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Abstract: The aim of this paper is to study oscillatory solutions of nonlinear hyperbolic
systems in the framework developped during the last decade by Joly, Métivier and Rauch.
Here we mainly focus on rectification effects, that is the interaction of oscillations with a mean
field created by the nonlinearity. A real interaction can occur only under some geometric con-
ditions described in [JMR1] and [L1] that are generally not satisfied by the physical models
except in the 1-D case. We introduce here a new type of Ansatz that allows us to obtain
rectification effects under weaker asumptions. We obtain a new class of profile equations and
construct solutions for a subclass. Finally, the stability of the asymptotic expansion is proved
in the context of Maxwell-Bloch type systems.
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1 Introduction

1.1 Motivations

In the study of solutions to nonlinear hyperbolic systems, many nonlinear ef-
fects can be observed. In optics, they are linked to a nonlinear response of the
medium and therefore to the intensity of the incoming light. The more intense
it is, the sooner these nonlinear effects will occur.

This physical phenomenon encountered in optics occurs in all nonlinear hyper-
bolic systems: the scale of the appearence of the nonlinear effects is in inverse
proportion to the size of the solution. For instance, for a semilinear hyperbolic
problem
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nonlinear effects occur at times O(1) if u® is of size O(1) and at times O(1/¢)
if its size is O(e).

We investigate here phenomena which occur for diffractive times O(1/¢) and
we are interested in one particular nonlinear effect called rectification, which
means the creation of a mean field thanks to the asymptotical nonlinear in-
teraction of oscillating modes. It is a nonlinear interaction between the zero
frequency (long waves) and non-zero frequencies (short waves).

In the first studies of rectification for times O(1/¢) (in [JMR1] for the non-
dispersive case and in [L1] for the dispersive case), it has been shown that it
can occur only if the tangent cone Cy to the characteristic variety C at (0,0)
contains an hyperplane tangent to C. Such a condition is quite strong and seems
to exclude all physical examples, unless we are in space dimension 1, since C°
is then an union of straight lines. But even in this case, the nonlinear coupling
that should appear between the mean field and the oscillating modes remains
equal to 0, as computations show (see [L1]). Such a phenomenon belongs to the
transparency phenomena first mentioned by P. Donnat (cf. [D]) and extensively
studied in [JMR2].

As said above, nonlinear effects are linked to the amplitude of the solutions we
study. Since rectification does not occur at times O(1/¢) when dealing with
'normal’ solutions of size O(e) to transparent problems, it is therefore natural
to seek ’abnormal’ solutions of size O(1). We have said above that in this case
nonlinear effects should occur at times O(1), but because of transparency they
occur only at a diffractive scale. It has been proved in this case (see [C]) that the
approximate solution given by geometric optics must satisfy a Davey-Stewartson
type system which couples the leading oscillating term of the ansatz with the
leading non-oscillating term.

There is therefore a non-linear interaction between the oscillating and mean
modes, but this Davey-Stewartson type interaction is due to the algebraic struc-
ture of the system, and not to asymptotical effects coming from the long-time
interaction of different modes travelling at the same velocity. Hence, the non-
linear interaction in Davey-Stewartson systems cannot be called rectification.
In fact, the study made in [C] remains valid while rectification does not occur. It
has been proved indeed that the classical rectification condition (i.e. C° contains
an hyperplane tangent to C) is a singular case for the Davey-Stewartson system
of [C]. It is not surprising since in this case, the system is 'more non-linear’
— since we then have to add the rectification effects to the Davey-Stewartson
non-linear effects — and the solutions are therefore more likely to explode.
There is also another singular case for this Davey-Stewartson system, which oc-
curs when there exists a tangent plane to C also tangent to C°. This condition is
close but weaker than the rectification condition. Here again, one can think that
the Davey-Stewartson system becomes singular because of rectification effects.

Here lies the motivation of this paper: we want to observe rectification
effects, but we are confronted to two opposite situations where its study is not
possible. On the one hand (see [JMR1] and [L1]), the amplitude O(e) of the
solutions is too small and, because of transparency effects, rectification effects
do not occur for observation times O(1/¢). On the other hand (in [C]), the



amplitude O(1) of the solutions is too big and when rectification effects occur,
solutions explode. It is therefore natural to consider solutions at an intermediate
scale O(y/€) and to investigate the two cases which are singular in [C]:

i There is in C° a tangent hyperplane to C. As said above, the only physically
interesting case is when the space dimension is 1. We then seek approximate
solution u® of the form

Tt + 1Ny
€

ut(t,y) = Vel (et,t,y, );
where U¢(T,t,y,0) is periodic in 6. The scale et is the diffractive scale while
(t,y) is the scale of geometric optics and @ the fast oscillating scale.

ii If C has a tangent plane P also tangent to C°. The one dimensional case
is the same as above, so that we consider only space dimension d > 2. The
situation is here a bit different since if we seek approximate solutions u® as
above, we know thanks to [JMR1] and [L1] that there is no rectification effect
(since the rectification condition is not fulfilled). Denoting y = (y1, .- .,yq) and
assuming that P is tangent to C° along the first coordinate, a first idea is to
consider approximate solutions of the form

Tt +nYy

ua(tay) = \/‘gue(gt?tvyla )a

which brings us back to case i). This is not satisfactory since we loose the
dependance on yr; := (ya, - . ., yq) and hence we can only study the rectification
effects which occur along the first coordinate. Our problem is then quite similar
to what happens when choosing the amplitude. We are indeed confronted to two
opposite situations. On the one hand, rectification does not occur fast enough
to be described with a dependance on y;; of the same scale as the dependance
on y;. On the other hand, taking a dependance on y;; slower or of the same
scale as the diffractive scale, we miss part of it. Thus, we introduce a new scale
and seek u® under the form

Tt + 1Ny

u(t,y) = Veld® (et,Veyrr, t,y1, )-

Throughout this paper, we investigate case ii). The associated condition is

called the long wave/short wave resonant condition. It is easy to see that the
situation described in case i) can easily be deduced from it.
We show that multi-dimensionnal non-trivial rectification occurs in this case.
Since the long wave/short wave resonance condition is likely to occur for physical
systems, we suspect that this study gives a good framework to observe exper-
imentally rectification effects. In [L2], we follow formally the theory exposed
here to study rectification effects for water waves, but, unfortunately, we cannot
apply directly the result of this paper to the Euler equations with free surface.
Note that the system found in [L2] is also derived in the book by C. and P.-L.
Sulem [Su].



1.2 Setting up the problem

We consider here a general class of hyperbolic quadratic systems. More precisely,
we seek approximate solutions of size /¢ to
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L
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where the A; are N x N symmetric real matrices, while L is skew-symmetric.
We assume that the mapping (u,v) € C?N s f(u,v) € CV is bilinear. Through-
out this paper, t € R denotes the time variable and y := (y1,...yq4) € R? the
space variables; we also write z := (t,y) € R1*9,

For (7,m) € R+ we introduce

Lo
=0
i

d
L(r,n) =71+ ZAjr]j +

Jj=1
as well as

d
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The set of all 8 := (7,1) € R'*¢ such that det(L(3)) = 0 is the characteristic
variety of L and is denoted by Cr,. If 8 is a smooth point of Cr, we denote by
1 +— 7(n) a local parametrization of Cy, in a neighborhood of .

For 8 = (7,n) € Cr, we finally denote by 7() the orthogonal projector on
ker(71 + A(n) + Lo/i), and by L(3)~! the partial inverse of L(3).

We also need to consider the characteristic variety C° of the operator 7(0) L (0),
which is the tangent cone to Cy, at (0,0) (see [L1]).

As said above we look for approximate solutions to (1) whose size is O(y/€),
that is, intermediate between the normal size O(e) and the large size O(1) used
when deriving the Davey-Stewartson systems (see [C]). The leading oscillating
term oscillates with a phase (- x /e, where § satisfies the following assumption.

Assumption 1 3 is a smooth point of Cr, and 2[3 is not on Cr.

The short-wave long-wave resonance condition we have mentioned above,
and which corresponds to the singular case for the Davey-Stewartson system we
are dealing with, states as follows:

Assumption 2 (Long-wave short-wave resonance) We say that we have a
long-wave short-wave resonance if the tangent space P to Cr, at (3 is the tangent
space to C° at (0,0).

Under this assumption, the intersection of P and CY is a straight line pass-
ing through the origin. We denote by 3° the point of this line with vertical
coordinate equal to 1: 4% := (1,7%) = (1,n?,...,79).



When Cy, is of revolution, then 7, n° and V7(n) are necessarily colinear. In
the general case, this is no longer true, but we have the following proposition.

Proposition 1 If V(1) -n% #£ 0, then we can be brought back to the case where
V7(n) and the contact direction n° are colinear.

Proof.
The proof of this proposition is postponed to the last section of this paper.

O

In order to be in this framework, we make the following assumption, satisfied
by all the physical examples we have encountered.

Assumption 3 One has V7(n)-n° # 0.

Convention. Under the above assumtion, we can from now on assume that
n® = (n?,0,...,0) and 7'(n) = (017(n),0,...,0).

1.3 The ansatz

In diffractive optics (see [D], [JMR1], [L1], [C]), ansatz with three scales are
used and the approximate solutions are therefore of the form

B-x
u®(z) = ePU(e, et x, *?),

where the profile U(e, T, x, 6) is periodic in 6.

The scale O(1/¢) is the fast scale associated to the oscillations, and the inter-
mediate scale O(1) is the scale of geometric optics, that is, the scale for which
propagation of oscillations along rays furnishes a good approximation. The last
scale O(e) is the slow scale we have to introduce in order to take into account
the diffractive modifications one has to make to the non space-time dispersive
propagation along rays.

As said in the introduction, we introduce here a fourth scale O(+/¢) in order
to take into account the rectification effects in the transverse directions. Still
supposing that n° and —7/(n) are along the first coordinate, we seek approximate
solutions of the form B

p-x

uf(x) = Vell(e, et, \/51/1171571/1,*?)7 (2)

where y; is thus the direction of 7% and 7/(n), and y;r := (y2, ..., Ya)-
The profile U(e, T, Y, t,y1,0) is chosen of the form

u(€7T7 Yv ta y179) = (3)
(U1 + \/gZ/{Q + 61/{3 + 53/21/[4 + 622/{5) (57 T7 K ta Y1, 9)7

where the U; are smooth functions of their arguments, and periodic in 6.



Since the above expansion is used for times O(1/e), we have to control the
growth of the profiles in ¢. In order for the correctors U;, i = 2...5, to remain
smaller than the leading term U for such times, we must have Us = o(v/1),
Us = ot), Us = o(t>?) and Us = o(t?). We impose the following stronger
conditions:

- The first corrector Us remains bounded,

iC > 0, sup ||Z/{2(7 St ')”L‘X’([O,I]X]Rf, xT) < Cv (4)
teR+ 1

- The other correctors U;, i« = 3,4,5 satisfy the sublinear growth condition
introduced in [JMR1],

o1 .
tliglo ;Hui(ﬁ'7t7'7')HL°°([O,Z]><R§1,,y1 xT) — 0, i =3,4,5. (5)

1.4 Outline of the results

In Section 2 we derive the profile equations using the techniques of geometrical
optics. However, the size of the solution considered here is too big to allow a
standard derivation, and we have to make a transparency assumption. To our
knowledge (see [JMR2], [L1]), this assumption is satisfied by all the physical
systems of the form (1). The profile equations found in this case are given in
Theor. 1. In particular, one can notice that the evolution equations of the
oscillating and mean modes are coupled.

In Section 3, we assume the existence of a solution to the profile equations
and prove a few properties of the approximate solutions associated to these
profiles. In Prp. 7 we show that the residual one obtains when plugging these
approximate solutions into (1) is small.

Section 4 is devoted to the study of a particular subclass of systems (1), the
Maxwell-Bloch systems. This class of problems has been extensively studied in
[JMR2]. Under a strong transparency assumption, we prove that the nonlinearity
appearing in the evolution equation of the mean mode vanishes. In this case,
the existence of a solution to the profile equations is proved. Moreover, we prove
in Theor. 2 that the associated approximate solutions are stable, i.e. remain
close to an exact solution of (1).

The one dimensionnal case is another framework in which we can prove the
existence of a solution to the profile equations, as we show in Section 5.

Finally, we prove in Section 6 an existence theorem for the profile equations
in two dimensions, without doing the strong transparency assumption. Though
the system we consider in this version is simplified with regard to the profile
equations given in Theor. 1, it is of particular interest since this is the system
obtained by C. and P.-L. Sulem ([Su]) when studying the long-wave short-wave
resonance for water waves.



2 Derivation of the equations

2.1 Equations for the profiles

As usual in geometric optics, we expand Lfu® — f(u,u®) (where u® is the
approximate solution given by Egs. (2) and (3) ) in powers of e. One finds

Lo — fuf ) =

+  £3/2 iL(BDo)Us + (315 + A15y1)u3 + A (0y)Us
+0rly — 2f (U, Us)

+ e? (8t + Alayl)bﬂl + Ajj(ay)U;J,
+0rlUy — f(Ua,Us) — 2 f (U, Us)

+ SP R . (6)
T=et,Y=+/yr1, 0=""

where we recall that Ar;(dy) := Z;‘lzz Aj(0y;), and where Dy := 0y /1.
We want to chose the profiles U; in order to cancel the first terms in the
above expansion. This yields the following profile equations:

iL(BDg)lh = 0, (7)

iL(BDg)Uz = 0, (8)

iL(BDg)Us + (0¢ + A10y, ) Uy =0, (9)

iL(BDg)Us + (8¢ + A10y, ) Uz + Ar1(0y Uy — f(Ur,Ur) =0, (10)
iL(BDg)Us + (0y + A10y, ) Us + Ar1(Oy Us + Oplhy — 2f(Uy,Us) =0,  (11)

and

(0 + A10y, )Us + A1 (Oy Us + Orlhs
—f(UQ,UQ> — 2f(2/{1,1/{3) = 0. (12)

2.2 Algebraic analysis of Egs. (7)-(12)

For the principal term of our ansatz, we choose
ul(Ta Yv tv Y1, 0) = ull(Tv Ya tv yl)eie +c.c.,

which means that we exclude non-oscillating terms from the principal term.
This is realistic since the non-oscillating terms, which are created by rectification



effects, cannot reach the same amplitude as the main oscillating terms.
In order to deduce conditions on U;; from Egs (7)-(12), and throughout this
section, we need the following algebraic lemma.

Lemma 1 Let a and b in CV, and 3 € R'*%. The following two assertions
are then equivalent

i) L(B)a=b,
it) 7(B)b =0 and (I — n(B))a= L(B) 'b.
Thanks to this lemma, Eq. (7) is then equivalent to the polarization condi-
tion
(B = Uiz (13)

Contrary to what has been done for U, we allow non-oscillating terms for
the first corrector Us. We take therefore

UZ(Tv Yv t, 91, 9) = UQO(Tv K t, yl) + Z/{21<T7 Yv7 t, yl)eie +c.c.

