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0. Introduction

0.1. The extra-zero conjecture. — Let M/Q be a pure motive of weight wt(M) < —2. Fix an
odd prime number p and denote by V the p-adic realization of M. So V is a finite dimensional
vector space over a finite extension E of Q,, equipped with a continuous Galois action. We will
always assume that M has a good reduction at p. Let D5(V') denote the Dieudonné module asso-
ciated to the restriction of V on the decomposition group at p and ty (Q,) = Deris (V) / FilODcris(V)
be the corresponding tangent space. The Bloch—Kato logarithm is an isomorphism (!)

logy : H}(Qp,V) = 1v(Qy).

LetH } (Q,V) denote the Bloch—-Kato Selmer group of V. We have a commutative diagram

H}(vi) g.I_I}(va‘/)

x\ llOgV

tv(Qp),

where res,, is the restriction map, and ry denotes the resulting map. Note that ry is closely related
to the syntomic regulator. Assume that res,, is injective. One expects that this always holds under
our assumptions [39]. A ¢@-submodule D C D5(V) is called regular, if DN FilODcris(V) = {0}
and

tv(Qp) =D&ry (Hy(Q,V)),
where we identify D with its image in ty(Q,). If D is regular, the composition of ry with the
projection #y (Q,) — Deris(V)/ (Fil°Deris (V) + D) is an isomorphism

(1) rvp 2 HH(Q,V) = Deig(V) / (Fil’Deyis (V) + D) .

We call p-adic regulator and denote by R, (V, D) the determinant of this map. Of course, it depends
on the choice of bases, but we omit them from notation in this general discussion.

In [52], Perrin-Riou conjectured that to each regular D one can associate a p-adic L-function
L,(M,D,s) satisfying some precise interpolation property. At s = 0, the conjectural interpolation
formula reads
L(M,0)

R.(M)’
where L(M,s) is the complex L-function associated to M, R.(M) and R,(V,D) are the

archimedean and p-adic regulators respectively, computed in the compatible bases
&(V,D) is the Euler-like factor given by

3) &E(V,D) =det(1—p~ o' |D) det(1 — @|Deyis (V) /D).

2 L,(M,D,0) = &(V,D)R,(V, D)

and

(MSince wt(M) < —2, one has Deyis (V) =" = 0.
(2)See, for example [8, Section 4.2.1].
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We say that L,(M,D, s) has an extra-zero at s = 0 if &(V,D) = 0. By the weight argument, this
can occur only if wt(M) = —2, and in this case we define

&+(V,D) = det (1 _ple! |D/D<P:p‘1) det(1— @[ Deis (V) /D).

If, in addition, we assume that the action of @ on Dis(V') is semisimple at p~!, then & (V,D) #0.
In [8], the first named author proposed the following conjecture.

Extra-zero conjecture. — The p-adic L-function L,(M,D,s) has a zero of order e = dimg D?=7 -
ats =0 and
L(M,0)

Ro(M)’

L,(M,D,0) = 2(V,D)&(V,D)R,(V,D)
where £ (V,D) is the £-invariant constructed in [8].

0.2. Examples. — 1) Let Q(n) be the motive associated to an odd Dirichlet character
n : (Z/NZ)* — Q" such that (p,N) = 1 and let Q(ny) be its twist by the cyclotomic char-
acter x. In this case, the extra-zero conjecture follows from the explicit formula for the derivative
of Kubota-Leopoldt p-adic L-functions proved by Ferrero and Greenberg [30] and Gross—Koblitz
[35] (see also [7]).

2) More generally, assume that F is either a totally real or a CM-field and Q(p) is the Artin
motive over F associated to an Artin representation p of Gr = Gal(F /F). In this case, the extra-
zero conjecture for M = Q(py) generalizes the Gross—Stark conjecture for abelian characters of
totally real fields proved by Dasgupta, Kakde and Ventullo [27]. However, our methods are also
applicable beyond the totally real and CM cases, and should provide some insight on a computation
of Betina and Dimitrov [18]. On the other hand, it seems interesting to compare the formalism of
[8] with the approach of Biiyiikboduk and Sakamoto [21].

3) Let My be the motive associated to a modular form f of odd weight k > 3 and level Ny. We
assume that (p,Ny) = 1. Then the Tate twist My (531) of My is a motive of weight —2 which has
a good reduction at p. In this case, the extra-zero conjecture was proved in [7].

4) The Z-invariant of the adjoint weight one modular form introduced and studied in [55] is
covered by the general formalism of [8].

We remark that in the cases 1) and 3) the motive M is critical and H }(Q, V)=0.

0.3. Rankin-Selberg L-functions. — In this paper, we prove some results toward the extra-zero
conjecture for Rankin—Selberg convolutions of modular forms. This provides some evidences for
the Extra—zero conjecture in a non- -critical setting.

Let f = Z an,q" and g = Z b,q" be two newforms of weights ko and ly, levels Ny and N, and

nebentypus Sf and & respectlvely Let S denote the set of primes dividing NyN,. The Rankin—
Selberg L-function L(f, g,s) is defined by

= ayb
(f7g7 ) NfN)(gfggazs k0_10+2)z na

where L(Nng)(efeg,2s — ko —lp+2) is the Dirichlet L-function with removed Euler factors at
the primes g € S. Note that, up to Euler factors at the bad primes, L(f,g,s) coincides with the
L-function of the motive My ¢ = My @ M,.

Fix an odd prime number p such that (p,NsN,) = 1 and denote by o, (f) and B,(f) (respec-
tively by o,(g) and B,(g)) the roots of the Hecke polynomial of f (respectively g) at p. We will
always assume that

MD) a(f) # B(f) and a(g) # B(g)-

M2) v,(a(f)) < ko—1 and v,(a(g)) < lp — 1, where v, denotes the p-adic valuation nor-
malized by v, (p) = 1.
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Denote by fy and g the p-stabilizations of the forms f and g with respect to a(f) and a(g).
Let f and g be Coleman families passing through f, and g respectively. We denote by f, and
g, the specializations of f and g at x and y respectively and by fY (respectively gy) the primitive
modular form of weight x (respectively y) whose p-stabilization is f, (respectively g,).

Theorem 0.3.1. — For each 0 < a < p — 2, there exists a three variable p-adic analytic function
L,(f,g,0")(x,y,s) defined on Uy 4 x L, where Uy 4 is a sufficiently small neighborhood of (ko,lo)
in the weight space, such that for each triple of integers (x,y, j) € Uy g X L, satisfying

x=kp mod(p—1), y=l mod(p—1),
j=a mod(p—1), 2<y<j<ux,
one has

oo o CE.8))) C()CG—y+1) .
LP(fvgaw )(x,y,]) = C(f;)y) : (_i)x—yzxj—l(zl;;)zi)—y-‘rl <tg7g8> L(fgagga])

In this formula, < s g}> is the Petersson inner product, C(f2) is defined in (64), and the Euler-like
factor & (£, g(y)7 J) is given by

o (P [ B [, BUOBE)
£ty ) = (1 a<f§z>a<g9>) (1 a(fﬁzm(gg))(l ) (1),

This theorem was first proved in the ordinary case by Hida [37]. In [58], Urban introduced
the overconvergent projector and sketched a proof in the general non-ordinary case, but his argu-
ments contained a serious gap which was filled only recently in [59]. Meanwhile, Loeffler and
Zerbes [47] gave a complete proof of Theorem 0.3.1 based on the theory of Euler systems and
unconditional properties of the overconvergent projector proved in [58].

0.4. L-values at near central points. — Assume now that f and g are modular forms of the
same weight ko = lp > 2. Let My, = My @ M, be the tensor product of motives associated to f
and g. Its p-adic realization is Wy o = Wy @ W,, where Wy and W, are the p-adic representations
associated to f and g by Deligne [28], and E denotes an appropriate finite extension of Q. Since
(p,N¢N,) = 1, the representations Wy, W, and Wy 4 are crystalline at p, and we have

Dcris (Wf,g) = Dcris (Wf) QE Dcris (Wg)

The motive My 4(ko) is non critical, of motivic weight —2, and its p-adic realization is Vy, =
Wy (ko). Let E n;?‘ be the one dimensional eigenspace @) of D.is(Wy) associated with the eigen-
value o (f). Set

D= n}x RE Dcris (Wg (kO))
Then D is a ¢-submodule of DcriS(Wﬁ g), and an easy computation shows that
(4) g(fvgak()) = (”@(Vf,gvD)a

where the right hand side term is defined by (3).
We define the p-adic L-function L, «(f,g,s) as the restriction of the three variable p-adic L
function from Theorem 0.3.1:

Lp,a<f7g7s) = Lp(f7 g wko)(k07k07s)-

A density argument shows that this function does not depend on the choice of the p-stabilization
of g (see Section 7.1).

()Here nj‘Z‘ denotes the canonical eigenvector associated to o.(f). See Section 3.2 below.
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Assume that £¢€, # id. Let BFEﬁ?;z lem (Q,Vy,) denote the Beilinson—Flach element ) con-

structed in [43]. From the results of Besser [17], it follows that the restriction res,, (BF;ZO ;*2 ]> of
this element on the decomposition group at p lies in H }(Q »,Vr.e) (see [43, Proposition 5.4.1] for
detailed arguments). The modular forms f and g* define canonical bases @y of FilODcris(Wf) and
O+ of FilODcris(Wg*). Consider the canonical pairing

[ ) ] : Dcris(Wg) X Dcris(Wg*) — l)cris(E(1 - kO))
Let 1, be any element of Ds(W,) such that

[ng’ wg*] = e?(liko)a

where e is the canonical basis ) of Dqyis (E(1)).Setb=0; @M, ® e?k‘) € Deris(Vrg)- Then the
element

bg=b mod (Fil’Desis(Vy,) +D)
is a basis of the one dimensional space Dcyis(V,4)/ (FilODcris(Vf’g) + D) . Therefore the image of
res, (BFE&O;E ]) under the composition

logy,
Hfl (Qp7 Vf,g) ﬁ tfog (Qp) — Dcris (Vf,g)/ (FﬂODcris (Vf,g) + D)

can be written in a unique way as R, (V. 4, D) - by with R,,(V.¢, D) € E. We remark that R, (Vy 4, D)
concides with the regulator R,(Vy 4, D) if H }(Q,Vf,g) is the one dimensional vector space gener-

ated by BF[;? ;2 | One expect that this always holds (©) . We have the following result toward
Perrin-Riou’s conjecture (2).

Theorem 0.4.1. — Assume that €¢€, # id (in particular, this condition implies that f # g*). Then
the following formula holds:

e(f,g.k0) - EVig,D) =
C(f)-G(gr) - G(g) ‘?ko —2)! Ry (Vyg,D).

Here G(&y) and G(&g) are Gauss sums associated to & and &, €(f,8,ko) the epsilon constant of
the functional equation of the complex L-function, and

pa(f) o(f)
Proof. — This theorem was first proved by Bertolini-Darmon—Rotger [15] for modular forms
of weight 2. Kings, Loeffler and Zerbes extended the proof to the higher weight case [43, The-

orem 7.2.6], [47, Theorem 7.1.5]. Note that the results proved in [43] and [47] are in fact more
general and include also the case of modular forms of different weights. O

Lp,a(f7g7k0) =

We remark that, combining this formula with the computaiton of the special value of the com-
plex L-function in terms of the Beilinson regulator, one can write this theorem in the form (2)
(see [43, Theorem 7.2.6]). Also, this result suggests that L, 4(f,g,s + ko) satisfies the conjectural
interpolation properties of L, (M ¢(ko),D,s) up to ”bad” Euler factors at primes dividing NyN,.

(“)1n the weight 2 case, the motivic version of this element was first constructed by Beilinson[2]. In [29], Flach exploited
the p-adic realization of Beilinson’s elements in the study of the Selmer group of the symmetric square of an elliptic
curve.

(5)More explicitly, e; = € @11, where & is a compatible system of p"th roots of unity, and ¢ = log[€] the associated
element of Bs.

(6)Beilinson conjectures in the formulation of Bloch and Kato predict that H }(Q, Vo) has dimension 1.
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0.5. The main result. — We keep previous notation and conventions. In this paper, we prove a
result toward the extra-zero conjecture for the p-adic L-finction L, o(f,g,s) as s = ko. In addition
to M1-2) we assume that the following conditions hold:

M3) g¢, & and €&, are primitives modulo Ny, N, and lem(Ny,N,) respectively.
Ma4) 7(p)e;(p) # 1.
Note that the condition M3) can be relaxed. We introduce it mainly because in this case the
functional equation for the Rankin—Selberg L-function has a simpler form. However, the condition
£r€, # id can not be relaxed. In particular, the case f = g* should be excuded.
Assume that the interpolation factor &(f,g,ko) vanishes. Without loss of generality, we can
assume that a(f)B(g) = p*~'. Then the ¢-module D has a four-step filtration

(5) {0} CD_1CDyCD; C Dcris(vf,g)

such that Dy = D, D_ is the eigenline of ¢ associated to the eigenvalue a/(f)a(g)p %, and Dy is
the unique subspace such that ¢ acts on D1 /Dy as the multiplication by B(f)a(g)p*. Note that
@ acts on Dg/D_; as the multiplication by p~!. Taking duals, we have a filtation on Deris (V7 (1))

{0} € D*; C Dy C Dy CDeris(V7,(1)),

such that @ acts trivially on D{ /Dy . This filtration induces a filtration of the associated (¢,I)-
modules

{0} C FoD],(Vf (1)) C FiD}, (V74 (1)) C DLV}, (1)).

I rig

By [6, Proposition 1.5.9], the cohomology of the quotient

gD, (V7o(1)) = ADL (V7 (1) /FD, (V7 4(1))

has a canonical decomposition
©) H' (2D (vVj(1))) = H} (enDf, (V7o (1)) @ H, (riD (Vi (1))

into two subspaces of dimension 1, which are both canonically isomorphic to Di-/Dg. The

interpolation of Beilinson—Flach elements (see [44]) provides us with an element Za[ck_;*l] S

H! <gr1D;g(Vfﬁg(1))> . Since Beilinson’s conjecture and the injectivity of the restriction map
H } (Q.Vig) —H } (Qp, V¢ ¢) are not known in our case, we can not work with the general definition
of the Z-invariant proposed in [8]. To remeday this problem, we introduce the ad hoc invariant

.,if”v(Vﬂg,D) as the slope of the line generated by Zj[l]-f‘(;_l]

that .Z(V,,D) coincides with the invariant .Z(Vy,,D) defined in [8] if the above mentioned

conjectures hold and the regulator I?,,(Vﬂg,D) does not vanish. The main result of this paper is
the following theorem (see Theorem 7.3.1).

under the decomposition (6). We show

Theorem I. — Assume that o (f)B(g) = p"~'. Then
I) Lp,a(fagak()) =0.

2) The following conditions are equivalent:
1) Ords:kng7O£(f7gas) =1L

ey Slko—1 y

i) 425 ¢ HY (arDf, (v, (1),

3) In addition to the assumption that o(f)B(g) = p*~!, suppose that

Slko—1 .
bz{ffé’ | ¢ H} (grle‘-ig(vf,g(l))> .
Then

e(f,g:ko) L (VD) & (Vy,g, D)
C(f)-G(er) - G(g) - (ko—2)!

L;?,O!(f7g7k0>: 'ﬁp(vf,gaD>a
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where
V70 D) = (1_ po”! ) (1_ ﬁ<f>a<g>> (1_ ﬁ(f)ﬁ(g))_
a(f)a(g) pro po
Remark. — We expect that ;,Z[fkf;l} is in general position with respect to the subspaces
H! (grlD;g(Vfﬁg(l)D and H} (grleig(VJf_’g(l))> . In this case, ords_y,L, «(f,8,5) = 1 and both

the p-adic regulator Isp(nyg,D) and the .Z-invariant .,?(Vf,g,D) does not vanish.

It would be interesting to understand the relationship between our approach and the methods of
Rivero and Rotger [54], where the case g = f* is studied.

0.6. Outline of the proof. — The proof of Theorem I relies heavily on the theory of Beilinsion—
Flach elements initiated by Bertolini, Darmon and Rotger [15, 16] and extensively developed
by Lei, Kings, Loeffler and Zerbes [46, 44, 43, 47]. Note that in the non ordinary case, the
overconvergent Shimura isomorphism of Andreatta, lovita and Stevens [1] plays a crucial role in
the theory.

Letf= Y a,¢" and g = Y b,q" denote Coleman families passing through the stabilizations
n=1 n=1

fo and g4 of two forms of weight ky. Kings, Loeffler and Zerbes [43] (in the ordinary case) and
Loeffler and Zerbes [47] (in the general case) expressed the three variable p-adic L-function as the
image of the stabilized three variable Beilinson—Flach element under the large exponential map.
Using the semistabilized versions of Beilinson—Flach elements we define, in a neighborhood of
ko, two anaytic p-adic L-functions L;*(f,g,s) and L;’,Vt(f, g,s) which can be viewed as "improved”
versions of the three variable p-adic L-function. Namely

-1
Ly (.8, @) (ko,s,5) = (~1)" (1 - g(;’)”(ko)) (1 - W) LY(E,g.5),

ko—2 s

(see Propositions 6.2.3 and 6.3.3).
The crystalline (¢,I")-modules grlDLg(Vﬂg) and grODLg(V;7 ¢(1)) are Tate dual to each other,
and we denote by

[ 1+ s (811D} (Vi) ) s (210D V(1)) = E

the resulting duality of Dieudonné modules. Analogously, the (¢,I")-modules grlDIig(Vjii (1)

and grOD;g(Vﬁ ¢) are Tate dual to each other and we denote by
() H' (enDfy(Vig(1) x H' (eroDfy(Vre) ) > E

the induced local duality on cohomology. Let

exp : Deris (grODjig(Vﬂg)) — H! (grODjig(Vﬁg))
and

log : H' <gr1DLg(Vf’g)) = Deis (grlDIig(Vﬂg))
denote the Bloch-Kato exponential and logarithm maps for the corresponding (¢,T")-modules
(see [8, Section 2.1.4], [48]). The filtered Dieudonné modules P ;s <grODLg(Vf,g)) and

Deris (grODT (Vﬁg(l))) have canonical bases which we denote by dyp and nyp respectively

rig
(see Section 6.5). The Beilinson—Flach element BF[fkfgjz]

H! <gr1D;’ig(Vf7g)> of H'(Q,, V) and we denote by Zlgi()’;*z] its image in H' (grlDrTig(Vf,g)) (see

can be “projected” on the subquotient
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Definition 5.2.5 and Corollary 5.2.6). The functional equation for the improved L-functions has
the following interpretation in terms of Beilinson—Flach elements (see Theorem 6.5.3).

