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Abstract

In this paper we present a new approach to the study of linear
and nonlinear stability of inviscid multidimensional shock waves under
small viscosity perturbation, yielding optimal estimates and eventually
an extension to the viscous case of the celebrated theorem of Majda
on existence and stability of multidimensional shock waves. More pre-
cisely, given a curved Lax shock solution u° to a hyperbolic system of
conservation laws, we construct nearby viscous shock solutions u° to
a parabolic viscous perturbation of the hyperbolic system which con-
verge to u’ as viscosity € — 0 and satisfy an appropriate (conormal)
version of Majda’s stability estimate.

The main new feature of the paper is the derivation of maximal and
optimal estimates for the linearization of the parabolic problem about a
highly singular approximate solution. These estimates are more robust
than the singular estimates obtained in our previous work, and permit
us to remove an earlier assumption limiting how much the inviscid
shock we start with can deviate from flatness.

The key to the new approach is to work with the full linearization
of the parabolic problem, that is, the linearization with respect to both
u€ and the unknown viscous front, and to allow variation of the front
at all stages - not only in the construction of the approximate solution
as done in previous work, but also in the final error equation. After
reformulating the problem as a transmission problem, we show that
the linearized problem can be desingularized and optimal estimates
obtained by adding an appropriate extra boundary condition involving
the front. The extra condition determines a local evolution rule for the
viscous front.
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1 Introduction

This paper presents a new approach to the study of the linear and nonlin-
ear stability of inviscid multidimensional shock waves under small viscosity
perturbation. Our goal is to revisit the plane wave analysis and the asso-
ciated Evans’ functions conditions in order to obtain maximal and optimal
estimates. As a consequence of these estimates, we obtain a viscous version
of the celebrated theorem of Majda in the inviscid case, asserting existence
and stability of curved multidimensional viscous shock fronts for sufficiently
small, strictly parabolic viscosity. More, we establish an asymptotic expan-
sion, with rigorous error bounds, to arbitrary order about the inviscid solu-
tion in powers of viscosity strength e. With some elaboration, the method
may be applied also to the physical case of “real”, or partially parabolic
viscosity; see [GMWZ3]. The method would also apply to the analogous
problem of long time stability for a fixed viscosity, perhaps yielding new
results in this context as well; see the discussions of small viscosity vs. long
time stability in [GMWZ1, GMWZ2].
Consider an N x N hyperbolic system of conservation laws in R x R%:

d
(1.1) dru+ Y 9 fj(u) =0,

J=1

and a given uniformly stable Lax shock wuy with front x = 9 (t,y). Below,
we denote by (y,z) € R¥™! x R the space variables and y = (y1,...,¥Yq_1)-
The shock wave solution is ug(t,y,z) = u (t,y,2) on +(x — p(t,y)) > 0,
where uojE are solutions of (1.1), smooth up to the boundary and satisfying
the Rankine-Hugoniot jump conditions on {x = ¥(t,y)}:

d—1
(1.2) O [u] + 3 00 [f5(w)] = [fa(w)] -

Jj=1



Such solutions have been constructed by A.Majda [Maj] assuming that a
uniform stability condition is satisfied. This condition is recalled in Section
two below.

Next consider a parabolic viscous perturbation of (1.1):

d d
(1.3) Oput > 0 fi(u) —e Y 9;(Bjr(u)dpu) = 0.
j=1 g,k=1

The problem is to show, under “natural” assumptions, that, first, the given
solution ug of (1.1) is the limit as ¢ tends to zero of solutions u. of (1.3),
and, second, the solutions u. satisfy uniform bounded-time stability esti-
mates recovering in the ¢ — 0 limit those obtained by Majda in the inviscid
case. The assumptions are twofold: first, there are conditions on the nature
of hyperbolicity of (1.1) and parabolicity of (1.3) and their compatibility;
second, there are (planar) stability conditions. The sharp criterion of stabil-
ity is expressed by an Evans function hypothesis, which implies the uniform
stability of the inviscid shock (see [ZS], [Zul]).

The first, existence problem was solved in 1-D by J.Goodman and Z.Xin
[GX] for sufficiently weak shocks (see also [GW]) and by F.Rousset [Ro2]
for shocks of arbitrary strength satisfying the Evans function hypothesis.
An analogous result in multi-D has been obtained in [GMWZ2], under the
additional technical assumption that the shock front does not deviate too
much from an hyperplane. Note that the recent works by Freistiithler and
Szmolyan [FS] and Plaza and Zumbrun [PZ] show that the Evans condition
holds for sufficiently weak Lax shocks.

However, the “natural” Evans’ function introduced in [ZS], [Zul] and
used in [Rol], [GMWZ2] has a singularity at the origin. This reflects the
existence of a pole for the Green function and induces only a weak type of
stability with losses of epsilons in the estimates. As a result, the second, sta-
bility problem has not been solved in any dimension (though see the related
and in some respects stronger results of S.-H. Yu for small-amplitude shocks
in one dimension [Yu]). This is quite unnatural and unsatisfactory, since the
expected estimates should recover the inviscid estimates in the limit € tends
to zero. In this paper, we propose a modified but equivalent problem, such
that the associated Evans function is not singular at the origin, inducing the
desired maximal and sharp estimates. These not only resolve the stability
problem, but also permit a greatly improved and simplified treatment of
existence, in particular allowing us to drop the artificial assumption made
in [GMWZ2| of approximate flatness of the background inviscid front. The
estimates so obtained are in a class of conormal spaces introduced in [MZ1]



that is natural for the study of singular perturbation problems. As ¢ — 0,
they reduce to the Sobolev estimates of Majda; see Remark 5.7.

Besides their mathematical interest, these results have physical implica-
tions for continuum mechanics and modeling of flow in compressible media.
Both existence of and stability about viscous shock fronts are required to
validate “physicality” of shock wave solutions in the sense of their presence
as persistent features of the flow. The bounded-time version of stability con-
sidered here agrees with the common-sense notion of a coherent “shock-like”
structure that is observable for small but finite time, hence in this sense is
quite satisfactory.

Let us now explain the main features of our approach. The basic idea
is not new. In the inviscid case, we know from [Maj] that the equations
must determine ui and the front 1. The equations (1.1) (1.2) for ui form a
free boundary transmission problem. The front is fixed by introducing the
unknown change of variables:

(14) T :$—¢(tay),

which transforms (1.1) into
(1.5) 8tu+ZA )oju+ A, (u, dyp)Ozu =0,

where A;(u) := fj(u) is the Jacobian matrix of f; and

d—1

(1.6) Ay (u, dip) := Ag(u) = 05pA;(u) — dppld

Jj=1

is the boundary matrix. The equation (1.5) is solved separately on {Z > 0}
and {Z < 0}, together with the transmission conditions, deduced from (1.2):

(1.7) Ap[u] + Zaﬂp fiw)] = [fatw)]  on {&=0}.
7j=1
In the viscous case, the front is not defined at all, since the jump is
smoothed out. However, in the limit € — 0, the front must become apparent.
The idea is to introduce it by force in the equation, performing the change
of variables (1.4) in the viscous equation too. The new equations read:

d—1

(1.8) 8tu+ZA Bu—i—A(udw)au—sZ < ()Dku>:(),

Jj=1 J:k=1



with D; = 0; — (0j1)03 when j < d and Dy = 0z. In the viscous case, the
solutions are smooth and have no jumps on £ = 0. Thus the only reasonable
transmission conditions are

(1.9) [u] =0, [0zu] =0 on {z=0}.

For instance, when u is a planar shock, i.e. when ug and dy are constants,
exact stationary solutions of (1.8) are

(1.10) Wt y,o) = w(ife),  p=ot+ 0y,
with w solving the profile equation

(111)  8.f(w,dy) = 0.(By(w,dyp)d;w), lim =wug, lim =uf,

2Z——00 zZ——+00

where the normal flux and the normal viscosity are respectively

fulu, dy) = Zajwf] — Oppu

(u,dy)) = ZV]VkBJk; v=(-01,...,—04-19,1).

The formulation (1.8) is used in [GW] to construct asymptotic solutions:

(1.12) Uapp ~ D" Unlt,y, 8. 3/2),  Wopp~ D ™n(tyy).

n>0 n>0

In this expansion, the first term ¢ is the inviscid shock front and Uy as a
function of z = & /e is a solution of (1.11) converging to the inviscid solutions
u(jf as z tends to +oo. Since the only physical front is the inviscid one )y,
the first try would be solve (1.8) with 1) = 1. A striking fact is that it
does not work, and that introducing a corrector 1 is necessary to find Uy,
even in 1-D. This indicates strongly the importance of the unknown ) in
the problem.

The next step is to analyze the linear (and nonlinear) stability of the
planar solutions (1.10) or of the approximate solutions (1.12). In the litera-
ture mentioned above, ([GX], [Ro2], [ZS], [Zul], [GMWZ1], [GMWZ2]), the
stability analysis concerns only the stability for perturbations in . This is
the most natural approach since for any fixed ¢ and ¢ > 0, (1.8) (1.9) is
a well posed parabolic problem. Denoting by &(u, ) the left hand side of
(1.8), the partially linearized equation has the form

(1.13) €U )it = o [a(0)] = [05(0)] = 0.



The stability criterion involves an Evans’ function D(p,(), where the { =
(1 — i7,n) denote the (rescaled) Fourier-Laplace frequencies and p the rele-
vant parameters (see section 2 below; for instance, if Ugpps Yapp are given by
(1.10), p = (u*,0,6)). A major result in [ZS] is that for small frequencies
¢ (which play a fundamental role due to the rescaling), one has in polar

coordinates: ¢ = p(:
(1.14) D(p.¢) = p(B)AEP,C) +o(1)),

where [ measures the stability of the profile equation (1.11) and A is the
Lopatinski determinant of the inviscid problem (1.5) (1.7). The stability
condition reads (see e.g. [Ro2], [Zul] [GMWZ2]):

(115) D(p,C)#O, fOI' C#077207
’ [D(p, Q)| = c[¢],  for ¢ small,y >0,

for some constant ¢ > 0. Note that D does vanish at p =0 by (1.14). Thus
the condition (1.15) only implies a weak kind of stability and the typical
estimates in [GMWZ2] (see Theorem 9.1 therein) have the form

(1.16) Vellile S 11 e

This was sufficient to prove the nonlinear stability in [GMWZ2] since we
applied this estimate to source terms f which were the sum of a very small
error O(¢™) and a quadratic term in @. The balance is correct and yields
typically o = O(emfl/ 2) provided that m is large enough. However, this es-
timate is not satisfactory: the estimates for the viscous perturbation should
improve the inviscid estimates, while (1.16) does not even recover the invis-
cid estimate.

The main idea of this paper is to continue to take advantage of the
unknown v and to discuss the stability of the approximate solutions (1.12)
with respect to perturbations in uw and . This leads to consider the fully
linearized equations from (1.8)(1.9):

(117)  EL(Ugpps Vapp)i + Ef(ugpps Vopp) = [4(0)] = [94u(0)] = 0.

Since the problem (1.13) is well posed, for € > 0, this new problem is under-
determined. This simply reflects that for € > 0, the “front” is not uniquely
determined, and indeed there is no front at all. In order to determine a
unique solution, the main idea is to add an extra boundary condition

(1.18) Opp — eAyt + L -tz = 0.

7



The idea of making a good choice of 1 is not new (see Remark 1.1 below).
However, an important feature of our approach is that this extra equation
is local (differential) and simple, while in previous literature the choice was
more hidden and often nonlocal. We also want to emphasize that there is
a large flexibility in the choice of this additional condition, this is discussed
in section 2 below. For instance, the choice of the Laplacian is almost
completely arbitrary. Any second order elliptic with the correct sign and
with the appropriate strength ¢ in front of it would do. . Similarly, there
are many choices for the coefficient ¢ in the right hand side. For instance,

when ug,,,, Vg, are given by (1.10), the only restriction is that

(1.19) 0-8,w(0)>0.

The main objective of this paper is to show that the singular limit of (1.17)
(1.18) is the linearized equation from the inviscid free boundary problem
(1.5) (1.7). In this direction, we give three main results.

e First, in sections 2 and 3 we show that the Evans’ function for (1.17)
(1.18), denoted by D,,(p, () satisfies for low frequencies

(1.20) Din(p,¢) = B(p)A(p, ¢) + o(1)

and for ( away from zero

(1.21) D(p,¢) = D(p. () -

Therefore, the stability condition (1.15) is equivalent to

(1 22) Dm(p,C)#O, for C#O/YZO,
. |D(p,¢)| > ¢, for ¢ small,~ > 0.

e Following the analysis of [MZ1] for boundary layers, we show in sec-
tion 5 that this condition implies optimal estimates for (1.17)(1.18). The
precise estimate is given in Theorem 5.5 below. In particular, we show that:

(1.23) il g2 + V92 S N1z -

Thus, we recover, as expected, estimates for the viscous solutions which are
at least as good as the inviscid estimates of Majda.

e From here, we can repeat the analysis of [MZ1] and deduce the non-
linear stability from the maximal linear stability. This allows to extend the
result of [GMWZ2| to the natural framework, dropping the technical as-
sumption on how much the inviscid shock can deviate from flatness. Indeed,
since the estimate (1.23) is strictly stronger than the typical estimate (1.16)
of [GMWZ2] the analysis is much more robust.



Remark 1.1. 1. The introduction of the front ¢ in the estimate of remain-
ders for the viscous equation was already used in the related analysis in the
long time stability problem. In the 1-D analysis of [Gol, Zu2], the difference
between the exact and the approximate solutions is looked for as

v(t,x) = u(t,x +0(t)) —ue(t, ).

The shift 6(¢) is the exact analogue of our present front ). But the choice
of § is nonlocal and hidden in the analysis: derived by least-squares fit
in [Gol], by Green-function considerations in [Zu2]. The front ¢ has also
been introduced in the analysis of multidimensional scalar conservation laws,
by Goodman, [Go2] Goodman-Miller [GM] and Hoff-Zumbrun [HoZ], its
evolution again prescribed nonlocally. One may think that a simple and
direct condition such as (1.18) could work as well.

2. To understand the relation between (1.18) and the various nonlocal
evolution rules cited above, it may be helpful to consider a simple example
in the one-dimensional case, namely, an initial perturbation consisting of a
translate of the unperturbed shock profile w(z) by distance J. Least-squares
fit (independent of the time evolution, so equally appropriate for either long-
time or small-viscosity problem) would give the optimal prescription ¢ = 4.
The specialization

(1.24) A + £ - tyz—g = 0

of (1.18) to one dimension, on the other hand, leads, roughly speaking (i.e.,
freely exchanging nonlinear and linear perturbations), to the ODE

O = —L - (w(z =5 +v) — w(z)) =0

(1.25) =
~ =l Opw)z=0(vp — 0) = —c(¢p — 0),

where ¢ > 0 by assumption (1.19), whose solution ¥(t) = §(1 — e~) con-
verges exponentially in time to the optimal value 6. The local evolution
scheme (1.18) might thus loosely be described as a relazation of the non-
local prescription by least squares or other method, all converging time-
asymptotically to a unique value. In the small-viscosity context, the profile
is of form w® = w(x/¢), and we obtain instead ¥ (t) = §(1 — /%), which
converges exponentially in €' to & for each fixed ¢t > 0, with an order
initial layer.

3. The extra boundary condition (1.18) is the one appropriate for the
linearized problem. One can also impose the extra boundary condition at
the level of the nonlinear problem. This is done in (7.1).



We end this introduction with several remarks on the method of adding
unknowns and on the comparison between the partially and fully linearized
equations. First we note that these two problems are closely related.

Lemma 1.2. The fully linearized equations from (1.8) at (u,) is

(1.26) & (u, )i+ E)(u, ) = &, (u, ) (4 — POzu) + pIzE (u, ).

Proof. This identity can be checked by direct and elementary computations.
It was pointed out by S. Alinhac ([Al]) as well as the role of what he called
“the good unknown” @ — ¥d3u. Denoting by F (u) the left hand side of
the equation (1.3) in the original coordinates, and by * the substitution

u*(t,y,x) = u(t,y,z — ¥(t,y)), one has
(1.27) Flu') = {0}

Through linearization, one has 0(u*) = (du — d1pdzu)*. Moreover, differen-
tiating in u alone, one checks that (&) (u,¥)v)* = F,(u*)(v)*. Linearizing
(1.27) implies (1.26). O

Consider for simplicity the typical example where ug,, = w(Z/¢) and

Yapp = 0t + 0y as in (1.10), are exact solutions of (1.8) (1.9). In this case,

the error term 9z& (ug,,,, V5,,) is exactly equal to zero in the right hand side

3
app

alent. Hence, the fully linearized equation (1.17) for (1,) is equivalent to
the partially linearized equation (1.13) for v = 4 — 1,/';85,;«u§pp. This invari-
ance simply reflects that all the equations (1.8) are equivalent by change of
variables. The extra boundary condition (1.18) reads

of (1.26) and the transmission conditions for @ and @ — YOzuE,  are equiv-

(at - €Ay)¢ + w (6 ' aiuprki:U) =—l-v

and appears as an artificial way to define a posteriori w So the fully lin-
earized equations do not provide new solutions: we use them to understand
how we can get better estimates. In situations for which the partially lin-
earized equations are already well-behaved, for example in the medium and
high frequency regimes here, we may use the good unknown of Alinhac to
work with these simpler equations instead.

Besides providing the maximal estimates (1.23) the consideration of the
fully linearized equations (1.17) also gives an interesting insight in the analy-
sis of the plane wave stability i.e. the stability of the planar solutions (1.10).
In this case, the coefficients of the linearized equations are constant in (¢, y).
After a Laplace-Fourier transform in these variables and after rescaling, the

10



equations are reduced to transmission problems for ordinary differential sys-
tems, say L(p,(,d,), depending on parameters (p, (). Their well posedness
is equivalent to the nonvanishing of the corresponding Evans’ function at
(p,¢). When applied to the partially linearized equation, the vanishing of
the Evans functions at the origin reflects that £~! has a pole at ( = 0, or
that £ at ¢ = 0 has a kernel. This comes from the invariance by translation
of the profile equation (1.11). The key point is that the similar analysis for
the fully linearized equations, yields an augmented system L,,, such that
E;zl has no pole at the origin: it appears as a desingularization of the pole.
Let us explain this idea on a simple example.

Suppose that A = Ag+p.A; is a family of matrices (or operators), invert-
ible when p > 0, but such that Ay has a one dimensional kernel generated
by e. Suppose that we look for bounds for the solution of

(1.28) Av=f.

A pole is expected at p = 0. Of course, at least in the finite dimensional
case, one can solve the equation, projecting v on the kernel of Ay and on a
supplementary space. But the problem can also be analyzed without explicit
computation of the spectral projectors and reduced to inverting uniformly
nonsingular operators. Consider a linear form ¢ such that

(1.29) (-e#0,

and suppose that A;e is not in the range of Ag. Then, look for the solution
v as

(1.30) v=u—1e.
The equation reads
(1.31) Au — ppAdie = f.
Having added the scalar unknown 1, we add a scalar additional equation:
(1.32) C-u+pap =0.
When p # 0, the equations are equivalent to
Av=f, CL-v=—{-e+pa)).

