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Abstract

In this paper, we study the existence of L?-constraint minimiz-
ers for the planar nonlinear Schrodinger-Newton system and the pla-
nar nonlinear Schrédinger-Poisson system with a harmonic trapping
potential. Especially, we are interested in the correspondence be-
tween minimizers and ground state solutions. For the planar nonlinear
Schrodinger-Newton system, we are able to completely give this corre-
spondence. We also investigate the asymptotic behavior of minimizers
when the harmonic trapping potential vanishes.
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1 Introduction
In this paper, we consider the following planar elliptic system:

{—Au—l—wu—l—/ﬂm?uiegbu = |u|P~tu R, (P.)

—A¢ = §luf?

where e > 0, k € (0,1], p > 1 and w € R. Although both (P_) and
(Py) are sometimes denominated by the same name, to make the difference
clearer, we call (P_) the nonlinear Schrédinger-Newton system (NLSN) and
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(Py) the nonlinear Schridinger-Poisson system (NLSP) respectively. We are
interested in the existence of L?-constraint minimizers associated with (PL),
which plays an important role in the study of the stability of standing waves.
In this case, the constant w appears as a Lagrange multiplier.

It is known that the Schrodinger-Newton system and the Schrodinger-
Poisson system appear in various fields of physics, such as black holes in
gravitation, quantum mechanics, plasma physics and semi-conductor theory;
see e.g. [21, 24, 30, 32, 33, 37]. The constant e represents the strength of the
interaction and (P.) reduces to the nonlinear Schrédinger equation if e = 0.

In the last two decades, special attention has been paid to systems NLSN
and NLSP in R3. We refer to [3, 5, 6, 9, 22, 29, 36, 37, 39, 41, 42] and refer-
ences therein. A first study using numerical analysis on the 2D Schrodinger-
Newton system was made in [40]. After a pioneer work [13], the planar NLSN
and NLSP has been widely studied in [1, 2, 8, 10, 11, 12, 19, 20, 28, 38].
Especially, NLSN and NLSP with the harmonic potential x|z|* or with gen-
eral unbounded potentials were considered in [29, 42] for 3D case and in
[1, 2, 20, 38] for 2D case respectively. It is important to mention that so-
lutions of 2D NLSN and NLSP can be obtained as a reduction of those of
the 3D problem, which is referred as adiabatic approximation; see [7, 34].
When carrying out this process, the presence of the harmonic potential plays
a fundamental role. On one hand, from this point of view, it is not unnatural
to consider (P.) which includes x|z|?. This strong trapping potential makes
easier the existence of L?-constraint minimizers of (P.). On the other hand,
from a scaling point of view, fibering maps associated with L?-invariant scal-
ing becomes more complex to use. Therefore, the presence of the harmonic
potential brings new difficulties when one wants to determine qualitative
properties of minimizers. We also refer to [31] for the solvability of Cauchy
problem of the corresponding time-evolution NLSP in 2D.

As most relevant to this paper, the existence of solutions with prescribed
L*-norm (normalized solutions) of (Py) without the harmonic potential x|x|?
was addressed in [12]. Especially, in the case k = 0 and 1 < p < 3 (L*-
subcritical), it was shown that (P_) has a L?-constraint minimizer. Further-
more, regarding (Py) with k = 0, the existence of two normalized solutions
was obtained. (See also [38] for the case kK = 1.) However, qualitative
properties of minimizers are not mentioned in [12, 38|, and in particular the
relationship between minimizers and ground state solutions is unknown for
(P.). The correspondence between minimizers and ground state solutions is
expected to be useful to carry out further investigations on the stability of
standing waves.

To state our main results, let us introduce the variational formulation of



(Py). In the 2D case, one can solve the Poisson equation as follows:

e

o) = 5=8) uta) =~ [ 1ogle = yllu(n) dy = eS(u)a).

Then (Py) can be rewritten as the following nonlocal elliptic equation:
— Au+wu + klzPu £ e2S(u)u = |ulPtu  in RZ (1.1)

We define the function spaces Xy and X by
Xy = {u € H'(R* C) | / log(1 + |z|)|ul* dx < +oo} ,
R2
X = {u € H'(R* C) | / |z|?|ul? dox < —i—oo} :
R2

It is clear that X C AXj. Let us also introduce the functionals V : Xy — R
and V : X — R defined by

Vo(u) := /R2 log(1+ |z|)|ul*dz and V(u):= /1&2 |z|?|u|? dz.

The energy functional associated with (P.) is given by

1 1
E.+(u) :== Ey i(u)—i-EV(u), Eo+(u) == |Vu]2 dx——/ |u|p+1 dx:l:eQA(u),
: : 2 : 2 Jpo PR

1
Aw) = 5 [ Slulde =~ /R /R log | — yl[u(z)|2[u(y)|? dx dy.

We can see that £y 1 is well-defined in X)), while E, ; is well-defined only on

X. It is important to point out that Ej 1 is translation invariant, although a

natural norm ||ul|%, = ||u||7:+Vo(u) on A is not invariant under translation.
Let us consider the following minimization problem:

Cox(p) = inf Ey (u),

ueB,NX
where 11 > 0 and B, = {u € H'(R*C) | |ullzge = ,u}. For simplicity,
except when one wants to emphasize the dependence of x, we denote Ej; 4 (u)

and ¢, +(p) by Ei(u) and cg(p) respectively. We also define the action
functional corresponding to (1.1) by

w
Ii(u) == Ei(u) + 2 /. lu|? dz.



A solution w of (1.1) is said to be a ground state solution, if w satisfies
I (w) =inf{IL(u) | u € X and u is a nontrivial solution of (1.1)}.
First we consider the nonlocal elliptic problem:
— Au+wu + klz*u — e2S(u)u = [ulPru  in R?, (1.2)

which corresponds to the nonlinear Schrodinger-Newton system. Our main
results are summarized as follows.

Theorem 1.1 (Existence of minimizers and positivity of Lagrange multi-
plier).

(i) Suppose that 1 < p < 3 and k € (0,1]. Then for any p > 0, c_(p)
admits a minimizer u_ € B, N X

(ii) Suppose that 2 < p < 3 and k € (0,1]. Then there exists j— > 0 such
that the Lagrange multiplier w_ associated with c_(u) is positive.

