UNIVERSITE DE BORDEAUX
M2, p-adic Hodge Theory
2024-2025
Solutions to the final exam

Exercise 1.
Part I. Let A be a commutative unitary domain (a commutative ring with unity in which
the product of any two nonzero elements is nonzero). Let G denote the set of formal power

series of the form f(X) = X+ > a; X*, ar € A. We equip G with the binary operation o
k=2
setting:

Fog(X) = f(g(X)) = g(X)+>_arg(X)¥, for all f(X) = X+> arX*, g(X) = X+) b X".
k=2 k=2 k=2

(This operation is often called composition or substitution). It is easy to see (and you can

admit) that (G, o) is a group with the identity element X. For any power series u(X) and

v(X) we will write u(X) = v(X) (mod X™) if the coefficients of u(X) and v(X) coincide

in all degrees <n — 1.

1) Let w(X),v(X) € G. Show that if u(X) = v(X) (mod X™), (n > 1), then u(X) =
vow(X), where w(X) = X (mod X™).

Solution. Since (G,0) is a group, for any u(X),v(X) € G, there exists a unique
w(X) € G such that u(X) = vow(X). We only need to show that w(X) =X (mod X")
if uw(X) =v(X) (mod X™).

Let u(X) = X + Zaka v(X)=X+ Zka’“ and w(X) = X + chXk Note that

ap = by for 2 < k < n — 1. Let m be the smallest integer > 2 such that cm # 0, ie.
w(X) =X+ cme . Then

vow(X) =w(X)+ > hw(X)F =X+ X"+ 4> (X +en X"+ )k =
k=2
XA+ b X2+ A by X (b ) X 4

Since v o w(X) = u(X), this implies that m > n, i.e. w(X) =X (mod X").
2) Let f(X) and g(X) be two elements of G such that f(X) = X + a,, X™ (mod X™*!)

and g(X) = X +b,X" (mod X"*) with some a,,,b, € A. Compute fog(X) and go f(X)
modulo X"™™. Show that for the commutator [f,g] = f~' o g~!f o g one has

[f,9] = X + (m —n)apb, X™™ 1 (mod X™).

(Here f~! and ¢! denote the inverse elements of f and g with respect to o.)

Solution. We have
fog(X)=g(X)+ an(X +b, X" +..)" + @yt (X + b, X" +..)" !

=X+ Zkak + Zaka + M b, X™ 1 (mod X™1)
k=2 k=2
and, analogously,

go f(X)=X + Zbkxk + Zaka + by X1 (mod XM,
k=2 =



Set w(X) = [f,g9] = X + icka. Then fog(X) = (go f) ow(X). Since fog(X) =

k=
go f(X) = mod X"~ ! from question 1) it follows that w(X) = X mod X"™~ 1
ie. ¢, =0 for 2 <k <n-+m— 1. Comparing (n +m — 1)th coefficients of f o g(X) and
(go f)ow(X), we obtain that
mambn = nambn + Cntm—1,

and therefore ¢, 1 = (m—n)a,,b,. Hence w(X) = X+(m—n)a,b, X" ™1 (mod X™*").

Part II. Let L/K be a finite Galois extension of local fields, and let G = Gal(L/K).
We denote by (G;);>_1 the ramification filtration on G. Let p denote the characteristic of
the residue field kx of K and 7 be a uniformizer of L.

3) Show that for all 0 € G; and 7 € G; (i,j > 1) one has [0, 7] € G;4;. Show that
7. 7)(e) = i+ (i = Db (amod )

bl

where a and b € O are such that (7)) = 7 +art™ (mod 7572) and (7)) = 7 +br)t!

(mod 75 +?).
Solution. We can write o(n) = f(m;) and 7'(7TL) = g(mp) for some power series
f(X) = X +aX™ + ... and g(X) = X + bX/T! 4 .... Since o and 7 act trivially

on the coefficients of f(X ) and ¢g(X), we have

ogor(my) =o(g(rr)) = glo(mr)) = g(f(mL)) = (g o f)(mL),
and
o, 7)(m) = (9o fog o f)m) =g~ f)(m) = [f. 9] (mr).
Using the congruence proved in question 2), we obtain that

itj+1

[o,7)(7L) = 7 + (§ — i)abry l+3+2)

(mod 7

(The sign in the formula should be corrected.)

4) Let ¢ be the biggest integer such that G, # {e}. Show that if ¢ > 1 is a break of
the ramification filtration in the lower numbering (i.e. if G; # Gi41), then i = a (mod p).
Solution. For any ¢ € G; \ G;41 and 7 € G, we have o(m;) = 7, + wri“ (mod 7r2+2)
and 7(7;) = 7y, + o4 (mod 74?), where u,v #Z 0 (mod 7). Then (see question 3))

i+a+1

lo,7)(71) = 71, + (a — t)uon] (mod 7ifet?).

Therefore [0, 7] € G4, = {e}. Since e(m) = 7, the above congruence shows that (a—i)uwv
can not be a unit. Since u and v are units, we conclude that a —i =0 (mod p), i.e. i =a
(mod p).