Theorem II. — Assume that B(f)o(g) # p"~'. Then the elements Zgﬁo ;*2 Vand ZE&“;:I] are related
by the equation
Slko—1 ko—2
<Z£cfg ],exp(da5)> [log (Z;f7g*]) 7”a[3]
Gleg )Gl ) (ko —2)1G(e/)Gley)’

@) = (=1)"e(f,g,ko) - E(Vyg,D_1)-

where
(o@(Vﬂg,D_]) = det(l —pilq)fl ‘ D_l) det(l —Q ‘ Dcris(Vf,g)/D—l)~

We deduce Theorem I from this theorem. Namely, the machinery developed in [8] gives a
formula for the derivative of L, o(f,g,s) at s = ko in terms of the .Z-invariant .Z’(V ,, D) and the
left hand side of equation (7). Using Theorem II, we express it in terms of the right hand side of
(7), which is essentially the regulator R, (V. ¢, D).

We hope that our approach could be useful to study some other cases of extra-zeros of non-
critical motives.

0.7. The plan of the paper. — The organization of the paper is as follows. In Section 1, we
review basic results about the cohomology of (¢,I')-modules and the large exponential map. In
Sections 2.1-2.2, we review the definition of the .#-invariant in the non critical case. Note that
in [8], the first named author considered only the representations arising from motives of weight
—2 because the dual case can be treated using the functional equation. However, to compare
this general definition with our ad hoc invariant .,é”v(Vf’g,D), it is important to have an intrinsic
definition of the .Z-invariant in the weight O case. This is the subject of Section 2.3. In Section
3, for the convenience of the reader, we review the overconvergent étale cohomology of modular
curves and its application to Coleman families following [1] and [47]. In Section 4, we review
the construction of Beilinsion—Flach elements following [43, 46, 44] and introduce semistabilized
Beilinsion—Flach elements, which play a key role in this paper. Local properties of these elements
are studied in Section 5. In Section 6, using semistabilized Beilinsion—Flach elements, we define
the improved p-adic L-functions L}°(f,g,s) and L;'(f,g,s) and prove Theorem II. In Section 7,
we prove Theorem I.

0.8. Acknowledgements. — We would like to thank Mladen Dimitrov, David Loeffler and Sarah
Zerbes for their remarks on the first draft of this paper.

1. The exponential map
1.1. Notation and conventions. —

1.1.1. — Le p be an odd prime. In this subsection, Qp denotes a fixed algebraic closure of Q,, and
C, the p-adic completion of Q,,. For any extension L/Q,, we set G, = Gal(Q,,/L). Fix a system
€ = (&, )n>0 of primitive p"th roots of unity such that C;M = foralln>0. Set K, = Q, (&),
Ko = nL>JOK,, and I' = Gal(K../Q,). There is a canonical decomposition

F:Axl“], F1:Gal(Km/K1).

We denote by x : I' = Z, the cyclotomic character and by @ its restriction on A = Gal(K1/Q)).
We also denote by (x) the composition of y with the projection Zj, — (1 + pZ,)* induced by the
canonical decomposition Z, ~ (Z/pZ)* x (1+ pZ,)*.
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1.1.2. — Let (wy,...,wy) be a finite set of variables. If E/Q,, is a finite extension, we denote by
(8) A=E(w/p",...;wq/D")
the Tate algebra of formal power series

Fwi,oooowa) = Y Cmpeemg w1 /07" - (wa /)™

.....

1.1.3. — Fix k= (ky,...,kg) € Zi and consider the closed disk with center k and radius 1/p"~!
in Zg:
r—1y\ __ r—1md

D(k,1/p"")=k+p " Z,.
For each F € A, we define the p-adic analytic function &/™(F) on D(k,1/p"~") with values in E
by

AF)(Ki,..., ki) = F ((1 Fp)RTh (14 p)eha 1) .

If M is an A-module, and x € Spm(A), we denote by m, the corresponding maximal ideal of A and
set k(x) =A/m, and M, = M ®4 k(x). Let
9) sp, : M — M,

denote the specialization map. If
me= (1w = (14 )9, (1) — (14 p) )

with kK = (k1,..., k) € D(k,1/p"~1), we will often write My and sp,. instead M, and sp, respec-
tively.

1.1.4. — Let .z denote the ring of power series f(7T') € E[[T]] which converge on the open unit
disk. If 71 €Ty is a fixed generator of the p-procyclic group I'y, then the map y; — T — 1 identifies
& with the large Iwasawa algebra .77z (I'1 ). We set #%(I") = E[A] ®g 77 (I'1). Each h € (1)
can be written in the form

1

A

Y o).

p—1
h= Z5lhl(’)/1 —1), where 51':
i=1 gEA

Define
(W) (s) =hi(x(n)* = 1),  1<i<p-L
Note that the series <7;(h)(s) converge on the open unit disk.
For each i € Z, we have a I'-equivariant map

spy + HE(L) = E(X"),
sPi (f) = Fn (f) (m) @ ™.

1.1.5. — If A is a Tate algebra of the form (8), we set #; (I') = A®g.#%(I'). For each F € 4 (T')
define

(11) i (F) (K1, ..., Kg,5) = (V' @ ) (F), 1<i<p—1.

Letn : ' — A* be a continuous character. When 1|, = @™ for some 0 < m < p — 2. The algebra
4 (I) is equipped with the twist operator

10)

(12) Twy : JG(T) — A4 (T), Twy (F(n—1)&) =F(x(n)"n —1)6i—m-
If n = x™ with m € Z, we write Tw,, instead Tw,». We have
(13) Tw (F(1n —1)8) = F(x(n1)" % — 1) 8i-m.

The map sp;, can be extended by linearity to a map .74 (I') — A(m). Directly from definitions, one
has
Py, = SPo © Tw,.
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1.1.6. — Let A= E (w/p") be the one variable Tate algebra over E. We denote by x : I' — A*
the character defined by

_ log({(x(V))
(14) x(Y) =exp <logp(1 +W)W>
Note that @™ (x(7))(x) = ((x(¥)))**. The map Twy @ JG(I) — 4 (T) is explicitly give by
(15) Twy (F(n —1)&) = F(x(n)n —1)é;.

For any h € 5%, (T") one has
(%Wt oTWXh) ‘K:m = Twy_t o ((FV'h)|x=m), m=k (mod (p—1)p™ ")
and
(16) A g (Twyh) (K6,5) = s (h) (16, 5+ K — k).
1.1.7. — For each r € [0,1), we denote by %’g) the ring of power series

fX) =Y a.X", a, €E

neZz

converging on the open annulus ann(r, 1) = {X € C,|r < |X|, < 1}. These rings are equipped with
a canonical Fréchet topology [11]. For each affinoid algebra A over E we define

)
We define the Robba ring over A the ring Z4 = 0<U ]%’f(p. Equip Z4 with a continuous action of
<r<

I" and a Frobenius operator ¢ given by

YFX)) = F(A+X)*V —1), yeT,
o(f(X)) =f((1+X)" —1).
In particular,
oo xn
=Y e
and we have @(¢) = pt and y(¢t) = x(y)t, y€ L.
1.1.8. — The operator @ : % — %4 has a left inverse y given by

w(f) = ;w‘l ( Y fEa+x)— 1)) . [E%n.
¢r=1

Set &4 = %4 NA[[X]]. Then c?AWZO is the free .74 (I')-submodule of &4 generated by X + 1.

1.2. Cohomology of (¢,I")-modules. —

1.2.1. — In this section, we use freely the theory of (¢,I")-modules over relative Robba rings
Xy [41]. If D is a (@,T')-module over Z4, we set Pis(D) = (D[l/t])r. Then Zi5(D) is an A-
module equipped with the induced action of ¢ and a decreasing filtration (Fil' Zis(D));ez. For
each p-adic representation V of Gq, with coefficients in A we denote by D:fig ,A(V) the associated
(¢,T)-module For any (¢,I')-module D, we denote by H'(D) the cohomology of the Fontaine—
Herr complex

Cop(D) : DA —“oDAgps U pa

where 7; is a fixed generator of I'y, do(x) = ((¢ — 1)x, (11 — 1)x) and dy (y,2) = (1 — 1)y — (¢ —1)z.
Let D*(x) = Homg, (D, %4 (x)) be the Tate dual of D. We have a canonical pairing

(,)p : H'(D*(x)) x H'(D) — H*(#a(x)) ~ A,

which generalizes the classical local duality.
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The Iwasawa cohomology Hj;, (D) of D is defined as the cohomology of the complex
pYLp

concentrated in degrees 1 and 2. Let D&,.5; ()" denote the tensor product DR, (') which we
consider as a (¢,I')-module with the diagonal action of I" and the additional sructure of .57 (T)-
module given by

Ydoh) =dohy', deD, he# (), yel.
There exists a canonical isomorphism of .77 (I")-modules

(17) Hy,, (D) ~ H' (D@44 (T)")

(see [41, Theorem 4.4.8]). We remark that if D = Drlg (V) for a p-adic representation V, then

H(Q,,V) ~H'(Df, ,(V)) and H, (D}, ,(V)) ~ H}\,(Q),V), where H},(Q,, V) denotes the usual
Iwasawa cohomology of V (see [23] and [41, Corollary 4.4.11]).
For each m € Z, the map sp®,,, induces a morphism of ¢,I")-modules

(18) P 1 D@aAA(D) = (DRAAA(TD)") @ 1) spe, A = D(X™).
Together with the isomorphism (17), it induces homomorphisms on cohomology
(19) SPbm * Hiy (D) — H'(D(x")).

In the remainder of this paper, we will often omit D in notation.

1.2.2. — We have a canonical .77 (I')-linear pairing

(20) { }p * Hy (D" (x)) x Hy, (D) — H4(T)

(see [41, Definition 4.2.8]). It generalizes the pairing in Iwasawa cohomology of p-adic represen-
tations [51, Section 3.6].

Lemma 1.2.3. — i) The pairings ( , )p and { , } commute with the base change.
ii) The following diagram commutes

{7}D

Hy, (D*(x)) x Hy, (D)! HA(T)
i (PG 5PH) J{ sP)
H(D(2)) x H'(D) — >~ A,
Proof. — 1) follows immediately from the definition of the pairings and ii) is a particular case of
[41, Proposition 4.2.9]. ]

1.2.4. — Letn : I' — A* be a continuous character. We denote by
@n Twp.y : Hi, (D) = Hiy, (D(1))

the isomorpism given by d — d ® 1. Note that it is not ['-equivariant. If n = ", where ¥ is the
cyclotomic character, we write Twp ,, instead Twp ,». Note that

(22) spy © Tw,, = sps,.
Lemma 1.2.5. — Letn : I' — A" be a continuous character. Then
{TWD*( ( TWDT} }D TWn—l {x,yl}D,

where the twisting map in the right hand side is defined by (12).
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Proof. — By [41, Definition 4.2.8 and Lemma 4.2.5]

0
{x ' ={(e- 1)), (¢=DH(")}p,
where {, }) : D*(x)¥=0 x D¥=0! — #,(T) is the unique #(I')-linear pairing satisfying the
following condition: for all x € D*(x)¥=° and y € D¥=° one has
dy ax
2 L=l ) =1 : : .
@3 res (1B 52 ) =) -res Evolo 1 2 )

Here [, |p : D*()x) x D — %4 denotes the canonical pairing, and we refer the reader to [41,
Section 2.1] for any unexplained notation. Let

{} D" (m)Y™" xD(n~HY™ — 24(T)

0
denote the map {x,y}' = Tw,: {TWD*(xn)’n—] (%), Twp 1), (") }D . An easy computation shows

that it is a %4 (I')-linear pairing which satisfies (23) for the (¢,T’)-module D(n~!). Therefore it
coincides with { , }%( n-1)- This imples the lemma. O

1.3. The large exponential map. —

1.3.1. — Assume that A =E. Let D be a crystalline (¢,I")-module over Z, i.e. dimg Zis(D) =
ko, D. We denote by H }(D) the subgroup of H'!(D) that classifies crystalline extensions of the
form 0 - D — X — % — 0[6, Section 1.4]. The equivalence between the category of crystalline
(¢,I')-modules and that of filtered Dieudonné modules [13] induces a canonical homomorphism

expp  Zeris(D) /Fil’ Zeris (D) — H} (D),

which is a direct generalization of the Bloch—Kato exponential map [6, Proposition 1.4.4], [48].
Note that expy, is an isomorphism if Z;5(D)?~"' = 0.
If V is a crystalline representation of Ggq,, then chis(Djig‘E(V)) ~ Deyis(V), where Deys is

classical Fontaine’s functor [31, 32]. We have a commutative diagram

. exp
Deris (V)/FlloDcris(V) — H} (Qpa V)

Lk

Deris (D) /Fil’ Dy (D) > HX(D),

where expy, is the Bloch—Kato exponential map [19].

1.3.2. — Let D be a (¢,I')-module over a Tate algebra A. Assume that for all x € Spm(A) the
specialization D, = D®4 A/m, of D at x is a crystalline module. Then Zs(D) is a projective
A-module of rank rkz, (D) and Zeris(Dyx) &~ Zeris (D) ®4 A/ m, [14, Théoreme C]. Moreover, Naka-
mura [49, Section 2] constructed the relative version expy : Zeris(D) /Fil’ Zeris (D) — H' (D) of
the exponential map. For any x € Spm(A) we have a commtative diagram

Drris(D) [Fil° Dy (D) 22~ H(D)

| |

-@cris (Dx)/FﬂO-@cris (]),\c)eXpl> H] (Dx)

1.3.3. — Letd : Qj, — A" be a continuous character with values in a Tate algebra A. We denote
by %4 (0) the (¢,I")-module %y - es of rank 1 over %4 defined by

@(es) =6(p)-es,  Y(es) =0d(x(y))-es, VET.
In Sections 1.3.3-1.3.5, we assume that

0

z;(u) =u™  for some integer m > 1.
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Then the crystalline module Zcis(%4(0d)) associated to Z(d) is the free A-module of rank 1
generated by dg =t "es. The action of ¢ on ds is given by
¢(ds) = p "d(p)ds.
Moreover, Fil® D (%4(6)) =0, and the exponential map takes the form
€XPyz, () : Dreris (%A (0)) —>H1(92A(5)).

1.3.4. — We review the construction of the large exponential map for (¢,I")-modules of rank
one. We refer the reader to [49] for general constructions and more detail. Equip the ring &4 =

d _
A NA[[X]] with the operator d = (1+X) X Let 2 € Deris (%24 (0)) ®a éi{"’fo. It may be shown
that the equation
a2"z(0)

(p—1)F=z— ‘ "
m!
has a solution in Zeis(%#4(6)) @4 %4 and we define
mlOgX M) mam
Expag @) = (1) 2L ),

Exactly as in the classical case A = E (see [12]), it is not hard to check that EXP,%(&) (z) €
Ka(8)V=" ~ H] (%4(8)) and we denote by

EXPoy(s) © Deris(Za(8)) @4 &Y — HY, (%4(5))

the resulting map [12, 48, 49]. Let ¢ € I" denote the unique element such that y(c) = —1. Set
Exp%s) = ¢ ©Expys)- For any generator d € Zeris(%#4(8)) define

L0951 * Hiw(Za(67' %)) = HA(D),
£09.0,(3-1)4(¥) = {%Exp, 5 (A (14X)1) }

%(8)
Proposition 1.3.5. — 1) The maps Expg, 5) and £094,(5-1,).q commute with the base change.

2) Let A =E and let V be a crystalline representation of Gq,. The choice of a compatible
system € = (Epn)n=0 of p"th roots of unity fixes an isomorphism between %q, and the ring B:ig Q,
from [11]. Assume that % (0) is a submodule of Dji& £(V). Then Expgy, 5) coincides with the
restriction of Perrin-Riou’s large exponential map [51]

EXP?/,m : Deris (V) @k @ﬁEW:0 - Hllw(Qpa V)
on Deris (% (8)) @p & .
3) Let k € Z be an integer such that k+m > 1 and p~*"§(p) — 1 does not vanish on A. Then
1 _pm+k715(p>71
1—p~*8(p)

where we denote by d[k| the image of d under the canonical shift Deyis(%a(8)) — Deris(Za(5x5)).
4) Let A = E. Then for any k € Z such that k+m < 0 and p~*""8(p) # 1 one has

8P © £097,(5-15).a(x) = (m+k—1)!- : <Spik(x)7e"p%(5x") (d[k])>

Ra(dx*) 7

. -1 m+k lipm-&-k—l(s p —1 .
8P © L0827, (5-15),a(X) = ((—m)—k)! : l—pmké(([j) : [log%(&l%],k) (spk(x)) 7d[k]}

e (8x4)
where
(s L5y = Deris (%5(571%1%)) X Deris (ﬁE(ts%k)) —E

denotes the canonical pairing.



