SEVERAL RECENT RESUL TS IN NON LINEAR GEOMETRIC OPTICS

Jean-Luc JOL Y

CEREMAB, Université de Bordeaux I 33405 Talence, FRANCE

Guy M ÉTIVIER

IRMAR, Université de Rennes I 35042 Rennes, FRANCE

Jeffrey RA UCH

Departmen t of Mathematics, The University of Michigan Ann Arbor MI 48109, USA

1. In tro duction.

Many recent works are devoted to the study of high frequency oscillatory nonlinear waves, and to nonlinear geometric optics. Typical questions are the existence, the propagation, the interaction and the reflection of waves of the form

(1.1) u^ε(t, x) ∼ u(t, x) + ε^α � n≥ 0

ε^n U_n(t, x, φ (t, x)/ε) .

The U_n(t, x, θ) are periodic (or quasi/almost periodic) in the θ variable and φ is a real phase function. In the summation, n runs in a countable set of nonnegativ e numbers. Typically, n is an integer, a half integer... . u is a a background state, ε is a wavelength and ε^α the magnitude of the oscillations (assuming that ∂_θU_0 ≠ 0).

This is the natural generalization of phase-amplitude linear waves

(1.2) u^ε(t, x) = a(t, x, ε) e^{i φ (t,x)/ε} , a(t, x, ε) ∼ � n≥ 0

ε^n a_n(t, x) ,

which includes the phenomenon of generation of harmonics by nonlinear interaction.

The waves u^ε satisfy nonlinear equations of propagations, such as first order semilinear hyperbolic systems

(1.3) ∂_tu + d� j=1 A_j (t, x) ∂_{xj} u + f (t, x, u) = 0,

or quasilinear first order hyperbolic systems,

(1.4) ∂_tu + d� j=1 A_j (t, x, u) ∂_{xj} u + f (t, x, u) = 0,

or higher order equations such as semilinear wave equations

(1.5) u + f (t, x, u, ∇ u) = 0.

The choice of scales, both in the expansion (1.1) and in the equations, is very importan t. Solutions of (1.3) of the form (1.1), model waves of wavelength O(ε) and amplitude O(ε^α ), which propagate at speed O(1) during times O(1). When α > 0 the equations for all the U_n are linear, and no nonlinear effect is revealed in the principal term U_0. For α < 0, the problem is in general illposed : the domain of existence shrinks to {t = 0} as ε → 0. Thus the case α = 0

(1.6) u^ε(t, x) ∼ � n≥ 0

ε^n U_n(t, x, φ (t, x)/ε) .

is the most interesting for general semilinear first order systems. In (1.6), the background state u is incorporated to U_0. For general semilinear systems (1.3), this is the typical range of scales (up to rescaling) for the validity of the nonlinear geometric optics approximations.

For quasilinear first order systems, the similar critical exponent is α = 1. The weakly nonlinear geometric optics, deal with solutions of (1.4) of the form

(1.7) u^ε(t, x) ∼ u(t, x) + ε � n≥ 0

ε^n U_n(t, x, φ (t, x)/ε) .

However, stronger waves with α = 0 can be considered, when they are associated to a linearly degenerate mode, such as entropy waves in Euler’s equations of fluid dynamics (see [Se 1],[Se 2] [He]).

For the semilinear wave equation (1.5), the critical exponent is α = 1. In the scalings above, the validity of the geometric optics approximations is in general limited to times t = O(1). In general, solutions are shown to exist only for such times. For longer times, even if the solutions exist, other phenomena such as dissipation or dispersion can become importan t. The geometric optics approximations can be incorrect then, and other regimes such as paraxial approximations can occur (see [Do] [DR]).

This paper reviews several results about the justification of nonlinear geometric optics approximations. In §2, we discuss expansions (1.1) which model the propagation of a single wave. The nonlinear character of the equation models the interaction of the wave with the medium in which it propagates. Next, we consider the interaction of at least two oscillatory waves. The interesting phenomenon is the creation of a new outgoing oscillation of the same magnitude, from incoming oscillations. This happ ens when the phases φ_j of the incoming waves and the phase φ of the outgoing wave satisfy the resonance relation

(1.8) φ = � j φ_j ,

or more generally

(1.9) α φ = � j α_j φ_j α,α_j ∈ ZZ,

when harmonics are present. For semilinear problems, the analysis is made through multiphase expansions

(1.10) u^ε(t, x) ∼ � n≥ 0

ε^n U_n(t, x, ψ_1(t, x)/ε,...,ψ_m(t, x)/ε) ,

where the U_j (t, x, θ_1,...θ_m) are periodic in the variables θ. The leading term U_0 is often sought as a superposition of incoming and outgoing waves

(1.11) U_0(t, x, ψ_1(t, x)/ε,...,ψ_m(t, x)/ε) = � j S_j (t, x, φ_j (t, x)/ε) .

Similar expansions, with oscillations of amplitude O(ε), are used for quasilinear systems, in the regime of weakly nonlinear geometric optics. The nonlinear interaction is seen in the coupling of the equations for the S_j . This coupling strongly depends on the existence or not of resonances among the linear combinations of the φ_j .

A formal derivation of the equations of nonlinear geometric optics, is given in [HK], [MR] and [HMR]. The justification of the asymptotic expansions for exact solutions is delicate. Simple examples show that complete expansions (1.10) are not true in general. Instead, one has to study a larger class of solutions which satisfy the weaker estimate

(1.12) u^ε(t, x) = U_0(t, x, ψ_1(t, x)/ε,...,ψ_m(t, x)/ε) + o(1) , or (1.13) u^ε(t, x) = � j S_j (t, x, φ_j (t, x)/ε) + o(1) ,

with error terms which are o(1) and not O(ε), in general.

In §3, we present the one space dimensional case where many questions are now understo od. When the space dimension d is larger, an importan t difficult y arises from the focusing of oscillations. This phenomenon is already present for linear equations, but in the nonlinear case, its consequences can be much more dramatic. For example, it may imply that the domain of existence of the (weak) solutions u^ε, shrinks to the empty set as ε tends to zero (see [JMR 2] [JMR 7]). Examples of blow up, due to focusing of oscillations, are presented in §5.

A framework where all focusing is excluded, besides the one space dimensionnal case, occurs when one considers a coherent set of phases. A typical and importan t example is given by linear phases for a constan t coefficien t background system. Then, expansions like (1.10) or (1.12) can be justified, see [JMR 2] [JMR 3] [JMR 4] [Sch 2] [De]. Coherent multiphase expansions are discussed in §4.

As describ ed above, focusing of nonlinear oscillations can lead to blow up and non existence. In the extreme opposite direction, when it is combined with strongly dissipativ e mechanisms, focusing can lead to a complete absorbtion of oscillations, in finite time. The oscillations disapp ear when they reach the caustic set. An example of such a behaviour is given in [JMR 5] and presented in §6 below. To understand an intermediate case, we have considered in [JMR 7] semilinear systems with uniformly Lipschitzian nonlinearities (thus with at most linear growth at infinit y). In that case, global weak solutions always exist, and the question of the behaviour of the oscillations after crossing the caustic, makes sense. This problem is studied in [JMR 7] and the results are sketched §7 below. The first order geometric optic approximation is justified in L^2 for all finite time, and in particular after the crossing of the caustic. Remark that this provides examples of noncoheren t multiphase expansions. However, no precise behaviour near the caustic is given. In particular, a challenging open question, is the validity of the formal expansions near the caustic, computed in [HK 2].

