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Abstract.We will exhibit certain continued fraction expansions for power
series over a finite field, with all the partial quotients of degree one, which
are non-quadratic algebraic elements over the field of rational functions.
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§1. Introduction.

Let p be a prime number and ¢ = p® where s is a positive integer.
Let F, be the finite field with ¢ elements. We consider the ring of polyno-
mials F,[T], and the field of rational functions F,(T"), in an indeterminate
T with coefficients in F,. There is an ultrametric absolute value defined
on F,(T) by |0] = 0 and |P/Q| = |T|4*¢F~4e8Q where |T| is a fixed real
number greater than one. The field obtained by completion from F,(7T),
for this absolute value, is usually denoted F,((7"')). A non-zero element
of this field is represented by a power series in the following way

© = > 04T" where ko € Z,0), € F, and 6y, # 0.
k<ko

The absolute value extended to this field is then defined by |©| = |T'|*o.

This construction, which can be done with an arbitrary base field
instead of I, is an analogue of the construction of the field of real numbers
from the ring of the rational integers. The field of power series with a finite
base field has many interesting properties which have analogues in the real
number case. Because of this analogy and to simplify the terminology, this
field will be shortly denoted F(q) and we call its elements “formal numbers”
over F,.

We are concerned with the continued fraction algorithm in this field
F(q). For a survey on this subject see [Sch]. It is known, by applying an
analogue of Liouville’s theorem in fields of power series, that the quadratic
power series over the field of rational functions are badly approximable by
rationals. This terminology (first introduced by L. Baum and M. Sweet,
see [BS2]) means that if © € F(q) is quadratic over [F,(7T') there is a positive
real number C' such that

© — P/Q| > C|Q|™% for all P,Q € F,[T] with Q # 0.

It is equivalent to say that the partial quotients in the continued fraction

expansion for © are polynomials of bounded degree. Indeed if d is the up-

per bound for these degrees then in the above formula we have C' = |T'|~%.
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The existence of badly approximable non-quadratic algebraic elements in
F(q) is known. This fact was observed first by L. Baum and M. Sweet (
see [BS1] and [BS2|, where ¢ = 2 ). Later W. Mills and D. Robbins [MR]
have given an example for all ¢ = p > 3 with d = 1. In a recent work
[L2] the first named author has given a family of examples for ¢ = 3 and
d = 1. In this paper we develop a similar but deeper approach in the most
general setting.

§2. Flat power series over F,.

Let us consider the subset of F,[T] defined by
A(q) ={A = (ai)i>1 : a; € Fy[T] and dega; =1 for i > 1}.

Then we consider the map ® from A(q) into F(g) such that if A € A(q)
then ®(A) = O where © is defined by its continued fraction expansion in
F(q) : © =[0,a1,az2,...,an,...]. We denote £(q) = @(A(q)).

Now for A € A(q) we define two sequences X (A) = (x;);>—1 and
Y (A) = (yi)i>—1 of elements of IF,[T] by the following recursion

(1)

{x_l =1, z9=0 and Ty = OpTp1+ Tpno n>1

y-1 =0, yo=1 and Yn = QplYn—1 + Yn—2 n>1

It follows from these definitions that (x;/y;)i>0 is the sequence of the

convergents to ®(A) and that we have x;/y; = [0,a1,a2,...,a;] for i > 1.
We can now state the following proposition.

Proposition A. Let p be a prime number and let s and t be two positive

integers. We put ¢ = p* andr =p'. Let A € A(q), X(A), Y(A) and ®(A)

be defined as above. Let k be a mon-negative integer. The two following
conditions are equivalent :

(I) There is € € F;; such that ®(A) is a root of the algebraic equation

kaTJrl — 2 X" + eypyrr X — €xpy, = 0.