We first decompose Eq. (8) into its Fourier modes and then apply Lemma 1 to
find that Eq. (8) is equivalent to

(B U1 = U (14)

and
71'(0)[/[20 = Z/[QO. (15)

Pursuing our analysis, we now want to find necessary conditions from Eq.
(9). We search an Us of the form
Us(T, Y, t,y1,0) i=Uso(T, Y, t,y1) + Us1 (T, Y, t,y1)e + c.c.,
so that the non-oscillating Fourier coefficient of Eq. (9) reads
L(0)Uso = 0.
Thanks to Lemma 1, this is equivalent to
m(0)Uso = Uso. (16)
The first mode of the Fourier expansion of Eq. (9) reads
iL(B)Us1 + (0 + A1y, )Ury = 0.
Using Lemma 1 and Eq. 13, this is equivalent to the following two equations:

W(g) (8t + Alayl)ﬂ'(g)bﬁl =0, (17)



and
(I — ﬂ(ﬁ))(/[gl = iL(@)_l (ﬁt + A18y1>7('(@)z/[11,

that is, since L(8)'n(8) =0,

(I = 7(B))Us1 = iL(B) ™" A1y, w(B)Un1.- (18)

Since Eq. (10) is nonlinear quadratic, we have to look for an Uy with the
second harmonic

u4(TaKtayl79) = U4O<T3Kt7y1> + u41(T7Ktayl)ei9 +c.c.
+ Ugp(T,Y,t,y1)e* +c.c.

With the same method as above and using Eq. (15), we obtain the following
equivalent equations to Eq. (10):

7(0)(8s + 418y, )T (0)Uog = 2R (7 (0) f (m(8)Us1, 7(B)Uiy)) (19)
and
(I—-7(0))Uso = iL(0) " A1y, 7(0)Uao —2iR(L(0) " f (m(B)Ur1, 7(B)U11)), (20)
as far as the non-oscillating mode is concerned, and
7(B8) (0 + A18y, )T (B)Uar + 7(8) Arr(dy)m(B)Uny = 0 (21)

and

(I —m(B))Us1 = iL(B) " A10y, m(B)Uo1 +iL(B) " Arr (Oy U, (22)
for the first oscillating mode, and finally
Usp = —iL(2B) " f(Ui1,Un1) (23)
for the second harmonic, since L(203) is invertible thanks to Assumption 1.

Since Eq. (11) is also nonlinear quadratic, we look for an Us of the same
kind as Uy,

Us(T, Y, t,y1,0) :=Uso(T, Y, t,y1) + Usi(T,Y,t,y1)e +cec.
+ Uso(T,Y, t,y1)e* + c.c.

and we obtain the following equivalent conditions

7T(0) (8t + A18y1)7r(0)1/l30 + W(O)A[[(@y)ﬂ'(())“go

= AR((O) (@)U, T Do), (24)



and
(I — 77(0))1/[50 = iL(O)_lAlaylﬂ'(O)u?,o
+ L(0) " A (Oy ) Uoo — 4iL(0) T R(f (Urr, Uar))  (25)
as far as the non-oscillating mode is concerned, and

m(B)A10y, m(B)Us1  + w(B)Arr(Oy)m(B)Ua1 + Opm(B)Una

= 2n(B)f(Ur1,Uap), (26)
and
(I—m(B)Usy = iL(B)"" (8 + A18y, )Us1 +iL(B) " Arr(dy )Un
— 2%L(B) " f (U1, Uso) (27)

for the first order term of the Fourier expansion. The second harmonic Uss is
obtained in the same way as Ujo,

Uso = —QiL(Qg)_lf(Uu,UQl). (28)

Equation (26) involves U3; which can be splitted under the form Us; = 7(5)Usz1+

(I —7(8))Us1. Plugging this decomposition into Eq. (26), and using the ex-
pression of (I — w(g))ugl given by Eq. (18) yields

Orm(B)lhy  + im(B)A18y, L(B) ™ A0y, m(B)Uny

+  7(B) (8 + A1y, )7 (B)Us1 + 7 (B) A1 (Oy )7 (B)Un
= 2m(B)f(m(B)Ui1, m(0)Uzo). (29)

We finally consider Eq. (12). In fact, we do not solve it entirely, but only
its projection onto the range of 7(0). The equation thus obtained reads, thanks
to Egs. (15)-(16),

7T(0) (8,5 + Alayl )Z/[40 + W(O)A[I (ay)ﬂ'(O)u?,o + 71'(0)8’1“7‘(’(0)?/{20
7(0) ( £ (7 (0)ag, (0o ) + 2 ((B) o, ﬂ(g)uzl))
+ AR(7(0)f(r(B)h1,Uh) ) (30)

2.3 The transparency condition

Without any additional information, the equations found in the above section
cannot be solved. We recall indeed that the scaling of our solutions is bigger
than the normal scaling so that the nonlinear effects should occur too soon to
allow a long time study. As said in the introduction, these nonlinear effects do
not occur in many cases, provided that the following transparency condition is
fulfilled.

10



Assumption 4 (Transparency) For any a,b € CV, one has
m(0)f (m(B)a, 7(B)b) =
Under this assumption, Eq. (19) becomes linear

7(0)(0r + A18y, ) m(0) Uz = 0, (31)

and so does also Eq. (24) which reads

7T(0) (&5 + Alayl)ﬂ(())u;go + W(O)A][(ay)ﬂ'(())z/ﬁo =0. (32)

We finally consider Eq. (30). Under the transparency assumption, it reads

8T7T(O)Z/120 + (8 + A ayl)Z/[40 + W(O)A]] (aY)W(O)Us()
= w(0)f(m(0)Us0, 7(0)Usap)

( () (x(B)Usr, (T —7(5))Usn)

+

We can now use the expression of (I — 7(3))Us1 given by Eq. (18), decompose
Uyo under the form Uyg = m(0)Uso + (I — 7(0))Uso and use the expression of
(I — 7(0))Uso given by Eq. (20) to find

6T7T(0)Z/{20 + 1 ( )Alf)ylL( )_1A16y17r(0)1/{20

4+ 7(0) (0 + A18y, )7 (0)Uso + m(0) A1 (Dy)m(0)Uso

= (0) (m(0 )Uzo, (0)Uap)

-+ §R(7l’ L{H,zL(ﬂ) 1A18y17r(g)l/ln))

+ 2im(0) 10y, LO) " R(f (B, (BNW) ) (33)

2.4 Transport at the group velocity

In this section, we review some of the profiles which are transported at the group
velocity, since these profiles will play the essential part in the asymptotic study.
The first proposition we give is a simple consequence of the classical property
of transport along rays.

Proposition 2 When 3 is a smooth point of Cr, and under Assumption 1, one
has

() (0: + A10y, ) () = (0 — D7 (1)dy, ) 7(B),
and

7(8)Arr(Oy)m(B) = 0.

Proof.
It is known that for all j, one has 7(8)A;n(8) = —0;7(n)m(B). Since in the
present case we have 9;7(n) = 0 when j > 2, the results of the proposition
follow.

11



Using this proposition, together with Egs. (17) and (21), yield

(0 — O (n)dy, ) m(B)Ur1 = 0,

and

(@ — 817’(Q)8y1)71'(é)UQ1 = 0, (34)
so that both 7(8)U11 and m(B)Uz; are transported at the group velocity, since
we recall that the group velocity reads —7'(n) = (917(n),0,...,0) in our coor-
dinates.

We finally prove that a component of 7(0)Usy also travels at the group
velocity. We recall that, thanks to Eq. (31), one has

71'(0) (8t + Alayl)ﬂ'(O)UQo =0,

Since m(0)(8; + A18y,)m(0) is an hyperbolic symmetric operator of dimension
one, we can decompose it under the form

( )(at + A0 yl Z at +UJ y1 (O)v (35)

Jj=1

where the v; are the distinct eigenvalues of 7(0)A;7(0) and 77 (0) the associated
orthogonal projector defined on the range of 7(0).

Each component 77 (0)Uag of 7(0)Usg is therefore transported at the velocity v;,
with respect to the variables ¢ and ;. The following lemma says that one of
these components is tranported at the group velocity.

Lemma 2 The group velocity —017(n) is an eigenvalue of m(0)A;m(0).

Proof.
The vector (1,—7'(n)) is by definition normal to the tangent plane P to Cr, at
B. We recall that B0 = (1,1°) is on the contact line between P and CY; thanks
to Assumption 2, we thus know that (1, —7'(n)) is also normal to C° at 5°.
Denoting by 7°(n) a local parametrization of C° in a neighborhood of 3%, we
have therefore 7°/(n°) = 7/(n) and 7°(n°) = 1. But since C° is conic, 7° is
homogenous of degree 1, and Euler’s formula yields 7°(n°%) = 7°/(n°%) - n°. It
follows that 1 = 7/(n) - n°.
Since in our coordinates we have n° = (1?,0,...,0), this last equality reads
1=0i7(n )771, and 3° thus reads 3° = (817'( nY,n?,0,...,0). We have therefore
L(B°) = 1 (917 (n) + Ay).
Since 8% € €%, the endomorphism 7(0)L(3°)7(0) is not invertible on the range
of 7(0), and hence, neither is 7(0)(817(n) + A;)m(0), thanks to the expression
just found for L(3"). This means that —017(n) is an eigenvalue of 7(0)A;7(0),
and the lemma is thus proved.

12



O

Convention. In other words, the lemma says that there exists j such that
v; = —017(n). Up to a change of indices, we suppose from now on that v; =

—017(n), so that ' (0)Us travels at the group velocity.

2.5 Averaging

We now use the average projectors introduced in [L1] to obtain new equations
which describe the asymptotic behaviour of the solution for long times. We first
recall the definition of the average projector in the case we are interested in.

Definition 1 (Average projector) Let T(0,) := 0, + v0,, be a transport
operator. The average projector associated to T is the operator Gr defined on

; 2
smooth functions on Rj , —as

1 h
Grw(t,yr) lim f/ w(t+ s,y1 + vs)ds,
0

o h—o00 h

when this limit exists.
If v =—=017(n) and if the function Grw exists, it will be denoted by < w >.

The following proposition gives the properties of Gy that we need in this
paper.

Proposition 3 i) Let T'(9;) = 0 + v0y, .
- If w is a smooth function of (t,y1) € R? such that T(d;)w = 0, then we have

grw = w;
- If w has a sublinear growth, i.e. if lim_o T|lw(t,)||oc =0, then

it) Let v1 # va, T1(0z) 1= O0p + 110y, and T5(0y) 1= O + v20y, .
If w is such that Ty (0, )w = 0, then

QT2w =0.

iii) Let T1(0g) := Or + 010y, , T2(0z) := 0y + 120y, and T(0;) := 0y + v0y,, and
suppose that Ty (0 )wy = To(0x)wa = 0. Then

Grf(wi,wz) =0,
unless v = v1 = vg, in which case
Gr f(wi,wa) = f(wy,ws).

w) If w has a sublinear growth and < w > is well defined and v # —017(n),
then one has
< (O + 00y, )w >= (O17(n) +v)Dy, < w > .

13



Proof.

We only prove iv) since all the other assertions of the proposition can be found
in [L1].

One has

h
i [0 00l + 5.y~ Drr(n)s)as

h
_ h/ w(t + 5,y — A7(n)s))
+[(v 4+ 017(n)) 0y, w](t + s,y — O17(n)s)ds

_ %[w(t +hyy — dir(n)h) — w(t, )]

h
+% /0 (v +OT(m) Dy w(t + 5,y — 7 (n)s)ds

- %[w(t + h,y — iT(n)h) — w(t,y)]

1 h
Ho+ 0r@)Oy g, [ wit+ sy - Hr())ds.
0

Since w has a sublinear growth, the first of these two terms tends to 0 when
h — oo. The second of these terms tends toward (017(n) + v)d,, < w > since
< w > is well defined. The assertion of the proposition is thus proved.

O

We first use these results to solve Eq. (32), which reads
7T(O) (6t + Alayl)ﬂ'(())u30 + W(O)A[[(@y)ﬂ'(())“go = 0.

There is not uniqueness of the solution to this equation; the following lemma
gives the most natural.

Lemma 3 As solution to Eq. (32), one can take
m(0)Uzo = 7' (0)Uao,
and
1

ﬂ(O)Z/[go =< W(O)Z/{;go >= — Z Wayl ( )AII(aY) ( )u20

(where the vj, j > 2, are the eigenvalues of w(0)A1m(0) distinct from —017(n)).

Proof.
Using decomposition (35), Eq. (32) writes

> (9 + 030y, ) 7 (0)Uso + 7(0) A (Dy )7 (0)Ueg = 0,

J=1

14



with vy = —017(n) and v; # vy for j > 2. We also recall that 7(0)Uz =
S8 ™ (0)Uso with (0¢ + v;0y, )™ (0)Uao = 0 for all j, so that

p p
Z (8t + Ujayl)ﬂj(O)Um + 7T AU ay Z 0)Usp = 0.

Jj=1

Multiplying this equation on the left by 77(0), with 1 < j < p yields
(8t + ’Ujayl)ﬂj (O)z/{30 + 7! (O)A]](ay) Z Wk(O)ugo =0.
k=1

Let us introduce the operator T};(0;) := 0; + v;0y,. Since we impose that Usg
has a sublinear growth, we can apply the average projector Gr; to the above
equation, and use Prop. 3 to find

7 (0) A1 (0y )7 (0)Usg = 0. (36)

When j > 2, the operator 7/ (0)Ar7(dy )77 (0) is in general not equal to 0, so
that we take 77(0)Usap = 0 as solution to Eq. (36);.

When j = 1, things are different since w!(0)A;;(dy)mt(0) = 0, as we now
prove. This is done in two steps:
i) One has ker 7(0)(817(n) I+ A1) (0) = ker 7(0)(1+ A17?)7(0). Indeed, one has
ker (0)(017(n)I+A1)m(0) = ker w(0) (017 (n)n7 I +Arn?)7(0), and 1 = di7(n)n?,
as we have seen in the proof of Lemma 2.
ii) As in the proof of Lemma 2, denote by 7°(n) a local parametrization of C°
in a neighborhood of $°. Denote also by 7°(n) the orthogonal projector on
ker 7(0)L(7°(n),n)x(0). Thanks to i), we know that 7°(n°) = 71(0). We thus
have

T (0)A;71(0) = =9;7°(n°),
and since 7°/(n°) = 7'(n) = (017(n),0, ..., 0), we have 7' (0)A;7 (0) = 0 for all
j > 2, and therefore
7T1 (O)A[](ay)’ﬁl (0) = 0,

as wanted.