Further Results . 1. Another importan t problem is the reflection of oscillatory waves on boundaries. A formal approac h is describ ed in [M A]. The tran verse reflection at a boundary is studied in [Chi] for two speed equations, and in [Wi 1] under more general hypothesis. The possibility of glancing mode for flat boundaries and linear coherent phases, is studied in [Wi 2]. Oscillations near a diffractiv e point, for semilinear wave equations with globally Lipschitzian nonlinearit y, are studied in [Che 4] 2. The equations of geometric optics expansions are simpler than the original full set of equations, and thus they give detailed descriptions of several mechanisms of nonlinear interaction.

Applications to the study of qualitativ e behavior of solutions of systems of conservation laws, are numerous. See e.g. [Hu], [MR], [MRS], [JMR 9].

3. The validity of geometric optics can be extended beyond the category of solutions of the form (1.1), to more general families of ”oscillating” solutions u^ε. This is shown in [JMR 6 ] for semilinear systems either of size 3× 3 or with quadratic interaction. This illustrates a link between geometric optics and compensated compactness, in the spirit of [DiP 1], [DiP 2], [T], [McLPT], [Wa].

4. The equations (1.3) (1.4) and (1.5) are dispersionless. The corresp onding eiconal equations are homogeneous. When φ is a characteristic phase, all the harmonics kφ are characteristic. Thus all the harmonics are expected in the leading term U_0 of the expansions, and they all propagate at the same group velocity.

For applications to nonlinear optics, it is importan t to consider dispersive media. For example, expansions (1.6) for solutions of

(1.14) ε ∂_tu^ε + d� j=1 ε A_j (t, x) ∂_{xj} u^ε + E(t, x) u^ε + ε f (t, x, u^ε) = 0.

yield a nonhomogeneous the eiconal equation, since the zero-th order term Eu has no ε in front of it. For such models, harmonics are rarely present in the principal term U_0, as expected in nonlinear optics. We refer to [Do] and [DR] for details, and for examples and applications to Maxwell’s equations and nonlinear optics.

2. One phase expansions.

We look for asymptotic solutions (1.6) of the first order system (1.3) which we assume here to be symmetric hyperbolic. Plugging the expansion into the equation leads to an infinite system of equations (see [CB])

(2.1) L(t, x, dφ (t, x)) ∂_θU_0 = 0,

and for n ≥ 0

(2.2) L(t, x, dφ (t, x)) ∂_θU_{n+1} + L(t, x, ∂)U_n + F_n = 0.

Here L(t, x, ∂) := ∂_t + � A_j (t, x) ∂_{xj} , and F_n is a function of (U_0,...U_n).

To solve (2.1), one requires that φ satisfies the eiconal equation

(2.3) det L(t, x, dφ (t, x)) = 0,

and that the oscillation

(2.4) U^∗_0 (t, x, θ) := U_0(t, x, θ) − U_0 , U_0(t, x) := 1 2π �_{2π} 0 U_0(t, x, θ) dθ,

satisfies the polarization condition

(2.5) Π U^∗_0 = U^∗_0 ,

where Π( t, x) is the orthogonal projector onto the kernel of L(t, x, dφ (t, x)).

For n ≥ 0, take the average of equation (2.2) and apply Π and (I − Π) to its oscillation. This implies that (2.2) is equivalent to

(2.6) LU_n + F_n = 0, Π L Π U^∗_n + Π F^∗_n = − Π L (I − Π) U^∗_n .

and (2.7) (I − Π) U^∗_{n+1} = − ∂^{− 1}_θ Q (LU^∗_n + F^∗_n ) .

The average and oscillations of U_n and F_n are defined as in (2.4). Q(t, x) is the partial inverse of L(t, x, dφ (t, x)) such that QL = LQ = I − Π, QΠ = 0 and ∂^{− 1}_θ is the inverse of ∂_θ acting on periodic functions with vanishing mean value.

Of particular importance are the equations for U_0. They are given by(2.5) and (2.6). With F_0 := f (t, x, U_0(t, x, θ)), they read

(2.8) � � � L U_0 + F_0 = 0 (I − Π) U^∗_0 = 0 Π L Π U^∗_0 + Π F^∗_0 = 0

To simplify matter, suppose that λ(t, x, ξ) is, for ξ ≠ 0, a real eigenvalue of constan t multiplicit y of � ξ_j A_j (t, x). Then a real solution of (2.3) is obtained by solving

(2.9) ∂_tφ (t, x) + λ(t, x, ∂_xφ (t, x)) = 0.

Given a smooth solution with dφ ≠ 0, the matrices Π( t, x) and Q(t, x) are C^∞ functions. Moreover,

(2.10) Π L Π = ∂_t + � j ∂λ ∂ξ_j

(t, x, ∂_xφ ) ∂_{xj} + C(t, x) .

Thus (2.8) is a nonlinear coupled system of a hyperbolic equation for U_0 and a transp ort equation for U^∗_0 = Π U^∗_0 . Because of the integral term F_0, the coupling is nonlocal in θ. However, this system has the standard properties of symmetric hyperbolic systems, and the Cauchy problem has local smooth solutions.

The other terms of the expansion are found inductiv ely. If (U_0,...,U_n) are known, (2.7)_n gives (I − Π) U^∗_{n+1} . Then (2.6)_{n+1} gives a coupled linear system for (U_{n+1} ,Π U^∗_{n+1} ) of the form

(2.11) � � � L U_{n+1} + F_{n+1} = 0 Π L Π U^∗_{n+1} + Π F^∗_{n+1} = Π G_n F_{n+1} = ∂_uf (t, x, U_0) ·U_{n+1} + H_n

where G_n and H_n only depend on (U_0,...,U_n). The Cauchy problem. for (2.11) has smooth solutions. Moreover, since this problem is linear, the domain of existence of the solution only depends on the domain of existence for U_0.

Thus, given C^∞ Cauchy data for φ and U_0 with Π U^∗_0 = 0, one can solve the eikonal equation (2.9) and the nonlinear profile equation (2.8) on a suitable domain of determinacy Ω. Next, with arbitrary Cauchy data for U_n and Π U^∗_n , one can solve (2.11) on Ω. This provides formal solutions of the form (1.6).

Theorem ([JR 1]) Given such a formal solution, if

(2.12) u^ε_0(x) ∼ � n≥ 0

ε^n U_n(0,x, φ (0,x)/ε)) , then the Cauchy problem for (1.3) with Cauchy data u^ε_0, has a unique solution u^ε for ε ≤ 1, defined and smooth on a domain Ω^′ ⊂ Ω independent of ε, and satisfying

(2.13) u^ε(t, x) ∼ � n≥ 0

ε^n U_n(t, x, φ (t, x)/ε)) .

Moreover, Ω^′ can be taken arbitrarily close to Ω if ε is restricted to be small enough.

Remark that the existence of solutions on a domain independent of ε is an importan t part of the statemen t, since the classical existence theorems for smooth solutions do not apply.

Further results . 1) Similar results are available for quasilinear equations (1.4), and expansions (1.7) ([G 2], [G 3]). The background state u is a solution of (1.4). φ satisfies the eiconal equation for the linearized operator on u. The main novelty is that the transp ort operator (2.10) contains an additional nonlinear term in U_0 ∂_θ. In particular, the transp ort equation for U_0 looks like a Burger’s equation and thus may develop shocks. The other equations for U_n, n ≥ 1 remain linear. The expansions are justified, as long as the phase φ and the first profile U_0 exist and remain smooth.

2) Another interesting feature of [G 3] is the justification of expansions with almost periodic profiles. The construction sketched at the begining of this paragraph breaks down immediately , since ∂^{− 1}_θ does not act in the space of almost periodic functions with vanishing mean value. This indicates that the second term U_1 cannot be defined in general. However, the equations (2.8) still make sense and define the profile U_0.

[G 3] provides a construction of solutions which satisfy

(2.14) u^ε(t, x) = U_0(t, x, φ (t, x)/ε) + o(1) ,

in place of (2.13). The error o(1) tends to zero in an appropriate space, implying its convergence to 0 in L^∞ .