(II) There is a sequence (€, )n>0 of elements of F; with eg = 1 such
that for n > 1 we have

T
{ En+1T(n41)r+k = Op€nTnrik + €n—1T(n—1)r+k

En+1Y(n+1)r+k = Ap€nYnrtk + €n—1Y(n—1)r+k

PROOF: We first show that (I) implies (II). We put © = ®(A) and we have

- 0" + €xpy,

T O Fevrn, fen) (2)
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According to a basic property of the continued fraction algorithm, we recall
that we have

|@ - xn/yn| = |an+1|71|yn|72 = |T|71’yn|72 for n > 0. (3)

For n > 0, we set

(4)

{ Up = TRT) + €TpirYh
Vn = YTy + YrirYy,

Thus we have for n > 0

n=(G) 0

Now if a,b € F(q), by straightforward calculation and using the Frobenius
homomorphism, we obtain

€(Yh4rTr — ThprYr)(a — b)"
(ykaT + Eyk—i-r)(ykbr + Eyk+r)

fla") = f(b") = (6)

Assume that |a| < |T|7t and |b| < |T|71. Since |ykir| > |yx|, we have
lypa” + €ykrr| = |yrd” + €Yrtr| = |Yr+r|- The absolute value being ultra-
metric, we also have

|Thtr/Yrtr — Th /Y] = |0 — 1 /yx| = [T |y |72
Thus |Yesrk — TharYr| = [T yr| " yksr|- Finally (6) implies
[f(@”) = fON)] =TIyl ykar | a = bl (7)
As |O| = |z /yn| = |T|7! for all n > 0, from (2), (5) and (7) we can write
1© = un/val = 1£(O7) = F((@n/yn)") | = IT17 yal ™ ynsr| 11O — @ /"
and using (3) we obtain
10 = wn /vl =TIy ™ yreer ™ ynl 7"

Since |a,| = |T| for n > 1, it is clear that |y, | = |T'|" for all n > 1. By (4)
we have |v,| = |yn|"|Yk+r|. Thus we get

10 — up fvp] = |T| ™ on| 72

Consequently we have |v,,|%|© — u,, /v,| < 1, and this proves that u, /v, is
a convergent to ©. Put u, /vy = Ty /Ym- AS [© — Ty /Ym| = | T ym| 2,
we obtain |v,| = |yml, |un| = |7,| and so that ged(un,v,) € F;. Since
Ym| = |T|™ and |v,| = |T|"™***+" we get m = r(n + 1) + k and thus



Un/Vn = Tp(nt1)+k/Yr(nt1)+k- Lhis proves that there exists e,11 € Fy,
for n > 0, such that

{ Ent1Z(n+1)r+k = ThtrYy + Ty
T T
En+1Y(n4+-1)r+k = €Yk+rYn + Yk,

(8)

Observe that (8) is also true for n = —1 setting ¢g = 1. Now we assume
that n > 1, and using the property (1) of the sequence (zy,),>_1, we can
write

Ent1Z(nt1)r+k = Chir(@nYn-1 + Yn—2)" + Tp(@nTn_1 + Tn_2)"
which becomes using the Frobenius homomorphism
Ent1T(nt 1)rtk = O (€TktrYp_1 + ThTy 1) + €Tkir Yy o + Ty .
Finally applying (8) for n — 1 and n — 2 we obtain the desired formula
Ent1Z(nt1)r+k = Un€nTnrtk T €n—1T(n_1)r4k-

It is clear, by the same arguments, that the same holds with y in place of
x. Thus condition (II) is fulfilled.

We now prove that (II) implies (I). Let © = ®(A4) = [0,a1, az, .. .].
First we observe that

En+1T(n41)r+k = €1flz’k+ry2 + ZCchC:L (9)

is true for n = —1 and n = 0. Now we use induction on n and we assume
it is true for all integers less than n. From (II), we have

T
En+2T (n+2)r+k = Upy1€n+1T(n+1)r+k T EnTnrtk
which gives, using (9) for n and n — 1
Ent2T(n42)r+k = Gpi1 (E1Thtrlp + ThTy) + €Tk Yy 1 + TTy -

Finally, using the property (1) of the sequence (z,,),>_1 and the Frobenius
homomorphism, we obtain

Ent+2% (n42)r+k = €1 Tkt rYpq1 T ThTpq-
Thus (9) holds for all n > 0. For the same reasons we also have for n > 0
Ent1Y(n+1)r+k = E1Yk+rYn + YkTy- (10)

Now, from (9) and (10), we get by dividing

Tnt Dk €1Tktr + Tp(Tn/Yn)" (11)
Yn+1)r+k €1Yk+r + Yk (In/yn)r
and letting n go to infinity we obtain the desired equation in (I)

€Ty + 107
€1Yk+r + YrO”

with € = €¢;. So the proof of the proposition is complete.
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We will denote by Ff(g) the subset of elements in €(q) which satisfy
the two equivalent conditions of the proposition. Further we define F*(q) =
Usso Filg) and F(q) = U;>1 F(g). We call F(q) the set of “flat formal
numbers” over F,. We observe that Ft(q) is a set of algebraic elements

over F,(T') of degree less or equal to r + 1. We will first show that F}(q)

is not empty for all k > 0, ¢ = p® and r = pt.

