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_Dantzig-Wolfe reformulation

1P = mi :Dx =d,Bx =D,
(1P) z = min{cx [_>|< Xrl‘l‘l XEZII‘EI

x X1

where Dx = d represent “complicating constraints™ while
theset Z = {x [LZT : Bx = b} is “more tractable”
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(1P) z = min{cx [_>|< Xrl‘l‘l XEZII‘EI

x X1

where Dx = d represent “complicating constraints™ while
theset Z = {x [LZT : Bx = b} is “more tractable”

= Relaxing Dx = d while penalizing (pricing) their
violation in the objective — Lagrangian relaxation

L( )

LD

ming{cx + (d —Dx): Bx =h;x CZI'}
MaXn=o L( ):
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_Dantzig-Wolfe reformulation

IP = mi :Dx =d,Bx =D,
(1P) z = min{cx [_>|< xl_[_l_I XEZII‘EI

x X1

where Dx = d represent “complicating constraints™ while
theset Z = {x [LZT : Bx = b} is “more tractable”

= Relaxing Dx = d while penalizing (pricing) their

violation in the objective — Lagrangian relaxation

= Reformulate the problem as selecting a solution from Z
that satisfy Dx = d - Dantzig-Wolfe Reformulation

3/32



_Dantzig-Wolfe reformulation

IP-Reformulation of Z — discretization

Every IP set Z = {x [ZI' : Bx = b} can be represented in
the form Z =projx(Q), with
=0, A WrERf XZ'G.'—&
X=  heX®t eV, e = 1
where {x%%}4is a finite set of integer points |n Z, and
{v'}; mmare the extreme integer rays of conv(Z).
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_Dantzig-Wolfe reformulation

IP-Reformulation of Z - discretization
Every IP set Z = {x [ZI' : Bx = b} can be represented in
the form Z =projx(Q), with
=0\ WERG x Zpx 2
X= g D PG N TRV 9@7\ = 1},
where {x%%}4cis a flnlte set of integer points in Z, and
{v'}; mmare the extreme integer rays of conv(Z).

= Single Sub-system, (assuming Z is bounded):

min cx 9 Ag
@%A
g [G] 9

A, [X0,1} QLG

In W\

d
1
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_Dantzig-Wolfe reformulation

The block diagonal case

min cix? + c? x? + ...+ cKxK
DIx!t + D2x? + ... + DKxK =d
Blx! = p?
B2 x2 = h2

BK xK =pkK

x! [z, x? zz, ... x& CZx.
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_Dantzig-Wolfe reformulation

The block diagonal case

min c¢cix? + cAx? +
B1x!
B2 x?

Xl EZE.l X2 EZE_Z
Relaxing Dx =d - K sub-problems:

min{cxk : B*x* >bk
[

+ CK XK

BK xX

xK k.
By

xkFZk]

= bl

> b2

= pK
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_Dantzig-Wolfe reformulation

k v a\k
m'”l:(kilnlftﬁckxgig _
k=1 gI[GF E = d
S A = 1K

A 40,1} [K,g [G
= Multiple Identical Sub-systems;
g k=1"%g -

1
e X9 Vg
graP XV = d
gicVg = K
vy [N QG
The *“complicating” constraints only depend on the
aggregate variablﬁ:(:I

1
Y= g X<= o X ?Vg-

min
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_Dantzig-Wolfe reformulation

Interests
1] To obtain better LP bounds

Lagrangian duality

zip = min{cx :Dx =d,x [Ccanv(Z)}
L1
Ipw = ri]-i—n——lg EE'CXg)\g
graPX Ay = d

sche= 1 Ag=0 g [Q
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2] To eliminate symmetry in the presence of identical
subsystems (Be aware: it re-appears when branching).
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_Dantzig-Wolfe reformulation

Interests
1] To obtain better LP bounds

Lagrangian duality

zip = min{cx :Dx =d,x [Ccanv(Z)}
L1
Ipw = ri]-i—n——lg EE'CXg)\g
graPX Ay = d
gicM =1, Ag=0 g [G

2] To eliminate symmetry in the presence of identical

subsystems (Be aware: it re-appears when branching).

