CENTRAL LIMIT THEOREM FOR LINEAR GROUPS

YVES BENOIST AND JEAN-FRANCOIS QUINT

ABSTRACT. We prove a central limit theorem for random walks
with finite variance on linear groups.
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1. INTRODUCTION

1.1. Central limit theorem for linear groups. Let V = RY, G =
GL(V) and p be a Borel probability measure on G. We fix a norm
. on V. For n > 1, we denote by u*" the n'-convolution power
fu- - % . We assume that the first moment [, log N(g) du(g) is finite,
where N(g) = max(||g||,||l¢g”"]]). We denote by A; the first Lyapunov
exponent of p, i.e.

(1.1) A c= lim 5 [ log [lgll dw™(g).
1
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Let ¢1,...,Gn, ... be random elements of G' chosen independantly with
law p. The Furstenberg law of large numbers describes the behavior of
the random variables log ||g, - - - g1]|. It states that, almost surely,

(1.2) lim Sloglgn -+ g1l = .

In this paper we will prove that, under suitable conditions, the variables
log||gn - - - g1|| satisfy a central limit theorem (CLT) i.e. that the renor-

! ) ] wegi]|—nA
malized variables OgHg"—gnl””l

Gaussian variable.

Let I', be the semigroup spanned by the support of u. We say that
I', acts strongly irreducibly on V' if no proper finite union of vector
subspaces of V is I'-invariant.

Theorem 1.1. Let V =R G = GL(V) and u be a Borel probability
measure on G such that ', has unbounded image in PGL(V'), I',, acts
strongly irreducibly on V', and the second moment [ (log N(g))* du(g)
15 finite. Let Ay be the first Lyapunov exponent of . Then there exists
® > 0 such that, for any bounded continuous function F on R, one has

(13)  lm [, F (w) A (g) = [ F(5) Sz ds.

n—o0

converge in law to a non degenerate

Remarks 1.2. We will see that under the same assumptions the vari-
ables log ||gn - - - g1|| also satisfy a law of the iterated logarithm (LIL) i.e.

. 1 neg1l—nAL -
almost surely, the set of cluster points of the sequence 281991l -1\
) V2P nloglogn

equal to the interval [-1,1].

According to a result of Furstenberg, when moreover I', is included
in the group SL(V), the first Lyapunov exponent is positive: A\; > 0.

For every non-zero v in V and f in V*, the variables log ||g, - - - g1v]|
and log |f(gn - - - g1v)| also satisfy the CLT and the LIL.

Such a central limit theorem is not always true when the action

of ', is only assumed to be irreducible: in this case the variables

10g ||gn---g1[| =1\
n
variable (see Example 4.15).

We will deduce easily a multidimensional version of this CLT (The-
orem 4.11) and interpret it as a CLT for real semisimple groups (The-
orem 4.16), generalizing Goldsheid and Guivarc’h CLT in [23]. Most
of our results are true over any local field K with no changes in the
proofs.

still converge in law but the limit is not always a Gaussian

1.2. Previous results. Let us give a historical perspective about this
theorem. The existence of such a “non-commutative CLT” was first
guessed by Bellman in [3]. Such a theorem has first been proved
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by Furstenberg and Kesten in [21] for semigroups of positive matri-
ces under an L2*¢ assumption for some ¢ > 0. It was then extended
by Lepage in [39] for more general semigroups when the law has a
finite exponential moment i.e. when there exists a > 0 such that
Jo N(g9)*du(g) < oo. Thanks to later works of Guivarc’h and Raugi in
[31] and Goldsheid and Margulis in [24] the assumptions in the Lepage
theorem were clarified: the sole remaining but still unwanted assump-
tion was that p had a finite exponential moment.

Hence the purpose of our Theorem 1.1 is to replace this finite ex-
ponential moment assumption by a finite second moment assumption.
Such a finite second moment assumption is optimal.

Partial results have been obtained recently in this direction. Tu-
tubalin in [45] has proved Theorem 1.1 when the law p is assumed to
have a density. Jan in his thesis (see [36]) has extended the Lepage
theorem under the assumption that all the p-moments of p are finite.
Hennion in [34] has proved Theorem 1.1 in the case of semigroups of
positive matrices.

There exist a few books and surveys ([14], [20] or [10]) about this
theory of ”products of random matrices”. This theory has had recently
nice applications to the study of discrete subgroups of Lie groups (as in
28], [15] or [6]). These applications motivated our interest in a better
understanding of this CLT.

1.3. Other Central Limit Theorems. The method we introduce
in this paper is very flexible since it does not rely on a spectral gap
property. In the forthcoming paper [9], we will adapt this method to
prove the CLT in other situations where the CLT is only known under
a finite exponential moment assumption:

- The CLT for free groups due to Sawyer-Steger in [41] and Ledrappier
in [38],

- The CLT for Gromov hyperbolic groups due to Bjorklund in [11].

1.4. Strategy. We explain now in few words the strategy of the proof
of our central limit theorem 1.1. We want to prove the central limit
theorem for the random variables k(g, - - - g1) where the quantity

(1.4) r(g) = log|lg]

controls the size of the element g in G. Let X := P(V') be the projective
space of the vector space V := R?. Since this function x on G is closely
related to the “norm cocycle” o : G x X — R given by

(1.5) o(g, z) = log 122l

lloll
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for g in G and z = Rov in P(V'), we are reduced to prove, for every x in
X, a central limit theorem for the random variables o (g, - - - g1, ).

We will follow Gordin’s method. This method has been introduced
in [25] and [26] and has been often used since then, see for instance
[37], [11]. See also [18] and [12, Appendix]| for a survey of this method
and [12, Section 2.4] for the use of this method in order to prove a CLT
and an invariance principle in the context of products of independant
random matrices.

Following Gordin’s method means that, we will replace, adding a
suitable coboundary, this cocycle o by another cocycle g for which
the “expected increase” is constant i.e. such that

/ oo(g, ) dp(g) = M
G

for all x in X. This will allow us to use the classical central limit
theorem for martingales due to Brown in [17]. In order to find this
cocycle oy, we have to find a continuous function ¢ € C°(X) which
satisfies the following cohomological equation

(1.6) p=1—=Py+A,

where P,1) is the averaged function

P x e [5¢(gz) dulg)

and where ¢ € CY(X) is the expected increase of the cocycle o

(1.7) vz [yo(g,2)dulg).

The classical strategy to solve this cohomological equation relies on
spectral properties of this operator P,. These spectral properties might
not be valid under a finite second moment assumption. This is where
our strategy differs from the classical strategy: we solve this cohomolog-
ical equation by giving an explicit formula for the solution 1 in terms of
the fi-stationary measure v* on the dual projective space P(V*), where
ji is the image of p by g — ¢g~*. This formula is

(1.8) (@) = [pm logd(z,y) dvi(y),
where §(z,y) = II%I(Q\)\EJH’ for x = Rv in P(V) and y = Rf in P(V*)

(Proposition 4.9).

The main issue is to check that this integral is finite, i.e. that the
stationary measure v* is log-regular, when the second moment of u is
finite (Proposition 4.5).

Let us recall the Hsu-Robbins theorem which seems at a first glance
unrelated. This theorem is a strengthening of the classical law of
large numbers for centered square-integrable independent identically
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distributed random real variables (¢,),>1. This theorem tells us that
the averages %(901 + -+ + ¢,) converge completely to 0, i.e. that, for

all € > 0, the following series converge :

(1.9) Yot PRl 4 - 4 on] > ) <00

The key point to prove the log-regularity of the stationary measure
v* is to prove an analogue of the Hsu-Robbins theorem for martin-
gales under a suitable condition of domination by a square-integrable
function (Theorem 2.2) and to deduce from it another analogue of the
Hsu-Robbins theorem for the Furstenberg law of large numbers (Propo-
sition 4.1).