Theorem 1.2 (Correspondence of minimizers and ground state solutions).
Suppose that 2 < p < 3, k € (0,1] and assume that p > 1.

(i) Any minimizer u_ € B, N X for c_(u) is a ground state solution of
(1.2) with w = w_.

(ii) Let us denote by Q_(u) the set of Lagrange multipliers associated with
minimizers for c_(p), that is,

Q_(n) := {w, > 0 | w_ is a Lagrange multiplier corresponding to c_(j)}.

Any ground state solution w, of (1.2) with w = w_ € Q_(u) is a
minimizer for c_ ().

It is worth mentioning that Theorem 1.1 and Theorem 1.2 hold even for
k = 0. The correspondence between minimizers and ground state solutions,
provided for example by Theorem 1.2, are of great interest; see [15, 16, 17,
18, 23]. However, up to authors’ knowledge, there is no such result for the
planar nonlinear Schrodinger-Newton system. Therefore, we emphasize that
Theorem 1.2 is new even for the case kK = 0. As we will see later, in the
process of the proof of Theorem 1.2, the positivity of the Lagrange multiplier
w_ established in Theorem 1.1 (ii) plays an essential role. Moreover, the
positivity of w_ can be shown by combining the Nehari identity, the Pohozaev
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identity and the fact ¢_ () < 0 for g > p_. For the 3D Shrédinger-Poisson
system, as done in [5, 9, 15, 39], the negativity of the minimum of the energy
can be obtained by scaling and continuity arguments. In the 2D case, since
the nonlocal term A has a bad scaling property, the negativity of ¢_(u) cannot
be derived by such simple arguments. Instead, we construct a suitable test
function with appropriate parameters.

Next we make more precise the asymptotic behavior of minimizers as
K — 0.

Theorem 1.3 (Asymptotic behavior of minimizers as k£ — 0).

Suppose that 2 < p < 3, k € (0,1] and assume that p > p_. Let u,_ €
B, N X be a minimizer for ¢, —(w). Then there exist k; — 0, {y;} C R? and
uy € B, N Xy such that

Uy, (- — y5) = wo 1 Xo.
Moreover ug is a minimizer for co_(1).

Note that, since {uﬁj }jen can be shown to be bounded in Aj, it converges
weakly in Xy. Moreover, standard arguments provide the convergence of
the minimum energy ¢, (i) to ¢y () as k — 0, as well as the strong
convergence u,; — ug in H . However, it is not trivial to obtain the strong
convergence of {u, }jen in the stronger topology Ap. It requires a mutual
estimate between the nonlocal term A and the functional V. It should
be mentioned that we are able to obtain a similar result for 3D problem,
leading to the strong convergence but only in H!. In other words, the strong
convergence in Xj is a 2D-specific result.

Next we introduce our main result for the nonlocal elliptic problem:

— Au+wu + klzfu+ e2S(u)u = [uf 'y in R? (1.3)

which corresponds to the nonlinear Schrodinger-Poisson system. In this case,
we obtain the following result.

Theorem 1.4.

(i) Suppose that 1 < p < 3 and k € (0,1]. Then for any p > 0, c;(u)
admits a minimizer uy € B, N X.

(ii) Suppose that 1 < p < 3 and let p > 0 be given. Then there exists
K+ = ki(e,u) € (0,1) such that for 0 < k < k4,
2,2 2,2

e e
< <
. logr < cp(p) < 64

log k.



Theorem 1.4 (ii) means that we cannot expect a similar result as in The-
orem 1.3 for minimizers of (1.3). Moreover since we cannot determine the
sign of the Lagrange multiplier, it is not possible to prove a similar result as
in Theorem 1.2. See Remark 4.9 below for more details.

We also mention that the restriction of x < 1 in Theorems 1.1 and 1.2 is
not essential, while so it is in Theorem 1.4.

This paper is organized as follows. In Section 2, we introduce basic prop-
erties of the function space &, and the nonlocal term A. Although most
of them are already known, we need to investigate the dependence of esti-
mates on X with respect to x precisely. In Section 3, we study the nonlinear
Schrodinger-Newton system. First, the existence of L?-constraint minimiz-
ers and their properties are established. Next, we consider the link between
minimizers and ground state solutions of (1.2). The asymptotic behavior
of minimizers as k — 0 will be studied in the last subsection. Finally, we
consider the nonlinear Schrodinger-Poisson system and prove Theorem 1.4
in Section 4.

Hereafter in this paper, unless otherwise specified, we write ||u||zrg2) =
||ul|,. We also denote by B(y, R) the 2-dimensional ball of radius R centered
at a point y € R2,

2 Preliminaries

In this section, we collect some basic properties of the function space Xy and
the nonlocal term A(u). First we begin with the embedding theorem of Xj.
Since the weight function log(1 + |z|) is unbounded at infinity, the following
compact embedding lemma holds. (See e.g. [4, 35] for the proof.)

Lemma 2.1 (Compact embedding). X, < L4(R?) is compact for all q €
[2,00).

Next we prepare a scaling property of the nonlocal term A(u).

Lemma 2.2 (Scaling property). Let u € Xy, A > 0, (a,b) € R? and define
ur(z) = \u(N\z). Then it follows that

_op (blog A
_ \2a—2b( YOS A 2 b
S(un) () = A2 (=52 full} + S(w) (V')
_ap (blog A
_ Y4a—4b (VS 4
Alwy) = X (2252 full} + A(w)).



Proof. Let us introduce the change of variable z = A’y. Then we can compute
as follows.

)\2(1 2a—2b B
S)() =~ [ togle ~sllu¥y)Pdy =~ [ logle — X 2|u(2) ds
™ JR2 v R2
)\2(1—26
= /Rlog])\b()\bx—z)Hu(z)Fdz
2a—2b
= )\ /{—blog/\+log|)\bx—z|}|u )|? dz
o (blog A
=X %( Jul} + S(u)(¥x) ).
This also yields that
1 A\da=2b blog A
At =5 [ stlnPar =2 [ {EE 0P + S0t} do
\da—4b blog A
= [P ) + s} ay
R2
a—ap (DlOg A
= Xt (282 ull§ + Aw)),
from which we conclude. O

Now we state several estimates for nonlocal terms.