Therefore, Eq. (36); does not impose any condition, so that the choice of
W(O)UQO = WI(O)Z/{QO is free
Before giving an expression for m(0)Usp, first remark that if Usg is regular
enough, 77 (0)Usg, for j > 2, is a sum of regular functions which travel at
velocity vy or vj, so that < 77(0)Uso > exists. Thanks to Prop. 3, applying Gr,
on Eq. (36); yields

(81T(Q) + ’Uj)ayl < Wj(O)Z/{30 >= —’/Tj(O)A]](aY)ﬂ'l(O)Z/[Qo.

It is then easy to see that the function given in the Lemma solves indeed Eq.
(32).

O

15



Remark. As one can see in the above proof, the solution given by the lemma
is not the only possible one, but it is the simplest and most natural.

We now use the average projector to obtain two new equations equivalent
to Eq. (29). We recall that 7(8)U1, m(8)Usz1 and 7! (0)Usa are transported at
the group velocity, and are therefore left invariant by the action of < >. Using
also Prop. 2 and the fact that U/3; has a sublinear growth, one then finds, after
applying < > to Eq. (29), that this equation is equivalent to the couple of
equations

orm(BUy  + im(B)A19y, L(B) "' A10,, 7(B) U (37)

= 21(B) f(m(B)Ur1, 7" (0)Ua0)
and

7T(§> (8,5 + Alayl)ﬂ(@uiﬂ = 277(@f(77(@7/[11a Z Wj(o)uzo)~

Jj=2

Since one has 7(0)Uszg = 7 (0)Uszo from Lemma 3, this last equation reads
(83) (9 + A10y, ) m(B)Us1 = 0, (38)

which is equivalent to saying that m(3)Us; is transported at the group velocity,
thanks to Prop. 2.

In the evolution equation for U;; given by Eq. (37), the corrector Usg also
appear, and we therefore need an other profile equation in order to determinate
Uy1 and Usg. This second equation will be derived from Eq. (33). In fact, we
will not solve Eq. (33), but only its spectral component on the range of 71(0). It
is obtained by multiplying Eq. (33) on the left by 7*(0). Using Decomposition
(35) and Lemma 3, this reads

6T7T1 (O)UQO + it (O)AlﬁylL(O)_lAlayl nt (O)UQ()
+ (8t — alT(ﬂ)ayl)’lTl(O)UAm + WI(O)A]] (8Y)7T(0)U30
= 7T1 (O)f(ﬂl (O)Uzo, 7'1'1 (0)[/[20)
+ AR(7(0)f (r(Bh1, iL(B) T A0, 7 (B)hn) )
+  2im' (0)A19y, L(0) ' f(w(B)Ur1, w(B)Ur1)

Since Usq, Usg and Uy, travel at the group velocity, and since we impose that
U,o has a sublinear growth, we can see by applying the average projector G to
this equation, that it is equivalent to

Orm!(0)Uo  + i (0)A18,, L(0) ™" 3@;177 (0)Uao

p
— 7 (0)Arr(dy) Z ) +UJ3 o 7 (0) A7 (9y )7 (0)Uag

Jj=
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7T1 (O)f (7T1 (O)Z/{Qo, 7T1 (0)[/{20)
4%(7r1(0)f(7r(g)u11, iL(g)—lAlaylﬂ(@)uu))
2im' (0)A10,, L(0) ™" f (n(B)lh1, 7(B)Ur1) (39)

+ +

and
((% — alT(ﬂ>ay1)7T1(O>U40 = 0

Equation (39) is the coupled equation on U;; and Usy we were looking for.

2.6 The evolution system for 7(3)U;; and 7'(0)Usg

We simplify here Eqs. (37) and (39), which will yield a system on 7(8)l1; and
71(0)Usg easier to handle. We first need the following proposition.

Proposition 4 i) One has

7(B)A10,, L(B)™ A0, 7(8) = S0 ()m(3)3%,

and
71 (0)A10,, L(0)"'A;0,,7"(0) = 0.

ii) For any a,b € RN, we have
7 (0) f(7'(0)a, 71 (0)b) = 0.

iii) The first quadratic term in Uyy in Eq. (39) is a derivative:

43‘%(#1(0)f(7r(g)1/{11,iL(ﬁ)—lAlaylﬂ(@)L{n))
= —2i6y17r1(0)f(817r(@)2/{117 W(Q)Z/{H).

Proof.

i) The first assertion of this point is very classical and can for instance be found
in [DJMR]. We now prove the second assertion.

For any 1 := (7,m1) € R2, introduce L;(7,m) = 71 + Ayny + Lo/i. The
associated characteristic variety C; is parametrized by (le (m))j=1...r where, up
to a change of indices, T}, ...,Ti{ denotes the T'Ij such that T;(O) = 0.

Since we are in dimension 1, the 77 are analytic functions (cf. [K]), and are odd
when j < s (because A; and Ly are real). We also denote by 7 (1;) the projector
on ker LI(T} (n1),m1) when (; is smooth. These functions can be analytically
extended to R (cf. [K]).

a) We prove here that ﬂg(O) = 77(0), for 1 < j < s (where 7J(0) denotes the
analytic extension of 7 (n1) to 0).

We know that the characteristic variety C? defined as {(7,m1),det (m(0)(7I +
Ayni+Lo/i)w(0)) = 0} is the tangent cone to C; at (0,0) (see [L1]); as we are in
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space dimension 1, it is an union of straight lines. But, thanks to decomposition

(35), we can write
0)A17(0 Z v 7r7

so that

On the other hand, since C; is the union of the analytic curves T;, the tangent
cone CY is given by

C?:{T—T}"(O)m=07j:1~~~3}' (41)

Thanks to Egs. (40),(41), we know that p = s, and that, up to a change of
indices, v; = —77/(0).
We also have 1

w7 () (77 (m) + Avm + ;Lo) =0, V.

Differentiating this equality yields

() (rfm) + Avm + <o) + i (m) (7 /m) + A1) =0, (42)

Taking the limit of this equality when 7; — 0 and multiplying on the right by
77(0) yields . ‘ ‘
7(0) A1 (0) = —77'(0)77(0).

g ’(0) = vj, this means that 7TI(0) is the eigenprojector associated to

Since —77
the eigenvalue v; of 77(0)A;77(0), and therefore 77(0) = 77 (0).
b) We know introduce

(mi(m) + ...+ 77 (m)) Ay (7 (m) + ... + 77 () — 7(0) A1 7(0)

o(m) = m )
and prove that
p . .
Jim 6 (m) Z + > (777(0) =77 '(0) 77 '(0)7f (0).  (43)
Jj=1 Jik,k#]
We know that W}(nl)Alw}(nl) = —_TIj '(m)m)(m), and, as we have seen in a),
that 7(0)A;7(0) = il _, 777(0)73(0). We therefore have

p ‘/ _ ) p ) J _J
Z 7—I 771) }(nl)_i_ZT;/(O)ﬂ-I(O) 771("71)
J=1 j=1
w3 (m) Axmk (m)
+Z7]—1
i#]

= A+ B+C.
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One then has: ' '

- A — 3777 "(0)m7(0) when 51 — 0, and therefore, A — 0, since the 77 are
odd for j < p; _

-B— — Z]‘ 71'(0)73’(0) when 7; — 0;

-C =i (77/(0) — 7 '(O))ﬂ'{ '(0)7%(0) when 7; — 0. In order to prove this
result, we first multiply Eq. (42) on the right by 7% (n1), for k # j.

, 1 ,
7' (m) (7] (m) + A + ;Lo)ﬂ?(m) + 7 (m) Arf (m) = 0,
and thus,

({(m) — 7F ()} (n)7} () + 7 (1) Avey () = 0.
We have therefore
> wim) A (m) =Y (rf(m) — 71 ()7} (m)wf (m).
i#j i#]

We just have to divide this equality by 7; and take the limit when 17; — 0 to
obtain the desired result.

Since ¢(n1) = A+ B + C, equality (43) is proved.
¢) Let us introduce II(n) := (7} (m) + ...+ 77 (n1)). One has II(0) = 7(0) and
IT is an analytic function of 7;; we prove here the following equality

L(0)" ' Aym(0) + (I — m(0))I'(0) = 0. (44)

In order to prove this relation, first notice that

J

P
i 1
(7 (m) + A + gLo) (n) = 0.
=1
Differentiating this equality with respect to n; yields

L . 1 : 1
Z H (7 (m) + Avm + = Lo) (7F ' (m) + A1) H (71 (m) + A1 + = Lo) I(m)
k=1j<k ¢ Sk 7

b
j 1
+ H (T} (771) + Al"]l + ;Lo) H/(nl) =0.
j=1

Taking the limit of this expression when 17, — 0 yields

& 1 1 G|

Z H ELO(T}“(O) + A1) H o I1(0) + H ;Lo I'(0) = 0,
k=1j<k i>k j=1

that is

Lo

(52)" Aati(0) + (22
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Multiplying this equality on the left by (L(O)_l)s then yields equality (44).
d) We prove here that

nll@o“b("l) = —21(0)A;L(0) "' Ay 7(0)
- WO XA Or0) - 37 OrOwe). (@)
Indeed, one has

b(m) = (TI(m) — w(o))Aln(m)nT w(0) Ay (T(1) — 7(0)) |

and therefore
nligo o(m) = I1'(0) A1T1(0) + I’ (0) A1 T1(0).

But thanks to c), it is easy to see that

IT'(0) A, I1(0) I (0) (T — T1(0)) A, TI(0) 4 IT'(0)TI(0) A, TT(0)

= —T1(0)A; L(0) "1 A4, 11(0) — IT'(0) Z 71(0)7)(0).

We just have to transpose this equality to find TI(0)A;11'(0), and (45) is thus
proved.

e) Thanks to Eqgs. (43), (45), we find an expression for m(0)A; L(0)~tA;7(0). It
is then easy to see that if we multiply this expression on both side by 7(0), we
find 0, so that the second assertion of the point i) of the proposition is proved.

ii) Thanks to what we have seen in the proof of i), we can write

! (0) /(7 (0)a, 7 (0)b) = lim }(0)f(m(m)a, 7} (n)b)

and since 7}(n1) = 7(B1), with 81 := (17 (m),m,0,...,0) € R4 the right-
hand side of the above equation is equal to zero thanks to the Transparency
Condition 4, and the result follows.

iii) The proof of this point can be found in [C].

We have thus proved the following theorem.
Theorem 1 Suppose that u® given by

p-x

ut(x) = Vel (e, et, eyrr, t,y1, *?)»

with
U = Uy + els + ells + 32Uy + 22U
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is the approzimate solution to Eq. (1) given by geometric optics.
If Uy = Up1e? + c.c. and Uy = Usg + Uz + c.c. then one has

W(ﬂ)ull = UH, Z/{Ql =0 and 71'(0)1/{20 = Z/[QO.

Moreover, w(8)Uy1 and 7" (0)Uay =< m(0)Uso > are transported at the group
velocity —017(n), that is

(6t — 817(g)6y1)7r(§)u11 = (8t — alT(ﬂ)ayl)ﬂ'l(O)UQo = 0,
and must also satisfy
Or(Bs + S0Rr ()02, w(Dhs = 20(B)f (r(B)hs, w Otho), (40

and
P 1
1 o 1 2 : —1,_j 1
6T7r (O)L{zo ™ (O)A[[(ay)jZZ 7817’(ﬂ)+'[}j8y1 T (O)A[[(ay)ﬂ (0)2/[20

= —2i(9y17r1 (O)f (817r(@1/111, W(Q)L{u)
2im" (0)A18y, L(0) ™' f(m(B) U1, w(B)Un1 ). (47)

3 The approximate solution u° and its proper-
ties

3.1 The leading terms of the ansatz

We want to know the leading term U; of Ansatz (3). We have seen that U;; =
Upq1e + c.c., and that U1 (T,Y,t,y1) satisfies the polarisation condition Uy =
m(8)Ui1, together with the transport equation

(815 — 817(g)8y1)u11 = 0,

so that U11(T,Y,t,y1) may be written under the form U1 (T,Y, (), where ¢ :=
Y1+ talT(ﬂ).
The second term of the ansatz writes Us = Usg + Uspe®® + c.c., and its non-
oscillating mode Usg satisfies the polarisation condition Usy = 7 (0)Us0 together
with the same transport equation as U1, so that we can also write Usg (T, Y, t,y1)
under the form Us (7,7, ().

We have seen that the slow evolution of U1 and Usy are coupled by Egs.
(46) and (47). Such a system present many difficulties. In this paper, we will
assume that it admits sufficiently regular solutions and pursue the analysis.

Assumption 5 Let U}, = n(B)UY; and U, = 7 (0)US, be in HOO(RdKC). There
exists a T > 0, an integer s sufficiently large, and a unique couple of profiles
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Ui1,Usg € C([O,I];HS(R%C)) satisfying
Or(B)ths + 5 O r (OB = 2m(6) F(x(B)Urr, 7 (0)ao),

(S) 8T7r1(0)l/{20 — Wl(O)A[](ay) ]2 Waclﬂj(O)A[[(ay)ﬂl(O)UQo

= —2’i8€7r1 (O)f((%ﬂ(ﬁ)ulh W(é)l/{u)
+2i7r1(O)AlL(O)_lﬁgf(ﬂ(@Un, W(g)ull),

together with the polarization conditions

U = m(B)Uni, and Usy = 7*(0)Usap,

and the initial conditions

ull’T:() :Z/{?ly and U2O|T:O :z/{200.

Remark. In Section 4 we prove that this assumption can be proved for Maxwell-
Bloch systems satisfying a strong transparency condition. We also prove that
this assumption is satisfied in the one dimensionnal case in Section 5. Finally,
we give in Section 6 an existence theorem for a simplified system arising also in
the study of water-waves.

Under this assumption, the profiles U1; and Usy may be determined, and the
other terms follow, as we now see.

3.2 Corrector terms of the ansatz

In this section, we suppose that U;; and Usg are known, and we construct the
missing terms of Ansatz (3) in accordance with the equations found in Section
2.

The leading term U; is already known since U; = U1 + c.c., but we still
have to find Us; to determine the first corrector Us. The only conditions found
so far on Us; are the polarisation condition (14) and the transport equation
(34). We can therefore take Us; = 0.

The second corrector Us writes Us = Usg + Us1e'? + c.c.. The non-oscillating
component satisfies the polarization condition (16), i.e. Usy = m(0)Usp, and is
therefore given by Lemma 3.

The component 7(5)Us; of the oscillating mode must only satisfy the transport
equation (38) and can therefore be taken equal to 0. The component (I —
7(B)) U1 is given in terms of Uy; by Eq. (18).

For the corrector Uy = Uso +Us1 " + c.c. +Uy2e?? 4 c.c., we obtain similarly
(I —7(0))Uyp thanks to Eq. (20), and we can take 7(0)Uyo = 0. The component
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(I —m(B))Us1 of the first oscillating mode is given by Eq. (22) and we can take
7(8)Usr = 0. The second harmonic is found using Eq. (23).