Another important ingredient in the proof of the log-regularity of v/*
is the simplicity of the first Lyapounov exponent due to Guivarc’h in

[27] and [31].

1.5. Plan. In Chapter 2, we prove the complete convergence in the law
of large numbers for martingales with square-integrable increments and
we recall the central limit theorem for these martingales with square-
integrable increments.

In Chapter 3, we prove a large deviations estimate in the Breiman
law of large numbers for functions over a Markov-Feller chain, we de-
duce the complete convergence in the law of large numbers for square-
integrable cocycles over random walks and the central limit theorem
when the cocycle is centerable.

In Chapter 4, we prove successively the complete convergence in the
Furstenberg law of large numbers, the log-regularity of the correspond-
ing stationary measure on the projective space, the centerability of the
norm cocycle, and the central limit theorem 1.1. We end this chapter
by the multidimensional version of this central limit theorem.

2. LIMIT THEOREMS FOR MARTINGALES

We collect in this chapter the limit theorems for martin-
gales that we will need in Chapter 3.

2.1. Complete convergence for martingales.

In this section we prove the complete convergence in the
law of large numbers for martingales.

Let (€2, B,IP) be a probability space. We first recall that a sequence
X, of random variables converges completely to X, if, for all € > 0,
> ns1 P(| X — Xoo| > €) < co. By Borel-Cantelli Lemma, complete
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convergence implies almost sure convergence. We recall now the fol-
lowing classical result due to Baum and Katz in [2].

Fact 2.1. Let p > 1, let (pn)n>1 be independant identically distributed
real random variables and S,, = @14+ -+p,. The following statements
are equivalent:

(i) Elp1]P < 0o and E(p;) =0,

(i3) Y, 5, nP2P(]|S,] > ne) < oo, for alle > 0.

When p = 2 the implication (i) = (ii) is due to Hsu-Robbins [35]
and the converse is due to Erdos [19]. In this case, condition (i) means
that the sequence %Sn converges completely towards 0.

When p = 1 this fact is due to Spitzer [42].

Our aim is to prove the following generalization of Baum-Katz the-
orem to martingales. Let By C --- C B, C --- be sub-c-algebras
of B. We recall that a martingale difference is a sequence (¢y,)n>1 of
integrable random variables on 2 such that E(y, | B,—1) = 0 for all
n > 1.

Theorem 2.2. Let p > 1, let (pn)n>1 be a martingale difference and
Sp = 1 + -+ + @, the corresponding martingale. We assume that
there exists a positive function ¢ in LP(Q2) such that, form >1,t >0,

(2.1) E(1{e, >t | Bao1) < P({e > t}) almost surely.
Then there exist constants C,, = Cy,(p, €, ) such that, forn > 1, > 0,
(2.2) P(|S,] > ne) < C,, and an’zC’n <00 .

n>1

The fact that the constants C, are controled by the dominating
function ¢ will be important in our applications. A related theorem
was stated in [44] for p > 2. The extension to the case p = 2 is crucial
for our applications. We stated our result for p > 1 since the proof is
not very different when p = 2.

Proof. Our proof combines the original proof of Baum-Katz theorem
with Burkholder inequality. Since p > 1, we pick v < 1 such that
v > ’%pl. We set, for £ < n,

(2.3) Pk = 0k Ljgy<nny and Ty, = Z Pk -

1<k<n

In order to lighten the calculations we also set

(2.4) Pk = Pk — E(¢nk | Br-1) and T, = Pk
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so that, for all n > 1, the finite sequence (©,, ;.)1<r<n is also a difference
martingale. We can assume ¢ = 3. We will decompose the event
A, = {]S,| > 3n} into four pieces

(2.5) A, CAL,UAy, UA;, UAy,.
The events A; ,, are given by
Ay, = {there exists k < n such that |px| > n}
Ay, = {there exist k; < ko < n such that |pg, | > n7 | |pk,| > n"}
Az = {|T, — Ty| > n}
Ay = {|T,| > n}
The inclusion (2.5) is satisfied since, when none of the four events A, ,, is
satisfied, one has |S,,| < 3n. We will find, for each piece 4, ,,, a constant
Cin = Cin(p, €, @) such that P(A;,,) < Cy, and 3, o P 72Cy, < 00.
First piece. One computes, using the domination (2.1),
P(Ay,) < Cipi=nP(e > n)

and

anﬂC’l,n = an—l[P(go >n) < %E«Sp +1)P)

n>1 n>1
which is ﬁnige since the dor;inating function ¢ is LP-integrable.
Second piece. One computes, using the domination (2.1),

P(Ay,) < Cy, i=n?P(p > n")?

and, using Chebyshev’s inequality,
Z np—2027n < Z nP= 2P (E(pP))?
n>1 n>1

which is finite since vy > ’%.

Third piece. One bounds, remembering that the variables ¢, are
martingale differences and using the domination (2.1),

[E(pni | Be-1)| = [E(pr — oni | Br-1)]
< [ B(lwwl >t | Bea)dt + nP(|x] > 07 | Bya)
< fnoj ]P)(SO > t) dt + ’I”LWP(()O > n’y) = E(QO 1{@>n”}) )

and this right-hand side converges to 0 when n goes to infinity since
the dominating function ¢ is integrable. One deduces the bounds

% ’Tn — Tnl S E((p 1{@>n'y}) y
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with a right-hand side also converging to 0. Hence one can find an
integer ng = no(p, €, ¢) such that, for n > ng, the event As, is empty.
We just set C5,, = 0 when n > ng and Cs,, = 1 otherwise.

Fourth piece. We set Q, = >\, oy po := min(p,2), and
M > 1 to be the smallest integer such that M > ( . According to
the Burkholder inequality (see [32]), since (gomk)lgkgn is a martingale

difference, there exists a constant Dj;, which depends only on M, such
that

Dy'E@,) <E(T,") < DyE@, ).
One computes then, using Chebyshev’s inequality,

(2.6) P(Ay,) <n M BT < Dyn M E@QY).
We expand now E(Q ) as a sum of terms of the form ]E(goiq,il : @iq,‘w)
with 1l <U< M, q,....0. 21,1+ +qg=Mand 1 <k <---<

k¢, < n. Using the bounds, for 1 <k <nand g > 1,
_i?k S (2n7)2q—p0|¢n’k|po ’
and, using the domination (2.1), one bounds each term in the sum
E(Goh, ++ Poik,) < A2V E(p)"
n,k1 n,ke) —

For each value of £ < M, the number of such terms is bounded by M*n.
Summing all these bounds one gets, since ypy > min(2HL, 281) > 1,

27 p
E@,)< Y (AM)ME(ph)! n2—trn+t
1<e<M
< cpon*,

where ¢, , = 4" MM+ max(1,E(¢P)™). Plugging this inside (2.6),
one gets
P(“ 14,7L> S C47n = CP,&pDM n72(1*7)M7

Z np—2C4’n = oDt Z npP—2-20-1M

n>1 n>1
which is finite since M >

and

0

2(1 7"

Remark 2.3. As we have seen in this proof, the assumption (2.1) in
Theorem 2.2 implies that there exists a constant C' := E|p[? such that,
foralln >1

(2.7) E(lenl” | Buo1) < C'.
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However, the conclusion of Theorem 2.2 is no more true if we replace
assumption (2.1) by (2.7). Here is a counterexample. Choose ¢, to be
symmetric independant random variables such that, for 3°-! < n < 3¢,
¢, takes values in the set {—3%,0,3'} and P(p, = £3°) = 377, For
these variables, the conclusion of Theorem 2.2 does not hold. This is
essentially due to the fact that the series > o, n??P(3k <n | |¢k| >
n) diverge (the details are left to the reader since we will not use this
example).

When the martingale difference is uniformly bounded, one has a
much better large deviation estimate than (2.2) due to Azuma in [1].