14 DENIS BENOIS & STEPHANE HORTE

Proof. — Part 1) is clear. Part 2) follows from Berger’s construction of the large exponential map
[12]. Part 3) is essentially the interpolation property of the large exponential map (see [51] and [10,
Corollaire 4.10]. Part 4) is equivalent to Perrin-Riou’s explicit reciprocity law. See [5, 12, 26] for
the proofs in the cassical case of absolutely crystalline representations. The case of (¢,I")-modules
of rank one over an unramified field is particularly simple and can be treated by the method of
Berger [12] without additional difficulties. It also can be deduced from the results of Nakamura
[48], where the approach of Berger was extendend to general de Rham (¢,I")-modules. 0

Corollary 1.3.6. — We record the particular cases that will be used in this paper:

: 1—Pm715(19)71
spg o Log - x)=(m-1) —————
Po P (8 'x)7d( )= ( ) 1—p—8(p)

c lip_](s p B c
$pS © L0825, (5-15).a(X) = 1_5(;))' [log,@,i(éflxmﬂ) (spiu(x)) ,d[—m]}

: <SP6(X),eXP%(&)(d))%,A(J) ;

Ap Sy )

We also need the following technical result.

Proposition 1.3.7. — Letm € Z and let § : Q}, — A be a continuous character such that
o(u)=u", ucZ,.

Then the following statements hold:

1Ifm>=10r8(p)p ™™ # 1, then H*(%4(8)) = 0.

2a) If A is a principal ideal domain and m < 0, then H*(%4(8)) = 0.

2b) If, in addition, p~"8(p) — 1 is invertible in A then H'(%(8)) is a free A-module of rank
one.

Proof. — 1)If m > 1, then Z4(8)" = 0 and therefore H*(Z%4(8)) = 0. Assume that m < 0. Then
Deris(Ba(8)) = %#a(6)! is generated by ds =t ™es, where ¢(ds) = p~™8(p)ds. Therefore
H° (%A (6)) = Deris(#a(8))?~" = 0.

2a) For any bounded complex C*® of A-modules and any A-module M one has a spectral se-
quence

E :=Tor* ,(H/(C*),M) = H™ (C* @, M).
In paticular, for any maximal ideal m, of A one has
(24) EY == Tor", (H/(%4(8),k(x)) = H' (% (8)) »
where k(x) = A/m,. In degree 2, this gives isomorphisms
H*(%A(0)) @a k(x) ~ H* (%) (8x)),  Vx € Spm(A).
By local duality and part 1) of the proposition,
H? (P (8x)) = H° (%k(x)((sx_lx» =0,

and therefore H?(%4(8)) ®4 k(x) = 0 for all x € Spm(A). Since A is a principal ring, this implies
that HZ(%A<6)) =0.
2b) The spectral sequence (24) together with 2a) gives

Hl(%A(d))@)A k(x) ~H! (%’k(x)(éx)) , Vx € Spm(A).

From our assumptions, it follows that H° (;%’k(x) (dx)) =H? (%k(x) (5x)) = 0 and by the Euler char-
acteristic formula dimy(,) H' (%(,)(8x)) = 1 for all x € Spm(A). Thus, H'(%Z4(6)) ®a k(x) is a
k(x)-vector space of dimension 1 for all x € Spm(A). Since H'(%a(8)) is a finitely generated
module over the principal ideal domain A, this implies that H'(%4(6)) is free of rank one over A.
The proposition is proved. O
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2. Complements on the .Z-invariant
2.1. Regular submodules. —

2.1.1. — In this section, we first review the definition of the .Z’-invariant of p-adic representations
of motivic weight —2 proposed in [8]. For the purposes of this paper, it is more convenient to use
another construction, which we describe in Section 2.3. We next show that the two definitions are
equivalent.

Fix a prime number p and a finite set S of primes of Q containing p. We denote by Gq s the
Galois group of the maximal algebraic extension of Q unramified outside SU {e}. Let V be a
p-adic representation of Gq g with coefficients in a finite extension E of Q,. We write H{(Q,V)
for the continuous cohomology of Gq s with coefficients in V. Recall that the Bloch-Kato Selmer
group H }(Q,V) is defined as

(25) H}Q,V) =ker <HS Q.V) —>@ QY )>
les f(Qh )
where the local conditions” H }(Ql, V) are given by
ker(H'(Q;,V) — H'\(I;,V if [ # p,
6) H}(Qu.y) = { Kertt (Quy) = (V) e
ker(H' (Q,,V) = H'(Q,,V®B.is)) ifl=p

(see [19]). Here B, is Fontaine’s ring of crystalline periods [31]. We also consider the relaxed
Selmer group

EB H' (Qly V)

1
leS\{p}Hf(Ql’ V)
The Poitou—Tate exact sequence induces an exact sequence

H}V{p}(Q,V):ker H;(Q,V)—)

H'(Qp,V) (111
@7 o%@@wéwmmm%ﬁﬁfﬂ%Wva>
AN
(see [33, Proposition 2.2.1] and [52, Lemme 3.3.6]).
2.1.2. — In the rest of this section, we assume that V satisfies the following conditions:

C1) H)(Q,V) =HY(Q,V*(1)) =0.

C2) V is crystalline at p and D(V)¢=!' = 0.

C3) ¢ : Deyis(V) — Deyis(V) is semisimple at p~!.

C4) H;(Q,V*(1)) =0.

C5) The localization map res), : H} (Q,V)— H} (Qp,V) is injective.
We refer the reader to [9] for a discussion of these conditions. Here we only remark that if V is
the p-adic realization of a pure motive of weight < —2 having good reduction at p, then C3-5)
are deep conjectures which are known only in some special cases.

From C2) it follows that the exponential map D;s(V)/ FilODcris(V) —H } (Qp,V) is an iso-

morphism, and we denote by logy, its inverse. Compositing log,, with the localization map
H}(Q,V) — H}(QP,V), we obtain a map

Ty . H}(Q?‘/) — Dcris (V)/FﬂODCﬁS (V)
which is closely related to the syntomic regulator.

2.1.3. — We introduce the notion of regular submodule, which first appeared in Perrin-Riou’s
book [52] in the context of crystalline representations (see also [6]).

Definition 2.1.4 (PERRIN-RIOU). — Assume that'V is a p-adic representation which satisfies the
conditions C1-5).
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i) A @-submodule D of Dyis(V) is regular if DN FilODcriS(V) = 0 and the map
rvp + H{(Q,V) = Derig (V) / (Fil’Deris (V) + D),
induced by ry, is an isomorphism.
ii) A @-submodule D of Deyis(V*(1)) is regular if
D +Fil’Desis (V*(1)) = Deris(VF(1))
and the map
DNFil’Deris(V* (1)) = H{(Q, V),

induced by the dual map r} : Fil'Degis(V*(1)) — H } (V)*, is an isomorphism.

Remark 2.1.5. — 1) Assume that Hfl- (Q,V)= H} (Q,V*(1)) =0. Then D is regular if the canon-
ical projection D — ty(Q),,) is an isomorphism of vector spaces, and our definition agrees with the
definition given in [6].

2) A @-submodule D of Dis(V) is regular if and only if

(28) H}(Q,,V) =rtes, (H}(Q,V)) ®H}(D),

where D is the (¢,I")-submodule of Djig(V) associated to D by the theory of Berger [13] (see [8,
Section 3.1.3]).

2.2. The Z-invariant. —

2.2.1. — Let D C Dg5(V) be a regular submodule. From the semisimplicity of ¢ it follows that,
as a ¢-module, D decomposes into the direct sum

1

D=D_j®D?*" ', D!’ =0,
which gives a four step filtration
(29) {0} CD_; C D CDyis(V).

Let FyD; ((V) and F_ D}, o(V) denote the (¢,T)-submodules of D' (V) associated to D and D_,

rig
by Berger [13], thus

D= Donis (FOD* (V)), D\ = D (F_IDT (V)).

rig rig
SetM = grOD;rig(V) and W = D/D_| ~ Pis(M). The (¢,I')-module M satisfies
I:"ﬂo-@cris (M> - 07 -@cris (M)(p:IfI — -@cris (M)

The cohomology of such modules was studied in detail in [6, Proposition 1.5.9 and Section 1.5.10].
In particular, there exists a canonical decomposition of H!(M) into the direct sum of H } (M) and

some canonical space H!(M)

(30) H'(M) = H{ (M) & H} (M).

Moreover, there are canonical isomorphisms

(31) i 0 DerisM) 2 Hi(M), st Zeris(M) = HL (M)

(see [6, Proposition 1.5.9]).
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2.2.2. — We have a tautological exact sequence

0— F D}, (V) — RD]

hg(V) =M =0

which induces exact sequences [8, Section 3.1.5]
(V)) = H' (FDf,(V)) = H' (M) =0,

(V) = H} (FDf,(V)) = H} (M) — 0.

0— H'(F. D,

0— Hj(F D],

Moreover, H }(F_ 1D:1g(v)) HY(F_ lDLg

(V)), and we have
H'(FDf,(V)) _H'(M)
~ L
HY(FD},(V) — H(M)
2.2.3. — From C5) it follows that the localisation map H} ( p}(Q,V) — H'(Q,,V) is injective.
Let

(32)

H'(Qy.V)
HY(FD, (V)
denote the composition of this map with the canonical projection. Then kp is an isomorphism [8,

Lemma 3.1.4]
Let H'(D,V) denote the inverse image of H'(FoD'. (V

Kp : Hflv{P}(Q’V) —

(V))/H} (FoD!. (V)) under kp. Then kp

rig rig
induces an isomorphism
H'(RD} (V
HI(D,V) (’r())
H} (D, (V)
Consider the composition map H'(D,V) — H (FoDjlg(V)) — H'(M). From (32) it follows that
M
(33) 1 (D) = T
H (M)

is an isomorphism. Taking into account (30) and (31) we obtain that dimgH 1(D,V) =
dim Z.is(M). Hence we have a diagram

where pp ¢ and pp . are defined as the unique maps making this diagram commute. From (33) it
follows that pp . is an isomorphism.

Definition 2.2.4. — The determinant
Z(V.D) = det (pp.sopp. | Zers(M))

will be called the £ -invariant associated to 'V and D.

2.3. The dual construction. —
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2.3.1. — Let D+ = Homg (Deis(V)/D,Deis(E(1))). Then D* is a regular submodule of
Deis(V*(1)). In this section, we define an .Z-invariant .2 (V*(1),D") associated to the data
(V*(1),Dh).

Let Di denote the biggest @-submodule of Deyis(V*(1)) such that (D{/D+)?=! = D{/D*.
This gives a four step filtration

(34) {0} € D* € Df C Deis(VF(1)).

It follows from definition that Di- = (D_;)" = Homg (Deris(V)/D—1, Deris (E(1))), and therefore
(34) is the dual filtration of (29).
We denote by FoDng(V*(l)) and FlDLg(V*( )) the (@,T)-submodules of D". (V*(1)) associ-

ated to D and Dll7 thus "
Tess (FDL, (V' (1)) = D*, Fiss (AD}(V* (1)) ~ Dt
Then
FoDy(V*(1)) = Homyg, (Df, (V)/FoD}, (V). 76 (2))
FD!

1e(V' (1)) = Homyg, (D}, (V)/F- DL (V). %(x))

and we have an exact sequence

(35) 0 — FyDJ,(V*(1)) = FiD]

g (V' (1)) = M () =0,

where M is the (¢,I")-module defined in Section 2.2. Note that
(36)  Fil'Zers(M' (X)) = ZerisM (1)), Zeris M (1))~ = Ziris(M* (7).

We refer the reader to [6, Proposition 1.5.9 and Section 1.5.10] for the proofs of the following
facts.

a) The map

IM#(y) * Deris(MF (%)) & Deris(MF (%)) = H' (M* (%)),

(37) 1
iM*(}() (xay) = C](—X, Ogi(,)/l)y)

is an isomorphism.
b) Denote by in+(y),s (respectively ing:(y),) the restriction of iyp«(,) on the first (respectively
second) summand. Then Im (iyg-(,) ;) = H}(M*())) and

(38) H'(M*(x)) ~ H}(M*(x)) @ H} (M*()),

where H! (M*(x)) =Im (im(x).c) -
¢) The local duality

(v H (M () xH' (M) — E
has the following explicit description:
(39) <iM*(x)(aaﬁ)aiM(x>y)>M = [ﬁ)x]M_ [a)y]M7
forall &, B € Peris(M*(x)) and x,y € Dris(M).

Lemma 2.3.2. — i) The following sequences are exact

0— H° (FODjlg(v*( ))) S H (FID'

F V(1)) = HO (MC (1)) =0,

0 H* (RDf,(v*(1))) = H° (Dl (V*(1))) = H° (5D}, (V*(1))) >0,
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ii) We have a commutative diagram with exact rows

40)  0—> H! (FODIIg(V*(l))> ——H} (FIDT

f V(1)) —= HE (M (1)) —> 0,

|

(v(1))) —= H' (FDf, (v (1))) — H' (M (1)) —0.

0— > H' (FODjlg

rig rig
H} (FD(v(1))) = H} (D, (v (1))
iv) There is a canonical isomorphism
T *
H' (DL (1)) HI (M (1)

H} (Dl (v+(1)) +H' (FD,(v(1))) T HM(2))

iii) The natural map H' <F1DT (V*(l))) — H'! (DT (V*(l))) is injective and

(41)

Proof. — 1) Since the category of crystalline (¢,I")-modules is equivalent to the category of fil-
tered Dieudonné modules [13], the exact sequence (35) induces an exact sequence

(V*(1))) = Fil’ Zesis (FIDf, V(1)) ) = Fil' Zegs (M (1)) — 0.

0 — Fil® Dy (Fol)jlg

The semisimplicity of ¢ implies that the sequence
¢=1 ¢=1 . " =
0 — Fil’ D (FoDjlg(v*(l))> = Fil D (FlDIlg(V*( 1))) S FlY Dy (M (1)) — 0

is exact. Since H'(X) = Fil’Z;(X)?=! for any crystalline (¢,I’)-module X [6, Proposi-
tion 1.4.4], the first sequence is exact. The exactness of the second sequence can be proved by the
same argument.
ii) We only need to prove that the rows of the diagram (40) are exact. From i) and the long exact
cohomology sequence associated to (35) we obtain an exact sequence
0—H' (FoDjlg(V*(l))) —H! (Flnjlg(v*u))) — H' (M*(3)) — H? (FODIIg(V*(l))> .

Condition C2) implies that

H (D}, (V)/FoD}, (V) = Fil’Zess (D, (V) /ED, (V) =0,

and by Poincaré duality for (¢,T")-modules, we have

12 (FyDf,(v(1))) = H® (D}, (v) /R, (V) =o0.

The exactness of the bottom row is proved. The exactness of the upper row follows from i) and [6,
Corollary 1.4.6].
iii) The long exact cohomology sequence associated to
0= FDL (V" (1)) = D, (V*(1)) = gD, (V*(1)) = 0
together with i) show that the sequence

0 #' (AD}(V' (1)) = H' (Dl (v*(1))) = 1" (gD}, (v* (1))

is exact. In particular, the map H' <F1Djlg(V (1))) — H! (DLg(V*(l))) is injective. Moreover,
since grzD:i (V*(1)) is the Tate dual of F_ 1Dng(V) from [6, Corollary 1.4.10] it follows that

dimg H} (grang( *(1)) — dimg H' (F D (V )) — dimj H} (F D}, (v )) —0.
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Thus, H!} <gr2Djig(V*(1)) =0, and from [6, Corollary 1.4.6] it follows that H!} (Fl Dﬁg(V*(l))) _
H} (Dl (v (1))
iv) The last statement follows from ii), iii) and isomorphism theorems.
O

2.3.3. — Consider the exact sequence (27) for the representation V*(1). Since H }(Q, V*(1))=0,
it reads
H'(Qy V¥ (1))

42 0—H! V(1
(42) - fy{P}(Q ())%H}(QINV*(l))

—HH(Q,V)" =0

(We remark that the surjectivity of the last map follows from C5) and the isomorphism
m = H}(Qp,V)*.) We denote by

H'(Q,,V*(1))
H}(Q,,V*(1)) + H' (RDf,(v*(1))

KDL . Hfl{p}(Q,V*(l)) —

the composition of the second arrow of this exact sequence with the canonical projection.
Lemma 2.3.4. — The map Kp. is an isomorphism.

Proof. — a) First, we prove the injectivity of kp.. Assume that k. (x) = 0. Then res,(x) €
H{(Qp, V(1)) +H' (FODIig(V*(l))> . This implies that res,(x) belongs to the orthogonal com-
plement of H fl (FODrTig(V)) in H'(Q,,V*(1)). On the other hand, from (42) it follows that res, (x)
belongs to the orthogonal complement of res), (H}(Q,V)) . Then, by (28), we have res,(x) €

res,, (H}(Q,V)) NH} (FoD:ig(V)> = {0}, and therefore x = 0.
b) From (42) and (28) it follows that

43) dimgH; 0 (Q, V(1)) =

= dimp: H}(Q),V) — (dimp H}(Q), V) — dimg H] (FsD (v)) ) = dimg H} (B (V)

On the other hand, FOD:fig(V*(l)) is the Tate dual of grlDrTi o(V). From the tautological exact se-
quence

0— FD} (V) = D} (V) = gr,Df (V) =0

and the semisimplicity of ¢ we obtain an exact sequence

0~ H} (AD},(V)) = H}HQp,V) = H} (enD

rig 1 V)) — 0.

rig

Therefore

dimg H' (FODjig(V*(l))> — dimy H} (FODITig(v*(U)) — dimg H} (ngDjig(V)) _

— dimg H}(Q,, V) —dimg H} (FoDf, (V).
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Since H' (FODjlg(v*(n)) NHNQ,, V(1)) = (FoDr’lg( “(1 ))) , we obtain
dim H'(Q,,V*(1)) _
“\H[(Q), V(1)) +H'(DL)
dimg H'(Qy, V(1)) — dimg H(Qp, V(1) — H' (AD,(v*(1)) ) + H (D}, (v(1))) =

= dimg H}(Q,,V) — H' (FODjlg(V*(l)))+Hf (FoDjlg(v*(l)))zdimEHf (FoDﬁg( ))

Comparing with (43), we see that the source and the target of k. are of the same dimension.