Finally, for the last corrector Us = Usg + Us1e? + c.c. + Usze™ + c.c., we
obtain (I — m(0))Use thanks to Eq. (25) and we can take 7(0)Uso = 0. The
component (I —m(8))Us; is given by Eq. (27) while 7(8)Us1 can also be taken
equal to 0. The second harmonic is given by Eq. (28), and is therefore equal to
zero, since Us; = 0.

All the components of the ansatz (3),

u<€7 Ta Ya ta Y1, 0) =
Uy + ey + elts + 32Uy + £Us ) (¢, T, Y, t, 1, 0)

are therefore known, once Assumption 5 is made. The dependance on ¢ and y;
of all these profiles is indeed a dependance on ¢ = y; + 917(n)t since they are
all transported at the group velocity. We now give explicitly the expression of
the ansatz we have found

U, T,Y,¢,0) = w(B)Un(T,Y, (e’ +ce.
_|'\/g 7‘-1 (O)UQO (T7 Yv C)
p
+e > Wagw (0)Arz(0y )7 (0)Usno

V)

<.

+iL(B) " A1 0cm(B)Ui1e” + c.c.
+e3/2 GL(0) TP A1 (0)Uag — 20 L(0) ™ f(m(B) U1, 7(B)Un1)
iL(g)flAH(ay)ﬂ(é)unew + c.c.
—iL(2B) 7" f(Un, Us1 )e* + c.c.

+

p
1 .
2 L0)7'A — 7 (0) A (8y) T (0)U
+e iL(0) 1;817'(Q)+vj7r() 11(0y )7 (0)Uzg

f(L(g)*l(alT(g) + A L(B) " A1 92w(B)U

—2iL(B)_1f(U11,U20))ei9 +c.c.

3.3 Properties of the ansatz (3)

Now that we have found the ansatz we were looking for, we give a few properties.
The first one concerns regularity.

Proposition 5 If U1 and Usg are in C([O,I];H‘Q(Rgl,ﬁc)) as asserted in As-
sumption 5, then all the Fourier coefficients U;;, 1 =1...5 and j =0...2, are
n C([O,I]; HS*2(R§I,)C)).
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Proof.
Thanks to the expression of U given above, the only difficulty is to prove that

Ugo 2817' 8 7T]( )A[[(ay)ﬂl(O)Uzo

is in C([O,I];HS_Q(R%C)).
The crucial point is that the nonlinearity of the second equation of (S) is a
derivative with respect to ¢. If 7' (0)Uao and m(B)Us1 solve (S), then W :=

8 w1 (0)Uzg solves

DrW — 71(0) A1 (3y) Z Wagw (0) A1 (3 )W

= ur (0) (8171'( )UH, ( )Z/{n)
+  2irt(0)AL(0) 7! W(f( (B)Ur1, (ﬂ)un))

Since the second member of this equation is in C'([0, TJ; HS(R?“)), (if s is large
enough), then W is also in this space. Since w(0)lUsy writes

0)Usp = — Z R HJ 7 (0)Arr(Oy )W

it is therefore in C([0,T7; Hsfl(Rgl,)C)).
O

We now prove that the corrector term /Uy + ... + €2Us remains smaller
than the leading term U, for times O(1/¢). In order to do this, we show that the
boundedness condition (4) and the sublinear growth conditions (5) are satisfied.

Proposition 6 The profile Us satisfies the boundedness condition (4)

iC > 0, sup ||Z’{2(7 St ')”LOO([O,I}XR‘;Z, xT) < C?
teRT o

The other correctors U;, i = 3,4,5 also satisfy this boundedness condition so
that the sublinear growth condition (5) is a fortiori satisfied.

Proof.

We recall that Uy = 7T1(0)Z/1207 so that the fact that U satisfies the boundedness
condition (4) is a mere consequence of Assumption 5 if s is large enough.
Thanks to the expressions already given, it is also easy to see that the other
correctors U;, © = 3,4, 5 are also bounded.
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Remark. 1. As seen in the above proposition, all the profiles are bounded,
so that the sublinear growth condition may seem too strong. But it was not
a priori obvious that it would be the case. What happens here is that all the
profiles considered travel at the velocity —d;7(n), while sublinear growth occurs
when other velocities are present. To be more precise if w; and ws are two
functions such that

(0r — 017(n)Dy, )wr = w, and < wg >=0,

then w; has a sublinear growth. In [L1], we can find a second member ws which
travels at a different velocity than —d;7(n). One then has < wy >= 0 but
we # 0, and w; has therefore a sublinear Erowth but is not bounded. In this
paper, the second member ws is always equal to 0 so that w; is bounded.

2. The fact that all the profiles are bounded suggest an improvement of the
precision of our approximation, as we see in the next sections.

3.4 Estimate for the residual

In this section, we prove that the approximate solution defined thanks to the
ansatz we have found is almost a solution of Problem 1, since it provides a small
residual. We first give a regularity result for the residual.

Lemma 4 To the approzimate solution u® = \/el(e, et,\/eyrr,t,y1, %—I) corre-
sponds the residual
LE (@) — f(uf,u) = K (2)

which may be written under the form

B-x

ke (z) = K(e,et,Veyrr, y1 + O1m(n)t, *?),
with
4 .
K T,Y,(,0) = Y Ky(e,T,Y, ),

j=—4
and the KC; are in C([O,I]; HS*4(RdY7<) if U1 and Usg are in H® as asserted by
Assumption 5.

Proof.

The proof of this lemma is straightforward, once we have proved that the deriva-
tives Orly, Orls, OrUs, OrUUy and OrUs which appear in the residual are in
C([0,T]; H**(RY. ).

This is clear for drlf; thanks to the first equation of (S).

We have already seen in the proof of Prop. 5 that W = 9, L1 (0) Uy is in
C([O7I];HS(R§,7C). Thanks to the second equation of (S), Orls is thus in
C([O7I];HS_2(R‘1Y7<).

Differentiating the second equation of (S) with respect to T and using the
same method as in the proof of Prop. 5 then yields that 8T84_ Wy is in
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C([O7I];HS_2(R‘1Y7C). Thanks to the expression given by Lemma 3, we can
then conclude that drUs is in C ([0, T]; HS_?’(R%C).
The proof that U, and Orls are in C’([O7 T); H‘“_4(R§i,7<) is left to the reader.

O

Knowing in which spaces things are living, we can give estimates on the
residual.

Proposition 7 i) The Fourier coefficients of the profile K of the residual satisfy
||KjIle([O,ﬂ,Hs_“(R‘-f,’C)) = 0(62), for j = —4...4.

i) We have a better estimate for the component 7*(0)Ko of the non-oscillating
mode

||7T1(O)KO||L°°([O,Q,H5*4(JR”Y>C)) = 0(e?).
Proof.
This proposition is a direct consequence of the method we have used to find our
approximate solution, since we have cancelled the terms of expansion (6) up to
the power €%/2. We also have cancelled the componant polarized along 71(0) of
the term in &2, which yields the improvement stated in ii).

O

Remark. i If the profiles U3, Uy and Us had a sublinear growth instead of
being bounded, then we would have K; = o(¢) and 7' (0)Ko = o(¢%/2) instead
of O(g?) and O(e5/?) respectively.
ii Point ii) of the above proposition is of crucial importance in the proof of the
stability result of the next section.

4 The case of Maxwell-Bloch systems

In the previous section, we have proved that our approximate solution u° is
almost a solution of Problem (1). But the most important thing is to prove
that u® remains close to the exact solution u®. Such a stability property is very
difficult to prove because of resonances (see [JMR2]). The general case remains
at the moment out of reach, and, as done in [C], we will limit ourselves to a
smaller class of problems than those of type (1). Under a strong transparency
assumption we also prove that the nonlinearity in System (S) vanishes, so that
Assumption 5 can be proved in this case.

4.1 General Maxwell-Bloch systems

We now look for solutions of size O(1/€) to systems of the form

d
O + Y0, 4,0, 0 4 Lot = (e, ve)
9, vE da B.O € Mo e € 14€
tV +Zj:1 J ij + € v _g(u au)a
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where A; and B; denote symmetric real-valued matrices, while Ly and M are
skew-symmetric.
The mappings f and g are bilinear mappings and g is symmetric.

For (1,m) € R1*4 we recall that

d
Ly
L(r,n) ZTI+ZA;'77J+77

j=1
as well as
dy
Arr(n) =Y Ajmj.
j=2
We similarly define

My
)
2

da
M(r,n) = TI+ZBj77j +
j=1

as well as

da
Bii(n) = B
=

The set of all 8 := (7,17) € R1T? such that det(L(3)) = 0 is the characteristic
variety of L and is denoted by Cp. Similarly, Cp; denotes the charateristic
variety of M. For any n € R?, we denote by (—7%(n))i=1..p, the eigenvalues
of A(n) + Lo/i and by (—7%,(n))i=1...p, those of B(n) + My/i, thus providing
a parametrization of C;, and Cp;. Up to a renumbering, we can suppose that
8=
We also denote by 71, (5) and mps(5) the orthogonal projectors on ker(71+A(n)+
Lo/i) and ker(rI + B(n) + My/i) respectively, and by L(8)~! and M(3)~!
the partial inverses of L(5) and M (/). Similarly, 77, (0) and m/(0) are the
orthogonal projectors on the kernel of L(0) and M (0), and L(0)~! and M (0)~!
their partial inverse.
We finally denote by C? and CY, the characteristic varieties of the operators
7 (0)LF(03)mr(0) and mwar(0)ME(0;)mar(0) respectively. Thanks to Lemma 2,
we know that 77 (0) By (0) admits —8; 71 (1) as an eigenvalue. The associated
eigenprojector is denoted by 7},(0), while the projectors associated to the other
eigenvalues v; are denoted Wif (0), j > 2.

Assumption 1 on the choice of 3 and Assumption 2 on the long-wave short-
wave resonance are replaced in this new framework by

Assumption 6 i) 3 is a smooth point of Cr, and 2(3 ¢ Cr; neither 3 nor 23
are in Cpr.
ii) The plane P tangent to Cr at 3 is tangent to CY, at (0,0).
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As systems as (48) are a subclass of systems like (1), all the results proved
above remain valid. In particular, we can construct approximate solutions
(u®,v%) to (48) under the form

uf () = Us (et, Veyrr, y1 + i (n)t, g)»

B-x
Us(x) = V2(5t7 \@ylbyl + alT(Q)7 = )7

€
and where the profiles U and V¢ are given by the formula
U (T, Y, (,0) =
) 1A 3C7TL(6)U116i9 +c.c.)
) r A (Oy )T (B)Uhie + c.c.)
(8

and
Vi(T,Y,(,0) =e 1<)v20
Z 317L @ 0w (0)Br1(9y)mis (0)Vao
+e? ZMU 1Bl<9<w< )Wao — 2iM(0) " g(m(B)hs, 7(B)Un1)

—iM(Qﬁ)_lg(uH, U11)€2i9 + c.c.

14
1 .
_5/2 71B E J 1 )
e M (O) 1 p 781TL(Q) n v WM(O)B[[(ay)ﬂ'NI(O)VQO

Remark. One can notice that US = O(y/e) while V¢ = O(e) so that «'¢ and
v’ defined as u® = y/eu’® and v® = ev’® are of size O(1). Instead of looking for
solutions of size (O(1/2),O(g)) to (48), we could therefore look for solutions u’®
and v’ of size O(1) to

dy
L
&u + ZA ayju 4+ = 0 /E - {—:f(u’E’Vlg)
y (49)
V'S +> B0, v+ ?OV’E =g(u®,u®).
j=1

Such a system belongs to the general class of Maxwell-Bloch systems introduced
and studied in [JMR2].
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4.2 A stability result

The Transparency Condition 4 is not strong enough to allow the proof of a
stability result; that is why we introduce a strong transparency condition, as in
[JMR2] and [C]. This strong transparency condition is satisfied by the physical
Maxwell-Bloch systems, and we also prove that if it is satisfied then the non-
linearity of the second equation of (S) vanishes, so that Assumption 5 can be
proved.

Assumption 7 (Strong transparency condition) There exists C > 0 such
that for all n, ' and 0" in R, all 1 < jok < py and 1 < 1 < po, and all
a,b e CY, one has

I (8")g (m(B)a, L (8)b) || < Clall Ib]| I72(n) +7£ () = 74 ("),
where 3= (r1.(n),1) . 8= (r{(0f),0') et 8" = (rh; ("), 0").

Remark. It is straighforward to see that the Transparency Condition 4 can be
deduced from the above assumption.

The following proposition asserts that under this assumption, the nonlinear-
ity of the second equation of (S) vanishes and that Assumption 5 can therefore
be proved.

Proposition 8 Suppose that the Strong Transparency Assumption 7 is satisfied,
then
i) One has

~m3r(0)g(Ormr (B)hrr, w(B)Uny) + w3 (0) AL L(0) g (m(B)Un, m(B)L) =
ii) The system (S) reads

Orlh + %5fT(ﬂ)3gul1 =211, (B) f (i (B)Ur 1, 7hs (0)Uao),

p
OrlUag — mp,(0)Arr(Oy) Z W@?W%(O)Ag(@y)w&(o)ugo =0,
=2

1
(n) +v;
so that Assumption 5 is satisfied.

Proof.

i) Let o be in a neighborhood of 0 in R and take here 3 = (7} (n+ (/2,0)),n+
(@/2,0)), ' = (72 (~1+ (2/2,0)), —1 + (2/2,0)) and §" = (vk;(@,0), (a, 0)).
Expending mp (8”)g(mr (3" )a, 7(3)b) with respect to « near 0 yi elds for all a
and b in CV,

+ « [%W}\d(o)g(alﬂl (B)a,m(—p)b) — 5”11\4(0)9(7% (B)a, 01 (—fF)b)
+ () (0)g(m(B)a, m(—p)b)]
+ o(a)
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The leading term of this expension vanishes thanks to the Transparency Con-
dition 4. Using the fact that 7(—3) = 7() and taking b = @ therefore yields

T (B")g(mL(8")a, m(5)a) (50)
= a[my(0)g(drrL(B)a, L(B)a) + (7y,) (0)g(n(B)a, 7(B)a)] + o(a).
Now, introducing n = n + (0 a/2), n = —n+(0,a/2) and 7" = (a,0) and
expanding 71 (n) + 7} (77’) T (") ylelds
() + 7 (0") = Tar (") = 0+ aldir(n) — 9173 (0)] + o(),
but thanks to the Long-Wave Short-Wave Resonance Condition 6, we have
i (n) = 0173,(0), so that
() +7L(n") — (") = o(a). (51)
Thanks to the Strong Transparency Condition 7, we know that
Imar(B")g(mL(8")a 7(B)a)]|
7L (n) + 72 (n') — T3 ("))

must remain bounded for all a. Eqs (50)-(51) say that this is possible if and
only if

T (0)g(dimz(B)a, mr(B)a) + (mhy) (0)g(m(B)a, m(

Ja) = 0. (52)

We now prove that this condition gives the one given in point i) of the propo-
sition. As in the proof of Prp. 4, we write that, for all « in a neighborhood of
0,

rhi(0)(rf (a) + Ara+ 22) =0,
Differentiating this equality with respect to o and taking the limit o« — 0 yields
(whe) )22 + ko (0) (7Y (0)1 + Ay) =
and multiplying on the right by L(0)~! thus gives
(m3s)"(0)( = mar (0)) + mas (0)ALL(0) ™" = 0.
therefore, one has

(m3)" ()T = mar(0)g(m(B)a, w(B)a) = ), (0) A1 L(0) " g(m(B)a, w(B)a),

that is, since mp7(0)g(7(8)a, 7(f)a) = 0,

(m)'(0)g(m(B)a, w(B)a) = —m3,(0) A1 L(0) " g(m(B)a, (

Egs. (52)-(53) then prove the desired result.

ii) It is a straightforward consequence of point i) that System (S) takes the
form given in the proposition. It is also easy to prove that Assumption 5 can
be proved in this case.