Fact 2.4. (Azuma) Let (¢n)n>1 be a martingale difference and S, :=
01+ -+ + o the corresponding martingale. If |p,| < a < oo for all
n > 1, then one has for alln > 1, € > 0,

TL52

(2.8) P(S,, > ne) <e 22 .
Proof. We recall Azuma’s proof since it is very short. Assume a = 1.
Using the convexity of the exponential function, one bounds, for all x
52
in [—1,1], e¥* < cosh(e) 4+ o sinh(e) < ez + xsinh(e). Hence, for all
2
k > 1, one has E(e®#* | Bx_1) < ez, and, by Chebyshev’s inequality,

»

2 [ n€2

(ez)"=e" 2.

P(S, > ne) < e e E(efn) < e

2.2. Central limit theorem for martingales.

In this section, we briefly recall the martingale central
limit theorem, which is due to Brown.

Let (€2, B,P) be a probability space, (p,)n>1 be a sequence of positive
integers and, for n > 1, let

Bn,() C---C Bn,pn

be sub-g-algebras of B.

Let E be a finite dimensional normed real vector space. We want to
define the gaussian laws Ng on F. Such a law is completely determined
by its covariance 2-tensor ®. If we fix a euclidean structure on F this
covariance 2-tensor is nothing but the covariance matriz of Ng. Here
are the precise definitions.

We denote by S?FE the space of symmetric 2-tensors of E. Equiva-
lently, S?E is the space of quadratic forms on the dual space E*. The
linear span of a symmetric 2-tensor ® is the smallest vector subspace
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Es C E such that ® belongs to S?Eg. A 2-tensor ¥ € S?E is non-
negative (which we write W > 0) if it is non-negative as a quadratic
form on the dual space E*. For every v in F we set v? ;= v®v € S?°E,
and we denote by

Bg := {v € Ey | ®—v” is non-negative}

the unit ball of . For any non-negative symmetric 2-tensor ® € S?E,
we let Ng be the centered gaussian law on E with covariance 2-tensor
®, i.e. such that,

P = [, v*dNg(v).
For instance, Ng is a Dirac mass at 0 if and only if ® = 0 if and only
if Fs = {0}.
The following theorem is due to Brown in [17] (see also [32]).

Fact 2.5. (Brown Martingale central limit theorem) For 1 < k < p,,
let o : 0 = E be square-integrable random variables such that

(2.9) E(@n s | Bug_1) = 0.

We assume that the S?E-valued random variables

(2.10) W, = Z E(@2 ) | Buj—1) converge to ® in probability,

1<k<pn

and that, for all € > 0,

(2.11) W.,:= Z E(©2 kg lze} | Bujg-1) — 0 in probability.
1<k<pn

Then the sequence S, = Zlgkzgpn Ok converges in law toward Ng.

Under the same assumptions, the sequence S, also satisfies a law
of the iterated logarithm, i.e. almost surely, the set of cluster points
of the sequence ﬁ is equal to the unit ball By (indeed the

sequence S, satisfies an invariance principle see [32, Chap. 4]).

The assumption (2.11) is called Lindeberg’s condition.

We recall that a sequence X, of random variables converges to X
in probability, if, for all € > 0, P(|X,, — Xo| > ) —— 0.

n—oo

3. LIMIT THEOREMS FOR COCYCLES

In this chapter we state various limit theorems for cocy-
cles and we explain how to deduce them from the limit
theorems for martingales that we discussed in Chapter 2.
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3.1. Complete convergence for functions.

In this section, we prove a large deviations estimate in
the law of large numbers for functions over Markov-Feller
chains.

Let X be a compact metrizable space and C°(X) be the Banach space
of continuous functions on X. Let P : C°(X) — C°(X) be a Markov-
Feller operator i.e. a bounded operator such that ||P|| < 1, P1 =1
and such that Pf > 0 for all functions f > 0. Such a Markov-Feller
operator can be seen alternatively as a weak-* continuous map x — P,
from X to the set of probability measures on X, where P, is defined
by P.(f) = (Pf)(z) for all fin C°(X). We denote by X the compact
set X = XV of infinite sequences x = (x¢, 71, Zs,...). For z in X, we
denote by P, the Markov probability measure on X i.e. the law of the
trajectories of the Markov chain starting from x associated to P.

Given a continuous function ¢ on X, we define its upper average by

¢ = sup, [, plx) dv(x)
and lower average by

(= inf, [, @(z)dv(z)
where the supremum and the infimum are taken over all the P-invariant
probability measures v on X. We say ¢ has unique average if ﬁ;f =L,
According to the Breiman law of large numbers in [16] (see also [10]),
for such a ¢, for any x in X, for P -almost every z in X, the sequence
% Y ry p(xk) converges to é;f = (. The following proposition is a large
deviations estimate for the Breiman law of large numbers.

Proposition 3.1. Let X be a compact metrizable space, and P be a
Markov-Feller operator on X. Let ¢ be a continuous function on X
with upper average f:g and lower average £, . Then, for alle > 0, there
exist constants A > 0, a > 0 such that

(1) P({zeX | LY plo) €[l —c h+e]}) < Aemen,
foralln >1 and all x in X.

Note that £, = Eg as soon as P is uniquely ergodic, i.e. as soon as
there exists only one P-invariant Borel probability measure v on X.

Proof. We assume |¢|lc = 3. We introduce, for 1 < ¢ < n, the

bounded functions ¥,, and ¥, , on X given, for z in X, by
U, (z) = p(z,) and Yy, (z) = (Pe¢)(xn—€)'
so that, for z in X,

\I/gﬂ = Ex(\lfn | Xn_g) Px—a.s.,
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where A&, is the o-algebra on X spanned by the functions x — x; with
k < n. On one hand, one has the uniform convergence

(3.2) max(f;f, # Z;nzl Plip) —— f;f
m—ro0
in C°(X). Hence we can fix m such that, for all z € X,
% 2721 P‘j@(x) < 6; + i-
Then, for all n > 1 and z € X, one has

i ohmt 2ot Wikg (@) < 65+ 5.

In particular, if n > ng := 4?’”, one also has
(3.3) ﬁ Z;gn:tgﬂ Z;nzl Uin(z) < 6; + 3

On the other hand, for all 1 < 7 < m, x € X, by Azuma’s bound
(2.8) and the equalities, for & > j, E,(V,;_1, — V% | Xx—;) = 0, one
has

P.({z € X |25 (V1 k(z) — Wi(a))| > 5)) <emn?.
Adding these bounds, one gets, forall 1 < j<m, x € X,

n62
P, ({z € X | [ X0 1 (W) — Uyu(a))] > §}) < me 5,

and hence
Po({z € X | |5 S0 mia (Ta(z) —
Combining this formula with (3.3

7182
e Vik(@))] = §}) < mP e,
), one gets the desired bound,
2

P,({z e X | 2370, Wi(z) > €} +}) <m?e w7,
for all n > ng and x € X. O

3.2. Complete convergence for cocycles.

In this section, we prove the complete convergence in the
law of large numbers for cocycles over G-spaces.

Let G be a second countable locally compact group acting continu-
ously on a compact second countable topological space X. Let u be a
Borel probability measure on G.

We denote by (B, B, ) the associated one-sided Bernoulli space i.e.
B = GY" is the set of sequences b = (by,...,by,,...) with b, in G, B
is the product o-algebra of the Borel o-algebras of G, and § is the
product measure u®Y . For n > 1, we denote by B, the o-algebra
spanned by the n first coordinates by, ..., b,.

We will apply the results of Section 3.1 to the averaging operatori.e.
the Markov-Feller operator P = P, : C°(X) — C°(X) whose transition
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probabilities are given by P, = %9, for all x in X. For every x in X,
the Markov measure PP, is the image of # by the map

B— X, b— (I,blI,bell‘,bngbll‘, .. )

We denote by p*" the n't-convolution power i * - -+ * pu.