3] To lead to a decomposition approach (specific oracle)
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_Modeling integrality

o1
MiN —g1g cx 9 Ag

oisf0py = ¢
ngIIg:l
A, = 0 QLG

= Single Sub- sys em (or Non-identical Sub-systems):

mX= gEijg [ZI' (projection)

m o {01} @EG
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o1
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_Modeling integrality

o1
MiN —g1g cx 9 Ag

oisf0py = ¢
ngIIg:l
A, = 0 QLG

= Single Sub- sys em (or Non-identical Sub-systems):

mX= gEijg [ZI' (projection)

m o {01} @EG D.@.06

* |dentical Sub-systems:
m 4 [N Q1A (2), (3)

(1) Equivalence: in the binary case, x 0,1} i\ {0, 1}.
(2) Too stringent: an integer solution can be implicit although
A is fractional. . 1

(3) MIP Extension: x = (X, Xc), gEGlXIg))\g {0, 1}. wvanon
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_Checking integrality

= Single Sub-system (or Non-identical Sub-systems):
1
m NSC: X = X ¢ [ [

m SC: g {0;1}y [gILGE
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_Checking integrality

= Single Sub-system (or Non-identical Sub-systems):
m NSC: X = X ¢ 4 [0

m SC: g ({0;1} [ICGE

* |dentical Sub-systems:
mNC: Y= = X g [ O

m SCIL: g [N [QILGE

m SC2 (dlsaggregatlon g — 'é / projection ¥ _ xk):
o/ 1]0 1|2 00 2] 100 & b 100
X, | 1 (1 112 11 1| 01|00 O0O0O0O0O
X,| 1 (1 1|0 00 O]1 )11 10000
Xi;| 1 /0 0|2 10 0|1 )1 001100
Xi,| 01 0|2 01 0O0|1]01O0 1010
Xkl sz Xk3 Xk4 Xk5

ﬂ
£
1

11/32




_Checking integrality

= Single Sub-system (or Non-identical Sub-systems):
1
m NSC: X = X ¢ [ [

m SC: g {0;1}y [gILGE

* |dentical Sub-systems:
| I L1
mNC: Y= = g g (4 O

= SCli ¢ [N [QI[G

m SC2 (disaggregation ¢ — & / projection § - xk):

r—lexicographic ordering of the columns

t—gecomposition:
K= min{l; 4 — Ll

r—integrality test: X=X ¢ 2 0

1
k=1 oo (K= ygae)™} kg LA
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_Branching

Single subsystem (or multiple non-identical subsystems)
I
min —rqiCx9)Ag

srofOxR = d
gIZG])\g =1
A, = 0[@ICaE
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_Branching

Single subsystem (or multiple non-identical subsystems)

. I:I
min cx 9Ag

cf0 P = d
gIZng:l
A, = 0 QI3

= Branching on variable of the Dantzig-Wolfe reform.:
m Option 0: Select E{D;1} andset g=<Oor ¢=1.
t—unbalance tree.
—destroys subproblem structure to enforce ¢ < 0.
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_Branching

Single subsystem (or multiple non-identical subsystems)
I
min —rqiCx9)Ag

xR = d
gIZG])\g =1
A, = 0 [ICd

g
= Branching on variable of the Dantzig-Wolfe reform.:
m Option 0: Select E{D;1} andset g=<Oor ¢=1.
t—unbalance tree.
—destroys subproblem structure to enforce ¢ < 0.
= Branching on a variable of@riginal formulation:
Select x; for which x™= - xAq ['Z1 Separate into
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Single subsystem (or multiple non-identical subsystems)
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min —rqiCx9)Ag
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_Branching

Single subsystem (or multiple non-identical subsystems)

. I:I
min cx 9Ag
m&%ﬁ
g [G] 9 1
Ag 0 glCd
= Branching on variable of the Dantzig-Wolfe reform.:
m Option 0: Select E{D;1} andset g=<Oor ¢=1.
r—unbalance tree.
—destroys subproblem structure to enforce ¢ < 0.
= Branching on a variable of@ngmal formulation:
Select x; for which x™= - xAq ['Z1 Separate into
X < Iﬂ@r xj = D
m Option 1. The branching constraint is dualized as a
“di Cculk” constraint. (“soft” branching constraint)
m Option 2: The branching constraint is enforced in the
sub-problem. (“hard” branching constraint)