5) Show the following strengthening of the property proved in question 3): for all o € G;
and 7 € G; (i,j > 1) one has [0, 7] € Gitj11.

Solution. We can assume that 0 € G; \ G;4; and 7 € G; \ G;4+1. We have

it+j+1

[o,7)(7L) = 7 + (§ — i)uvry AR

(mod 7

Y

where u and v are units. By question 4), i = a (mod p) and j = a (mod p). Hence p
divides j — 4, and therefore (j — i)abrt ™ = 0 (mod 7%7*?). This implies that [0, 7] €

Gitj1.

Exercise 2. In this exercise, F), := Z/pZ is a finite field with p elements and F,((¢)) is



3

the local field of Laurent power series with coefficients in F),. We denote by v; the usual

discrete valuation on F,((t)) given by v, ( > aiti) = min{i | a; # 0}. For each n > 1,
1>3>—00
the ring F,((t'/7")) of polynomials in t'/?" is a purely inseparable extension of F,((¢)) of

degree p", and we set F,,((t'/P™)) 1= OQIFP((tl/p")). The discrete valuation v; extends to a

(non-discrete) valuation on F,((¢/P™)) with values in Q U {400}, which we denote again
by v;, namely

on 1
o ( Z a;t'’? ) = ﬁmin{i | a; # 0}.

i>>—00

1) Show that F,((t'/?™)) is not complete for the topology of the valuation v;.

Solution. Consider the sequence (S,),>; defined by S; = t, and S,y = S, + t"t!/?"
for n > 1. It is clear that S, € F,((t'/?")) C F,((t'/?™)) and that (S,),s; is a Cauchy
sequence. Assume that it converges to some S € F,((t1/7™)). Then S € F,((t'/?")) for

some N > 1, namely
S = Z aiti/pN.

1>>—00

The convergence implies that for any M > 1 there exists ny such that for all n > ng
the series S, = S (mod tMF,[[t'/*™]]). This leads to a contradiction (take M > N and
compare these two series.)

2) Denote by F := F,((t'/7™)) the completion of F,((t'/7™)). Let Or := F,[[t}/r™]]
be the ring of integers of F and (¢) the principal ideal of Ox generated by t. For any
a > 1, consider the projective limit

L (177 /(1) = Lim (B[]} (1) & B[]/ 1) & .

where p(z) = 2P is the Frobenius map. Construct an isomorphism of rings

O = B [0 /(1)

Solution. We construct a morphism f : I'&an[[tl/poo]]/(t)“ — Or. Let a = (an)ns0 €

©
I'&HFP[[tl/poo]]/(t)“. Take any lifts a,, € F,[[t'/?”]] and set
©

= lim a?"

Prove that this limit exists. One has:
o(Qpy1) =0ah =@, (modt?), Vn > 0.

Raising the both sides to p"th powers and taking into account that the map x +— zP
pn+1 TV n .
is a morphism in characteristic p, we obtain that & :1 = aP (mod t*?"). This proves

that (a?"),0 is a Cauchy sequence, and therefore it converges to some element of Ox. If
an € F,[[t/P7]] is another system of lifts, then the congruence &, = @,, (mod %) implies
that a?" = a?  (mod t%?") and lim, , . a? = lim, o &P . Therefore f(a) doesn’t
depend on the choice of the lifts.



We construct the inverse map g : O — l'Lan[[tl/poo]]/(t)“. For any f € Opg, set
©

9(6) = <6n)n>07 where
fn=¢7"(8) mod "0 € Ox/t"Or = Fy[[" ]/ (1)".

From this definition, it follows easily that (3, )ns0 € l'gle[[tl/poo]]/(t)“ — Oz. Hence the
map ¢ is well defined. From the definition, it’s easy to see that ¢ is a morphism of rings
(why?). In addition, f o g and g o f are the identity maps (please check). To sum up, g
is an isomorphism.

In the remainder of this exercise, K := L>J1Qp [Gon ], where ((pn)n>1 is a system of primitive
n>

p"th roots of unity (C§n+1 = (pn), and Ok denotes the ring of integers of K.

3) Show that O /pOf is isomorphic to the quotient of the ring F,[ X7, Xo,..., X, .. ]
by the ideal I generated by X' 4+ X724 ... 4 X; 4+ 1 and the polynomials XP =X,
foralln>1:

= (X0 4+ XD X+ L XS — X0, X — X, ).

Deduce from this description that the p-adic completion Kof K is a perfectoid field.

