that

[EPE € W2*(R)

and therefore o
|E]2E € H*(Q).

The last step consists in obtaining estimates that are uniform with respect to €. In physical
situation the term v % E is a damping term. The positivity of 7(¢,&) is then obtained by
using the maximum principle on equation (2.34). In order to prove theorem (1.2), we use
an algebraic cancellation between the left hand side of (2.32) and the dissipative part of
(2.35). We now prove both theorems.

3.1 Local existence of weak solutions
In order to prove theorems 1.1 and 1.2, we consider a problem with non degenerate dissi-
pation on the diffusion equation.
3.1.1 Non degenerated simplified problem.
For € > 0, we consider
i(OE° + v° % E°) + 02E° = f,
OH — E0((EP|BI + )0 H?) =0, VE€Q,
8§H§|Q =0, (3.2)
g = sgn(§)0¢He 1,
HE(0,.) = Heo(.), E5(0,.) = Eo(.),

13



with f € L°°(0,T; H'(R)), f € L*®(0,T; H%(Q) N H(R)).

Proposition 3.1. Let Ey € H'(R) such that Ey € HY(R), and let H,y € HY(Q), then
there exist T* > 0 and a unique solution (E<, HE) of (3.2) such that

(B9, B%, H) € CO(0,T°[; HY(R)) x CO0,T°[; H(R)) x CO((0,T"[; ()
If moreover Ey € H*(Q) N HY(R), and H,oy € H2(Q) then
(B, E°,H?) € C°([0, 7" H' (R)) x C°([0, T*[; H*(Q) N H'(R)) x C°([0, T*[; H; (%))

The proof of this proposition is obtained with a fixed point method.
Let us consider a function G : (z,t) € R x Rt — R such that G, € L®°(R*, H2(Q)), and
define pro = sgn(§)0¢Gelq. Consider E°, H® and v* solution of the following system,

(O B° + pe * B°) + 07E° = f,

O.HE — E20((|EP°| E? + €)0eHE) = 0, VE €9,

O¢H o =0, (3.3)
g = sgn(§)0eH: 1,

HE(.,0) = Hoo(.), E(.,0) = Eo(.).

We want to show that the map 7 : G, — H{ is a contraction on a suitable metric spaces.
For any R > 0, we denote by Br(H) the ball of the space H centered on 0 with radius R.
For R large enough and 7" small enough, we show that 7 maps

Br (L (0.T; H'(R) N F (H'(R)) 1 HA(Q)) N L(0,T, H3(©))
into itself and maps
Br (L (0.7 H'(R) (1 F (1 (R)) 1 L2(0,T. H2()

into itself.
Let us prove this last result.
Performing an L? estimate on the first and second equation of (3.3) yields

d . o -
VBB <2 [ 1B +2 [ 1718
Jan R,
< c’ﬂe‘Hl(Q)’E’%Q(Q) + ‘f’%Q(R) + ’E’%2(R),

and

d .
G HE By 2 | (1B + o)loeHE? =0,
We now perform an H! estimate in the ¢ space
d N N . = N = ~ =
E|a§E|iQ(R)+2/ fie|Oe B +2S (/ 85ﬂ6E8§E> =23 </ 6§f6§E> +43 (/ £E8§E> :
Q Q R R
This gives,
d 1112 ~ 112 £12 1112 f112 2
711 %Elram) < clielm @)l Elip o) +10¢flr2 gy + 210 Elr2 gy + ClEIfn g + cl Eln g)-
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An H' estimate on HZ leads to
d A 3 .
10 HE a0 +2 /Q E(EPIEP + ) OFHE[? < elOcHE gy + & €206 (€PIEP) 11 -
Summing theses estimates, it follows that,
d / » _ _ .
G (1Bl oy + 167 B2 + 167 O6HE o) + [ (€P1B] + )06 HEP + ) <
c(l+e !+ ‘ﬂe’Hl)’E’%H(R) + ‘fﬁql(g) + C’Eﬁql(ﬂg)-
We still have to obtain an H' estimate for E° in the  space. We apply d; on the first
equation of (3.3), multiplying by 0, F and take the imaginary part gives :
d X
& [100EP < 20|10, B + 200, 11210, El o

That leads to p
G [10:EP < @lieli= + 1) 0, B + 10,13

Thanks to the non degenerate diffusion term, we recover the estimate of 7 in L2(0,T; H(Q)).
By choosing T small enough (depending on €) and R large enough (depending on the size
of initial data), the map 7 which associated G, with HS maps

By (L (0.3 H'(R) N F (1 (R)) 1 L0, T, ()

into itself.