In W\

v
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_Branching

Single subsystem: consider the up-branch

e Option 1: The branching constraint goes in the master:

min  (cx9) g

0.[G]
L1

(Dx9) ¢ = d
g [G]

>'<lQ
v

PeREN

g [G]

g [G1
¢ = 0g [G;

= Option 2: The branching constraint goes in the
subproblem:

2= min{(c— D)x :x CZn{x :x ZQTF—}:
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_Branching

Single subsystem: comparing Option 1 & Option 2

Strength of the linear programming bound
zMLPL — min{cx : Dx =d;x Cconv(Z);x; = Q@}j
<=zMP2 = min{ex :Dx =d;x Ceanv(Z n {x : x; = T}
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zMLPL — min{cx : Dx =d;x Cconv(Z);x; = Q@}j
<=zMP2 = min{ex :Dx =d;x Ceanv(Z n {x : x; = T}

Complexity of the subproblem For option 1 the subproblem is
unchanged, whereas for option 2 the subproblem
may become more complicated.
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_Branching

Single subsystem: comparing Option 1 & Option 2

Strength of the linear programming bound
zMLPL — min{cx : Dx =d;x Cconv(Z);x; = Q%]
<=zMP2 = min{ex :Dx =d;x Ceanv(Z n {x : x; = T}

Complexity of the subproblem For option 1 the subproblem is
unchanged, whereas for option 2 the subproblem
may become more complicated.

Getting Integer Solutions If an optimal solution x =6f IP is not
an extreme point of conv(Z), it cannot be
obtained as a solution of the subproblem under
Option 1. Under Option 2, one can eventually
generate a column x9 = x Hn the interior of
conv(Z).

15/32



_Branching

Multiple identical subsystems : the set partitioning case

I ] N B |
o= b min o) g
oy o = 10O
gLG1 9 = K
g = 004
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_Branching

Multiple identical subsystems : the set partitioning case

—) I —
0% h M ol g
oy o = 10O
gl 9 = K
¢ = 0QICa
. Branchi@g an original var. in the disaggregated form.:
xK = XZ AK
i g™ 'R
eIty
[Vilo5] e L N D,

Af 40,1} [CKig CGK
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_Branching

Multiple identical subsystems : the set partitioning case

—) I —
0= Wh min o)
oy o = 10O
gl 9 = K
¢ = 0QICa
. Branchi@g an original var. in the disaggregated form.:
k — k
X = XZ A
g '
min k:lpgmﬁck x9 )\'5
- S DKxIAC = d
[Vil05] k=1 gralp g
gmﬁ)‘g = 1 [kl
Af 40,1} CKig CGK
= Branching on a aggregate original var.: yi = i Vg

is not an option as y; = 1 in all master LP solutions.
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_Branching

Multiple identical subsystems : the set partitioning case

—) I —
0= Wh min o)
oy o = 10O
gl 9 = K
¢ = 0QICa
. Branchi@g an original var. in the disaggregated form.:
k — k
X = XZ A
g '
min k:lpgmﬁck x9 )\'5
- S DKxIAC = d
[Vil05] k=1 gralp g
gmﬁ)‘g = 1 K
Af 40,1} CKig CGK
= Branching on a aggregate original var.: yi = i Vg

is not an option as y; = 1 in all master LP solutions.

= Branching on a pair of original var. or equivalently on an

auxiliary variable w;;, using
1 1

(wij = g=0) or (wj= ¢=1

g:xi921,xj9:1 g:xigzl,xjgzl
16 / 32



_Branching

Branching Options : The set partitioning case

—1
Up-branch  (w;j = gx9=1x9=1 0 = 1)

17132



_Branching

Branching Options : The set partitioning case

 —
Up-branch  (w;j = gx=1x8=1 9 = 1)
= Option 3: Branching ggnﬁtraint in the master [Des09]

gx)=1x'=1 9 =1 ()
3= min{(c— D)x — wij : x CZhwi; < xi;wij < Xj;wij L0;1}}
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= Option 3: Branching ggnﬁtraint in the master [Des09]

gx)=1x'=1 9 =1 ()
3= min{(c— D)x — wij : x CZhwi; < xi;wij < Xj;wij L0;1}}

= Option 4: Implicitly enforced in the sub-prob: [RF81]
4= min{(c— D)x:x CZx; = xj}:
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_Branching