)a).  (53)
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We can now prove a stability result for those Maxwell-Bloch systems.

Theorem 2 Let UYy, = w(B)UY, and V3, = 71,(0)V3, be in H“(Rdyyc), and
suppose Assumptions 5, 6 and 7 are satisfied.

Then there exists Tyqe > 0 such that

i) For all 0 < T < Tynaz, there exists a unique smooth exact solution (u®,v®),
defined on [0,T /<] x R, to Problem (48) with initial conditions

ulimo(y) = e'/? (Ufl((), Veyrr,yr1)e' e + c.c.)

and
Ve li—o(y) = eV (0, Veyrr, v1).

it) We can write u® and v¢ under the form

- X
u® (LC) = 51/2U8 (Et, \/Ey117 ta Y1, ﬁs )

and
1) g /6 "z
vi(@) = eVi(et, ey by, =),
with U® and V¢ bounded in C([0,T]; H*(R? x T)), and we have

R

HU - \/gua ”C([O,I];HS(Rd XT))

(3 1 15 J—
+ ||V - EVH’HC([O,Z];HS(RdXT)) - 0(1)

In particular,

1 1
%HUE _ uEHLOC([O,%]XRdXT) + EHVE _ ,UEHLOO([O’%])(]R@XT) = 0(1)

Proof.

Existence on a small time intervalle (depending on ¢) is given by general theo-
rems. It is therefore sufficient to obtain some bounds in H? for the solution in
order to prove the existence part of the theorem. Call M*® = U*® — ﬁug and

NE =V —1ys Then M? and N¢ satisfy
x
NG

1 L(BD
{aT+€Ala<+ (8 6)}/\45

1
AH(8Y) =+ galT(ﬂ)ag +1 ;2
(54)
1. . . . RE
%uavN ) + 53/2

= FOMEN) 4 FOME, 2V0) +

and
1 1 1 M(BD
{aT + =B10; + —=Br1(0y) + =017(n)0¢ + i(ﬂzg)}Na
€ Ve € B ¢
(55)
SE

1 € € 2 81 € &~
_gg(M 7M >+€g(M ’Eua)+€27
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where, thanks to Prop. 7,
|R®| Lo ((0,11;11+) = O(€7)
and
|S€|Loo([0,Z'|;Hs) = 0(62).
Following [JMR2] and [C], we perform the change of functions

P=c¢ (5A16<+53/2A11(8y)+€81T(7’])8<+ZL ﬁDB)) ZME = 5(22)/\/[5
and
o ¢~ (eB10c+€**Br1(9y ) +e017(m)dc+iM (8Da)) 5 pre . SQ(T)Ns
22

Note that this kind of groups has also been used in [S], [Gr], [BMN] and [Ga].
The equations satisfied by P and Q write

arP = Sf(g)f(Sf(—gﬂ”Si(—gz)Q)

T T 1 T 1 T T. R*
ﬁ%(;)f@ﬂ‘g)ﬂ ng) + Sf(g)f(ﬁ”iv SS(—;Q)Q) + Sf(;g)ggﬁ

and ) T T T
orQ = 555(67)9(5%(—?2)77,5?(—;2)7))
2., T ., T 1 T g
oS a(ST )P )+ Si )

As 5§ and S5 are unitary groups on all the Sobolev spaces H®, we just have to
find estimates on P and Q in L5 ([0, T]; H*(R7 ) x Tp) for a T' > 0. Denoting
by | - | the norm associated to this space, Eq. (56) yields

[Pl < CT(|Plr|Qlr + [Plr +Qlz + OE"*) + [P(T =0)] .. (58)
where we have used the fact that
Y <o \”7%@ <C and  [Rf|p = O(?),
Moreover, one also has
0PIz < C(IPlr|Qlr + |Plr + |Qlr + O('/%)). (59)

The case of Equation (57) is more delicate. One has

1 /T S s
0 - Q(T=0)+f/ S5(5)9(S5(-5)P(s), S5 (-5

uE
+ /S2 St (= 5P, d+/ S5(5

= —0)+I1+12+I3
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We now estimate I7, I» and I3 separatly.
e Estimate of I7:
We use the spectralization of the groups S7 and S5 as follows. Denote by m,

& and ;7 the Fourier dual variables of 6, ( and Y respectively and introduce

7, (1) = 7w (7L(n),n) and 7h, (1) := mar (T3, (n), M)

We then have

—

T —ilmT T —7} (pm / =
Si(z) = > ol (nm + (e€1,6%/%¢py)) e It E L et e
!

and

—

T ; )
55(3) = > mhalgm + (e, £3/2¢, 1)) eilmT et (W — iy (ame+ (e6r,e¥ 2 B
l

Denoting by F(I1)(m,§) the Fourier transform of I; we have therefore

%/0 EP:ZPZZ/7T5\4(77m+(551753/2511))

F(L)(m,¢§)

ll l//
% e*i[szrEBlT(ﬂ)&l*ﬁlv[ (nm+(e€1,e3/%€r1)] =

x 9<7TIL/ (np + (em, 53/27711))
ilPT+e0uT (=L, (p+(em & 2 mi))] =P,(n),
mi (n(m = p) + (e(& = m), /2 (s = 101)))
ilm=p)z+edim(n)(1-n) =71 (n(m—p)+(e(&1—m).e> > (Err =)l %
Pru-p(€ =) ) dipds
and thus

Fmo = [ EXEY
O P

4 I

ilrhe (et (e61,.6¥/2601) =t (qpet (ema e 2ne) =7 (a(m—p)+(=(€E2—m0)./2(€rs—mi )]
Wﬁw (Qm + (e&1, 83/2511))9 (Wg (ﬁp + (en, 53/27711))73;;(77)’
7t (n(m —p) + (& —m), ¥ (Err —011))) Prp (€ — 77)) dnds

Integrating by parts and using Assumption 7 yields

|F (L) (m, )]

IN

T ~ ~
e [ [ oo orPocste ~ s

+ Ce X [ BBy~ mlan(T)

_|_

Ce Y [ 1PumIPaple ~ mldn(0)
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It follows that
\Ii|r < CeT|P|z [0rP|r + Ce(|P[F + |P(T = 0)[%). (60)

e Estimate of I5:
Recall that

U(T,Y,(,0) = \/E(WL(@L{HGW +c.c.) + g3/2 (iL(g)*lAlang (g)uuei@ + c.c.)

+82 (iL(@)_lAH((?y)wL(@L{new + C.C.) + 0(55/2)
As in [C], introduce
Ui = 1{j(oc 0y 1< 23U

The following lemma is a direct consequence of the decreasing properties asso-
ciated to the regularity of U;.

Lemma 5 The difference between Uy and ijl is controled by
|Z;{vf1 - U11|Z S 062‘u11|L0C(07I;H5+4).

As (3 is a smooth point of C, there exists a local parametrization 7 +— Té” (n)

defined on a neighborhood of 7 such that i (n) = 7. We denote by 7 (n) the
associated spectral projector. Thanks to [C], we know that for all j

iL(B) M Ayl (n) = —id;me (),

so that 1
—Us = T (n + (€0¢, %20y ) U e + c.c. + 2T

7
with
|Te|lr < C

since 7l (€) is smooth near ¢ = 1 and since the spectrum of Uz, is included in

1
6 <L,
We can therefore write

2 (T s s ~
I, = g/ SS(;)Q(Sf(fE—Q)P(s),WlLO(QJr(564,53/253/))1/{{?1+c.c.)d5

0
T
€ S € S
SR G AR CESORATE
= Iy + Ip.

It is clear that
|I2a|r < CTVe|P|r. (61)

Now remark that

i (n+e(é1,vVeér)) = T (n) +e&1oiT(n) + O(e?)
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since drr7(n) = 0. Defining

o~ 1 1 -
Wi = il (nte(€nVetm) -y (E)_Eglaﬁ(ﬂ)]a%ﬂ'? (n+ (&1, 2 ))Us, -

we thus obtain
Wiilr <C et [0rWh|r <C (62)

and we can write
lo 3/2 7€ __ Qe T €
70 (n 4 (€0, e°/ =0y ) Ui, = 51(_;2))/\/11
and
2 (T e, S e, S e, S -
Iy = z 52(7)9(51(—7)7)(5)751(—7)W11)d5
0 € € €

It follows that I; has the same form as I; and an integration by parts yields,
using (62),

|I21 |z < CeL(|0r Pl + [Plr) + C=(|Plz + [P(T = 0)]1-). (63)
It follows from Egs. (61) and (63) that
|Blr < CTVE(10rPlr + [Plr) + Ce(|Plr +1). (64)

e Estimate of I3:
£

S
We first recall that thanks to Prop. 7 we have == S7 + O(e) and

S5 =S5 (T,C,Y) + (85,e% +c.c),

as well as 7},(0)S5, = 0, thanks to point ii) of this same proposition.
We now introduce the notation

T
. = S i
o= /O S5(5)S5, e ds.
As §7; is smooth enough, we have
11100y )12 2 StjlT < Ce.

and thus

T
|I§|Z§ A SS(?)1\(8<,8y)\§%85j6”9d8 +CE

r

For j = 2, since 2(3 is not in the characteristic variety of M, an integration by
parts yields
|I3|p < Ce? + Ce < Ce. (65)
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For j = 0, one has

/ Ze (ed17(n)€1—Ths (e(€1,VEErT))) Qﬂ-M( (fla\[gll))

810( ,§)ds + O(e)
(e)-

X Lyjac,ov)
Z]—" (1)

We may encounter three cases;
i) 7t (e(é1,vEELD)) — 74,(0) 76 0 when ¢ tends towards zero.
In this case, an integration by parts yields

1
f
_|_

S <ce
1,7, (0)#0 T
i) If 74, (e(&1, vEED)) ~ €Tl (0)& and 9175,(0) # &17(n). In this case, the
phase does not vanish except in a neighborhhod of 0, and a standard argument
yields

> 0| =o(1).

1,617}\4(0);&817(@ T

iii) If 7}, ((&1, VEET)) ~ €017(n)&1. In this case, we cannot expect anything
from the phase; however, we have the following lemma.

Lemma 6 If 07},(0) = 17(n) then we have

lim 7 (2(€1, v/2810)) (1 — 3 (0)) = 0.

Proof.

First recall that 7},(0) is the spectral projector of 7y (0) By (0) associated to
the eigenvalue —0;7(n).

The mapping

e iy (e(é1, VEELD))

is analytical and bounded for e small enough and e # 0. Thanks to [K], we can
therefore extend this function analytically to 0. We denote by 775\4(0) the value
of this extension.

By definition of 7}, (e(&1,v/2€1r)), one has

(thr(e(&1,&11)) +eBi&r + ¢ 32B11(&mr) + J\;[ )l (e(&1,vE€r)) = 0. (66)

Multiplying this expression on the left by m(0), dividing it by e and finally
taking the limit when ¢ — 0 yields

w1 (0) (610173, (0) + Biér)wi (0) = 0.
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As we have 9,7},(0) = 017(n), we can conclude that

a1 (0)Brmy (0) = —dr (1) mas (0)7hy (0),

and we just have to prove that the range of 74,(0) is containded in the range of
7 (0) to complete the proof.

But taking the limit when ¢ — 0 in Eq. (66), yields Lo}, (0) = 0, which proves
the desired result. o

O

It follows that I§ — 0 when ¢ — 0 and we thus obtain
lim /5 = 0. (67)
It follows from (60), (64) and (67) that
Qr < |QT =0)|u: + CLIP|r|0rPlr + Ce(IPI7 + [P(T = 0)|-)
+ CVEL(|0rPlr +|P|r) + Ce(|P|z +1) + o(1) (68)
Thanks to (58), (59) and (68), we can end the proof of the theorem as in [C].

O

5 The one dimensionnal case

We consider in this section one dimensionnal problems which belong to the
general class (1). They read

L
(9 + A100)u + ?Oue = f(u®,u’). (69)

As said in the introduction, one seeks in this case approximate solutions to
this system under the form

X
UE(I) = \/gu(€7€tat7yla %)a
with

Z/[(€, Ta ta Y1, 0) =
(Z/{l + \/EUQ + 51/{3 + 83/21/{4 + 621/{5) (6a Ta t7 Y1, 9)

We have also seen that the long-wave/short wave resonance condition reduces
in this case to the usual rectification condition.

The study of this one dimensionnal case can easily be deduced from the
multi-dimensionnal study made in the previous sections.
The following theorem gives the evolution equations that the leading terms of
the ansatz must satisfy in order for u® to be a good approximation of the exact
solution u®.
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Theorem 3 Suppose that u® given by

-
UE(I) = \/gu(€7€tat7y1a %)a
with
U = Uy + ey + ells + 32Uy + £2Us

1s the approximate solution to Eq. (69) guwen by geometric optics.
If Uy = Up1e? + c.c. and Uy = Usg + Us1e™ + c.c. then one has

( )L{u = L{H, Z/{Ql =0 and W(O)Ugo = Z/[QO.

Moreover, w(8)Uy1 and 7 (0)Uay =< m(0)Uso > are transported at the group
velocity —017(n), that is

(3t - 517(Q)5y1)ﬂ(@1411 = (at - alT(ﬂ)ayl)Wl(O)um =0,

and must also satisfy

Orm(B)Ui1 + 317’( )62 m(B)Ur1 = 27 (B) f (w(B)Urr, w (0)Uao), (70)
and

8T7Tl(0)u20 = fQié)ylﬂl(O)f(am(ﬂ)un, (ﬁ)un)

+  2im'(0)A10,, L(0)™* (f( m(B) Ui, ™ (ﬁ)uu)) (71)

The system that 7(3)U;1 and 71 (0)Usa must solve is simpler than the system
(S) found in the multi-dimensionnal case since the dispersive term 9, ! disap-
pears. The system found here can be solved, so that we do not need to do an
assumption like Assump. 5.