As long as £- e+ pa # 0, the second equation determines 1, thus (1.28) and
(1.31) (1.32) are equivalent for p > 0.

11



The point is that one can expect that the problem (1.31) (1.32) is uni-
formly invertible for the unknowns (u,)) where ¥ = p1, and it is certainly
so in the finite dimensional case. Indeed, at p = 0, the kernel is given by
the equations

.A()U-?L.Alezo, K-u—l—alﬁ:().

Because A;e does not belong to the image of Ay, the first equation implies
that ¢ = 0 and thus © = Ae. With the second equation, A = 0.
Therefore, to solve (1.28), we can solve the nonsingular equation

(1.33) Au—dAe=f, C-u+ap=0,

and recover v = u — p~ e and in particular its polar part —p~1e.
Continuing the analogy, let us indicate in the case of finite dimensional

equation (1.28) the difference between weak and maximal estimates. The

weak estimate corresponds to the use of a lower bound for det A and yields

(1.34) plol S 1f1.

On the other hand, the invertibility of (1.31) (1.32) implies

(1.35) Jul + 191 < 1£]-

With (1.30), this gives a precise description of the polar part of v. It implies
that there is 1 = p~!4) such that

(1.36) v+ e[ + pl| S If1

This is a noticeable improvement of the weak estimate. Of course, this esti-
mate can be deduced from a spectral decomposition of A, but it is precisely
our point that the analysis sketched above does not use the detailed spectral
properties of A.

Let us indicate how the fully linearized equations plus the additional
boundary condition enter the general procedure of desingularization sketched
above. Indeed, the construction is rather going the other way. We have op-
erators A(p, () which combine L(p,(,0,) and the transmission conditions.
At ¢ = 0, we have a kernel of dimension one generated by e := d,w. With
p = [¢], write A(p,¢) = Ao + pAi. The fully linearized equations have the
form

(1.37) Au+ B = f

12



and by Lemma 1.2 they are equivalent to
At —e) = f .

Since A(p,0)e = 0, this means that A(p,()e = pAje = —B and therefore
(1.37) is indeed the equation (1.31). After Fourier-Laplace transform and
rescaling, the extra boundary condition (1.18) has the form (1.32).

In our application to the operators L(p, ¢, 9.), the spectral decomposition
of A would be related to the construction of Green’s functions. It does not
seem easy to use in space dimension larger than one. On the contrary, the
symmetrizer techniques developed in [MZ1] are immediately available to get
maximal estimates for the nonsingular modified problem L,,.

However, let us make it clear that the analogy with finite dimensional
problems sketched above cannot be pushed too far. Indeed, the linearized
operators L(p, ¢, 0,) have a continuous spectrum which contains the pole 0.
Thus, the maximal estimates for the augmented nonsingular problem L,,
which is analogous to (1.33) are not (1.36) but

(1.38) (v + Pl ey + (v + 0°) 2101 S U1

see [MZ1] (recall that ¢ = (7 —ivy,n) and p = || is small in this analysis).
Similarly, the weak estimates proved in [GMWZ1], are not (1.34) but

(1.39) (v + ) Ppllo 2wy S 11

This shows that the loss is more subtle than in (1.34). In accordance with
our analysis above and in particular with Lemma 1.2, we see that if (4, w)
satisfies (1.38), then © = @ — p~l4e satisfies (1.39). In addition, note that
when « = 0, which is used for the long time stability analysis discussed in
[GMWZ1], the estimate (1.38) and (1.39) are equivalent.

On the other hand, for the small viscosity problem discussed in this paper
or in [GMWZ2], scaling back to the original variables (see section 5 below),
the maximal estimates (1.38) imply that the solutions (i, 1)) of (1.17) (1.18)
satisfy

(1.40)  ylle " all pamivay + vAlle " Vegdll2@ay < lle” ™ fllp2@ia) -

This implies (1.23) on any strip [0,7]. Next, we note that

Velpdze Mugpll 2 @ivay S le "l age S 77 eV 2.

13



The first inequality comes from the form of dzug,, given by (1.10). There-

fore, v = 1 — zb&zufbpp satisfies
(1.41) ymin{1, /ey }Hle 0| 2 ivay S Heﬂtf”LZ(RHd),

which explains where the loss of y/¢ in (1.16) comes from. Clearly, (1.40) is
a real improvement and the analysis of these estimates is the main goal of
this paper.

In section 6 we construct high order approximate solutions (u?,9?) to
the parabolic system (1.3) which converge in an obvious sense to the given
inviscid shock solution (u”,1°) of (1.1) on a time interval [0,7p]. This
solution exhibits the viscous boundary layers on each side of the shock and
also determines the position of the viscous front to arbitrarily high order.

In section 7 we use the main linear estimate given by Theorem 5.5 to
show that the approximate solutions are close to exact solutions (u., %) of
(1.3) on [0,7p]. A precise statement of the relation between (u®,1®) and
(ue, e) is given in Theorem 7.7. This theorem amounts to a demonstration
of the stability of the viscous boundary layers on each side of the shock. As
an immediate corollary of Theorem 7.7 we obtain for example

(1.42) [u® = ue|l 2 = O(VVe)
[u” = twel| oo ({e—po(t4)|5n}) = O(€), £ >0

on the time interval [0, Tp] (Corollary 7.8).

2 The stability conditions

In this section, we formulate the structural assumptions on the system and
give the precise definition of the two Evans functions in play. Next we
compare the different stability conditions.

2.1 Structural assumptions

Consider an N x N system of conservation laws (1.1) and the viscous per-
turbations (1.3). We denote by 4; = fj/ the Jacobian matrix of f;. We make
the following assumptions:

Assumption 2.1.
HO) The f; are C* functions from U* C RN to RN. The B. are
( ] ‘77

N x N real matrices, C* in u € U*.
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(H1) There is ¢ > 0 such that for all u € U* and all £ € RY the eigen-
values of Z?,k;:l i€k Bk (u) satisfy Rep > c|¢]?.
(H2) For u in the open subset U C U* and & € R\ {0}, the eigenvalues

of > &jAj(u) are real and semi-simple and have constant multiplicities.

(H3) There is ¢ > 0 such that for all uw € U and ¢ € R? the eigenvalues
of i Y°0_y &5 A5 () + 30 oy &6k Bj ke (u) satisfy Rep > cl¢].

We refer to [MZ1] or [Zul] for comments on these standard and somewhat
minimal assumptions.

2.2 Planar shocks and profiles

Consider a piecewise constant function

" — u, x < ot+ 0y
T wt, x > ot + 0y

where (t,y,2) € R x R4 x R denote the variables. The front 2 = ot + 0y is
defined by o € R and # € R4~ We denote by h = (0,0) = (ho,...,hq_1).
With some abuse of notation, we refer to such a vector h as a planar front.
The piecewise constant function u above is a weak solution of (1.1) if and
only if the following Rankine-Hugoniot condition is satisfied:

(21) fu(u+7h)_fV(u77h) :07
with
d—1
(2.2) Folush) = falu) = 37 by fy(u) — hold.
j=1
Equivalently,
- | ou, <0
YTlut, 320

and 1(t,y) = ot 4+ 0y form a weak solution of (1.5).

Definition 2.2. A planar shock is a point p = (u™,u™, h) € UxU xR? such
that u~ # u™ and which satisfies the Rankine-Hugoniot condition (2.1).

It is a Lax shock if the normal matrices A, (u™, h) = V. f,(u*, h) are in-
vertible and if we let N be the number of negative eigenvalues of A, (u™,h)
and N~ be the number of positive eigenvalues of A,(u™,h) then

(2.3) NT+N =N+1.
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Note that by Assumption (H2), for u € U and h € R%, A, (u, h) has only
real eigenvalues.

The travelling wave
(2.4) w((x — ot —0Oy)/e)

is an exact solution of the viscous equation (1.3) if and only if w satisfies
the profile equation

(25)  P(w,h) =0 (By(w(z), h)ow) - 0. (f(w(z),h)) =0,

where B, is the normal viscosity matrix :

d
By (u,h) = Z vivEB; k()
J,k=1

with v = (=h1,...,—hg_1,1). Equivalently, w(z/e) and 9(t,y) = ot + Oy
form a weak solution of (1.8)

Note that the equation is invariant by translation: if w(z) is a solution
of (2.5), then w(z — a) is also a solution. Differentiating implies that 0,w is
a solution of the linearized equation

(2.6) Pl w =0

where

Pt := 0, (By(w, h)dw) + 0. (v-VyBy(w, h)dw)

(27) — 0, (A,,(w, h)li)) :

Definition 2.3. A shock profile associated to the shock p = (u™,ut,h) is a
solution w € C*°(R;U*) of (2.5) such that

(2.8) lim w(z) =u", hIJP w(z) =u".

The profile w is transversal if the kernel of P., in L*(R) has dimension equal
to one.

We recall a few known results about shock profiles. In order to avoid
unnecessary repetition, we introduce the following definition.
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Definition 2.4. i) A profile W is a C* mapping from R to U*, such that:
a) for all k > 0, there are C' and § > 0 such that

(2.9) vz >0, 05 W (2)| + |0FW (—=2)| < Ce %,
b) the end states

0o 0
W (o0) = /0 O.W(2)dz + W(0),  W(—o0) = W(0) - / 0. W (2)dz

belong to U.

ii) A set of profiles is bounded if the constants C' and § above can be
chosen independent of the profile in the set; given parameters q in some
smooth manifold, {W(-,q)} is a smooth family of profiles if the mapping
(z,q) — W(z,q) is C* and for all k > 0 and «, there are C' and § > 0 such
that

(2.10) Vz >0, |0F00W ()| + |0F02W (—2)| < Ce™°=.

The exponential decay of the derivative implies that the integrals in the
definition of W (£o0) converge and the end states are the limits of W (z) as
z tends to £oo.

Proposition 2.5. Suppose that w is a shock profile associated to a planar
Laz shock p = (u™,u*,h). Then w is a profile in the sense of Definition 2.4,
with end states u™. Moreover, d,w(z) # 0 for all z € R.

Proof. We can integrate (2.5) once, and it is equivalent to
B, (w,h)0,w = f,(w(z),h) — k

where k is a constant. From this, we deduce that if d,w(z9) = 0, then w(zo)
is a stationary point of the flux f,(u,h) — k. Thus w(z) is constant. If w is
associated to p, this contradicts that

um = lim w(z)# hI—P w(z) =u".

If w is associated to p, then

lim 9w = (B, (ut,h)) " (fu(ut,h) — k).

z—400

If the right hand side is not equal to zero, 0,w has a non vanishing limit and
w has no finite limit. This shows that k = f,(u*,h). Moreover, Assump-
tion 2.1 implies that B, 'A,(u",h) has no purely imaginary eigenvalues.
Therefore w is in the stable manifold of the ode

Bu(wa h)azw = fy(’LU,h) - fV(u+7h)
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at +00. From the classical theory of ode, we deduce that 0,w is exponentially
decaying at infinity. O

Proposition 2.6. i) Suppose that p is a planar Lax shock. Then there is a
neighborhood w of p in U x U x R? such that the set of shocks in w form a
smooth manifold C of dimension N +d and all p € C is a Laz shock.

ii) Suppose in addition that w is a shock profile associated to p and that
w is transversal. Then, shrinking w if necessary, there is a C®° mapping
W from R x C to U* C RY, such that W(z,p) = w(z) and for all p =
(u=,ut,h) € C, W(-,p) is a shock profile associated to p. This connection
is unique, up to a translation in z by a smooth shift k(p). Moreover, the W
form a smooth family of profiles in the sense of Definition 2.4 above.

For the convenience of the reader, a proof of this proposition is recalled
at the end of section 3.

2.3 The uniform stability condition

Consider a profile W and a planar front h = (0,0). We consider the lin-
earized equations from (1.8) around

w(t,y,x) = W(z/e), (t,y)=ot+0y.

For simplicity, we have changed the notation = to z.
We first compute the partially linearized operator with respect to u. It
has the form

(2.11) Lit == —£8y, (B,0y1) + 8, (A*a) + éMﬁa
where
Aﬁ’U = A v— Z(Bjﬂj + B,,J-)e@jv — (VUBZ, . U)@ZW,
j=1

d—1 d—1
Mﬂ’u =cedw + Z Agé‘aj — Z §j7k528j8k R
j=1 j=1k
with
Agv = Avj — (V/U_\BZV . v)@ZW + (Vu/\B/ - 0, W)v
d
Bj,(u,h) = ZVkBjk B, j(u,h) = ZVkBk]
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where v = (—hq,...,—hg_1,1) as before and A stands for the evaluation of
the function A(u,h) at u = W(xz/e). Note that the coefficients are smooth
functions of h and z = x/e. Moreover, Af and M? are differential operators
in €0; and €0,.

Since the coefficients of L depend only on z, one can perform a Fourier-
Laplace transform with respect to the tangential space-time variables (¢, y).
This leads to symbols A(z,() and M(z,(), depending on z € R and ¢ =
(7,m,7) € R x R¥~! x R, obtained by evaluating the coefficients at z and
replacing in the definitions above 9; and 0; by in;, 7 = 1,...,d — 1 and
~ + iT respectively. Denoting by @ [resp. f] the Fourier-Laplace transform
of u [resp. L], one has:

(212)  f(2,0) = —20y(By0ysa) + By (A (§,55> u) + é/\/l (g,eé) Q.

Denote by L the operator in the right hand side acting on u. It is then
natural to rescale the variables. Setting

(213) (=eC, z=afe, uw'(zQ) =i(@.0), f(2¢)=cf(@,0).
and
(214)  £(z,¢ 00" = =0. (B, (2)0u") + 0. (A(2,Qu’) + M (2,0) ',
the equation (2.12) reads
(2.15) = LG 0

Dropping the stars, we now consider the well posedness of the equation
(2.16) £(2,¢,8.)u = f.

This is a second order differential equation, and the equation is equivalent
to the transmission problem where one looks for solutions ™ and u~ on
{z > 0} and {z < 0} separately, which satisfy the transmission conditions

u” (0) =ut(0), O,u(0)=ad,ut(0).

All the constructions above depend on the initial choice of profile W
and planar front h. When necessary we indicate this dependence in the
notations and write Ly, and Ly p(2,(,0;). Note that the coefficients are
smooth functions of h and z.
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Definition 2.7. Given a profile W we denote by Ef,, (¢) [resp. Ey,(C)]
the set of initial data (u(0),0,u(0)) such that the corresponding solution of
Lwn(z,¢,0.)u=0 on{z >0} [resp. {z <0}/ is bounded as z tends to +o0
[resp. —o0].

In the sequel, we denote by R‘fl the set of parameters ( = (7,7,7) €

R x R x R such that > 0 and by RE™\{0} the set of ¢ # 0 with > 0.
The proof of the next lemma is recalled in the next section.

Lemma 2.8. Under Assumptions (HO) to (H3), E*th(g) and Ey,, () are
smooth vector bundles of dimension N in C*N over ]le_ﬂ\{()}.

There are nontrivial bounded solutions of Lu = 0 if and only if E*NE~ #
{0}. The distance these two spaces can be measured via the Evans’ function

(2.17) Dy (€) = det (Efy,, (0). B, (0))

where the determinant is obtained by taking any orthonormal basis in the
given spaces. Note that, by Lemma 2.8, the function D is smooth on
R4\ {0}.

There is an alternate way of computing the Evans function D. Consid-
ering the transmission problem, as a boundary problem, the natural space
of initial data of bounded solutions is E~ x ET < C?V x C?V. Its dimen-
sion is 2N. The boundary condition can be written T'(U~,U™) = 0 where
I' is the mapping (U=, U™) +— Ut — U~ from C?V x C?V to C?N. Thus
dimkerI' = 2N and

(2.18) D (C) = det (Egm(g) x Efy,,(C), ker r) .

The weak stability condition requires that D does not vanish when ¢ # 0
and v > 0. The uniform stability condition requires in addition an optimal
control when ( is small or large. It turns out that for large ¢ the uniform
condition follows from the Assumptions (HO0) to (H5). For small ¢, we
know from [ZS] that the determinant D is O(|¢]). Following [ZS], [Zul], the
uniform stability condition reads:

Definition 2.9 (Stability conditions).

i) The shock profile W associated to a Lax shockp = (u™,u™, h) is weakly
stable if the Evans function Dy, does not vanish for ¢ € R\ {0}.

i) It is uniformly stable if in addition there is a positive constant ¢ such
that for all ¢ € RITN\{0} with [¢] < 1,

(2.19) [ Dw,n ()] = cl].
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Proposition 2.10 ([ZS]). Suppose that Assumption 2.1 is satisfied and
that W is a shock profile associated to o planar Lazx shock p.

i) If W is uniformly stable, then W is transversal and the planar shock
p is uniformly stable in the sense of Majda [Maj].

it) Conversely, if W is transversal and the shock p is uniformly stable,
then (2.19) holds for ¢ € R™1\{0} small enough.

The precise definition of Majda’s uniform stability condition will be re-
called in the next section, see Definition 3.9 below. We will also recall a
proof of the proposition, as an introduction to the analysis of the modified
Evans’ function.

Corollary 2.11. Under Assumptions 2.1, a profile W associated to a Laz
shock p is uniformly stable if and only if:

i) it is weakly stable,

ii) W is transversal,

ii1) p is uniformly stable in the sense of Majda.

In the general analysis of parabolic boundary value problems, the uni-
form stability condition for high frequencies (i.e. for |(| large) is described
by a rescaled Evans function, see [MZ1]. With A = (72 4+ 2 + |n|*)'/4,
introduce

(2.20) By () = {(Au(0), 8.u(0)) : (u(0),0:u(0)) € Eij, ), }
and the scaled Evans function
(2.21) in(Q) = det (B (Q) B (€)).

Of course, D"*(() vanishes if and only if D(¢) = 0. Following [MZ1], the next
result means that the uniform stability condition is automatically satisfied
for large frequencies :

Proposition 2.12. For all profile W and planar front h, there are p1 > 0
and ¢ > 0 such that:

VCeRY, = [DRLQ] > e

In particular, Dy (C) # 0 for all € R}ﬁd with || > p1.
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2.4 The fully linearized equations

Consider a profile and a planar front h = (o, 6). The fully linearized equation
from (1.8) around w® = W(x/¢), ¢ = ot 4 Oy reads

(2.22) Li+ LY = f,

where L is given by (2.11) and

d—1
L' = — 0pd,w® = 9,400, f(we)
=1
(2.23) - ! .
+ 320390, (Bjo + Bug)osw®) +2 > 0,000 B’
=1 G k=1

with Ej,k = Bjyk(ws).
The main idea is to add an extra “boundary” condition to (2.22):

(2.24) Op — eAy + £ -ty = 0.