3. One dimensional resonan t expansions.

In this section, we consider expansions with several phases, in one space dimension. For simplicity, we consider strictly hyperbolic semilinear 3 × 3 systems, and refer the reader to [JMR 1] for higher order semi and quasi-linear systems. After a diagonalization and a change of dependent variables, the equations are

(3.1) X_ku_k := ∂_tu_k + λ_k(t, x) ∂_xu_k = f_k(t, x, u_1,...,u_N ) , k ∈ {1,2,3}.

The λ_k are real and λ_1 < λ_2 < λ_3. The f_k are smooth functions of the variables (t, x, u) ∈ IR × IR × IR^3.

The characterisitic set is the union of the 3 lines τ + λ_k(t, x) ξ = 0 and characteristic phases φ satisfy one of the equation X_k φ = 0. The corresp onding eigenvector is the k-th vector of the canonical basis in IR^3. The oscillatory wave trains associated to the j-th eigenvalue λ_j which are constructed in §2, are of the form

(3.2) u^ε_j (t, x) = U_j (t, x, φ_j (t, x)/ε) + O(ε) , u^ε_k = O(ε) f or k ≠ j ,

where φ_j satisfies

(3.3) X_j φ_j = 0.

The interaction of such wave trains, is describ ed by solution u^ε of (3.1) such that

(3.4) u^ε_k(t, x) = U_k(t, x, φ_k(t, x)/ε) + o(1) , k ∈ {1,2,3},

The Cauchy data are assumed to be of the form

(3.5) u^ε_k(0,x) = u^ε_{0,k}(x) := A_k(x, φ_k(0,x)/ε) + o(1) , k ∈ {1,...,3}.

For example, one can consider an initial phase ψ(x), and oscillatory Cauchy data

(3.6) u^ε_0 := A(x, ψ(x)/ε) .

Then φ_j is the solution of (3.3) with initial data ψ and the A_k are the components of A. The equations of nonlinear geometric optics are of the form

(3.7) � X_k U_k(t, x, θ) = (E_kF_k) (t, x, θ) U_k(0,x, θ) = A_k(x, θ) k ∈ {1,2,3},

where

(3.8) F_k(t, x, θ_1,θ_2,θ_3) := f_k � t, x, ,U_1(t, x, θ_1),...,U_3(t, x, θ_3) � and E_k is an integral operator whose structure depends on the existence or not of resonances among the phases φ_k.

Definition. A resonance is an triple (s_1,s_2,s_3) of functions such that

(3.9) X_k s_k = 0 f or all k ∈ {1,2,3}, and 3� k=1 ds_k = 0.

The resonance is trivial when all the ds_k are identically zero.

Remark that the definition does not depend on the vector fields themselv es but on the foliations they defined. The data of N foliations by curves in IR^2 is called an N-web in differen tial geometry, and resonances corresp ond to abelian relations on webs (see [P], [BB]). The existence of resonances is a rare phenomenon : for a 3-web, the dimension of the space of resonances (modulo constan ts functions) is equal to 0 or 1. Moreover, for “generic” vector fields X_k, there are no nontrivial resonances. Therefore, in order to have resonances, first the vector fields X_k must be suitably chosen and second, the phases φ_k are also to be chosen carefully. However, resonance is a very importan t phenomenon. Three constan t coefficien t vector fields X_k = ∂_t − λ_k∂_x, are resonan t. The space of resonance is the pace of (s_1,s_2,s_3) such that s_k = α_k(x − λ_kt), with � α_k = 0 and � λ_kα_k = 0. We refer to [JMR 1] for a more general discussion of resonances and more examples.

We now describ e the averaging operators E_k in a simple case. Consider an initial phase ψ(x) on an interval ω and Cauchy data of the form (3.6). We assume that dψ ≠ 0 almost everywhere. Let Ω be a domain of determinacy of ω . Let φ_k be the solution of (3.3) on Ω with initial data equal to ψ on ω . The idea is that the nonlinearities f_k will reveal oscillations associated to all the phases � α_kφ_k, but that only the resonan t combination will be propagated. Introduce

(3.10) R := {α ∈ IR^3 | � k α_kφ_k ≡ 0 on Ω }.

When R = {0}, the averaging operators are defined by

(3.11) (E_1F )(t, x, θ_1) := lim_{T→ + ∞} 1 T^2

�_T 0 �_T 0 F (θ_1,θ_2,θ_3) dθ_2 dθ_3 ,

with similar definitions for E_2 and E_3. On the other hand, when there exist α ∈ R\{0},

(3.12) (E_1F )(t, x, θ_1) := lim_{T→ + ∞} 1 T �_T 0 F � θ_1,− α_1θ_1 + α_3σ α_2 , σ � dσ ,

with similar formulas for k = 2 and k = 3. Since the vector fields are pairwise linearly independent, all three components α_k of α ∈ R\{0} are not equal to 0. Thus the right hand side in (3.12) makes sense. Moreover, the dimension of R is one, therefore the definition does not depend on the choice of α ∈ R\{0}.,

The definition of E_k depends on the local structure of resonances among the linear combinations of the phases. To avoid difficulties, we assume that this structure is the same near all the points (t, x) ∈ Ω. More precisely, we assume that

(3.13) ∀α /∈ R , � k α_k φ_k ≠ 0 almost everywher e on Ω .

Theorem ([JMR 1]) Suppose that A_k ∈ C^0(ω × IR/2πZZ) and that { u^ε_{0,k} }_{ε∈]0,1]} is a bounded family in L^∞ (ω ) such that

(3.14) u^ε_{0,k}( .) − A_k( .,ψ( .)/ε) → 0 in L^1(ω ) , as ε → 0.

Then there is T > 0 such that :

i) for all ε ∈]0,1], the Cauchy problem for (3.1) with Cauchy data u^ε_{0,k} as a unique solution u^ε in L^∞ (Ω_T), where Ω_T := Ω ∩ {0 < t < T},

ii) the equations (3.7) have a unique solution U ∈ C^0(Ω_T × IR/2πZZ), iii)

(3.15) u^ε_k( .) − U_k( .,φ_k( .)/ε) → 0 in L^1(Ω_T) , as ε → 0.

Remarks and further results 1. We refer the reader to [JMR 1] for the study of N × N systems, the justification of weakly nonlinear geometric optics for quasilinear systems, the introduction of almost periodic profiles and further results.

2. A formal derivation of the equations (3.7) is given in [HK], [MR] and [HMR]. Partial rigorous justifications were previously given by [T], [McLPT], [J], [Ka].

3. Even if the convergence in (3.14) holds in L^∞ , the approximation (3.15) is not always true in L^∞ . This is due to weak resonances, i.e. to linear combinations � α_kφ_k which are characteristic along isolated characteristic curves. They create new waves, of the form V(t, φ/ε ), with V(t, σ) rapidly decreasing with respect to σ ∈ IR. These waves are small in L^1 but O(1) in L^∞ . This phenomenon is studied in detail in [G 1]. In the absence of weak resonances, L^∞ convergence is proved in [JMR 1].

4. The results quoted above concern continuous solutions of semilinear first order systems, or C^1 solutions in the quasilinear case. For weak solutions of quasilinear systems of conservation laws, which may present shocks, the validity of weakly nonlinear geometric optics is now proved in a general setting in [Che 2] (see also [Che 3]), generalizing a result of [Sch 1]. Special cases were previously treated in [DiPM], [Liu], [Che 1]. The interaction of (strong) shock waves or contact discontinuities and small amplitude oscillations is describ ed in [Co 1] and [Co 2].