Since the dependance of 7(3)U;; and 7'(0)Usg on t and y; is made through

¢ = y1 +toi7(n), we can write 7(8)U11(T,t,y1) and 7H(0)Uao (T, t, 1) under
the form m(8)U11 (T, ¢) and 7' (0)Usz0 (T, ). We then have the following theorem.

Theorem 4 Let UY, = w(B)UY; and Ugy = 7" (0)USy be in H*(R¢) for s > 0.
There exists a T > 0 and a unique couple of profiles Uy1,Usg € C’([O,I]; H? (RC))
satisfying

orm(B)U + %G%T(ﬂ)agﬁ(@uu = 2m(B) f(m(B)Us1, 7 (0)Uao),

(S1) Orm (0)Usg = —2i0cm (0) f (1 (B)Us1, w(B)U1 )
+2i7r1(0)A1L(0)713<§R(f( (B)Ur1, ™ (5)“11))

together with the polarization conditions

Z/{H = 77(@1/{11, and Z/{go = 7T1(O)Z/{20,
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and the initial conditions
_ 240 _ 7,0
ull{T:O = Uiy, and U2O‘T:0 = Uy

Proof.
The theorem will be proved if we can have an existence/uniqueness result for a
general system writing

{ Oru+irdiu = fi(u,v) (72)

Oorv = 8cf2 (u, U),

where A € R\{0}, f1 and fy are two bilinear mappings and u and v are vector
valued functions defined on [0, 7] x R¢. This system is completed with the initial
conditions

u(T = 0) = up € H*(R), and v(T =0) = vy € H'(R).

A direct proof using Picard iterates cannot yield the result for a system like
(72) since we must deal with the loss of a derivative because of the term J¢ in
front of the second member of the equation. In order to overcome this difficulty,
we use a technique introduced in [OT] for the Zakharov equations. We thus
introduce the following system.

Orw + iAFw = fi(w,v) + fi(ug + /T w, O7v)
Orv = 0¢ fa(u, @) ’ (73)
i | r
(82 —Du= Xw—uo—/o w— Xfl(uo—’__/o w,v),
together with the initial conditions
(T = 0) = vy, and w(T =0) = —i\uf + f1(uo,vo) € L*(R).

This system is formally obtained by differentiating the first equation in (72)
with respect to T' and introducing w = dru. The problem due to the loss of
derivatives has disappeared from this new formulation.

The third equation in (73) gives u in terms of v and w thanks to an elliptical
inversion. Using the expression of u thus found, the first two equations of (73)
write in terms of v and w.

It is easy to show using classical Picard iterates that this system of two equations
on v and w admits a unique solution (v,w) € C([0,T]; H'(R) x L*(R)), for a
T > 0, and satisfying (v, w)(T = 0) = (vg, wo).

Once v and w are known, we can find u thanks to the formula

. T T
U:(ag_l)_l(gw—uO—A w—%fl(uo—ﬁ—/o 'lU,'U))

The system (73) thus admits a unique solution (u,v,w) € C([0,I]; H*(R) x
H'(R) x L*(R)) such that (v,w)(T = 0) = (vo, wo). The proof of the theorem
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will therefore be complete once we have proved that u € C*([0,7]; L*(R)) with
Oru = w, and that u(T = 0) = uo.
Differentiating the third equation in (73) with respect to T, one gets

i 1 T
(8? —1)0ru = XaTw —w — Xanl (ug + /0 w,v). (74)

But thanks to the first equation of (73) one has

(02 —Dw = gaTw—w—Xanl(uo—F/ w,v),
0

so that we can conclude to the equality ru(T) = w(T) in H?(R). But
it is easy to see thanks to (74) that dru is in C([0,1]; L*(R)), so that u €
C (0,715 L2(R).

Using the third equation of (73) and the initial conditions associated to this
system, one gets u(T = 0) = up and the proof of the theorem is thus complete.

O

The above theorem gives the leading oscillating term and the leading non-
oscillating term of the ansatz. As done previously for the multi-dimensionnal
case, we can determine completely our ansatz thanks to these two profiles. Here
again, a stability property for the approximate solution u® can be proved, but
only in the case of systems of the form (48).

6 About Prop. 1 and Assumption 5

6.1 Proof of Prop. 1

More precisely, we prove the following proposition.

Proposition 9 Suppose that Assumptions 1 and 2 are satisfied and assume that
7'(n) 0" #0. N

Then there exists a problem (1) in one-to-one correspondance with problem (1),
and for which the contact direction and the group speed are colinear..

Proof.

We can always suppose that 3° as defined in the introduction is of the form
B0 = (1,19,0,...,0).

Let P = (pjx) be an invertible matrix; to any function u(¢,y) we associate the
function u defined as

u(t,y) == u(t, P 'y).
Then, if u solves (1), i.e. if

LF(0z)u + f(u,u) =0,
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then u solves (1),
L#(0y)u+ f(u,u) =0,

where
d I d
NF_‘ ~ 0 -~
I°(0,) = dr + Zl A0+ = and  Aji= kzlpjkAk.
= -

We also introduce the operators L(3) and 7(3) linked to (T), and whose defini-
tion is straightforward. To 3 we also associate § defined as § := (z, (P~')np).
a) We prove here that 7(3) = m(3). Indeed, one has

. ~_ L
L(ﬁ) = I"‘ZAJ'Q], + 70
j=1
d L
= T+ Z (ijkAk)ﬂj + —
j=1 k=1 !
d d I
= T+ Z (ZpgkAk)ﬁ +=22
k=1 j=1 !
d L
= T+ Z (Pey, - 1) Ap, + =2,
k=1 !
where (ey, ..., eq) denotes the canonical basis of R.

Since 57 = (P~')"n, one has Pey, -7 = 7, and therefore

that is, L(3) = L(3). The kernels of these matrices are therefore the same, and

thus, we have 7(8) = (3).

b) Denoting by 7(n) a parametrization of C;, we now prove that 7(8) =

(017(8),0,...,0).

We know that o L
T(B)A;7(B) = —0;7(B)T(B),

which, thanks to the result of a), reads

m(B)A;m(B) = —8;7(B)m(B)-

We now say which matrix P we take. Denoting by [; its line vectors, we take
Iy = e1, and for (I2,...,lg) any basis of the orthogonal hyperplane to 7/(3).

Since we have supposed that 7/(j3) - n’ # 0, ie. that 7/(3) - e; # 0, P is
invertible.
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We then have w(g)gﬂr(g) = m(B)A1m(B3), and since this last quantity is equal
to —017(B)m (), we can conclude that 817'@) = O17(f). When j > 2, one has

n(B)Am(B) = ZPM B)Axm(B)

= - ijkaﬂ(@
k=1

—l;-7'(B)
0

since (Ij);>2 is a basis of the orthogonal hyperplane to 7/(53).
We therefore have @?(E) =0 for j > 2, so that

7(8) = (ir(B),0,...,0).

¢) Denoting by CY the tangent cone at (0,0) to C;, we now prove that the

tangent plane P to C; at ﬂ is also tangent to CO at [30
Thanks to the results of b), we know that the vector @ := (1, =9, 7(8),0,...,0)

is normal to P. We therefore have to show that it is also normal to C° at 3°.
With arguments similar to those used in a), we can prove that

(r,n) €C° <= (r,(P~")Ty) e,

so that if 70(n) is a parametrization of C°, then 7°(n) := 7°(PTn) is a parametri-
zation of C°. We have therefore

FO/(UO) — OI(PT’HO)PT

-
' (n") P,

since 7° = e;. But Assumption 2 says that 70/(n°) = 7/(8), so that one has
70/(n°) = 7/(B)PT, and hence 9;7°(n°) = 7/(B) - I; for all j. Thanks to the
definition of the [;, this yields

/(") = (@im(9).0,...,0),

and therefore @ = (1, -017(f),0,...,0) and is thus normal to CO at B9, as we
wanted to prove.

d) We have thus proved that for the problem ( ), Assumptions 1 and 2 remain
true, and that Assumption 1 is also satisfied.
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6.2 An existence theorem

In Assumption 5 we have supposed the existence and uniqueness of a regular
solution to the coupled problem (S) which gives the leading terms of our ap-
proximate solution. We have not proved yet this existence/uniqueness theorem,
but we give here an existence theorem for a simplified version of system (S)
which also appears in the study of water waves (see [L2] and [Su]). This system
reads

i0yu + OFu = udyv

(T) “lg2, o2
Opv + 07 " 05v = —|ul?,

where 0; and 02 denote the partial derivative with respect to the first and the
second space coordinate respectively. We want v to be real valued, while © may
take complex values.

The second equation does not make sense since the operator 8; '3 does not act
on distributions. However, the following integral equation (used in Theorem 9)
makes sense:

t

v = eal_lagtvg - / eaflag(t75)|u|2(s)ds,
0

since the group 91 95 acts on every Sobolev space H*, and for u € L>(0,T; L?),

|u|? lies in L>°(0,T; H®) for some negative s.

This system may be seen as a simplified version of (S) in space dimension equal

to 2 where u plays the role of 7(3)U11, and d1v the role of 7! (0)Uso.

Throughout this section, the Fourier dual variable of y; and gy are denoted by
&1 and & respectively.
6.2.1 The regularized problem

In order to define a regularized problem associated to (T), we introduce, for
any u > 0, the operateur d,, whose symbol is given by

ot &
i .
&
The operator d,; ! is therefore given by the symbol

&
p+&

which is also used to regularize the KP equation in R? (see [IMS]).
In the following lemma, we give some of the properties of these operators.

Lemma 7 i) 8, and 0;/' are anti-adjoints.
i) If ¢ is a real-valued function, then 0,¢ and 8;%0 are also real-valued.

Proof.

i) This is a consequence of the fact that the symbols of J,, and (“);1 are purely
imaginary.

ii) It follows from the fact that these symbols are also odd.
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We can now define the regularized problem. For € > 0 and u > 0,

(T..,.) i0yu + O3u = udyv
o 6t(1+6A2)v+8;15)22v = —|ul?

The end of this section is devoted to the proof of the following theorem.

Theorem 5 i) Let (ug,vo) € L? x H*/?(R?). There exists a unique solution
(u,v) € O(R; L2(R?) x H>2(R?)) N C (R; H2(R?) x H?(R?)) of (T.,,.) with
initial values (u,v)(t = 0) = (ug,vo)-

i) If (uo,v0) € H? x H®, then (u,v) € C(R;H* x H°) N C'(R; L? x H").

Proof.
Solving (Te,) in the spaces given in the theorem is equivalent to solving the
two following integral equations

t
u=51(t)ug — z/ S1(t — s)udiv(s)ds (75)
0
and .
v = Ss()uo —/ So(t — s)(1+ eA2) M uf2(s)ds, (76)
0
where - L o
Si(t) == etort and Sa(t) == e O O2(1+eA™)™ 0t

are two unitary groups on L2.

For (u,v) € C(R; L? x H%?(R?)), let us introduce
C(ua U) = (Cl (ua U)) CQ (ua U))
with .
Ci(u,v) = S1(t)ug — z/ S1(t — s)udiv(s)ds (77)
0

and
Co(u,v) = Sa(t)vg — /0 So(t —8)(1 + eA?) " ul?(s)ds. (78)

We also introduce the space X7 := C([0,T]; L*(R?) x H>/2?(R?)) and consider
its natural norm

[[(u, v)[|x7 = max (|U\L°°([0,T];L2)a |U|L°C([0,T];H5/2))'

For any R > 0, we also denote by Bpr the ball of X1 with radius R. We can
now state the following lemma.

Lemma 8 Let R := 2max (|ug|rz2, [vo|gs/2)-
There exists Ty > 0 such that for all T < Ty, the application C maps Bgr into
itself.
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Proof.
One has

|C1 (’LL7 U)'LOC ([0,T);L2) |uO|L2 + T|ualv|L°°([0,T];L2)

luolz> + Tlul L (jo,75;02)101v] L ([0,7);1)

IN A IA

luolz + C1T|u|Los (jo,19:22) 10| oo (0,77 113/2)5 (T9)

since v € H3/2(R?) C L°°.
We also have

(1 — AP/ Co(u,v) e (or)irey < |volgsre
+ T|(1 _A)5/4(1+6A2)71|u|2|Lw([0’T];L2)7
but

(1= A)P/4(1 + eA?) <Cl1-A)

—1 2 3/4 2
[ul |L°°<[o,T];L2) Hul ‘Lw([o,T];m)

and
[Jul?| 1 < Clul?] 0

for any a > 0. Taking o = 1/2 thus yields
||u|2|H—3/2 < C||u|2|L1 = C’|u|%2.
We have therefore
(1 A)5/4(32(%U)|L°°([0,T];L2) < |volgss2 + 02T|U|2Loo([o,T];L2)- (80)

With R = 2max (|ug| L2, [vo|gs/2) and (u,v) € Bg, (79) yields

R
|C1(u, )| Lo ((0,1):22) < 5 + C1TR?,
and (80) yields
R
|CQ(U’ v)|L°°([07T];H5/2) < 5 + OQTRZ.

With T7 = min(1/2C1 R, 1/2C3R) and T' < T, we have therefore ||C(u,v)| x, <
R, and Lemma 8 is thus proved.

O
We now prove another lemma before pursuing the proof of the theorem.

Lemma 9 There exists Ty > 0 such that for oll T < Ts, C is a contraction on
the ball Br of Xr.
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Proof.
Let (u,v) and (@,?) in X7 such that (u,v)(t = 0) = (4,0)(t = 0) = (ug,vg).
One has

t
Ci(u,v) = Ci(a, ) = —i/ S1(t — s)(udrv — wO10)ds
0
so that

|C1(u,v) = C1(@ D) e (0 17,129 T(|(u = @)01v| L= (0,7} L2)

+ \11(811) — 815)‘L00([0,T];L2))
< T(Culu = @l poe(o,11,2) 0] oo (0,77 275/2)
+ Oz o,y v = 9L o yimo2))-

If (u,v) € Br and (4,0) € Bg, one then has
’Cl(u,v) Ci(,v ’Lm (07]:22) S 2C1TR||(u,v) — (@, ?)|| xp, (81)
and one can show in the same way that
|C2(u,v) — Ca(a, |LM(OT] w2y < 2C2TR||(u,0) = (@,0)|xr,  (82)
and the lemma is thus proved if we take To = 1/4Cs R.

O

Thanks to those two lemma, the proof of the following proposition is straight-
forward.

Proposition 10 For all (ug,vo) € L? x H®/2, there exists a unique mazimal
solution (u,v) € C([0, Tasl; L2 x H*?) to (Te,) such that (u,v)(t = 0) =
(u07 UO) .

Moreover, if Tinar < 00,then

|U’|L2 (t) + |’U|H5/2 (t) — 00, when ¢ — Tma:v-

Once the next proposition will be showed, the proof of point i) of Theorem
5 will be complete.

Proposition 11 One has Tyar = +00 (where Tpay is defined in Prop. 10)

and for all t € R, one has
([ 1) = [
Proof.

