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Exercise sheet no5

Local �elds

Exercice 1 � Let K be a complete discrete valuation �eld with perfect

residue �eld kK of characteristic p.

1) Show that if a, b ∈ OK are such that a ≡ b (mod mK), then ap
n ≡ bp

n

(mod mn
K) for each n ≥ 1.

2) Let ξ ∈ kK . For any n ≥ 1, let an ∈ OK denote a lifting of ξp
−n

under

the reduction map OK → kK . Show that the sequence (ap
n

n )n converges
in OK to an element [ξ] which does not depend on the choice of (an)n.

3) Show that [ξ] is a lifting of ξ and that [ξ1ξ2] = [ξ1][ξ2] for all ξ1, ξ2 ∈ kK .

4) Assume, in addition, that char(kK) = p. Show that K contains a sub�eld
isomorphic to kK and that OK ≃ kK [[X]]. Deduce that K is isomorphic
to kK((X)).

Exercice 2 � Let K be a complete discrete valued �eld. Fix an algebraic
closure K/K. Let k/kK be a Galois extension.

1) Recall why there exists a unique sub�eld L ⊂ K such that L/K is unra-
mi�ed with residue �eld k.

2) Show that L/K is a Galois extension and Gal(L/K) ≃ Gal(k/kK).

Exercice 3 � Let K be a complete discrete valued �eld. Let L,M ⊂ K be
�nite extensions of K. Assume that L/K is unrami�ed. Show that LM/M
is unrami�ed.

Exercice 4 � Let L ⊂ Qp be a �nite extension of Qp. Prove that there
exists a �nite extension K of Q such that K ⊂ L, [K : Q] = [L : Qp], and
L = KQp.

Exercice 5 � Let P (X) = X3 − 17 ∈ Q3[X].

1) Compute P (5) and give the degrees of the irreducible factors of P in
Q3[X].

2) Show that the 3-adic absolute value on Q has exactly two extensions to
Q[ 3

√
17].

Exercice 6 � Let C denote the completion of an algebraic closure Qp of
Qp. Let v : C → R ∪ {+∞} denote the extension to C of the standard
p-adic valuation on Qp ; hence v(p) = 1. We write OC for its ring of integers
and mC for the maximal ideal of OC . Consider the formal power series

exp(X) =

∞∑
n=0

Xn

n!
, log(1 +X) =

∞∑
n=0

(−1)n+1X
n

n
.



We assume that the following formulas hold true in Q[[X,Y ]] :

exp(X+Y ) = exp(X) exp(Y ), log((1+X)(1+Y ) = log(1+X)+log(1+Y ).

(They can be proved by a direct computation involving binomial coe�cients.)

1) Show that log(1 +X) converges on mC .

2) Let U1
C = {x ∈ OC | x ≡ 1 (mod mC)}. Show that the rule x 7→ log(x)

de�nes a morphism log : (U1
C , ∗) → (C,+).

3) Show that the series exp(X) converges on the set{
x ∈ OC | v(x) > 1

p− 1

}
.

4) Show that the multiplicative group (1 + p2OC)
∗ is isomorphic to the

additive group p2OC .

5) Let µp∞ =
∞
∪
n
µpn , where µpn denotes the group of pnth roots of unity.

Show that ker(log) = µp∞ .

Exercice 7 � Let K be a �nite extension of Qp with the residue �eld kK .
Fix a uniformizer π of K and denote by vK the discrete valuation on K such
that vK(π) = 1. Let e denote the rami�cation index and f the residue degree

of K over Qp. For each i ≥ 1, set U
(i)
K = {x ∈ K | vK(x− 1) ≥ i}.

1) Show that for each i ≥ 1, the set U i
K is a multiplicative subgroup of UK .

2) Show that UK/U
(1)
K is isomorphic to the multiplicative group k∗K .

3) Show that U
(i)
K /U

(i+1)
K is isomorphic to the additive group (kK ,+) for

each i ≥ 1.

4) Let a ∈ Zp. Write a as a = limn→+∞ an with an ∈ Z. Show that for each

x ∈ U
(1)
K , the sequence xan converges to some element xa ∈ U

(1)
K , which

does not depend on the choice of (an). Check that the rule (a, x) 7→ xa

equips U
(1)
K with a structure of Zp-module.

5) Show that the group U
(i)p
K = {xp | x ∈ U

(i)
K } coincides with U

(i+e)
K if

i > e
p−1 .

6) Let {θi}fi=1 denote a lifting of a basis of kK over Fp under the reduction
map OK → kK . Show that the family

{1 + θiπ
j | 1 ≤ i ≤ f, 1 ≤ j ≤ pe

p− 1
}

is a system of generators of the Zp-module U
(1)
K .

Exercice 8 �

1) Show that U
(1)
Qp

is a free Zp-module of rank one if p ̸= 2. Show that

U
(1)
Q2

= UQ2 is isomorphic to Z2 × {±1} as Z2-module.

2) Compute the index (Q∗
p : (Q

∗
p)

2) for each prime p.

3) Show that Qp has 3 quadratic extensions if p ≥ 3 and 7 quadratic exten-
sions if p = 2.

Exercice 9 � Show that there exists exactly two non-isomorphic exten-
sions of Q2 of degree 3.