Lemma 2.3 (Estimates for nonlocal terms).
(i) For any u € Xy, it follows that
— Ay (u) < A(u) < Ay(u),

where
Au(u) = log(1 + [z — 2 da d
i 167 /IRQ /Rz og(1 + |z — y[)|u(z )‘ lu(y)|” dx dy,

log {1+ u(z)*[u(y) | dz dy.
W/RQ/RZ (=)

(i) For any u € Xy, it holds that

1
0 < Ai(u) < o—|lull3Vo(w),
0 < Ay(u) < Cllully < C|[Vullffull;

for some C' > 0.



(il) Let C = —18% 4 k2 —1 for k € (0,1]. For anyu € X, it follows that
1 1 1
0 < Ai() < —ull3 (Cullull3 + 3 lullaV ()*)

(iv) Ay is weakly lower semi-continuous on Xy and Ay is continuous on
L3(R2). Moreover, the functional A is of the class C* on X,.
Proof. (i) First we observe that for any (z,y) € R? x R?,
log [z —y| = log(1 + [z —yl) —log(1 + |z — y[) +log |z — y|

1
zlog(1+yx—y!)—log<1+ )
|z =y

This yields that
Alw) = 167r /RQ /RQlOg (1 + |z =y (@) *lu(y)]* de dy

" Ton /RQ /RQ log (1 + |) u(@)*|u(y)? du dy

and hence A(u) = —A;(u)+As(u). Since log(1+|x—y|) > 0 and log <1 + ﬁ) >
0 on R? x R? we obtain (i).
(ii) By the triangular inequality, it follows that

log(1 + |z —y|) <log(1 + || + |y[) <log(1 + [x]) + log(1 + |y).

As a consequence, one has

) = 5= [ [ Tor(1+ 2 = s lu(e)Plutu)l dady
< 167r/ / log(1 + |z|)|u(z)*lu(y )|2dmdy—l— ! /2 /Rglog(l—f—|y|)|u(:t)|2|u(y)|2dxdy

= —HuH2/ log(1 + |2])u()|* dz = —HuHQVo( )-

Next by the inequality log (1 + %) < % for s > 0 and the Hardy-Littlewood
Inequality [25], we find that

1 1
Aalu) = m—ﬁ L[ e (1 i —|) (@) u(y)[? do dy
L[ [ e Pl 4
- ].67T R2 JR2 |l'—y|

< P} = .



Then applying the interpolation inequality and the Gagliardo-Nirenberg in-
equality, we get the last estimate.

(iii) An elementary calculation shows that the function f(s) := k2s —
log(1 + s) takes its global minimum at s = =2 — 1 and f(k 2 — 1) =
10%“ — k2 +1 = —C, < 0. Then by the Cauchy-Schwarz inequality, one
deduces that

Vo(u) :/ log(1 + |x])\u|2d:v S/ (CH+H%|xl)\u|2d:v
R2 R2

= Cullull+ b [ Jolluf de < Cullul + o ullaV ().
R2
Thus from (ii), we conclude.
(iv) We refer to [13, Lemma 2.2| for the proof. O

By Lemma 2.3 (iv), it follows that the functionals F. and I are of the
class C* on X. Next we prepare the following compactness result.

Lemma 2.4. Let {u,} C Xy be a sequence satisfying
lunl3 =p  and  Ai(u,) <M  for alln € N and some M > 0. (2.1)

Then there exist a sequence n; — oo, {y;} C R? and uy € L*(R? C) such
that
Un, (- — y;) = uo in L*(R?).

Especially it holds that ||uol|3 = .

Proof. Although the same result has been established in [12, Lemma 2.5 and
Lemma 2.6], we give the proof for the sake of completeness.

Step 1: We claim that under the assumption (2.1), for all j > 1, there exist
n; — 00, R; > 0 and {y;} C R? such that

1
/ i, (@) d > g — . (2.2)
B(y;,R;) J

Suppose by contradiction that (2.2) does not hold. Then there exists gy €
(0, pt) such that

lim inf sup / lun(z)?dr < pp—ey forall R > 0.
B(y,R)

n—oo y€R2

Let us put

En 1= sup/ |t (2)]? dz
yeR2 J B(y,R)
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Up to a subsequence, we may assume that lim,, .., &, < pt—¢&g. Then we find
that

16741 () > / / log(1 + [z — y)lun (@) 2lun(y) P dz dy
lz—y|>R

> o1 1) (- [[ P i},

Moreover one has

J[ bty < [ P ([ k) d< e,
lz—y|<R R? B(y,R)

from which we deduce that
1
16w Ay (uy) > log(1+R)u(pu—e,) > 5 log(1+R)puey  for sufficiently large n € N.

Since R > 0 is arbitrary, letting R — oo, this contradicts (2.1) and hence
(2.2) holds.

Step 2: Now we put v;(z) := up,(z +y;). From (2.2), it follows that

1
/ oy (@) dz > p— ~. (2.3)
B(0,R;) J

Since ||v;]13 = |lu;ll3 = i, passing to a subsequence, we may assume that
v; = up in L*(R?) for some ug € L*(R? C). From (2.3) and the concentration
compactness principle [26, 27], we conclude that v; — ug in L*(R?). O

Next by Lemma 2.3 (ii), we know that A;(u) is controlled by Vj(u).
Conversely, we have the following result.

Lemma 2.5. Let u € Xy and assume that there exist 09 > 0, Ry > 0 and a
measurable subset Ay C B(0, Ry) such that

lu(z)|* > 6o for all x € A,. (2.4)

Then it follows that
Vo(u) < C (Ar(w) + [|ull3)

for some C' > 0.