Let us consider the special element, in £(q) for all ¢ = p®, defined
by
e=1[0,7.T,....T,...]. (12)

Here A is a constant sequence with a; = T for i > 1. If X(A) and Y (A)
are the sequences defined above, it is easy to see that x,, = y,,_1 for n > 0.
This element e is quadratic over F,(7T") and satisfies, according to (12),
e=1/(T+e),ie.

e’ +Te—1=0. (13)

Let k and r be two integers with £ > 0 and » > 2. We consider the
polynomial

o) = (X +Tx -1 Y (DX ) (1)

0<i<r—1

Now we will show that g(X) can be written in another way. Developing
the product in (14), the right side is

Z <(_1>iyk+iXT+1_i + (_1)iTyk+¢Xr_i — (—1)iyk+iXT—1—i>

0<i<r—1
and this becomes by ordering the powers of X
Y X =0 1 XY + (=1 (Tykgr—1 +Yktr—2) X +(=1) "Ysr—1 (15)

where w11 = (yr+1 — Tyx), Y =0 if r = 2 and else

Y = Z (=D (Ypriv2 — TYrrizct — Yppi) X170
0<i<r—-3

From the definition of the sequences X (A) and Y (A), we have

Yk+1 — TYk = Yr—1 = T,
Yk+i+2 — Tyk-i-i-f—l — Yk+i = 0 for O < 1 <r-— 3 ( if r > 3),

Tyk—l—r—l + Yktr—2 = Yktr and Yk+r—1 = Thtr-
Consequently, for £ > 0 and r > 2, we have Y = 0 and so (15) becomes

9(X) =y X" = 2 X7+ (1) g X = (1) (16)
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By (13) and (14) we have g(e) = 0, thus (16) implies for £ > 0 and r > 2
yre™ ™ — e’ + (=1)" " lype — (=1)" " rapy, = 0.

This shows that e € Ff(q) for all £ > 0, ¢ = p*® and r = p'.

REMARKS:

e It is well known that there is an exceptional subset of algebraic
elements in [F(q). These elements have been studied by different authors
and have important properties of rational approximation (see [L1] for full
references). We call them algebraic elements of class I. An element in F(q)
is algebraic of class I if it is irrational and satisfies an algebraic equation of
the form X = (AX"+B)/(CX"+D) where A, B,C, D € F,[T] and r = p'.
The set of algebraic irrationals satifying such an equation is denoted H!(q).
We define H(q) = U;>; H'(g). Considering the equation satisfied by an
element in F*(q), it is clear that F*(q) C H'(q) and F(q) C H(q). This
subset H(q) contains among others all algebraic elements of degree less
or equal to three. Moreover its elements are either badly approximable
(the sequence of the degrees of the partial quotients is bounded) or well
approximable (the sequence of the degrees of the partial quotients in-
creases quickly). It has been proved that if r > 1 + deg(AD — BC) in the
above equation then the sequence of the degrees of the partial quotients
is unbounded. It is interesting to notice that for the equation in the first
condition of Proposition A we have r =1+ deg(AD — BC).

Here it is interesting to come back to the analogy between the real
numbers and the formal numbers. If we think of an equation correspond-
ing to the one which defines the formal numbers in #H(q), replacing the
Frobenius homomorphism by the identity, we obtain an algebraic equa-
tion defining the quadratic real numbers. Indeed it is this particular form
of the equation, where a quadratic real number appears as a fix point of a
Moebius transformation with integer coefficients, which allows to develop
an algorithm giving the continued fraction expansion of such a quadratic
real number. This expansion is of course known to be ultimately peri-
odic. It is important to recall that the same property is true for quadratic
formal numbers over a finite field ( see [Sch] ). Using the corresponding
equation for formal numbers with the Frobenius, Mills and Robbins [MR]
have shown that it is possible to develop another algorithm to obtain the
continued fraction expansion of an element in #(q). Unluckily this algo-
rithm is of difficult use and the expansion can be awfully complicated for
some elements in H(q).

