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inf
(u,v)∈BV (Ω)×Gµ(Ω)

(

J(u) +
1

2λ
‖f − u − v‖2

L2(Ω)

) � �`Agfa�
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Gµ(Ω) = {v ∈ G(Ω)/‖v‖G ≤ µ}
� �@Ael��

� % '-%
�"0126G +.98!/+
‖v‖G

04) G6%
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Ω
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λ → 0
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%^+.96% 7 ,&<1<4, R 0126# 7 \626? +.01,&28!$<

G6% W826%
G ,&2
BV (Ω) × G(Ω)

_

Fλ,µ(u, v) =

{
J(u) + 1

2λ
‖f − u − v‖2

L2(Ω)

0 7
v ∈ Gµ(Ω)

+∞
0 7

v ∈ G(Ω)\Gµ(Ω)

� �`AZ^��

Fλ,µ(u, v)
04)�W82�01+-%^0 7X!$26G ,$26<�� 017

(u, v)
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BV (Ω) × Gµ(Ω)
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inf

(u,v)∈BV (Ω)×G(Ω)
Fλ,µ(u, v)
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N × N
Az� %�G6%
26,$+-%�L{�

X
+.96%Lf
\�?*<104G6%*!$2

)->6!$?*%
R

N×N ]�!$2�G
Y = X ×X

ACTV9�%H)->8!$?
%
X

R 01<4<MLM%H%
26G6, RY%*G R 01+-9 +.96%�)-?*!$<4!$'N>6'-,@G6\�?
+
(u, v)X =

∑

1≤i,j≤N ui,jvi,j

!$26GD+.96%�2�,&'-�
‖u‖X =

√

(u, u)X

A T�, G�%
W826% ! G�04)�?*'-% +.%�+.,K+F!$< �K!$'�0 !K+-04,$2�]QRN%
012P+-'-,@G6\6?
% !"G601)-?
'-%
+-%R�&%*'�)-01,&2 ,K7I+.96% #&'-!$G601%*2P+�,$>M%*'.!/+.,&'
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u ∈ X
]8+.9�%J#&'-!$G601%*2;+

∇u
01)H!^�&%
?
+-,&'�012

Y
#&0��&%
2 L{�M_

(∇u)i,j = ((∇u)1
i,j, (∇u)2

i,j)
A5R 01+-9

(∇u)1
i,j =

{
ui+1,j − ui,j

017
i < N

0
017

i = N

!$26G
(∇u)2

i,j =

{
ui,j+1 − ui,j

0 7
j < N

0
0 7

j = NTV96% G601)-?
'-%
+-% +-,$+F!$<[�K!$'-04!K+-04,&2�,$7
u

04)V+.9�%*2 G6%
W82�%*G L��M_

Jd(u) =
∑

1≤i,j≤N

|(∇u)i,j|
� �`A�	a	Z�

� % !$<1)-, 042;+.'-,@G6\�?*% ! G601)-?
'-% +.%z�&%
'-)�04,&2 ,K7(+-96%�G60��&%*'-#$%*26?
% ,&>M%*'-!K+.,$'*A�� %�G6% W826% 01+JL{� !$28!$<1,&#b�
R 0 +.9 +-96% ?
,&2P+-042P\6,&\6)^)-% +-+-0426#�L�� G60��

= −∇∗ R 96%
'-%
∇∗ 01) +-96% !KGK:�,&012P+^,K7

∇
_3+.96!K+^01)*]57 ,&'J%��&%*'!�

p ∈ Y
!K26G

u ∈ X
]
(−

G60��
p, u)X = (p,∇u)Y

A
� +Q01) %E!$)�� +.,O?F96%*?UM +.98!/+E_

(
G60��

(p))i,j =







p1
i,j − p1

i−1,j

0 7
1 < i < N

p1
i,j

0 7I0
	 	
−p1

i−1,j

0 7I0
	�� +







p2
i,j − p2

i,j−1

0 7
1 < j < N

p2
i,j

0 7M:
	 	
−p2

i,j−1

0 7M:
	��
� �`A2	 �a�

[8'-,$� 26, R ,&2�]�RY% R 04<1< \6)-% +-96%*)�% G604)�?*'�%
+.% ,&>M%
'.!K+-,&'-)*A
� % !$'�% 26, R 012 > ,$)-0 +.01,&2 +-,"012;+.'-,@G6\�?*% +-96% G601)-?*'�%
+-%��&%*'�)-01,&2 ,$7U+-96% )->6!$?*%

G
A
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Gd = {v ∈ X / ∃g ∈ Y

)�\6? 9 +-98!K+
v =

G60��
(g)}

� �`A�	 ���
!$2�G 0 7

v ∈ Gd _

‖v‖Gd = inf {‖g‖∞ / v =
G60��

(g),

g = (g1, g2) ∈ Y, |gi,j| =
√

(g1
i,j)

2 + (g2
i,j)

2
} � �`A2	c�{�
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‖g‖∞ = maxi,j |gi,j|

A
q ,&'-%
,Z�&%
'*]8RN% R 01<4< G6%
26,$+.%K_

Gd
µ =

{
v ∈ Gd / ‖v‖Gd ≤ µ

} � �`A2	 �a�

‖.‖Gd

01)Q?
<4,$)-%*<���<4012 M$%
G R 0 +.9
Jd

]8!$) )�+F!K+-%*G L{� +.9�% 7 ,$<4<1, R 0126#">6'�,&>M,&)�01+-04,&2 A

��ø%÷���÷gúc7 @Z7�÷[8 1y/3. /
Jd(u) = sup

v∈Gd
1

(u, v)X

� �`A2	*Y��


 � 3
‖v‖Gd = sup

Jd(u)≤1

(u, v)X

� �`A2	 fa�

� %J!$<1'-%*!$G�� MP26, R � �`A�	 Y�� ANT�,�>6'�,Z�&% � �`A�	Hfb� ]6RY% 26%
%*G +.96% 7 ,$<4<1, R 0126#�<1%*�O�"! � R 9604?F9 01)�)�+F!K+-%*G 042
OmlnPd� A

�'óBACA,? 1y/21y/��V���
u ∈ X 
 � 3 v ∈ Gd =J> #���� :

(u, v)X ≤ Jd(u)‖v‖Gd

� �`A2	�l��

�bøç÷´÷��Üû S %
+
g ∈ Y

)-\6?F9 +.98!/+
v =

G60��
(g)