Proof. We argue as in [13, Lemma 2.1]. For R > 0, we first observe that

1+|x—y|21+%2\/|1+|y| for # € B(0, R) and y € R?\ B(0,2R).
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Then from (2.4), one finds that

16w A; (u) > /

R2\ B(0,2R0)
do| Aol

/A log(1+ [z — y) () u(y) ? dz dy

> log(1 + [y])[u(y)[® dy

R2\ B(0,2Ro)

(Vo= [ s+ it
(Vi(w) — Tt + 270) )

\)

_ Bl 4|

(\V]

_ Bl 4|
-2

from which we conclude. O

Next we define a symmetric bilinear form:

Bi(u,v) := Re /R2 /]R2 log(1 + |z — y|)u(x)v(y) dz dy.

Then the following properties hold.

Proposition 2.6.

(i) Let {un}, {vn}, {wn} C Ay be bounded sequences and assume that
U, — u in Xy. Then for any ¢ € Xy, it holds that

B, (vnwn, o(u, — u)) —0 asn— oo.

(i1) Let {u,} C L*(R?) be a sequence which satisfies u, — u a.e. in R* for
some u € L*(R? C) \ {0}. Moreover let {v,} C L*(R?) be a bounded
sequence such that

Bi(|un?, [va?) = 0 and  |Joulla = 0 asn — oco.
Then it holds that Vy(v,) — 0 as n — oo.

For the proof, we refer to [13, Lemma 2.1 and Lemma 2.6]. Finally we
introduce the following result, whose proof can be found in [13, Proposition
2.3].

Proposition 2.7. Suppose that 1 < p < 3 and w > 0. Let u € X be a
nontrivial solution of

—Au+wu — e2S(u)u = |[ulPtu  in R

Then u decays exponentially at infinity.
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3 L2?-constraint Minimizer for the nonlinear
Schrodinger-Newton system

In this section, we consider the existence of a L?-constraint minimizer of the
following nonlocal elliptic problem:

— Au+wu + klz*u — e2S(u)u = |[ufPtu  in R?, (3.1)

which corresponds to the nonlinear Schrodinger-Newton system. We will
show that the L2-constraint minimizer is actually a ground state solution of
(3.1). We will also investigate the asymptotic behavior of the minimizer as
Kk — 0.

3.1 Existence of a minimizer and its properties

In this subsection, we establish that ¢_(u) has a minimizer for all g > 0.
First we begin with the following result.

Lemma 3.1. Suppose that 1 < p < 3, k € (0,1] and let p > 0 be given.
Then E_ is bounded from below on B, N X.

Proof. First by the Gagliardo-Nirenberg inequality and the Young inequality,
one has

— p+1 Ey
lullys < CUVully flully < == IIVull3 + Cu

for some C' > 0. Then from Lemma 2.3 (i) and (ii), one finds that

1 K 2
B_(u) > 1|Vl + 5V () ~ Opes — 2 Aofu)
1
> 2|Vl + V(W) = Cus’s — Celyi, (3.2)

for any v € B, N X. Thus implies that E_ is bounded from below on
B,NX. O

The next lemma deals with the compactness of any minimizing sequences
for c_ ().

Lemma 3.2. Suppose that 1 <p <3, k € (0,1] and let > 0 be given.

Let {u;} C X be a sequence satisfying |lujl|3 — p and E_(uj) = c_(p).
Then there exist a subsequence of {u;} which is still denoted by the same and
u_ € X such that u; — u_ in H'(R?* C) and E_(u_) = c_(p).

12



Proof. First by replacing u; by ﬁuj, we may assume that {u;} is a mini-

mizing sequence of c_(p). Moreover from (3.2), we find that {u;} is bounded

in X. Thus there exists u_ € X such that u; — u_ in & for some u_ € X.
Now by Lemma 2.1, it follows that

u; — u_ in LY(R?) for all g € [2,00). (3.3)

Especially one has ||u_||3 = u. By the weak lower semi-continuity of ||V - ||o,
we also have

lim inf || V|3 > [|Vu_|3, (3.4)
j—o0
while Fatou’s Lemma implies that
liminf V'(u;) > V(u_). (3.5)
j—o0

Next by symmetry, we have the following estimate

Alws) = A )| = | [ [ 1osle = 1@ Pl = o @)l ()F) dady
< [ el s Plusl? = ()P ()P do dy
=2 [ [ lellw @l P = @l )P de dy.

Observing that

[ () ()P = u— (@) Flu- () [* = Ju; (@)* (g ()= u— ) ) +u- ) (Juy (@)= [u-()]*),

we deduce that

Alw) = A <2 [ [ Jallus@) Pl ) ~ lu-)F| dady

w2 [ [ lallu Pl = o @) do dy

= Ajl- + .AJZ-.

Moreover we can rewrite Ajl- as follows

A =2 ([ lellworac) ([ 1ok - o a).

By the Cauchy-Schwarz inequality, one has

[P < ( [ Pl mz) ([ e mx) |
/RQ“Uj(y)|2_|U—(y)|2’dy§ (/R2(|U/j(y)|+|u (y )|) dy) (/R2 (Ju;(y )|—|u_(y)|)2dy)

13
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Since u; — u_ in L?(R?), we deduce that

A; < Clluj —u_|l2 = 0. (3.6)
Similarly, one finds that
lim A? = 0. (3.7)
j—00
From (3.3)-(3.7), we finally obtain
) = lminf B(u)) > B (u) 2 c_(u). (3.5)

(3.8) implies that the sequence u; converges to u_ strongly in H*(R?), which
ends the proof. O

By Lemma 3.1 and Lemma 3.2, we are able to obtain the following exis-
tence result.

Proposition 3.3. Suppose that 1 < p < 3, k € (0,1] and let p > 0 be
arbitrarily given. Then c_(p) admits a minimizer u_ € B, N X.

Next we investigate some properties of the minimizer u_. First we prepare
the Nehari identity and the Pohozaev identity associated with (3.1).