The contraction property is obtained in L™ (0,T; L*(R) N F (H'(R))) N L*(0, T, H' ().
Let G}, G? belonging to Br (L™ (0,T; H'(R) N F (H'(R))) N L*(0,T, HA(R))). Denote
by (EY, HS', veh), (B2, HE?, v52) the solutions of (3.3) associated with G and G2 respec-
tively. Denote by E = E! — E2, H® = HS' — HS?, v = v51 — 152, Then for all 5 > 0,
we have,

d, ~ .
E’E’%ﬂ(ﬂ) < K (0, R)|E72(q) + lpelt2 ()
where K depends of  and R.
d - .
G+ [ (B + )0cH? < C(R.2) Bl
According to Gronwall’s lemma, we easily conclude that
|H§|%oo(o,T;L2(Q)) + 6|85H66|%2(0,T;L2(Q)) <C(R,¢) eXP(KT)UWe|%2(0,T;L2(Q))-

The contraction property is obtained by choosing 1 and 7" small enough.
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3.1.2 The complete non degenerated problem
For € > 0, we consider
i(O B + vF x E°) + 02FE° = |E°|?E° + S,
O HE — E20((6 | B[ + €)0cHE) = 0, Ve € 2,
8§H§‘Q =0, (3.4)
7(,€) = sgn(€)de He g,
HZ(.,0) = Heo(.), E2(-,0) = Eo(.).
Proposition 3.2. Let S € CO(RT; HY(R)) such that S € CO(RT;W2>®(R)). Let Ey €

HY(R) such that Ey € H'(R), and let Hoyy € HY(Q). Then there exists T* > 0 and a
unique solution (E°, HS) of (3.4) such that

(E=,E°, HE) € C°0, T HY(R)) x C°(0, T*; HY(R)) x C°(0,T*; HY(Q)).
If moreover Ey € HY(R) N H2(Q), and Hey € H2(QY), one has
(E®,E°,H?) € C°(0,T%; HY(R)) x C°(0, T*; H*(R) N H2()) x C°(0,T*; H(Q)).
According to proposition 3.1, problem (3.2) has a solution. Denote by f = |D|?D + S

where D belongs to C°([0,T*[, H'(R)) and D belongs to C°([0,T*[, H'(R)). It follows
that f is in C°([0, T*[, H'(R)) because H'(R) is an algebra in one dimension and moreover
f= D«DxD+S belongs to CO([0,T*[; H(R)) because D is in CO([0, T*[; L(R)).
In the same way, A

352f = ﬁ*@gﬁ*@gﬁ —|—8525'
belongs to C°([0,T*[; L*(R)) resulting from the convolution between a L!(R)-function
and two L?(R)-functions.

We will show the above proposition by using a fixed point method on the map 7 which
associates D with E¢, H{ and v® solutions of

i(0,E° + v° % E°) + O2E° = |D|*D + S,
OnHE — E0¢((|EP|E=[> + )0 H) = 0, Ve € O,
O¢HE g =0, (3.5)
7°(,€) = sgn(€)de He la,
HE(,0) = Heo(), 2 (., 0) = Eo(.)-
If Hy € HY(Q), Ey € HY(R) and Ey € H'(R), we show that 7 maps Br(Hr) into itself,
for R large enough and T small enough, where Hr is
Hr = {e € L®(0,T; H'(R)) s.t. é € L>=(0,T; H'(R)) and e € L>(0,T; H*(R))}.

The contraction property is obtained in L°°(0,T; L?(R)).
If Hog € H2(Q), Eg € HY(R) and Ey € H?(2) N H'(R), we also show that 7 maps Br(Vr)
into itself, for R large enough and 7" small enough, where V7 is

Vi = {e € L®(0,T, H (R)) s.t. ¢ € L>°(0,T, H' (R) N H*(Q))}.
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3.1.3 Uniform estimates in ¢

At this point, we have a solution to problem (3.4). We will obtain uniform estimates in ¢
for the solutions of (3.4) in order to let € tends to 0.