A

(u, v)X = (u,
G60��

(g))X = −(∇u, g)Y ≤ Jd(u)‖v‖Gd

� �`A2	*^��
B�26G RN% G6%
G6\6?*% � �@A2	 la�N7 '-,&� 0 +EA

�

� % !$<1)-,"26%
%*G +-96% 26%��@+�'�%*)-\�<1+*_

�'óBACA,? 1y/�Sy/ > #��G���(�����0��� � � u 7→ Jd(u)2

2

 � 3 v 7→

‖v‖2

Gd

2

 ')� 3 � 
 �V�!� �&#�� � ��� � � ��� �&#����V�0,���� 3 ')���	 ������#���� 3 � 
 � �!�0R =

�bøç÷´÷��Üû � % '�%*?E!K<4< 96%
'-% � )-%
%LOe�@](	��`]�YnPd�Y+.9�% G6%
W82�01+-04,&2 ,K7U+.9�%�S�%
#&%*2�G6'-% Z�[8%*2�? 96%
<�+-'.!$2�)�7 ,&'�� ,K7
H

_

H∗(v) = sup
u∈X

((u, v)X − H(u))
� �`Ae� ���

� % R(!K2P+H+., )-9�, R +.98!/+
u 7→ Jd(u)2

2

!$26G
v 7→

‖v‖2

Gd

2

!$'�%^G�\8!$<�R 0 +.9�'-%
)->M%*? + +., +-9601) G6%
W62601+-04,$2�ANS %
+
\6) G6%
26,$+.% L{�

φ
+.9�% 7 \�26?
+-04,&2

φ(t) = t2

2

A
� + 04)VRY%
<4<(M@2�, R 2 +.96!K+
φ∗ = φ

A

(
‖.‖2

Gd

2

)∗

(u) = sup
v∈X

((u, v)X − φ(‖v‖Gd)))

= sup
t≥0

sup
‖v‖

Gd=t

((u, v)X − φ(‖v‖Gd))

= sup
t≥0

sup
‖v‖

Gd=1

((u, tv)X − φ(t‖v‖Gd))

= sup
‖v‖

Gd=1

sup
t≥0

(t(u, v)X − φ(t))
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φ

04) %��&%*2 RY% #&% +E_

(
‖.‖2

Gd

2

)∗

(u) = sup
‖v‖

Gd=1

φ∗((u, v)X) =
1

2

(

sup
‖v‖

Gd=1

(u, v)X

)2 � �`Ag�B	Z�

]Y\�+
sup‖v‖

Gd=1(u, v)X = sup‖v‖
Gd≤1(u, v)X
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+
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'-)-% 0426% \ \8!$<101+ �&Aw� % G6%*2�,$+.% L{�

∂H
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H
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?E!K<4<�+.96!K+
w ∈ ∂H(u) ⇐⇒ H(v) ≥ H(u) + (w, v − u)X
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v
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X

� �`Ae�a�a�
S %
+

v ∈ Gd A � %�'-%*?*!$<1<V+.98!/+ � )-%
%,Ov� Pd� ]N0 7
H

01)"?*,$2{�&%�� _
H(u) + H∗(v) = (u, v)X

0 7 !$2�G ,&26<��
0 7

u ∈ ∂H∗(v)
A � % !K>6>6<�� +.9601)�'-%
)-\6< + R 0 +.9

H∗(v) =
(

Jd(.)2

2

)∗

(v)
A �@0426?
% (Jd(.)2

2
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?
,&2P+-042P\6,&\6)
]URN%LMP26, R +.98!K+

∂H∗(v)
01)J2�,$+ %*�O>�+ �&A�S�% +

u ∈ ∂H∗(v)
A [8'�,&� S %
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�`Av��]�RY%"#&% +E_

Jd(u)2

2
+

‖v‖2

Gd

2
= (u, v)X

]80 A %K_

(Jd(u) − ‖v‖Gd)2

︸ ︷︷ ︸

≥0

= 2 ((u, v)X − Jd(u)‖v||Gd)
� �`Ae�b���

sQ%*26?
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(u, v)X ≥ Jd(u)‖v||Gd
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B�26G +-9601)Q?
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 ��� Gd � 3 �����0� Q%� � " �!�&#L�&#��e�*� �!��� " �!�-, � � I � . 
 ��� :
X0 = {v ∈ X /

∑

i,j

vi,j = 0}
� �`Ae�n�{�

�bøç÷´÷��Üû � % )�>6<40 +�,$\6' >�'-,@,$7U042;+.,O+ RY,")�+.%
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�@+-%*> 	&_
S %
+ \6)�!$)�)-\6�O%�+-98!K+

v ∈ Gd A TV9�%*'-% 7 ,&'-%K]�+-96%*'�%�%��`04)�+.)
g ∈ Y

)-\6?F9 +-98!K+E_
v =

G�0��
(g)

A ]Y\�+
∑

i,j(
G60��

g)i,j = (−∇∗g, 1)Y = (g,∇1)X = 0
0 A %$A

v ∈ X0

Aws�%
26?*%
Gd ⊂ X0

A
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v ∈ X0
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∇
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x ∈ X)-\�? 9 +-98!K+

xi,j = xi′,j′
7 ,&' !$<1<

i, j, i′, j′
]Q01+ 04) ?
<4%*!$' +.98!/+ ! G601)-?*'�%
+-% �U,&0126?*!$'�]�042�% \ \8!$<101+ � 96,&<1G6)
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‖x − 1
N2

∑

i,j xi,j‖X ≤ c‖∇x‖Y
A�sQ%*26?
% ,$26%")-96, R )J%E!$)�04<�� +-98!K+ +.96%">6'�,&L6<1%*�

minx∈X A(x)
]�R 0 +.9

A(x) = ‖∇x‖2 +2(x, v)
]@98!$)N! )-,&<1\�+.01,&2�A5TV9601)Y)�,&<4\`+.01,&2 ).!/+.04)�W8%*)

A′(x) = 0
]P+.96!K+N01)*]

−2
G60��

(∇x)+
2v = 0

ApsQ%*26?
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v =

G�0��
(∇x) ∈ Gd ]=!K26G�RY% ?*,&26?
<4\�G6% +-98!K+

X0 ⊂ Gd A
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X × X

]604) #&0��&%*2 L��M_

Fλ,µ(u, v) =

{
Jd(u) + 1

2λ
‖f − u − v‖2

X

0 7
v ∈ Gd

µ

+∞
0 7

v ∈ X\Gd
µ

� �`Ag�b�a�
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inf

(u,v)∈X×X
Fλ,µ(u, v)
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% ,&26% � 0 A %KA
Jd(λu) = λJd(u)
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λ > 0
� ]P0 +X01)C+.96%
2�)�+F!$26G6!$'-G � )�%*%ROv� Pd�I+-98!K+

J∗
d
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Gd
1

G�%
W826%
G L�� � �`A�	Z�a� _

J∗
d (v) = χGd

1

(v) =

{
0
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v ∈ Gd

1
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,$+-96%*'�R 04)�% � �`Ag�;fa�
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%NOm�nP@7 ,&'UG6%
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)C!H26,&26<10126%E!$'
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?
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< A
TV96% >6'-,&L�<4%
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inf
u∈X