Let E be a finite dimensional normed real vector space and o a
continuous function ¢ : G x X — E. This function o is said to be a
cocycle if one has
(34)  o(9d.2) =0(g,9x) +o(g',x) foranyg,g €CG, zeX.

We introduce the sup-norm function og,,. It is given, for g in G, by

(3.5) Tsup(9) = SuPgex [|o(g, )| -
We assume that this function o, is integrable
(3.6) J osup(9) dulg) < oo

Recall a Borel probability measure v on X is said to be p-stationary
if o * v = v, that is, if it is P,-invariant. When E' = R, we define the
upper average of o by

i =sup, fo,x 0(g,2) du(g)dr(z),

and the lower average

g

o, =inf, [, o(g z)du(g)dv(z),

where the supremum and the infimum are taken over all the p-stationary
probability measures v on X. We say that o has unique average if
the averages do not depend on the choice of the u-stationary proba-
bility measure v i.e. if a;r = 0,. In this case, these functions sat-
isfy also a law of large numbers, i.e. under assumption (3.6) if o has

unique average, for any x in X, for S-almost every b in B, the sequence

Py M converges to o, (see [10, Chap. 2]).

The following proposition 3.2 is an analog of Baum-Katz theorem for
these functions. For p = 2, it says that, when oy, is square integrable,
this sequence converges completely.

Proposition 3.2. Let G be a locally compact group, X a compact
metrizable G-space, p a Borel probability measure on G and p > 1. Let
0 :GxX — R be a continuous function such that o, is LP-integrable.
Let 0:[ and o, be its upper and lower average. Then, for any ¢ > 0,
there exist constants D,, such that,

p—2
2@1 nP=2D, < oo,
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and, form>1, x € X,
B({be B| ¥Lj, Mttt ¢ (oo — e o +]}) < D,

n 2
In particular, when o is a cocycle, one has, forn > 1, x € X,

(3.7) pwh{g e G 2L & (o, —e,0f +e]}) <D, .

The fact that the constants D,, do not depend on x will be important
for our applications.

Proof. According to Proposition 3.1, the conclusion of Proposition 3.2
is true when the function ¢ does not depend on the variable g. Hence
it is enough to prove Proposition 3.2 for the continuous function ¢’ on
G x X given, for g in G and z in X, by

o'(g,x) = 0(g,7) = Jgo(g,z) dulg).
By construction, the sequence of functions ¢, on B given, for b in B,
by
gOn(b) = 0'/(bn, bn,1 e bll')
is a martingale difference. Hence our claim follows from Theorem 2.2
since the functions ¢, satisfy the domination (2.1): for n > 1, ¢ > 0,

E(1gg, 15ty | Boo1) < {9 € G| oaup(g) + M > t}) .
where M is the constant M := [, owp(g) du(g). O

3.3. Central limit theorem for centerable cocycles.

In this section we explain how to deduce the central limit
theorem for centerable cocycles from the central limit
theorem for martingales.

Let 0 : G x X — FE be a continuous cocycle. When the function
Osup is p-integrable, one defines the drift or expected increase of o: it is
the continuous function X — E;z — [, 0(g,x)du(g). One says that
o has constant drift if the drift is a constant function:

(3.8) Joo(g.z)du(g) = o,
One says that o is centered if the drift is a null function.

A continuous cocycle o : G x X — F is said to be centerable if it is
the sum

(3.9) o(g,x) = oo(g, x) + ¥ (z) — P(gz)

of a cocycle 0y(g, ) with constant drift o, and of a coboundary ¢ (z) —
¥ (gx) given by a continuous function 1) € C°(X). A centerable cocycle
always has a unique average: for any p-stationary probability v on X,
one has

foX O'(g, JI) dﬂ(Q) dl/(.r) = 0Oy-
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Here is a trick to reduce the study of a cocycle with constant drift
0, to one which is centered. Replace G by G’ := G x Z where Z acts
trivially on X, replace p by ' := p ® d1, so that any p-stationary
probability measure on X is also p'-stationary, and replace o by the
cocycle

(3.10) o' :G'x X — E given by 0o'((g,n),z) = o(g,z) — no,,.
A centerable cocycle o is said to have unique covariance ®,, if

(3.11) P, = [, .x(00(g,x) — 0,)*du(g) dv(z) does not depend
on the choice of the u-stationary probability measure v,

where oq is as in (3.9). This covariance 2-tensor ®, € S*E is non-
negative.

Remark 3.3. This assumption does not depend on the choice of .
More precisely, if oy and o; are cohomologous centered cocycles, for
any p-stationary Borel probability measure v on X, one has

(312)  fayx 00(9,2)* dp(g) dv(z) =[5, i 01(g,2)* du(g) dv(z).

Indeed, since oy and o are centered and cohomologous, we may write,
for any g, x, 01(g, ) = 00(g,x) + ¥ (x) —(gx) where 9 is a continuous
function on X and P, = ¢. Now, the difference between the two sides
of (3.12) reads as

(3.13) 2 [ x 00(g, 2)¥(gz) dp(g) dv ().

By ergodic decomposition, to prove this is 0, one can assume v is -
ergodic. In this case, since P, = 1, 9 is constant v-almost everywhere
and (3.13) is proportional to [,y 0o(g,z) du(g) dv(z), which is 0 by
assumption.

Theorem 3.4. (Central limit theorem for centerable cocycles) Let G
be a locally compact group, X a compact metrizable G-space, E a
finite dimensional real vector space, and p a Borel probability mea-
sure on G. Let 0 : G x X — FE be a continuous cocycle such that
Jo Osup(9)? du(g) < co. Assume that o is centerable with average o,
and has a unique covariance ®,, i.e. o satisfies (3.9) and (3.11). Let
N, be the Gaussian law on E whose covariance 2-tensor is @,,.

Then, for any bounded continuous function v on E, uniformly for x
m X, one has

(3.14) S (H8m ) e (g) —— [ (0) AN, (v)

Note that Hypothesis (3.11) is automatically satisfied when there
exists a unique p-stationary Borel probability measure v on X.
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Remarks 3.5. When E = R?, the covariance 2-tensor ®,, is nothing but
the covariance matriz of the random variable oy on (G x X, u ® v).

The conclusion in Theorem 3.4 is not correct if one does not assume
the cocycle o to be centerable.

Proof. We will deduce Theorem 3.4 from the central limit theorem 2.5
for martingales.

As in the previous sections, let (B, B, ) be the Bernoulli space with
alphabet (G, ). We want to prove that, for any sequence x,, on X, the
laws of the random variables S,, on B given, for b in B, by

Sn(b) == \/Lﬁ(a(bn o+ by,xy) — noy,)
converge to N,,.

Since the cocycle o is centerable, one can write ¢ as the sum of
two cocycles 0 = g9 + 01 where oy has constant drift and where o
is a coboundary. In particular the cocycle oy is uniformly bounded
and does not play any role in the limit (3.14). Hence we can assume
o = 0y. Using the trick (3.10), we can assume that o, = 0 i.e. that o
is a centered cocycle.

We want to apply the martingale central limit theorem 2.5 to the
sub-o-algebras B, = Bj spanned by by,...,b; and to the triangular
array of random variables ¢, on B given by, for b in B,

Oni(b) = \/iﬁa(bk,bk_l coobyxy), for 1<k<n.
Since, by the cocycle property (3.4), one has
Sn = lekgn Pk

we just have to check that the three assumptions of Theorem 2.5 are
satisfied with ® = ®,. We keep the notations W, and W, of this
theorem.

First, since the function oy, is square integrable, the functions ¢, x
belong to L?(B, 3), and, by Equation (3.8), the assumption (2.9) is
satified: for S-almost all b in B,

(s | Bey) / (g, b - b dp(g) = 0
G

Second, we introduce the continuous function on X,

v M(2) = [ (g0 duto).
and we compute, for S-almost all b in B,

Wn(b) = % Zlgkgn M(bk,1b1$n)
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According to Proposition 3.1, since o has a unique covariance ®,,, the
sequence W), converges to ®,, in probability, i.e. the assumption (2.10)
is satisfied.