Let (u,v) be as given by Prop. 10. We have

i0yu + 0%u = udyv, (83)
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and u € C([O,me), L2) nct ([O,Tmm), H_2).

Let pa(y1,y2) be a regularizing sequence defined on RZ. We then take the
convolution product of p, and (83). The L? scalar product of each term of the
equation thus obtained with p, * @ is well defined. Taking the imaginary part
yields

%8t/|pa*u|2 = s(/pa*(u&v)(pa %10)).

Integrating this equality with respect to the time variable ¢ then yields

1w s @) = [ lpauol zz/ot%(/pa*waw)(pa*u)).

But since u € C’([O,Tmaﬁ),LQ), we have p, * u(t) — u(t) for all ¢ when @ — 0
Moreover, one has udv € C([0, Tpaz), L?), so that pq * (ud1v)(t) — udiv(t)
for all t. We have therefore

[ pa wdroip e~ [ P onote),
when a — 0, and thus
%(/pa % (u01v)po * u(t)) — 0.

We now prove a domination property. One has

IA

|pa * (u01v)|L2|pa * 2

|%/ (pa * (ud1v)pe * (1))

A

|U61’U‘L2 |H|L2 S RS,

with R such that (u,v) is in the ball Br of Xr.
Thanks to Lebesgue’s dominated convergence theorem, we have therefore

¢
/ S(/pa * (u01v)pa *ﬂ)ds — 0,
0

when o — 0, and we have thus proved that |u|z2(t) = |ug|r2 for all ¢.
Moreover, Inequality (80) applied to Ca(u,v) = v yields, for all T' < Tyqz,

0l qoyarsrzy < |volgsre + CoT|ul o o,77:12)
= |volgssz + CoT|ugl3.
Therefore, if T),q, < 00, we have
|U|L°°([O,Tmaw);H5/2) < |volgs2 + C2Tmam\uo|%2,

and
[u| oo ([0, Tman)iL2) = |0]L2,

which is in contradiction with the explosion condition of Prop. 10. We have
therefore T}, = +00 and the proposition is thus proved.

47



O

We now prove point ii) of the theorem, which concerns the regularity of the
solutions. Let (ug,vo) be in H? x H®. Solving the Cauchy problem in H? x H®
locally in time does not raise any difficulty, and we omit the proof. It remains
to show that the result is valid globally in time.

Thanks to point i) of the theorem, we know that we can find a continuous
function C(t) such that |v|gs/2(t) < C(t) for all ¢.
From Eq. (77) we deduce

t
[ul g (t) < Juo|pr +/ |uO1v| g1 (s)ds. (84)
0

But one has d(ud1v) = dudiv + uddv, and

|8u81v|L2 S |8U|L2|81U|Loo
< ulg C); (85)

we also have

[ud0v| 2 |u| 14001 4
Cst |u|g1/2|0010] 12
Cst |u|H1/2 |’U|H5/2

Cst C(t)|u| g - (86)

IAIA IN N

Thanks to Eqs. (84)-(86), we have

t
lul g2 (£) < Jaso| e + Cst / C(s)|ul s ()ds,
0
so that Gronwall’s lemma yields the existence of a continuous function D(t)

such that |u|g: () < D(t).
From Eq. (77) we also deduce

t
a2 (®) < ol + [ udrolies (s)ds, (87)
0

But one has 9%(ud1v) = 9*udiv + 20udd v + ud*d1v, and

A

|82U81'U|L2 |62U|L2‘81U|Loo

< Cst C(t)|ulgz; (88)
we also have

|0ud1 00| 2 |Ou| 4|01 0v] pa
Cst |8u\H1/2 |818U|H1/2
Cst |Ou|g1/2|v| gs/2

Cst O(t)|ul g2, (89)

VAN VAN VAN VA
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and

|U8201’U‘L2 |u|L2|8281U|L00

<
< Cst |ulz2|0%01v| g2
<

Cst |uo|p2|ulgs. (90)
Thanks to Eqgs. (87)-(90), we have
¢
|| gz () < |ug|gz + Cst / (C(s)|u|p2(s) + |v(s)| s ) ds. (91)
0
From Eq. (78) we deduce
¢
[v| s < |volms +/ ||u|2(H1(s)ds, (92)
0
and we have d|u|? = 2R(udu) and
@ouls < fulsslOulze
< Cst |u|g/2|0u] g2
< Cst Jul3> ul /2 ul grase,

so that |[@du|rz < Cst \/D(t)|u|g2. From (92) we then deduce

t
|v|gs < |vo|gs + Cst / vV D(s)(Ju|gz(s) + 1)ds. (93)
0
Egs. (91) and (93) together with Gronwall’s lemma yield that
olas + [ulpz < E(),

where E(t) is a continuous function.
It is now easy to conclude the proof of the theorem.

O

Remark. i Since |v|gs and |u|g2 control |v|y1.« and |u|~, we can easily obtain
results for more regular solutions. One has for instance a solution in H? x HS.
ii In the above proof, we have found two constants C1(T) and Co(T) such that

|(w, v)| poe (o, 12 x 15y < C1(T) and |(wy V)| oo (0,73 22 1572y < C2(T).
These constants C1(T") and Cy(T') depends on T, €, up and vg but not on .

We now prove the following theorem, which deals with the continuity of the
solutions given by Theorem 5 with respect to the parameter pu.
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Theorem 6 i) We take here = 0. If (ug,vo) € L? x H5/? then there exists
a unique solution (u,v) € C(R; L? x H5/2) to the integral equations (75)-(76)
such that (u,v)(t = 0) = (ug,vo)-

Moreover, if (ug,vo) € H? x H, then we also have (u,v) € C(R; H? x H®).
ii) Let (ug,vo) € L? x H®/? (resp. H?> x H® or H3 x H), and let (u*,v") be
the solution of (75)-(76) such that (u,v)(t = 0) = (ug,vo), with p > 0. Then
the mapping

R* — C(R; L? x H*?) (resp. H*> x H® or H® x H® )
o= (uf,v")

18 continuous.

Proof.

i) The proof made for Theorem 5 remains valid. The only difference is that we
cannot use the partial differential equation satisfied by v because of the operator
o7, but we do not need it.

ii) We conside here the case L? x H%/2.

We write the integral equations (75)-(76) for 4 and po > 0.

t
ut = 81 (t)ug — z/ S1(t — s)utdyv*(s)ds
P
Vi = SE(t)vo —/ SE(t— 5)(1+ eA2) " |ut 2(s)ds,
0

and

t
ut® = Sy (t)ug — z/ Sy (t — s)ut°o1vH0(s)ds
0
t
W — SEO ($)u — / S0 (¢ — s)(1+ eA2) " w0 2(s)ds.
0
Substracting those two systems yields on the one hand

t
|ut —uto|pe < /|u“81v”—u“°81v““|L2(5)d5
0

IN

t
/ [ub| 2|01 0" — O1vH0 | Loo + |D10H0 | Los [u — utO|p2(s)ds.
0

We have seen that |u|pz = |ug|rz and |[vH0]ys/2(t) < C(t), where C(t) is a
continuous function of ¢ which does not depend on p. We have therefore

t
s — w2 < Cst / ([0 — 0" gosa(s) + C()|w — uo| 2 (s))ds.  (94)
0

One has on the other hand
[ =0 gse <[ (S5 (8) = S5 () vo] 4yso

t
+ (S5t —5) = S5°(t — 9)) (1 + eA?) T u"*[*(s)] 1525
0
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t

+ / |(1 —|—€A2)71(|u"°|2 - |u“|2)|H5/2dS
0

|(S§L(t) - Sgo(t))vO|H5/2

b IS5 9 = s = ) P s

t
/0 [(ju 2 — [u?)], 2 (s)ds.

IN

_|_

But we know that

HUHUF - |uu‘2’H—3/2 < Cst Hum)|2 - |U‘H|2|L1
< Ost (Juflpe + [u*|p2) [uk® — w2
< Cst |ut® — ut|pe,

so that

t
' — 0 sz < | (SE(E) — S5O (t))vo| s /e + Cst / [uh — uf |2
0

t
+ / |(S§(t—s) —Sé‘o(t—s))|u“°|2|H_3/2ds. (95)
0
We introduce
t
ma(t) i= [ 1(S5(t = 5) = St = ) Py
0

and want to prove that m,(t) — 0 when p — po. Denoting by iP, the symbol
of d,, we have

F((S5(t—5) = 82t = )l () ) (61, &2)
= (e—iP“ (51)(1+€|§|4)71§§ (t—s) _ e*iPuo (51)(1+€|§|4)71§§ (t*S))j:'(lu,ug |2)(£)

?

and it is clear that the second member tends toward 0 for almost every &1, &
and ¢ when p — po.
Since the integrand which appears in the definition of m;(t) is dominated by

[l ||, 5,2 (s) € Li,.(R), we can therefore conclude thanks to Lebesgue’s dom-

inated convergence theorem that
my(t) — 0 in o (R), when 1= fig-

loc

‘We now introduce

ma(t) = [ (S5 (1) — 55°(1))vo s 2

and we want to prove that it also tends towards 0 when p — po. We have

F((S5) - 542 (1)wo)

o1



e~ iPu(€)(1+el€])TTESt _ p—iPug (€1)(1+el€]) T et )3o(€)

4\ — ~
= (e (Lel€)Te3t _ o—iPug (§)(1+el€|) T €5t ) je<a) Ljer |2 0 (€)

+

) (= gg<ay Lje 25100 (6)
fﬂ( 75) +gu(ta§)'

Let v > 0 and choose a > 0 sufficiently big, and 8 > 0 sufficiently small to have

[(1+[€17)% g, (t, )], <. (96)

With the same « and (3, one has

[la+ier2iaer

x ‘e—iPMO(51)(1+e|£|4>*15§t _ e—z‘Pu(fl)(1+e\&\4)*1§§t|2

(L + (€274 £ (t,6) 3

X

]l{lﬁ\Sa}]l{\&IZB}}dfv
and as, for || < « and |&;| > 3, one has, for t < T,
o= iPro € (+ele) ekt _ o =iPu€) A+l e < O, YTt — puol?,
so that it is easy to see that
2
|1+ 67 fu(t, )12 <%
if 4 and pg are close enough. Together with (96), this yields
ma(t) — 0 in LS (R), when = L.

Equation (95) thus writes
t
[o — vH0| s /2 (1) < my(t) + ma(t) + Cst / |u¥ — ut0|p2(s)ds
0

with mq(t) +ma(t) — 0 as p — po in LYY (R). Using Eq. (94) and Gronwall’s
lemma yields

|u# — uto|p2 + [o* — vH0| sz — 0 in L3 (R) as [t — [,

and the proof is thus complete.

6.2.2 Energy estimates

We first prove a few energy estimates linked to the regularized problem (T, ),
for g > 0. These estimates are very similar to those obtained by P. Laurencot
[La] for the one-dimensionnal problem.
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Theorem 7 Let (ug,v9) € H® x HS.
Then the solution (u,v) € C(R; H3x H6) given by Theorem 5 for p > 0 satisfies

)
[ = [ uol

1
/R2 |81U|2 + |u|281v + §|82(8;181)1/2U|2

ii)

1 _
= /R2 ‘81U0|2 + |U0|2811)0 + §|82(8#181)1/2'U0|2 X
i)
/ |(1+6A2)1/2alv\2+2wala:/ |(1 + eA2)Y20 00| + 2iued: g ;
R2 RQ

iv)

|u|?v(s)ds.

t
(L + )20 :/ (14 eA)Y20q[* - 2/

R2 R2 0 Jr2

Proof.

i) Taking the imaginary part of the L? product of the first equation of (T )

with @ yields
o [ 1uf* =0,
and the result follows.

ii) Taking the real part of the L? product of the first equation of (T ,) with

0:u yields
1
50 / 1O

%(/&gﬂu@lv) = %/@\uﬁ@lv

1 1
= 58,5/|u|28111—§/|u|23t8w,

3t/|81u|2+8t/|u|261v:/\u|28t61v. (97)

The second equation of (T, ) may be written under the form

and therefore

8tv+8;18§(1+6A2)_1v = —(1+eAH)Hul?, (98)

so that [ 01(98)|ul? reads

/alatv|u|2 + /a;lalag(l b eA)Tyfyf? =0, (99)
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since (1 + €A?)719, is anti-adjoint.
We now compute f(98)8§8;181v and find

1
—iat/mg(a;lal)l/%yQ _ _/(1+6A2)—1\u|2333;151v. (100)
Since (1 + €eA?)~1 is self-adjoint, Egs. (99)-(100) yield
1
/618tv|u|2 - —iat/|ag(a;131)1/%|2,
so that plugging this equation in (97) yields

1
at/ Ol + 00+ 3102(0,01) o = 0,
RZ

and the result follows.
iii) Taking the L? product of the second equation of (T ,) with 97v yields

1
_§6t/|(1+€A2)1/231U|2 = _/|“\2312v
= /E(‘)lu@lv + ududv.

One then take the expression on udiv and udiv given by the first equation of
(T.,,) and plugs them into the above equation, and thus obtains

1
_5(’% / ‘(1 + 6A2)1/281U|2 = /81u< —i0yu + afﬂ) + 6lﬂ(i8tu + 8%U>
= i/@lﬂatu — O1udiu+0

e i/81ﬂ8tu+u8t81ﬂ
= i@t/ualﬂ,

8t(/|(1+€A2)1/281’U‘2+2i/ua1ﬁ) =0,

and the result follows.
iv) Taking the L? product of the second equation of (T, ,) with v reads

815/‘(1—‘1-6A2)1/21}’2 :—2/|u|2v,

which yields the result.

so that
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The following corollary gives energy estimates associated to the solutions of
(TG,O)-

Corollary 1 We take here p = 0. The solution (u,v) given in this case by
Theorem 6 satisfies:

[ P® = [ juol

R2 R2

i)
i)
2 2 1 2
/ 10wl + [uf2010 + S (050
. 2

1
= / |81UJ0|2 + |U0|281U0 + §|62U0|2 ;
RZ
/ |(1 + 6A2>1/261U‘2 + 2iudhu = / |(1 + €A2)1/281’Uo|2 + 2iugO1 g ;
R2 R2
iv)
t
/ |(1+ 6A)1/2v’2 = / (14 6A)1/2U0’2 - 2/ lu|?v(s)ds.

R2 R2 0

R2
Proof.
This corollary is a consequence of Theorem 7 and of the continuity of the flow
with respect to the parameter p.

O

Remark. The results of the corollary cannot be obtained directly, without
treating the case p > 0. Indeed, the estimates cannot be done directly on (T )
since 9y '03v and dyv are not distributions.

6.2.3 Finding bounds independant of ¢

Useful inequalities

We first give two useful inequalities we will use throughout this section.