Branching Options : The set partitioning case

 —
Up-branch  (w;j = gx=1x8=1 9 = 1)
= Option 3: Branching ggnﬁtraint in the master [Des09]

gx)=1x'=1 9 =1 ()
3= min{(c— D)x — wj:x CZhwj < xi;wij < xj;w; C0; 13}

= Option 4: Implicitly enforced in the sub-prob: [RF81]
4= min{(c— D)x:x CZx; = xj}:

= Option 5: DiLerkntiate 2 pricing problems, and
enforce Branch. Constr. explicitly in the sub-prob: [van09]
s5a = min{(c — D)x :x Zx; = x; = 0}
5Eii_n|1in{(c— D)x : x I:|Z];_JXLI: Xj = 1}
K —1and g=1

g [Gia 9= g [Gig
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_Branching

Branching Options : The set partitioning case

 —
Up-branch  (w;j = gx=1x8=1 9 = 1)
= Option 3: Branching ggnﬁtraint in the master [Des09]

gx)=1x'=1 9 =1 ()
3= min{(c— D)x — wj:x CZhwj < xi;wij < xj;w; C0; 13}

= Option 4: Implicitly enforced in the sub-prob: [RF81]
4= min{(c— D)x:x CZx; = xj}:

= Option 5: DiLerkntiate 2 pricing problems, and
enforce Branch. Constr. explicitly in the sub-prob: [van09]
s5a = min{(c — D)x :x Zx; = x; = 0}
5Eii_n|1in{(c— D)x : x I:|Z];_JXLI: Xj = 1}

Strength of the LP bound, Complexity of the SP, Interior Points

17132



_Branching

Multiple identical subsystems: the general case

. O|otio|1L_J.;l Branch on the aggregate variables
= 9 L in th
Vi Xy LAIn the mas
graX’ Vg = [@Cbr — oxlvy = [@l]
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Multiple identical subsystems: the general case

. O|otio|1L_J.;l Branch on the aggregate variables
= g L3 in th
Vi Xy LAIn the mas
graX’ Vg = [@Cbr — oxlvy = [@l]

= Option 3 & 4: Branch on auxiliary variables (implicit
reformulation) in the Master or the SubProb..
(SDVRP Example of opt 3:  zjjx = xijxjx [Des09])
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_Branching

Multiple identical subsystems: the general case

. O|otio|1L_J.;l Branch on the aggregate variables
= g L3 in th
Vi Xy LAIn the mas
graX’ Vg = [@Cbr — oxlvy = [@l]

= Option 3 & 4: Branch on auxiliary variables (implicit
reformulation) in the Master or the SubProb..

(SDVRP Example of opt 3:  zjjx = xijxjx [Des09])
= Option 2 & 5: Branch on one (or sevgrahycomponents of
X anl% Lerkntiate subpr%ns: if A L

o= Vg = [all_br gixd=l—1Vg = K — [al ]
Pricing is carried out independently over each SP set
2=2Zn{x=)}and z\2 in both branches. [Van09]

18 /32
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_Aggregate integrality property

min%Ik min cy -
(Dxk = d y = X
Bxk = b [KJ - Dy = d
x* [N K] xk  Tronv(Z¥) K

ZK:= {x* ON": Bxk =b} y [IND
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_Aggregate integrality property

N .
min 6% min cy
(Dxk = d y = kx;
Bxk = b [KJ - Dy = d
x* [N K] xk  Tronv(Z¥) K
ZK:= {x* ON": Bxk =b} y [IND

Proposition 1

The Bin Packing Problem formulated using arc flow variables
has the “Aggregate integrality property”.
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_Aggregate integrality property

N .
min 6% min cy
(Dxk = d y = kx;
Bxk = b [KJ - Dy = d
x*  [CIN" K] xk  Tronv(Z¥) K
ZK:= {x* ON": Bxk =b} y [IND

Proposition 1

The Bin Packing Problem formulated using arc flow variables
has the “Aggregate integrality property”.

Proposition 2

The Vehicle Routing Problem formulated using edge flow
variables has the “Aggregate integrality property”.