Since k1 is injective, this proves the lemma. O
Remark 2.3.5. — It is not difficult to prove that there is a canonical isomorphism
H'(Qp, V¥ (1))  H' (D" (7))

HH(QpV* (1) +H' (Rl (v(1)))  H (D" (x)
2.3.6. — Let H'(D+,V*(1)) denote the inverse image of
1 (AD},(v (1)) / (H}(Qp. V(1) +Hj (RD},(v(1))))

under k1. Taking into account (41), we see that k1 induces an isomorphism

H' (M (%))

(44) H'(D",V*(1)) ~ HIOME (1))

Consider the composition map
HY(D*, V(1) = ' (FD, (v (1)) — H' (M ().

Taking into account (37) and (38), we obtain that dimg H' (D*,V*(1)) = dim Z;s(M). Hence we
have a diagram

crls M L>Hf(M*(X))
PpL, T TPM*(X)J
H' (D", V*(1)) — H'(M*(x))
PplL. l » iPM* (1)
M*(x).c

-@cris (M* (%)) — Hcl (M* (%))a
where pp1  and pp. . are defined as the unique maps making this diagram commute. From (44)
it follows that pj. . is an isomorphism.

Definition 2.3.7. — The determinant
LV (1),0) = (=1)det (pp: popp! | Zens(M* (1))
where e = dimg Deris(M(x)), will be called the £-invariant associated to V*(1) and D*.

Remark. — The sign (—1)¢ corresponds to the sign in the conjectural functional equation for
p-adic L-functions. We refer the reader to [6, Sections 2.2.6 and 2.3.5] for more detail.

The following proposition is a direct generalization of [6, Proposition 2.2.7].

Proposition 2.3.8. — Assume that D is a regular submodule of D¢is(V). Then
LDV (1) = (-1)°Z(D,V).
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Proof. — The proof repeats verbatim the proof of [6, Proposition 2.2.7]. We leave the details to
the reader. O

3. Modular curves and p-adic representations
3.1. Notation and conventions. —

3.1.1. — Let M and N be two positive integers such that M + N > 5. We denote by Y;(M,N) the
scheme over Z[1 /MN)| representing the functor

S+ isomorphism classes of (E,ej,ez),
where E /S is an elliptic curve, e, e; € E(S) are such that Me; = Ne, = 0 and the map
Z/MZ xZ/NZ — E,
(m,n) — me| +ne,

is injective. As usual, we set Y;(N) =Y (1,N) for N > 4 and write (E, e) instead (E,0,e,). Recall
that

Y(M,N)(C) = T(M,N)\H,
where H is the Poincaré half-plane and

T(M,N) = { (j z) € SLa(Z)|a= 1(M),b=0(M),c=O0(N),d = l(N)}.

In particular, Y;(N)(C) =T';(N)\H, where

I'(N) = { <Z’ Z) €SLy(Z)|a=d= l(N),CEO(N)} .
3.1.2. — Letabe a positive integer. We denote by Pr; : ¥;(Na) — Y1 (N) (i = 1,2) the morphisms
defined by
(45) Pr; : (E,e) — (E,ae),
(46) Pr; : (E,e) — (E/(Ne),e mod (Ne)),
where (ae) denotes the cyclic group of order N generated by ae.

3.1.3. — Fix a prime number p > 3 such that (p,N) = 1. We denote by Y (N, p) the scheme over
Z[1/Np| which represents the functor

S+ isomorphism classes of (E,e,C),

where E /S is an elliptic curve, e € E(S) is a point of order N and C C E is a subgroup of order Np
such that e € C. We have Y (N, p)(C) =T,(N)\H, where I',(N) =T'|(N)NI'y(p) and

rp) ={ (¢ 4) est@ie=o0)}.

We have a canonical projection
N pr: - "i(Np) = Y(N, p),
pr' : (E,e) — (E,pe,(e)).
We also define projections
pr; : Y(N,p) = Yi(N), i=1,2
by
pr; : (E,e,C)— (E,e),
pr, : (E,e,C) — (E/NC,¢),

where ¢’ € C is the unique element of C such that pe’ = e.

(48)
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Note that we have commutative diagrams

4
(49) N(Np) ——=Y(N.p), i=12
PI‘,‘ i
pr;
Yi(N).
3.1.4. — If Y is an unspecified modular curve, we denote by A : & — Y the universal elliptic

curve over Y and set .7, = R'A.Z/p"Z(1), F = R'AZ,(1) and T, = F Rz, Q. Let 1p :
D — & be a subscheme. We assume that D is étale over Y. Consider the diagram

(50) EpD) —=&
lPDJ (P']
D—2 ¢

L

where &[p"] (D) is the fiber product of D and & over &. Define
(5D A (F (D)) = Ap«oppx(Z/p"Z), A(F (D)) = (A(F, <D>))r>1 .

We consider A(.# (D)) as an étale pro-sheaf. If D =Y and 1p is a section s : ¥ — &, we use the
notation A(.Z (s)) to indicate the dependence on s. If s is the zero section, we write A(.% ) instead
A(Z (0)). Note that in this case &'[p"] (D) = &[p'], and

A(Fr) =Z/p"L[Ep"]].

Therefore, A(.%) can be viewed as the sheaf of Iwasawa algebras associated to the relative Tate
module of &.

These sheaves were studied in detail in [42] and we refer the reader to op. cit. for further
information.

3.1.5. — Let M | N and let & — Y (M, N) be the universal elliptic curve. Let sy : Y(M,N) — &
denote the canonical section which sends the class (E, e, e;) to e, € &[N]. For each r > 1, consider
the cartesian square

Epsw) —=&
i[ﬁ’]
Y(M,N) X~ &
We denote by
(52) A(F (N)) := A(F (sn))

the associated sheaf. From the interpretation of Y(M,N) as moduli space it follows that
Y(M,Np") ~ &[p"] (sn), and therefore

He (Y (M,Np"),Z/p" (1)) = Hy(&[p"] (sw), Z/p"(1)) = Hg (Y (M,N), A (F (N))
Passing to projective limits, we obtain a canonical isomorphism

(53) LimHeg (Y (M,Np"),Z/p" (1)) = Hg (Y (M,N), A(Z (N))(1)).

(see [44, Section 4.5]).

3.1.6. — For a module M over a commutative ring A we denote by S¥(M) (resp. TS¥(M)) the
quotient of S-coinvariants (resp. the submodule of S-invariants) of M®.
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3.2. p-adic representations. —

3.2.1. — Foreach k > 2 we denote by Sk(ﬁQP) the kth symmetric tensor power of the sheaf Fq, .
The étale cohomology

Hho (NN S"(7,))

is equipped with a natural action of the Galois group Gq s and the Hecke and Atkin—Lehner op-
erators 7; (for primes (I,N) = 1) and U; (for primes [/|N), which commute to each over. Let

f= Y a.q", g = €™ be a normalized cuspidal eigenform of level N rand weight kg = k+2 > 2.
n=1
We do not assume that f is a newform. Fix a finite extension E/Q,, containing a, for all n > 1.
Deligne’s p-adic representation associated to f is the maximal subspace
k

Wy =l (n Vg S (7,),

of
1 k

He (Y 1(Nf)g:S (c%p)) ®q, E
on which the operators 7; (for (I,Ny) = 1) and U; (for I|Ny) act as multiplication by g; for all
primes [. Then Wy is a two dimensional E-vector space equipped with a continuous action of

Gq,s, which does not depend on the choice of the level in the following sense. If N¢|N then the
canonical projection Pr; : Y1 (N) — Y;(Ny) induces a morphism

Pri. : Hb o (V) S' 7)) = Hhe (NN S'(G))

which is isomorphism on the f-components. Note, that here in our notation we do not distinguish
between the sheaves .7, VP on Y;(N) and Yy (Ny).

From the Poincaré duality it follows that the dual representation Wy can be realized as the
quotient

(54) W = H (N TS"(Fo,) (1))

of

(]

Hy (M(N))g TS (Fa,)(1) ) ©q, E
by the submodule generated by the images of T/ — a; (for (I,Ny) = 1) and U] —a; (for I|Ny), where
T/ (resp. Ul’ ) denote the dual Hecke (resp. Atkin—Lehner) operators.
3.2.2. — Let
Py GQ"S — GL(Wf)
denote the representation of Gq s on Wy. The following proposition summarizes some properties
of the representation Wy.

Proposition 3.2.3. — Assume that f € S°" (Ny,&r) is a newform of level Ny, weight ko = k+2 > 2
and nebentypus €s. Let p be a prime such that (p,Ny) = 1. Then
i) detpy is isomorphic to Sfxlfko where Y is the cyclotomic character.
ii) py is unramified outside the primes | | Nyp.
iii) If | # p, then
det(1 —Fr,X | W) =1—a,X +&p(1)1° ' x>
(Deligne—Langlands—Carayol theorem [28, 45, 22]).

iii) The restriction of py on the decomposition group at p is crystalline with Hodge—Tate weights
(0,ko — 1). Moreover

(Saito’s theorem [56]).
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3.2.4. — We retain previous notation. Let f(g) = Y a,q" be a newform of weight ko > 2, level

n=
Ny and nebentypus €. Fix a prime number p such that (p,N¢) = 1 and denote by a(f) and B(f)
the roots of the Hecke polynomial X? — a,X +€(p) p¥o~1_ Till the end of this chapter we assume
that the following conditions hold:

D a(f) # B(f)-
2)If v, () = ko — 1 then pf|GQ does not split.

We remark that 1) conjecturally always holds but is known to be true only in the weight 2 case
[25]. One expects (see for example [34]) that 2) does not hold (i.e. py locally splits) only if f is a
CM form with p split.

3.2.5. — The p-stabilization fo(q) = f(q) — B(f) - f(¢”) is an oldform with respect to the sub-
group I',(Ny). The map pr’, defined in (47), induces an isomorphism

/
Pl

Wi, = HE (Vi (Nrp)g TS (T, (1)) = HE (Y (N7, P TS (P, )(1)

fa [UC]

Moreover, the map

Pt ((N;p)g TS (Fa,) (1)) = HE (Vi (Nr)g TS (o, )(1) )

defined by
(55) Pr% =Pry, — ﬁk(f)l -Pry

* 7 ko= ;
factorizes through appropriate quotients and induces an isomorphism
(56) Pry @ Wi ~ Wy

(see [44, Proposition 2.4.5]). Taking into account the diagram (49), we can be summarize this
information in the following commutative diagram

/
P

(57) Wi

1}, (Y (N5, ) T4 (o, (1)

J{ pr

[fo]

WJ}‘.
Here B(F)
f
prg =PI — pko—l “PIo -
We denote by
(58) Pry, @ Wy~ Wy,

the dual isomorphism.

3.2.6. — The newform f defines a canonical generator @y of the one-dimensional E-vector space
Filko*chris(Wf) (see [40, Section 11.3]). Note that Pr®*(wy) = @y, , where Pr®* : Deyis(Wy) —
D.is(Wy, ) denotes the isomorphism induced by (58).

Let f* = ¥ a,q" denote the complex conjugate of f. The Atkin-Lehner operator wy, acts on
1

n=
/by
WNf(f) = )LNf(f)f*v
where Ay, (f) is called the pseudo-eigenvalue of f. The canonical pairing Wy x Wy — E(1 — ko)
induces a pairing
[ ) ] : Dcris(Wf) X Dcris(Wf*) — Dcris(E(1 _kO))-
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The filtered module Dyis(E (1 — ko)) has the canonical generator e;_g, = (8®t)®(l_k°), where
€ = (8, )n>0 and t = log[e] € Bgr is the associated uniformizer of the field of de Rham periods
(note that e;_x, does not depend on the choice of €). Since ot (f) # B(f), we have Deyis(Wy) =
Dcris(Wf)¢:“(f ) Dcris(Wf)¢:B(f ). From 2), it follows that oy~ is not an eigenvector of ¢, and we
denote by n }’ the unique element of DcriS(Wf)‘P:“(f ) such that

[njg?a)f*} = el—ko'

We also denote by (ojl? the unique element of Deyis(Wy)?=P() such that

(l)? = Oy mod D (Wf)(p:a(f).

Note that {1, a)][f } is a basis of Dy (Wy).

3.2.7. — Set -
A o _ P

Then o(f*) and B(f*) are the roots of the Hecke polynomial of f* at p. We denote by {n, wf}

the corresponding basis of Deris(Wy-). It is easy to check that it is dual to the basis {n, wf }.

3.3. Overconvergent étale cohomology. —

3.3.1. — In this section, we review the construction of p-adic representations associated to Cole-
man families [36, 47]. It relies heavily on the overconvergent Eichler—Shimura isomorphism of
Andreatta, Iovita and Stevens [1]. Let # = HomCOm(Z;, G,,) denote the weight space. As usual,
we consider % as a rigid analytic space over some fixed finite extension E of Q,. Namely, since
Z, ~u, | x (1+pZ,)*, each continuous character 1) : Z;, — L* is completely determined by its
restriction on f,, | and its value at 1+ p. This identifies % with the union of p — 1 rigid open
balls of radius 1. Let #* denote the subspace of weights & such that v,(x(z)?~1 —1) > ﬁ. Note
that %/ contains all characters x of the form k(z) = z", m € Z. If U is an open disk, we denote
by & the ring of rigid analytic functions on U bounded by 1 and set &y = 09[1/p]. We remark
that 03 = O/[[u]] for some u and denote by m;; the maximal ideal of &3. The inclusion U C #/
fixes a character
ky € # (U) = Homeont(Z,,, O7)).-

If x € U(L), we can consider x as a homomorphism x : Oy — L. Let &, : Z;, — L* denote the
character parametrized by x. Then we have

Ky =XO0Ky.
3.3.2. — Consider the following compact subsets of Zf, :
To=1Z,xZ,, To=pZ,xZ,.

For any weight k € #*(L) we denote by A%(Ty) (respectively A%(T}))) the module of functions
f : To — Oy, (respectively f : TO’ — Op) such that:

e f is homogeneous of weight K i.e.

flax,ay) = x(a)f(x,y), Vac€Z,.
e f(1,2) = ¥ cu?", ¢y € Or, wWhere (cy),>0 converges to 0.
n=0

Analogously, for any open disk U C #* we denote by AY,(Ty) (respectively AY, (7)) the module
of functions f : Ty — O} (respectively f : Ty — €))) such that:
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e f is homogeneous of weight xy, i.e.
flax,ay) = xu(a)f(x,y),  VacZ,.

o f(l,z) = Zocnz", cn € O, where (c,),>0 converges to 0 in the my-adic topology.
n=

Define
D% = Homeon(A%(T0),01), DY = Homeon (A (Ty), OF)
and
De=Dy[1/p],  Dy=Dy[l/p].
We have the specialization map
Sp, : Dy — Dy,
s () (f) = x( (fu)),  where fy(x,y) = f(1,y/x)Kku (x)

(see [1, Section 3.1]).
For each positive integer k, we denote by P,? the Og-module of homogeneous polynomials of
degree k with coefficients in Og. We remark that there exists a canonical isomorphism

(60) Homo, (P, 0F) ~ TS*(0%).

(59

The restriction of distributions on P,? provides us with a map Dg — TSk(O%). Composing this map
with (59), we obtain a map

6 : DY — TSF(0%).
3.3.3. — Let A(Ty), A(T) and A(ZIZ,) denote the modules of p-adic measures with values in Og
on T, T and Z127 respectively. We remark that A(lej) is canonically isomorphic to the Iwasawa
algebra of ZIZ7 and for each integer k > 0 we have the moment map

1) m* A(Z;) — TSk(0%),
m'(h)=h**,  heZ.

(see [42, Section 2]). For T =Ty, TO’ , we have a commutative diagram

A(T) Dy(T)

b

mk
A(Z%) = TSK(03).

where k € U NZ (see [47, Proposition 4.2.10]).
3.3.4. — Let N > 4 and let p be an odd prime such that (p,N) = 1. The fundamental group of

Y(N,p)(C)isT',(N)=T"1(N)NIy(p). Its p-adic completion m is isomorphic to the p-Iwahori
subgroup Uy (p) and it acts on the pro-p-covering Y; (p*°,Np*) of Y (N, p). This defines a morphism
(Y (N,p)) — Uo(p). Thus the natural action of Up(p) on D (Tp) and DY, (Ty) provides these
objects with an action of (Y (N, p)). Therefore, DY, (Tp) and DY, (T;) define pro-étale sheaves on
Y(N,p), which we will denote by DY, (.F) and DY, (.#") respectively.

3.3.5. — Let & — Y (N, p) denote the universal elliptic curve over Y (N, p). Let C C &[p] denote
the canonical subgroup of order p of &[p]. Set D = &[p] —C and D’ = C — {0} and consider the
pro-sheaves A(.Z (D)) and A(.Z (D')) defined by (50- 51).

Proposition 3.3.6. — i) The sheaves A(F (D)), A(F (D')) and A(F) are induces by the modules
A(Tp), A(Ty) and A(Z32) equipped with the natural action of Tf'(Y (N, p)).

ii) The natural inclusions A(Ty) — Dy (To) and A(Ty) — Dy (Tyy) induce morphisms of sheaves
A(ZF (D)) — DY%(F) and A(F (D)) — DY (F').
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iii) For any k € U N'Z, we have commutative diagrams

A(F (D)) — Dy(F) AT (D)) —— Dy(F)
l[p]* J{Bk i[p]* Ok
A(F) TS(Fq, ), A(F) —- TS, ),

where m* is the moment map on sheaves induced by (61).
Proof. — See [47, Propositions 4.4.2 and 4.4.5]. L]

3.3.7. — In [1], Andreatta, lovita and Stevens defined the étale cohomology with coefficients in
the sheaves Dy (%) and Dy (F'). Set

W(U)? =H{(Y(N,p)g:Du(F))(—ku),  W(U)’=Hi(Y(N,p)g,Du(F")(1))
and
WU)=WU)’ ®0, E,  W'(U)=W ()" ®0, E
We remark that W (U) and W/ (U) are 0 -modules equipped with a continuous linear action of the
Galois group Gq s and an action of Hecke operators which commute to each other.