(

Jd(u) +
1

2λ
‖f − u‖2

X

) � �`Ag�nl��

TV96% 7 ,&<4<1, R 0126#"'�%*)�\6<1+Q04) )-9�, R 2�_
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� 9 � � ,B�!N;��� I�R :
u = f − PGd

λ
(f)

� �`Ae�;^��

" #���')� P
� � �!#�� � '��!#��A,�� � 
 �(. ')��� ����� � '$� �

Gd
λ

1 3 �&QG��� 3 I�R 1 K(=�<�� 9�9 =
� K��5÷oø 7Q@ <YAªû Om�nP�#$0��&%
)�!$2 !$<1#&,$'-01+-96� +.,O?*,$�O>6\�+.%

PGd
λ
(f)

A
� +Q0126G6%
%*G !$�O,&\62;+.)V+.,3W826G60126#6_

min
{
‖λ

G60��
(p) − f‖2

X : p / |pi,j| ≤ 1 ∀i, j = 1, . . . , N
} � �`Ae� ���

TV9601)Q>6'-,$L6<4%
� ?E!$2 LM% )-,&<��&%
G L���!3W��`%
G >M,&012P+ �"% +.96,@G _

p0 = 0
� �`Av��	Z�

!$2�G

pn+1
i,j =

pn
i,j + τ(∇(

G�0��
(pn) − f/λ))i,j

1 + τ |(∇(
G60��

(pn) − f/λ))i,j|

� �`Ae�a�a�

� 2hOv� P�01) #&0��&%
2 !O)�\�""?*01%*2;+H?*,$26G60 +.01,&2 %
26)-\�'-0126#"+.96% ?*,$2{�&%
'-#&%
26?*%J,$7�+.96% !$<1#&,$'-01+-96��_

� <mó3÷oø%óBA 1y/3. / � ��� ��D �7�!# 
 �?�&#�� . 
 ' 
 D ��� ��'
τ

�!� 1 K(= MBK 9 N;��'�� Q%� � τ ≤ 1/8
= > #����

λ
G�0��

(pn)��� ��N;��'�,�� � ���
PGd

λ
(f) 
 � n → +∞

=
#(��� �����H����� ��&��E+X� & +�����+��H����� �Z#(�$# �"!
�`0126?
%
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d
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R '-0 +.% � �`Ae�a�a�Y!$)

F (u, v) =
1

2λ
‖f − u − v‖2

X + Jd(u) + J∗
d

(
v

µ

) � �`Ae�b���

� 0 +.9 +.9601)J7 ,&'-� \6<4!K+-04,$2�]IRN% )-%
% +.96% )��`�O�O% +.'-01? '-,&<1%*) >6<4! �&%
G L{�
u

!$26G
v
A BH2�G +-96% >6'-,&L�<4%
� RY%

R(!K2P+ +.,O)-,$<��&% 01)*_
inf

(u,v)∈X×X
F (u, v)

� �`Av�b�{�
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LM%*0126#"W ��%
G�]8RY% )-%E!K'-?F9 7 ,&'

u
!$) !O)-,$<4\�+-04,$2 ,K7S_

inf
u∈X

(

Jd(u) +
1

2λ
‖f − u − v‖2

X

) � �`Ae�a�a�

• u
LM%*0126#OW��`%*G�]8RN% )-%*!$'-?F9 7 ,&'

v
!$) !O)-,$<4\�+-04,$2 ,K7S_

inf
v∈Gd

µ

‖f − u − v‖2
X

� �`Ae�;Y��

[='�,&� �C'�,&>M,&)-0 +.01,&2
�`Ae�`]�RY%�MP26, R +.98!K+V+-96% )-,&<1\�+.01,&2 ,$7 � �`Av���a�Y01) #&0��&%*2 L�� _
û = f − v − PGd

λ
(f − v)

A
B�26G�+.96% )-,$<4\�+-04,$2 ,$7 � �@Ae�BYa�Y01)Q)�04�O>6<���#&0��&%*2 L�� _
v̂ = PGd

µ
(f − u)

A

#(��� � ���p+
��� &��H�
	&A � 2�01+-0 !$<10��E!K+-04,&2 _

u0 = v0 = 0
� �`Av�8fa�

�`A � +-%*'-!K+.01,&26)
_
vn+1 = PGd

µ
(f − un)

� �`Av�al��

un+1 = f − vn+1 − PGd
λ
(f − vn+1)

� �`Av�B^��
��AI�P+.,&>6>�0426#O+-%*)�+*_CRY% )�+.,&> 0 7

max(|un+1 − un|, |vn+1 − vn|) ≤ ε
� �`Am� ���

� � a&ÿ d	��
 a�ÿ�	
�%a
� �������	��ÿ��
� 2 +.9601) )�%*?
+-04,$2 RY%O?E!$'�'!��,&\`+ +.96%O�"!K+-96%*�"!K+-04?*!$<
)�+.\6G���,$7N+.9�%�!K<4#&,$'-0 +.96� � �@Ae�8fb��� � �`Av� ��� AJ� %OW6'-)�+
)-9�, R 0 +.)Y?*,&2��&%*'-#$%*26?
% R 96%
2

λ
04)YW ��%
G�A � %H+.96%
2 >6'-%
?*01)-% +.96% <1012 M�,$7 +.9�% <401�O01+(,$7�,&\6'Y�O,@G6%*< � R 96%*2

λ
#&,@%
) +-, ���NR 0 +.9
q %;�&%
'�W )�,&26%KA

� ��� ��� ����&`��� � � �N� '��H������������� �@� +�� � � +X��� &���+X���U+X� � #(� # � !

��óBACA,? Sy/�� / > #���')�$�A@B� � � �?
 �(����
���� ��� � .����
(û, v̂) ∈ X × Gd

µ

D �!���!D �����!�-,
Fλ,µ

� �
X × X

=
�bøç÷´÷��Üû � % )�>6<40 +Q+-96% >6'-,@,K7I012P+-,O+ RY,")�+-%*>6)
A
�@+-%*> 	&_wf��`01)�+.%
26?*%
	&A � % W8'-)�+Q'-%
�"!$'TM�+.98!/+V+.9�% )-% +

X × Gd
µ

04)V?*,&2��&%�� ]M!$2�G�+-96%*2�+-98!K+
Fλ,µ

04)V?*,&2��&%���,&2
X × Gd

µ

A
� % +.9P\6)QG�%*G6\6?
% +-98!K+

Fλ,µ

01)Q?
,&2��&%�� ,&2
X × X

A
�`A � + 04) 01�O�"%
G604!K+.%3+-,�)�%*%3+-98!K+

Fλ,µ

01) ?*,&2;+.012@\6,$\6) ,&2
X × Gd

µ

A�� %^+-96%*2 G6%*G�\6?*%3+.98!/+
Fλ,µ

04)
<1, RN%*' )-%
�"0[Z ?
,&2;+.012@\6,&\�)�,&2

X × X
A

l



��A S % +
(u, v) ∈ X ×Gd

µ

AX� %H98!��&%
‖v‖Gd ≤ µ

Awq ,&'�%*, �&%*'*]�)-0126?
%
X

01)Y,$7 W82�01+-% G601�O%*26)�04,&2 ]6+-96%*'�%
%��`04)�+.)