Lemma 3.4. Let u € X be a solution of (3.1). Then u satisfies the following
identities:

0= N_(u) := | Vul3 + wlull3 + £V (u) — 4 A(u) — [Jul/51], (3.9)
e? 2
0=P_(u) == wlull + 26V (u) — 4e’ A(u) + 16—7THU||‘21 - mllﬂ”iﬁ-
(3.10)

Proof. To obtain (3.9), we just multiply (4.1) by u and integrate over R2.
The proof of (3.10) is more delicate, since the function z - V.S(u)|u|*> may
not belong to L'(R?). To overcome this difficulty, we adopt the method used
in [14]. Let ¢» € D(R?) be such that ¢ > 0, suppy C B(0,2) and ¢ = 1
on B(0,1). For all n € N, we set ¢,,(r) = ¢(%). We then multiply (3.1)
by ¢,z - Vu, and take the real part of the resulting equation. The only
non-straightforward term is the following one.

Re/ S(uw)up,x - Vudx
R2

_ /R S(upr ¥ (@) dz
u

2
- —/]R2 S(u)—=—x - Vi, dx — /R? S(w)|ul, do — /Rz T¢nx : VS(? d.r,)
3.11

14



by integration by parts. Now, a direct computation furnishes for j =1, 2,

OS(u) 1

2
— d
from which we deduce that
1 |5U|2 —r-y 2
VS(u) = —— —_ dy. 3.12
r Vs =~ [ =) Py (312

We multiply (3.12) by ¢n|u )® and integrate again on R? to obtain

)P L[ ks )
—_— -VS(u = w(x)|” dy dx
[ M 0 5 | [ e e ) Pluta)ay

o L Lo (1 - ) Plato P ay

from which we deduce by Fubini’s theorem that

lu(x)|? 2
[ b ISt dx——m—ﬂ/RQ/ Onlu(y) Plu(@) 2 dydz.  (3.13)

Collecting (3.11) and (3.13) and using the Lebesgue dominated convergence
theorem and the fact that Vi, (z) —+> 0, we get the expected equality. We
n—-+00

also refer to [12, 19] for the derivation of the Pohozaev identity. O
The next lemma is concerned with the sign of ¢_(u).

Lemma 3.5. Suppose that 1 < p < 3 and x € (0,1]. Then there exists
p— = p_(e,k) >0 such that c_(p) <0 for p > p_.

Proof. Let us choose u(x) = \/Ee“f”rz and put uy(z) := Au(Az) for A > 0.
Then it follows that |Juy||3 = |Jul|3 = u for all A > 0.
Now by Lemma 2.2, we have

KA 2 e?u?
SR

log A — e*A(u) —

A2 9
B () = 2 |Vull3 +

1 u p+1-

Moreover by direct computations, one finds that |Vul|3 = 4u, V(u) = p and

_ _ ~ly|?
A(u) = 167r3 /RZ/ log |z — yle™ 1= da dy

r—y=V2saty=V2t _ / / 1Og(\/§|3‘)6—ls|2—lt\2 ds dt
167’(’3 R2 JR2

2
= —3%(1%2 ),
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where 7 is the Euler constant. Thus it follows that

A2 2 2 P“)\p 1
E_(uy) = 2uX°+ /<a,u2 616'u log /\+3T(1og2 v)— pT/RQ e PHDIE gy

Taking A = ,u%, we deduce that
K e2pllogp  e*u?

c-(u) < B-(un) = 20" + 5 — ===+ - —(log2 —7) — Op”
< —p? (3622 (log p — log2 + ) — 2> + g — —00  as it — oo.
(3.14)
Thus for every xk > 0, there exists u— = pu_(e,x) > 0 such that c¢_(u) < 0 for
> p u
Remark 3.6. When x =0, we have from (3.14) that
ca(u)é—wf(;i(k%u bg2+7)—2), (3.15)

yielding that co_(p) < 0 for p > 2exp (&F

— fy) .
Using Lemma 3.5, we are able to obtain the positivity of the Lagrange

multiplier w_ which corresponds to the minimizer u_. It is worth mentioning
that the next lemma holds even if x = 0.

Lemma 3.7. Suppose that 2 < p < 3, k € [0,1] and assume that p > p_,
where _ > 0 1s the constant in Lemma 3.5. Then the Lagrange multiplier

w_ =w_(u, k) satisfies

(3 —p)en
> ——=>0.
16m(p —1)
Proof. By Lemma 3.4, it follows that
2,2
= R e
il = IV - V) -
1 w_ PR (p+ 1)e?u?
Alu) = ———— 2= — V() + —r—~——.
Thus by Lemma 3.5 and from 2 < p < 3, we obtain
1 K 1 1
0>c(p) = §HVU—H§ +5V(u-) - e*Au-) — m”u [
p—2 ) K w-  (3-ple’y’
S _ —V _ —_—— —_—
2p— ) et g V) T T G — )
-, B=pen
e



from which we conclude. O

3.2 Link between L?-constraint minimizers and ground
state solutions

In this subsection, we investigate the link between minimizers for ¢_(u)
and ground state solutions of (3.1). Indeed the positivity of w_ enables us
to establish the following result.

Proposition 3.8. Suppose that 2 < p < 3, k € [0,1] and assume that
> p—. Then any minimizer u— € B, N X is a ground state solution of
(3.1) with w = w_.

To prove Proposition 3.8, let us define a functional:

J_(u) :=2N_(u) — P_(u)

= 2| Vull3 + wllull3 — 4eA(u) — H I2 - H I
By Lemma 3.4, we know that J_(u) = 0 for any nontrivial solution u € X" of
(3.1). Moreover we have the following lemma.

Lemma 3.9 (Energy inequality). Suppose that 1 < p < 3, k € [0,1] and
w> 0. Let u € X be arbitrarily given and put u*(z) := N2u(\z) for A > 0.
Then for all A > 0, u satisfies

1

I (u)—I_(ut) — 71— M) T (u)

2
= ZulBO? = 1% + o [lullf (43 log A= X* 4 1) + lullZE] (20% — pAt +p —2) .

1
2(p+1)
Especially if 2 < p < 3, it holds that

1

1) = L () = (1= N)J-(u) > %IH( —1)2 forall A > 0.