e Baum and Sweet [BS2] have studied and described the set £(2).
If we denote Q(2) the set of quadratic formal numbers over Fo, then it
results from this work and using an argument of differential algebra that
we have £(2) NH(2) C Q(2) (see [L1] p. 225). This implies that F(2) can
only contain quadratic elements.

e Mills and Robbins [MR] have given a non quadratic example of
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an element in F1(p) for all prime numbers p > 3. In [L2] we have an
example of a quartic element in F}(3) for all k£ > 0.

§3. A special class of flat power series over F,

In this section we consider a simpler case where in the sequence
A € A(q) all the polynomials a; are constant multiples of 7. First we
establish the following proposition.

Proposition B. Let p be a prime number and let s and t be two positive
integers. We put ¢ = p* and r = p'. Let A € A(q), X(A) and Y (A) be
defined as above. We assume that a; = N;T for i > 1. If there exists a
sequence (€;)i>o of elements of Fy with eg = 1 such that the condition (II)
in Proposition A is satisfied then we have

€1 = AT )\z and €21 = 1 €241 = €1 or l 2 0.
1 5 +
r+k+1<i<2r+k

PROOF: According to what we have established during the proof of Propo-
sition A, we know that the equalities in condition (II) imply

(1)

{ En+1T(n41)r+k — €1$k+ry2 + xkx;;
Ent1Y(n+1)r+k = €1Yk+rYn + YTy,
for n > 0. We will now use the following notation: if a € F,[T] and
a = gcicm wI" then we set €(a) = u,, and €(a) = ug. Considering the
formulas defining the sequences X(A) and Y (A) and since €(a,) = 0 for

n > 1, we observe that we have e(z,) = €(x,_2) and €(y,) = €(yn_2) for
n > 1. Thus using the initial conditions, we obtain for [ > 0

e€(xgy1) =1 and e(zg) =0
{é(y21+1) =0 and €(yy)=1. (2)

From (1), we can write for n > 0

{en+1§(w(n+1)r+k)=61£(90r+k)( yn)" + e(r)e(wn)”

ent1€Unt1yrk) = €1€WUrik)€(Yn)" + (yr)e(Tn)"

(3)
Let [ > 1 be an integer. If 2rl + k is odd, the first equation in (3) gives,
replacing n by 21 — 1,

€21€(Tariyr) = €1€(Tryn)e(yar—1)" + e(xp)e(Tar—1)".

By (2), e(zari+k) = €(x21—1) = 1 and €(y2;—1) = 0, hence we get €9 = 1. If
2rl + k is even, the second equation in (3) gives, replacing n by 2] — 1,

€21€(Yori+k) = €16(Yr1k)€(Yy21-1)" + €(yr)e(xa-1)"-
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By (2), €(y2ri+k) = €(x2i—1) = 1 and €(y2—1) = 0, hence we get €3; = €(yx)
and, since k must be even, we have again e5; = 1. Consequently for all [ > 1
we have

€] = 1. (4)

The same type of arguments, using the equations in (3) and replacing n
by 2l, implies that for all [ > 1 we have

6214.1 = €1. (5)

On the other hand, we can also deduce from the formulas defining the
sequences X (A) and Y (A) that for n > 1 we have

cw)= [ ea) and ey)= ] e@) (6)

2<i<n 1<i<n

where as usual the empty product is equal to 1. Observe that the formulas
(6) are true without any particular assumption on the sequence A € A(q).
Since €124,y is the term of highest degree in the right hand side of the
first equation in (1), we can write

En+1€(T(nr1yrin) = €1E( @kt )€(yn)"

Now, applying (6) with €(a;) = A;, we obtain for n > 1

€En+1 H )\z = €1 H )\: (7)

r+k+1<i<(n+1)r+k 1<i<n

Replacing n by 1 in this equality and recalling that e; = 1, we get

e = A" 11 Ai.

r+k+1<i<2r+k

This completes the proof of the proposition.