g ∈ X
)�\6? 9 +.98!/+

v =
G�0��

(g)
!$26G

‖g‖L∞ = ‖v‖Gd ≤ µ
A � % G6%*G6\�?*% 7 '-,$� � �`A�	Z�a�N+.98!/+

�
N2 01)V+.96% )�02�
%J,K7U+.9�% 04�"!$#&%�� _

‖v‖X =≤ 4µN 2
� ��Av��	Z�

� % '-%
?E!$<1<�+.98!/+
X × X

01) %*26G6, RY%
G R 01+-9 +-96%�fC\6?*<104G�%E!$2 26,&'-��A

‖(u, v)‖X×X =
√

‖u‖2
X + ‖v‖2

X

� ��Av���a�
TV9P\6)*]�0 7

‖(u, v)‖X×X → +∞
]�+-96%*2�RY%O#&% + 7 '-,$� � ��Am� 	Z�Q+-98!K+

‖u‖X → +∞
AR� %3+-96%*'�%
7 ,&'�%

G�%*G6\6?
%$]I)-0126?*%
f

04) W��`%*G�]5!$2�G )�0426?
% � ��Av��	Z� 96,&<1G6)*]�+.98!/+
‖f − u − v‖2

X → +∞
A B�26G )�0426?
%

Fλ,µ(u, v) ≥ 1
2λ
‖f − u − v‖2

2

]
RY%�#$%
+
Fλ,µ(u, v) → +∞

A s�%
26?*% RY%�G6%
G6\6?*%�+-98!K+
Fλ,µ

04)
?
,@%*'�?*0��&%J,&2

X × Gd
µ

A � % +.96%
'-%
7 ,$'-% ?*,&26?
<1\6G6% +-98!K+
Fλ,µ

01) ?*,@%*'�?*0��&%J,$2
X × X

A
� % G6%*G6\�?*% +-96% %��`01)�+.%
26?*%J,$7I!O�O042�04�O0��*%*'

(û, v̂)
A

�@+-%*>
�`_���260 \ \6%*26%
)-)
T�,�#&%
+ +.96%3\�260 \ \6%
26%*)-)*]�RY%^W8'-)�+ '-%*�"!$'!M +.98!/+

Fλ,µ

04) )�+-'-01?
+-<�� ?*,&2��&%�� ,&2
X × Gd

µ

]�!$)H+.96%3)-\�� ,K7
!"?*,&2��&%�� 7 \62�?
+.01,&2 !$26G ,$7
!")�+-'-01?
+-<�� ?*,&2��&%�� 7 \62�?
+.01,&2�]M%��`?
%*>�+ 042 +-96%JG601'-%
?
+.01,&2

(u,−u)
A sQ%*26?
% 01+

)-\ "�?
%*)J+., ?F96%*?UM +-98!K+J0 7
(û, v̂)

01) ! �O042�04�O0��*%*' ,$7
Fλ,µ

+.96%
2 7 ,&'
t 6= 0

]
(û + tû, v̂ − tû)

04)J2�,$+ !
�O042�04�O0��*%
'J,K7

Fλ,µ

A^TV96%"'�%*)�\6<1+ 01) ,&L��`01,&\6) 0 7
v̂ − tû ∈ X\Gd

µ

A S�% + \�) )-96, R +.96!K+ 0 7
v̂ − tû ∈ Gd

µ+.9�%*2�+.96% '-%
)-\6< +�01)Q)�+.01<4<�+-'-\6%KA
� 26G6%
%*G�]=0 7
v̂ − tû ∈ Gd

µ

]�RY% 98! �&%K_

Fλ,µ(û + tû, v̂ − tû) = Fλ,µ(û, v̂) + (|1 + t| − 1)Jd(û)
� ��Am�����

]r� ?
,&2;+.'.!$G�04? +.01,&2�]8<1%
+Q\6)Q!$)-)�\6�O% +-98!K+V+.96%
'-% %��`04)�+.)
t̂ 6= {−2, 0}

)�\6?F9 +-98!K+
v̂ − t̂û ∈ Gd

µ

!$26G

Fλ,µ(û + t̂û, v̂ − t̂û) ≤ Fλ,µ(û, v̂)
� ��Am�a�{�

B�)
(û, v̂)

�O012604�O0��*%
)
Fλ,µ

] � ��Av�b�{� 01)I!$2J% \ \8!$<10 +E�$Ae[8'-,$� � ��Av�a��� ] RY%NG6%*G�\6?*%N+.96!K+
(|1+t̂|−1)Jd(û) = 0

A
B�26G !$)

t̂ 6= {−2, 0}
]@RN%H#&%
+N+.96!K+

Jd(û) = 0
ACTV96%
'-% %��`04)�+.)Y+.96%
'-% 7 ,&'-%

γ ∈ R
)�\6? 9 +.98!K+N7 ,$'Y!$<1<

(i, j)
]

ûi,j = γ
A

	&A � 7
γ = 0

]�+.96%
2
û = 0

A
TV9P\6)
(û + t̂û, v̂ − t̂û) = (û, v̂)

A
�`A � 7

γ 6= 0
]M+.96%
2

v̂ − t̂û
?*!$2626,$+ LM%
<4,$26# +-,

Gd
µ

)�0426?
%30 +.)H�O%E!$2 04)H26,$+�� � )-%
% �
'�,&>M,&)�01+-04,&2 �`Ae�a� A
TV9�04)Q?
,&2P+-'.!$G601? +.)Q,&\�'Q!$)�)-\6�O>�+-04,&2 A

TV96%
'-%J'�%*�"!$0126)Q+-,"? 9�%*?UM R 98!K+Q98!$>6>M%
26)�012 +.96% ?E!$)�% R 96%
2
t̂ = −2

AN� 2�+.9601)Q?E!$)�%$]=L{� ?*,&2��&%��`01+ �&]=RY%
#&% + +.96!K+Q0 7

t ∈ (−2, 0)
]6+-96%*2

v̂ − tû ∈ Gd
µ

!$26G

Fλ,µ(û + tû, v̂ − tû) ≤ Fλ,µ(û, v̂)
� ��Am�{�a�

TV9P\6) RY% #$%
+ � ��Av�b�{� ]6!$26G�RY% ?E!$2 ?
,&26?*<1\6G6%KA

�

� �$# � +N� �
� ���
��� � � + �G& �Q� �X���p+
��� &����
� % )-96, R 96%
'-% +-98!K+�,&\�' !$<1#&,&'�01+-96� #&0��&%
) !$)!�@�O>�+.,K+.01?E!$<1<�� +-96% )-,$<4\�+-04,$2D,K7 +-96% G601)-?
'-%
+-% >�'-,&L6<1%*�
!$)�)-,@?*04!K+-%*G +., � �`Av�b�{� A