4. Coheren t multiphase expansions.

For multidimensional problems, the description of resonances is much more complicated. To illustrate this difficult y, consider a semilinear system, with linear part L. Incoming oscillations with phases φ_k, produce as source terms, oscillations with the phases φ := � α_kφ_k. To understand how these new oscillations are propagated by L, one has to study the behaviour of the solution u^ε of (4.1) Lu^ε = a e^{i φ/ε} . When φ is everywhere characteristic or everywhere noncharacteristic, the response u^ε is given by a classical asymptotic expansion (see [La]). The difficult y comes from small sets where φ satisfies the eikonal equation, and from small sets where dφ = 0. In particular, u^ε is not necessarily O(1). Combined with nonlinearities, this mechanism can force the solutions to blow up, even at arbitrarily small times (see [JMR 2], [JMR 7] and §5 below). However, an interesting situation occurs when the dichotomy between characteristic and noncharacteristic phases is clear.

Definition ([JMR 2]). Let L(t, ,x, ∂_t,∂_x) be a linear first order N × N system on Ω . A real vector space Φ ⊂ C^∞ (Ω) is L-coherent when for all φ ∈ Φ \{0}, one of the following two condition holds :

i) det L(t, x, dφ (t, x)) ≡ 0 and dφ (t, x) ≠ 0 at every point (t, x) ∈ Ω , ii) det L(t, x, dφ (t, x)) ≠ 0 at every point (t, x) ∈ Ω .

An importan t example occurs when L has constan t coefficien ts and Φ is the space of linear functions. For simplicity, we now consider only this case. Suppose that L = L(∂_t,∂_x) is a constan t coefficien t symmetric hyperbolic first order system and consider a semilinear problem (4.2) Lu^ε = f (u^ε) . We look for asymptotic solutions of the form

(4.3) u^ε ∼ � n≥ 0

ε^n U_n(t, x, t/ε, x/ε) ∼ � n≥ 0

ε^n � τ,α U_{n,τ,α} (t, x) e^{i (τt + αx)/ε} .

The formal analysis is similar to the analysis sketched in §2. One obtains a sequence of equations (4.4) L(∂_T,∂_X ) U_0 = 0 and for n ≥ 0 (4.5) L(∂_T,∂_X ) U_{n+1} + L(∂_t,∂_x) U_n = F_n(U_0,...,U_n) . Here, T and X denote the fast variables, and the profiles U_n(t, x, T,X) are periodic in these variables. Introduce Π_{τ,α} the orthogonal projector in C^{|| N} on the kernel of L(τ,α) and E, the operator defined on (almost) periodic functions by

(4.6) E � a e^{i (τT + αX)} � = (Π_{τ,α} a) e^{i (τT + αX)} .

Applying E to (4.5) with n = 0, yields the following set of equations for U_0 : (4.7) E U_0 = U_0 , and E � L(∂_t,∂_x) U_0 � = E � f (U_0) � . Next, the Fourier coefficien ts of (Id − E) U_1 are determined by equations of the form (4.8) (Id − Π_{τ,α} ) L(τ,α) (Id − Π_{τ,α} )U_{1,τ,α} = g_{1,τ,α} , where the g_{1,τ,α} only depend on U_0. The summation of the Fourier series can produce small divisors problems. However, generically, the summation of the Fourier series can be performed, defining (Id − E)U_1 as a smooth function. Next, EU_1 is determined by equations analogous to (4.7). This procedure can be carried to all orders n, and give a complete formal solution ([JMR 3]) (see also [De] for the case of the wave equation). Using a general theorem from [G 2], this implies the existence of exact solutions satisfying (4.3).

Theorem ([JMR 3]). Suppose that the U_n ∈ C^∞ (Ω × (IR/2πZZ)^{1+ d}) satisfy (4.4) and (4.5), where Ω is contained in the domain of determinacy of ω ⊂ IR^d_x. Consider Cauchy data u^ε_0 such that

(4.9) u^ε_0(x) ∼ � n≥ 0

ε^n U_n(0,x, 0,x/ε)

Then, there is T > 0, such that for all ε ∈]0,1], the Cauchy problem for (4.2) with Cauchy data u^ε_0, has a unique solution u^ε on Ω_T := Ω ∩ {0 < t < T}. Moreover,

(4.10) u^ε_0(t, x) ∼ � n≥ 0

ε^n U_n(t, x, t/ε, x/ε) .

The meaning of (4.9) is that for all k and all ν ∈ ZZ^d

(4.9) ∂^ν_x � u^ε_0(x) − k� n=0 ε^n U_n(0,x, 0,x/ε) � = O(ε^{k+1 − ν}) in L^∞ (ω ) .

The meaning of (4.10) is similar.

Remarks. 1. No assumptions on the small divisors are necessary to define U_0. They are only needed to define U_1 and the higher order terms. When the small divisor assumptions are not satisfied, U_0 is still defined and one can look for solutions u^ε such that

(4.12) u^ε(t, x) = U_0(t, x, t/ε, x/ε) + o(1) .

This program is worked out in differen t frameworks, in [JMR 2], [Sch 2] and [JMR 4].

2. To recover the more usual form (1.13)

(4.13) u^ε(t, x) = � j S_j (t, x, (τ_j t + α_j x)/ε) + o(1)

which describ es u^ε as the superposition of wave trains associated with phases φ_j (t, x) := τ_j t + α_j x, one expands U_0 into its Fourier series

(4.14) U_0(t, x, T,X) = � τ,α U_{0,τ,α} (t, x) e^{i (τT + αX)} ,

and define S_j as the sum of terms when (τ,α) runs over the set IR(τ_j ,α_j ). Here we assume that the directions of (τ_j ,α_j ) are pairwise differen t. In contrast with the one dimensional case, the number of characteristic directions (τ_j ,α_j ) is in general infinite and the form (4.12) contains an infinite number of oscillations propagating in an infinite number of directions. More surprisingly , three incoming phases can be sufficien t to create by nonlinear interaction, an infinite number of oscillations (see [JR 2], [JMR 2], [JMR 8]).

3. The analysis of coherent oscillations, does not require L to be hyperbolic with constan t multiplicit y. In particular, the results mentioned above, apply to conical refraction. This example is developed in [JMR 4].

4. Suppose that L is a two speed system, which means that it has only two distinct eigenvalues. Suppose that Φ is generated by two phases which are everywhere linearly independent. Then Φ is L-coherent. Geometric optics expansions involving two phases, for two speed systems, was already considered in [JR 1].

5. Focusing of oscillations and blo w up

Weakly nonlinear geometric optics for hyperbolic partial differen tial equations involve phases which are solutions of eikonal equations as in the linear theory. When the space has dimension at least equal to two, solutions of the eikonal equations exist only locally, the breakdo wn corresp onding to focusing. The justifications of the weakly nonlinear geometric optics, quoted in the previous sections, are given on domains where focusing phenomena do not exist, either because the space dimension is equal to one, or thanks to the coherence assumption on the phases. However, it is an importan t issue to understand better the nonlinear effects of focusing.

When rays focus, amplitudes grow and, even in the linear case, one must change the asymptotic description. In the nonlinear case, the large amplitudes can be amplified by nonlinearities and therefore strongly nonlinear phenomena can occur. For example, the domain of existence of the solutions u^ε, may shrinks to the empty set as ε tends to zero (see [JMR 2] [JMR 7]). Focusing and blow up can be created by the principal oscillations themselv es. This is called direct focusing in [JMR 2]. But nonlinear interactions make the problem much harder. Focusing and blow up can be created by phases not present in the principal term of the expansion, but which are generated after several interactions. This phenomenon is explored in detail in [JMR 2], where it is called hidden focusing.

In this section we give two examples of blow up caused by direct focusing of oscillations. The first one shows that blow up can occur before the first time of focusing. The second example shows solutions which cannot be extended, even in the weak sense, after focusing.