3.3.8. — Assume that k € U. The map x — x+ k defines a canonical bijection between U — k and
U and, therefore, an isomorphism # : ), ~ O} If F € AY, ,(T) and G € P is a homogeneous
polynomial of degree k, then #;.0 (FG) € AY,(T}), and we have a well defined map A?, , (Tj) @ P? —
A?](TO’ ). Passing to the duals and using the isomorphism (60) we obtain a map

Bt : Dy (Ty) — DYy _(Ty) © TSY(OF).
We use the same notation for the induced map of sheaves
(62) Bi - DY(F') = DY _((F)TSH(F).
Let
5 : AY(T) = Au_i(Tg) O B
be the map defined by

1 OFF (x i
Ok (F ®Rx'y!.
k'z+;k 8x‘3yJ

Passing to the duals we obtain a map
& : DY(Ty) = Dy#(Ty) © TS*(O%).
We use the same notation for the induced map of sheaves

(63) 8 @Y (FOTSHF) = Dy(F).
. Then ¢ € Oy, and ¢(x) = x for each x € UNZ. Let

<£) (e—1)--(L—kt1)

k)~ k!

06 = ()

Then

(see [47, Proposition 5.2.1]).

3.4. Coleman families. —
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34.1. — Let f(q) = Z anq" be a newform of weight ko > 2, level Ny and nebentypus £;. We

assume that the condltlons C1-2) of Section 3.2 hold for some fixed odd prime p JNy. Define
Ir={x€Z|x>2, x=ky mod(p—1)}.

We identify Iy with a subset of #*. Let U C #* be an open disk centered in ky. For any

F € Oy and x € Iy, we denote by F, the value of F at x. For any sufficiently large r > 1, we

consider E (w/p”) as the ring of analytic functions on the closed disk D(ko,p~") C U. Recall

that for each F(w) € E (w/p") we set /"' (F)(x) = F((1+ p)* % —1) (see Section 1.1.3). Then

F, = @/“'(F)(x). The following proposition summarizes the main properties of Coleman families
we need in this paper.

Proposition 3.4.2. — Assume that v,(0(f)) < ko — 1. Then for a sufficiently small open disk U
centered in kg the following conditions hold:

1) There exists a unique formal power series

- Zlq e Oy(lq)

with coefficients Oy such that

la) For each x € Iy U such that v,(a(f)) # x/2 — 1, the specialization f at x is a p-
stabilization of a newform f0 of weight x and level N r.

1D) fiy = fa-

2) Fix D(ko, p~") C U and denote by Ay its E-affinoid algebra. Let

We=W(U) ) ®e, Ar;

where W (U )y, is the maximal submodule of the Oy-module W (U) on which the operators T; (for
(I,Ny) = 1) and Uj (for l|Ny) act as multiplication by a; for all primes . Then

2a) Wy is a free Ag-module of rank 2 equipped with a continuous linear action of Gq s.

2b) The specialization of Wy at each integer x > 2 is isomorphic to Deligne’s representation
associated to f,.

2¢) The (¢,I')-module Dy = DIig 4, (W) has a triangulation of the form

0= F"'Df—=Dgf— F Dy —0,

where
F+Df:%Af(6f+)7 5?(}7) = ap, 6;r z; =1;
FDy=2x(8¢), O (p)=¢(p)a,'. & |z =x;",
" log({(x(1))
— y(y)ko—1 g\ X))
1) =2 exp (g, (1-+-) SELLDN )

denotes the character y*~!

3) Let W{ = W'(U ) (1) @¢,, At, where W'(U) | denotes the maximal quotient of the Oy-module
W'(U) by the submodule generated by the images of T/ —a; (for (I,N¢) = 1) and U] — a; (for I|Ny).
There exists a pairing

X for the algebra As.

Wf/ X Wf — Af,
which induces a canonical isomorphism
Wf/ ~ Wf* = HomAf(Wf,Af).

Proof. — 1) This is the central result of Coleman’s theory [24] together with [4, Lemma 2.7].
The statements 2a) and 2b) and 3) follow from the theory of Andreatta, Iovita and Stevens. See
[47, Theorem 4.6.6] and the unpublished preprint [36] for comments and more detail.
The statement 2¢) is a theorem of Liu [53]. ]
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3.4.3. — We say that x € Iy is classical if v,(&) # x/2 — 1 and denote by f the newform of level
Ny whose p-stabilization is f;. For each classical weight x we have isomorphisms
Dy @4, (Ar/my) = Df (W) = D], (W),
where the second isomorphism is induced by (58) for f?.
The (¢,T)-module F* Dy is crystalline of Hodge-Tate weight O and the operator ¢ acts on
Deris(F TDy) as multiplication by a,. The (¢,I')-module F~Dg(xs) is crystalline of Hodge—Tate

weight —1 and @ acts on Zeris(F~Dy(xr)) as multiplication by &(p)p~'a,!.

3.4.4. — Define

(-2 (- 25).

Proposition 3.4.5. — Let r be a sufficiently large integer. Then
1) There exists an element Mg € Deyis(F T Dy¢) such that for all classical x € [ r the specialization
ne(x) := V() (x) of Mg at weight x satisfies

ni(x) = Ay, (1) C(0) " Pri(np).

where the map Pr, is defined in (58) and C(f0) is (64) for the form fP.
2) There exists an element & € Deris(F~Dy(xr)) such that for all classical x € Iy the special-
ization & (x) := /"' (&) (x) of & ar x satisfies

&i(x) = Pry(wp) ®e,—1  mod Deris (F Dy, (")
where ey_1 is the canonical generator of Deris(ZE(x*')) = Deyis(E(x — 1)).
Proof. — This is Theorem 6.4.1 and Corollary 6.4.3 of [47]. ]

3.4.6. — We review the construction of the overconvergent projector defined by Loeffler and
Zerbes in [47, Section 5.2]. For any integer j > 1, the maps f8 ;‘ and 5}‘, defined by (62) and (63),
induce morphisms

B; W)~ Hi (Y(N7.p)g Du-i(F) @ TS/(Z)(1))

87 + HY (Y (N7, p)gyDu—i (F) & TSI (F) (1)) = W/(U)

l
such that §; o ;' = i)

Let f be the Coleman family passing through f,; as in Proposition 3.4.2 and let
iy« W(U) = W' U)y
denote the canonical projection.

Proposition 3.4.7. — Assume that the open set U satisfies assumptions from Proposition 3.4.2.
Then
i) The image of the composition

mo o8]+ HY (Y Ny, p)gs Do (F) @ TSH(F)(1)) = W/ (U)y

is contained in (f) W!'(U) g
ii) There exists a unique map

nl  H (Y (V7 Py Du—i(F) @ TSHF)(1) ) = W' (U

such that = (ﬁ) nf[jl]] =Ty o 6;.
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iii) We have a commutative diagram
w'(U)

U
By

H (Y7, p)gy Du-5(F) @ TSHF)(1) ) ——= W' (U) g

Proof. — See [47, Proposition 5.2.5]. ]

Remark 4.4.8. — If U contains none of the integers {0,1,...,j— 1}, then the function (f) is
invertible on U.

If A¢ is the affinoid algebra of a closed disk centered in & as in Proposition 3.4.2, we denote by

(65) n s HY (Y (N7 plg Do (F) 0 TS(F)(1)) = Wy

the composition of nf[J[]] with the natural map W'(U)g) — Wy ~ W'(U) (5] @ Ay.

4. Beilinson-Flach elements
4.1. Eisenstein classes. —

4.1.1. — In this section, we review the theory of Beilinson—Flach elements introduced first by
Beilinson [2] and extensively studied the last years by Bertolini, Darmon, Rotger [15, 16], Lei,
Loeffler, Zerbes [46] and Kings, Loeffler and Zerbes [43, 44]. We follow [44, 43] closely. We
maintain notation of Section 3. Let N > 4 be a fixed integer. We denote by

Eisk y € H, (Y1 (N),TSk(fop)(l)> . k>0, beZ/NZ
the étale realization of the Beilinson-Levin motivic Eisenstein elements (/) constructed in [3].
Note that for X = 0, we have
bZEiS?,N - Eisg,N = a(bgO,I/N)7

where 9 : O(Y1(N))* — Hg(Y1(N),Q,(1)) denotes the Kummer map and ,gq 1y is the Siegel
unit as defined in [40].

4.1.2. — Set
Hi (¥i(Np™), TSHF) (1) ) = limt (i (Vp), TSHZ)(1))

where the projective limit is taken with respect to the trace map. The Siegel units (80,1 /np)n>0
form a norm compatible system [40] and therefore we have a well defined element

pEisy 1= (9(580.1/np) nz0 € Hyg N (NP), Zy(1)) = Hg (Vi (N),A(F (N))(1)),

where A(.Z (N)) denotes the Iwasawa sheaf (52) associated to the canonical section sy : Y;(N) —
&[N]. (Here we use the isomorphism (53).) Consider the map

)+ HE (G (N), AGE (N)(1) 5 HL 00 V), ACP) (1) 5 H (M), TSH(F,) (1))

where the first arrow is induced by the multiplication by N on the universal elliptic curve and the
second one is induced by the moment map from Proposition 3.3.6, iii).

(7)We normalize this element as in [44].
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The main property of the elements ,Eisy is that they interpolate Eisenstein elements, namely
miy, (pEisy) = b’Eis| y — b~ "Eis} .

We refere the reader to [44, Theorem 4.5.1] for the proof and further detail.

4.2. Rankin-Eisenstein classes. —

4.2.1. — Let Y;(N)?> = Y1(N) x Y1 (N). We denote by p; : Y;(N)> — Y;(N) (i = 1,2) the projec-
tions onto the first and second copy of Y1 (N) respectively and by A : Y1 (N) — ¥;(N)? the diagonal
map. For any integers k,I > 0, we consider the sheaf on Y; (N)? defined by

TSkl (#,) = pt (Tsk (%)) Qp (Tsl (ﬁ*)) . %€ {n0,Q,}
Note that A*(TS®! (,)) = TS* (%) @ TS! (.%,) . Let j be an integer such that
0 < j < min{k,1}
In this situation, Kings, Loeffler and Zerbes [43, Section 5] defined a map
CGIHL TSKH21 (7, ) — TS* (Fq,) ® TS' (Zq,) (—)),

called the Clebsch—Gordan map in op. cit.. We will use the same notation for the induced map on
cohomology

HE (H(N), TS (F,) (1)) — HE (1 (N), TS (Fq,) @ TS' (F,) (1- 1))
Taking the composition of this map with the Gysin map
1y (V)& (TS (T, ) (1= /) ) = HE (i (N2, TSH (g, ) (2 - ) )

induced by the diagonal embedding A, we get a map
(66) Hy (MiN) TSI (7,)(1)) — HE (V)2 TSH (Fg,) (2 1))
The spectral sequence

15 (QH (1 (V)3 TSH (Fq,)(2— ) ) = HE (n (V2 TSK (Fg,) (2 - )))
gives rise to a map

1 (P2 TS (F,) (2 - ) ) = H (QH2 (M (M), TSH(Fg,) (2 1))
Composing this map with (66), we get a map

(67) AR (7 (N), T2 (7,) (1)) — H (QuH (N3, TSH(Fo,) 2~ 1)) ).

Definition 4.2.2. — The elements
Eisyy/ = Akt <Eis’,§jv’—2f) . 0<j<min{k,}, beZ/NZ,

are called Rankin—Eisenstein classes.
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4.2.3. — We define Rankin-Iwasawa classes following [44, Section 5]. Set
A(F (N = A(F (N) @ TS/ (F).

From the definition of the sheaves A,(.%, (N)) (see Sections 3.1.4 and 3.1.5) it is clear that the
diagonal embeddings &[p"] (sy) — &[p"] (sn) Xy,(wp) €' [P"] (sn) induce morphisms of sheaves

AT (N)) = AT (NY) @ AT (N)).
Tensoring this map with the Clebsch—Gordan map

CGUHT: 2, = TS/ (Fq,) 9 TS (Fq, ) (— ),
and passing to inverse limits, we get a map

A(F (N)) = MF (N)TSA(F (N)I (= ).
This induces a map on cohomology
68)  HL(M(N),ACE (N)(1) > HY (H(V), AT (V) IBAE (M) (1 j)).
Define

AT (N = pi (A(F (M) @ p3 (A(F (V)W)
Then the diagonal embedding induces the Gysin map
Hy (Yi(V), ACF (NTEAF (M) = ) = B (M (NEAE ()2 - ).
Taking the composition of this map with (68), we obtain a map
(69) Hy (M (N),AGE (N) (1) = HE (BN AE (V)2 - ).
Composing this map with the map
(MWL A ()R = j)) = HY (QHE (n (NG AZ (NP2 - ) )
induced by the Grothendick spectral sequence, we obtain an Iwasawa theoretic analog of the map
(67)
AL HL (6 (), ACF (V) (1) = HY (Q HE (n(NEAF (M) 2= ))) ).

Definition 4.2.4. — The elements

oRIY = A (Eisy) € Hy (Q.HE (n (MG AF (W) 2=j))), >0
are called Rankin—Iwasawa classes.

We remark that these classes interpolate p-adically the elements Eis[llf}f,’j] (see [44, Proposi-

tion 5.2.3]) and refer the reader to op. cit. for the proof and further results.

4.2.5. — In this subsection, we assume that N > 4 and (p,N) = 1. We have a commutative dia-
gram

éoNp —_— Y1 (Np)

L

éaN,p 4>Y(Nap)a

where &, denotes the relevant universal elliptic curve and pr’ is the map defined in Section 3.1.3.
Recall that &y, is equipped with a canonical subscheme Dy, of points of order Np together with
the canonical section sy, : Y1 (Np) — Dy,. The universal curve &y, is equipped with a canonical
subscheme D’ of points of degree p (see Section 3.3.5). The map pr’ together with multiplication
by N induce finite morphisms

Enplp"] (swp) — EnplP'] <D/>7 rz1,
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and therefore we have a map
(70) t) : Hy (Yl (Np)g A(F <Np>)U=ﬂ) — Hg (Y(N, Pig A(F <D’>)U7j]) _

Analogously, the map pr; : Y(N,p) — Y1(N) (see (48)) together with multiplication by p induce
finite morphisms

Enplp'] <D/> — &n[p'], r>1.

This gives us a map

pr,. : H} <Y1 (N.p)3AF (D)) [H) — H2 (Y(N)%,A(ﬂ)[j’j])

Definition 4.2.6. — We denote by
ay R, =l (R ) € HY (QHE (MIV. A (D)2 ))))
the image of the Beilinson—Flach element ;,RI][\JA,7 under the map pr’, induced by pr'.
Note that
pri.. (sRIY),) ) = bRIY.

4.3. Beilinson-Flach elements. —

43.1. — Let f= Z a,q" and g = Z bnq" be two eigenforms of weights kg =k+2 and [p =/+2
=1 1

n—=
with k,/ > 0 and levels Ny, Ng respectively. By (54), we have canonical projections
ny < B (MG TSHP)(1)) 7, E > W},
7, : H (Yl( o: TS (ﬂ)(l)) %, E — W

Let N be any positive integer divisible by Ny and N, and such that N and NyN, have the same
prime divisors. Without loss of generality, assume that Wy and W, are defined over the same field
E. Set Wy o = Wy @g W,. Kiinneth theorem gives an isomorphism

H ()% TSH(Fq,)(2)) = Hi (1 (V). TS (Fq,) (1)) @ HE (Yi(N)g, TS (Fq,)(1) ).

We also have the maps induced on cohomology by the projections (45):

1y (N(N)g: TS (F,) (1)) = H (i(N))g TS"(Fa,)(1) )

Hh (N(N)g. TS (Fq,)(1)) = HE (Yi(Ne)g TS' (Fg,)(1))
Composing Kiinneth decomposition with these projections and 7y ® 7,, we obtain a map

pif, : HE (N5, TSMF (2= )) @7, E = Wi y(—)):
Definition 4.3.2. — The elements
BFM pry]g <E1s[klj]> € Hg(Q,W;g(—j)), 0 < j < min{k,l}

are called Belinson—Flach elements associated to the forms f and g.

[

One can prove that the definition of BF / ] ¢ does not depend on the choice of N.
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4.3.3. — In this subsection, we assume that f and g are newforms of nebentypus €, and &, and
p is an odd prime such that (p,NyN,) = 1. We denote by a(f) and B(f) (respectively by a(g)
and (g)) the roots of the Hecke polynomial of f (respectively g) at p. We assume that o(f) #
B(f) and a(g) # B(g).- As before, fy and fg (resp. gq and gg) denote the stabilizations of f
(respectively g). Recall the isomorphisms (56) for f and g

Prl @ Wi ~ Wy, Prl . Wy ~ W/,

which we denote by the same symbol to simplify notation. These isomorphisms induce isomor-
phisms on Galois cohomology

(Pr%,Pr?) : HY(Q, W}, ) — H(Q,W},),
(id,Pr%) : HY(Q,W},.) — Hi(Q,W},).