The special choice of the heat equation in the left hand side has no im-
portance. It can be replaced by any parabolic operator of the same type,
possibly depending on p. There is also a large freedom in the choice of /.
What we assume is that £ such that

(2.25) 0-8,W(0)>0.

Such a choice is always possible since 9,W (0) # 0 by Proposition 2.5.

The coefficients of L' depend only on z. Again, we perform a Fourier-
Laplace transform with respect to the tangential space-time variables (¢, y).
Denote by f ! the additional term leﬁ and by 1/3 and f I the Fourier Laplace
transform of ¢ and f! respectively. Parallel to (2.12), there holds

. . 1 - . .
(2:26) 1.0 = = 59O (.20
where
d—1
LY(z,0) =(y +im)0W + > in;0. f;(W)
(2.27) . o o
= in;o. ((Ej,z/ + Eu,j)azw> + Y Bk W
j=1 Gk=1
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and the coefficients B are now evaluated at u = W (z). The natural rescaling
for f' and 1), which supplements (2.13), is:

(2.28) (fH* (2,0 =ef'(z,Q), ¥ (¢) =

so that

$(C)

(f1)" (2.0 = =¥*(OL(2,0) -
Similarly, the Fourier-Laplace transform of the boundary condition (2.24)
reads

(3 + i + el i*)P(C) = € - =0 (C).-
Adding up, after Fourier-Laplace transform and rescaling, using (2.13) and
(2.28), we see that the linearized equations read:

(2.20) { Lz ¢ 0" =" LY (,.0) = f*
co(¢)¢* +£-u*(0) =0
with ¢o(¢) = v + i + ||
Lemma 2.13. The following identity is satisfied:
L£1(2,0) = L(2,¢,0:)0:W (2) + 0:P(W(2), h),
where P is defined in (2.5).

Proof. This is easily checked by direct computation; it can also be deduced
from Lemma 1.2. O

For small (, it is natural to use polar coordinates:

(2.30) ¢=pC, p=I¢l, [KI=1.

The definition (2.27) shows that £!(z,0) = 0 and therefore,

(2.31) LY(z,¢) = pL(2,{,p)

where £! is smooth with respect to z € R, { € S and p € [0,1]. Similarly,
(2.32) co(¢) = péo(C, p)-

Thus, it is natural to introduce

(2.33) o = pu*

so that the equation (2.29) reads

{ L(z,pC, )0 — L (2,(,p) = f7,

(2.34) .
co(C,p)e +L£-u*(0) = 0.
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Definition 2.14. For p > 0, denote by Ewyh(f, p) the set of (ug ,uy,ug,uf, @) €
C*NFL such that the solutions of

L(z,p00:)u™ = LN 2,(p) =0,  w (0)=up, 8:u™(0)=uy
on {£z > 0} are bounded as z tends to £oo.

We denote by S¢ the set of parameters ( = (#,7,7) € R x R¥™! x R
such that [(| =1 and § > 0.

Lemma 2.15. Under Assumptions (HO) to (H5), given a profile W and a
planar front h, Ewh(é,p) 1s a C* wvector bundle of dimension 2N + 1 in
CNFL gver 59 x]0,1] which has a continuous extension to S¢ x [0, 1].

The proof is given in the next section. That E* is smooth for p >0
follows from Lemma 2.8. The continuous extendability to p = 0 follows
from [MZ2].

There is a nontrivial solution of (2.34) if and only if there is a nontrivial
solution (ug , up g i ) € E(G, p) o

T O T CIDUR R SR Sy ) _
Fg(uo,ul,uo,ul,go).—(uo—uo,ul—ul,cog0+€-u0)—0.

Note that ker fg is a smooth linear bundle of dimension 2N in C*N+1, There-
fore, we can form the following determinant in C*¥*+! which we call the
modified Evans’ function:

(2.35) 5W,h,g(g:,p) = det (Emh(é,p) , ker f@) )

When W is a shock profile, Lemma 2.13 shows that for ¢ # 0 the equation
(2.29) is equivalent to

u=v+Y o, W with Lv=f", o™ +0-v(0)=0,

with ¢y(¢) = ¢o(¢) + £ - 9,W(0). By Assumption (2.25), ¢y does not vanish
for ¢ € RI™. Therefore, the equation (2.29) or equivalently (2.34) with
f* = 0 has a nontrivial solution if and only if there is a nontrivial solution
of Lv =0 on R. Therefore, we have proved:

Proposition 2.16. If W s a shock profile gssocz’vated to a Lax shock p =
(u™,u™,h), then for all ¢ € Sj‘ﬁ and p > 0, Dw (¢, p) vanishes if and only

if Dw,n(pC) = 0.
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However, as discussed in the introduction, the detailed behavior of D
and D are quite different as ¢ tend to zero. The first main result of this
paper is to give an equivalent formulation of the uniform stability condition
using the modified Evans function D.

Theorem 2.17. Under Assumptions 2.1, suppose that W is a shock profile
associated to a Lax shock p = (u~,u",h) and ¢ satisfies (2.25). Then W is
uniformly stable if and only if:

i) it is weakly stable,

ii) there is a constant ¢ > 0 such that for all (¢, p) € S%x]0,1]

(2.36) Dy ne(C,p) > c.

The modified Evans function condition, is stable under perturbations.
Suppose that the profile W associated to the Lax shock p is uniformly stable.
Then it is transversal and by Proposition 2.6 there is a neighborhood w of P
in U xU xR?, such that the shocks in w form a smooth manifold C. Moreover,
there is a smooth family of profiles W (-, p) extending W associated to p € C.
We can also choose a smooth mapping ¢ from C to RY such that for all p € C,
L(p) - 0. W (0,p) # 0. In this case, one can show that the modified function

Dy (p.).h¢(p) €xtends continuously to C x S¢ x [0,1] and therefore:

Theorem 2.18. Suppose that W is a uniformly stable profile associated to
a Lax shock p. Then, with notations as above, there is a neighborhood w of
p such that all the profiles W (-,p) are uniformly stable when p € CNw and

there is ¢ > 0 such that (2.36) is satisfied for allp € C and (¢, p) € ST x]0,1].

The proofs of these theorems are given in the next section.

3 Analysis of the Evans functions

This section is mainly devoted to the proof of Theorem 2.17 and the related
results stated in section 2.

We assume that we are given a profile W associated to a Lax shock p. To
prepare the construction of symmetrizers, we need to consider neigthring
values of p and we also need some extra parameters p’ € RY '. The precise
conditions are summarized in the following assumption, which is supposed
to hold throughout the section.

Assumption 3.1. Q is a smooth manifold and {W (-,q);q € Q} is a smooth
family of profiles in the sense of Definition 2.4. ¥ is a C'°° mapping from
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Q to R?, bounded as well as its derivatives. Moreover, at q€Q, W(z) =
W(z,q) is a shock profile associated to a Lax shock p = (u™,u",h) and

¥(q) = h.

3.1 Invariant spaces

We consider the rescaled linearized operators (2.14) associated to the profiles
W (-, q) and normal front ¥(q):

L(z,q,¢,0.)u = Lyy(.q),9(q) (% ¢ 02)

(3.1) =~
= —0:(Bu(z,9)0:u) + 0, (A(z,¢, Q) u) + M (z,q,¢) u.

The coefficients are polynomial in ¢ and smooth functions of W, 9, W, 02w
and ¥(q). Thus B,, A and M are smooth functions of (z, ¢, {) and converge
at an exponential rate at infinity. It is convenient to write the equation

(32) L(z,q,¢,0:)u=f
as a first order system. Introducing v = B,0.u — Au, the equation reads

(33) azU = g<27 q, C)U + F?

_(u _E;lA EV_I (0
=) o=t ) ()

In the analysis of low and medium frequencies, the key remark is that (3.3)
is conjugated to constant coefficients systems at infinity. The Assumption
3.1 implies that for ¢ € w and ¢ in bounded sets, there holds:

with

(34) 102,c(9(2,¢,Q) = GF(q, Q)| S e, xz>0,
" (B) M9)A*(¢,¢) (BF)(q)
+ _ ((By) (g ¢,¢) (By) (g
g (Q7<) - ( Mi(q’c) 0 ) )
where
d—1
AF = Alj/E - ij(B]j‘,[y + Byi,j)y
j=1
d—1 d—1
J=1 j=Lk

26



and the matrices AJi B;Ek are the corresponding matrices evaluated at the
end states W (%00, (¢); similarly, the normal matrices A,, B,, Bj,, B, ) are
evaluated at the end states and normal front ¥(q).

In (3.4) and below, the notation A(z,q,¢) < B(z,q, () means that there
is a constant C' such that A(z,q,() < CB(z,q,() for all values of (z,¢,()
under consideration.

Therefore, Lemma 2.6 from [MZ1] implies

Lemma 3.2 ([MZ1]). For all g € Q and ¢y € RE™, there is a neighbor-
hood Q of (qo, (o) in Q x R4 and there are matrices W* defined and C>
on {£z > 0} x Q and such that

i) WE and OW*)~1 are uniformly bounded and that for all o > 0 there
is 01 > 0 such that for (q,() € Q:

| qC(VVi (2,4,C) —Id)‘ < el 42 >0.
i) WT and W~ satisfy on {z > 0} and {z < 0} respectively:

OW(2,4,¢) = G(2,4,OW(z,4,¢) — W(2,4,{)GF(q,¢) .

Recall that R}ﬁd denotes the set of ¢ = (7,7,7) € R*% such that v > 0.
As a corollary, U is a solution of (3.3) on R* := {42 > 0} if and only if
U = (W*)7IU satisfies

(35) azUl - giUl + Fl ) Fl = (Wi)_l

Next we recall the spectral properties of the matrices G (cf [ZS], [Zul],
[MZ1] or [GMWZ2]). To deal with the high frequencies, we introduce the
parabolic quasi-norm:

(3.6) ()= (1+ 72 +~2+gh)7.

Lemma 3.3.

i) For all qo € Q, there is a neighborhood wy of qo and there are
constants p1 and c; > 0 such that for all ¢ € wy, all z € R and all ( € ]R_l:'d
with |¢| > p1, the matriz G(z,q,() has N eigenvalues counted with their
multiplicities in {Rep > 0} and N eigenvalues in {Rep < 0}. They all
satisfy [Rep| > c1(C).

it) For ¢ € ]R_lﬁd\{O}, the matrices G* (g, ) have N eigenvalues counted
with their multiplicities in {Rep > 0} and N eigenvalues in {Rep < 0}.

iti) For ( = 0, the matrices G¥(q,0) have 0 as a semi-simple eigenvalue
of multiplicity N. The nonvanishing eigenvalues are those of (BF)~1AE.
NT eigenvalues of Gt are in {Rep < 0} and N~ eigenvalues of G~ in
{Rep > 0}.
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Consider ¢ € Rf‘d\{O}. The solutions of
9.Ur = G*U;
which are bounded on R*, are exponentially decaying and given by:
Ui(z) = 700(0),  Th(0) € Ff(q:0).

where JFli(q, (¢) denotes the space generated by the eigenvectors associated to
eigenvalues in {+Rey < 0}. By the lemma above, Fi(g,¢)) have dimension
N and depend smoothly on (g, ().

Denote by F*(q, () the space of initial data U(0) such that the corre-
sponding solution of

0,U =GgU
is bounded as z tends to £oo. There holds:
(3.7) F=(q,¢) = W(0,4,{)FF (g,¢) .

Next, we note that the spaces E*(q,¢) of initial data (u(0),d,u(0)) such
that the corresponding solution of (3.2) is bounded on R is directly linked
to F*(p, ¢):

Id 0
35) 00~ (500 pot) o

In particular, the smooth dependence of }Ff(q, ¢) implies the following
result which extends Lemma 2.8:

Lemma 3.4. When ( # 0, one can choose the neighborhood ) in Lemma 3.2,
such that F*(q, <) and E*(q, ¢) are smooth vector bundles of dimension N
in C*N over Q.

When ¢ =0, F*(q,¢) and E*(q,¢) are smooth vector bundles of dimen-
sion N in C*N over QN {C # 0, v > 0}.

According to the definition (2.17), the Evans function associated to the
profile W (-, q) and the front ¥(q) is:

(3.9) D(q,¢) = det(E™(¢,¢),E™(q,¢) .
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3.2 The low frequency normal form

We now consider small frequencies (. Lemma 3.3 implies that there is a
neighborhood g of (g,0) in @ x R'*? and there are C* invertible matrices
V*(q,¢) on Qq such that

voigrvs = (P70 =gk
0 Hi . 2 q, )
with H(g,0) = 0, P¥(q,0) = (Bf)™'A¥ and
Id —(AH)~!
+ _ v
The eigenvalues of P* satisfy |Reu| > ¢ > 0, for some ¢ independent of

(q,¢) € Q. Moreover (see e.g. [MZ1], Lemma 2.9)

d—1
(3.10) H* = —(Af)*l((7+ir)1d+zmj/1;t) +O(C]).
=1

We now switch to polar coordinates ¢ = p, with p = |¢| and ¢ € S4, the
closed half sphere {|¢| =1, 4 > 0}. In particular, we use the notations

H*(q,¢) = pH(q,{, p),

and note that H(q,¢,0), which is the main term in (3.10) evaluated at ¢,
is the symbol obtained by Laplace Fourier transform from the hyperbolic
operator

8y — (AF)" <+ZA6>

For p > 0, let us denote by F+(q ¢) and F};(q, ¢, p) the negative spaces
of the matrices P*(q,¢) and HT(q,¢, p) respectively, i.e. the spaces gener-
ated by generalized eigenvectors associated with eigenvalues in {Reu < 0}.
Symmetrically, we denote by F5(g,¢) and F5(q, ¢, p) the positive spaces of
P~(q,¢) and H (¢, ¢, p). Thus the negative [resp. positive] space of Gy (q,¢)
[resp. G (g,C)] are

(3.11)
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In addition:

(3.12) Fi(q.¢) = VE(p, QF3 (¢,¢) -

By Lemma 3.3, one has
dimF}, =N*", dimF},=N-NT",
dimF, =N", dimF;=N-N".
With (3.7), (3.12) and (3.11) we see that
(3.13) F(¢,0) = T%(0,4, ) (F5(: ¢) € Fy; (0 ¢, )

where 7% = W*V*. The vector bundles F5(g, () are smooth for (¢, ¢) near
(¢,0). From [MZ2], we know that F%(q,¢, p), which are smooth for p > 0
and ¢ € S, have continuous extensions to p = 0. Thus:

Lemma 3.5. The vector bundles F*(q, pg:) are smooth for q close to q, p > 0
small and ¢ € Si and have continuous extensions to p = 0.

Next, we consider the block decomposition of the matrix 7% into four
N x N blocks:

+ +
(3.14) TE(2,¢,¢) == W VE(2,¢,¢) = Tl£ Tlﬁ :
Tyq Ty

On one side, the blocks correspond to the splitting of U into v and v and
on the other side to the splitting of Us into its P and H components.

Lemma 3.6. There holds

(3.15 T(0,0) = 4,
(3.16) Tfl(z, q,0)=0 on F}i)(q,O) :

Proof. At ( =0, U = (u,v) is a solution of

8zu:§;1.,4u+§,jlv, 0,v =0,

(-G 2L ()
v 7-271 7-2:}:2 ‘CZO U

O,up = Pi(q,())uP, Oug =0.

if and only if

and
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Choosing up = 0 and ug any constant vector in CV, one must have 827'2i2u H=
0, therefore ’Z'Qﬂ:2 is constant, and since 7F tends to V* at +oo, this implies
that at ( =0, 755 = Id.

Similarly, choosing up(z) = ezpi(q’o)uP(O) and ug = 0 implies that
Tfl(z, q,0) = 7'2“7:1(0, q, O)e*ZPi(q’O). Since this matrix tends to zero at £oo,

it must vanish on the space F]ij (p,0) where e=*F F@0) jg exponentially grow-

ing. O

By (3.8), there are smooth nonvanishing function ¢ and ¢ on Qg such
that

D(q,¢) = ¢(g,¢) det (F~(¢,¢), F(¢,¢))

(3.17) = (g, ¢) det (Fp(q,¢) @ Fy(q,Q), Fh(q,¢) @ Ffy(q,0)) -

3.3 Low frequency analysis of the Evans function

In order to compute the Evans function, we now choose bases in F*(q, ().
According to (3.13) we construct separately bases of 7+ (O)IF‘IiD and 7+ (0)F.

When ¢ = 0, the linear operator £(z,q,0,0,) is equal to the linearized
operator P’ (2.7) from the profile equation at W:

(3.18) L(2,q,0,0:) = Py (z,0.) .

Since W is a shock profile, it is an exact solution of (2.5) and (2.6) implies
that

(3.19) L(z,q,0,0,)0.W = 0.

Equivalently, this means that

satisfies

Lemma 3.7. Shrinking the neighborhood Qg of (q,0) if necessary, there are
functions Rli(z, q,¢) = t(rf, sf), C™® on R* x Q, exponentially decaying in
z and such that

(3.21) 0.Rf =GRE on+2>0, Rf(z,g, 0) =R,(z).
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Moreover, sf:(z,q,O) =0 and in polar coordinates ¢ = pC there holds, uni-
formly for ¢ € Sjl_ :

(3.22) s7(0,¢,¢) — 57 (0,¢,¢) = pm(p, ) + O(p?) ,
where
(3.23) m(p,¢) = (y +ir) ) + sz fiuh) = fi @) -

Proof. Because R, is an exponentially decaylng solution of (3.20), there are
cf e IFIJE(Q, 0) such that

ezPi (g,0) C:I:
) =70 (1),

Denoting by Hi(q, () the spectral projection on ]Fi(q, (), we define

zP%(q,
(3.24) Ri(2,q,¢) =T(2,¢,C) <€ m C)%i(q, C)c%) .

Then, R, satisfies (3.21). Moreover, Lemma 3.6 implies that s; = 0 when
¢=0.

The equation (3.21) implies that
(3.25) d.st = Mrf .

We note that
d—1
M(2,q,¢) = (v +im)Id+ Y in;i fj(W) + O(p?).

j=1
The definition of Ry shows that |r1(z,q,¢) — r1(2,¢,0)| < pe ®F for some
§ > 0. Thus, r1(z,¢,¢) = 9.W + O(pe 9!

)
(MT%E)(%Q, C) - ( ( (Z),C) ( _6|Z|)

and therefore

where
d—1

Fu, ) = (y+imyu+ > in; f(u) .
j=1
Therefore, integrating (3.25) on the half line {£z > 0} yields
_8+(0ag7 C) = f(ﬂ+7 C) - f(ﬂ(o)v C) + O(p2) )
s7(0,4,¢) = f(W(0),¢) = f(u™, ) + O(p") -
Adding up we get (3.22). O
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By (3.24), RfE(O,q, () is a vector in Ti(O,q,C)IFIiJ(q,C). We take it as a
first basis vector in this space and also construct bases in 7% (0, ¢, ¢ )Fli{(q, Q).