We will now use the following notations. If by,bs,...,b; is a finite
sequence of elements in F,[T] and m € N, we write (b1, ba, ..., b;)I™ for the
sequence obtained by repeating the sequence by, ba, ..., by m timesif m > 1
and the empty sequence if m = 0. Further if by, bs,...,b; and ¢1,¢o, ..., cm
are two such sequences we denote by, bo,...,b0;Pcq,ca,. .., ¢y the sequence
obtained by juxtaposition. We are now able to give the example of a family
of flat formal numbers over an arbitrary finite field. We prove the following
proposition.

Proposition C. Let p be a prime number. Let s and t be two positive
integers. We set ¢ = p* and r = q*. Let a € Fo. If p # 2, we assume
that o # 2 and put 8 = 2 — a. Let k be a nmon-negative integer. Let
O! () € F(q) be defined by its continued fraction expansion

0L () = [0, T, @51 (T, (aT, BT D/ g £ 9



and ‘
O () = [0, T, @izq (T, a7~ 4 p =2

Then O} («) satisfies the algebraic equation
Y X — 2 X7+ (@B) "V 2y X — (aB) T 2y =0 if p#£2

and
U X T+ 2 X e X + 2 =0 if p=2.

REMARK :

When s,¢ and k are fixed and « varies we obtain in F(q) ¢ — 2
different elements © (a) if p # 2 and ¢ — 1 if p = 2. When the base field
is Fy or F3 we only have the case when o = 1 and thus 0% (1) =e. If the
base field is larger, we also have non-quadratic elements. For instance, if
the base field is Fy = {0, 1, u,u?} with v? +u + 1 = 0, taking k = 0 and
r = 4 we have the element

Ob(u) = [0, @1 (T, uT™ )] € F(4)
which satisfies the algebraic equation

X5+ (T*+®T?* + D)X + T3 = 0.

PrOOF: First we observe that if @« = 1, in both cases p = 2 or p # 2
and hence 8 =1 also, then we have ©%(1)=e. In this case the result has
already been proved in §2. So we assume that o # 1.

Let A € A(q) be the sequence such that ©f (a) = ®(A). We will apply
Proposition A. It is enough to prove that there exists a sequence (€;)i>0
of elements of F; with ¢g = 1 such that condition (II) is satisfied. Here all
the polynomials in A are linear and we put a; = \;T for ¢ > 1. Thus we
know, by Proposition B, that we must have

€ =A" H Ai  and  €,41/€, = eg_l)n form>0. (8)
r+k+1<:<2r+k

Consequently, by Proposition A, ©% («) will satisfy the equation in (I) with
€ — ¢ if we have the two conditions
71)n+1 r
Tn4+1)yr+k — T(n—1)r+k = €1 ApTnr+k
1 n+1 r (9)
Yn+1)r+k — Yn—-1)r+k — € ApYnr+k

for n > 1. We first compute ¢;. If p # 2, from the continued fraction
expansion defining © (a), we see that A\,1x+1 = 1 and the following r — 1
coefficients \; are alternatively a and S. By (8) and since \y = 1, we
obtain

e1 = (af)r=D/2, (10)
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If p = 2, from the second continued fraction expansion, we see again that
Ar+k+1 = 1 and the following r — 1 coefficients \; are constantly a. Again
by (8), we obtain

e =a" L (11)

We observe now that, since r = ¢*, we have w” = w for all w € F,. Thus
if p = 2 we have ¢, = 1 and if p # 2 we have ¢ = 1. This shows that
the algebraic equation in (I) of Proposition A, in both cases p # 2 and
p = 2, is the one stated in Proposition C. Thus we only need to prove that
(9) holds for n > 1 with the corresponding €; in each case. It is indeed
sufficient to prove the first equality in (9), the second one involving y can
be obtained in the same manner. Since 61_1 = €1 in both cases, and since
a;, =\ T" = A\, ", this equality can be written