��ø%÷���÷gúc7 @Z7�÷[8 Sy/ ��/ > #F� � ��
���������� Fλ,µ(un, vn)
I��(�!� � �!��� �����0��� � K(= � ��� ��N;��'�,�� � ���2�!#��ED �!���!D ��D ���

Fλ,µ
� �

X × X
=
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�bøç÷´÷��Üû � % W8'�)�+Q'-%
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%*)-)-0��;%J�"012601�O02�*!K+.01,&2 >6'�,&L6<1%*�O)*]8RY% 98!��&%$_

Fλ,µ(un, vn) ≥ Fλ,µ(un, vn+1) ≥ Fλ,µ(un+1, vn+1)
� ��Am�8Y��

�S2 >8!$'�+-04?
\6<4!$'*]`+-96% )-% \ \6%*26?*%
Fλ,µ(un, vn)

04)(26,$26042�?*'-%*!$)�0426#�AXB�)(01+(04)(LM,$\626G6%
G 7 '-,&� LM%*<1, R L{�
0
]

0 + +.9P\6) ?*,&2��&%*'�#&%*)Q042
R

A � % G6%*2�,$+.% L{�
m

01+-) <401�O01+*A � % R(!$2;+ +.,O)-96, R +.98!/+

m = inf
(u,v)∈X×X

Fλ,µ(u, v)
� ��Am�-fa�

� 01+-96,&\�+J!$2���'-%*)�+.'�04? +.01,&2�]�RY%"?E!K2 !$)�)-\6�O%O+.98!K+*]
∀n

]
(un, vn) ∈ X × Gd

µ

AOBH)
Fλ,µ

04) ?*,@%*'�?*0��&%
!$2�G�!$)N+.96% )�% \ \6%
26?*%

Fλ,µ(un, vn)
?
,&2{�&%
'-#&%
)*]6RN% G6%*G6\�?*% +.98!/+Y+.96% )�% \ \6%
26?*%

(un, vn)
04)(LM,$\626G6%
G�042

X ×Gd
µ

A�� % ?E!K2�+-9@\6)V%��@+.'-!$?
+Q!3)-\6L�)-% \ \6%*26?*%
(unk

, vnk
)

R 9604?F9 ?*,&2��&%*'�#&%*)V+.,
(û, v̂)

!$)
nk → +∞

]
R 0 +.9

(û, v̂) ∈ X × Gd
µ

Apq ,&'�%*, �&%*'*]6RY% 98! �&%K]87 ,&' !K<4<
nk ∈ N

!K26G !$<1<
v

042
X

_

Fλ,µ(unk
, vnk+1) ≤ Fλ,µ(unk

, v)
� ��Am��l��

!$2�G 7 ,$' !$<1<
nk ∈ N

!$26G !K<4<
u

012
X

_

Fλ,µ(unk
, vnk

) ≤ Fλ,µ(u, vnk
)

� ��Am�8^��
S�% + \6)�G6%
26,$+-% L��

ṽ
! ?
<4\�)�+.%
' >M,&012P+�,$7

(vnk+1)
A � ,&26)�04G�%*'-0126# � ��Am�8Y�� ]NRY% #&% + � )-0126?*%

Fλ,µ
04)

?
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X × Gd

µ

� _
m = Fλ,µ(û, v̂) = Fλ,µ(û, ṽ)

� ��Ae� ���
]r��>8!$)-)�042�#�+.,"+-96% <401�O01+�012 � �`Ae�bl�� ]6RY% #&%
+*_

ṽ = PGd
µ
(f − û)

A ]Y\�+Q7 '�,&� � ��Ae� �a� ]6RY%RMP26, R +.98!K+*_
‖f − û − v̂‖ = ‖f − û − ṽ‖

A ]p� \6260 \ \6%*26%
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+-04,&2 ] RY%^?
,&26?
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ṽ = v̂
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Fλ,µ
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X ×Gd

µ
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Fλ,µ(û, v̂) ≤ Fλ,µ(û, v)
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u
_

Fλ,µ(û, v̂) ≤ Fλ,µ(u, v̂)
� ��Ae�a�a�
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?
+-0��&%*<�� LM% '-% R '-0 +-+-%*2�_

Fλ,µ(û, v̂) = inf
v∈X

Fλ,µ(û, v)
� ��Ae�b���

Fλ,µ(û, v̂) = inf
u∈X

Fλ,µ(u, v̂)
� ��Ae�n�{�
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Fλ,µ(u, v)
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%LOe�ZPQ� _

0 ∈ −f + û + v̂ + λ∂Jd(û)
� ��Ae�a�a�

!$2�G � ��Ae�b���N+-,6_

0 ∈ −f + û + v̂ + λ∂J∗
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µ
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(û, v̂)
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∂Fλ,µ(û, v̂) =
1

λ
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−f + û + v̂ + λ∂Jd(û)

−f + û + v̂ + λ∂J∗
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µ

)

)
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0
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∈ ∂Fλ,µ(û, v̂)
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Fλ,µ(û, v̂) = inf(u,v)∈X2 Fλ,µ(u, v) = m
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Hα(u, v)
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R 0 +.9
Hα(u, v) = (Jd(u) + α‖v‖Gd)
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J� � � �(�0��� � (û, v̂) ∈ X × Gd ���/.�'��;I�����D 1 M-= �	� 9 =
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Hα(f − v, v)
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û = f − v̂

A
TV9�%*2
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(u,v)∈X×X/f=u+v

Jd(u) + J∗
d

(
v

µ

) � ��AgYn�{�
� 2�% %*!$)-01<���)-96, R ) +.96% 26%��@+�'-%
)-\6< +E_

�'óBACA,? Sy/�
y/ > #���')�$�A@B� � � � (ũ, ṽ) ∈ X × X � � � �(�0��� �\��� 1 M-=���
 9 =

	a	



�bøç÷´÷��Üû � ��AZYb�{�N04) % \ \60��K!$<1%*2;+�+.,

inf
v∈X

Jd(f − v) + J∗
d

(
v

µ

) � ��AgYa�a�
� +301)301�O�O%*G604!K+.% +., )-%
% +-98!K+ +.96% 7 \62�?
+.01,&2 +.,��O012601�"0��*% 042 � ��AZY��b� 04)^?*,$2{�&%�� ]X?*,@%
'-?
0��&%�!$26G <4, RY%*'
)-%
�O0 Z ?*,&2;+.012@\6,$\6)�,&2

X
ApsQ%*2�?*% +.96%
'-% %��`04)�+.)