Third, we introduce, for A > 0, the continuous function on X

s My() = /G (9, 7)1 igey o di(9)

and the integral

_[)\ = / O-Szup<g)1{0'sup(g)2>\} dﬂ(g) )
G

we notice that
MA(I) S I)\ E— 0,
A—00

and we compute, for € > 0 and [-almost all b in B,

ng(b) = %Zlgkgn Mg\/ﬁ(bkfl--'blxn) < [s\/ﬁ — 0.

n—oo

In particular the sequence W, ,, converges to 0 in probability, i.e. Lin-
deberg’s condition (2.11) is satisfied.
Hence, by Fact 2.5, the laws of S,, converge to N,. U

4. LIMIT THEOREMS FOR LINEAR GROUPS

In this chapter, we prove the central limit theorem for
linear groups (Theorem 1.1). Our main task will be to
prove that the norm cocycle (1.5) is centerable

4.1. Complete convergence for linear groups.

In this section we prove the complete convergence in the
Furstenberg law of large numbers.

Let K be a local field. The reader who is not familiar with local fields
may assume K = R. In general, a local field is a non-discrete locally
compact field. It is a classical fact that such a field is a finite extension
of either
() the field R of real numbers (in this case, one has K =R or C), or
(i7) the field Q, of p-adic numbers, for some prime number p, or
(i17) the field F,((¢)) of Laurent series with coefficients in the finite field
[F,, of cardinality p, for some prime number p.

Let V' be a finite dimensional K-vector space. We fix a basis ey, ..., e
of V and the following norm on V. For v = ) wve; € V we set ||v|| =
(3" |v;]2)2 when K = R or C, and |Jv|| = max(|v;|) in the other cases.
We denote by ej,..., e} the dual basis of V* and we use the same
symbol ||.|| for the norms induced on the dual space V*, on the space



18 YVES BENOIST AND JEAN-FRANCOIS QUINT

End(V) of endomorphisms of V, or on the exterior product A%V, etc...
We equip the projective space P (V') with the distance d given, by

d(z,2") = H””/\””;,HH for x = Kv, 2/ = Ko’ in P(V).

[[v

For g in GL(V), we write N(g) := max(||g][, |lg~*]])-

Let 1 be a Borel probability measure on G := GL(V') with finite
first moment: [,log N(g)du(g) < co. We denote by T, the subsemi-
group of GG spanned by the support of p, and by A; the first Lyapunov
exponent of y,

(41) A= Tim 2 [ log gl dj ().
Let by,...,b,,... be random elements of G chosen independantly

with law pu. The Furstenberg law of large numbers describes the be-
havior of the random variables log ||b,, - - - by ||. It is a direct consequence
of the Kingman subadditive ergodic theorem (see for example [43]). It

states that, for u®N -almost any sequence (by,...,b,,...) in G, one has
n—o0o

The following Proposition 4.1 is an analogue of the Baum-Katz the-
orem for the Furstenberg law of large numbers. For p = 2, it says that,
when the second moment of p is finite, this sequence (4.2) converges
completely.

Proposition 4.1. Let p > 1 and V = K. Let u be a Borel prob-
ability measure on the group G := GL(V), such that the p™*-moment
Jo(log N(g))P du(g) is finite. Then, for every e > 0, there exist con-
stants Cy, = Cy(p, e, p) such that Y., o, nP~2C,, < oo and

(4.3) 1" ({g € G such that |log|lg|| — nA\i| > en}) < C,,.
Moreover, if I',, acts irreducibly on V', for any v in V ~ {0}, one has

(4.4) " ({g € G such that |log ””g:”” —n\| >en}) <G,

Proof. We first prove the claim (4.3). We fix ¢ > 0. We will apply
Proposition 3.2 to the group G = GL(V) acting on the projective
space X = P(V) and to the norm cocycle

o:GxX —=>R; (g,Kv)n—Hog%

for which the function og,, is LP-integrable. According to Furstenberg-
Kifer and Hennion theorem in [22, Th. 3.9 & 3.10] and [33, Th. 1&
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Cor. 2] (see also [10, Ch. 3]), the Lyapunov exponent \; is the upper
average of o i.e.

A = $uD, [ 7(9.7) dpa(g) dv(z),

and there exists a unique I',-invariant vector subspace V' C V such
that, on one hand, the first Lyapunov exponent \| of the image 1" of 1
in GL(V") is strictly smaller than Ay, and, on the other hand, the image
w” of pin GL(V") with V" = V/V’ has exponent A; and the cocycle

"L GL(V) x P(V") = R ; (g9,Kv) = log % has unique average A;.

Since A; is the upper average of o, by Proposition 3.2, there exist
constants C,, = Cy,(p, &, ) such that Y -, n?~2C, < co and, for all v
in V< {0} and n > 1, -

(4.5) 1w ({g € G |log ool z\; > en}) < C,.

[[v]]
Since A is the unique average of ¢”, using again Proposition 3.2, one
can choose C), such that, for all v in V" ~ {0} and n > 1,

(4.6) wW"({g € G|log ”“g;ii/”“ —nA\ & [—en,en]}) < C,,

where, as usual, the norm in the quotient space V" is defined by the
equality ||v”|| = inf{]|v|| | v € V"+V"}.

The claim (4.3), with a different constant C,,, follows from a com-
bination of the claim (4.5) applied to a basis vy, ...,v4 of V and from
the claim (4.6) applied to a non-zero vector v" in V”. One just has to
notice that there exists a positive constant M such that one has

ot < logllgll < max log 14 + M,

log

for all g in GL(V') preserving V.
The claim (4.4) follows from (4.6), since, when the action of I', on
V' is irreducible, one has V" = V. O

We denote by Ay the second Lyapounov exponent of u, i.e.

(4.7) Ag := lim 1 fGlog HQIIH dp ™ (g).

TL%OO

Corollary 4.2. Assume the same assumptions as in Proposition 4.1.
For every e > 0, there exist constants Cy, such that . ., n?~2C, < o
and N

(4.8) w({g € G such that [log| A?g| —n(\i+X2)| >en}) < C,.
Proof. Our statement (4.8) is nothing but (4.3) applied to A?V. O
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Remarks 4.3. An endomorphism ¢ of V' is said to be proximal if it ad-
mits an eigenvalue A\ which has multiplicity one and if all other eigen-
values of ¢ have modulus < |A|. The action of I', on V is said to be
proximal if T',, contains a proximal endomorphism. The action of I',, on
V' is said to be strongly irreducible if no proper finite union of vector
subspaces of V is I',-invariant.

According to a result of Furstenberg (see for example [14]), when
I',, is unbounded, included in SL(V') and strongly irreducible in V', the
first Lyapounov exponent is positive: A\; > 0.

According to a result of Guivarc’h in [27], when the action of ',
is proximal and strongly irreducible, the first Lyapounov exponent is
simple i.e. one has A\; > A\y. We will use this fact in the next section.

4.2. Log-regularity in projective space.
In this section, we prove the log-regularity of the Fursten-

berg measure for proximal stronly irreducible represen-
tations when the second moment of 4 is finite.

For any y = Kf in P(V*), we set y- C P(V) for the orthogonal
projective hyperplane: y* = P(Kerf). For z = Kvin P(V) and y = Kf
in P(V*), we set

(a.y) = 1L

This quantity is also equal to the distance d(z,y) = d(x,y*) in P(V)
and to the distance d(y, z) in P(V*).

Remark 4.4. Let p be a Borel probability measure on GL(V') such that
I',, is proximal and strongly irreducible on V. Then, due to a result of
Furstenberg, p admits a unique p-stationary Borel probability measure
v on P(V'). For S-almost any b in B, the sequence of Borel probability
measures (by - - - b,).v converges to a Dirac measure (see [14, 111.4] in
the real case and [10, Chap. 3| in the general case).