Proof. First by Lemma 2.2, we have
2)\4 log A

f—(uA)Z—HV ||2+ || I3+ SV ()= 2 fuf =X A )

p+1°

Thus by a direct calculation, one deduces that
1

2
w €
I_(u) — I_(u) — 1(1 — M J_(u) = Z||u\|§ (M =22 +1) + Enung (4X*log A — A* + 1)

1 1 (012 4
_ 20\°P A —2).
+ T 1)Hqu+1 ( —pAt+p—2)
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Moreover it is straightforward to see that 4\*log A —A\* 41 > 0 for all A > 0.
When 2 < p < 3, we also have 2\ — pA\* +p — 2 > 0 for any A > 0, from
which we conclude. O]

Proof of Proposition 3.8. Let u_ € B, N X be a minimizer for c_(p) and w_
be the associated Lagrange multiplier. By Lemma 3.7, we know that w_ > 0.
Let v € X be a nontrivial solution of (3.1) with w = w_. Then it suffices to
show that I_(u_) < I_(v).

Now by Lemma 3.4, it follows that J_(v) = 0. Then Lemma 3.9 yields
that

1
I_(v) = I_(v*) > 1 (1—=A)J_(v)=0 forall A>0. (3.16)
We choose \ = ”|7|Av7|||2|2 so that
013 = N2 ||v]l3 = flu]3 = p.

Since u_ is a minimizer of ¢_(p), it holds that F_(u_) < E_(v*). Then from
(3.16), we get

w_ w_
L(u) = B (u) + s < E-(0%) + = [[0Y]l3
=1 (oY) < I (v).
This implies that u_ is a ground state solution of (3.1) with w = w_. ]

We now investigate the link between ground state solutions of (3.1) and
energy minimizers. To this end, let us denote by Q_(u) the set of Lagrange
multipliers associated with minimizers for c_(u), that is,

Q_(p) := {w_ (1) > 0| w—(p) is a Lagrange multiplier

associated with a minimizer for c_ (/,L)}

By Lemma 3.7, it follows that Q_(u) # 0 for u > pu_. Moreover for any
w_(p) € Q(p), there exists a ground state solution w, € X of (3.1) with
w = w_(p) by Proposition 3.8.

Proposition 3.10. Suppose that 2 < p < 3, k € [0,1] and assume that
p > p_. Then any ground state solution w, € X of (3.1) with w =w_(u) €
Q_(u) is a minimizer for c_(u). This means in particular that all ground
state solutions for w € Q(u) share the same L*-norm.

18



Proof. First by Lemma 3.4 and Lemma 3.9, we infer that

L)~ I (") = 2200 ) + S g (42 1)
— ”i’” wa2(A2=1)°>0 forall A>1. (3.17)

Let u_ € B, N X be a minimizer for c_(p) whose Lagrange multiplier
coincides with w_(u). Then it holds that

I (w,)<I_(u-) and E_(u_)<E_(u) foranyueB,NAX. (3.18)

Putting A\, = Vi we deduce that

llwell2?
2
[(w) Iy = Aallwillz = o = [lu-ll3 (3.19)
and hence E_(u_) < E_ ((w,)*). Thus from (3.17)-(3.19), one finds that

L) < L(u) = B-(u) + 8 a3

< B () + S
I ((wp)™) < T-(wy),

yielding that /_(w,) = I_ ((w,)*). Going back to (3.17), we arrive at

(3.20)

w- (1) 2
0> — w3 (\, = 1)" = 0.

This implies that A\, = 1 and hence ||w,||3 = . Then from (3.20), we get
B (w,) = B_(u) = (),
which ends the proof. O

Next we investigate the asymptotic behavior of the Lagrange multiplier
with respect to p. In the case k = 0, we have the following result.

Proposition 3.11. Suppose that 2 < p < 3 and let wy_(p) be the Lagrange
multiplier associated with a minimizer for co —(p). Then it holds that

wo,—(p) = 00 as pp— o0 and wo () — 0 as p— 0.
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Proof. First by Lemma 3.7, we readily see that wy () — oo as p — oc.
Let up € B, N A, be a minimizer for ¢y (x). Then using the Nehari identity
and applying the Gagliardo-Nirenberg inequality as in Lemma 3.1, we deduce
that

0= N_(ug) > ||Vol|3 + wo,— (1) luoll3 — 4€> As(uo) — [[uo|lF;
> wo_ () — Ce'yl® — O

This implies that limsup,, ,qwo, (1) < 0.
Next by Lemma 3.4, we have

P uol[}13,

1
v/ 2
L0l = ol + sy

2 w07,(u) 2 e’ 1 +1
@A) = 2L ol + gl = 5oy Il

from which one finds that

1 1
1) =Pl =400 ~ ol
wo,— (14) p— +1
—H 0”2+ H 0“2 m” 0|£+1-
Thus we obtain seo_ (1) )
Co,—\H e p
wo,—(p) > — p + Tom (3.21)
Furthermore by (3.15), it follows that
2
COﬁ(’u)g— plogpu + (log2 —y)u+ 24— 0 as pu— 0.
W 327

Thus from (3.21), we infer that liminf,, o wo — () > 0 and hence lim,,_,q wy (1) =
0. ]

Remark 3.12. (i) By Lemma 3.7, it holds that w_(p) — 0o as pp — 0o even
if0<k <1.

(ii) By Proposition 3.11, it is natural to expect that the set of Lagrange
multipliers Qo () for co—(u) satisfies

() = (0, 00).

p>0
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3.3 Asymptotic behavior of minimizers as Kk — 0

In this subsection, we study the asymptotic behavior of minimizers for
Co—(p) as K — 0. To emphasize the dependence with respect to x, we
write E_(u) = E,_(u) and c_(u) = ¢, —(u). Then we are able to prove the
following result.

Proposition 3.13. Suppose that 2 < p < 3, k € (0,1] and assume that
> p—. Let u, = u,_ € B, NAX be a minimizer for c,_(u). Then there
exist kj — 0, {y;} C R? and ug € B, N Xy such that

U (- — yj) = uo i Xp.
Moreover ug is a minimizer for co_(f1).

In order to establish Proposition 3.13, we first prepare the following
asymptotic result for the minimum of the energy.