Proposition 3.3. The solution of (3.4) satisfies for all t < T*

L= (1) 2y gy + VE= (1) s gy + 102 B2 (D)2 + [He(0) 2 g + 102 H(8) 2

+ (|E)? +¢)|02H,|?
//H 2o H (3.6)

< C(t) (1B gy + 1ol gy + 102 Eol2a 0 + 1 Heol2 0 + 102 Heo (g )
Sl + 151 @) + 108120

where the function C(t) does not depend on e.

The L? estimates on E° and H? are
d e |2 ~E TE e Q2 e |2
a1 E ramy < 2107 EF 20 |B%|12(0) + ISTr2m) + 127 12(R)s
d —177€)2 31 7e12 €2
G HE ey +2 [ (6P + <) 0cHER <o,
while the H' estimates give

d AN 0T
0B By +2 [ B <6 [ 10, EPIEP, (3.7)

d ~ ~ ~ = ~ A = =
Z#QE%AM+2/ﬁ%yﬁﬁ+{/Qﬁﬁ@E:2/(@E%EME)QE (3.8)
Q Q R

06 iy +2 [ E(EPIBR+ORHE < [ €BPIO6HEP +ORHE 10 . (3.9)
The different terms in (3.8) are controlled in the following way :
- [0 E0E < [ |€PIBPIOZHEP + 10 E (3.10)
since 0°(§) = sgn(§)0: HE, while the convolution is estimated as usual by
/R (agEe s E E‘f) 8§E5 < |8§E€|L2(R |E€|L1 < c|8§E€|L2 )|E€|§{1(R). (3.11)

We remark that the estimate (3.10) is uniform in € thanks to the inequality (3.9).
Without an assumption on the sign of 7Z, we get

_Aﬁ@ﬁféwwmm%ﬁﬁw'
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The latter term needs to establish a control in H2() in order to obtain uniform estimates
in € of ¥°. We obtain

d - . =
E\@?EE@(Q) + 2/ DF|OFE|? + 4/ Oci° 0 207
2 e fre a2 fre - e P 2 e 28027 (312)
~NE TE € 15
and
d .
IO HE ooy +2 /Q E(IE[*| B2 + ) 02 HE? + |02 H 2y <
2 2 1
[ 10+ Be) (P IBR + 2B HEN0E e+ 4 [ 10c(€P1BE + <)loeheliog | (B19)
+|a§2HeO|%2(Q)-
The control of the various terms of (3.12) is done in the following way :
| o710RE < clo e o R Bl
since 0°(§) = sgn(§)0:H;. Moreover
0c* 0 B2 OFEF < |02HE gy + clOe B s g 02 E¥ 2
Q
and o
/Q(?gﬁeEaagEE < /ﬂ E[°|E=[P|02 HE P + |02 B2 72 -
In order to control the last term of (3.12), we use the fact that the domain  is bounded :
/ (OeE° % 0B % B°)ORE* < |0 B° % O B° % B2 10 |OREF| 120
Q —
< ‘Q’%H@gEAa * agEE * Ea‘Loo(R)HagEa‘L2(Q)
1 A A A
< Q12 |0 E7 [ 2 gy | E¥ | £ () |0 EF | 2

Moreover,
B ry < clEf| g (my-

This finishes the control of the terms of (3.12).
Using (3.13) it follows that,

/Q|(1+85)(|§|3|E|2)||8§H§||6§’H§|+/Q|0§(|§|3|E|2)||6§H§||8§’H§|,
< 8/Q(|E€| + OB ) (|0 HE | + |0 HE|) (| E<||02HE ),
< Bl + el + 7 [ I6FIEPIOHE
Thus, summing the various estimates we have obtained, we get
% (|E€|§11(R) + |E€|§{1(R) +|0F 2| 2 ()2 + |§71H§|i2(g) + |a§H:|§{1(Q)) ;
+ [ B+ NGB + B HEF + 0cHE )
< e (1=l gy + 102 B 42 0 + ety + 1By + ST gy + 1813 my + 1088 2(ey ) -
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One easily deduces the estimate (3.6). ]
Passing to the limit € to 0, we obtain the local existence result of Theorem 1.1.