Proposition 4.5. Let p > 1 and V = K%. Let i be a Borel probability
measure on G = GL(V) whose p™-moment is finite. Assume that
'), is prozimal and strongly irreducible on V. Let v be the unique p-

stationary Borel probability measure on X = P(V'). Then, for all y in
P(V*),

(4.9) S [Nog d(x,y) [P~  dv(x) is finite,
and is a continuous function of y.

Remarks 4.6. By a theorem of Guivarc’h in [28], when f is assumed to
have an exponential moment, the stationary measure v is much more
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regular: its Hausdorff dimension is finite, i.e. there exists t > 0 such
that
(4.10) SUpP,cp(vey [y 0(7,y) " dv(z) < oco.

The following proof of Proposition 4.5 is similar to our proof in [10]
of Guivarc’h theorem, which is inspired by [15].

Note that the integral (4.9) may be infinite when the action of I,
is assumed to be “irreducible” instead of “strongly irreducible” (see
Example 4.15).

Let K be the group of isometries of (V, ||.||) and A* be the semigroup
= {diag(ar, ..., aq) | | > -+ > agl}
For every element g in GL(V'), we choose a decomposition
g = kgazl, with kg, ¢, in K and a, in AT.

We denote by z," € P(V) the density point of g and by y* € P(V*)
the density point of %y, that is

M= Kkye, and Yy = KY%,e;.

We denote by ~;(g) the first gap of g, that is, y1(g) :=
Lemma 4.7. For every g in GL(V), x = Kv in P(V) and y = Kf in
P(V*), one has

(1) 6(z,yg") < HEII < 0(z, y5") +7(9)

(#) 6(x Ly ,y) || ||Hf <d(z i;way)*‘%(g)

(iii) d(gz, zg") 6(z, ") < n(g)-

Proof. For all these inequalities, we can assume that g belongs to A™,

ie. g =diag(ay,...,aq) with |a1| > -+ > |aq]. We write v = vy + vo
with v; in Ke; and v in the Kernel of ej. One has then

lgll = laa] , m(g) = (2, and 6(x,y;) = leal.
(i) follows from |[g]| [[va]| < [lgvll < [lgl| lvs]| + laz| [[v2]-
(i7) follows from (i) by replacing V' with V* and g with ‘g.

(111) follows from d(gzx, z)) é(x,y)") = |||§;2HH ”HUIHH < IZ?{ O

Lemma 4.8. Under the same assumptions as Proposition 4.5, there
exist constants ¢ > 0, and C,, > 0 with Zn21 nP=2C,, < oo, and such
that, forn > 1, x in P(V) and y in P(V*), one has

(4.11) 1" ({g € G| d(gz,z)') > e ")) <G,

(4.12) w'{g € Gl oz, y) < e }) < Gy,



22 YVES BENOIST AND JEAN-FRANCOIS QUINT

(4.13) " ({g € Glo(gr,y) <e}) <Gy

Proof. We set ¢ = %()\1 —A2) where A; and A, are the first two Lyapunov
exponents of u (see Section 4.1). According to Guivarc’h theorem in
[27], since the action of I', is proximal and strongly irreducible, one has
A1 > 9. According to Proposition 4.1 and its Corollary 4.2, there exist
constants C,, such that > -, nP~2C,, < oo and such that, for n > 1,
=Ko in P(V) and y = Kf in P(V*) with |[v]| = ||| = 1, there exist
subsets G, ., C G with ¢*"(G,,4,4) > 1 —C,, such that, for g in G,, .,
the four quantities

1
A, _ losll

A, _ losligvl
n

’ n

log || gl
; ’Al -

: ‘/\1_)\2_ 10%11(9)

are bounded by € (A; — Ag) with e = %. We will choose ng large enough,
and prove the bounds (4.11), (4.12) and (4.13) only for n > ny. We
have to check that, for n > ny and ¢ in G, 5, one has

d(gx,xéw) <e ™, 5(a:é\4,y) >e " and d(gz,y) > e .
We first notice that, according to Lemma 4.7.7, one has
5w, y) > e—2ei=da)n _ —(1—)(\i—X2)n
hence, since ny is arbitrarily large,
(4.14) o(z,yy") > e3ea—A2)n
But then, using Lemma 4.7.7i¢ one gets, for ny large enough,

(415) d(gw,my) S 6_<1_€)(>\1_>\2)n636()\1_>\2>n — 6_(1_48)0\1_)\2)”.

This proves (4.11).
Applying the same argument as above to ‘g acting on P(V*), the
inequality (4.14) becomes

(4.16) 5(x]gw, y) > e (Ar=A2)n

This proves (4.12).
Hence, combining (4.16) with (4.15), one gets, for ny large enough,

> 6—360\1—)\2)71 o 6—(1—48)()\1—/\2)n > 6—46 (/\1—)\2)71.

This proves (4.13). O

Proof of Proposition 4.5. We choose ¢, C,, as in Lemma 4.8. We first
check that, for n > 1 and y in P(V*), one has

(4.17) v({x e X | d(z,y) <e }) <C,.
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Indeed, since v = p*™ % v, one computes using (4.13)
v({reX | d(z,y)<e }) = [ ({9 €G | 0(gz,y) <em}) dv(x)
< fX C,dv(z) = Cy,
Then cutting the integral (4.10) along the subsets A,_1, \ A, , where
Any ={r € X [d(z,y) <e™™}
one gets the upperbound
fX | log 0(x, y)|p71 dv(z) < anl Cpilnpil(V(An—Ly) —v(Any))
<ol et (e - ) G,
<4 (p—1) 20! anl n?=2C,.

which is finite. This proves (4.9).
It remains to check the continuity of the function on P(V*)

Ut iy = [ [logd(z, y) [P du(z).
The fact that the above constants C,, do not depend on y tells us that
this function ¥* is a uniform limit of continuous functions v} given by
Ui sy [ min(|logo(z,y)|, cn)?~ dv(z).

Hence the function ¥* is continuous. U

4.3. Solving the cohomological equation.

In this section, we prove that the norm cocycle is center-
able.

We recall that the norm cocycle o on X = P(V) is the cocycle

o:GL(V)xP(V) = R; (g9,Kv) — log ”v”.

Proposition 4.9. Let u be a Borel probability measure on G = GL(K?)
whose second moment is finite. Assume that T, is proximal and strongly
irreducible on V := K%. Then the norm cocycle o onP(V') is centerable
i.e. satisfies (3.9).

Proof. Let
(4.18) oz [,0(g,2)du(g)

be the expected increase of the cocycle . We want to find a continuous
function ¢ on X such that

(4.19) =1 =P+,

where P,(z) = [, (gz)du(g), for all z in X, and where ) is the
first exponent of ponV.
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Let ji be the image of i by g — g~'. We will also denote by o the

norm cocycle on P(V*) i.e. the cocycle
0 GL(V) x P(V*) = R; (g, Kf) — log Leg L.

Since the representation of I'; in V* is also proximal and strongly
irreducible, there exists a unique ji-stationary probability measure v*
on the dual projective space P(V*).

Since the second moment of y is finite, according to Proposition 4.5,
this measure v* is log-regular. Hence the following formula defines a
continuous function 1/1 on X,

(4.20) (v) = [5logd(z,y) dv*(y),

where 0(x,y) = ”‘]fH(” 7, for 2 = Ro in P(V) and y = Rf in P(V*),

We check the equality,
(4.21) a(g,2) = logd(z,g~"y) —logd(gz,y) + (g™, y)
by computing each side,

lgoll 1 (gv)] og
o] TfoglTIvll ||f|| ugvu +log If K

Integrating Equation (4.21) on G x P(V*) for the measure du(g) dv*(y)
and using the ji-stationarity of v*, one gets (4.19) since \; is also the
first exponent of & in V*. O

log

= log

log

4.4. Central limit theorem for linear groups.

The tools we have developped so far allow us to prove
not only our central limit theorem 1.1 but also a multi-
dimensional version of this theorem.