Proposition 4.3.4. — For any 0 < j < min{k,l} we have

) (1-9UBW) (1 _BUEw)) () BUBE)) g

pj+l pj+l pj+1 f.g

Proof. — The first formula is proved in [44, Theorem 5.7.6]. The second formula is stated in
Remark 7.7.7 of op. cit. For convenience of the reader, we give a short proof here.
Let N = lcm(N¢,N,). Consider the commutative diagram

: o p.o (/]
i) (Pr%Pro) (BFfmga

(72) H' (Vi (Np)g, TS (Fg,) (1))
Pry. Ty

H' <Y1 (pr)a,TSk(fo,,)(1)> 7 Y

Tfa

Pr¢ l Pr¢

H' (Yi(Ny)g TS (Fg,)(1)) ————=W;

and the analogous commutative diagram with fg instead fo. Here we denote by Pr, the map (45)
for Y1 (Np) over Y{(N) to distinguish it from the map (45) for Y;(Nyp) over Y;(Ny), which we
denote simply by Pr; . Set

pr; = ZroPr . oPry, : H' <Y1 (Np)G,Tsk(yQp)(l)) W
By definition, we have
[]] — 1 [k7l7‘]}
(73) BFf,ga =Pl (EISLNP ) )
where the map prgflga is induced on Galois cohomology by the projection (pr Iz prga) twisted by the

(—Jj)th power of the cyclotomic character.
From (55), it follows that

o(f) P~ B(f) Prl

ST )
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This formula together with the commutativity of (72) show that
alf) P —B(f)-Pf\ ~ a(f)'(Prfoﬂfa)—ﬁ(f)'<Pf§°7ffﬁ>
(74) pry=mso — oPry = — .
a(f)=B(f) a(f)—B(f)
From (73) and (74), we obtain that

M (a(f) - (Pr%,id) (BFEﬂg) —B(f)- (Prff,id) (BFE!ﬁ] . ))

and therefore
(id, Pr%) (BFBZ]g) _
= M (atr)- (e e (B, ) = BUs) - (P Pe) (BFY ).
Applying part i) to compute (Pr%, Pr%) (BFE{] . ) and (Prf ,Prf) (BFM ) , we obtain ii).

/p:8a
O

4.3.5. — We maintain previous assumptions. Let f and g be two newforms satisfying conditions
M1-3). Consider the composition

i . gyl L] M i
(75) myy - H (W(N)g A(F (N)P) ——
H' (Y1(N)g, TS/ (Fq,) TS/ (Fq,) ) = H' (H(N)g, TS (Fa,))
where the last map is induced by the natural map TS"™/(Fq,) ©® TS/(Fq,) — TS'(Fq, ). For all
0 < j < min{k,/} we have a map

16) HE(Q.HE (n(N)g. AT (V) 2 ) (it
H; (Q ( (N )Q,Ts[kl](JQ)(z J)))LHs(Q,ng( ).

Definition 4.3.6. — For any integer 0 < j < min{k,l}, we denote by ;,BF[J ) the image of the
element ;,RIZ[\J,] under the composition (76 ).

We have
(77) bBFY, = (0 025 1 (b)e, (b)) -BFY,  (b,NN,) = 1.

(see [44, Proposition 5.2.3]).

4.4. Stabilized Beilinson—-Flach families. —

4.4.1. — Let f and g be two newforms. Denote by o (f) and B(f) (resp. by o(g) and B(g)) the
roots of the Hecke polyunomial of f (resp. g) at p, (p,NyNg) = 1. We will always assume that the
following conditions hold:

M) a(f) # B(f) and a(g) # B(g);
M2) v, (a(f)) <ko—1andv,(a(g)) <lp—1.

As before, fy and go denote the stabilizations of f and g with respect to a(f) and a(g) respec-
tively. Let f = Z a,q" € A¢[q]] and g = Z b,q" € Agl[q]] denote the Coleman families pass-

ing through fy and ga- We fix open disks U '+ and U, and affinoid algebras Ay = E (w1 /p”) and
Ag = E (w2/p") such that the conditions of Proposmons 3.4.2 and 3.4.5 hold for f and g. Then

Wf,g = w’f@EWg
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is a p-adic Galois representation of rank 4 with coefficients in A = Ay@pAg =~ E (w1 /p",wa/p") .
Let N =lcm(Ny,N,).

4.4.2. — By Proposition 3.3.6, ii) there exists a natural morphism of sheaves A(.Z (D)) —
Dy, j(F'). It induces a morphism A(F F (DWW — Dy, j(F') @ TS/(F). Consider the com-
position

Ke

prVp)
78  H! (Y(Np A(F (D))l )) RN (Y(N P A(§<D>)m(1))—‘>

H! (Y(Ng, p)é,gyg,j(ﬁ)@Tsf(f)(l)) =, Wy,

where the first map is induced by the projection Y (N, p) — Y (Ng, p) and the last map is defined
by (65). We also have the analogous morphism for the family f. Composing these maps with
Kiinneth’s isomorphism

a9 H (Y. AE (D)) = B (Y(N.p)g AT (D))

we obtain a map

(80) H? (Y(N, Pl A(F (D)) (2)) — Wy

This map induces a map on Galois cohomology

8D prfh s HE(QH (YN, p)g AT (D) 2= ))) ) = HE (QWig(—1))

Definition 4.4.3. — We define stabilized Beilinson—Flach classes associated to £ and g by
WBF() = prfy (LRI, ).

where bRI%](p) is the Rankin—Iwasawa element defined by (71).

We denote again by sp)fgﬁ (Q,Wf o(— )) — H! (Q, Wy . (— )) the morphism induced by
the specialization map Wf*g — fo.g,'
Proposition 4.4.4. — i) For all integers x,y such that 0 < j < min{x,y} —2 one has
x—2 y—2 ;
( _ ) . ( _ ) sl ( bBFLJ}g) = BF/, .
J J ’ g
ii) Let A = v, (a(f)) +vp(0(g)). There exists a unique element
* A
pBEL € Hi, 5(Q,Wy) @1 74 (T)

such that for any integer j > 0 one has

I (=1)/ P’ i
spij(bBFf?’é): i <1_apbp bBFf{g.

[ 1 ]

Proof. — 1) The first statement follows directly from the definition of the maps 7y and 75"~ (see
[47, Proposition 5.3.4]).
ii) The second statement is proved in [47, Proposition 2.3.3 and the proof of Theorem 5.4.2].

O

4.5. Semistabilized Beilinson—-Flach elements. —
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4.5.1. — Define

Wrg=Wr@p Wy
This is a p-adic representation of Gq s with coefficients in Ag. For any 0 < j < k, consider the
composition of maps

82) H (Y(N,p)é,A(ﬁ’<D’>)m(l)) oS, g (Y(N,p)G,Tsk(ﬁQp)(l))
prdop)

L H' (Y (N TS (Fq,) (1)) > Wy
Composing Kiinneth’s isomorphism (79) with (78) and (82), we obtain a map
(83) H2 (YN, p)g ACF (D')(2) ) — W,
We denote by
prfly  H (QH2 (YN, P ACF (D)2~ j)) ) = HE (Q W} ()
the induced map on Galois cohomology.
Definition 4.5.2. — Assume that 0 < j < k. The elements
(34) s, = pily (4RI, )
will be called semistabilized Beilinson—Flach elements.
4.5.3. — For each y € Spm(Ag), we denote again by
spf : Hg(Q,W/4(—J)) = Hg(Q, W}y (=)

the morphism induced by the specialization map sp§ : Wy — We, . Recall that

I, ={ye€ZNSpm(Ag) |y>2, y=l mod(p—1)}.

Proposition 4.5.4. — i) For each 'y € I such thaty > j+ 2 we have

o (y—2 1]
bBF}égy = ( ] > : Sp% (b%g]{,g) .

ii) In particular,
s _ . 0 . 0 )
(77?) - Gapyosss (157, - (1 - W) (1 - W) sBFy

Proof. — 1) Since the moment maps commute with the traces (see [42, Proposition 2.2.2]), we
have a commutative diagram

Ik [ly—2
(m<Np>7m<Np> )

HZ (Yi(Np)g AT (Np))lT)

l tr!,

HE (Yi(N. p)gs ACF (D))

1 (n(Np)g TSk 2 (q,))

J{ pri
(mm.k m,y—Z)

(p) 7 p) _
HE (BN, p)g TS (7))

Here the maps tr, and mE]*]>* are defined by (70) and (75) respectively. Taking into account (71)

and the definition of bBFEf:}gy, we obtain that

0o (V.p) p(V.p) k(-2 (ml]
(85) pBFfy, = (17, 7, ) 0 (Per ! ’Pravfp)) ° <m<2> me ) (BFlj,N(m) :

The elements bBFEZ; ]g‘. and ;,‘B%Ef; ]g are defined via the maps (76) and (83) respectively.
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Consider the following diagram

mb2
- ») _
® HA(Y (N, p)gs ACT (D) (1)) —"—= HL (Y (N, p)g T 2(Fq, ) (1))
0,_j—2®id
o T,
Hy (Y(Ng,p)@@z/gf,-(ﬂ”) ®Tsf(gz)(1)) W,
5 ()= b,
W/(U) g Wg*

Compairing (85) with (78) and (82), it is easy to see that we only need to prove the formula
ly—2 y—2 '
(87) T, © m[él)y = < j > sp§ o Eg] oa,

which in turn follows from the commutativity of the diagram (86). The commutativity of the upper
triangle follows from Proposition 3.3.6, iii). The commutativity of the lower triangle follows from
Proposition 3.4.7. Directly from the definition of the maps 6,2, 8; and 7 it follows that

néy 0 (6y_j_2,id) = spfomgo 6;. Therefore, the diagram (86) commutes, and (87) is proved.

ii) The second statement follows from i), Proposition 4.3.4, ii) and (77). ]

In the following proposition, we compare Beilinson—Flach Euler systems bBFEVg] with semista-
bilized Beilinson—Flach elements. This result plays a key role in the proof of the main theorem of
this paper.

Proposition 4.5.5. — Let
. % Z/
pBEy = (Priid) ospf, (sBFfy) € Hiy s (Q.W}) @4 (D).

Then for any integer 0 < j < min{k, 1} there exists a neighborhood Uy, = Spm(Agq) such that

Proof. — Shrinking, if necessarly, the neighborhood Ug, we can assume that, as an Ag-module,
HY(Q,Wpg) ~ Ag ©T, where T is a my,-primary torsion module. Let y € Spm(Ag) be an inte-
gral weight such that y > ly. From Propositions 4.3.4 ii), 4.4.4 and 4.5.4 it follows that the map
(id,Pr%) o sp sends the both sides of the formula to

(0 (kY (y=2\ (, P o, «()B(EY)
i (1) ( j ) <1 a(f)a(g9)> (1 Pl >X

) <1 ) ﬁ<f><>> . (l ﬁ<f>ﬁ<>> BE

pitl pitl 1.8

Since Pr¢ is an isomorphism, this shows that the specializations of the both sides coincide at
infinitely many points, including /y. This proves the proposition. O

5. Triangulations

5.1. Triangulations. —
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511 — Letf= ): an,q" and g = Z bnq" be two eigenforms of weights kg =k+2 and lo = [+ 2,
=1

levels Ny, Ng and nebentypus &f and sg respectively. Fix an odd prime p such that (p,NsN,) = 1
and denote by o(f) and B(f) (respectively by a(g) and 3(g)) the roots of the Hecke polynomial
of f (respectively g) at p. We will always assume that the conditions M1-2) from Section 4.4 hold.
Let fy and g denote the p-stabilizations of f and g with respect to a(f) and a(g) respectively.

Denote by f = Z a,q" € A¢[[q]] and g = Z b,q" € Ag[g]] Coleman families passing through f

and gq. Shnnkmg the neighborhoods of ko and /o in the weight space, we can assume that the
affinoid algebras Ay = E (w;/p") and Ag = E (w,/p") satisfy the conditions of Propositions 3.4.2
and 3.4.5. Then

Wrg = WeSEWg

is a p-adic Galois representation of rank 4 with coefficients in A = Af@pAg ~ E (w1 /p",wa/p") .

Let Dy =D!_, (W) and Dy =D._, (W) and let

rig,Ag rig,Ag

0—F'Df—Dy— F Dy —0,

(88) _
0—F"Dg—Dg— F Dg—0

be the canonical triangulations of D¢ and Dy respectively (see Proposition 3.4.2, 2¢)). We denote
by n¢ and & (respectively by Mg and &g) the elements constructed in Proposition 3.4.5. Set Dy =

D&, Dg. Then Dy g = Drlg 4+ (Wrg). We denote by (FiDgg)?7__, the triangulation

{0} C F_]Df7g C F()Dﬂg C F Df7g C Fsz!g

given by
({0}, ifi=—2,
FD¢®g, F Dy, ifi=—1,
(89) FDgg = { FDt&z,Dg, ifi =0,
(FD¢®R4,Dg) + (DtR, FDy), ifi=1,
Dy, ifi=2.

We will denote by (gr; D g) —_, the associated graded module. In particular,
groDgg = F+Df®%EF7Dg, gr Dy = Ffo@)(@EF*Dg.

Note that

(90) groDeg ~ Za(OegXy '), Otg(p) =€ (p)ayh, ', Stgly, = 1.

5.1.2. — We denote by (FDj,);__, the dual filtration on D,

FiDEg = Homg, (Df,g/F—in,gvﬁA) :

Lemma 5.1.3. — Let a(f*) = p*~'/B(f) and a(g*) = p"~'/B(g) and let t* and g* denote the
Coleman families passing through the stabilizations of f* and g* with respect to a(f*) and o(g*).
Then the filtrations (Fng) _, and (FDy- g+)7__, are compatible with the duality Dg- g+ X Dgg —

Ba(x; Xg ). Namely
on FiDg g =~ FDp g+ (Xt Xg)-

Proof. — The proof is straightforward and left to the reader. O
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5.14. — Set
(92) M; g = groDrg(XXg) ~ Za(OtgX)-

Then Mg, is a crystalline (¢,I")-module of Hodge-Tate weight 1 ®) and Diyis (Mgg) is a free
A-module of rank one generated by

(93) meg == MR E R ey,

where 7¢ and &g are defined in Proposition 3.4.5. From Lemma 5.1.3 it follows that gr D¢ g« (xt)
is the Tate dual of Mg :

(94) My, (1) = eriDig(xg ') =~ e De g (xp) =~ Za(Spy, ).
5.1.5. — Let
Dig=D' , (Wro) D (W) R4, D5, (We).
/g rig,Ag feg rig\""f K rig Ag\ "' &
The isomorphism (58) identifies D¢ with the specialization of the (¢,I")-module Dy, at f. In
particular, for each j € Z we have a tautological short exact sequence

0 — gr| D} o (x7) = D} o /FoD} 4 (x7) — gD 4 (/) — 0.
Lemma 5.1.6. — 1) For each j € Z the induced sequence
0— H' (gr,D}4(x))) = H' (D} 4/FoD}4(x7)) — H' (gr,D} 4 (2)))
is exact.
2) Assume that j # 1 —

H! (grzD;g(xj)) is free of rank one.
3) Assume that j < 0 and y € I, is such that

k
g 1-j2- j).

ko + 1y

. Then for a sufficiently small neighborhood Uy the Ag-module

Then H} (ngD;gy( xf')) = 0.

Proof. — 1) We only need to prove that H° (grzD;‘C’g( X’ )) = 0. From Proposition 3.4.2 it follows
that gr,D% o o~ Za,(Yr.g), Where Yy o(p) = Oc(f)*lblj1 and Yy g

is sufficient to check that Wy 4(p)p~/ # 1, but this follows from the fact that [b,(y)| = p% for
any y € I.
2) We have

7, = 1. By Proposition 1.3.7, it

(wregp)p™) (lo) = a(f) ar(g) ' p .
k0+lo

Ifj#1- , then

() lale) pi = p i T = p T L
Therefore Yy 4(p) p‘j — 1 € Ag does not vanish at [y, and 2) follows from Proposition 1.3.7, 2b).
3) By [6, Corollary 1.4.5], H! <gr2D}~gy (xf)) — 0 if the following conditions hold:
a) j<O0.
b) HO (grzn;gy(x/)) —0.

— 1

) Deris (grzD;,gy(%j))(P ! =0.

®)We call Hodge-Tate weights the jumps of the Hodge—Tate filtration on the associated filtered module. In particular,
the Hodge—Tate weight of Q,(1) is —1.
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Since ¢ acts on s (grzD}agv (x’ )) as the multiplication by o(f)~'b(y)~!p~/, the same argu-
ment as for 2) applies and shows that b) and c) hold. ]

5.2. Local properties of Beilinson—Flach elements. —

5.2.1. — We maintain previous notation and conventions. Fix 0 < j < k. Consider the diagram

(95) H'(Q,, W} g (—1))

|

0 —— ' (&6 D}y 1)) —H' (D}, /FiD (i 1)) —= ' (20D} 2 ).

Recall that the bottom row is exact by Lemma 5.1.6. Let res, (bSBSEZ]g) € H'(Q,,Wrg(—1))
denote the image of the semistabilized Beilinson—Flach element under the localization map.

Definition 5.2.2. — We denote by 13, the image of s, (b‘BS [;!.]g) under the map
H'(Qp, W} g(—j)) = H' (D} o/FoD} 4 (7)) -

ko + o

Proposition 5.2.3. — Assume that j #* — 1. Then for a sufficiently small neighborhood

Uy of ly the image of ;,S;j]g under the map H' (D?g/FODji-’g(x_j)) —H! <gr2D;§-~g(x_j)> is zero,
and therefore

h3‘[fj}g € Hl (grle",g(xij)) .

Proof. — Let z denote the image of b3£ﬂg in H' <gr2D?g(x_j )) under the natural projec-
tion. From Lemma 5.1.6, 3) it follows that, for a sufficiently small Uy, the cohomology

H! (grzD;g( X/ )) is a free module of rank one over the principal ideal domain Ag.
On the other hand, by [44, Proposition 5.4.1]

res, (bBF[f{]g) € HHQp, Wi y(—))).
Taking into account Proposition 4.5.4, we obtain that

sp$ (resp (;,‘BSE{L)) € Hg1 (Qp Wiy (=) Vyel, suchthaty> j+2.
Hence

spi(z) € H; (ngD}?g}, (x‘j)> , Vye€l, suchthaty> j+2.

From Lemma 5.1.6, 3) it follows that H, (grzD;gy (x~/ )) = 0 for infinitely many values of y € I,.

Therefore sp§(z) = 0 at infinitely many values of y € I,. Since H' (grzD;g(x*j )) is free by
Lemma 5.1.6, 3), this implies that z = 0.