We still have to prove the uniqueness result.

Let (Eq, E, Heqi,v1) and (B, Es, H¢s,9) be two solutions of (3.1) and denote by (E, E, H.,v)

the difference of theses solutions. Then (F, E.H.,, v) satisfies :

i(OLFE +v1 x E+vx Ey) + 02E = |E1|?E + (E1E + EE3)Es,
OcHe — 30 (€]°| Ea*Oc He + € (|E|® — | E2[*) D¢ Hen )

1 A . .
— €0 (EP | B PO + [E° (1 Eaf — | Er )0 Hey) = 0, VE € Q. (3.14)
agHe‘ag = 0,
H.(0,.) =0,E(0,.) =0.

Performing an L? estimate of (E, E, H,, v) yields

E’E‘%Q(R) < 2/Q 01| + 12|l B2 | |E| + | Br| oo () | E T2y < CIE|72m) + /Q |Eaf? 1%,

d. N .
Z|€ T Hel 2 gy + /Qé“B(IEﬂ2 + [ Bo[*)|0¢ Hel* + 2| He[ 72 <,
Q§3||1T—:71|2 — | Ea[*|(|0¢ Hey| + |0 Hea )| 0 Hel,
o 1 N N
<l +3 [ SR + 1B 0P

Thus, by making the sum of these estimates, one gets
d / - _ . .
7 (|E|%2(]R) + 1€ 1H6|%2(]R)> + /953|E2|2|3§He|2 < ClEf72(0);

where C' depends on the solutions (E;, E;, H,;) (i = 1,2), in the norm of H(R) x H2(Q)N
H(R) x H?(Q).

The uniqueness result is then straightforward. ]

3.2 Global existence of strong solutions for the homogeneous problem

The aim of this section is to prove Theorem 1.2. We just perform a priori estimates (these
estimates can be done on the approximate solutions constructed in the preceeding section
for example).

e Step 1: Maximum principle.

Proposition 3.4. If H is a solution to
OH — 0P| EPogH) =0, VE€Q,
and sgn(&)0¢H(0,£) > 0, then for allt >0, £ € Q

v(t,§) = Sgn(g)afH(t7€) > 0.
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Proof : the equation satisfied by 7 is
00 — 20¢ (161Y1B20:0) = £0c((0:(E| EI*)D)) + 260¢(6¥ | BPP).

By substituting 7 by 7 = 7" — 7, where 7", 7~ are the positive part and negative part
of U respectively, multiplying the equation by —£ 27, and integrating on € yields

33 167 [+ [CIBR |07 [Pds = [ 7060 0c(e* B
s [ oo o€ | BPde
This gives

1d
2dt

Then it follows

€797 [ + /£3|E| 0607 |" dé < C(Qymaz(|E|. |0cE|1<) [77 [

2 2
it |V |L2 <o) |V ‘LQ :
According to the Gronwall lemma with 77(.,0) = 0, one gets the result. ]
e Step 2 : We establish a L (R, H') bound for E.

If F satisfies
i(E+v*E)+0°E =

taking the Fourier transform yields
i (atE + ﬁE) 2B =0, (3.15)
Since v > 0, we have
|E|r2(t) < |[E|12(0).

Applying J¢ on (3.15), multiplying by 855 and taking the imaginary part yields

22 / 0B + /magm2 + %/agﬁEagf ~0,
which implies
35 | 0eEP <a [ 0pPIER + locEP, (3.16)
since f17|8§E|2 > 0 and a will be fixed latter one.
Remark that the term [ |8§17|2|E|2 will be controlled thanks to the dissipative term on the
equation on H.

e Step 3: LY (RY, L2) estimate for H.
Multiplying (1 14) by Z & and integrating on Q gives

1d
5 /{3\]3] |0:H|* = (3.17)

e Step 4: L2 (RT, H') estimate for H.
We apply O¢ on (1.14) and multiply the result by d¢H. This leads to

2dt/|8§H|2 /a6 GAGEET YA (3.18)
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that is
sii [ o+ [ @oc (¢ EPoct) o2H =0,

35 [P+ [ IEPGEHE + [ €0 (1B7) octopH —

The crucial point is to deal with the term f£2(9§ <£3|E|2> 6§H852H. We strongly use the
structure of the system (1.13)-(1.14).