Fori=1,....m, let K, be alocal field and V; be a finite dimensional
normed K;-vector space, and let i be a Borel probability measure on
the locally compact group G := GL(V}) x --- x GL(V,;,). We assume
that I',, acts strongly irreducibly in each V;. We consider the compact
space X =P(V]) x --- x P(V,,).

We denote by o : G x X — R™ the multinorm cocycle, that is,

the continuous cocycle given, for ¢ = (¢1,...,9m) in G and = =
(Kyvy, ..., Kyv,) in X, by

o(g.7) = (log 121l log lamvall)
We introduce also the function x : G — R™ given, for g in G, by
k(g) == (log lgall, - - ., og [|gml|)

and the function ¢ : G — R given by
U(g) = lim 5 K(g"),

n—oo
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so that, the i*" coefficient of £(g) is the logarithm of the spectral radius
of g;. For g in G, we set N(g) =>_" | N(g:).

Remark 4.10. Let p be a Borel probability measure on the group
GL(WV1) x ... x GL(V,,) such that, for any 1 <1 < m, I';, is proximal
and strongly irreducible in V;. By Remark 4.4, u admits a unique pu-
stationary Borel probability measure v; on P(V;) and, for S-almost any
bin B, (by---by).v; converges towards a Dirac mass d¢, ) as n — oo.
One easily shows that this implies that the image v of § by the map

B = X ;b (&(D), ..., &m(D)

is the unique p-stationary Borel probability measure on X (see for
example [10, Chap. 1]).

Here is the mutidimensional version of Theorem 1.1.

Theorem 4.11. Let p be a Borel probability measure on the group
G := GL(W) x ... x GL(V,;,) such that I, acts strongly irreducibly on
each Vi, and such that [, (log N(g))*du(g) < co.

a) There exist an element X in R™, and a gaussian law N,, on R™ such
that, for any bounded continuous function F' on R™, one has

(4.22) Jo P (29272 du(g) —— o F(8) ANL(2)
uniformly for x in X, and

k(g)—nA *N
(4.23) . F ( - ) A" () ——> fu F(1) AN,(2)

b) When the local fields K; are equal to R and when p is supported by
SL(V1) x...xSL(V;,,), the support of this Gaussian law N,, is the vector
subspace E, of R™ spanned by ((G,) where G, is the Zariski closure
of I',.

c) When m =1, Ky = R, and ', has unbounded image in PGL(V7),
the gaussian law N, is non-degenerate.

Remark 4.12. Point b) gives a very practical way to determine the
support of the limit gaussian law N,. We recall that the Zariski closure
G, of I, in G is the smallest subset of G containing I', which is defined
by polynomial equations. We recall also that the Zariski closure of a
subsemigroup of G is always a group.

Proof. a) We first notice that Equations (4.22) and (4.23) are equivalent
since, for all € > 0, there exists ¢ > 0 such that, for all non-zero vector
v; in V;, alln > 1,

p{g € G lellgill < llgivill/lloill < llgill}) =1 —e.
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(see for instance [8, Lemma 3.2]).

First, assume that, for 1 < 7 < m, I', is proximal in V;. In this
case, by Proposition 4.9, in each V;, the norm cocycle is centerable.
Hence our cocycle o is also centerable. Besides, since by Remark 4.10
1 admits a unique stationary probability measure on X, ¢ has a unique
covariance. Equation (4.22) then directly follows from the central limit
theorem 3.4.

In general, by Lemma 4.13 below, for any 1 < ¢ < m, there exists
a positive integer r;, a number C; > 1 and a finite-dimensional K;-
vector space W, equipped with a strongly irreducible and proximal
representation of I',, such that, for any g in I',, one has

Cilllgilly: < llgillw, < llgi
Thus, a) follows from the proximal case applied to the representations
Wi, ..., W,

b) We assume now that all the local fields K; are equal to R and that
det(g;) = 1 for all g in I',. We want to describe the support of the
limit gaussian law IV,. Again, by Lemma 4.13, we can assume that all
V;’s are proximal.

According to [4, §4.6], the set x(I',) remains at bounded distance
from the vector space spanned by ¢(I',). Hence the support of N, is
included in £),.

Conversely, since o is centerable, by (3.11), the covariance 2-tensor
of N, is given by the formula, for all n > 1,

(424) @, =1 [ (o(g,7) — $(x) +(gz) — n\)? dp(g) dw(x)
where ® is the continuous function in Equation (3.9) and v is the uniqe
p-stationary probability measure on X. Let Eg, C R™ be the linear

span of ®,. For all g in the support of x** and all z in the support of
v, the element

(4.25) o(g,z) —P(x) + ¥ (gr) — nA belongs to Eg,.
In particular, let g be an element of I', which acts in each V; as a

proximal endomorphism and let

+:(mf,...,x;)

T
V-

X

where, for any 4, ;" is the attractive fixed point of g in P(V;). Since

x is an eigenline for g; whose eigenvalue has modulus equal to the

spectral radius of g;, we have

a(g,a") = l(g).
Since I',, is strongly irreducible in each V;, for any = = (z1,...,x,,) in
X, there exists h in I, with ¢g"ha —— 2. In particular, the support

n—o0
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of v contains 1, so that, applying (4.25) to the point 2T, we get
(4.26) l(g) €EZA+ Es,.

Now, since the actions on V; are strongly irreducible, proximal and
volume preserving, the Zariski closure G, is semisimple. Hence, by [5],
there exists a subset I'y of I, such that, for any ¢, the elements of I'y
act as proximal endomorphisms in V; and that the closed subgroup of
R™ spanned by the set ¢(I'1) in R™ is equal to the vector space E,
spanned by ¢(G),). Hence, by (4.26) this space E, has to be included
in Ep, and we are done.

c¢) The main difference with point b) is that the Zariski closure G,
may not be semisimple. The same argument as in b) tells us that
(|G, G]) is included in Eg, and, since the image of I', in PGL(1}) is
unbounded, the group [G,,G,] is also unbounded and one must have
Es, = R. O

To deduce the general case in Theorem 4.11.a) from the one where all
the V; are I',-proximal, we used the following purely algebraic lemma.

Lemma 4.13. Let K be a local field, V' be a finite-dimensional normed
K-vector space and T" be a strongly irreducible sub-semigroup of GL(V).
Let r > 1 be the prozimal dimension of I' in V', that is, the least rank
of a non-zero element w of the closure

KT := {r € End(V) | 7 = lim \,g, with \, €K, g, € '}
n—oo

and let W C A"V be the subspace spanned by the lines N"m(V'), where
7 is a rank r element of KL'. Then,

a) W admits a largest proper I'-invariant subspace U .

b) The action of T in the quotient W' := W /U is proximal and strongly
wrreducible.

c) Moreover, there exists C' > 1 such that, for any g in I', one has

(4.27) CHgll™ < 1A gllw < llgll"

Remark 4.14. In case K has characteristic 0, the action of I' in A"V is
semisimple and W' = W.

Proof of Lemma 4.13. a) We will prove that W contains a largest proper
[-invariant subspace and that this space is equal to

U := NyKery (A7), where 7 runs among all rank r elements of KT.

This space U is clearly I'-invariant. We have to check that the only I'-
invariant subspace U; of W which is not included in U is U; = W. Let
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7 be a rank 7 element of KI" such that U; is not included in Ker(A"r).
The endomorphism A7 is proximal and one has

/\rﬂ'(Ul) C U1 .
As A"m has rank one, one has
Im(/\rﬂ') C U1 .

Let 7' be any rank r element of KI'. Since I' is irreducible in V, there
exists f in I" such that ' fm # 0. As 7’ fr also belongs to KI', we get
rk(7’' frr) = r and, since A"(7’f) preserves Uy, one has

Im(A"7") = Im(A" (7' fm)) C U; .