5.2.4. — In this subsection, we record a corollary of Proposition 5.2.3. Assume that f and g are
of the same weight ko. Since Wy, ,, ~ Wy ,, the specialization of the triangulation (F;‘Df,g)l.z:_Z

at (ko,ko) defines a triangulation (F;D f7g)f:72 of Dy ,. It is clear, that this triangulation can be
defined directly in terms of Wy , by formulas analogous to (89).
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Consider the diagram

(96) H'(Qp, Wy g(ko))

|

0——H' (grlD.ﬂg(xkO)) —H' (D.ﬁg/FOD.ﬁg(XkO)) ——H' (grzD.f,g(XkO))~
]

Using the canonical isomorphism W/, ..(2 — ko) =~ Wy ¢(ko), we can consider BFEff;E as an ele-
ment

BEX ? € HY(Q, Wy 4 (ko).

Definition 5.2.5. — We denote by ZE@;}] the image of res, (BFEZO;Z]) € H'(Q,, Wy, (ko)) in
H' (Dy.g/FoDy(x")).

Corollary 5.2.6. — Assume that a(f)a(g) # p*~" and B(f)a(g) # p*~'. Then
1) HY (6D (4)) = H'(ar Dy 5 ()
2) 7y " € H' (ar\Dy (1))

Proof. — 1) The (¢,I)-module grDs (x*) is of Hodge-Tate weight —1, and ¢ acts on
Deris (g1, D1 ¢(2*)) as multiplication by B(f)a(g)/p*. In particular, Zeyis(grDyre(x%))?=! =
Dexis (20, Do (2%))?=P"" = 0. This implies 1).

2) The (¢,)-module gryDs.(x%) is of Hodge-Tate weight kg —2 > 0, and ¢ acts on
Deris (gr,D 7o (x*)) as multiplication by B(f)B(g)/p*. If B(f)B(g) # p~! this implies
that _@Cris(grzDﬂg(xk‘)))‘P:l = _@Cﬁs(grzDﬁg(xkO))‘P:pfl = 0. Therefore H; (grzDﬂg(xkO)) =0,

[ko—2] c

and by the same argument as in the proof of Proposition 5.2.3, we conclude that Z . "

H'(gr;Ds(x*)) in this case.
In the general case, the proof is slightly different. Consider the diagram (95) for the forms
/" and g* instead f and g and j = ko — 2. Then the canonical isomorphism W7, , (2 —ko) ~

Wy ¢(ko) identifies the specialization of this diagram at weight ko with the diagram a(96). From
Proposition 5.2.3 we have

sp,%; <b3£f*°7;*2]> eH' (grlDf‘*7g,& (%2*k°)> )

On the other hand, Proposition 4.5.4 and (77) imply that

ko—1 ko—1
. o * ko—2]\ _ )4 4 [ko—2]
(i Pre)ospfy (137%”) = (1 B ﬁ(f)a(g)> <1 Ot(f)a(g)> S

where bZ[;?;f = (b* — 8)71 (b)e, ! (b))Zycf’;} . Since the terms in brackets do not vanish, Z[;c*o;Z le

H! (grlDJ{g (%)), and 2) is proved. O
5.2.7. — Consider the diagram

HIIW (D;'(,g)

l

0 Hllw (grlDEg> Hllw (Dég/FODEg> HIIW (gr2DEg> '

Let
res,, ( bBF}g) € H,(Q,, We'y) @ HE (D) ~ H, (D)

denote the localization of the Beilinson—Flach Iwasawa class ;,BF}";.
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Definition 5.2.8. — We denote by bZ?’é the image of res), (bBF?;) under the map Hy., (Dg,) —
Hi, (Dfy/FoDy ).
We have the following analog of Proposition 5.2.3.

Proposition 5.2.9. — The image of ,Zt’ under the map Hy, (D’Eg / FOD}“_’g) — H, (grzD;‘:g) is
zero, and therefore
I 1 *
beYé S HIW (grlDﬂg) .

Proof. — See [47, Theorem 7.1.2]. ]
We record the following corollary of Proposition 4.5.5.

Proposition 5.2.10. — Let
b Ifwg = (Prff‘,id) © Sp£0 (bzi‘\;) € HII\Jv(grlD;g>'

Then for any integer 0 < j < min{k,l} there exists a neighborhood Uy, = Spm(Ag) such that
c Iw) _ (_l)j k - pj _B(f)bl’ (/]
P (bsf"g) T <j ! a(f) b, \ 1 pitl b1

6. p-adic L-functions

6.1. Three-variable p-adic L-function. —

6.1.1. — We maintain notation and assumptions of Section 5. In particular, we assume that the
forms f and g satisfy conditions M1-2) of Section 4.4. We will also assume that £¢€, # 1. Let
Mg, be the (¢,I')-modules defined by (92). Recall that M, (¥ xg) = grDf, by (94). We have
pairings on Iwasawa cohomology

{0 Ity * Hiw(Mig(x)) % Hyy, (M) — HA(T),
{0 M) Hyy, (M (XXg)) X Hyyy Mieg(xg )" — Ha (D).
Let mg g denote the canonical generator of Mg, defined by (93). Set
Mmig=mpg @ (1+X).

Recall that for an unspecified large exponential map Exp we set Exp® = ¢ o Exp, where ¢ € I is
the unique element of order 2 (see Section 1.3.4). For any z € HIIW(MEg (XXg)) define

£,(2z,0%x,y,5) = D ({Z,wag1 oExpﬁ,[f‘g(ﬁzgg)l}Mf.’g(xgl)> (x,,5),
where the transform 27;« was defined in (11), and
x =ko+log(14+wy)/log(1+ p), y=Ilp+log(14+wy)/log(1+ p).
Lemma 6.1.2. — We have
£p(2,0%,,3,5) = Fytgo1 (£000tgymy (W1 (7)) ) (635 =y + 1),

where L£og is the map defined in Section 1.3.4.
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Proof. — By Lemma 1.2.5, we have

£,(z,0%x,y,5) = g <TWXgl ° {TWXQI (Z)’Expfwf-g (’%f’g)l}Mf‘g> '

Writing Twy, = Twy 0 Twy,—1 and taking into account (13) and (16) we get

Ly <wag1 o {wagl(Z)’EXPR’Igg(’%ﬂg)l}M ) (x,y,8) =

f.g

= iy (wal o {wag,l (2), Expiy  (tg)' }M ) (t,y,5—lp+1) =

f.g

— gt ({1 00 B () |, ) x5 =),

and the lemma is proved. O

f.g

6.1.3. — Let L,(f, g, w")(x,y,s) denote the three-variable p-adic L-function. Recall the element
bZ}?‘g’ cH! (grlD}"g)
defined in Section 5.2.

Theorem 6.1.4 (KINGS—-LOEFFLER-ZERBES). — One has

Bb(a)a,x,y,s)Lp(f,g, wa)(x7yvs) - (_l)agp( bzgéawailaxayas_ 1)7

where
~1 -1
97) Bb(w”,x,y, S) _ G(zjj\/z;;((j)g) (bz _ w(b)2a7k0710+2 <b>2s—x—y+2 Sfl(b)ggl(b)>
!

and G(—) denotes the corresponding Gauss sum.

Proof. — The theorem was first proved in the ordinary case in [44, Theorem 10.2.2]. The non-
ordinary case is treated in [47, Theorem 7.1.5]. O

6.2. The first improved p-adic L-function. — In this section we assume that kg = . Re-
call that M}:g( x)=F *+D’£g(xg 1) (see (94)). Let wagl ( ng) denote the image of bZE‘é in

H}, (M’fk g(x)> under the canonical map m — m® xg -

Definition 6.2.1. — We denote by
vlig € HI(M;:,gOC))'
the image ofwagl (;;Z}“é) under the canonical projection HIIVV(M;“g(%)) — H! (M;‘g(x))

‘We have

Ge;HG(gsh)
L (B w(b) ()R e (), (b))
Since &7€, # 1, we can and will choose b such that Bj,(@*°, ko, ko, ko) # 0.

Recall that Mg is a crystalline module of Hodge—Tate weight 1. We denote by

Bb(wk07k07s7s) -

eXpmy, * Peris(Mrg) = H '(Mgg).

the Bloch—Kato exponential map for M g.
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Definition 6.2.2. — We define the first improved p-adic L-function as the analytic function given
by

Ly*(f,g,5) = By(@" ko, s,5) " - /™ (<be,g7eXPijg(mf,g)>Mf ) (ko,s),
£

where (, )ap,. - HI(MEg()()) x H' (Mg g) — A is the local duality.

f.g

Proposition 6.2.3. — Assume that ko = ly. Then in a sufficiently small neighborhood of kg, one
has

0 — (1Yo [ 1_ b,(s) _Eg(l))ap(ko)
Ly(t.g, @) (ko,s5,5) = (1" <1 eg<p>ap<ko>)(1 Py (s)

In particular;, L (£,g,s) does not depend on the choice of b.

—1
) L(E,g.5).

Proof. — By Lemma 6.1.2, we have

98)  L,(sZey, @ ko, 5,5 — 1) = Ao <{wag1(bZ£z),EXpi4f‘g(ﬁ1f_’g)l}M )(ko,s,O).

By (90), the action of ¢ on Mg is given by @(mgg) = (p~'e, (p)a,,b;l) mgg. Applying the first
formula of Corollary 1.3.6, we obtain

f.g

(99) Ay <{wag1 (vZty) ,Expiy,, (ﬁif’g)l}Mf‘) (ko,s,0) =

b, (s) g(p)ay(ko)\ ™'
-2 | — PR o™ Z ko,s).
< gg(p)ap (kO) > < pbp(s) < b&fg, eXpr.g (mf’g)>Mf?g ( 0, S)
The proposition follows from formulas (98), (99) and Theorem 6.1.4. ]

6.3. The second improved p-adic L-function. —
6.3.1. — We continue to assume that kg = ly. Let
Myg =goDrg(Xxe),  Npg=groDre(x ") =Mpg(x 'x7").

Define
1

C(f) An,(f)

Let (Prg,id) : Peris(Myg) = Zeris(My, g) denote the map induced by the map (58). By Proposi-
tion 3.4.5,

(101) spk, (mg) = (Pry,id) (myg).

Consider the composition

(100) Mmyg = Ny @& @er € Deris(Myg).

Tw _ c
X, _ sp
Hy,(Myg) —— Hllw(Mf.,g(Xg ") = H'(Nyg),

where k = ko — 2 and spy, is the map (19). We have
G(e;")G(g, ")
bk Mk B4 <b2— b)Y e~ (pYe (b )
Therefore B, ("~ ko, ko,ko — 1) # O for any b # 1.

Bb(wk07l7k07sak0 - 1) =

Definition 6.3.2. — We define the second improved p-adic L-function as the analytic function
given by

Ly'(f,g,5) =T(ko—1)""-By(" ™" ko,5,ko— 1) "' x

% JZ{Wt (<b3£§(:g_2]7splcco—20TWXg] OEXPR/[_ﬂg(ﬁf,g)l>Nf ) (S>7
8
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where ( , >N,~_g is the local duality pairing and bBE‘Ii]g is the element constructed in Section 5.2.

Proposition 6.3.3. — Assume that ko = ly. Then on a sufficiently small neighborhood U, =
Spm(Ag) of ko one has

ko—2 s
L,(f,g 0 ") (ko,s,ko— 1) = — (1 — ap(]lzo)bp(s)> (1 — ‘%) Ly'(f,g,s).

Proof. — Let Npg = grODﬂg()(kO*l). By Theorem 6.1.4 and Lemma 1.2.5 one has

(102)  G(f,8)Bu(ko,s,ko—1) - Lp(f,g, @ ") (ko,5,ko— 1) =

(1) iy ({ b2y, TW, oExpiqf‘g(z%f,g)‘} 1)> (ko, s, ko —2) =

Mg (Xg

(=1 0 <{TW21<0 (bZtly) , TwWi—20Tw, OEXPM,g(f%f,g)l}N > (ko,s,0) =

fg

(_1)"0*1,;2/“" (<sp§k0 (bZ}:’é) ,sp,i(r2 OTWX£| OEXPR’If,g(’%f7g)l>N ) (ko,s).
f.g

Let b3§}fg = (Pr%,id)o spiO ( bZivé) . Since the maps Pr? and Pr}, are dual to each other, from (101)
we obtain that

(103) %Wt <<Sp§—k0 (bZEKg/) y Sp]io_z e} TWXg—l @) EXPCMf"g (}:}V’[f’g)l >N

) (ko,s) =

™ <<Sp5ko (4305) 20w, OBxpi, (i)' ) ) ©)
8

fg

By Proposition 5.2.10,

c Iw (_1)k0 pk0—2 ﬁ(f) 'b[’ [ko—2]
— 1= N LA )
SP2—k, (be,g) (kO _2)! oc(f) -bp pko—l b3f-,g
Combining this formula with (102-103) and taking into account that a:(f)B(f) = €/(p)p !, we
obtain the wanted formula. O

6.4. The functional equation. —
6.4.1. — In this subsection, we establish a functional equation for our improved p-adic L-
functions. In addition to M1-2), we assume that the following conditions hold:
M3) The characters &7, €, and 7€, are primitive modulo Ny, N, and lem(Ny,N,) respec-
tively.
We remark that M3) implies that €€, # 1. In particular, the case f # g* is excluded.
Write Ay, (f) = Pl2w(f), v, (g) = P 2w(g), w(erey) = G(ereg)N~/2 and set

ag, (ko) -bg, (v)
w(f,8) = (=1)" - w(f)-w(g)-w(ere)- (k:fl);)z ([2;71)/2’
dg dy

where ¢ denotes the complex multiplication. The complete Rankin—Selberg L-function A(f, g,s) =
[(s)['(s —lp+ 1)(27)o~'=>L(f,g,s) has a holomorphic continuation to all C and satisfies the
functional equation

A(fvg)s) = S(f,g,s) 'A(f*7g*7k0+l()_ 1 —S)

ko+lp—1

where €(f,g,5) =w(f,8) - (NNgNg)~ 2 7 (see, for example, [38, Section 9.5]).

Denote by f, and g;, the p-stabilizations of f* and g* with respect to the roots o (f*) =
pho=1/B(f) and a(g*) = p*~'/B(g) respectively and by f* and g* the Coleman families pass-
ing through f;; and g,.
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Proposition 6.4.2. — The three variable p-adic function L,(f,g, ®")(x,y,s) satisfies the func-
tional equation
Ly(f,g,0)(x,y,5) = & ¥ (x,,5) - L, (', 8", 0 ) (x, 3o x +y —s— 1),
where a* = ko+1lp—a—1 and
[f,g.q] kotlo—1 a—s % x—kg
& (x,y,8) =w(f,g)  (NNfNg) ™ 2 '<NNng> '<Nf> (Ng) 2

Proof. — This proposition follows from the interpolation properties of L,(f,g, w®)(x,y,s) and
the functional equation for the complex Rankin—Selberg L-function. We leave the details to the

reader. H
Corollary 6.4.3. — The improved L-functions are related by the functional equation
&r(p)eg(p)p"? &(p)ap (ko)
LWC(f’g7s):A[fvg]<s). (1_ f 8 1= 8 14 -LWt(f*,g*,s),
g ! a,(ko)b,(s) pby(s) g
where

s—kq

(Np) 7

Proof. — Setf* = Y a;q" and g" = Y b;q". The functional equation gives
n=1 1

n=

ko—s

ARE(s) = (— 1)~ w(f.g) - (NNsNp) /2 (NNyN)

Ly(f,g,0")(ko,s,5) = ¥ (ko,5,5) - L, (F*, ", 0 1) (ko, 5, ko — 1).

Applying Propositions 6.2.3 and 6.3.3 and taking into account that a* = 8;1(p)a and b* =
£gf1(p)b, we get

b)Y (a0} e
(1 Sg(p)ap(k0)> <1 b, (s) ) Ly(f,g,s) =

:Ag‘rg] (S) <1 _ Sf(P)(Eg(P)PkO—2> <1 B S(Z);-ES)(IC)) L:,V‘(f*,g*,s).
g p\RO

b
Since the function <1 — p(s)> is not identically zero, we can cancel it in this equation.
o & (p)ap (ko)
This gives us the wanted formula. 0

Remark 6.4.4. — One has AY® (ko) = (—=1)%~1e(f, g,ko).

6.5. Functional equation for zeta elements. —

6.5.1. — In this section, we interpret the functional equation for p-adic L-functions in terms of
Beilinson—Flach elements and prove Theorem II. We assume that f and g are newforms of the
same weight ko > 2 which satisfy conditions M1-3). Set V, = W, (ko) and Vy, = Wy 4(ko). We
consider the canonical basis of Dcis(Vy ,) formed by the eigenvectors

daa:n?‘(@n(g@eko? daﬁ:n?(@wfj@ekoy

d[)’oc = (J)Jl? ®Tlg & ey dﬁﬁ = (l)jlf ®0)£ & e -

LetD = T[}" @ Deris (V). We associate to D the filtration (D)%, on Desis(Vy ) defined by

;

(104)

0, ifi=—2,
E'daa, lfl:_l,
(105) Di= 1 E-doog+E-dyg, ifi=0,

E-do+E -dgg +E-dpg, ifi=1,
\Dcris(Vf,g% if i =2.
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2
Note that Dy = D. This filtration defines a unique triangulation (F Dng(Vﬁg)) ~of Dng(Vf,g)
i=—2

such that D; = Zis(F;D
phism

rlg(ang,)) for all —2 < i < 2. From definition it follows that the isomor-

% % f~
(Pry, Pry) @ Wy Spkf,ko (Wrg) ,
2
identifies (F Dng(Vf,g))' ) with the specialization at (fy,g8q) of the triangulation
=

(FDgg( )(ko))l.z:_z constructed in Section 5.1.

To simplify notation, set
My, = groDng(Vf}g)a Ny« g = grODlTig(V]ik,g(l))'
Since spi’(fko (Mgg) = groDy, ¢, (%) and
Pt (NE-) = My (1) = 210Dz, (107,
we have canonical isomorphisms
My, =~ spef (Mrg), N o spp® (Npoge).