Lemma 3.8. There are a neighborhood wy of q in Q and pg > 0 such that :

i) for j € {2,...,NT}, there are C™ functions Rji(z, q,¢) = t(rji, sji)

on {£z >0} x wo x {|¢| < po}, such that, together with Rf(O, q,¢) given by
Lemma 3.7, {RjE(O, q, C)}1<j<Ni form a smooth basis of T*(0, q, C)Flig(q, ¢);

moreover, for all j < N+, s;.t(z,q,O) =0;

i) for j € {NT +1,...,N}, there are C*® functions Rji(z,q, Cop) =
t(f]i,EJi) on {£z > 0} x wy x S4x]0, po], which extend continuously to
p = 0 and such that {Rf(O,q,é,p)}Ni<j<N form a continuous basis of
T7%(0,q, pQZ)Fi(q, ¢, p); moreover, {sjE(O, q.¢, p)}Ni<j§N form a continuous
basis of Fli{(q, ¢,p).
Proof. Consider vectors g;-—L € F]ij(g, 0) for j € {2,..., N} such that {g;-t}lSjSNi
form a basis of F}i)(g, 0). Extend the definition (3.24) of Ry to j € {2,..., N*}

O, O

Rj(z,q,C):T(&CIaC) ( 0

They satisfy the conditions 7).
According to [MZ2], the spaces Ft 77(q, ¢, p) have continuous extensions to

p = 0. Choose bases {c (q, }Ni<]<N of F%(q,(, p) and define
Rj(2.0.6.0) = T(2,0.00) )
i\Z,4,G, = z,4, z ) X .
(20060 = T(2:0:00) | ettt arr (g, ¢, )
for N* < j < N. The properties of sit follow from Lemma 3.6. O

We now introduce two important quantities. First, the Lopatinski de-
terminant of the linearized inviscid shock problem: (cf [Maj))

(3.26) A(p, ¢) = det (Cm(g, (), Fy (g, ¢, 0),F} (g, ¢, 0).)
Note that dimF~ +dimFt = N 1 so that the determinant above is N x V.
By Lemma 3.8, the gj(C) = §; =(0, q, ¢,0) for j > N* are continuous bases

of F, (ps ¢,0). Therefore, there is a nonvanishing function ¢(¢) on the closed
half sphere Sjjlr such that

3.27 : * . ; e
(3:27) det (m(p, ), 53— 11 (2530, 5541 (O, 55O



Definition 3.9 (Uniformly stable shocks, [Maj]). The Lax shock p is
uniformly stable if there is ¢ > 0 such that for all { € Si

|A(p, Q)| > c.
Next, we introduce the determinant

(3.28) B(q) = det (0.W(0),15,. .. ,fjv,,ﬁ;, . ,£;+)

where z;-—L = T;E(O,g, 0). Note that 9, (0) = r; =r]. A more intrinsic def-

inition can be given using the spaces C9,1W (0) and orthogonal complements
in the u projection of 7%(0, p, O)Ffﬁ(g, 0).

Lemma 3.10. 3(q) # 0 if and only if the profile W is transversal in the
sense of Definition 2.3.

Proof. The identity (3.18) implies that 1 is a L? solution of the linearized
equation Pjyw = 0 if and only if

w
7-(3)
is an L? solution of 0,U = G(z,p,0)U. Arguing on {£z > 0} separately,
this holds, if and only if  is exponentially decaying and w(0) € P~ NPT,
where PT is the space spanned by ﬁ[, e ,ﬁﬁi. By definition, the con-
nection is transversal if and only if dim(P~ N E+) = 1. Since dimP~ +

dimP"™ = N+ 1 and ry = ﬂr, this condition holds if and only if the vectors
1,0y - ,gj_v,,f;', . ,g}r are independent. O

The next result implies Proposition 2.10, originally due to [ZS].

Proposition 3.11. Shrinking the neigborhood wy of q and po > 0 if neces-

sary, there is a continuous function D,,(q,(, p) up to p = 0 on waﬁ‘fr %10, pol,
such that

and the Evans function defined for € R}ﬁd\{()} by (3.9) satisfies for q € wy,
Ce 8 and p=c| €10, po)-

(3.30) D(q,pC) = pc(q, ¢, p)Din(q, €, p) -

where ¢(q,C, p) is continuous up to p =0 and does not vanish on w X Si X
[Oa ,00] :
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Proof. By (3.17), there is a function ¢(q, ¢, p), continuous up to p = 0, such
that D(q, p¢) = c(q,¢, p)D'(q,C, p) where

D' — det <{"”j_}jgzv7 {r Yocients 1o {75 bisn-s {f;r}j>zv+>
{s; Yien— {5 bocjents 81, {55 bisn— {5 bionet
and the functions are evaluated at z = 0. The coefficients in the first N~ +

NT = N + 1 columns are smooth functions of (¢,¢) on a neighborhood of
(¢,0) and the coefficients in the last N —1 columns are are smooth functions
of (¢,¢, p) for ¢ in a neighborhood of ¢, ¢ € Si and p €]0, po] which extends
continuously to p = 0. B

All the coefficients in the N x (N+1) matrix ({s; Yi<n-s {sj}2§j§N+, sf)
are smooth functions of (g, ) and vanish at ¢ = 0. Thus one can factor out p,
writing s;-t = pé}t with é;t smooth on w x §¢ x [0, pg]. Developing the deter-
minant, all terms must contain at least one coefficient from this N x (N +1)
matrix. Thus p can be factored out in each term showing that the Evans
function has the form (3.30) with D,,(g, ¢, p) continuous up to p = 0.

Next, we compute the determinant at ¢ = q. We can subtract the first

column from the (N + 1)-th, that is replace bey R — R{. But we know
that at ¢ = g and ¢ =0, RT — R = 0. Thus, one can factor out p. Writing,

at ¢ = ¢,
(TT— - r1_)<07g7 C) = Prl(é, p) ) (sii— - 81_)(07Q7 C) = psl(év 0)7
we see that D'(q, Cop) = pD" (q, ¢, p), with
D" — dot ({Tj}j<N—a {T;r}nggNﬂ ri, {7 bisn-s {f;r}j>N+>
{s; Yien— {sYecjents s1 {3 bon—s {8 }jont
By Lemmas 3.7 and 3.8, we see that D" (g, ¢,0) is the determinant

{r; Yien— {r Yocien+s 11, {75(0,4,(,0)} 5N, {f;r(o,g,é,o)}j>N+
0, 0, m, {5]_(07% 70)}j>N*7 {gj(ovgﬂc70)}j>N+

that is 3(p)A(p, Q). O

3.4 Analysis of the modified Evans function

With W and ¥ given by Assumption 3.1, we now consider the fully linearized
equations. After rescaling, as in section 2, they read

(3'31) ﬁ(’z? q? (? Dz)u - w£1(27 q7 C) = f?
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with £1(2,q,¢) = E‘I,V(, .
tion separately on {z > 0} and {z < 0}, together with the transmission
conditions, see (2.29):

) \I,(q)(z, () given by (2.27). We consider this equa-

(3:32) w (0)=u"(0) Q:u(0) =03.u"(0), £(q) u(0)+co(C)th=0,

where c(¢) = v + 47 + |n|> and ¢ is a smooth mapping from Q to RV such
that

(3.33) ggg {¢(q) - 0.W(0,9)} > 0.

In (3.32) and below, u™ denotes the restriction of u to the half line {2z > 0}.
We summarize the useful properties of £ in the next lemma.

Lemma 3.12. i) L' is a polynomial in ¢, vanishing at ¢ = 0, whose coeffi-
cients by, satisfy : for all k > 0 and u, there are C' and § > 0 such that for
q € Q, there holds

(3.34) |05 0hbe (2, q)| < Ce W,
ii) At q = q, there holds
oo 2
(3.35) L(2,¢,¢)dz =m(p,¢) + O(|n[") ,

where m is defined in (3.23). Moreover,

(3.36) £'(z,q,¢) = £(2,4,¢,0:)0:W..

Proof. By (2.27), £!, is a polynomial in ¢, vanishing at ¢ = 0, with co-
efficients which all involve at least one derivative of W. Thus, they are
exponentially decaying and (3.34) follows from the estimates (2.10) for W.
Integrating (2.27) on R, the convergence at 00 of W and the exponential
decay of 0, immediately imply (3.35).
Since W is a shock profile, (3.36) follows from Lemma 2.13. O

We note that £' and ¢y vanish at ¢ = 0. In polar coordinates ¢ = pC,
we use the notations

(337) ‘Cl(zvq’C) = p‘él(za% Cvno) ) CU(C) = péO(Cap)'
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Following (2.33), it is natural to introduce ¢ = p1 so that the transmission
problem (3.31) (3.32) for (u,)) is equivalent to:
L(=

,0,¢, D)u™ — LN (2,q,¢,p) = f5, on {£z >0},
(3.38) u”(0) =ut(0), 0.u(0) =d.u™(0),
(q) - ()+00(§,p)¢:0-

Following Definition 2.14, E(q, (, p) denotes the space of triples (U, , Uy, ¢) €
C?N x C?N x C with Uf = (uZ,vF), such that the solutions u* of

Lut —pb=0, on+tz>0, ut(0) =ug , d.ut(0) = vy

are bounded at infinity. Moreover, ker f(q) denotes the set of (U, , Uy, p) €
C?N x C?NV x C such that

(3.39) Uy =Uy, ) -u (0)+ (¢, p)p=0.

Then, the modified Evans function is

(3.40) D(g.¢,p) = det (E(g.C, p), ker I(q) )

The aim of the subsection is to prove the following result which is the
analogue of Proposition 3.11. It implies Lemma 2.15. Moreover, together
with Corollary 2.11 it also implies Theorem 2.17.

Proposition 3.13. The vector bundle E and the determinant D are C™
for q in a neighborhood of q, ¢ in the closed half sphere Sf‘ﬁ and p > 0 small
enough. They have continuous extensions to p = 0.

Moreover,

D(g,¢,0) = e(¢)B(0)A(g, €)

where ¢ is continuous and does not vanish.

Before proving this result, we need some preparation. The definition
(2.27) shows that

(3.41) LYq,¢) = (it + 1)M{(q) + Z in; M
Similarly,
d—1
co(C) = (it + v)eo0 + ZiﬁjCO,j(C) :
j=1
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Lemma 3.14. There are a neighborhood Q of (¢,0) in Q x RI*? and C>
functions SJ'-F and §; on Q x [0, +o0[, and Qx| — 00,0] respectively, such

that
E(Z7Q7<7DZ)SJ:'|: — M}(Z,Q,C) on {ZIIZ > 0}7
E(q) ’ S‘j:t(OJQ7 C) = _CO,](C)u Sji(Z,q,O) =0.

Moreover, the Sf and all their derivative are exponentially decaying as z
tends to +oo.

Proof. The source terms M} are exponentially decaying. It is sufficient
to show that one when (g, () remains in some small neighborhood of (g,0)
and b(z,q,n) is exponentially decaying and ¢(g,¢) is given, one can find
exponentially decaying solutions of

L(g,¢,0:)rt =bF, 1%5(0,¢,¢) = c(q,).

We reduce this equation to a first order system (3.3) for R = *(r,s) with
s = B,0,r—Ar. Using the conjugation 7 = WV on a neighborhood of (g, 0),
it is sufficient to solve for R = T 'R = !(+/,s') the constant coefficient

equations
o' —Pr'\ 4
(@s’ —Hs' | TB.

with B = (0,b) exponentially decaying. Since the spectrum of P is away
form the imaginary axis, there are exponentially decaying solutions of 9,7’ —
Pr' = O(e9"l) on each side {2z > 0}. Similarly, since H = 0 at ¢ = 0 and
there are, for (¢, () is some neighborhood of (g,0), exponentially decaying
solutions of 8,s' — Hs' = O(e~%1*]).

This shows that there are exponentially decaying r* which satisfy the
equation Lr* = bjl-.

Let Rli = t(rli, sli) denote the exponentially decaying solutions of the
homogeneous equation (3.21) constructed in Lemma 3.7. Thus [IrfE =0 and
at ¢ = gand ¢ = 0,7 (2,¢,0) = 9,W. Therefore, by (3.33) £(¢q)-rF(0,¢,¢) >
0 for (g,¢) close to (g, 0). Thus

a*(q,¢) = (c(a. Q) + £(@) - 75(0,4,0)) (£g) - 1£(0,¢,¢)) "

are smooth on a neighborhood of (g,0). Therefore,

7 (2,0,¢) = 1% (2,4,¢) — alg, O)r1(z, ¢, ¢)

satisfies the equation and the boundary condition. O
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Adding up, we see that
d—1
(3.42) R*(q,¢) = (it +7)S5 (@) + Y in;S; (¢,m)
j=1

is exponentially decaying, vanishes at ( = 0 and satisfies:

L(z,q,(,D.)R* = LY(2,q,{) on {£z >0},
0(q) - RE(0,4,¢) = —co(¢), R*(2,¢,0) =0.

Proof of Proposition 3.13. a) With

(3.43)

U= t(u, Euazu - A’LL) )

the system (3.31)(3.32) is equivalent to

(3.44) {@Ui—gUi—cpgl:Fi, on £z2>0,

U= (0) =U"(0), C-u(0) 4+ ép =0,

o-(2). ()

The initial data U(0) for (3.44) are linked to the initial data for (3.38) by
the relation

Ut(0) =T (giggg) 1= <§j(i4 E(:l)lzo |

Note that T'(¢,¢) is common to both problems on {z > 0}.
Let F denote the space of (U, , Uy ,¢) such that the solutions U* of

(8. — G)U* = ¢G' on {z > 0} with initial data Ui are bounded. Thus E is
the image of F by the mapping

with

T (V,Vh )= TV, TV, o).

Moreover, the space ker fg in ~(3.39) is invariant by 7’ and therefore it is
sufficient to study the bundle F(q, () and the determinant

(3.45) D'(z,¢) = det(F(q, ¢), ker Ty).

b) Next, we eliminate ¢ from the equations. Because R* vanish at
¢ = 0, in polar coordinates there holds

(3.46) RE(2,q,0C) = pi=(2,4,{, p)
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with 7+ smooth for ¢ close to q, ¢ e 5% and |p| small. Introducing

g:t(z’ q, Cvp) = EV('Z? Q)azf:t('% q, Ca P) - 'A(Za %p&)fi(za q, Cyp) )
Rt =17+, 5%) satisfies
0~ QR =G",  (-# 0= 5.

Thus, (U, ) is a bounded solution of (9, — G)UT = G if and only if
VE =U?* — pR* is a bounded solution of (9, — G)V* = 0.

Recall that j[(q, () denotes the space of initial data such that the cor-
responding solution of (0, —G)V =0 on {£z > 0} is bounded as z tends to
Fo0. The analysis above implies that

F:Z(F’XFJFX(C)

where

Ti(q,¢,p): (V7. VT 0) = (VT + @R (0), VT +oRT(0), ¢),

with R*(0) = R*(0,q,(, p). Moreover, with Zdenoting the vector (¢,0),
there holds ¢ - R(0) = —¢& and therefore ker I'(q) is the image by 77 of

Ci(g,¢) = {(V", V¥, 0) : VI =V~ = (R (0) = R*(0)), £(q)- V" =0}
Thus, it is sufficient to study F; = F~ x F™ x C and the determinant
(347) El (qa 57 p) = det(]?la Gl)

¢) By Lemma 3.5, F* and F~ are C* vector bundles for ¢ close to q,
C € Sd and p > 0 small and they have continuous extensions to p = 0. Thus
F; and F have the same property. In particular, the determinant Dl(q ¢, p)
is C*° for p > 0 and continuous up to p = 0.

We compute D; (g,é ,0), writing this determinant in suitable bases of
Fi(q,¢). By (3.13), Lemmas 3.7 and 3.8 provide us with bases Rj[(O) of F*.
Elementary computations on the determinant, show that

51 (Q’ év 0) = C(CV)DQ(é)

where ¢ does not vanish on the closed half sphere S¢ and Dy(() is the
(1+2N) x (1+2N) determinant

0 {07 hcjent 0 {t-r}sne 0
det | {r; Yien-  {rf h<jent {5 don- {7 hsne [
{s; Vien- {sTheent  {sjlisnv- {sftisne 3]
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with [f] = rT —r~, [§] = sT — s~ and the functions are evaluated at z = 0,
g = q and p = 0. By Lemmas 3.7 and 3.8, the left lower hand entries
s;-t for j < N7 are smooth functions of ¢ and vanish at p = 0. Therefore
the determinant is equal to the product of the right lower hand N x N
determinant at p = 0,

(3.48) det({s; }jsn—» {57 }j>n+ [3);
and of the (N + 1) x (N + 1) left upper determinant
.t )
(3.49) det ( 0 { Q }1<]<N+> .
{Tj bi<n- {Tj Fi<j<n+

The equation for R* implies that
.57 = Mr* + L'

Since M and 7* vanish at ¢ = 0, Mr* = O(|¢|?). Integrating in z yields

~[s(0.0) = [ £1a.0)dz + O(ICP).
Therefore, (3.35) implies that the jump of s at z = 0 satisfies

(3.50) [s(¢,¢)] == 57(0,4,¢) = s7(0,¢,¢) = —m(g,¢) + O(I¢])

where m is defined at (3.23). Hence,

[35(¢,¢,0)] = 57(0,¢,¢,0) — §(0,¢,¢,0) = —m(q, ),

implying that the determinant (3.48) is equal up to a sign to the determinant
in (3.27), thus to ¢({)A(g, (), where ¢ does not vanish on S¢ and A is the
Lopatinski determinant of the inviscid shock problem.

In the second determinant (3.49) we can subtract the first row from the

last one, and since r; = rf when ¢ = ¢ and ¢ = 0, this determinant is
equal, up to the sign, to 3(q)(¢ - r}r) = ((q)0.W (0). This finishes the proof
of Proposition 3.13. O
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3.5 Elimination of the front

To prepare the proof of the energy estimates in the Appendix below, we
make more explicit the argument of part b) of the proof of Proposition 3.13.
The goal is to reduce the equations to problems where 1 appears only in
the boundary conditions and to write the stability condition in terms of the
corresponding Evans function.
Because R* given by (3.42) vanishes at ¢ = 0, we factor out p and write

R* = pR*. With this notation, the problem (3.38) is equivalent to

ut = ot + cp?éi
(351) L(z,q,¢, D)v" = £, on {£z >0},

' [0(0)] + ¢[R(0)] = 0 [3:0(0)] + [8:R(0)] =0,
t(q) -v=(0) = 0.