Taking the Fourier transform of (1.13), multiplying by E and taking the imaginary part
gives

or

1d, -~ .
§%|E|Q +d:H|E> = 0. (3.19)
We consider 28 (£3(3.17)) and obtain

%% (5285 <53(|E|2))) + €70 (533§H|E|2> =0, (3.20)

and using (1.14), one gets

&.|g‘

(5205 (£1ER)) +aH =0, (3.21)

N |

It follows that X
§20¢ (£1B2)) +2H = fo, (3.22)

where fo = £20 (53(|E0|2)) + 2H,.
Plugging (3.22) in (3.18) leads to

2dt/|a§H|2 /§5|E| |8§H|2—2/H8§H8§H+/f06§H8§ = 0.

Integration by parts gives
5o [P+ [ SIEPGRHE + [@ch) -5 [oenioectP =0 (329
Recall now that thanks to step 1, d¢H > 0, and one gets
2dt/|8§H|2 /£5|E| |(92H|2 /(agfo) 0 H|?. (3.24)
Inegalities (3.16)-(3.24) give
G (BP+10cHP) + [ QIBPIRHP <a [100P1ER + ZI0EP + 5 [@cho)* l0cHT

Since € € [1,2], we can choose o = 1. One gets bounds for E, H in LS (R*, H') and the
result follows. |
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4 Numerical approximation.

In this section, using a time-splitting spectral discretization for the Zakharov system and
a finite difference scheme for the electron diffusion equation, we present numerical simu-
lations and we show how Landau damping works.

We consider the full system with periodic boundary conditions :

i (E + v E) 4 02E = onE + Ep(x)e®==1) 0 <oz <L, t>0, (4.1)

826m — ud2on = pd> (|E|2) L 0<z<L, t>0, (4.2)
U(t,€) = sgn(§)0eHe(t,6), €€, t >0, (4.3)
OHe — E0(IEP[EIP0cHe) = 0, £ € Q, (4.4)
E(t,0) = E(t,L), t > 0, (4.5)
on(t,0) = on(t, L), t > 0. (4.6)
System (4.1)-(4.4) is endowed with the following initial conditions :
E(0,2) = Eo(x), 0n(0,2) = dno(x), 0ion(0,z) = dny(x), He(0,8) = He,o(§).
Moreover we suppose that
Ey(0) = Eo(L), dno(0) = dno(L), on1(0) = dn1(L).
It is easy to show that the above system satisfies the following
Proposition 4.1. If /L oni(x)dx =0, any regular solution of (4.1)-(4.6) satisfies :
O L L
/0 on(t,z)dx :/0 dno(x)dx, Yt >0, (4.7)
1 1
[ @ttt = [ GH.0.9d vi =0 (1)
Moreover if E, =0, then
1i/iﬂe(t,g)ozg = /D(t,§)|E]2d£, vt > 0. (4.9)
2dt | &

Below, we construct a numerical approximation of (4.1)-(4.4) which is consistent with
the above properties.
We choose the spatial mesh size h = Ax with h = L/N for N = 2M being an even
number, the time step being At > 0 and let the grid points and the time step be
xrj=jh, tp =kAt, j=1,...,N, k=0,1,2...

213
We use the s2equence & = T)j:—%,...,o,.--72
with AE = nlly Futhermore, let E]]?, 5n§, and ’V\j]? be the approximations of E(ty,x;),
on(ty,x;), U(tg,&;). Then, in order to be consistent with the evaluation of U(ty,&;) =

sgn(fj)gagﬂ(tk,gj), we approximate H, on the grid (£j+%)j defined by fjJr% = w
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4.1 Finite difference scheme for the diffusion equation.

In order to evaluate the approximation of H (ty, & ; we use an implicit difference scheme

+§)’
for the diffusion equation :

Ol — €20 (IFIERoH, ) = 0, €€,
where Q = [=&, €] U[61, &), (€2 > & > 0), with & = 2L 5 20 ¢, 2002 t1/2)
2m(M—1)

T
The initial electron distribution function is assumed to be a Maxwellian distribution :

Heol§) = = (—2%2) |

The boundary conditions are
OcHe(.,££1) =0,
He(., &) = He(., —&2).