Example 1. Consider in space dimension d = 3, the equation

(5.1) u^ε − |∂_tu^ε|^2 ∂_tu^ε = 0,

with oscillatory Cauchy data

(5.2) u^ε(0,x) = u_0(x) + ε U_0(x, |x|/ε) , ∂_tu^ε(0,x) = U_1(x, |x|/ε) ,

where u_0 is smooth and U_0(x, θ) and U_1(x, θ) are smooth, periodic in θ and vanish near x = 0. For small times, the solutions satisfy ([JR 1]) :

(5.3) u^ε(t, x) = u(t, x) + ε U_+ (t, x, (|x| + t)/ε) + ε U_− (t, x, (|x| − t)/ε) + ε^2 ... ,

The ground state u and the oscillations V_± := ∂_θU_± of the periodic profiles satisfy a coupled system of integro-differen tial equations. When u_0 = 0 and U_1 = ∂_θU_0, with U_0 even in θ, the equations simplify and

(5.4) u^ε(t, x) = ε U_+ (t, x, (|x| + t)/ε) + ε^2 ... .

Moreover, V := ∂_θU_+ satisfies

(5.5) ∂_tV − ∂_{|x|}V − 1 |x| V − 1 2 |V|^2 V = 0 , V(0,x, θ) = ∂_θU_0(x, θ) .

Then W(t, x, θ) := |x|^2 |V(t, x, θ)|^2 satisfies

(5.6) W(t, x, θ) =

W(0,y,θ) 1 − W(0,y,θ) t|x||y|

, y := x + t x |x| .

Therefore, if V(0,y,θ) ≠ 0, even if it is very small, W and V blow up on the ray x = y − t y/|y| starting at y, before the caustic set x = 0. Remark that the blow up occurs not only in L^∞ but also in L^1.

The blow up is a consequence of two mechanisms. The first, is due to the nonlinearit y −| V|^2V, as in the ordinary differen tial equation V^′ − |V|^2V = 0. But for this equation, the blow up time depends on the size of the data. It is very large when the data is small. The second mechanism is the amplification caused by focusing, as in the linear transp ort equation ∂_tV − ∂_{|x|}V −^1_{|x|} V = 0. Even if the data is small, it forces V to be very large before one reaches the caustic. Then the first mechanism makes the solution blow up very quickly. This shows that focusing is an essential part of the mechanism which produces blow up in a finite time bounded independently of the smallness of the data.

When the profile V blows up, the family of exact solutions u^ε cannot remain bounded. Moreover, since the blow up of V occurs in L^1, this implies that u^ε is not bounded in any reasonable space in which weak solutions can be defined. For example, consider Cauchy data of the form (5.2). The first focusing time is the smallest value of |y| such that V(0,y, .) is not identicaly zero.

Theorem ([JMR 5]). There are Cauchy data of the form (5.2) and T_∗ > 0, strictly smaller than the first focusing time , such that

i) for all T < T_∗, there is ε(T) > 0 such that for all ε < ε(T), the solutions u^ε exist and are smooth on [0,T]× IR^3.

ii) If the family ∂_tu^ε is bounded in L^3(]0,T[× IR^3), then T ≤ T_∗.

Example 2. Consider in dimension d = 5, the equation

(5.7) u^ε = (∂_tu^ε)^2 − |∇_xu^ε|^2

with initial data

(5.8) u^ε(0,x) = 0 , ∂_tu^ε(0,x) = U_1(x, |x|/ε) ,

supported in the annulus {1 < |x| < 2}. Nirenberg’s linearization, v^ε := 1 − exp(− u^ε), transform (5.7) into the linear initial value problem

(5.9) v^ε = 0 , v^ε(0,x) = 0 , ∂_tv^ε(0,x) = U_1(x, |x|/ε) .

By finite speed of propagation, u^ε = v^ε = 0 in the cone C := {|x| ≤ 1 − t}. Let Ω_ε denote the connected open subset of {v^ε < 1}, which contains C. Then the solutions u^ε are defined and smooth on Ω_ε. Moreover, ∂u^ε = ∂v^ε/(1 − v^ε). If dv^ε ≠ 0 near a point (t, x) ∈ ∂Ω_ε, then ∂Ω_ε is a smooth manifold of codimension one near (t, x), and du^ε is not integrable up to the boundary in Ω_ε, near (t, x). Explicit computations, using the fundamen tal solution of in dimension d = 5, show that there are sequences t_n → 1 and ε_n → 0 such that v^{εn} (t_n,0) = 1.

Theorem ([JMR 5]). There are Cauchy data of the form (5.8) such that for all δ > 0, there is ε_0 such that the ball B_δ, of radius δ and centered at (t = 1,x = 0) is not contained in Ω_ε for ε < ε_0. Moreover, (∂_tu^ε)^2 − |∇_xu^ε|^2 is not integrable (up to the boundary) on Ω_ε ∩ B_δ.

In particular, u^ε cannot be extended to B_δ, even as a weak solution. Thus the first focusing time is the largest common lifetime of the (weak) solutions u^ε.

6. Absorbtion of oscillations.

When combined with strongly dissipativ e mechanisms, focusing can lead to a complete absorbtion of oscillations, in finite time. The oscillations disapp ear when they reach the caustic set. The following example of such a behaviour is taken from [JMR 5].

Consider in dimension d = 3, the dissipativ e wave equation

(6.1) u + |∂_tu|^2∂_tu = 0,

(6.2) u^ε(0,x) = u_0(x) + ε U_0(x, |x|/ε) , ∂_tu^ε(0,x) = U_1(x, |x|/ε) ,

There are global weak solutions u^ε ∈ C^0([0,∞ [;H^1(IR^3)) ∩ L^4([0,∞ [× IR^4) (see [Li], [LS]).

For small times, [JR 1] shows that u^ε has an asymptotic expansion of the form (5.3). When u_0 = 0, U_0 is even in θ and U_1 = ∂_θU_0, one has the simpler form

(6.3) u^ε(t, x) = ε U_+ (t, x, (|x| + t)/ε) + ε^2 ... .

and V := ∂_θU_+ satisfies

(6.4) ∂_tV − ∂_{|x|}V − 1 |x| V + 1 2 |V|^2 V = 0.

The density of energy W(t, x, θ) := |x|^2 |V(t, x, θ)|^2 satisfies

(6.5) W(t, x, θ) =

W(0,y,θ) 1 + W(0,y,θ) t|x||y|

, y := x + t x |x| .

If V(0,y,θ) ≠ 0, then along the ray x = y − t y |y| , (6.6) |V | → + ∞ , but W → +0 as |x| → 0.

This means that the amplitude V is infinite at the caustic, but the energy transp orted by the oscillations tends to zero, that is, is entirely dissipated. This suggests that the oscillations are absorb ed when they reach the caustic set. This can be rigourously proved.

Theorem ([JMR 5]). (See figure 1) If the Cauchy data (6.2) are supported in the annulus A, then the family of solutions u^ε is compact in H^1 on all compact subdomain of D.

127mm by 86mm (fig1 scaled 750) Figure 1

7. Oscillations past caustics.

To understand an intermediate case between blow up and absorbtion, consider the semilinear wave equation equation

(7.1) u^ε + f (∂_tu^ε) = 0,

with oscillatory Cauchy data

(7.2) u^ε(0,x) = u_0(x) + ε U_0(x, ψ(x)/ε) , ∂_tu^ε(0,x) = U_1(x, ψ(x)/ε) .

The main assumption is that f is globally Lipschitzean and satisfies

(7.3) f (0) = 0, � �f (v) − f (w) � � ≤ K � �v − w � �, with K independent of v and w. This immediately implies that there are global weak solutions u^ε ∈ C^0([0,∞ [;H^1(IR^3)). For small times, the solutions satisfy ([JR 1]) :

(7.4) u^ε(t, x) = u(t, x) + ε U_+ (t, x, φ_+ (t, x)/ε) + ε U_− (t, x, φ_− (t, x)/ε) + ε^2 ... ,

where φ_± are the two solutions of the eikonal equation for with Cauchy data ψ :

(7.5) ∂_tφ_± = ± |∂_xφ_± |, φ_{± |t=0} = ψ .