Since this holds for any 7', by definition of W, we get U; = W, which
should be proved.

b) The above argument proves also that, for any rank r element 7 of
KT, one has

(4.28) Im(A"r) = A"mn(W) and Im(A"7) ¢ U.

In particular, the action of I' in the quotient space W' := W/U is
proximal.

Let us prove now that the action of I' in W’ is strongly irreducible.
Let Uy, ..., U, be subspaces of W, all of them containing U, such that I"
preserves Uy U---UU,.. Since W’ is I'-irreducible, the spaces Uy, ..., U,
span W. Let A C I" be the sub-semigroup

A:={gel'|gU;=U; foralll <i<r}.
There exists a finite subset /' C I such that
I'=AF = FA.

In particular, since I" is strongly irreducible in V', so is A. Besides,
A also has proximal dimension r and, since KI' = KAF, W is also
spanned by the lines Im (A7) for rank 7 elements 7 of KA. By applying
the first part of the proof to A, since the A-invariant subspaces U; span
W, one of them is equal to W. Therefore, W' is strongly irreducible.

c) We want to prove the bounds (4.27). First, for g in GL(V'), one has
| A" gll < |lgl|”- As for g in I', we have (A"g)W =W and (A"g)U = U,
we get

I A gllwe < gl
Assume now there exists a sequence (g,) in I' with

gl =" [ A" gnllw> — 0

and let us reach a contradiction. If Kis R, set A\, = [|g,||~". In general,
pick A, in K such that sup,, [log(|\.|||lgnll)] < co. After extracting a



CENTRAL LIMIT THEOREM 29

subsequence, we may assume \,g, — 7, where 7 is a non-zero element
of KI'. In particular, 7 has rank > r and we have \) A" g, — A"T.
Thus, since ||Al A” gn|lw — 0, we get | A" 7|l = 0, that is,

N'm(W) C U.

We argue now as in a). Let 7’ be a rank r element of KI. Since I is
irreducible in V', there exists f in I" such that 7’ fr # 0. Since 7' f7
has rank at least r, it has rank exactly r and, since A"(7'f) preserves
U, one has

Im(A"7") = Im(A" (7 f)) C U.

Since this holds for any 7/, by definition of W, we get U = W. Con-
tradiction. ]

Example 4.15. There exists a finitely supported probability measure
w on SL(RY) such that T, is unbounded and acts irreducibly on R,
and such that, if we denote by A1 its Lyapunov first exponent, the ran-
dom wvariables w converge in law to a variable which is not

Gaussian.

Note that, according to Theorem 1.1, the action of I', on R? can
not be strongly irreducible. In our example, the limit law is the law of
a random variable sup(ay(Z2), ..., a,(Z)) where Z is a D-dimensional
Gaussian vector and o; are linear forms on R”. One can prove that
this is a general phenomenon.

Proof of example 4.15. Set d =2 and o := (9 ' ). We just choose g; =
o (egi e,ozi) where ¢;, x; are independant random variables, ¢; takes
equiprobable values in {0,1} and z; are symmetric and real-valued
with the same law v # §y. One can write g, ---g1 = J"”(e“;” o )

e~ 5n
with , = &1+ - +¢€, and
Sn =T + (—1)61]32 + e+ (_1)€1+~~-+€n71xn ]

By the classical CLT, the sequence j—% converges in law to a non-
degenerate Gaussian law. Hence the sequence \/iﬁ log|lgn - g1l = %
converges in law to a non-Gaussian law. U

4.5. Central limit theorem for semisimple groups.

In this section, we prove the central limit theorem for
random walks on semisimple Lie groups for a law p whose
second moment is finite and such that I',, is Zariski dense.
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This central limit theorem 4.16 will only be an intrinsic reformulation
of Theorem 4.11. Its main interest is that it describes more clearly the
support of the limit gaussian law.

We first recall the standard notations for semisimple real Lie groups.
Let GG be a semisimple connected linear real Lie group, g its Lie algebra,
K a maximal compact subgroup of G, ¢ its Lie algebra, a a Cartan
subspace of g orthogonal to £ for the Killing form, and A the subgroup
of G, A:=e% Let at be a closed Weyl chamber in a, a** the interior
of at, At = ¢%". Let N be the corresponding maximal nilpotent
connected subgroup

N:={neG|VHea"t, tlim e Hnett =1},
—00

Let P be the corresponding minimal parabolic subgroup of G, i.e. P
is the normalizer of N. Let X = G/P be the flag variety of G.

Using the Iwasawa decomposition G = K AN one defines the [wa-
sawa cocycle 0 : G x X — a: for g in G and z in X, o(g,x) is the
unique element of a such that

gk € Ke?9YN | for x = kP with k in K.

Using the Cartan decomposition G = K AT K, one defines the Cartan
projection k : G — a*: for g in G, k(g) is the unique element of a*
such that

ge Ke"WK.
We also define the Jordan projection ¢ : G — a by

((g) = lim = r(g").

Example Before stating the main theorem, let us describe briefly these
notions for G = SL(d,R). We endow R? with the standard Euclidean
inner product. In this case, one has:

-G ={g € End(RY) | det(g) =1}, g = {H € End(R?) | tr(H) = 0},
-K=S0(d,R)={geG|lgg=¢}, t={Heg|'H+ H =0},
-a={H=diag(H,...,Hy)eg}, at ={Heca/H >---> Hy},

- A ={a=diag(ay,...,aq) €G | a; > 0}, AT ={a€Ala;>--->aq},

- N is the group of upper triangular matrices with 1’s on the diagonal,
- P is the group of all upper triangular matrices in G,

- X is the set of flags x = (V;)o<i<q of R%, i.e. of increasing sequences
of vector subspaces V; with dim V; = i.

- The i*" coordinate o;(g, x) of the Iwasawa cocycle o (g, z) is the log-
arithm of the norm of the transformation induced by g between the
Euclidean lines V;/V;_1 — gV;/gV;_1.
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- The coordinates k;(g) of the Cartan projection k(g) are the loga-
rithms of the eigenvalues of (tgg)% in decreasing order.

- The coordinates ¢;(g) of the Jordan projection ¢(g) are the logarithms
of the moduli of the eigenvalues of ¢ in decreasing order.

Theorem 4.16. Let i be a probability measure on the semisimple con-
nected linear real Lie group G. Assume that I, is Zariski dense in G,
and that the second moment [, ||k(g)||*du(g) is finite. Then,

a) The Iwasawa cocycle is centerable.

b) There exist X in a* and a non-degenerate gaussian law N, on a
such that, for any bounded continuous function F on a, one has

(4.29) Jo F (2822 dpen(g) — fo F(1) AN,(1)
uniformly for x in X, and
(430) o F (S22 dpen(g) —— [y F()AN,(8)

We recall that this theorem is due to Goldsheid and Guivarc’h in
23] and to Guivarc’h in [30] when g has a finite exponential moment.

We recall also that the assumption “I', is Zariski dense in G” means
that, “every polynomial function on G which is identically zero on I',,
is identically zero on G”.

Proof. a) We use the same method as in [4]. There exists a basis
X1s-- -, Xm Of a* and finitely many irreducible proximal representations
(Vi,p1), -y (Vin, pm) of G endowed with K-invariant norms such that,
for all g in G, and z = hP in X,

Xi(%(9)) =log lp:(9)]| and x;(0(g,x)) = log Lol
where Ru; is the hPh~'-invariant line in V;. It follows then from The-
orem 4.9 that, for all © < m, the cocycle y; oo is centerable. Hence the
Iwasawa cocycle o is also centerable.

b) Using the same argument as in a), the convergences to a normal
law N, in (4.29) and (4.30) follow from Theorem 4.11. This theorem
4.11 tells us also that the support of N, is the vector subspace of a
spanned by the set ¢(G). Since it contains a™ = ¢(A"), this vector
subspace is equal to a. ]
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