Solution. a) Since ¢, is a root of the irreducible polynomial X*~" + X7 4 ... 4 X, +1,
we have Z,[¢,] ~ Z,[X1]/(X?™" + XP7? + ... + X, + 1). Moreover, since Con = (pn1, We
can write Z,[(pn] = Z,[(n—1][ X5 ]/ (XP — (n-1). Hence, by induction,

Zo[Con] = Zp[ X1, Xoy o X0 )/ (XPT 4 XP 2 b X+ L XD - X, X — X, ).

n

Passing to the direct limit, we obtain that

Ok = nglzp[Cp"]

=Z, X1, X, X, L XPT X e X+ L XD - X, X - X, ).
Therefore
Ok /pOx = Fp[ X1, Xo, oo, Xy J/ (XD X2 b X1, XD =X, XP— X, ).

b) We need to prove that the Frobenius map ¢ : Og/pOx — Ok /pOf is surjec-
tive (other properties of a perfectoid field hold by trivial reasons). For any polynomial
f(Xy, X, ..), let f(Xy, X, ...), denote the class of f modulo I. Then ¢(X, 1) = X,.
Since ¢ acts trivially on F,, we have

¥ (?(X2>X3, )) = 7(X1, Xo, ).
Hence ¢ is surjective.

4) Show that the ring of integers O% of the tilt of K is isomorphic to Ox. (Hint: use
a change of variables and question 2)).

Solution. Set Y,, = X,, — 1. Then

XT-1_M+1)r-1
X;—1 Y;
In addition, ¥ = X? —1=X, 1 —1=Y,_; (mod p). Hence
O /pOx =F,[Y1,Ya, ..., Yo, ]/ (Y YF =Y, .. YP =Y, ;.. ).
Setting ¢ = Y7, we see that Y, = t'/?"""
O /pOx = F,[t/77]/(#771) = F[[t P71/ ().

XP X h X 1= Y™ (mod p).

and



Using question 2), one has:

O% = im0y /pOx = imF,[[t"/77]]/(#"~") ~ O

5*) Let m be a integer which is coprime with p, and let £ denote the completion of
the field gle((tm/ P")). Then & is a perfectoid subfield of F. Show that if, in addition,

m is coprime with p — 1, then &£ is not the tilt of a perfectoid subfield of K under the
isomorphism O% ~ Oz of question 4).

Solution. Proof by contradiction. Assume that £ = E’ for some subfield Q, CECK.
Then, by the tilting correspondence, [K : E] = [F : £] = m. Since K is the union of the
extensions Qp[(yn] of degree (p — 1)p"~! and m is coprime with p, the extension K/Q,
doesn’t have subextensions E such that [K : E] = m (why?). This gives the contradiction.

Exercise 3. Let K be a local field of characteristic 0 with residue field of characteristic
p. Let C denote the completion of the algebraic closure K of K, and mgs the maximal
ideal of O%. For any x € O, we denote by [z] the Teichmiiller lift of x in the ring
A= W(O%) The goal of this exercise is to prove that for any u € 1+ mgs, the series

log([u]) := Z(_l)nflw

n
n=1

converges in the p-adic topology of B := A ®z, Q,.

1) Let w € 1+ mg. Show that there exists ng > 1 such that 6(([u] — 1)™) € pOc
(Here 6 denotes the usual morphism 6 : A,y — Oc¢ of p-adic Hodge theory.) Deduce
that ([u] — 1)" can be written in the form ([u] — 1) = px + &y, where & is a generator
of ker(6) and z,y € Ajys.

Solution. One has [u| — 1 = [ag] + pla1] + ..., where ag = ©v — 1 € mg,. Therefore
ago) € mc and
0([u] — 1) = 0([ao]) + pO([ar)) + - .. = af” + pO([a]) + ...

Hence ¢ := 0([u] —1) € mc, i.e. v,(c) > 0. Let ng be such that v,(c™) = ngv,(c) > v,(p) =
1. Then 0(([u] — 1)™) € pO¢. Write 0(([u] — 1)™) = pa, where o € Og. Since the map 6
is surjective, there exists © € Aj,¢ such that 6(x) = a. Then 6(([u] —1)™ —px) = 0. Since
ker(0) is principal, ([u] — 1) — px = £y for some y € Ajys.

2) Show that {L=N"" ¢ A for all m > 1.

m!

Solution. We have ([u] — 1)™™ = (pz + &y)™ = Y (7)p™ Fz™*y*¢*. Hence
0

m

k
([u] _ 1)n0m m pm—kxm—k ykéfk

m! —~ (m—Fk)! Kkl

By the construction of A, for each k one has 3/;_§k € A s. Since % € Z,, each term

of the above sum belongs to A..s. Therefore W € A

3) Show that for any M there exists N such that M € pMA. for all n > N.
(Hint: write n in the form n = ngm + r.)



Solution. Let n = ngm + r with 0 < r < ng — 1. Then

(] =" gy (] =

n n m!
Since M € A, we only need to show that v,(m!/n) — 400 when n — +o0.
Writing n in the form n = pFn/ with (n’,p) = 1, we see that v,(n) < log,(n) (base p

logarithm). On the other hand,

oy(ml) > m Syl nome
p p p nop
Hence v,(m!) — vy(n) = %2¢ —log,(n) — 1 = +00 when n — 400, and we are done.

4) Conclude.

Solution. From question 3) it follows that

o0

log([u]) := Z(_l)nl([u]%

converges in the p-adic topology of A .