The ground state u and the oscillations V_± := ∂_θU_± of the periodic profiles, are uniquely determined as solutions of a coupled system of integro-differen tial equations. Moreover, [JR 1] shows that asymptotically , the solutions satisfy (7.4) as long as the the eikonal equations (7.5) have smooth solutions.

The question is now to describ e the solutions u^ε for arbitrary large times. In the linear theory, one idea to study the behaviour of oscillations near caustics is to replace phase-amplitude expansions like (7.4) by Lagrangian integrals (see [Du], [Hö 1], [Hö 2]). In the context of wave equations, they are of the form

(7.6) (2πε)^{− d} � e^{iΦ ± (t,x,y,ξ)/ε} a(t, y) dy dξ,

with

(7.7) Φ_± (t, x, y,ξ) := ± t |ξ| + (x − y) ·ξ + ψ(y) .

These integrals are associated to Lagrangian manifolds, Λ_± ⊂ T^∗IR^{1+ d}. Λ_± is the set of points (t, x, τ,ξ) such that there exists y such that

(7.8) x = y ∓ t ξ |ξ| , ξ = dψ (y) , τ = ±| ξ|.

Remark that (7.8) provides a global parametrization of the Lagrangians with (t, y) as parameters. In particular, we can consider a(t, y) as the symbol of the integral (7.6).

When harmonics are present, the definition (7.6) has a clear extension. For

(7.9) A(t, y,θ) = � n≠0

a_n(t, y) e^{i n θ}

introduce

(7.10) I^ε_± (A) = � n≠0

|n|^d (2 π ε)^d � e^{iΦ ± (t,x,y,ξ)/ε} a_n(t, y) dy dξ,

The local behaviour of such integrals is given by stationary phase expansions. Consider the hessian of Φ_± with respect to the variables (y,ξ), evaluated on Λ_± , that is for x and ξ as in

(7.8). Introduce the square root Δ_± (t, y) of the absolute value of its determinan t and 2m_± (t, y) its signature. The caustic set is C:= C_+ ∪ C_− , where

(7.11) C_± := { (t, x) | ∃ y : x = y ∓ t g(y) and Δ_± (t, y) = 0 },

with g(y) := dψ (y)/|dψ (y)|. The classical stationnary phase theorem implies that for (t, x) /∈ C

(7.12) I^ε_± (A) (t, x) ∼ J^ε(A) (t, x) := � y|y∓ tg(y)= x 1 Δ_± (t, y) � H^{m(t,y)} A � (t, y,ψ(y)/ε) ,

where H is the Hilbert transform on Fourier series

(7.13) H � � n≠0

a_n e^{i n θ} � := � n≠0

i^{sign n} a_n e^{i n θ} .

Note that the phase shift m(t, y) π/2 changes to − m(t, y) π/2 when passing from positive to negative harmonics. This explains the presence of the Hilbert transform.

Locally, there is a regular labelling y_{± ,k} of points y such that y ∓ tg(y) = x. Then

(7.14) φ_{± ,k}(t, x) := ψ(y_{± ,k})

are solutions of the eikonal equation, and J^ε_± (A) is of the form

(7.15) J^ε_± (A) = � k U_{± ,k}(t, x, φ_{± ,k}(t, x)/ε) ,

with

(7.16) U_{± ,k}(t, x, θ) := 1 Δ_± (t, y_{± ,k}) � H^{m(t,y± ,k)} A � (t, y_{± ,k},θ) ,

The linear theory (see e.g. [Du], [H 2]), shows that

(7.17) u^ε ∼ u + ε I^ε_+ (A_+ ) + ε I^ε_− (A_− ) ∼ u + ε J^ε_+ (A_+ ) + ε J^ε_− (A_− ) .

The phase-amplitude represen tation of u^ε outside the caustic then follows from (7.15). In fact, for linear equations, the results are much more precise and refined stationary phase expansions yield precise descriptions of u^ε near C. ([Lu], [Du], [Ho2]).

For the nonlinear wave equation (7.1) with globally Lipschitzian nonlinearit y f , one can show, with suitable assumptions, that the solution u^ε still have an asymptotic description of the form (7.17) (see [JMR 7]).

Assumptions on the initial phase ψ.

1. ψ ∈ C^∞ (ω ), ω open subset of IR^d, and the measure of ∂ω in IR^d is 0. 2. dψ (y) ≠ 0 for all y ∈ ω . 3. The number of solutions y of y ± tg(y) = x is bounded independently of (t, x). 4. Nonresonance . For all domains Ω which do not intersect C, the local phases φ_{± ,k} (7.14) do not resonate, which means that for all families α_{± ,k} ∈ ZZ with at least two nonvanishing components, � α_{± ,k} φ_{± ,k} is noncharacteristic a.e. on Ω.

Examples and Remarks. 1. Examples of phases which satisfy these assumptions are

a) ψ(y) = |y|, away from the origin. b) ψ(y) = a_1 y^2_1 + a_2 y^2, on IR^2\0. c) ψ(y) = y_d + y^2_1 + ... + y^2_{d− 1} in IR^d.

2. The second assumption can be relaxed, to cover the case where ψ has isolated critical points as in example b), or isolated singular points as in the first exemple. The third condition, requires that the mapping y → y ± tg(y) is not too complicated.

3. Much more importan t is the nonresonance condition 4. This assumption is much weaker than coherence. Coherence would require that the phases � α_{± ,k} φ_{± ,k} are nowhere characteristic.

Moreover, the coherence assumption is not satisfied in the examples b) or c) above, while the nonresonance condition 4, is satisfied in these examples.

We refer the reader to [JMR 7] for further examples and discussions.

Assumptions on the Cauchy data . Suppose that u_0 ∈ H^1(IR^d), that U_0(x, θ) and U_1(x, θ) are smooth enough, periodic in θ and vanish for x /∈ ω . Error terms r^ε_0 and r^ε_1 can be added to the Cauchy data, provided that they converge to zero in H^1(IR^d) and L^2(IR^d) respectively.

The idea is that Lagrangian integrals can be used to study the asymptotic behaviour of the solutions u^ε of the Cauchy problem (7.1) (7.2). We sketch the main steps, referring for details to [JMR 7].

A) L^2 estimates of oscillatory integrals . For A smooth enough, I^ε_± (A) and J^ε_± (A) are bounded families in L^∞ ([0,T],L^2(IR^d) and

lim sup

ε→ 0

||I^ε_± (A) (t) ||_L2_{(IR}d_) ≤ ||A(t) ||_L2_{(ω × IR/ZZ)} ,

lim sup

ε→ 0

||J^ε_± (A) (t) ||_L2_{(IR}d_) ≤ C ||A(t) ||_L2_{(ω × IR/ZZ)} .

The limsup’s are uniform on bounded intervals of time. Moreover, for all T,

||I^ε_± (A) − J^ε_± (A) ||_L2_{([0,T]× IR}d_) → 0 as ε → 0.

A stronger convergence in L^∞ ([0,T];L^2(IR^d)) holds, when additional transv ersalit y conditions are satisfied (see [JMR 7]). These conditions are satisfied in the three examples of phases given above.

B) Nonlinear functions of Lagrangian integrals . Suppose that Ω does not intersect C. Let φ_{± ,k} denote the local phases on Ω defined in (7.14). Suppose that

(7.18) v^ε ∼ v + J^ε_+ (B_+ ) + J^ε_− (B_− ) .