Lemma 10 If u and dyu are in L?(R?), then

/( sup [ul?)(y2)dys < 2|ul2|01uls.

y1ER

Proof.
Since for any function f € H'(R) one has |f|oc < V2|f|2|f|2, we can write

(‘sup [uf?)(y2) < 2lul2,y, (y2)|01ul2,y, (y2)-
y1€R

Integrating this inequality with respect to ys and using the Cauchy-Schwartz
inequality then yields the result.
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Lemma 11 If v and O;v are in L*(R?), then

1/2
SUP(/UZ(thD)d@h) / < \/§|v|§/2|0zv\;/2.

Y2

Proof.
Let 7 be defined as

P iys (/sz(yl,yz)dyl)l/z
One has ¢ € L*(R) and ||z = |v]2. Moreover, we have
[ vO2vdyy
(fUQ(yl,yz)dy1)1/27

so that [¢/(y)| < ([ |82v|2dy1)1/2 by Cauchy-Schwartz.
One has therefore ¢ € H'(R) and |¢)’|2 < |02v]2, and thus

V' (y2) =

[Wlooys < V2/0l3/%[020]3>

Local bounds in time, for small initial data

The following theorem gives useful bounds independant of e.

Theorem 8 We take here =0 and let T > 0.
There exists €g > 0 and there exist A > 0 and C > 0, independant of € such that
if (ug,vo) € H® x HS is such that

|u0|§ + \81UO|§ + |vo|3{1 <A,

then the solution (u,v) of (Teo) such that (u,v)(t = 0) = (ug,vo), given by
Theorem 6, satisfies

|ul e fo,71:22) + 1010l Lo ((0,71:L2) + [0 ((0,17:m1) < C.

Proof.
We first introduce the quantity Ny defined as

1
Ny = / |81UO|2 =+ |uO|281’U0 + §|821}o|2.
Thanks to point ii) of Cor. 1, one has
< Ni+| [1aPoe)

Ny+2 [ Jul 0wl o, (101)

A

1
|81U|% + §|62U\§

IN
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but we also have

2 / ] O] o]

2 / ( / o B2 [o]dyn ) e

< 2 [ uleun ) [ forul |v|dy1)dy2

<2 [ fuloes (2) ([ 10run) ([ o) e

< 2sup ([ 1oPdn)"”* [ fulos, ([ 10ruPdn) e
Y2

1/2 1/2
< 25up(/|v|2dy1) / (/|u|oo,y1dy2) / |O1u2
< 4loly?1800]y ? uly * |0y uly?, (102)

the last inequality being a consequence of Lemmas 10-11.
Thanks to Eq. (101), we have therefore

01ul2 + |5211|2 < Ny + 405 %|050]5 2 |uo 3 2 0rul3/?, (103)

since for all ¢, |ul2(t) = |ugla.
It is also a consequence of (102) that

1/2

Ny < Juol3 + *|32”Uo|2+4|’00| 1920032 [uoly’|81uol3’ . (104)

Thanks to point iv) of Cor. 1, one also has

t
(1 )20t = (1 ) e =2 [ [ Juf
0

/|u\2v=/(/uﬂvdy1)dy2

where we can write

so that
|/Iu\2v| < /Iuloo,yl(/IUI [vldys) dy
< [l [ Pn) ([ o) e
< Sup /|v|2dy /2 /|u|oo_,y1(/|u|2dy1)1/2dy2
< Sup /|v|2dy1 1/2 /\u|ooy1dy2 /Iu\z
< 2|v|1/2|82v|§/2\u0|3/2|81u|1/2,
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where the last inequality is a consequence of Lemmas 10-11 and of the conser-
vation of the L? norm of w.
We have therefore

t
|(1+ eA?)Y20[3 < |(1 + €A?)!2ug)3 + 4 / ol %182015 % uol3 * 0ruly’®, (105)
0
so that for T'> 0 and ¢t < T, one has

|(1+eA?)20 < |(1+ eA%)2ug]3 + 4T o] /2 |00] /2 uoly * 01y |2,

where the norm | - |10 (jo,);22) is denoted by |- |.
Since |v]y < |(1 + €A?)/2y|y, and that for e small enough, one has |(1 +
€A?)/294|2 < 2Jwg|3, we have

[0[% < 2Juo|3 + 4T [0]/2[850[ 2 uo| ¥ * |01 y] /2. (106)

Taking the sup in time in Eq. (103) and summing with (106) then yields

1
Ovul® + 51020 + [ol* < Ny 4 2fuol3 + 4lv]"/2(0p0]" 2 [uoly |01 uf*?
+ AT 2]850] 2 uoly 2 |0rul V2. (107)
. . T4 g4 A Ay s 3/2
We now use the Young inequality abed < 7 (a®+b*+c*+d"), with a = 4T |ug 5",
b= |v]'2, ¢ = |0yv|"/? and d = |01u|'/? to obtain
3 1
1 (00l + 21050 + [o?) - < Ny + 2fuof + Afo]72|050] 2 o5 2|0y uf*/2
1
+ (ATl (108)
We now use another Young inequality, abed < é(as + 0% + 3¢8/3 + 3a%/ 3) with
a= Y2 b= 0|2, c= |uo|;/27 and d = |9yu|*/? to obtain
|01ul? 4+ |020)° + o[> < Cst (N1 + |vol3 + T*|uol3)
+ Cst (Juoly” + o] + |820[* + |91ul*)
Introducing f := |v|? + |01u|? + |02v|?, we obtain from the above equation
F < Cst (Ny + T*uol§ + [vof3 + [uol3*) + Cst f2,

which is of the form aX? — X + 3 > 0. We want to choose « and 3 such
that the trinomial aX? — X + /3 has two distinct real roots. We want therefore
1 —4af > 0, which reads

4/3

Cst (Nl + T4‘UO|6 =+ |’U0‘§ + ‘UO|2 ) < (109)

o~ =
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For A > 0 small enough, it is a consequence of (104) that if

uol? + [O1uo|® + |vol3 < A,

then condition (109) is satisfied, and we denote by X, < X; the two roots.
Since for all ¢ such that 0 <t < T, one has af(t)? — f(t) + 3 > 0, one has either
f(t) < Xo or f(t) > X for all t <T. We are in the first case if f(0) < X, and
in the second otherwise. In order to have an upper bound for f(t), we therefore

want to have f(0) < Xo, which is the case if 2af(0) — 1 < 0, that is, if

Cst (Jvo|® + [O1uo|® + |D2vo]?) < 1,

which is satisfied if the A defined above is small enough. One then has for all

t<T,
1-vV1l—-«a 1
(10l + foral? + 00) () < X0 = T = =P < 2.
We now want a bound for |0;v]3; one has

Jlowp < [la+ e 2o

and using point iii) of Cor. 1 yields

IN

IN

| / |(1+ eA?)25,0)% + 2iudi | + 2| /u81ﬂ|

/|31U|2 < /|(1 + eA?) 20100 + 2iug0Tig| + 2Jul 2| Orul 2
For e small enough, one has therefore
/|81v|2 < 2[01vo|72 + 2/|u061170| + 2[ul2|O1ul Lz,

and since f(t) < %, for all t < T, we can conclude that

/|81v|2 < Cst .

This inequality, together with (110), proves the theorem.

6.2.4 Conclusion

(110)

Throughout this section, we denote by (u®,v®) the solution to (T.) given by
Theorem 6. Thanks to Theorem 8, we can consider a subsequence, still denoted

by (uf,v¢), such that
ut —u in L>=([0,T); L?) weak *,
O1u® — O1u in L>([0,T); L?)  weak *,

vT =0 in L>=([0,T); H) weak *.
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We want to prove that (u,v) solves (T).

We first give a compactness result for v°.

Lemma 12 If |ug|?> € H', then one has v — v strongly in L°°([0,T]; L? ).

loc

Proof.
Multiplying the first equation of (Teo) by @° and taking the imaginary part
yields

1
§8t|u8|2 + 23 (0fu"w") =0,
and therefore

t
[uf|? = Juo|* — 431/ S (01uT®) (s)ds,
0

since 0huf0u’ is real. Introduce now

Us .= /t S(01uu®) (s)ds,
0
so that
W = O O (ked) My _/t€_3113§(1+5A)l(t—s)(1+€A)—1 [Juo|2 — 46,U%] ds.
0
We also introduce
Ve — 6—6;163(1+5A)*1tvo _ /te_allag(l—i-sA)l(t—s)(l + eA) " ug 2ds
0

and .
We = 4/ e*8f163(1+€A)71(t75)(1 +eA) L0 U (s)ds,
0

so that v® =V*® + W*.
As soon as vy € H! and |ug|?> € H', we have V¢ bounded in L>°([0,T]; H')
and V¢ — V in L*([0,T]; H') when € — 0, where

t
—1.2 —152
Vo= 8_81 o5t 0_/ 6—81 32(t_‘9)|u0|2ds.
0

Since v® and V¢ are bounded in L*([0,T]; H'), then so is W& = v — V&,

Moreover, one has

¢
OWE = 4(1 + eA2) 19U (t) — 4/ e 01 3 (HeAN) TN (t=9) (1 4 (A2) 29207 ds.
0

But the sequence U?, as defined above, is bounded in L>([0, T]; L) and there-
fore in L>°([0,T]; H3/?), so that 9;W¢ is bounded in L>([0,T]; H~7/?).

It follows that W€ is strongly compact in L°°([0,T]; L% ), and the lemma is
thus proved.
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The following lemma says that (u,v) solves the first equation of (T).
Lemma 13 The functions u and v solve
10 + (‘ﬁu = udv.

Proof.
We know that
i0pus + OPus = udiv®,

which is equivalent to
i0pu® + OFuf = 0y (uv®) — Drucv’.

But since v® — v strongly in L>([0,T]; L? ) and u® and dyu® converge weakly

in L>°([0,T]; L?), we can take the limit in the above equation, that is,
i0pu + 0%u = 01 (uwv) — dyuw,
which yields the result of the lemma.

O

In order to prove a strong compactness result for u®, we will need the fol-
lowing lemma.

Lemma 14 i) One has udyv € L>([0,T]; L, (L2))).
i1) Let ug € L;Z(Lzl) and f € LOC([O,T};L;/2 (th))
Then the solution w of
{ 0w + Fw = f
U)(O, y) = uO(y)a

is in C([0,T; LY, (L2 ).

Proof.
i) One has
/\uawlzdyl < |u|io,y1(/|81v|2dy1)»
and thus
(/|u8111|2dy1)1/2 < |u|oo,y1(/|alv|2dy1)l/2’
so that

1/2
/(/|u811)\2dy1)1/2dy2 < (/|u|goy1dy2) / |O1v]2
V2uly|0ruly 010,

IA
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thanks to Lemma 10, and the proof is thus complete.
ii) The function w writes

t
.02 -2
w = ety — z/ e t=9) f(s)ds,
0

/|€i3?t“0|2d91 Z/\UO\Qdyh

the function ¢ — €9ty is in C([0,T); L, (L2)).
The proof does not differ for the component of w concerning the second member

f.

but since

O

We can now state a compactness result for u®.

Proposition 12 Let ug € Ly, (L2 ).
Then u® — u strongly in Lz([O, T] x RQ).

Proof.

Thanks to points i) and ii) of Lemma 14), we know that the weak limit u of u®
is in C([0,T]; L, (L))

We now introduce a regularizing sequence p,(y1) of R, , and we consider

O / (pa * u)’dy; = 2%(/(/)& *T)(pa * 8tu)dy1).
R
We know thanks to Lemma 13 that
Oyu — iafu = —jud v,

so that
5‘t/(pa su)’dy, = 2R( /(pa #70) [10F (pa * 1) — ipa * (ud1v)]dy1)
R

= 2%(/pa * (u010)(pa * W)dyy ).

But since for almost every y, and t, we have udiv € Lzl (because u € H;l C
L:°). We have therefore pg * (udyv) — udiv in LY when o — 0.

Moreover, for almost all ya, u(-,y2) € L7 , and therefore po *7 — @ in L7 . We
have therefore

9o (Y2, t) := 2%(/pa * (u01v) (pa *W)dy1) — 0,

almost everywhere in ys and t.
But we also have

go(yo,t) = —25(/% + (D1uv) (po * W)dyr) — 2(\‘9(/,0@ * (uv) (pa * O1u)dyr),
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so that
19a (Y2, 1) < 4|01

2,y1 |v|27y1 |u|oo7y1 = g(ya,t),

and we have

t
/ / 9(y2, t)dyadt
0 R

IN

/ 1Bl / ful2.. dy2) > sup o).y, dt

Y2

S [ iosubluly oruld ol ol et
0

IN

thanks to Lemmas 10-11, and thus, by Theorem 8§,

t
/ /g(yz,t)dyzdté Cst T,
0 R

and we have therefore a domination condition on g,. Since we have also seen that
go — 0 almost everywhere in yo and ¢, we can conclude thanks to Lebesgue’s
dominated convergence theorem that g, — 0 in L'([0,T] x R).

We have therefore
0 / |ul*dy, = 0,
R

/ |u|2dy1 = Cst.
R

We now prove that this constant is equal to fR |ug|?dy;. As we have u €
C([0,T; L}, (L2))), we have

/(/|U—U0\2dy1)l/2dyz —0 as t— 0,

and therefore

and therefore
/|u —ug|*dy; — 0

when ¢t — 0, almost everywhere in ys.

Hence, we have [, [u|?dy; — [; |uo|*dy: almost everywhere in y,. The constant
Jg |ul?dyy is therefore equal to [, |ug|*dys.

Integrating this relation with respect to yo yields

lul2 = |uol2.

We recall that we also have |u®|2 = |ug|2, so that u® converges weakly towards u,
and converges also in L? norm. We can therefore conclude that u® — u strongly
in L2([0,T] x R?), and the proposition is thus proved.
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Remark. Thanks to the compactness properties of (u®,v®), given by Lemma
12 and Prop. 12, Theorem 8 remains valid with initial values (ug,vo) € L? x H!
instead of H? x HS. One just has to consider regularizations of these initial
values and then take the limit.

Thanks to Prop. 12, we can now take the limit in the expression which gives

Ve,

t

—1492 2y—1 —192 2\—1

Ve 681 95 (14+eA*) t,UO_/ 661 95 (14+eA*) (tfs)(l €ﬁ2)71|us|2(8)d8,
0

and state the following theorem.

Theorem 9 Let (ug,vg) be two functions such that:

- ug and dyug are in L?, |uo|* € H', and uo € L}, (L2 );

-V € H'.

Let T > 0. If |uglz + |O1uol2 + |vol g1 is small enough, then there exists (u,v)

such that
10y + 812u = uov

t
v = eaflagtvo o / 68;18§(t78)|u|2(8)d8,
0

and
uwe C([0,T; L?), &yue L>([0,T];L?),
w(0,y1,y2) = uo(y1,92),
v E L°°([0,T];H1) NnC([0,7T); L? )

loc

Recall that the integral equation for v used in this result makes sense since the
-1

group e %3t acts on every Sobolev space H®, and for u € L*(0,7T; L?), |u|?

lies in L>°(0,T; H®) for some negative s.
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