The scheme reads :

1 k+1 k k+1_
RS = HE ) + (AR =0, (4.10)

where (AH)k"'1 is a discretization of —&20 (B(t,£)0:H,) in a conservative form at the

2

point §;, 1 and time tx1. Here 3(Z,§) = ]3| E|2. We choose A such that :
2

2 H:Y , —HY | HY , — HY
(AH) £j+— k—1 j+% ]+— ﬁk 1 J % ]—% (4.11)
T G- Y ST A et =81 |

where B;“ is the discretization of §(t,&) given in proposition 4.2. Then we can evaluate

U(&;,t*1) with the centered finite difference scheme :
HFL _ Rl
i+ i—%
VANS )

~k+1

P = sgn(e;) (4.12)

The next proposition shows that there exists some approximate values of 3(t, ) such that
one obtains discrete equivalent of (4.8)-(4.9).

Proposition 4.2. (Energy and density conservation). Take
2 42
LS A2
pf = 22| EF .
’flJr% + 517% ’
Then the following identities hold

Z > Z e . (4.13)

l H— l l+—

k 1 ~k+1| 1k |2
* Zg ;+At¥yl+|El| . (4.14)

1S+

4
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Proof : The first identity follows from the conservativity of the discretization of
O¢ (B(&,t)0¢He) given by (4.11).

Below, we will prove the second conservation law.
According to the scheme (4.10)-(4.12), we have

k+1 k L R k+1 k HM gkl
Hj+% B HJ+ LA Bin Hj+— Hj+— j Hj+— i3

1 1 2 2 2 2
§]+— 5j+§ §j+— A8 §]+— ~E

Taking into account boundary conditions, it follows that

Hk+11 Hk; Hk+1 HkJrl
+1 1 1 I+1 -1
> i Z Zﬁl 7 T @ AE2 ' (4.15)
1 S+ l -3 I+3
Plugging (4.12) in (4.15) yields
Hk+11 Hk; 2 152 1 -
I+3 375 Skt
= ﬁl sgn(&) | ——2— iz , (4.16)
S-S S

I+3 l l+

and with the choice of discretization of 3(t,&), the result follows.

Proposition 4.3. (Mazimum principle). Let vy = U(t =0). If 1y satisfies
7p(&) >0, 1=0,...,N—1,

then for all k >0
vF>0, 1=0,...,N—1.

Proof : Here, we restrict ourselves to the case where the sequence (£;); belongs to
[€1,&2]. The discretization of v is given by

The implicit difference scheme used for H implies that the sequence (U k)(j k) satisfies

At N N ~ ~
—A—gzgir%ﬂlkﬂ o+ (L + A@ﬁl (§l+1 +& 1))Vlk+1 Aggfl Bap =D (417)

Suppose that v Vl > 0 for all [ and introduce the sequence ,ul ! such that ,ukJrl f?)f“

k+1 _ kJrl)

and [y such that p; " = mlln(,ul

Firstly, suppose that ul”l < 0 then ﬁl’g #£ 0. It follows that

1 A 5 At
0
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Since uﬁfl > ,ufoﬂ and ,ufotll > ,ufoﬂ, (4.18) implies that
k+1
Hi, ~k
ke Z Vlo Z 07
lo
that is ,uﬁ)“ is positive which is a contradiction. So the sequence (,ué’C ); is positive for all [.

Therefore the sequence (7);““)1 is positive for [ not included in the set J = {j s.t. ﬁf = 0}.