Then, by (7.15), v^ε is of the form v^ε ∼ v + � V_{± ,k} ( ·,φ_{± ,k}/ε) . Thus,

(7.19) f (v^ε(t, x)) ∼ F (t, x, φ_∗(t, x)/ε) ,

where

(7.20) F (t, x, θ_∗) := f � v(t, x) + � V_{± ,k}(t, x, θ_{± ,k}) � .

We have used the notation, θ_∗ := {θ_{± ,k}}, φ_∗ := {φ_{± ,k}}.

The idea is now to extract from (7.19) the characteristic oscillations. Here we use the nonresonance assumption. Introduce first the total average

(7.21) E_0(v,B_+ ,B_− ) (t, x) := � F (t, x, θ_∗) dθ_∗ .

Next, for (t, y) such that x := y− tg(y) /∈ C_+ , label the y_{± ,k} so that y = y_{+ ,1}. Introduce the average of F with respect to the variables θ_∗ except the first one θ_{+ ,1} :

(7.22) F_{+ ,1}(v,B_+ ,B_− ) (t, y,θ_{± ,1}) := � F (t, x, θ_∗) dθ_{+ ,2} ...dθ_{− ,1} ... .

Its oscillatory part is

(7.23) F^{osc}_{+ ,1}(t, y,θ) := F_{+ ,1}(v,B_+ ,B_− ) (t, y,θ) − E_0(v,B_+ ,B_− )(t, x) .

To lift it to the Lagrangian, introduce

(7.24) E_+ (v,B_+ ,B_− ) (t, y,θ) := Δ_+ (t, y) � H^{− m(t,y)} F^{osc}_{+ ,1} � (t, y,θ) .

The definition of E_− (v,B_+ ,B_− ) is similar.

The Lipschitz property (7.3) for f and the L^2 estimates for J^ε, imply that the nonlinear operators E_0 and E_± act nicely in L^2. Moreover, Expanding F (t, x, η_∗) into its Fourier series and using the non resonance assumption , one proves that

(7.25) f (v^ε) ∼ E_0 + J^ε_+ (E_+ ) + J^ε_− (E_− ) + g^ε ,

where g^ε has no characteristic oscillations .

C) The profile equations .

Now take v^ε = ∂_tu^ε and consider f (v^ε) as a source term for . Only the characteristic oscillations are propagated. Thus the terms g^ε in (7.25) are expected to contribute small errors in H^1. On the other hand, standard computations for oscillatory integrals, show that � ε I^ε_± (A_± ) � ∼ I^ε_± (2 ∂_t B_± ) and ∂_t � ε I^ε_± (A_± ) � ∼ I^ε_± (B_± ) ,

with B_± := ± |dψ | ∂_θ A_± . Assuming that u^ε is asymptotically given by (7.17), these considerations lead, for u and B_± := ± |dψ | ∂_θ A_± , to the following set of equations :

(7.26) � � � u + E_0(∂_tu,B_+ ,B_− ) = 0, 2∂_tB_+ + E_+ (∂_tu,B_+ ,B_− ) = 0, 2∂_tB_− + E_− (∂_tu,B_+ ,B_− ) = 0.

The natural initial conditions are

(7.27) � � � u_{|t=0} (x) = u_0(x) , ∂_tu_{|t=0} (x) = u_1(x) := 1 2π �_{2π} 0 U_1(x, θ) dθ,

B_{± |t=0} (x, θ) =^1_2 � U_1(x, θ) − u_1(x) ± |dψ (x)| ∂_θU_0(x, θ) � .

Remark that the data of B_± uniquely determines A_± , since both are periodic in θ and their mean values are zero. B_± corresp onds to the time derivatives of ε I^ε_± (A_± ). For the spatial derivatives, one has

(7.28) ∂_{xj} � ε I^ε_± (A_± ) � ∼ I^ε_± (B_{± ,j} ) with B_{± ,j} := ∂_{yj} ψ ∂_θ A_± = ±

∂_{yj} ψ |dψ |

B_± .

D) The main result.

Theorem. ([JMR 7]) i) The profile equations (7.26) with Cauchy data (7.27) have a unique solution.

ii) For all T > 0, the solutions u^ε of (7.1) with Cauchy data (7.2), satisfy

(7.29) � � � u^ε − u → 0 ∂_tu^ε − � ∂_tu + I^ε_+ (B_+ ) + I^ε_− (B_− ) � → 0 ∂_{xj} u^ε − � ∂_{xj} u + I^ε_+ (B_{+ ,j} ) + I^ε_− (B_{− ,j} ) � → 0 strongly in C^0([0,T],L^2(IR^d)).

iii) In addition, for all T > 0,

(7.30) � ∂_tu^ε − � ∂_tu + J^ε_+ (B_+ ) + J^ε_− (B_− ) � → 0 ∂_{xj} u^ε − � ∂_{xj} u + J^ε_+ (B_{+ ,j} ) + J^ε_− (B_{− ,j} ) � → 0 strongly in L^2([0,T]× IR^d).

The relations (7.29) and (7.30), are the precise statemen ts corresp onding to the equivalence

(7.31) u^ε ∼ u + ε I^ε_+ (A_+ ) + ε I^ε_− (A_− ) ∼ u + ε J^ε_+ (A_+ ) + ε J^ε_− (A_− ) .

The form (7.15) of J^ε_± (A_± ) provides a phase amplitude expansion for u^ε, outside the caustic set.

References. [BB] W.Blaschke and G.Bol, Geometrie der Gewebe, Springer-Verlag, New York, 1938. [CB] Y. Choquet-Bruhat, Ondes asymptotiques et appro chées pour les systèmes d’équations aux dérivées partielles non linéaires, J. Math. Pure Appl. 48(1969), 117-158.

[Che 1] C. Cheverry, Oscillations de faible amplitude pour les systèmes 2 × 2 de lois de conservation, Asymptotic Analysis, to appear.

[Che 2] C. Cheverry, Optique géométrique faiblement non linéaire, le cas général, preprin t. [Che 3] C. Cheverry, Justification de l’optique géométrique non linéaire pour un système de lois de conservation, Séminaire de l’École Polytechnique, année 94-95, expose n˚15.

[Che 4] C. Cheverry, Propagation d’oscillations près d’un point diffractif, J.Maths. Pures et Appl., to appear.

[Chi] J. Chikhi, Sur la réflexion des oscillations pour un système à deux vitesses, C.R. Acad. Sciences Paris, 313 (1991), pp 675-678.

[Co 1] A.Corli, Weakly non-linear geometric optics for hyperbolic systems of conservation laws with shock waves, Asymptotic Analysis 10 (1995) pp 117-172.

[Co 2] A.Corli, Asymptotic analysis of contact discontinuities, preprin t.

[De] J.M. Delort, Oscillations semi-linéaires multiphas ées compatibles en dimension 2 et 3 d’espace, Comm. in Partial Diff. Equ., 16 (1991) pp 845-872.

[DiP 1] R.Di Perna, Convergence of approximate solutions to conservation laws, Arch. for Rat. Mech.

Anal., 82 (1983) pp 27-70. [DiP 2] R.Di Perna, Compensated compactness and general systems of cnservation laws, Trans. Amer.

Math. Soc., 292 (1985) pp 383-420. [DiPM] R.Di Perna and A.Majda, The validity of nonlinear geometric optics for weak solutions of conservation laws, Comm. Math. Phys. 98 (1985), pp 313-347.

[Do] P. Donat, Quelques contributions math ématiques en optique non linéaire, thèse, École Polytechnique, 1994.

[DR] P. Donat and J.Rauc h, Dispersive nonlinear geometric optics, preprin t. [Du] J.J. Duistermaat, Oscillatory integrals, Lagrangian immersions and unfolding of singularities, Comm. Pure Appl. Math. 27(1974), 207-281.

