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Exercise 1. Let K = Q(α), where α is a root of X3 = 2.

1) Show that K/Q is an extension of degree 3. Compute the discrimi-
nant dK/Q(1, α, α2) and deduce that the discriminant dK of K divides
2233.

2) Show that X3−2 is irreducible over Q2 and that there exists a unique
extension v of the 2-adic valuation on Q to K. Compute (Kv : Q2),
e2 = e(Kv/Q2) and f2 = f(Kv/Q2). Show that there exists a unique
prime ideal p2 of OK above (2) and that (2) = p32.

3) Show that there exists a unique prime ideal p3 of OK above 3 and
that (3) = p33. (Hint: examine the minimal polynomial of α− 2.)

4) Compute local differents DKv/Q2 et DKw/Q3 .

5) Show that the absolute different of K is dK = −2233. Deduce that
OK = Z[α].

6) Show that the ideal (5) decomposes in OK into the product of
two distinct ideals (5) = p5p

′
5. Find the inertia degrees f(p5/(5)) and

f(p′5/(5)).

Exercise 2.
Part I. The ideal class group of Q(

√
−23). We want to prove that

the class number hK of the quadratic field K = Q(
√
−23) is 3 i.e. that

the ideal class group of K is of order 3.

1) Show that in each class of ideals there exists an ideal of norm 6 3.

2) Show that the primes 2 and 3 split in OK , i.e. the ideals (2) = 2OK

and (3) = 3OK decompose in OK into the products (2) = p2p
′
2 and

(3) = p3p
′
3, where p2 6= p′2 and p3 6= p′3.

3) Show that the ideals p2, p
′
2, p3, p

′
3 are not principal.
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4) Show that p32 is principal but that p22 is not principal. ( Hint: show
that there exists an element x ∈ OK such that NK/Q(x) = 8 and ex-
amine the decomposition of the principal ideal (x)).

5) Show that the class number of K is equal to 3.

Part 2. Application to cyclotomic fields. We want to prove
that the class number hL of the cyclotomic field L = Q(ζ23) is > 1.
Recall that since −23 ≡ 1 (mod 4), we have K ⊂ L.

6) Let P2 be an ideal in OL above p2. Show that f(P2/p2) = 11 and
deduce that p2 remains inert in L, i.e. that P2 is the unique ideal of
OL above p2 and e(P2/p2) = 1.

Consider the norm map NL/K : F(OL) → F(OK) from the group
of fractional ideals of OL to the group of fractional ideals of OK . In the
next question, you can use the following result which can be proved by
standard methods of commutative algebra: if α ∈ L∗ then NL/K((α))
coincides with the principal ideal generated by NL/K(α).

7) Using the results of Part 1, show that hL > 1.

Exercise 3. Artin-Schreier extensions. Let K = Fp((t)), thus

K is a local field of characteristic p. Set f(X) = Xp −X − 1

t
∈ K[X].

1) Show that f(X) has no roots in K.

2) Let L = K(α), where α is a root of f(X). Express the roots of
f(X) in terms of α. Show that L is a splitting field of f(X) i.e. that
f(X) decomposes over L into linear factors.

3) Show that L/K is a Galois extension and that the map{
ϕ : Gal(L/K)→ Fp,

ϕ(g) = g(α)− α

is an injective homomorphism. Deduce that [L : K] = p.

4) Show that L/K is totally ramified and give an uniformizer of L.

5) Describe the ramification subgroups of G = Gal(L/K).