For functions u* on {£z > 0}, [u(0)] denotes the jump u*(0) — u~(0). By

Lemma 3.14, ¢ - [R(0)] = 0, and therefore the last condition ¢(q) - v~ (0) =0
can be equivalently replaced by ¢(q) - v*(0) = 0. Therefore,

E(q.,p) = J(E” xE* x C)

where

J(@.¢.p): (V, VT )= (VT + R, VT +¢R", ¢)

with
R¥(C, p) =" (R¥(0),0:R*(0)) .

Moreover, ker [ = JG' with
G'(q,(,p) = {(V, VT ) : VT -V =R —RY), 1.V~ =0}

where £ = (¢,0). Therefore, the Evans function of the problem (3.51)

(3.52) D'(q, ¢, p) = det (E* x E* x (C,(G’) .
satisfies:

1 . . L
(3.53) clPa Gl < 1D'(q, ¢, p)| < C|D(g, pC)|

As before, the vector bundles and determinants are smooth on w x S x]0, 1]
for some neighborhood w of ¢, and they have continuous extensions to p = 0.
Note that if Rt — R~ =0, then (0,0,1) € E~ x Et x C also belongs to G’.
Therefore, Proposition 3.13 implies:
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Proposition 3.15. If the shock profile W = W(-,q) is uniformly stable,
then there is a neighborhood w of q and there is ¢ > 0 such that for all
(g, (s p) €w x ST x[0,1] = [D'(q,¢p) > c.

In particular, the C?N wvalued function [R] := RT — R~ does not vanish on
wx S¢ x [0,1].

We can push the analysis a little further. Since [R] # 0, one at least
locally, introduce a smooth 2N x 2N matrix K(q, ¢, p) such that

(3.54) kerK(q,¢, p) = C[R(q, ¢, p)] -

For instance, one can take K to be the orthogonal projector on [R]*. In this
case, the boundary condition in (3.51) are equivalent to

(3.55) K[V(0)]=0, ¢-v(0)=0,

(3.56) p=-R-[V(0)]/RI?

with V = (v,0,v) and [V (0)] = V*(0) — V—(0).
Denote by

G"(q,(,p) = {(V, VI :K(VT —V7) =0, £- V™ =0}
and introduce the Evans function
(3.57) D"(q,{,p) = det (E- x ET,G").
of the problem

(3.58)

{Evi = f* on {£z >0},
K([v(0)], [0-0(0)]) =0, £-v7(0) =0.

Proposition 3.16. Suppose that the shock profile W = W (-, q) is uniformly

stable and that K satisfies (3.54). Then there is a neighborhood w of q and
there is ¢ > 0 such that for all

¥(g,{,p) €wx SEx[0,1] = [D"(q,,p)| > ¢,
Remark 3.17. The Evans function D is associated to the equation (2.16),
considered as a transmission problem:
Lot = ff on {xz>0},
[v(0)] = [9:0(0)] = 0.
The proposition above shows that the uniform stability condition for low
frequencies is expressed through a natural “uniform lower bound condition”

for a modified problem, for the same equation but with different transmission
conditions.

(3.59)
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3.6 The high frequency stability, proof of Proposition 2.12

We now prove that the transmission problem (3.59) satisfies the uniform
stability condition for large frequencies.
For large ¢, we use the “parabolic polar coordinates”

(=AM, A= (T2 +4%+|phHY4.

In this case, ¢ belongs to the “sphere” S := {72 +~2 + |n|* = 1}. We also
use the notations A = 1/A, $; = SN {% > 0}.

With V* = (Av*, §,0%), the homogeneous equation (3.59) is equivalent
to the first order system

(3.60) O VE = AGo(z,q,C,NVE, VFE(0) =V(0)

where Go is a matrix of the form

2 Id
g2(z7Q>C7)‘) = </\912 A2>

with coefficients depending smoothly on (z,q,f,)\) inRxOx3 x [0,1].
Note that we have factored out the large term A in (3.60), to ensure that
Gs is bounded, and indeed continuous and smooth as A tends to zero. The
parabolicity Assumption (H1) implies that that for A > 0 small and ¢ € S,
Gy has N eigenvalues in a compact set {Rep > 0} and N eigenvalues in a
compact set {Reu < 0} (see Lemma 2.5 of [MZ1] or Lemma 3.3 above).

According to (2.20), one introduces the spaces E¥7(q, ¢) of initial data
VOjE € C?VN such that the solution of

(0. — AQQ)Vi =0 for £22>0, Vi(o) = Vbi

is bounded as z tends to infinity.
Introducing the scaling

V(2)=V(z), z= Az
(3.60) is transformed into:
(3.61) O:VE=G(2,¢,(, VVE, VH0)=V(0),

with Q’(é, 0.,C, A) = Ga(\2,q, ¢, A). The limit equation as A tends to zero is
the constant coefficient system

(3.62) O:V*E = G2(0,¢.C,0)VE, VH(0)=V(0).
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Using the uniform bounds |Ga(A2, ¢, C, A) — G2(0,¢,¢,0)| < CA(1 + |]) and
the fact that G2(0,q, 5,0) has no eigenvalues on the imaginary axis, one
easily shows that the vector bundles Ei(q,é A) = EE (g, A A1 ) are smooth
in (q,( A) for g € Q, (e S, and A > 0 small enough. Moreover, at A = 0,
E*(q,¢,0) is the set of initial data Vi € C?N such that the solution of

(0: = G2(0,,C,O)VE =0 for £2>0,  VH0) = V5

is bounded, and therefore exponentially decaying. Therefore, this shows that
the rescaled Evans function (2.21), D"¥(q, () = det (E*’rs(q, ¢),ET"3(q, ()),
satisfies

~

D"(q,¢) = D(q,{, ) == det (E™(q,¢, \),E™(q,(, \))

where D(q, ¢, \) is smooth ¢ € Q, ¢ € §4 and A > 0 small enough.
Moreover since the limit equation has constant coefficients, I@J+(q, f ,0)

[resp. E~ (g, é, 0)] is the N dimensional space generated by the generalized

eigenvectors of Go(0, q,g: 0) associated to eigenvalues with negative [resp.

positive] real part. Since QQ(O 4, ¢, 0) has no eigenvalues on the imaginary
axis, there holds C2N = R~ (¢, (,0) @ E (¢, ¢, 0), thus

D(q,¢,0) = det (E™(q,¢,0),E¥(q,(,0)) #0.

By continuity and compactness this implies Proposition 2.12. More precisely,
we have proved:

Proposition 3.18. For all compact subset Qy C Q there there are ¢ > 0
and \o > 0 such that |D(q,(,\)| > ¢ when q € Qo, ¢ € Sy and X < ).

3.7 Proof of Proposition 2.6

Proof. a) 1If p is a Lax shock, then the implicit function theorem implies
that in a neighborhood w of p, the Rankine Hugoniot condition can be made
explicit, giving ut as a smooth function of u~ and h. Thus, the set of shocks
in w is a smooth manifold C of dimension N +d. By continuity, shrinking w if
necessary, the eigenvalues of A, (u™, h) do not vanish for p = (u=,u™,h) € C
and the numbers of positive and negative eigenvalues is constant. Thus all
p € C is a Lax shock.

b) Suppose that w is a profile associated to a Lax shock p. For (u*, h)
close to (u™, h) we consider the solutions of (2.2) on the half axis {z > 0}.
The classical theory of stable manifolds implies the following
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Lemma 3.19. There are neighborhoods wt C U x R% and wi C RN of
(ut,h) and O respectively, and there is a smooth function W from w™ x
wi % [0, +oo[ to RN and a constant § > 0, such that

i) for all (u™,h) € wt, all a € W, WH(uT, h,a,-) is a solution of (2.2)
such that

’W+(u+,h,a, z) — u+’ + }VGW+(U+7h, a, z)’ < e 0%

ii) the matriz ¥V, W+ (u", h,0,0) has mazimal rank equal to N .
In addition, all the solutions of (2.2) close to w are of this form.

We also apply this lemma to the equation
(3.63) B,(w,h)0,w = f,(w,h) — f,(u",h)

on | — 00,0]. There are neighborhoods w™ C U x R? and w; C RN of
(u™,h) and 0 respectively, and there is a smooth function W~ from w™ X
wi x 0,400 to RY and a constant § > 0, such that for all (u=,h) € w™,
all a € wy, W™ (u™, h,a,-) is a solution of (3.63) on {z < 0} such that

‘W*(u*,h,a,z) — u*| + ‘VaW*(u*,h,a, z)‘ < 9% .

Moreover, the matrix V, W~ (u", h,0,0) has rank equal to N~.

To get a solution of (2.5) close to w and associated to p = (v, u™, h)
with (u™,h) € w™ and (u™,h) € w™, it is necessary and sufficient that
fo(u=,h) = f,(ut,h), in which case the equations (2.2) and (3.63) are
identical, and to glue together solutions on {+z > 0}. The first condition
means that p satisfies the Rankine-Hugoniot conditions, that is p € C. The
second condition is equivalent to to find a* € wli such that

(3.64) F(p,a=,a") =W~ (u",h,a,0) — W (u",h,a™,0)=0.

We denote by w1 = w; X w; and by a = (a~,a™) the variable in wy.
We show that if w is transversal, then V,F(p,0) has rank N. Thus, by the
implicit function theorem, locally near (p,0), the set of solutions (p,a) €
C X wy of (3.64) is a manifold of dimension N 4 d + 1 parametrized by p
and some component a; € R of a. Thus, locally, (3.64) is equivalent to
a = «(p, ar) for some smooth function a from Cx| — 4, J] to w;.

Differentiating (2.2) and (3.63), we see that for all j < NVt [resp. k <
N~], the functions u';j = 0o, Wt (u", 1,0, 2) [resp. W, = 0o, W™ (u", 5,0, 2)
| are solutions of the linearized equation (2.6)

P =0
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on {z > 0} [resp. {z < 0}], exponentially decaying at +oc [resp. —oo]. By
Lemma 3.19, the space FT [resp. F~] generated by the u';j(()) [resp. w, (0)]
is of dimension N [resp. N7]. If 3w} (0) = Y agwy (0) € FTNEF~,
then w* = zajwj and W~ = ) a, w, are solutions of (2.6) on {z > 0}
and {z < 0} respectively, exponentially decaying at infinity and piecing
them together gives a solution w of (2.6) on the whole line. Therefore, the
transversality assumption implies that 0 is proportional to d,w. Therefore,
dim(Ft NF~) < 1. Since dimF* = N* and dimF~ = N, the Lax shock
condition N* + N~ = N + 1 implies that F+ +F~ = CV. This means that
V.F(p,0) has rank N, as claimed, thus finishing the proof of Proposition
2.6. O

4 Handbook of paradifferential calculus

For the convenience of the reader, we collect in this section the results about
paradifferential calculus which are used to prove the linear stability estimates
in section five. The proofs are omitted, they can be found in the Appendix
of [MZ1].

4.1 The homogeneous calculus

We consider operators on R?. The variables are denoted § = (t,y) and the
frequency variables 77 = (7,717). The symbols and operators also depend on
a parameter v which plays a distinguished role. We denote by R‘fl the set
of frequencies ¢ := (7, ) € R¥1\ {0} such that v > 0 and by S? the set of
(7,7) € RE™ such that |¢] = 1.

Definition 4.1 (Symbols). Let u € R. i) T} denotes the space of locally
L™ functions a(g,¢) on R x Riﬂ which are C*° with respect to ¢ and such
that for all a € N? there is a constant C such that

(4.1) V(§,¢), 105a(f, ) < Calgl1o.
i) I} denotes the space of symbols a € Ty such that for all j, 0g,a € TY).

For example, functions a(g, () which are C* and homogeneous of degree
m in (7,7) € RE™ and bounded on R? x S, are symbols in T

In the applications, we consider families of symbols a®(z) in I'}", de-
pending on parameters ¢ € [0, 1] and € R. The key point is that they are
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bounded in I'}*. Moreover, we want to study the action of the operators in
conormal spaces. Consider the following set of vector fields on R*+1:

X

—0,.
Vita

They commute, and for o € Z4™ we use the notation Z* = Z§° - - Z2.

(42) Z():at, ijayj fOI‘lSde*l, Zd:

Definition 4.2. For p € R, m € N and k € {0,1}, T = is the set

of functions a(f,x,C) such that for all a € Z¥ with |a] < m, the set
{(Z*a)(-,x,-) : © € R} is bounded in T,

The spaces F’,i ., are equipped with semi-norms

(4.3) Nallupmyy = sup sup sup sup [¢[*1H | 270800 a(, 5, ).
la|<N |B|<Ek |o|<m (2,7,()

A family of symbols is bounded in I‘Z m When for all N, the semi norms are
bounded. For a € T~ we denote by Z%a(x) the symbol (Z%a)(-,z,-) € I'}.

The para-differential calculus is a quantization of symbols in a € Fg to

which are associated operators denoted by T,. This extends the Fourier
multipliers calculus: when a((¢) is a constant coefficient symbol, then

(4.4) (T7u)(3) = @jr)d / eTa (i, )i(7)di

where @ denotes the Fourier transform of u. The T) act in the scale of
Sobolev spaces H* (Rd). These spaces are equipped with the family of norms

o= ([ 02+ 1Py o an)

Adding the normal variable z, we introduce the norms

%
lullo.s = ( | futa, \OM z)*,
ltlbm,s.y = Z A"

laj<m

(4.5) |u

(4.6)

777’

which are parameter dependent norms on spaces called H%® and H™* re-
spectively.
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When a € I'fy,, the action of para-differential operators is extended to
z-dependent functions:

(4.7) (Tou)(x,-) = Tl(x)u(x, ).

The paradifferential calculus in R?, was introduced by J.M.Bony [Bo]
(see also [Mey] , [Hor|, [Tay]) with v fixed, say v = 1). The parameter
dependent version Ty is introduced in [Mé1] [Mok| and applies in the scale
of spaces H”*. The extension to the scale H™* is immediate since one can
construct the T so that

(4.8) ZTJu=T]Zu+T),u.

Proposition 4.3 (Action). i) When a(¢) is a symbol independent of 7,
the operator T, is defined by (4.4).
ii) For all a € I‘g,m, the family of operators {Tq }y>1 is of order < p,

meaning that for v > 1:
1T ullm,sy < C lullm,stpny
where C' is independent of v > 1 and wu.

Proposition 4.4 (Symbolic calculus). Consider a € T}, and b € F‘l‘lm

1,m
Then ab € I”f;;“, and {T7 o T,) — T, }>1 is of order < p+ p/ — 1, meaning
that for v > 1:

(TR T = T ullm,sy < C llwllmstpspw—14
where C' is independent of v > 1 and u.
If b is independent of §, then T, oT,) =T, .
These results extend to matrix valued symbols and operators.
Bounded functions of § are particular examples of symbols in the class
Fg, independent of the frequency variables ¢. In this case, T, is called a

para-product in [Bo]. We introduce the spaces W™k of functions a on R4+!
which belong to Fg . When considered as symbols independent of ¢:

Definition 4.5. W™F denotes the space of functions a on R4T! such that
Z“@gu € L®(REY) for all |a| < m and |B] < k, where Z® := HjZ;‘j, with
Zj defined as in (4.2).

When k = 0, we simply denote by W™ the corresponding space.
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These spaces are equipped with the norms

(4.9) lallwms = D7 Y 1Z2°07ull o gy -

la]<m |B|<k

A key point in the theory is the comparison between T, and the multi-
plication by a:

Proposition 4.6 (Para-products). There is a constant C' such that for
all a e W™ and all u € H™°

Ylaw =T ullmor < Cllallyym|[wllmosy
<

ladju — T 0jullmoy < Cllallyym.tllullmo. -

4.2 The semi-classical parabolic calculus

In the high frequency regime, the parabolic character of the equations pre-
vails and we need a quasi-homogeneous calculus. In addition, the operators
depend on the parameter € and appear naturally as operators in €Jy, leading
to a semi-classical calculus. The parabolic quasi-homogeneity is associated
to the dilations A-(¢,7) = (A%t, A\y) and similarly A-(7,v,7) = (A\%7, A2y, \p).
The corresponding quasi-norm is

ST

(4.10) Q)=+ +mlY)"

We also introduce the weight

Ll

(4.11) AQ) = (L+ {05,

Typical examples of symbols are smooth quasi-homogeneous functions of
degree i away from the origin. They satisfy

08a(C)] < Cal)™
where, for a = (a,, o) € N x Ni—1:

((ar, an)) = 2[ar| + |ag].
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Definition 4.7 (Symbols). Let u € R.

i) PI'lj denotes the space of locally L> functions a(y,¢) on R? x Rffrl
which are C* with respect to ¢ and such that for all o € N there is a
constant C,, such that

(4.12) (3.0, 105a(3,7,7)] < Ca AP~

i) P denotes the space of symbols a € PTly such that for all j, 05,0 €
PF“

m) Form € N and k € {0,1}, PI'; s the set of functions a(§,,()
such that the set {(Z%a)(-,z,) : |a| < m, x € R} is bounded in PI;.

The spaces PF’,; . are equipped with semi-norms

(4.13) ||a|\(u,k7m7]v) = sup Ssup sup sup Al “[Z"@COB (x,9,Q)| -
(@)<N |B|<k |o|<m (2,5,()

Next we consider a semi-classical quantification of the symbols : when
a(() is independent of g, the associated operator is defined by the the Fourier
multiplier a(en, e7y) :

1

(4.14) PEu(i) = G / eTa(eif, e )it(7) .

Note that we use here the standard multiplication by €, not the parabolic
dilation € - 7.

Similarly, the natural Sobolev spaces associated to the parabolic smooth-
ness are the spaces PH® of functions whose Fourier transform belong to the
L? space with weight A?*. Because we use a semi-classical analysis, this
leads to introduce on PH? the following family of norms

1

(4.15) [tloer = / A &)™ la(n)| dif)
1= Rd

Adding the normal variable z, we introduce the norms

1
fullosce = ( [ lutw G, . dz)"

[ullm,s,ey = Z " |a‘HZ llo,s,ey 5

laj<m

(4.16)

which are parameter dependent norms on spaces called PH®* and PH™*
respectively.
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The operators P are first constructed for symbols a € PI'y. Next the
action is extended to x dependent symbols:

(4.17) (PSu)(z, ) = Ps(;’)u(x,)

When v € PH™* and a € PI'ly_, the following identity holds:

0,m>

(4.18) ZP;Yuw=P;"Zu+ Pylu.
Proposition 4.8 (Action). i) When a(¢) is a symbol independent of 7,
the operator P;'7 is defined by (4.14).

i) For all a € PI'j, and s € R, there is C such that for e €]0,1], v > 1
and v € PH™* : 7

158 llms—pery < Cllullms,e.y -

The constant C' is bounded when a remains in a bounded set of Pl"g’m.

iii) If a € PIly is supported in R? x {A(¢) < R}, then, for all u, the
spectrum of Py 'u is contained in {A(e¢) < 2R}

w) There is 6 > 0, such that If a € PT is supported in R x {A(¢) > R}
then, for all u, the spectrum of Pg " u is contained in {A(eC) > 6R}.