20 /32



_Aggregate integrality property

The Bin Packing Problem

| |
I
s | -
| 81 | | | | | | |
8 _
| | | 2 | | SS | | 84 | | s | — —|
| 5 s
l__' Co_ __l | — 1 L — | l_B_
Sp
| | 83
— .
56
81 —
sp
Sq
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_Aggregate integrality property

Bin Packing: Network Flow formulation [vale9]
o

Mi—y Fov
woFo = Iy
Foo = fw OALV)

fk [ronv(z¥) [KI
Fl, CX01} [Uv):v=u+s

_________
__________

| | I |
AR (UL — A p— S FVES O

iu fuC + Jfe=1
qul O0u,v = U+Si}
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_Aggregate integrality property

The Vehicle Routing Problem
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_Aggregate integrality property

The Vehicle Routing Problem

1
min Ce Xe
*H—
Xe = 2 [OOCMN\{0;n+ 1}
M S
Xe = K [LIHD;n+ 1}
¢ e — 1
SO (zi + 7f) [EF (i)

k
z¥  [Ceonv(Zz®) K1
Xe [KO;1} [elCE

. I s m—
Z< = {(y;z) ;13" oz =z =y O
[ — — !
diyi =C; zij =y, OIS CVIN{0;n + 1}:S [}

i () 2gk) 24132
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_Extended original formulation

Bin Packing: reformulation as a VRP [Belos]
1

min Xoi
e R h—

Xy, = Xji = 1 0]
Q.J) Q.0

1
Xy, = @ (ST V1

() [a(B) =
x, [ X0,1} [L]
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_Extended original formulation

Bin Packing: reformulation as a VRP [Belos]
1

min Xoi
e R h—

Xy, = Xji = 1 0]
Q.J) Q.0

1
Xy, = @ [S1C V1

() [a(B) =
x, [X0,1} [L]

* Symmetry breaking: Xy, only defined for i <j.
= Specific oracle: resource constrained shortest path.
» “Aggregate integrality property”.
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Cla33|f|cat|on

1] Branching on

m a var of the Dantzig-Wolfe reformulation, (for heuristics)

m a var of the original formulation, tviios)

m extended original formul. var. [eios, vaios, besos]

m a set of var of the original form. [RF81, Ban00, Van00, Van09]
2] Branching constraints are added

m to the master (soft branching), (seios, vaigs, vanoo, beso]

m to the subproblem (hard branching). rrs1, Banoo, viios, vanos)
3] Branching constraints

m Yield subproblem modifications, rrst, vanoo, besos)

m preserve subproblem structure. (seios, vaies, Banoo, vilos, vanos]
4] The branching scheme

m enumerates symmetric solutions, pviios, vaiss, Beios]

m avoids the symmetry drawback. [rrs1, Banoo, vanoo, besos, vanos]
5] The branching scheme is

[ | application / oracle specific, [Bel05], [Val99], [Ban00], [Des09]

[ ] generic. [RF81], [Vil05], [Van00], [Van09]
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Numerical Comparisons

Bin Packing: Facility Location Formulation

min Xkk

Si Xkik < WXk (kK1

Xki :{0,1} LK :k <i

Symmetry breaking:

Xk = 1 if facility k is open & item k is the smallest index on it.
X = 1if item i is assigned to facility k on the same bin as k
Multiple Non-identical Sub-systems
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Numerical Comparisons

average over 10 random BPP instances, oracle = Cplex
n = 100, w; [UI500, 2500], W = 10000

Facility Location (Option 1)
nodes depth | #mast #sp #col | Tmast Tsp time
68 67 1449 6120 5584 | 1557 2998 1m59
Network Flow (Option 1) (n = 50 & 100, W = 1000)
nodes depth | #mast #sp #col | Tmast Tsp time
44 43 2248 1760 1760 | 2023 52511 19mb58s
>3k =129 124k 94k 76k | 1.5kk 5kk >71h
Ryan-Foster (Option 4)
nodes depth | #mast #sp #col | Tmast Tsp time
75 74| 2609 666 666 556 544  0ml7s
Component Bound Set (Option 5)

nodes depth | #mast #sp #col | Tmast Tsp time
21 20 | 4124 2880 2880 | 3355 2631 1m49s
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