Thus our notation agrees with that of Sections 5.1 and 6.3.
By (94), we have

(106) M (1) ~ grD (Vi (1), Vi(1) =W g (ko— 1),
Fix canonical generators
dop € Deris(Myg),
nap = NP @ 0L @ exy1 € Deris(Ny- ).
Note that by Proposition 3.4.5
(107) (Pry, Pry,) (dog) = A, (f) - C(f) - 5Py, (meg)-

We denote by
exp : Deris(Myg) — Hl(Mﬁg)
and
log : H! <gr1Dng(Vf,g)) = Deris (grang(Vﬂg)>
the Bloch—Kato exponential and logarithm maps respectively.
6.5.2. — Let

(108) Z}*,g 2 GHI (grlDrlg(vag)>

denote the element constructed in Definition 5.2.5. Choose b such that £7(b)&,(b) # 1 and set

Flko—1] _ f, I 1 *
fofga Spkogki) 1—ko (bejAg/) eH (Mg, . (%)),

ki Flko—1 *
2 = (e ) (700 1) € B (e D V7, (1).

(here we use the isomorphism (106)). Note that ,,Zg’f;;;] = spkfko(bzﬁg), where ,Zs ¢ is the ele-
ment introduced in Definition 6.2.1. Set

o B 1 Slko—1
70 = b2 (1 e )y (0)

(109)

[ko—2]

We remark that Z[;cf ;*2 lis constructed directly from the Beilinson—Flach element BF . .. whereas

Flko—1]

the construction of Z 7o  Telies on Proposition 4.4.4 and involves p-adic interpolation and Iwa-
sawa twist.
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Theorem 6.5.3. — Assume that B(f)a(g) # p*~!. Then the elements ngf;*z V and Z%‘” are

related by the equation
~lko—1] [ko—2]
(7 exoldan)),, roe (21) e

G@?xx%4>fgz(_UMdeﬂkw'g“““Dly (ko—2)!G(er)G(e;)

where
EVyg,D_y)=det(1—p o " | D_;)det(1— @ | Desis(Vy)/D-1).

Proof. — From Definition 6.2.2 we have

Ly(f,g,ko) = By (0, ko, ko, ko) ™" <bz£]cff;;] ,CXPy,, (spZs, (mf,g))> ;

fa.ga
where ) X 1
b G(e; " )G(g, )
f g —1 -1
(1—¢g. (b)e, " (b)) #0.
Taking into account (107) and (109), we obtain that

<2£%_1] , exp(da5)>M

By (@, ko, ko, ko) =

e _ f8
(110 b ek = = 6t ate )
On the other hand,
(1 By (™" ko, ko, ko) = G(/ff)G(gg) (0 — &7 (b)gg (b)).
Ny (f )

The Frobenius ¢ acts on Z (M« 4 ) as multiplication by

alf)Blg) _ P2

poo B(Halg)

By Proposition 4.5.4, i), one has
ko—2]\ __ [ko—2]
o, (1317 ) = 2%

01

From Definition 6.3.2 and Proposition 1.3.5 it follows that

ko—1

-1
_pi . [k072] g -
' <1 B(f)a(g)) |:10g (bzf*,gfx ) 7spk0(mf 8 ®€_1)):|N
Since C(f*) = C(f), from (100) we have that

84

1
(113) Spf, (Mg ®e_1) = W”aﬁ'
1

Proposition 4.3.4 and (77) give

ko—1 ko—1
. - p 14 -
14y (id,Pre) (427 ) = (82— g (b)ey b)) <1 - ) : (1 - > zp .

« B(f)eg) a(f)o(g)
Taking into account (111), (113) and (114), we can write (112) in the form
Whipk o 1 ﬁ(f)a(g))
115) LY(f* ko) = ] ——2 22
9 L) = oo ()

pro—! [ko—2]
(1227 Y g (747 g
< aum@Q e ) N
Now the theorem follows from (110), (115) and Corollary 6.4.3. ]
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Remark 6.5.4. — The explicit form of the Euler-like factor & (Vy,D_1) is

7. Extra zeros of Rankin-Selberg L-functions
7.1. The p-adic regulator. —

7.1.1. — In this section, we prove the main result of the paper. Let f and g be two newforms
of the same weight ko > 2, levels Ny and N, and nebentypus & and &, respectively. Fix a prime
number p > 5 such that (p,N¢N,) = 1. As before, we denote by a(f) and B(f) (respectively
by a(g) and B(g)) the roots of the Hecke polynomial of f (respectively g) at p. We will always
assume that conditions M1-4) hold, namely

M1) a(f) # B(f) and a(g) # B(g)-
M2) v,(a(f)) <ko—1andv,(a(g)) <ko—1.
M3) The characters &7, €, and £¢€, are primitive modulo Ny, N, and lem(Ny,N,) respec-
tively.

We make also the following additional assumption which will allow us to apply Theorem 6.5.3:

M4) e7(p)g;(p) # 1.
We maintain the notation of Section 6.5. Let V, = W,(ko) and V;, = Wy ,(ko). The two-
dimensional E-subspace

D= E"?? ®Dcris(vg) - Dcris(Vf.,g)

is stable under the action of ¢. Let f and g be Coleman families passing through f, anf g4 and let
L,(f,g, @")(x,y,s) denote the three-variable p-adic L-function.

Definition 7.1.2. — We define the one-variable p-adic L-function L, o(f,g,s) by
Lp,a(f7g7s) = Lp(f7 g7 wko)(k07k07s)'

Note that if v,(8(g)) < ko — 1 and g denotes the Coleman family passing through gg, then the
density argument shows that

Lp(f7 g, wko)(ka()u S) = Lp(fv ga (Dko)(-ka()a S)a

and therefore our definition does not depend on the choice of the stabilization of g (see [20, Propo-
sition 3.6.3]).
The Euler-like factor (3) takes the form

The weight argument shows that only the first two factors of this product can vanish and that they
can not vanish simultaneously. Exchanging a(g) and (g) if necessary, without loss of generality
we can assume that

M5) a(f)a(g) # pho".

7.1.3. — Let BF[;B.;*Z Je H(Q, W}, (2 —ko)) denote the element of Beilinson-Flach associated

to the forms f*, g* (see Definition 4.3.2). Using the canonical isomorphism W¢. . (2—ko) = Vyg

we can consider it as an element
ko—2 1
BFX 7 € HI(Q,Vy)-

For any prime /, we denote by res; (BF[fkf!;*2 ]) € H'(Qy,Vy,) the localization of this element at /.
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Lemma 7.1.4. — The following holds true:
ko—2
1) res), (BFEC,E),g*]) € H}(Qp,nyg).
2) Assume that for each prime divisor | | NyN, the factorization of Ny or Ny contains | with

multiplicity 1. Then

[ko—2] 1
BFf:)’g* EHf{p}(Q’Vfag)'

Proof. — The first statement is proved in [43, Proposition 5.4.1] and was already mentioned in
Section 5.2. The second statement follows from the fact that H fl (Qun, Vi) =H ! (Qu,Vyy) if and

only if H O(QZ,V; (1)) = 0 and the monodromy-weight conjecture for modular forms [57]. [

7.1.5. — Recall that Dg;s(Vre) is equipped with the filtration (105). We denote by
2

(FiD;rig(Vf, g)> - the associated triangulation of Djig (V) The eigenvector dgg = a)f RN, Rex,

defined in (104) is a canonical basis of Zis (grlDLg(Vf,g)) . As in Section 6.5, we denote by

log : H' <gr1Djig(Vf-,g)) = Deris (grlDIig(vag)>
the logarithm map of Bloch and Kato. Let

ko—2
2 e u (enDfy (V7))

be the image of res), (BFEZ.‘,?:;*2 ]> under the canonical projection

H'(Q),Vyg) = H' (DL, (Vi) [FoD} (Vr) )

(see Section 5.2.4). Denote by ﬁp (V¢.¢,D) € E the unique element of E such that
ko—2 5
log (chfvg* ]> =R, (Vg,D) dpg.

Since dgg € Deris (grlDrTig(Vﬁg)) is the dual basis of

nNgp S -@cris (Nf*,g*) = -@cris (grOD:ig(V;,g(l))>
(see Section 6.5), we have
= ko—2
(116) Ry (VysD) = [log (Z{.7) inap| .
r*.8*

Let 1g € Deris(Wy) be any vector such that [1,, 0] = €1 _g,. Set b = @y @ Ny @ e, € Deris (Vg ).

Then the class
bo=b mod (Fil’Desis(Vy,e) + D)

is nonzero, does not depend on the choice of 71, and therefore gives a canonical basis of the one-
dimensional vecor space Deis(Vy.¢)/ (FilODcriS(Vﬂg) +D) .

Proposition 7.1.6. — 1) The representation Vy 4 satisfies conditions C1-3) of Section 2.1.
2) Assume that the representation Vy , satisfies conditions C4-5), namely that H } (Q. V7, (1) =

0 and the localization map H } (Q,Vre) = H } (Qp,Vyg) is injective. Then
i) D is a regular submodule if and only if ZEZO;*Z ] #0.

i) If that is the case, then ﬁp (Vy.g,D) coincides with the determinant of the regulator map
H} (Q.Vrg) = Deris(Vr,g)/ (FﬂODcriS(Vf-,g) +D)

. ko—2 - .
computed in the bases BF! fﬂg*] € H}(Q, Vi) and by € Dcris(Vf_,g)/(FlloDcris(Vﬂg) +D).
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Proof. — 1) The weight argument shows that De;is(Vr)?~! = 0 and H°(Q,V;,) = 0. Since
Vi.(1) = Homg(Wy,W,-) and f # g*, we obtain that H(Q,Vy,) = Homgg,, [(Wp, W) = 0.
The semisimplicity of ¢ follows from M1).

2) From the congruences 1, =1 (mod Fil® ' Di5(W,)) and 0 = a)jlj mod Deyis (W) #=1/)

it is easy to see that by, = Eﬁ «- Now the second statement follows directly from the definition of
the regulator map. O

7.2. The Z-invariant. —

7.2.1. — Set
Slko—1] fg.c
pBE;, = (P Prd)ospii |, (sBFfy) € Hy(Q.V7, (1)),
where bBF}fé is the class in Iwasawa cohomology constructed in Proposition 4.4.4. Note that,

_ ~ [ko—1
unlike bBFEﬁ?‘ g*z ], the element bBFECZ, ! is not a proper Beilinson—Flach class and its construction
involves p-adic interpolation.

Lemma 7.2.2. — For all primes | # p we have

res; <bBFf7(ig > EH}(QI>Vf,g(1))7

and therefore
BEf, € HL Q1))
Proof. — By [50, Section 2.1.7], the image of the projection map
Hyy (Qu Vig(1)) = H'(Qu, V74 (1))

is contained in H } (Q:, V5, (1)). This implies the lemma. O

Choose b such that £¢(b)€,(b) # 1. The element ;,ZEC‘;, 'l constructed in Section 6.5 is the image
Srlko—1]

of ,BF;, ~ under the composition

res,

HY(QuV7(10) =5 H'(Qp, Vi (1) = H' (Dl (v (1)/FiDf, (V7 (1))
From Proposition 5.2.9 it follows that

w2y e ' (en Dl (vi, (1)

ko—1

a(f)B(g)

7.2.3. — To simplify notation, we set My, = groDng(Vf,g) (see Section 6.5). Then M g(x) o~
grlDrig(Vﬂg(l)). Assume that a(f)B(g) = p*~!. Then formulas (90) show that M, ~ %k (x)
and, dually, M} () = Zk. Therefore M;g(x) is the (@,I')-module associated to the trivial
representation, and we have canonical isomorphisms Ze:is(M7},(x)) ~ E and H I(M}’ (X)) =
H'(Q »,E). Clearly, M} g( x) satisfies condition (36) and the decomposition (37) has the following
interpretation in terms of Galois cohomology. Let ord : Gal(Q}’/Q),) — Z, denote the unramified

character defined by ord(Fr,) = —1, where Fr,, is the geometric Frobenius. Denote by log x the
logarithm of the cyclotomic character viewed as an additive character of the whole Galois group.

Note that ¢ acts on Zis (gran (V7,(1 ))) as multiplication by
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We have a commuative diagram

Mf,g(X)

@cris (M},g (%)) D @cris (M?g (%)) Hl (M?g (%))

i- ;

EGE H'(Q,,E),

where the bottom horizontal arrow is given by (x,y) — x-ord 4+ y-logy. This follows from
the explicit description of the Galois cohomology in terms of (¢,I")-modules (see [5, Proposi-
tion 1.3.2] or [23, Proposition 1.4.1]). Under the right vertical map, the subspaces H } (M7, (%))

and H! (M, (x)) are mapped onto the subspaces generated by the characters ord and log y re-
spectively. We refer the reader to [6, Section 1.5] for further comments.

Definition 7.2.4. — Assume that o(f)B(g) = p*~! and vZs. ko ! gé H} +(M7 (X)) Then

bZ[kO*l}

2 =A-ord,+B-logy
for unique A,B € E such that B # 0, and we define
Z(Vyg.D) =A/B.
Proposition 7.2.5. — Assume that the following holds:
a) a(f)B(g) = p".

b ) The representation V¢ ¢ satisfies conditions C4-5) of Section 2.1.
[kO # O
Then X(nyg,D) = 2L (Vf4,D), where £(Vy4,D) is the invariant defined in Section 2.2.

Proof. — From Proposition 7.1.6 it follows that D is regular. By Proposition 5.2.9, the image of

the element ﬁl/:?g 1 eHl{p}(vafg( )) under the map
I‘Il V* 1
H Q1)) - Qe V(L)
: H! (FODjlg(V*(l)))
is Z[ko e H' (M7 (x))- Since &(p)&(p) # 1, the condition a) implies that B(f)e(g) # p*o~!

and we can apply Theorem 6.5.3. By assumption, Z *2] # 0. Therefore <Z}‘; ],exp( aﬁ)>M #*
’ 18

Oand Z, ko 1 gé H! +(M},(x)). Comparing this with the isomorphism (44), we see that

ko1 ‘
BF, €H'(D"V},(1)).

Now it is easy to see that our construction of the ad hoc invariant concides (up to the sign) with
the invariant defined in Section 2.3:

L (Vyg,D) =2V}, (1),D").

Hence, the proposition follows from Proposition 2.3.8. 0
7.3. The main theorem. — In this section, we prove Theorem I. We keep previous notation and
conventions.

Theorem 7.3.1. — Assume that o(f)B(g) = p*o~'. Then
I) Lp,a(fagak()) =0.

2) The following conditions are equivalent:
1) Ords OLp (X(f7g7 ) =1L
i) 4205 ¢ 1! (an Dl (v, (1)),
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3) In addition to the assumption that o(f)B(g) = p*~!, suppose that

w2y ¢ HE (e Dl (Vi (1))
Then —
! o 8(f7g7k0)"’E’ﬂ(vf-,g7D)‘@(d+(Vf7g7D) oy
Lp,a(fagak())_ C(f)G(Sf)G(Sg)(ko—z)' 'RP(vag’D)a

e )= (1- 20 ) (1B (_BUBE)
. o

(f)e(g) pro pr
Proof. — 1) From Theorem 6.1.4, Lemma 6.1.2 and the identity (107) it follows that
117
By (0%, ko, ko, ko +5)Lp.o (£ 8,5) = (—1)%0 70 (Song‘gvmﬁg (wag,l (hz}f;)))) (ko, ko, ) =

_(=nk N
B W e (SOGMf@da/s (Twl—ko(bz}7g))) (s).

where

By Proposition 1.3.5 we have

Bb((l)ko,k()7k0,k())Lp(f,g,k0) =

_1Yko ko—1 B ~ ko
- c<§f>le)f f) (1 - oc(l})ﬁ(g)> ' (1 - ao;)ko (g)> ' <bz-[fk7g expu, <"aﬁ>>Mf_g'

This proves 1).

2) The derivative of the large logarithm map in presence of trivial zeros is computed in [7,
Propositions 1.3.6 and 2.2.2]®). Applying it to our case (see especially formulas (24) and (25) of
op. cit.), we obtain
(118)

d N 1\ ! [k 1]
% 00 (,Qong’daﬁ (TW17k0(bZ£f,g))> (S) = — (1 — p> < Z 0~ leg (daﬁ)>Mf.g .

s=0
Write bi[ﬁ;‘” =A-ord, +B-logy. Then

Zlko—1] — j
(119) <bef; Jivt, . (d aﬁ)>Mf‘g_A<ordp,sz,g ( aB)>Mfg —A.

This implies 2).
3) By [6, Theorem 1.5.7], expy, , (dap) = imy,f(dap), and therefore
> ko—1] Shko—1] .
Z VAN d =B.
< fg o XPwmy,(d aﬁ)>M e < g oMy f( “ﬁ)>M,-‘g
Taking into account Definition 7.2.4 and (119), we obtain that
(120) <bz["° U inay e (daﬁ)>M = —P(Vsy.D)-B=
18
—— 2V ,D) - hz[k"*lhexp , )
(Vig:D) < f.g M/, ( “B)>M‘,_’g

Formulas (117), (118) and (120) give

By (@', ko, ko, ko) - L}, o (f8,ko) =

_ (=l N~ -
B W <1 - p) L (Vyg, D) <be’g ,expMﬂg(daB)>

My,

O1n 7], only the case of p-adic representations is considered, but for (¢@,I")-modules the proof is exactly the same.
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Since a(f)B(g) = p*~!, the condition M4) implies that B(f)a(g) # p*°~! and we can apply
Theorem 6.5.3. Taking into account Remark 6.5.4, (97) and (108), we obtain that

/ _&(f,8,ko)- L (Vsg,D)-E"(Vsg,D) ko—2]
Lol 0) = = C77 e Gyt L8 ()

Using (116), we can replace [log (ZE@;E]) ,naﬁ] N by ﬁp(Vf,g,D). The theorem is proved. [l
I*.e*
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