[DH] J.J. Duistermaat and L. Hörmander, Fourier Integral Operators II, Acta. Math. 128 (1972), pp 183-269.

[G 1] O. Gues, Ondes solitaires engendrées par l’interaction d’ondes oscillantes non linéaires, J. Math.

Pures et Appl., 74 (1995), pp 199-252. [G 2] O. Gues, Développements asymptotiques de solutions exactes de systèmes hyperboliques quasilinéaires, Asymptotic Anal., 6 (1993), pp 241-269.

[G 3] O. Gues, Ondes multidimensionnelles ε-stratifi ées et oscillations, Duke Math. J., 68 (1992) pp 401-446.

[He] A.Heibig, Error estimates for oscillating solutions to hyperbolic systems of conservation laws, Comm. in Partial Diff. Equ., 18 (1993), pp 281-304.

[Hö 1] L. Hörmander, Fourier Integral Operators I, Acta. Math. 127 (1971), 79-183. [Hö 2] L. Hörmander, The Analysis of Linear Partial Differ ential Operators , Springer-Verlag, 1991.

[Hu] J.Hun ter, Strongly nonlinear hyperbolic waves, in Ballman J., Jeltsc h R. eds, Notes on numerical fluid dynamics, Vol 24, Nonlinear Hyperbolic Equations, Braunsc hweig, Vieweg, 1989.

[HK1] J. Hunter and J. Keller, Weakly nonlinear high frequency waves, Comm. Pure Appl. Math. 36 (1983), 547-569.

[HK2] J. Hunter and J. Keller, Caustics of nonlinear waves, Wave Motion 9 (1987), 429-443. [HMR] J. Hunter, A. Majda, and R. Rosales, Resonan tly interacting weakly nonlinear hyperbolic waves II : several space variables, Stud. Appl. Math. 75(1986), 187-226.

[J] J.L. Joly, Sur la propagations des oscillations semi-lineares en dimension 1 d’espace, C. R. Acad.

Sc. Paris, t.296, 1983. [JMR 1] J.-L. Joly, G. Metivier, and J. Rauch, Resonan t one dimensional nonlinear geometric optics J. of Funct. Anal., 114, 1993, pp 106-231.

[JMR 2] J.-L. Joly, G. Metivier, and J. Rauch, Coherent and focusing multidimensional nonlinear geometric optics, Annales de L’École Normale Supérieure de Paris, 28 (1995), PP 51-113.

[JMR 3] J.-L. Joly, G. Metivier, and J. Rauch, Generic rigorous asymptotic expansions for weakly nonlinear multidimensional oscillatory waves, Duke Math. J., 70 (1993), 373-404.

[JMR 4] J.-L. Joly, G. Metivier, and J. Rauch, Coherent nonlinear waves and the Wiener algebra, Ann.

Inst. Fourier, 44 (1994), 167-196. [JMR 5] J.-L. Joly, G. Metivier, and J. Rauch, Focusing at a point and absorption of nonlinear oscillations, Trans. Amer. Math. Soc., to appear.

[JMR 6] J.-L. Joly, G. Metivier, and J. Rauch, Trilinear compensated compactness, Annals of Maths., 142 (1995), pp 121-169.

[JMR 7] J.-L. Joly, G. Metivier, and J. Rauch, Nonlinear oscillations beyond caustics, Comm. on Pure and Appl. Math., to appear.

[JMR 8] J.-L. Joly, G. Metivier, and J. Rauch, Dense oscillations for the compressible 2-D Euler equations,in Non Linear Partial Differen tial Equations, and their Applications (H.Brezis and J.L.Lions eds), Pitman Publ. Corp, to appear.

[JMR 9] J.-L. Joly, G. Metivier, and J. Rauch, A nonlinear instabilit y for 3 × 3 systems of conservation laws, Comm. in Math. Physics, 162 (1994) pp 47-59.

[JR 1] J.L. Joly and J. Rauch, Justification of multidimensional single phase semilinear geometric optics, Trans. Amer. Math. Soc. 330 (1992), 599-625.

[JR 2] J.L. Joly and J. Rauch, Nonlinear resonance can create dense oscillations, in Microlocal Analysis and Nonlinear Waves, (M.Beals, R.Melrose, J.Rauc h eds), Springer Verlag, volume 30 (1991), pp 113-124.

[Kal] L.A. Kalyakin, Long wave asymptotics, integrable equationsas asymptotic limit of nonlinear systems, Russian Math Surveys vol.44 no.1 (1989), 3-42.

[K] J. Keller, Corrected Bohr-Sommerfield quantum conditions for nonseparable systems, Ann. Physics 4, (1958), 180-188.

[La] P.Lax, Asymptotic solutions of oscillatory initial value problems, Duke Math. Journal, 24 (1957) pp627-645.

[Li] J.L.Lions, Quelques méthodes de résolution de problémes aux limites non linéaires, Dunod, Gauthier- Villars, Paris 1969.

[LS] J.L.Lions and W.Strauss, Some nonlinear evolution equations, Bull.Soc. Math. France, 93 (1965), pp 43-96.

[Liu] T.P.Liu, Decay to N-waves of solutions of general systmes of nonlinear hyperbolic conservation laws, Comm. on Pure and Appl. Mtah., 30 (1977) pp 585-610.

[Lu] D. Ludwig, Uniform asymptotic expansions at a caustic, Comm. Pure and Appl. Math, 13 (1966), 85-114.

[MA] A.Majda and M.Artola , Nonlinear geometric optics for hyperbolic mixed problems, in Analyse Math ématique et Applications, Gauth uier-Villars, Paris 1988.

[McLPT] D.W.McLaughlin, G.Papanicolaou and L.Tartar, Weak limits of semi-linear hyperbolic systems with oscillating data, in Macroscopic Modelling of Turbulen t Flow, Lecture Notes in Physics, 230 (1985), pp277-298.

[MR] A. Majda and R. Rosales, Resonan tly interacting weakly nonlinear hyperbolic waves I : a single space variable, Stud. Appl. Math. 71(1984), 149-179.

[MRS] A. Majda, R. Rosales and M. Schonbeck, A canonical system of integrodifferen tial equations arising inresonan t nonlinear acoustics, Stu. Appl. Math., 79 (1988) pp 205-262.

[P] Sur les surfaces de translation et les fonctions Abeliennes, Bull. Soc. Math. France, 29 (1901), pp 61-86.

[Se 1] D. Serre, Oscillations non linéaires des systèmes hyperboliques : méthodes et résultats qualitatifs, Ann. Inst. Henri Poincaré, 8 (1991) pp 351-417.

[Se 2] D. Serre, Oscillations non linéaires de haute fréquence,

in Marino A and Murth y M.K.V. eds, Nonlinear variational problems and partial differen tial equations, Pitman Research Notes 320, pp 245-294, Lonres 1995.

[Sch 1] S. Schochet, Resonan t nonlinear geometric optics for weak solutions of conservation laws, J. Dif.

Equ., 113 (1994) 473-504.

[Sch 2] S. Schochet, Fast singular limits of hyperbolic partial differen tial equations, J.Diff.Eq. 114 (1994), pp 474-512.

[T] L. Tartar, Solutions oscillantes des équations de Carleman, Séminaire Goulaouic- Schwartz, École Polytechnique, Paris, année 1980-0981.

[Wa] T. Wagenmak er, Analytic solutions and resonan t solutions of hyperbolic partial differen tial equations, PhD Thesis, University of Michigan, 1993.

[Wi 1] M. Williams, Resonan t reflection of multidimensional semilinear oscillations, Comm. in Partial Diff. Equ. 18 (1993), 1901-1959.

[Wi 2] M. Williams, Nonlinear geometric optics for reflecting and glancing oscillations, preprin t.