Let be j such that ﬁf =0, then for all £k >0

At At
~k+1 _ =~k 2 k+1 2 k+1
Vj = l/j + —f£2§j+%uj+1 + ?§j_%uj71, (419)
which shows that 1/);1?“‘Jrl is positive and the result follows. ]

4.2 Time-splitting spectral discretizations for the Zakharov system.

Many numerical methods have been proposed for the Zakharov part of the system. For
example Payne et al. [15] have introduced a spectral method. They used a truncated
Fourier expansion in their algorithm to eliminate aliasing errors. Glassey [9] presented
an energy-preserving finite difference scheme for the Zakharov system in one dimension.
Here we describe a time-splitting spectral discretization. The first equation (4.1) is solved
in two splitting steps. One first solves

i (E +vx E) + 0°F = Ep(z)e!ro—w1t), (4.20)
for the time step of length At. In the second step, one solves
i0F — %ME, (4.21)
OFon — pd2on = pd? (|E|2) , (4.22)
Ey = E*(.), (4.23)
ong = on(t*,.), (4.24)
dydng = Opon(t*,.). (4.25)

Equation (4.20) will be discretized in space by the Fourier spectral method and integrated
exactly in time. Let E* be the solution of (4.20) at time ¢ = tx41. For t € [tg,try1],
multiplying (4.21) by E, the conjugate of E and taking the imaginary part, we get :

d 2
—|E(t =0.

With this conservation law, in order to solve (4.21)-(4.25), we have to solve :

i0F — %nE (4.26)
O}P — pud?P =0 (4.27)
Ey = E*(.) (4.28)
Py = P(t*)) (4.29)
Py = dn(t*,) = Pp. (4.30)
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with P = on + |E*|?.

Finally, from t = ¢}, to t = tx11, using trapezoidal rule, we combine the splitting steps via
the standard Strang splitting.

For the first step of the splitting, we compute

N

~ 1 .

Bf = = > Bfenm, 1= M, M1,
i=1

. 0 g At 3ig?
Ef = Efexp <—(Z/lk + 1/{““)7 + %At)

ot At 3i€?
+35 <ﬁkexp (—(Df Jrﬁl’““)7 + %At) +ﬁ“+1)> A=—M,...,M—1,

M-1
Er= )" Efe4, j=1,.,N,
I=—M

where f = E,(x)e'F12=«1) and ((7 )i denote the Fourier coefficients of the periodic vector
U= (U, U,...,UN)T.
For the second step, we compute

~ — —~ i A

Bt = Ry(&) cos (VRGAL) + Py <§l>sm(*f+gt), (4.31)

0PIt = Pr(&) cos (Vg At) — & Po(&) sin (V& AL) (4.32)
M-1

PEL = N™ pitleiGm i =1 N, (4.33)
=M

ons (1) = P - | B[

j=1.N, (4.34)

tk:+1

; At
E;C+1 — E;»‘eacp (—% /k 5nj(s)ds> ~ E]* exp <—%(5n§C + 5n§~‘+1)7> .(4.35)
t

Now let [|.||;2 be the usual discrete I norm on the interval (0, L) :

1Oz =

then, we have

Proposition 4.4. (12 stability). If the initial data Dy and ni(.) = 0;n(.,0) satisfy
() >07j=0,... N—-1, and /nl(m)dm:O

then the time-splitting spectral discretization of the Zakharov system have the following
properties :

2 2
HE’?HHP < HE’?HP + AL B2 Yk >0, (4.36)
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. N Ca N _a N
Z(Snk = Z(STLO = Zéno($j), k= 1,2...
j=1 j=1 J=1

Proof :

1. lo estimate (4.36) :
We multiply equation (4.35) by E"! and obtain :

) N N
Yeeafp =S |Enf =3

ot
EZexp(—i( (571 + 5nk+1) 2) ,
j=1 J=1
N , MM 2
~S P =y 3 e
j=1 j=1li=—M
N
:Z (E*)y(B*)eise)es | |

N N
_ . 2ir N ifk—1=pN
Then with 3 @60 = 3~ HF(-RG-D :{ . ,
et = 0 ifk—1+#pN

we have

2
Ek+1

f” 2

9 M-1 R 9 M-1
_N ‘E* ‘ _
L E (E*)| =N E
I=—M l=—M

Using proposition 4.3, we obtain that

can (3i€hot - of + 0 ) (B

2
k:+1 ok
T e, = Z E
S0 N
k:+1 k k
A LS SIS 1
7=1
2. Low-frequency density conservation.
Since we have the relation N
1
]:

with £ = 0, it is enough to show that S’r\l(&)) is preserved.
For that, one uses the expressions given previously for Pf“ and 8tPf+1 with P; =
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1, .2

Taking (4.31) for £ = &g yields
P (&) = O P* (&),
Then, by using the hypothesis on the initial data dn(.), we have

8, P* (&) = 0 Vk > 0.