Lemma 3.14. Suppose that 2 < p < 3 and assume that pu > p_. Then it
holds that

lim c,.,— (1) = co,— ().
rk—0

Proof. Let ug € B, N Xy be a minimizer for ¢y_(x). By Lemma 3.7, the
associated Lagrange multiplier wo(u) is positive. Then by Proposition 2.7, it
follows that ug decays exponentially at infinity and hence uy € X. Thus one

finds that
K K
Cr,— (1) < B —(uo) = Eo,—(uo) + §V(U0) = co,—(p) + §V(Uo)

and limsup,_, ¢, — (1) < co—(p).
On the other hand since E, _(u) > Ey_(u) for any v € B, N X and
Cx— (1) admits a minimizer, we have ¢, _(u) > co—(p). Thus we arrive at

co—(p) <liminfe, (u) <limsupe, - (p) < co— (1)

r—0 k—0

from which we conclude. O]
Now we are ready to prove Proposition 3.13.

Proof of Proposition 3.15. The proof consists of three steps.

Step 1: We prove that there exist k; — 0, {y;} C R? and ug € B, N X, such
that w,.; (- — y;) = uo in Ay as j — oo. First we observe that

1
En_(u) = EO,_(U)%V(U) < Bo—(w)+5V(w) = By (u) forall0<x < landu€ X.
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Since ¢, —(p) is attained by Proposition 3.3, it follows that ¢, —(u) < ¢1 - (u)
for any 0 < k < 1 and g > 0. Then by the Gagliardo-Nirenberg inequality,
one deduces that

1
gHVuHHg—l—gV(uH)%—gAl(uﬁ) < ¢ ()+C (64,u3 + ,u%> < e (p)+C <e4,u3 + ,u%) ,
from which we conclude that

|lukllgr and  Aj(u,) are bounded.

Then by Lemma 2.4, there exist x; — 0, {y;} C R? and ug € B, such that
v = Uy, (- — y;) = ug in L*(R?). Moreover since ||uo|3 = p, applying the
Egorov theorem, we infer that there exist jo € N, g > 0, Rp > 0 and a
measurable subset Ay C B(0, Ry) such that |v;(z)|* > § for all z € Ay and
7 > Jo. Thus we are able to apply Lemma 2.5 to obtain

Vo(vy) < C (As(vy) + [logll3) < € for j > jo.

This implies that, passing to a subsequence if necessary, v; — ug in &y and
Uy € BM N Xo.
Here we note that

v; = uy in LY(R?) for q € [2,00) (3.22)

by Lemma 2.1.

Step 2: We claim that g is a minimizer for ¢y _(1). By the weak lower semi-
continuity of ||V - |2, (3.22), Lemma 2.3 (iv) and Lemma 3.14, we obtain

co,— (1) < Ey,—(uo) < liminf Ey _(v;) = liminf Ey _ (us;)
j—00 j—00
< liminf E,, _(u,) = liminfc,, _(p) = co - (1)
j—00 j—00

and hence Ey _(ug) = ¢o—(p) as claimed.

Step 3: We show hat v; — up in X as j — oo. First by Lemma 3.14, we
can see that

K
CO,—(:U) < EO,—(UHJ') < EO,—(“M)—{_EJV(uNj) = Eﬁj,—<uﬁj) = Cﬁj,—(:u) — CO,—(M)

and hence

Ey_(v;) = Eo,_(unj) — co—(p) = Eo—(up) and ﬁjV(qu) —0as j — oo.
(3.23)
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By Lemma 3.4, one also has

0= N_(ug;) = P-(ux;) = [V, I3 = 1V (u;) — 16 H U, I3 — p+1” w1551
p+1
= (V0513 — 55V () — m“%‘”z il
(3.24)

Moreover since ug is a minimizer for ¢y (1), up is a nontrivial solution of
—Au+wy_()u — e2S(u)u = |ufPtu in R?

where wy (1) is the corresponding Lagrange multiplier which is positive by
Lemma 3.7. Thus we are able to apply Lemma 3.4 to obtain

0= Vuol2 - || P11 (3.25)

gl -
Thus from (3.22), (3.23), (3.24) and (3.25), we infer that

Vu; — Vuy  in L*(R?). (3.26)

Next by (3.22), (3.23) and (3.26), one finds that
1 2 2 1 p+1
Eo,—(ug) +o(1) = Ep,—(v;) = §||ij||2 —e“A(vy) — m”“jﬂpﬂ
1 1
= §HV"UJ'H§ + e? A1 (v)) — €2 Ay(v;) — m”%‘“gii

1
= 5IVuoll3 + €A1 (vy) — €A (ug) = ——[luollj1 + o(1)

p+1
= EO,—(UO) + 62A1 (Uj) — 62A1 (UO) + 0(1),

which yields that
Ai(vj) = Ay(ug) as j — oo. (3.27)

Moreover since
i) = = log(1 + [z — lu(y)|? do dy = Bi(|ul?, ul?
1(u) = og(1 + |z — y[)|u(z)|*|u(y)|” dx dy = Bi(|ul*, [u]*),
167T R2 JR2

a direct calculation yields that

Bi(Jv;]?, [vj—uo|*) = A1 (v;) = Bi(|vj?, |uol?) +2Bi (Jv;]?, uo(uo—vy)). (3.28)
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By Proposition 2.6 (i), we know that
By (Jv;[*, uo(ug — v;)) = 0 as j — oo. (3.29)
Furthermore by the Fatou lemma, one gets

lim inf Bi([v; [ [uol*) = Bi(fuol?, [uol*) = Ai(uo)-

Thus from (3.27), (3.28) and (3.29), we obtain

0 S hmmf B1(|Uj|2a |Uj — U0|2) S limsup B1(|Uj|2, |'Uj — U0|2)
J—00 j—o0

< limsup A (v;) — lim inf By (|v;|?, [ue|?)
j—00 J—00

< Aj(ug) — Ar(ug) =0

and hence Bj(|v;]?, [v; — ug|?) — 0 as j — oco. Then by Proposition 2.6 (ii),
we conclude that Vi(v; — up) — 0 and thus v; — ug in Aj. O

4 [2-constraint minimizer for the nonlinear
Schrodinger-Poisson system

In this section, we study the existence of a L2-constraint minimizer of the
following nonlocal elliptic problem:

— Au+wu + klzfPu+ e2S(u)u = [ufP 'y in R? (4.1)

which corresponds to the nonlinear Schrodinger-Poisson system.