Tt 1)tk — Zn—1)r+k = €A Tnpyp. (12)
Starting from the defining recurrence relation for X (A), i.e.
T+l = Qmt1Tm + Tm—1  for m >0,
we see easily that there exists a double sequence b,, ; € F,[T] such that
Ly = b iTm—i + b i—1Zm—i—1  form >1and 0<i<m, (13)

with

by 1 =0, by o=1
{ ! 0 (14)

bm,it1 = Qm—ibm i + bmi—1

In the same way there exists a double sequence ¢, ; € F,[T] such that
T = CmiTm+i + Cm,ic1Zmtitr1  form >1and 0 <i<m, (15)

with
Cm,—1 = Oa Cm,0 = 1
(16)
Cm,it1 = —Qm+4i+2Cm,i T Cm i—1

We turn now to the equation (12). Using the above notations we can write

T(n4+Dyr+k = b(n+1)r+k,r71xnr+k+1 + b(n+1)r+k,r72$nr+k

and
T(n—1)r+k = C(n—1)r+k,r—1Lnr+k+1 + Cn—1)r+k,rLnr+k-

Thus the left hand side of (12), (n41)r4& — T(n—1)r+k can be written

(b(n—i—l)r—‘rk,r—l_C(n—l)r—l—k,r—l)xnr+k+1+(b(n+1)r+k,r—2_C(n—l)r—i—k,r)mn’r’—&—k-

(17)
We are now going to compute the coefficients b and ¢ involved in the
expression (17). We need the following auxiliary result.
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Lemma. Let R be a ring with n,p € R. Let (Up)n>—1 be a sequence of
elements in R defined by the following recurrence relation :

U_.1=0, Uy=1 and Vn > =1, Uptio =rpi2Upy1 + Uy,

withr, =nifn=2l+1andr, =p if n =21, forn>1. Then

( l

2l — j .
Z(l-‘j)(np)” if n=2l,1>0
j=o N
U, = l
A+1—j .
nZ(Hj ‘7)(np)l‘J if n=20+1,1>0
\ =0

The proof of this result is very easily obtained by induction and
so we omit it. Observe that we may have n = p and in that case U,, =

Yo<i<tngzy (57) 0" for n > 1.

We turn to the expansion defining ©% (). We denote E the set of positive
integers n for which a,, =T. We observe that in both cases

neE&sl1<n<korn=(k+1) Z ' 4 mor™ ! (18)

0<i<m,
where my and mso are integers with mq; > 0 and 0 < my < k. From this
relation we deduce that for n > 1

ncbEsnr+k+1lekl
{ (19)

neE=n=k+1 (modr)

Observe that to compute b,, ; we need to know the partial quotients a; for
m—1+1 <7 <m. In the same way to compute c,, ; we need to know the
partial quotients a; for m +2 < j <m+i+ 1. First we want to compute
bint1)r+k,r—1 a0d C(n—1)r4k,r—1- FOT b(pi1)r4k,r—1 We have to know the
r — 1 partial quotients a; for (n + 1)r+k—r+2 < j < (n+ 1)r + k.
By (18), as none of the integers j is congruent to k + 1 modulo r, these
partial quotients are alternatively o7 and BT (with possibly g = «). We
can then apply the above lemma in the ring F,[T] for the sequence by, ;.
We obtain

r—1
2

r—1—y r—1_ .
Dlnt yrthr—1 = ( j j) (@BT?) =77 ifp#2  (20)

=0

and

155

r—1—3 re1—2i .
Dniyrikr-1 = Y ( ; )(aT) =27 jfp=2. (21
j=0
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The same arguments show that the r — 1 partial quotients involved to
compute ¢(,,—1)r4k,r—1 are alternatively o/I" and BT (with possibly 8 = «)
and thus we can apply the lemma again. Finally, since aff = (—a)(—0),
we obtain the same formula as above in both cases, p # 2 and p = 2. For
n>1

b(n+1)r+k,r—1 = C(n—1)r+k,r—1- (22)

Consequently (17) becomes

(b(n+1)r—|—k,r—2 - C(n—l)r—i—k,r)xnr—l—k’-

Therefore, comparing to (12), we have to prove that for n > 1
b(n—l—l)r—i—k,r—Q — Cn—1)r+k,r = 6l)\nT’r- (23)

We will now distinguish two cases. First case : p # 2.
To compute b(y,41)r4k,r—2 We need to know the r — 2 partial quotients a;
for (n+1)r+k—r+3<j<(n+1)r+k. According to (18) and (19)
these are alternatively o1 and ST. As r is odd, and using the lemma, we
have

r—3

2 r—2—3 r—3 _
b(n+1)r+k,r—2 = >‘(n+1)r+kTZ ( ; j) (O‘BT2) 7 (24)

=0~

To compute c(,—1)r4k,» We use first the recurrence relation on the ¢, ;.
By (16), we can write