Proposition 4.9 (Symbolic calculus). Consider a € PI'f, and b €

PI‘lf/m Then ab € Pflf;@“/ and there is C' such that for ¢ €]0,1], v > 1
and U e PHm,S :

(P77 o Pbe”y - P;z;,y)uum,sfufuurl,s,'y <Ce Hu”m,s,&’Y'

The constant C is bounded when a and b remain bounded in PF’l‘m and Pl“ﬁ”lm
respectively.
Moreover, if b is independent of §, then Py o P,V = P37 .

Next we consider para-products, that is operators associated to symbols
independent of (.

Proposition 4.10 (Para-products). For all a € W™!, there is a constant
C such that for all u € PH™!, € €]0,1], and v > 1:

law = Py ullm,1eq+ Y elladgu — Pe705ullim,oen
(4.19) lal=1

< Cellullmoey

Yllaw = P ullmoen + ladew = PeOpullm,oc0

(4.20) + 3 elladiu — P 0%u|lmoen < Cllullm e -
|a|=2
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Corollary 4.11. For all a € W™?2, there is a constant C such that for all
u € PH™?, ¢ €]0,1], and v > 1:

llauw — Py ullm2.er < Cellts]lm e,

4.3 A link between the two calculi

Remark first that for constant coefficient symbols a, T, and P;"” are Fourier
multipliers by a(7,v) and a(e7, e7) respectively. Thus

(4.21) P:Y =T with a®(¢) = a(e)
The next result extends this relation to symbols which also depend on the

variables 7.

Proposition 4.12. Suppose that b € PF%O has compact support in (. Then
the family of symbols

(4.22) b*(g, 2, ¢) = b(y, z, ()

s bounded in F?,o and there is a constant C' such that for all u, € €]0,1] and
v =1

(4.23) ’y”TgEu - Pbe’quL2 + ||Tg5Vgu - PbE’PYVQUHL2 < Cluflgz -
Moreover, in the scale of norms (4.6):

(4.24) | T eu — Py " ullo0y < Cllullo,~14,
(4.25) [T ew — Py ullo1y < Cllulloo,y-

4.4 Calculi on the boundary and traces

We have stated the theorems above for symbols and functions depending
on x, which indeed are extensions of results on R?, via the identities (4.7)
and (4.17). We still denote by T7 and P*7, the operators on R?. We do
not make specific statements, they are in fact particular cases of the results
above, provided that the set of vector fields {Z;} is restricted to the fields
0y, -

However, we will use a specific result on the boundary. Proposition 4.10
and Corollary 4.11 imply that for a € W™+2°°(R%) there holds

(4.26) lau = Py ulmsy1,ey < Celttfmsey
for s = 0 and s = 1. Interpolating implies that the estimate is satisfied for

s € [0,1] and in particular for s = 1/2.
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Taking traces, (4.7) and (4.17) imply that

{ (TJU)\x:O - T(;ylzzouh::O ’
(

(4.27) o -
Pa u)\xZO =P, ‘;Zou\x:O .

a

whenever the traces make sense. When u and a are smooth up to x = 0 on
each side {£x > 0}, we denote by uli o the two traces and

r=

(TdW)jamg = Te_ Wiamo
(4‘28) + szwz +
(Pa ) jamg = Pkl oy

5 Linear stability

5.1 The main estimate

In this section we study the linear stability of approximate solutions of (1.8).
We start with functions ug(t,y,2) on R'T¢ and to(t,y) on R?. The front
1o and the restriction u(jf of ug to Ryd = {£z > 0} are smooth enough
(see Assumption 5.2 below). They are thought to be solutions of (1.5) but
this is not needed in this section. What we require, is that they satisfy the
Rankine-Hugoniot conditions (1.7) and that

(5.1) p(t,y) = (ug (t,9,0),ug (t,y,0), do(t,y))

is a Lax shock. In addition, for all point (¢,y,0) in the boundary, we as-
sume that there is a profile associated to p(t,y) which is uniformly stable
in the sense of Definition 2.9. If p(¢,y) remains in a small neighborhood of
p = p(t,y), we can apply Proposition 2.6 and Theorem 2.18 to construct a
smooth family of uniformly stable profiles W (p,z). In the large, we have
to assume that the different pieces can be glued together, and this yields to
the following assumption.

Assumption 5.1. We are given a smooth manifold C C U x U x R% of
dimension N + d and a smooth function Wy from R x C to U* such that:

i) every p = (u~,u",h) € C is a Lax shock,

i) for allp € C, the mapping z — Wy(p, z) is a shock profile associated
to p,

i) {Wo(-,p);p € C} is a smooth family of profiles in the sense of
Definition 2.4,
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iv) for all p € C, the profile Wy(-,p) is uniformly stable in the sense
of Definition 2.9.
Moreover, we are given a smooth mapping £y from C to RN such that

VpeC,  Up)-0:Wo(0,p) > 0.

We consider the linearized equations around functions of the form

T
(5.2) ue(ty,2) = Wo (Z,p(t,9) ) +ult,y.2)
and fronts
(5.3) Ve = o + P!,

with u! small and having bounded derivatives near z = 0. (In particular,
this includes the class of approximate solutions constructed in Section 6; see
(6.40), Remark 6.10.) As in [MZ1], due to the rapid variations in the bound-
ary layer, the natural smoothness for solutions is measured via conormal
estimates. Recall the Definition 4.5 of spaces W™ and W™ In particular,
recall the definition of the norm

(5.4) lalwe = 3= 12%ul sy

laj<m

When necessary we specify Wm(R?d) to denote the space of functions de-
fined on R4,

Given a function u, we denote by u™ and u™ its restriction to Rfd =
{z > 0} and R = {2 < 0} respectively. We make the following regularity
assumptions:

Assumption 5.2. m is a given non negative integer and

i) the restrictions u(jf are C™2 up to the boundary and belong to the
Sobolev space W™ +2°(RIFD) and 1y € Wm0 (R%);

it) p, defined at (5.1), takes values in a compact subset Cy of C;

iii) the families {ub™}, {V;y2ut™}, {EV%’%xug’i} for € €]0,1], are
bounded in W™(RLT);

iv) the traces ul,—o are O(e) in L°(R?) and ug (t,y,0) + utE (t,y, )
take values in a compact subset of U.

v) The family 1} is bounded in Wm3>(R?).
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To include the perturbations u} and 1}, we extend the set of parameters
and consider

(5.5) q=(p,u',h') €C xRV x R

where u! is a placeholder for u! and h' a placeholder for edil: we denote

by ¢. the mapping
(5.6) ¢e(t,y,2) = (p(t,y), uz(t,y, ), edie(t,y)) -
We denote by W the extended function
(5.7) W(z,q) = Wo(z,p) +u'
so that the function (5.2) reads
x
(5.8) ue(ty.2) = W (Za(ty.a)

Moreover, introduce the function

(5.9) g=(u",u" hul,ht) — (g =h+ht,
so that
(5.10) dipe = \IJ(QS) .

Similarly, we extend the function ¢y to a function of ¢, setting for instance
0(q) = Ly(p), and we define

(511) ga(t;y) - é(qg(t,y,()))-

With notations as in section two, to the profile W (-, q) and planar front
U(q) we associate the Evans function D(q, (), together with its rescaled form
D"(q,¢). Associated to W and to the extra boundary associated to ¢(q),
is the modified Evans function ﬁ(q, ¢, p). Proposition 3.18 and Assumption
5.1 imply:

Lemma 5.3. There is a relatively compact neighborhood Qy of Cox {0} x {0}
in C x RN x R? such that for all (¢,¢) € Qo x RYTN\{0}, D(q,¢) # 0.
Moreover, there is ¢ > 0 such that

(5.12) ¥(g,¢) € Qo xR, [¢|>1: |D™(q,0)]>c,
(5.13) ¥(q,¢.p) € Qo x STx]0,1] = [D(q.¢,p)| > c.
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The Assumption 5.2 immediately implies the following estimates:

Lemma 5.4. i) The families {qei} and {ui} are bounded in W™ (R,

it) The families {Vyy 0=}, {eVi, 2@}, {ViguZ}, {edeuf}, {eViy0pu}
and {€202ut} are bounded in W™ (RLTY).

i4i) For all neighborhood Q of Co x {0} x {0} in C x RN x R?, there
are g > 0 and & > 0 such that for all € €]0,&0] and all (t,y,r) € R with
|z| <20, there holds q-(t,y,x) € Q.

i) The family {£.} is bounded in W™+ (R?),

Next, we consider the linearized equation from (1.8) around (ue, ).
With 0y = 0y, D; = 0; — 0;90, and fo(u) = u, the equation reads

d d
(5.14) E(u,¥) =Y Djfi(u) —e Y D;(Bjr(u)Dyu) =0.
4=0 jk=1
Thus the linearized equation at (u,)) are
(5.15) Eu(u, )i+ Ey(u, ) = f
with
d d
= " Dj(Aj(w)i) —e Y Dj(B;(u)Dyit)
j=0 4 k=1
d
—e > Dj(i- VyBj(u)Dyu)
gk=1
d .
Ely(u, ¥ Zaﬂpa fi(u) +e > 05390 (B (u)Dyu)
7=0 jk;*l
+e Z D;(Bj () 810u) -
7,k=1

where A; = f’ The equation holds on R'™? but we really think of it as

a transmission problem where the equations hold on both half space ]RHd
and the restrictions 4 satisfy on {x = 0} the transmission conditions

(5.16) [@(0)] = [9x1(0)] = 0.
o (5.15) (5.16), we add the “boundary” condition on {z = 0}:
(5.17) -0~ (0) + (8 — eAy).h = 0
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As in [MZ1] the maximal estimates involve weighted spaces. With ¢ =
(1,m,7) introduce

(5.18) A=AC) = (1+ (er)2 + (€9)2 + |enfh) T
and

(7 +elc?)? when [e¢| <1,
(5.19) A=M\(()={ ~e 2 when 1< |e¢] <2,

1
% ~ (y+|r|+¢en?)? when [e¢|>1.

Note that the three terms are of the same order /2 when ¢|¢| ~ 1. Intro-
duce next
IC| Ae 3{) when |e¢| <1,
(5.20) p=pu(() =14 ~e 2 when 1<[e(|<2,
(A)g/2 when |e¢| > 1.

)

Given a weight function ¢, we use the notation

o = ( [, ot ?latr o Paran)

where 4 is the Fourier transform of u on R?. When u also depends on the
variable x we denote by [lu||(4) the norm

:
\sz(/mmm@w).

To be complete, the notation should include the interval where x varies
which is Ry or R. It will be clear from the context.
With the vector fields Z;, for m € N, define
(5.21)
_ —la] - —lal
[ullmy = D A" MNZ%ll ) o Nl = D A" [OFul -

laf<m laj<m

They are norms, depending on the parameter v, and on ¢ if the weight does
as in (5.19), on spaces called H'. The L? norm corresponds to m = 0 and
¢ = 1. We denote it by |lul|o. More generally, we denote by ||u||,, the norms
l|2/[m,(1) associated to ¢ = 1, which are also the norms defined in (4.6).
Because these norms only involve conormal and tangential derivatives,
note that u € H7' (R'*9) if and only the restrictions u* to R} belong to

HI(RE).
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Theorem 5.5. Under Assumptions 2.1, 5.1 and 5.2 there are constants C,
g0 > 0 and v > 0 such that for all ¢ €]0,e0], all W and f*, C with
compact support on ﬁlj:d, all LD € Cgo(Rd) satisfying the linearized equation
(5.15) for © # 0 and the boundary conditions (5.16) (5.17), there holds for
all v > o:

le™" ], rey + VE e Duil], (r) + |7 WO vy

oz | <,

+£ }e*’ytawﬂ( )‘ (}\/\/*

Remark 5.6. We prove the estimates for % on both sides led. But
the transmission condition (5.16) implies that 0@ has no Dirac mass on the
boundary and estimations for 0,% on both side are equivalent to estimations
on the whole space.

Remark 5.7. In particular, (5.22) implies
—~t - —~t . t —~t §
5:2) [l ill gty + 17 4O amy + [ ey €]

which may be viewed as a conormal version of MaJda s estimate
(5.24)
im0 i = ],

where the weighted Sobolev norms | f|;m.), ||f|l gm.») are defined exactly
as were |f|,, ), [[fl| grm (s, but with the conormal derivative Zq = \/£78$
replaced by the usual partial derivative J, in (5.21). Indeed, away from the
shock layer |z| < e, (5.23) implies (5.24); thus, we recover the bounds of
Majda in the limit as € — 0.

To understand at a heuristic level the appearance of conormal deriva-
tives in (5.23), consider solutions (ug, o), (uo + o, o + ¢0) of the invis-
cid equations with forcing terms f, f + f supported away from the shock
boundary Z = 0, and the associated zero-order viscous corrections (Uy, 1),
(Uo + Uy, o + 1/}0) obtained by replacing the discontinuity from u~ to u™
with viscous shock profile w(z/e,u~(0),u"(0)). Then, the viscous correc-
tions approximately satisfy the viscous equations (1.8)~(1.9) and (Up, )
approximately satisfy the linearized equations (1.17) but not the additional
boundary condition (1.18); rather, zbg approximately satisfies the lineariza-
tion of Rankine-Hugoniot equations (1.7). However, a calculation similar
to that of (1.25), Remark 1.1.2 shows that (Up,1)g) is order e close to the
approximate solution

(U, ) = <(U0 4 Up)(x — 6) — Up, b + 5)
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of (1.17)—(1.18) determined by the truncated version ¢; = £- U\i:o of (1.18)
with d(y,0) := 0, which yields (after brief calculation)

8 ~ O(ltg|jz=0) — 0L - Dpw(z /e, u™(0),u™(0))
~ O([to]|3=0) — (c(y,t)/€)d,

d(y,0) = 0 with c(y,t) > 0, and thereby 6(y,t) = O(e sup; [t (y, t)|j5=0)-
Observing that order |i4| perturbations in the trace values (ui) lead
to order | |e~*e=0%/¢ perturbations in the k-th derivative of the profile, we

obtain from the sharp bound (5.24) a sharp conormal bound
(5.26)

Heﬂt’/(fﬂ)“”m,(w) + ‘eﬂtu(o)‘m,(ﬁ) + ‘eﬂ%‘fmuqm = ¢ Heﬂtme’

(5.25)

on the approximate linearized solution (U,"L/J) of our construction, where
e 1/2
y+Z[?
within. Apart from the difference between weights A2, A\V/A, uA? and their
e — 0 limits v, /7, |¢|\/7, reflecting the slight smoothing effects of vis-
cosity in the medium and high frequency regimes, and the harmless v(x)
factor (7 is held fixed in the nonlinear arguments to follow), this is exactly
estimate (5.23). Thus, (5.23) is a natural generalization of (5.24) to the
singular-perturbation context. Note that computation (5.25) gives heuristic
justification of our use of the inviscid shock location in the zero-order vis-
cous approximation, rather than the location prescribed by (1.18) as done
in higher-order approximations.

v(z) = is order one away from the shock layer and order v~

We set u = e ", f =e 1 f, ¢ = e ) and we prove the estimate

ol o2y + VE 102t 0y + 10O
te |8:r“(0)|m7(,\/ﬁ) + |@Z’|m7(uA2)
S M F e+ Nl ) + € 10ull, + (0] ()
+ £10:u(0)],,, + Nﬂ/"m,(/\)

(5.27)

where < means that the left hand side is estimated by constant times the

~

right hand side, with a constant independent of €, v, u, f and . In addition,

V.4 denotes ((9y + 7)), 1%, ..., 0q—1v).
Indeed, (5.19) implies that A2 > ~ and also that A2 > ~/2A for v > 1.
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Similarly, yA > (%)i]( |. Therefore

[ullm,ay S 72 [llmy22) 5 10rullm < 72 10rullm ) -
—1/4 —1/4
Oy S 7O vy s 00O i) S 7 A10,(0) 1 av
~ —-1/4
Vo) 2 [Wlmicin) S A4 a2y -
Hence, for «y large enough, (5.27) implies the estimate of Theorem 5.5.

The proof of this estimate is parallel to the analysis of [MZ1]. Away from
the boundary, the hyperbolic-parabolic structure of the equation is sufficient
to imply the estimate. So we concentrate on the analysis near the boundary.
There, we first reduce ourselves to a first order system in J,,, neglecting some
lower order terms in the equation. Next, we replace the differential equation
by a para-differential one, as in [MZ1], [GMWZ2]. This costs only further
admissible error terms. When this is achieved, we make two different choices

of “good unknowns” in the high and low frequency regime respectively, to
get paradifferential equations which have been analyzed in [MZ1].

5.2 Reductions

We compute the linearized operators. It is convenient to introduce the
condensed notations:

Bji(u,h) = jk() when j, k < d,
Jduh Zuk k(u), Bd]uh ZVkB’” when j < d,

deuh E Vkljj Jk
7,k=1

with v = (=hy,...,—hg-1,1), and

gj(u, h) = Aj(u) when j <d,

h) = Z v Aj(u) — hold.

The matrices Ad, .4 and Bd a were called A,, B;, and B, respectively, in
sections one and two Introduce next

By (2.0) = Bjx(W(g,2),9(q)), Al(z.q) = A;(W(q,2), ¥(q))
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and . B
B;,k(tv Y, :C) = Bng(x/Ev QE) = Bj,k(uaa dw\s) )

Ai(ty,x) = Al(x/e,q0) = Aj(ue, die) .

Similarly, we consider the first and second derivatives of the coefficients.
Calling V,A; the derivative of A; with respect to u, with some abuse of
notation, VuAj denotes the function Vugj (ue, dips). We use similar notation
for the derivatives of the Bj .

Using these conventions and remarking that 0,1 = 0, one checks that
the left hand side of (1.8) reads

d d
(5.28)  E(u,v) = Ou+ > Aj(u,dp)dju—e > 0;(Bjn(u, dp)dju) .