ṽ ∈ X
)-\�? 9 +-98!K+

Jd(f − ṽ) + J∗
d

(
ṽ

µ

)

= inf
v∈X

Jd(f − v) + J∗
d

(
v

µ

) � ��AgY;Y��
�H%
26,$+.0126#"L{�

ũ = f − ṽ
A
TV9�%*2

(ũ, ṽ)
01)Q!O)-,$<4\�+-04,$2 ,$7 � �`AgYb��� A

�

��ø%÷���÷gúc7 @Z7�÷[8 S(/��y/ �V���G� � Q @ α > 0
�!� .�'��;I�����D 1 M-= �	� 9 = �V��� (û, v̂) 
$� � � ������� � ����.�')�;I�����D 1 M(= �	� 9 =� �GQ @

µ = ‖v̂‖Gd

�!� 1 M-=���
 9 = > #���� :
• (û, v̂)

� �?
 � � � 
J� � � �(�0��� �\���%.�')�;I�����D 1 M-=���
 9 =
• � � ��N;��' � ��� R 	 
 ��R � � � �(����� � (ũ, ṽ)

��� 1 M-=���
 9 1 " �!�&# µ = ‖v̂‖Gd 9 � �?
J� � � �(�0��� �\��� 1 M-= �	� 9 =
�bøç÷´÷��Üû � % )�>6<40 +Q+-96% >6'-,@,K7I012P+-,O+ RY,")�+-%*>6)
A
�@+-%*> 	&_
� % W6'-)�+
R(!K2P+
+., )-9�, R +.98!/+

(û, v̂)
04)X! )�,&<4\`+.01,&2�,K7 � �`AgYb��� � R 0 +.9

µ = ‖v̂‖Gd

� A5B�)
(û, v̂)

04)X! )�,&<1\�+.01,&2
,$7 � ��Ae�;^�� � +.9�%�%��`04)�+.%
26?*% ,K7

(û, v̂)
04)N#&0��&%*2 L��LS %*�O�"! ��Ae�a�
!$26G !K)

‖v̂‖Gd = µ
]@+-96%*2

û
01)Y)�,&<1\�+.01,&2 ,$7

inf
u∈X/u=f−v,‖v‖

Gd=µ
Jd(u) + αµ

� ��AZY8fa�
0 A %KA

û
01)Q)�,&<4\`+.01,&2 ,K7

inf
u∈X/u=f−v,‖v‖

Gd=µ
Jd(u)

� ��AZYal��
�`042�?*% +.96% )�%
+

{u ∈ X/u = f − v, ‖v‖Gd = µ}
04) ?*,$2P+F!K0426%
G 012

{u ∈ X/u = f − v, ‖v‖Gd ≤ µ}
]�RY% 98!��&%$_

inf
u∈X/u=f−v,‖v‖

Gd=µ
Jd(u) ≥ inf

u∈X/u=f−v,‖v‖
Gd≤µ

Jd(u)
� ��AZYB^��

]r� ?*,&2;+.'-!$G601?
+.01,&2 ]=<1%
+Q\�)�!$)�)-\6�O% +.98!/+

inf
u∈X/u=f−v,‖v‖

Gd=µ
Jd(u) > inf

u∈X/u=f−v,‖v‖
Gd≤µ

Jd(u)
� ��Agf ���

TV9@\6)
]=+-96%*'�% %��`04)�+.)
v′ ∈ X

)-\6?F9 +.96!K+
‖v′‖Gd < µ

!$26G

Jd(f − v′) < inf
u∈X/u=f−v,‖v‖

Gd=µ
Jd(u)

� ��Agf 	Z�
�H%
26,$+.0126# L{�

u′ = f − v′ ]PRY%�98! �&%K_
Jd(u

′)+α‖v′‖Gd < Jd(u
′)+αµ

A ]Y\`+Y)-0126?*%
(û, v̂)

01)(! )-,&<1\�+-04,&2
,$7 � ��Ae�;^�� _

Jd(û) + α‖v̂‖Gd ≤ Jd(u
′) + α‖v′‖Gd < Jd(u

′) + αµ
� ��Agfa�a�

	Z�



sQ%*26?
% � RY% '�%*?E!K<4<
+.96!K+
‖v̂‖Gd = µ

� ]URY%�#&%
+ 7 '-,&� � ��A fb�a� +.96!K+
Jd(û) < Jd(u

′)
A TV9601)^?
,&2P+-'.!$G�04? +.)

� �`A fB	Z� A�� % ?*,$26?*<1\6G6% +.98!/+ � ��A f ���Y?*!$2626,$+ 96,&<1G�Aps�%
26?*%K_

inf
u∈X/u=f−v,‖v‖

Gd=µ
Jd(u) = inf

u∈X/u=f−v,‖v‖
Gd≤µ

Jd(u)
� ��Agfb���

[='�,&� � ��AZYal�� ]`RY% )�%*% +-98!K+
û

01)�!3)-,&<1\�+-04,&2 ,$7
infu∈X/u=f−v,‖v‖

Gd≤µ Jd(u)
]60 A %$A

û
01)Q!O)�,&<4\`+.01,&2 ,K7

inf
u∈X/u=f−v

Jd(u) + J∗
d

(
v

µ

) � ��A f �{�
sQ%*26?
%

(û, v̂)
04)Q!$<1)-,�!3)-,&<1\�+-04,&2 ,$7 � ��AZYb�{� A

�@+-%*>
�`_
S %
+�\�)�26, R ?
,&26)-01G6%
'

(ũ, ṽ)
!")-,$<4\�+-04,$2 ,K7 � �`AgYb��� � +.9�% %��`04)�+.%
26?*%^,K7

(ũ, ṽ)
01)Q#&0��&%*2 L��
S %
�O��!L��AZY�� A

� % ?E!$2 '-%
>M%E!K+ +.9�% ?*,&�O>6\�+.!K+.01,&26)VRY% �"!$G�% 012
�@+.%
>h	&A�� % #&%
+V+.98!K+
ũ

04)Q!O)�,&<4\`+.01,&2 ,$7S_

inf
u∈X/u=f−v,‖v‖

Gd=µ
Jd(u) + αµ

� ��Agfa�a�
� % +.9�%*'-% 7 ,&'-% 98! �&%K_

Jd(ũ) + αµ = Jd(û) + α‖v̂‖Gd

Aw]Y\�+ !$)
(ũ, ṽ)

04) !^)-,$<4\`+.04,$2�,$7 � ��AZYb�{� ]`RN% 96! �&%
‖ṽ‖Gd ≤ µ

A s�%
26?*%
Jd(ũ) + α‖ṽ‖Gd ≤ Jd(û) + α‖v̂‖Gd

A�BH26G )-0126?
%
(û, v̂)