Taking (4.32) for { = & yields

PR(g0) = Po(éo) = PF(&),

SO
5 6 + TFAE P ) = 5 (6o) + 1 Fall B ) E)

where F,; denotes the discret Fourier transform.

Therefore we have
N

N
S ontet = ot
j=1

j=1

and the result follows.

4.3 Numerical results.
4.3.1 The quasilinear diffusion

In order to illustrate how the quasilinear diffusion works, we computed the diffusion equa-
tion with a diffusion coefficient given by a fixed electric field

Gt Pl
E(z) = e 287

with L = 2000, 8 = 50 and k1 = 0.45.
The initial electron distribution function is assumed to be a Maxwellian,

2

Feo(v) = \/12—7T exp (—7)-

We can remark that the electron function is flattened near the phase velocity vy = =
1

2.22 and since the Landau damping rate depends on the slope of the electron distribution,
we can see that v tends toward zero near £ = kj.
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Figure 1: The left plot corresponds to the evolution of the electron function distribution
and the right plot to the evolution of the Landau damping rate.

4.3.2 The full system

In this part, simulation results using the above quasilinear Zakharov (4.1)-(4.4) model
is presented. The mass ratio is y/me/m; = 1/50 and the simulation box length is L =
2000\ pe (where Ap,. denotes the Debye length).
The initial electric field and low frequency density in the quasilinear Zakharov simulation
are equal to zero. The initial electron distribution function is assumed to be a Maxwellian.
The system is driven with an external periodic force localized in the center of the box and
we use a 1024 grid point with A& = 27/ L.

We present the results for kjAp. = 0.09 and |E,| = 8.1073 which corresponds to a
weakly driven case.
Figure 1 shows the time history of the spatially averaged Langmuir wave energy : Wg =

|E?dz. We can see two stages in this simulation : a linear stage where the external

pump excited primary electron plasma wave at £, and a nonlinear stage from wp.t = 3000
where the Langmuir waves have lost energy. Then the system saturates near w,.t = 6000,
due to a combinaison of wave-wave and wave-particle processes. The time history of
electrons’s energy

We(t) = [v*F.(v,t)dv versus time in Figure 3 shows us that wave-wave saturation and
wave-particle saturation occur simultaneously. Moreover we can estimate that the fraction
of pump’s enegy which heats electrons is 5%. This heating implies that hot electrons have
been created. Figure 4 shows the spatially averaged electron distribution at the final time
of the simulation. The log of the distribution is plotted with respect to the half square
of the velocity. We can see a plateau in the electron distribution function with a slope
equal to 8. We see significant heating of the electrons : a hot electron tail is produced
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Figure 2: The time history of the spatially averaged Langmuir wave energy |E|? with
|E,| =8.1072 and k1 Ape = 0.09

with approximately 8 times the initial temperature.
Concerning the wave-wave process, the Langmuir wave envelope and ion acoustic spectra
are shown in Figure 4.

Finally, in figure 5 the electric field amplitude |E| and density perturbation én are
spread out spatially and contains many localized intense regions.
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Figure 3: The time history W,(t) of electron energy with |E,| = 8.107% and k3 Ap,. = 0.09.
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Figure 4: The solid line corresponds to the Log of the spatially averaged electron dis-
tibution versus the electron energy mv? /QUfhe at the final time wp.t = 16000 with
|S|/v/ArnoT, = 8.1073 and kyApe = 0.09 and the dashed line corresponds to the ini-
tial electron distribution.
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Figure 5: The left plot corresponds to the Langmuir wave in real space and the right plot
corresponds to the low frequency density in real space
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Figure 6: (A) corresponds to the Langmuir envelope spectra and (B) corresponds to the
ion-acoustic spectra at the beginning of nonlinear processes.
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Figure 7: (A) corresponds to the Langmuir envelope spectra and (B) corresponds to the
ion-acoustic spectra at the final time w).t = 16000.

We will give more general numerical results and physical interpretation in a further
work.
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