J=1 Jk

Therefore
e_’Ytg’l/,L (’U:g, wf) (e’Ytu) = L€7’Y7tu

where
d d 1
(5.29) Leqyu= (0 +v)u+ Z A;’tﬁju —€ Z B;k@iku + EEE’tu
=1 Gk=1

with

Ao = ASh— ) (0kB ;)b — e Y (6 VB ) Ope

k k
Bt = Y (i- Vy AS)Ojue

J

— &2 (- VuB5 )0 ue — 2> (i 0;(VuB5y)) ) Okte
ik ik

The subscript ¢ in L. ¢ or Aj’t means “total”. We split the coefficients
into their principal part and remainders : remainders are terms which are
smaller by a factor €, taking into account that the coefficients depend on
ue = W(ge,x/e) and that

Optie = £ 10, W (qe, /) + Opqe - VW (ge, /) .
Accordingly, we have the splitting:

(5.30) AST=AS+eAS", EO' =E° 4B
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with principal parts given by

A0 = A5 — (0,W -V Bg ;)0 — (0 - VyuBj 4)0; W,

B0 = (0 VAW — (4 VB )2W — V3 B 4(it, 0:W)0, W .
Here, 0,W and 0?W are evaluated at ¢ = ¢.(t, y,r) and z = x/e. Moreover,
VQBfi’d(', -) stands for the second derivative V2B(§7d(u, h)(-,-) evaluated at
u = ue, h = dip.. With (5.8) (5.10), we note that the principal coefficients
are functions of (g, x/e):

(531) By =B (x/e.q.), A5=A%(v/e,q), B =Ei(z/eq.),
with

B! (2.0) = Bjx(W(g.2), ¥(q))

Ab(z,q)0 = Ajo — (0.-W - VyByj)o — (0 VuBja)0:W

E*(z,q)iu = (- VyA@):W — (it VuBg,a)O?W — V2, By a(t, 0.W). W .
where the tilded functions are now evaluated at u = W(q, z) and h = ¥(q),

while 3, W and 0?W are functions of (g, 2).
Thanks to Assumption 5.2, the remainders satisfy :

(5.32) sup [|AS" < 400, sup [|[ES" |lyym < +00.
15 15

Substituting the splitting (5.30) of the coefficients in the definition (5.29) of
L. yields

(5.33) Lenyi=Lery+eLle,.
With (5.32), we obtain that
(5.34) ||5L€,'y,7"v||m S lullm + ||5Vy,xu||m~

Similarly,
e E) (ue, e ) (€)= LL 11
with

1 €, €, £,
(535) L;,t,(b = _g C()t( +fy @Z}—FZC taﬂ/) +é Z C] 28]2

Jj=1 7,k=1

63



and

Cg’t = 0, U ,
d d
C5' =20 fj(uc) — Y €205 (B 0kuc) — > 20 (Bj ;j0puc) |
k=1 k=1
Cj,i = —B; .0y u. .

We have factored out ¢! in the right hand side of (5.35) in order to get
bounded coefficients. Again, we split the coefficients into their principal part
plus remainders, getting

(5.36) Ll ,=Ll +eLl ..
The coefficients of eL! are
(5.37) C5 = Clz/e,q), C5)=CtL(x/eqe)

with
Ch(z,q) = .W,
Ch(z,q) = 0:1;(W) = 0:(B;a(W, ®)-W) — 0. (Ba; (W, ©)9. W) ,
CE (2,9) = —Bju(W)0.W .

Using Lemma 5.4 and taking account of the decay in z of the coefficients

C’;’T and C’j,: of EL;J, we have therefore

(5.38) leL2 pllm S [VegtPlm + [€Vidlm

We remark that all the coefficients of L;ﬂ involve at least one derivative
in z of W thus are exponentially decaying in z/e. Therefore, for all § > 0 and
k € C§°(] — 6,6[) equal to one for |z| < §/2, the coefficients e (1 — r(x))CE
decay in x. Hence, there holds:

(5.39) 11 = &) Lillm S [Veydlm + €V} ol
With (5.34) (5.38) and (5.39), the main estimate (5.27) follows from the

next proposition.

Proposition 5.8. There are § > 0 and k € C§°(] — 9,0[) equal to one for
|z| < /2, such that the estimate (5.27) holds for all € €]0,1], all v > 1, all
smooth u, f and ¢ with compact support satisfying

(540) Ls;yu + KL;,A/'QZ} =r,
(5.41) [(0)] =0,  [0u(0)] =0,
(5.42) O+~ — 8Ay)’¢ + 4.-u(0)=0.
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We first prove the estimate for functions u and f supported in the strip
{|z| < 26}. There, we reduce the equation to a first order system in 0.
According to sections 2 and 3, taking advantage of the conservative form
of the equations, a natural additional unknown would be of the form w =
eB,0,u — Au. However, the estimates above show an improved smoothness
in v = €d,u, since they give control of v/4/¢, and no improvement for w.
This leads to introduce explicitly v from the beginning and to forget about
the conservative form of the equations.

Thus, with U = !(u,v), the equation (5.40) reads

1 1
(5.43) 0l = —Gepy = F = EG;VW
with

(0 Id T B 0
G&’Y - (ME,’Y A,;) ) GE - <’<5M;> ) F= <(Bc8l,d)_lf> )

A= (Bfad)_l{AZ - (Big+ Bfl,j)53j} ;
j<d
M = (Bia) " {EF 420 +9) + Y ASed; = Y7 B?0;0, .
j<d 7.k<d
Moreover, V1) = (8,5 + 7)Y, 0y, 0, . .., ad_ﬂ/}) and

and

d—1
(5.44) MV = M@ +7)0 + Y ML8,,0
j=1

with
d—1
Mly=(Bj,)"'C5, ML =(B5)" (cg +y c;kaak) for j > 1.
k=1

The boundary condition (5.41) is replaced by
(5.45) [U(0)]=0.
We have to prove that for (U, ¢, F') satisfying (5.43), (5.45), and (5.42), with
U and F supported in {|z| < 26}, there holds
1
[l + 72 [l + 14O 2

+ [0(0)],, 0/ vE) T ¥l (uazy S RHS
where RHS denotes the right hand side of (5.27).

(5.46)
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5.3 Paralinearisation

Introduce the symbols of the operators defined after (5.43):

A. =ac(t,y,x,eDy),
(5.47) M. = m.(t,y,x,eDy, €Dy, e7)
Méj = m;j(t, y,x,eDy).
The symbols a.(t,y,z,(), me(t,y,z,{) and m;j(t,y,x, ¢) are polynomials

of degree one, two and one respectively in ( = (7,7,v) and Dy = —i0y,
Dy = —i0;. With (5.31) (5.37), they are functions of /¢ and ¢.:

ae(ﬂ%% C) = A(§7qc€(t7y7x)7 C)
m6<t)y7$7 C) = M(§7 Qs(tyva)y C)
ml (. 2.0) = ()M} (2. 4:(t,y,2),C)

with

d—1
A(z,0.0) = (Bi )7 (A= D ini (B + B,))
j=1

d—1 d—1
M(2,0,0) = (Bl ) (BF + Gir + 1d+ > i AL + 3 e BS )
=1 jik=1

Mi(z,q) = (Bf,)7'Ch,
d—1
M}(z.0,Q) = (B )7 (¢ = Yo imCE, ) forj = 1.
k=1

Remark 5.9. The reader should remark that these notations are slightly
different from but parallel to the notations used in section three : the re-
duction to first order (5.43) is different from, but of course equivalent to the
reduction (3.3). The choice made above is better adapted to the formula-
tion of sharp energy estimates, while the reduction used in section three was
better adapted to the computation of Evans functions.

The estimates of Lemma 5.4 implies that
Lemma 5.10. The symbols a. and m} are uniformly bounded in PTim. The

me are uniformly bounded in PF%m
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Thus, by Proposition 4.10 , we can compare the differential operators
A, M. and M! to their paradifferential quantization Ps.”, Pr), P27, We
note that the norms | - ||, (as) coincide with the norms called || - ||l s~ in
(4.16). Therefore Proposition 4.10 implies:

[Acv = Pao,, S elfvllm
| Mew— P20|| < ellullmay
[8M2V ) = PN S e[Vt

Parallel to (5.44), we have used the notation

d—1
(5.48) PV = P;?O(at Y+ PO o
€, j:l €,

Therefore, if (U, F, 1) satisfy (5.43), there holds

1 1
.U ~ _Pi/U = F' = PV

with
(0 1 Al , {0
ge = <m5 CL€> ) gz—: - <m;> ) F - (f/>
and
(5.49) 1 Nl S N llm + el ay + [0l + [V, )

Consider next a function y € C§°(R4*!) supported in the ball |¢| < 2pg
and equal to one on the ball |¢| < pg. Then the commutators of Py with
P, and P77 are of order O(e) and therefore

1 1
(5.50) 0.PETU — “PET P = F' — Z PV, P
with a new function F’ =*(0, f’) which still satisfies (5.49). Similarly,
1 1
£,y R £,y I nJ &,y E,7Y
(5.51) PPN — ~PPEOU = F! = —PV. PE

with F' =*(0, f") which satisfies (5.49).
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Next, we paralinearize the boundary conditions. Clearly, the jump con-
ditions are preserved:

(5.52) [PSOUI=0,  [PP7U]=0.

We now investigate the extra boundary condition. By Assumption 5.2, ¢, is
bounded in W™*2: and by (4.26) there holds

e - ul(0) = B w(0)],,, (p5/2) S €[ul0)] n1r2) -

Thus, the extra boundary condition (5.42) implies that
(O +v — ey + P u(0) = e,
with

(5.53) €] < e|u(0))

m,(A3/2) ~ mV(Al/Q) .
Commuting with Py”7, implies that

(5.54) (8 + 7 — eD)PEY + PP u(0) = ¢

(5.55) (0 +v —eAy) P b+ PP u(0) = €.

where ¢’ and €” satisfy (5.53).

5.4 The high and medium frequencies analysis

In this subsection, we prove estimates for Pf’_'YXU . The strategy is to use
Lemma 1.2 to reduce the fully linearized equation to the partially linearized
equation for u — 10, u., which is well posed for |¢| > ¢ > 0. Next the front
1) is recovered from the extra boundary condition.

Consider

Ph(z, q) = Ag(W, W)O,W — 8, (Ed,d(W, \If)@ZW) .
Recall from Lemma 2.13 the following identity:

—PW 4+ A(z,q,)*W+M(z,q,0)0.W

(559 = LY(2,4,C) + (Baa(W, ©)) '8, P*
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with

LY(z,4,¢) = (it +7)Mg(z, +ng (2,4,¢

When ¢ = (p,0,0) and p € C, W is an exact solution of the profile equation
P(z,q) = 0 and therefore 0,P(z,q) = 0. Thus:

(5.57) €%z, q) == (Baa(W,¥)) 0, P¥(z,q) = u'Wi(2,q) + h'Wa(z, q)

where W7 and Ws are smooth functions of their argument with exponential
decay in z. Introduce the symbols

re = k(@)W (2, ¢:(t,y, 1)),
(5.58) B (x)ﬁl(fyq (t,y,),¢),
e; 1k 5 (% t Y, T )

Lemma 5.11. 7., €0,7- and el are bounded families in PF(im; the 1} are
bounded in PF%m and

1 1
(5.59) eg = —68%7“5 + a:0yre + gmere - gl;

is bounded in P} ,,. Moreover, r. is smooth across {x = 0}.

Proof. The statement for r. and I} are clear. When performing the sub-
stitution ¢ = ¢. in (5.57), h! is replaced by edi)l. Thus the substitution
in e *h!Wy yields symbols x(z)dil(t,y)Wa(z /e, q.) which are bounded in
W™ as well as their tangential derivatives.

Next, the placeholder u! is replaced by ul.
there holds:

Using Taylor expansion,

ul(t,y,z) = ul(t,y,0) + zval(t,y, z).

By Assumption 5.2, e~ tul(t,

term in W™.

The @ are bounded in W™ and the exponential decay of W; implies that
(z/e)Wi(z/e, g-) is bounded in W™. Therefore, the symbols x(z)al (x/e)W1(x /¢, qc)
are also bounded in W™ as well as their tangential derivatives.

The identity (5.56) implies that the left hand side of (5.59) is el plus
terms which involve derivatives of &:

t,y,0) is bounded and contributes to a bounded

—€(0xK)(Op1e) — s(agm)ra + ac(0K)re

This last term is of degree one and bounded in PF%m
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Next we recall from (5.7) that the profile W is of the form W(q,z) =
Wo(p, 2) + u' when ¢ = (p,u',h') and Wy is given by Assumption 5.1.
Therefore, 0,W(q, z) = 0. Wy(p, z) implying that

re(t, y, ) = K(2)0:Wo(p(t,y), z/c).
This shows that r. is C*° in x and the lemma is proved. 0

Next, we come to the microlocal version of the change of unknowns
u — Y0zu., introduced in section two. Transposed to the first order system,
this would yield to consider U — v *(0,u., £0%u.). However, we replace the
multiplication by (0,u.,c0%u:) by the corresponding the para-product and
we keep only the main part of u., that is W (g, z/e). This leads to consider

(5.60) Uy = (ZI) =P U—-PyP 60, 6= éw, R. = <€g;r£) .
Introduce next the symbols

(5.61) ce(t,y, Q) =i+ + [nf* + £ - 0:W(g-(t,9,0),0)..

The family {c.} is bounded in PF?,L,I.

Proposition 5.12. U; and 0 satisfy

(5.62) 0.0~ SPEU = F,  [Uh(0)] =0,

(5.63) PP 6+ Py ui (0) = ¢

where F| = (0, f]) satisfies (5.49) and

(5.64) €] asr2y S €[wlO)], ar2) T €[V, a1re

Proof. When ¢ is independent of z, the symbolic calculus implies that

0B 0 =Pyl e

T

Moreover,

d—1

Il = m;,o(iT +n) + Z m;jz’nj .

j=1
Since P*7 is a semiclassical quantization, Pfﬂw =e(0¢+7) and P;;;Y = €0;.
Therefore,

1

(5.65) an’gv,y@ = é’”gp.
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Substituting the definition of U; in equation (5.51) yields:

1
0,U1 — *PE’WUl =F' + 0 Pf’_'y 0
£ ge e€ X
with 1 1
ec = —ePy, + P Pyl + Pl P — By

All the symbols are compactly supported in x. Hence, the symbolic calculus
and (5.59) imply that
e.=P5 +el

where the remainder el satisfies

let(@)¢ll,0 S [Pl -

Since Pjﬂ satisfies similar estimates, there holds

For the second inequality, we have used that 1 — x is supported away from
the origin, so that |(1 — x(e¢)| < €[¢]. This shows that the right hand side
F| in (5.62) satisfies (5.49).

In addition, by (5.11), 7. is continuous across x = 0, as well as its
derivative in xz. Therefore, the jump of PE’:PIE’_XH is equal to zero. With
(5.51) this implies that [U;(0)] = 0.

Next we note that

e-(@)PR 0| < PP

< €Y —
X Xe‘m,(A) ~ ‘Epl_wie‘m,(/\) = IVl ) -

Pf’jxu = ul—l—Pfg"YPf’jXQ and (8(8t+’y)—52Ay¢) Pf’jx = P;-”Jyrer\nIQPlELXG'

The symbolic calculus implies that

no._ E,Y pEYyY &,7Y ’
€1 = (Peg Prs(O) - strg(()))Plije

satisfies
= m,(A3/2) S 5‘P1€’—7x9‘m,(/\1/2) = ‘Pl&jxw‘m,(Al/Q) S ‘Evvwm,(/\w)'

Here, 7.(0) denotes the symbol r. evaluated at x = 0. The boundary condi-
tion (5.55) and the definitions of 7. and ¢, imply that

PIYPIY 0+ P ui(0) =€ +ef
With the estimate (5.53) for €”, this implies (5.64). O
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We now come to the main argument. In [MZ1] it was part of the argu-
ment to reduce the high and medium frequency regimes to problems similar
to (5.62):

1
0 P{7\U ~ ~FiPiOU = F/

on {z > 0}, with Dirichlet boundary condition P;” u(0) = 0, assuming
that the corresponding rescaled Evans function is bounded from below by
a positive constant. The analysis clearly extends to general boundary con-
dition, and to the transmission problem for (5.63) (see [GMWZ2]). By
Assumption 5.2 and (5.12), the problem (5.62) satisfies the uniform stabil-
ity condition for ¢ # 0, for parameters ¢ in Q. For |z| and e small enough,
¢(t,y,x) remains in Qg and therefore, Propositions 4.6 and 4.10 of [MZ1]
imply the following maximal estimates:

Theorem 5.13. There are 6y > 0 and g9 > 0 such that if § €]0,0¢], then
for all pg > 0, all cut off functions k(z) and x(¢) as above, all £ €]0,ep],
and all (u, f,v) satisfying (5.40)(5.41) with w and f supported in |x| < 26,
the function Uy defined by (5.60) satisfies

1 1
= Ml azy + 2 lotllna)

(5.66) )

1
+ % |U1(0)|m7(A3/2) + % ‘U1(0)|m,(A1/2) S RHS

where RHS denotes the right hand side of (5.27).

Next, knowing Uy, we can estimate 6 using the extra boundary condition
(5.63).

Proposition 5.14. With assumptions as in Theorem 5.13, for € is small
enough, there holds

(5.67) e 32| Py

_Xw‘m,(AW?) =P

O arry S RHS.

Proof. By Assumptions 5.2, there holds
[ - 0:W(ge, 0) — £(p(-)) - 0=(p(:), 0)[|[Le — 0 as e —0.

Since the range of p(-) is contained in a compact subset of C, Assumption
5.2 implies that for ¢ small enough,

(568) 1 ,S ga : 8ZW(qE’ 0)
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and therefore
L4 7|+ + [0l S leel -

Thus ¢ is elliptic and 1/c. € Pl“l_fn We use standard ellipticity arguments
for the equation P.”¢ = g : multiplying the equation by Pffc*s and using
the symbolic calculus implies that

|Pr2 O] arey S APETPILO, nsrey + €| PO psr2)
Together with equation (5.63), this implies
‘PE”Y 9‘ (AT/2) S ‘Pl Xu1(0)| L,(A3/2) + ’e ‘ ,(A3/2) + E‘Pf ‘ J(A3/2) -

By (5.66) and by (5.64) the first two terms in the right hand side are domi-
nated by v/eRHS and eRH S respectively. Moreover,

‘Paﬁ/ ‘ J(A3/2) — 6_1}P1€ w‘ J(A3/2) ~ ‘V’yw‘ L(A1/2) < RHS.
Therefore ’P1 ’ (AT/2) < VeRHS and the proposition is proved. O

Knowing bounds U; and v, we can estimate U:

Theorem 5.15. With notations as above, if § and € are small enough, then

1 E7’y 1 77
o it R L B = L O]
|
\/g‘ =7 v )m,(wﬁgsm‘ 1/;’ vy S RHS.

Proof. Adding up the estimates (5.66) and (5.67), one obtains:

1 1
- Hule,(A2) + - HUIHm, \[ [u1(0)1,, L(A3/2)

1
+ \ﬁ ‘U1(0)|m,(A1/2) + 3/2‘ 1 ¢| (AT/2) S S RHS.
Next, we switch back to Pf’jXU =U; + %PE’:Pf’jxw. The estimate of The-
orem 5.15 follows from the estimate above and

1

1
PRl Pi |, a2y S 3/2| T a2 -

(5.69) = |

Indeed, we note that the symbol R, has the special form

~ T
Rs(tvyvxag) = Rs(gatawa’@
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with R. exponentially decaying in z, as well as all its derivatives. Recall
that in the definition (4.17) of P%7, z is a parameter. Therefore, for all :

|(P§g¢)($)‘o,(1\2) N 6_6lx|/£‘90‘0,(/\2) .
Taking the L? norm in z inplies
HPJE%’:‘PHO,(M) S \@‘S"‘o,(AZ)'
Commuting with Z-derivatives, one obtains:
(5.70) PRl a2y S VEI# a2y -

This imples (5.69) and the theorem is proved. O

5.5 The low frequency analysis

In this subsection, we prove estimates for Py”"U. Following the analysis of
the modified Evans function in section three, the idea is to use for ¢ small, a
new symbol 7.(t,y,x, (), vanishing at ¢ = 0 but still satisfying (5.59), that
is, such that:

& 1= —€027 + a:0pTc + € 'mofe —e 'L € PIY, -
The choice r. = 0,W(qe, z) made in the previous subsection satisfied for ¢
small (see (5.68)):

(571) [TE(O)] = rg_|x:0 - Te_|x:0 =0, L - TE(O) >0.