04) ! )�,&<1\�+.01,&2 ,$7 � ��Ag� ^�� ]
RY% #&%
+V+.98!/+E_

Jd(ũ) + α‖ṽ‖Gd = Jd(û) + α‖v̂‖Gd

� ��A f Y��
� % +.9@\�)Q?
,&26?*<1\6G6% +.96!K+

(ũ, ṽ)
04)Q!3)-,&<1\�+.01,&2 ,$7 � ��Ae�;^�� A

�

�S2 7 !$? +E](RY% ?*!$2D).!�� �O,$'-% !$LM,&\�+�+.96% <1042�M LM% +SRY%
%*2 q %��&%*'XW ) >6'�,&L6<1%*� � ��Ae�;^��O!$26GD,&\6'�<401�O01+
>6'�,&L6<1%*� � �`AgYb��� A

α
LM%
0426#OW��`%*G ]=<4% +Q\6)QG6%
26,$+-% L��

Zα = {vα, vα

01)Q!O)�,&<1\�+.01,&2 ,$7U+-96% >6'-,&L�<4%
�
infv∈Gd Hα(f − v, v)

� )-%
% � ��Ae�;^��!�
}

� �`A fBfb�
Sα = {‖vα‖Gd , vα

01)�!3)-,$<4\�+-04,$2 ,$7�+.96% >6'�,&L6<1%*�
infv∈Gd Hα(f − v, v)

� )�%*% � ��Ae�;^��!�
}

� �`A fbla�
� % MP26, R +.98!K+

Zα

!$26G
Sα

!K'-% 26,$+V%*�O>�+ � +-98!$2 MP)V+-,GS %
�O��!^��Ae�`A�� % ?*,$26)-01G6%*'V+-96% +SRN,O� \6< +.0[Z
!$>�>6<401?E!/+.01,&26)*_

Y : R+ → P(Gd)

α 7→ Zα

!$2�G

T : R+ → P(R+)

α 7→ Sα

R 96%
'-%
P(Gd)

� '�%*)�>�A
P(R+)

�Y)�+F!$2�G6) 7 ,&'(+-96% )-% +�,$7U)-\6L�)-%
+-)�,$7
Gd

� '-%
)->�A
R+

� A
� %QR(!$2;+N+., )�96, R !�M@0126G ,$7�'-%*?
04>�'-,@?E!K< '-%
)-\6< +Y+., �C'-,&>M,&)�01+-04,$26��Ae�`]@0 A %KA5+.98!/+E]P7 ,&'N!J?*%
'�+.!$042 '.!$2�#&%

,$7
µ
]�+.96%
'-% %��`01)�+.)

α
)-\6?F9 +.98!K+

µ ∈ T (α)
A

TV96% 7 ,&<1<4, R 042�#"'-%
)-\6< +�96,&<1G6)
_

��ø%÷���÷gúc7 @Z7�÷[8 Sy/�
(/
<;=

T
� �2
 ��� ���!����'�� 
 � �!�-,JD �(� �0� � 
 .8.�� ��� 
 ����� � =

K(=
Y (0) = {f − f̄} 
 � 3 T (0) = ‖f − f̄‖Gd

1 " #���'�� f̄ � � 
 � 3 � �*� ' �!#�� D � 
 � N 
 � �F�2���
f

� N;��'
Ω 9 =

M-=�� �
α

,�� � � ���
+∞ 	 �&#���� Y (vα)

1 ')� � . = T (vα) 9 ,�� � � ���
{0}

1 ')� � . = {0} 9 1 " �!�!# ')� � .������%��� �!#��
� 
 � ��3 � '�� D ���0'���� 9 =

	 �



�bøç÷´÷��Üû � % )-\�?*?*%
)-)-0��&%*<�� )-9�, R +.9�% +-96'-%
%�>M,&012P+-)O,K7Q+.9�%�>�'-,&>M,&)�01+-04,$2�A � 7QRY%�>601?UM
vα

012
Zα

]
RN%
G6%
26,$+-% L{�

uα = f − vα

A
	&A S % +

α2 > α1 > 0
A S %
+�\�)�>601?UM

vα1

042
Zα1

!$26G
vα2

012
Zα2

A S %
+Q\6)�G�%*26,$+-%JL��
uα1

= f − vα1!K26G
uα2

= f − vα2

A
TV9�%*2�]M!$)
vα1

012
Zα1

]6RY% 98! �&% 042 >6!$'�+-04?
\6< !K'*_

Jd(uα1
) + α1‖vα1

‖Gd ≤ Jd(uα2
) + α1‖vα2

‖Gd

� ��A f ^��
B�26G !$)

vα2

012
Zα2

]6RN%J!$<1)-,"96! �&%K_

Jd(uα2
) + α2‖vα2

‖Gd ≤ Jd(uα1
) + α2‖vα1

‖Gd

� ��Ael ���

BVG6G60126#O+.96% + RY,"<4!$)�+ 0426% \ \8!$<101+-04%
)*]=RY% #&%
+*_

α1‖vα1
‖Gd + α2‖vα2

‖Gd ≤ α1‖vα2
‖Gd + α2‖vα1

‖Gd

� ��Ael 	Z�

B�26G�+.96%
2
(α2 − α1)
︸ ︷︷ ︸

>0
L{� 9��@>M,$+.96%
)-01)

(‖vα2
‖Gd − ‖vα1

‖Gd) ≤ 0
� ��Avl��a�

sQ%*26?
%
‖vα2

‖Gd ≤ ‖vα1
‖Gd

]�R 9601? 9 >6'�,Z�&%
) +.96% W8'�)�+Q>M,&012P+Q,$7�+.96% >�'-,&>M,&)�01+-04,$2�A
�`A S % +Q\6) 26, R >6'-, �&% +-96% )-%
?*,&26G >M,&012P+ ,$7U+-96% >6'-,&>M,$)-0 +.01,&2�A
� %^98! �&% � )�%*% � �`AgY �a�T�

H0(f − v, v) = J(f − v) ≥ 0
7 ,&' !$<1<

v ∈ Gd A � 9�,@,&)-0126#
v0 = f − f̄�

v0 ∈ Gd )-0126?*%
v̄0 = 0

� ]XRY% #$%
+
H0(f − v0, v0) = J(f − v0) = J(f̄) = 0

A sQ%*26?
%
0 =

minv∈Gd H0(f − v, v)
Ap� % G6%*G6\�?*% +.98!K+

v0 ∈ Z0

A q ,&'-%
,Z�&%
'*]
J(u) = 0

0175!$26G ,$26<�� 017
u = ū

A
S % +

v1
LM% ! )-,$<4\�+-04,$2 ,$7

minv∈Gd H0(f − v, v)
A�� % +.9P\6)398!��&%

f − v1 = f − v1
A BH2�G !$)

v1 ∈ Gd ]�RN% !$<1)-, 98! �&%
v̄1 = 0

A TV9�%*2
f − v1 = f − v1 = f̄ − v̄1 = f̄

]U0 A %KA
v1 = v0

Az� %
?
,&26?
<4\�G6% +-98!K+

{v0} = Z0

ACTV9601)Q)-96, R )Q+-96% )-%
?*,&2�G >M,&012P+ ,$7U+-96% >6'-,&>M,$)-0 +.01,&2�A
��A S % +3\6)^2�, R >6'-, �&% +.96%�+.9601'-G >M,&042;+3,K7 +-96% >6'�,&>M,&)�01+-04,&2 A S %
+3\�)^>601?�M

vα
012

Zα
]
!$2�G <1%
+3\�)