First we begin with the following lemma, which shows that the presence
of the harmonic potential is essential for the existence of a L?-constraint
minimizer for (4.1).

Lemma 4.1. Suppose that 1 < p < 3, k € (0,1] and let p > 0 be given.
Then Ey is bounded from below on B, N X.

Proof. By Lemma 2.3 (i) and (iii), we have

Alw) 2 = As(w) 2 —2 (Cop+ AV (W)?) 2 —2pP
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Thus by the Gagliardo-Nirenberg inequality and the Young inequality, we
find that

1 K 1
Eo(w) = 5IVul} + 5V () — —lull7} + e A(w)

1 K 2 Ce? et
> 2 20 MV(u) = Cui»r — =522 — 3 4.2
2 Ce? et
> —Cus»r — o - 647r2u3 for any u € B, N X"
This completes the proof. O

Remark 4.2. If we work on B, N Xy, we can see that, for any p >0,

inf FE = —00.
et Bo(u) = —o0

The next lemma can be shown similarly as Lemma 3.2.

Lemma 4.3. Suppose that 1 <p <3, k € (0,1] and let > 0 be given.

Let {u;} C X be a sequence satisfying ||u;l|3 — p and Ey(uj) — ci(p).
Then there exist a subsequence of {u;} which is still denoted by the same and
uy € X such that u; — uy in HY(R3 C) and Ey (uy) = ¢y (p).

By Lemma 4.1 and Lemma 4.3, we are able to obtain the following result.

Proposition 4.4. Suppose that 1 < p < 3, k € (0,1] and let p > 0 be
arbitrarily given. Then ci(p) admits a minimizer uy € B, N X.

Next we present the Nehari identity and the Pohozaev identity associated
with (4.1). Since the proof of Lemma 4.5 is the same than that of Lemma
3.4, we omit it.

Lemma 4.5. Let u € X be a solution of (4.1). Then u satisfies the following
identities:

0= Na(u) := | Vull + wllull3 + £V () + 4e*Au) — [Jul}ii,

e? 2
0= Py (u) == wlull3 + 26V (u) + 4e* A(u) — EHUHE1 - mI\UHZIi-

The following lemma is concerned with the sign of ¢ (u). We are already
mentioned in Remark 4.2 that ¢ (u) = —oo. The next lemma gives the
precise asymptotic behavior of ¢, 4 (1) as K — 0.
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Lemma 4.6. Suppose that 1 < p < 3 and let u > 0 be given. Then there
exists ky = Ky (e,pu) € (0,1) such that for 0 < kK < Ky,

€212

64w

2,2
“Etogn < ey () <
m

log k

FEspecially ¢y (p) < 0 for 0 < k < k4.

Proof. First since C\, < —1logk + k2, it follows from (4.2) that

5 022 22 ks ed 13
> —Cus» 1 — —
crln) 2 =Cpsr + Ferlogr = —o— — o
and hence
(p—2)
e (p) < 1 Cﬂzsp_j K2 p
e2u2logr — 16 e2logk  8mlogk  64m2logk’
— Ton as k — 0.
Thus we have 622*;(1‘3 )gﬁ < % for sufficiently small x > 0.

To estimate ¢, (i) from above, let us consider the test function u(x) =
\/56*'”3‘2 and put u.(z) := /ku(y/kx). Then one finds that ||u.||3 = p for
all k € (0,1). Moreover we have

IVl = 6| Vull3 = dus, &V (ue) =V(u) = p,

log K 2 2
Alur) = 285118 4 A(u) = 2 tog k — 2 (log 2 —
(1) = 2l 4+ Alw) = 2 logr — 2 (1og2 ),
where 7 is the Euler constant. Thus it holds that
1 (1) < By ) = 51Vl + 5V () + Alug) — — el
- 2 2 p+1 Pt
nooe 2 M’%l&’%l (p+D)[ol?
g+ losn — o (log2 =) == | e “
(4.3)
3—p p—1
e () S 1 2K N 1 Clog2—y pTTRE / o~ Dlal? g
e2utlogr — 321 elulogk  2e’ulogk  32mlogk  (p+1)e?logk Jpo

—>32_7r as k — 0.

This yields that there exists k, = r, (e, u) € (0,1) such that 6222(1‘52;5 > o

for 0 < k < Ky, completing the proof. O
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Remark 4.7. Since log2 — v > 0, estimate (4.3) shows that for fized k €
(0,1), there exists py = py(e, k) > 0 such that cy(u) <0 for p > py.

Now let w, = wy (i, k) be the Lagrange multiplier associated with the
minimizer uy € B, N X obtained in Proposition 4.4.

Lemma 4.8. Suppose that 2 < p < 3 and let p > 0 be given. Assume that
0 < Kk < Ky, where Ky € (0,1) is the constant in Lemma 4.6. Then the
Lagrange multiplier w, satisfies

(3 —p)e*u

—F > 0.
16m(p — 1)

W +
Proof. The proof is essentially same than that of Lemma 4.8. Indeed by
Lemma 4.5 and Lemma 4.6, we obtain

1 K 1
0> ci(n) = §HVU+H§ + §V(U+) +e*Aluy) — mHMHZE

w 3 —p)e?u?
Viug) — ey #

p 2
V —
Vurdla + 5 2" an(p— 1)

B —2 | K

S 2pp-1) (p—1)
Wy B-pey

g ! 64r(p—1)°

from which we conclude. O]

Remark 4.9. We may expect that similar results as Proposition 3.8 and
Proposition 3.10 hold for the nonlinear Schridinger-Poisson system (4.1).
As we have observed in the proof of these propositions, the key ingredients
are the energy inequality introduced in Lemma 3.9 and the positivity of the
Lagrange multiplier w. .

If we compute I (u) — I (u*) — 3(1 — X*)J4(u) as in Lemma 3.9, since
the sign of the monlocal term is opposite, we find that the sign of ||ul|3 be-
comes opposite and thus a competition occurs. Furthermore since the only
information we could know about the Lagrange multiplier w, is the estimate
obtained in Lemma 4.8, we do not know whether wy s positive or not.
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