Cn—1)r+k,r = —Anr+k+1C(n—1)r+k,r—1 + Cn—1)r+k,r—2- (25)

By (20) and (22), we know that

r—1

2 T — ]_ - ] r—1_ .
Cn—1)r+k,r—1 = Z ( j )(QBTQ) >

j=0
This can be written again
: r—1-y 2\ 55 —j 2\ 54
Cln—1)r+k,r—1 = Z i (@fT7) = 7 + (aBT7) 2
j=1
and finally
r—3
~ (r—2-1 2\ 7531 T -1
Cln—1yrthg—1 = i1 (aBfT*) = 4+ (aB) = T (26)

=0

To compute ¢(,—1)r4r,r—2 We need to know the r — 2 partial quotients a;
for((n—1)r+k+2<j<(n—1)r+k+r—1. According to (18) these
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are alternatively o1 and ST. As r is odd, using the lemma and since
aff = (—a)(—p), we have

r—3
2 r—2— j r—3_
Cln—1)r+k,r—2 = _>\nr+k—1TZ < j )(aBTQ) z . (27)
j=0

By (26) and (27), the equality (25) becomes

r—

Cn—1)r+k,r = _)\nT+k+l (Oéﬁ) A

r—3

< r—2—j r—2—j r—s_
T At b . + A . afBT?) = I,
;( o 1( J > +k+1( J+1 ))( )

We observe that, for 0 < j < (r — 3)/2, we have Q(T_i_j) + (T;ifj) =0
in F,. Hence this becomes

r—1

C(n—l)r—l—ks,r — _)\nr—kk—&—l(aﬁ)TTr_
%3
r—2—j r=3_
(G —2)\m+k+1)TZ( ; j)(a5T2)23 q (28)
§=0

Consequently, by (24) and (28) we obtain

S -
b(n+1)r+k,r—2 — Cn—1)r+k,r — /\nr+k+1(a6) =T+

r—3
L (r—2—3 r—3
(>\(n—|—1)r+k + )\nr+k—l - 2>\nr+k+1)T Z ( J j) (aﬁTz) 2 ], (29)
§=0
We will now see that, for n > 1, we have
At D)tk + Anrtk—1 = 2Anrtt1 = 0. (30)

This is implied by the property of the sequence (););>1 decribed in (18)
and (19). As r is odd we first notice that nr +k — 1, nr + k + 1 and
(n+1)r + k have same parity. Moreover by (19), the only integer between
nr+k—1 and (n+ 1)r + k which could be in the set E is nr + k+ 1. So

if )\nr—i—k—i—l % 1 then )‘(n+1)r+k = )\nr—l—k—l = )\nr—i—k—l—l and if )\nr—i—k—f—l =1
then A, 41)r4% + Anrsk—1 = @ + 3. This shows that (30) is fulfilled in all
cases. Hence, by (29), we have for n > 1

b(n—l—l)r—i—k,r—? — Cn—1)r+k,r = 61)\nr—l—k+lTT- (31)

Now we consider the case p = 2. According to (21), we have

= |
b(n+1)r+k,r—1 = Z < . )(aT)r_l_Qj-

j=0 J
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Here, for 1 < j < [(r —1)/2], we have (’"_;_j) =0 in F,. Thus we obtain

bint )1 = T =T""1 (32)
Further, by the recurrence relation (16) for ¢, ;, we can write

Cn—1)r+k,r = )\nT+k+1TC(n71)T+k,T71 + Cn—1)r+k,r—2- (33)

Using the same recurrence relation, i.e. U; = oTU;_1 + U;_5, with the
same initial conditions, we observe that

Cn—1)r+kr—1 = b(n—|—l)r+k,r—1 and Cln—1)r+k,r—2 = b(n+1)r+k,r—2-

By (32) and (33), this implies again

bint1)rth,r—2 = Cln—)rth,r = Anrikr1 ] = € Anppr1 1. (34)
Comparing (31) or (34) to (23), we see that (23) will be proved if we have
forn>1

/\nTJrk;Jrl - )\n (35)
From the definition of the sequence (\;);>1, i.e. using (18) and distin-

guishing the cases n € F and n ¢ E, we see that (35) holds for all n > 1.
So the proof of the proposition is complete.
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