G�%*26,$+-%OL��
uα = f − vα

A ]p� G6%
W62601+-04,$2 ,K7
Zα

]�RY%O96! �&%37 ,$' !K<4<
(u, v) ∈ X × Gd )-\6?F9 +.98!K+

f = u + v
_

Jd(uα) + α‖vα‖Gd ≤ Jd(u) + α‖v‖Gd

� ��Aelb���
� % ?F96,@,&)-%

u = f
]8!$26G

v = 0
A � % #&%
+*_

Jd(uα) + α‖vα‖Gd ≤ Jd(f)
� ��Avlb�{�

•
[I01'-)�+ ?*!$)-%K_ 0 7

f
01) ?
,&26)�+.!$2P+ � 0 A %

f = f̄
� ] +-96%*2

Jd(f) = 0
A s�%
26?*% � ��Avlb�{��01�">�<401%*) +.96!K+

Jd(uα) = ‖vα‖Gd = 0
A�� % ?
,&26?
<4\�G6% +-98!K+

vα = 0
]=!$2�G

uα = f̄ = f
A

•
�`%
?*,&2�G ?E!K)-%$_"0 7 26, R

f
04) 26,$+^?
,&26)�+F!$2;+ � 0 A %

f 6= f̄
� ]I+-96%*2

Jd(f) > 0
A�s�%
26?*% � ��Avlb�{�

01�">�<401%*) +-98!K+
‖vα‖Gd ≤ Jd(f)

α

A TV9@\6)
Y (α) → {0}

!$)
α

#&,@%
) +.,
+∞

� R 01+-9 '-%
)->M%
?
+ +.,
+.96%�s�!$\6)�G6,&'!u��"% +.'�04?�� A

�

	��



4 óBA,?Ùø��tû � 2^7 !$?
+*]$RY%(98! �&%()-9�, R 23+-98!K+
T : R+ → [0, ‖f− f̄‖Gd ]

AI� 23>6!$'�+.01?
\6< !K'*]
T

98!$)5\�26017 ,$'-�O<��
LM,&\62�G6%*G �K!K<4\�%*)*_
	&A

T (0) = {f − f̄}

�`A � 7
α > 0

]�+.96%
2 0 7
vα ∈ T (α)

]�RY% 96! �&%

‖vα‖Gd ≤ ‖f − f̄‖Gd

� ��Aela�a�

��ø%÷���÷gúc7 @Z7�÷[8 Sy/��`/ > � � � = � = � = 1 � .8.���' � ��D ����� �����!���F� � � 9 1 � = � =
T

# 
 �?
 ����� � � 3 ,B' 
 .�# 
 � 3 ��� ��N;�A@
��� DE. 
 ���GN 
 � �F� � 9 =
�bøç÷´÷��Üû � % )�>6<40 +Q+-96% >6'-,@,K7I012P+-,O+ RY,")�+-%*>6)
_
�@+-%*>y	$_
S�% + \6)V)-%
+

α ∈ R+
Aw]r� G6%
W82�01+-04,&2 ,K7

Sα
]6,&2�% %E!$)�04<�� ?F96%*?UMP) +.98!K+

T (α)
01)V?*,&2��&%�� !$26G�?
<4,$)-%*G 012

R
A�q ,&'�%*, �&%*' RN%396! �&%^)-96, R 2�+.98!/+

T (α)
04) \�26017 ,$'-�O<�� LM,&\�26G6%
G � )-%
% � �`Aela�a�T� A T(96%*'�%
7 ,&'�%$]

T (α)
04)

?
,&�O>8!$?
+Q012
R

A
�@+-%*>
�`_
S�% +Y\6)N26, R ?*,&2�)-01G6%*'(! )-% \ \6%*26?*%

(αn, vαn
)
RV96%*'�%

αn ∈ R+
!$26G

vαn
∈ Zαn

A5BH)�)-\6�O%�+.98!K+X+-96%*'�%
%���01)�+-)

(α0, v0)
012

R+ × Gd )-\�? 9 +.98!K+
(αn, vαn

) → (α0, v0)
!$)

n
#&,@%
)�+-,

+∞
A BH)

vαn

012
Zαn

]MRN%
98!��&% 7 ,$'Q!K<4<

(u, v) ∈ X × Gd )�\6? 9 +-98!K+
f = u + v

_

Jd(f − vαn
) + αn‖vαn

‖Gd ≤ Jd(u) + α0‖v‖Gd

� ��Ael;Y��
]r� >6!$)-)�0426#"+-,O+-96% <104�O0 +H!K)

n
#&,@%*)V+-,

+∞
]6RN% #&% +E_

Jd(f − v0) + α0‖v0‖Gd ≤ Jd(u) + α0‖v‖Gd

� ��AelBfa�
sQ%*26?
%

v0

LM%
<4,$26#&)Y+-,
Zα0

]�!$2�G +.96%
'-%
7 ,$'-%
‖v0‖Gd

01)(012
Sα0

ACT(9604)()�96, R )Y+.96!K+
T

98!$)(!J?*<1,&)-%
G�#$'.!$>69 A

�

� ÷oø%÷ K9K ?�ø�ô Sy/9.0/ 	 � ' 
 �!� µ �!�
(0, ‖f − f̄‖Gd) 	 �&#���')� �A@B� � � � α

�!�
R+ � �F��#L�&# 
 ���!#���'�� �A@B� � � � (u, v)�!�

X × Gd " �!�!# ‖v‖Gd = µ 
 � 3 � � � N �!�-,�� ��R8��'�� � .�')�;I�����D 1 M-= �	� 9 =
�bøç÷´÷��Üû TV9601)(! ?*,&2�)-% \ \6%
26?*% ,$7 �C'-,&>M,$)-01+-04,$2���AZY�] �C'-,$>M,&)-0 +.01,&2���Agf !$26G"+.96%Q26%��@+N+.9�%*,&'�%*� � !$>6>6<101%*G
+.,3+.9�% �J\6<1+-0 Z !$>6>6<101?E!K+-04,&2

Tµ = T − µ
�YR 9�04?F9 RY% )�+F!K+-% R 01+-96,&\�+Q>6'-,@,K7SA

� <mó3÷oø%óBA S(/21y/ �V����� � ��� � � � 3 ��' 
 D �(� ��� � 
 .-.�� ��� 
 ����� � L :
R → P(R)

α 7→ [Lmin(α), Lmax(α)]

�V����� �2
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