As in section 3.3, we now require that the symbol 7. vanishes at { = 0,
which forces to relax the jump condition.
Recall that I! given by (5.58) satisfies:

d—1

(5.72) 2= (it +y)mio+ Y inyml;.
j=1

It depends upon the choice of a cut-off function x supported in {|z| < 2§}.

Lemma 5.16. There are 9 > 0, pg > 0, § > 0 such that for k supported in
{lz] <26} as above, there are bounded families of symbols s, j € PF(l),m, for
e €]0, 0], defined for |(] < 2pg and supported in {|x| < 20}, such that

~:|:'

é 1,1

- 2. . ) -1 ) —
o= —€0;5cj + ac0zSej + €7 MeSzj —€ My
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s bounded in PFg%O on both side xx > 0 and

le ST lo—0 = —C0, 5
with co0 =1 and co; = —in; for j € {1,...,d—1}.

Proof. Lemma 3.14 implies that for all ¢ = (p,0,0) with p € C, there is
po > 0 such that for |{| < 2pg there are functions Sji(z,q, (), defined and

smooth for {£z > 0}, ¢ in a neighborhood of ¢ € Qy, exponentially decaying
at infinity as well as their derivative, and such that

— 28] + A0S + MSS = Mj(2,¢,() on £2>0
E(q) ! S?:(O7Q> C) = _CO,j(C)a Sj(27Q70) =0.

These identities are linear in S;E. Thus, using a partition of unity and

compactness of Cy, we can assume that the Sji are defined for ¢ € Qg and
p < po, with pg small enough.

For § > 0 small and |z| < 2§, ¢-(t,y,z) remains in Qy. With k(z)
supported in {|z| < 20} consider for |(] < 2p

(5.73) sty = k(@SS (2, 9,2).)

The equations for Sji imply that the error term e, ; is bounded in PF?,L’O (note
that the order has no significance since we consider bounded frequencies

¢). O

Consider y € C$°(R¥1!) supported in (| < 2pg and such that x = 1 for
I¢| < 1. Introduce next y1 € C§°(R4*!) supported in |¢| < 2pp and such
that x1x = x. Consider the matrices

+
S_ X
(5.74) S:j_( edit! >

+
£du52 X1

They are bounded families of symbols in PF(l],m, compactly supported in ¢

(so that the order 0 is unessential). Next, we introduce the jumps

They are bounded families of symbols in PF%m on the boundary, compactly
supported in (.
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Consider again (u, f, 1) satisfying the equations (5.40), (5.41), and (5.42),
with u and f supported in {|z| < 26}. Introduce U = *(u,ed,u) and
F =40, f) as in (5.43) and

+
(5.76) Ui = (Zi) = PyU* — PPV,
1 €
where
d—1
PPVt = Pl PR (0 + )0 + Y PP,
&€, le €,]

Proposition 5.17. U; satisfies
1
(5.77) 0, U — gP;lei = F* on {£z >0},

where F' = (0, f') satisfies (5.49). Moreover, on {x = 0}, there holds

(5.78) [U1(0)] + P[Z’Z]P;ﬁvw =0, PZ’VUI(O) =é"
where

Proof. The symbolic calculus and Lemma 5.16 imply that
1 £,y &Y pEYY 1 &Y pEYY 0
(ax - EPQ‘; )PSE PX’ vfyl/} + ngF} PX’ v’}/¢ = f”
with
1"l S V], , -

With (5.50), this implies (5.77).
The first boundary conditions immediately follows from (5.52). Intro-
ducing the matrix Coy = (co,0, ..., ¢0,d—1), there holds

(O +v —eAy) Py = PZJOVP;VV“/J .
The boundary conditions for s. ; and the symbolic calculus imply that

&)Y pPEY
PP

e |z=0

POV = —(0p + v — eAy) P + el

where |e][m < [Vo4|m. Therefore, P,"u; (0) = ¢’ + e} where ¢’ is the right
hand side of the boundary condition (5.54). Next we remark that both ¢
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and €] are spectrally supported in a domain where ¢ and hence /e, are
bounded. Therefore,

1
e + 6/1‘m,()\) N $|€/ + €} |m

and the estimate (5.79) follows from (5.53). O

The Evans function for the problem (5.77) with boundary conditions
(5.78) is the determinant called D" defined at (3.52). Lemma 5.3 and Propo-
sition 3.15 imply that this determinant is bounded from below by a positive
constant for ¢ € Rf‘d with |¢] < po. In [MZ1] we proves maximal estimates
for the equation (5.77) on {x > 0} with Dirichlet boundary conditions,
u{r(O) = 0. In the Appendix we show that the analysis extends to the
present case. The analogue of Propositions 4.14 [MZ1] is:

Proposition 5.18. Suppose that § and py > 0 are small enough. Consider
cut off functions k , x and x1 as above and X' such that xX' = x and
X'x1 = X'. Then, there holds

o Pl

n (P;ﬂvl(O)‘mw + [PV, ) S RHS

P H ‘P&;7 0‘
‘ O o FIPO

where RHS denotes the right hand side of (5.27).

Here, the traces U;(0) stand for the pair (U (0),U;F(0)) of the traces
from both side £z > 0.

Knowing bounds for Uy and V4% immediately provides estimates for U.

Theorem 5.19. With notations as above, if § and & are small enough, then

1B all,, [P0l 3y F [P (0)]

1
0T | »
+[PET0(0)],, ) + 1PV, 0 S RHS.

m,(A)

Proof. By (5.76),

PYU = P'UyL + PP 6 with 6 := PPV,
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Therefore, it is sufficient to check that

HPE,W

1
5l 2P ]

m,(X\) 5 }e‘m,()\)’
The spectrum of 6, and thus of Ps 7,6 is contained in a ball {|e(| < po}
where /e < ¢~ 1/2 is bounded. Thus

£, 1 €5
HPSE’ZaHHm,()\Q) N % HPSE’;l 0¢Hm,(,\)

It remains to prove that
HPrE;mHm,(A) S \/g‘g‘m,()\)’

when r. is either s.x1 or €0;s.x1.- The proof of this estimate is similar to
the proof of (5.70), using that r. is exponentially decaying in |z|/e. O

Proof of Theorem 5.5. We prove Proposition 5.8, as it implies the theorem.
Combining Theorems 5.15 and 5.19, we see that the estimate (5.27) is sat-
isfied when u is supported in a small strip || < 2. Next, for u supported
in |z| > ¢ satisfying

L (0 + 7, aya Oz)u = f

Proposition 5.5 of [MZ1] implies that the estimate (5.27) is also satisfied.
O

6 Approximate solutions

In this section we adapt the construction of high order approximate solu-
tions in [GW] for the case of Laplacian viscosity to the more general viscosi-
ties considered in this paper. A precise statement of the properties of the
approximate solutions is given in Proposition 6.8. We continue to denote
coordinates by (t,z1,...,2zq) = (t,y,x).

We seek an approximate solution (u,?) to the N x N system

d d
(6.1) up+ >0 fi(u) — € > 05(Bjr(u)dhu) =0,
j=1 j,k=1

given a shock solution (u”,1°) to the associated hyperbolic system.
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As before we introduce the unknown front x = 1)(t,y), change variables
T = x —(t,y), drop tildes and epsilons, and rewrite (6.1) in the notation
of (5.28)

d—1 d
(6.2) ue+ Y Aj(u)dju+ Ag(u, dip)dgu — € > 9;(B;jp(u, dp)du) = 0.
j=1 jk=1

We are also given a leading profile U%(¢,y, z, 2), which in terms of our
earlier notation is given by

(63)  U'(ty.w.2) = Wo(=,p(ty) + (W (t,y,2) —u'(t,,0)).

Recall that we view (6.2) as representing two problems for (u,1)), one
on x > 0 and one on x < 0 with transmission boundary conditions

(6.4) [u] =0, [Ozu] =0 on xz =0.
We add the extra boundary condition on {z = 0}:
(6.5) Opp — eLyth + L(t,y) - upp—g = O)® — Ly + £(t,y) - U (¢, y,0,0)
where ¢(t,y) has been chosen so that
(6.6) ((t,y) - 0.U%(t,y,0,0) > 0.
We seek an approximate solution (u?, ) of the form (dropping epsilons)

(67) Q;[)a = ¢0(ta y) + 61/’1(757 y) +oeeet EMwM(ta y)a

(6.8) u®= (Z/{O(t,y,x, z) + eul(t,y,x, 2)+ -+ EMUM(t,y,$, z)) |Z:%,

where ' ‘ '
uj (t7 y? x? Z) = Uj (t7 y? 'r) + VJ (t7 y7 2)7

U (t,y,x) is the original shock (in the new variables), and the Vi (t,y, 2)
are boundary layer profiles exponentially decreasing to 0 as z — 4o0.

Remark 6.1. More precisely, if (u°(t,y,z),x = ¢°(t,y)) is the inviscid
shock in the original coordinates, then U%(t,y,x) in the above expansion is
uO(t, y,x + 90t y)).
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6.1 Interior profile equations

We substitute (6.8) into (6.2) and write the result as

M

(6.9) > AFI(t,y,w,2) |z + M ROM(Ey, 1),
—1

where

(6.10) Fi(z,2) = Fi(z) + G/ (2, 2),

and the G7 decrease exponentially to 0 as z — Fo0.
In writing out the F7, G’ we use the following notation.

Notation 6.2.

1. fi(u,do) = fa(u) — gfl fij(w)0;0, where fo(u) = u.

2. HU®, dy®)d = 071 A;(U)0; + Ag(U°, dp®)dy.

3. dy AgU°, dy®) (v, w) = SN 0;0,, AgU°, dyp®)w = 8, Ag(UO, dy°) (w, v),
by symmetry of hessians.

4. B(w)dg = — 320" A;(u)d;0.

5. B(udp = — 5" f;(w)d;6.

6. [h(u)] = h(ug) — h(u—) on x = 0, where ux denote the limits from
the right/left at xn = 0..

7. 4 means O .

Next we recall our notation for viscosity matrices:

Notation 6.3.

1. Letv = (—=t1,...,—Pg_1,1), V0 = (—¢?7--w—¢2_171)7 and vt =
(_@ZJ%’ T _Tpcllfh O)

2. Bjp(u) = Bji(u), if j <d, k <d.

3. Bja(u) = Yoy Bjx(wvk if j < di Bap(u) = S0 Bir(w); if
k<d.

4. Bya(u) = Z?,k:l Bj k(u)vjvy,.

5. B;{k is defined just like Bjy, except that (U°,10) is substituted for
(u,v). Similarly, Bﬁk = B;,(U°).

6. dégd(v,w) = viauiégydw.

Observe that in (6.2) we wrote Bj(u,dy) instead of Bj(u).
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The interior profile equations are obtained by setting the F7, G’ equal
to zero. In the following expressions for G7(t,y, z), the functions U’ (t, y, x)
and their derivatives are evaluated at (¢,y,0). We have

Fl(t,y,2) =0

(6.11) - 3
G 1(t7 Y, Z) - _aZ(Bg,dazuo) + 8Zfl/(u07 d¢0)7

(6.12)

FOt,y,x) = H{U®, dy)oU°,

GO(t.y. ) = —0:(B40:V')+
0. (Ad(uo, dgO) (U + V1) — dB (U + V', 0.V0) + B(uo)dwl) +
QU VO, dy®, dyh),

where Q¥ = Q°(t,y, 2) (for short) is exponentially decaying in z. In fact

(6.13)
d—1

Q=3 A,V +

0

U

-1
(A;U°) = A;(U)0;U° + (Ag(U°, dy)®) — Ag(U°, dup®))0aU "~

-

d—1
O 0,(BY0:-VO) + > 0.(By ,0uUU%)+
k=1

J

U
—

Il
=

d
VOUR0uBY 1 (0:V0,04U0°) + > 120, B (04U°,0.V°)+
1 7,k=1

M&

j7

&TT

d
Z A y v —|—1/ky )02V 4 Z U v —|—1/k1/ )0 Bok(ﬁzvo,@vo)}.
Ji.k=1 Jk=

For j >1
(6.14)
Fi(t,y,x
Gj(t,y,z

)= H(U®, dy°)oU’ — P77 (x)
) = —0.(Bg40:V/)+

0. (Aa(d, ay®) (U7 4+ VITh) — dBY (T + VI 0.V0) + BU) T ) +
Q' (t,y, 2),
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where P7, Q7 depend only on (U, dy*), (U*, dy*, dyp**1) respectively, and
their derivatives, for k < j.

Remark 6.4. 1. Recall that a term like (A;([U°) — A;(U°))9;U° in (6.13)
is evaluated at (t,y,x,z) = (t,y,0,z). This introduces a fast decaying error
which can be incorporated into G*(t,y, z) in view of the fact that v = €c.
This kind of observation is applied to all such errors.

2. Define Q%(t,y,z) for = > 0 by fjoo Q°(t,y,s)ds and for z < 0 by
f_zoo Q°(t,y,s)ds. Aswe’ll see shortly, it is essential that the terms involving
Yl do not contribute to the jump of Q° at z = 0. These terms come from
the last line in (6.13), which can be expressed as

d
0, ( Z (VJQI/; + V,?V})Bﬁkﬁzvo) = h(t,y, 2).
=1

Since this derivative is smooth at z = 0 and fj;o h(t,y,z)dz = 0, the desired

conclusion follows. The same remark applies to the terms involving /1 in
the jump of Q7 at z = 0.

6.2 Boundary profile equations

In the boundary profile equations (¢,y, z, z) is evaluated at (¢,y,0,0). These
equations are obtained by substituting the expansions into (6.4) and (6.5)
and setting coefficients of the different powers of epsilon equal to 0. Here
U2 or V{ denote limits as = (resp. z) approaches 0F.

From (6.4) and (6.5) we obtain the conditions:

()’ : UL +V2=0"+V?
(6.15) ()t 0,V =09,V°,
()€ : A’ —1(t,y) - U° = o° — I(t,y) - U,

(a)e': UL +VI=U +V!
(6.16) )’ 9,U° + 0,V =0,U° + 0,V
(c)et: Qppt — Aywo +1-U = *Ayd}o.
and for j > 2,
() : UL +VIi=0) +VI
(6.17) et o,U v o, v =9, U7 7 + 9.V,
()l : Oy — A1 U = 0.
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6.3 Solution of the profile equations.

We’ll postpone a careful discussion of regularity of solutions until Proposi-
tion 6.8. Here we note simply that we need to assume

(6.18) U e H*(-Tp, T x RY), v° € HV([~Tp, Ty] x RY)

for some large enough sy depending on M.
1. Note that F* = 0 already by our assumption that (U°, dy/?) is a shock.

2. Solve for V°. Recall that G~! = 0 represents two equations. Define

fjoo G~ (t,y,s)ds for z >0
JZ Gt y,s)ds for z <0

G_j(tv Y, Z) - {

The equations G~! = 0 can be written
(6.19) BRa0U° = faU®, dy®) — fa(U°, dy),
where we have used the fact that our given profile U satisfies

lim U°(t,y,0,2) = UL(t,y,0),
z—+o00

so that U°(t,y,0) in (6.19) means UY (¢,y, 0) in one equation and U° (¢, y,0)
in the other. The Rankine-Hugoniot condition implies the two equations
(6.19) piece together to give one equation on R, and our given profile
U°(t,y,0,z) is a smooth solution, exponentially decaying to its endstates.
Define VO(t,y, 2) = U°(t,y,0,2) — U°(t,y,0). Clearly, the boundary condi-
tions (6.15) are satisfied.

3. Compatibility condition for V'. The equations G° = 0 can be
written

By 0.V =AqU°, dy°) (U + V') —dBJ 4(U" + V!, 0.V?)
+BU°)dy' — (Ag(U°, YU + BU°)dy') + Q°.

In step 6 we seek an exponentially decaying solution to (6.20) which satisfies

(6.16). Suppose for a moment V1 satisfies (6.20) and that (6.16)(a) holds.

Then, since BY , is invertible, (6.16)(b) holds if and only if on z =0, z = 0
we have

(6.21) [BS ,0:V'] = —[By 40,U").

(6.20)

Using (6.20) we see this is equivalent to
(6:22)  [Aa(U°, dg")U'] + [BU)dY'] = [Bga0.U"] + [Q°).

This equation provides the boundary condition in step 4.
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Remark 6.5. (6.16)(b) implies in general that
.V} #9,V!

at z = 0, so it is not possible to solve (6.20) with the boundary conditions
(6.16) by solving a single ODE on R, (as was the case for V°).

4. Solve for (U!,4!'). These are determined by solving
HU°, dy®oUut = P°(x)

O B(00)ap!] + [Au(U®, av*)U") = [BL0,0°) + 10", on @ = = = 0.

The right sides in the boundary and interior equations of (6.23) are
initially defined for ¢ € [—Tp,Tp]. We can modify them to be zero in ¢ <
—Tp + 6, say. We thereby obtain a problem for (U!,dy!') that is forward
well-posed in the sense of Majda [Maj], since (U°, dy") is uniformly stable
and 9! does not appear on the right side of the boundary equation (Remark
6.4). Thus, we obtain a solution to (6.23) on [—Z2, Tp].

5. Stable and unstable manifolds Let W(t,y) and W'(¢,y) denote
the stable and unstable manifolds of (6.19) for the rest points U{(¢,y,0).
Our assumptions (Lax shock, Evans condition) imply they intersect transver-
sally in a smooth curve containing U°(¢,y,0,0). The tangent spaces to
W (t,y) and W(t,y) at U°(t,y,0,0), denoted Wi (t,y) and WE(t,y), are
the stable and unstable subspaces for the equations

(6.24) By 0.V = AU, dyP) V! —dBY 4(V!,0.V").
Observe that (6.20) has the form
(6.25) B 0.Vt = AU, dy®)V! — dBY (V' 0.V°) + F(t,y, 2),

where F is exponentially decreasing to 0 as z — +oo. Let W{(¢,y) and
Wi (t,y) be the linear submanifolds of R consisting of initial data at z = 0
of solutions to (6.25) that decay as z — foo. Standard ODE facts [Co]
imply that W7 (t,y) and Wi (t,y) are translates of W§(¢,y) and Wg(¢,y).
The sum of the dimensions of W7}(t,y) and Wi (t,y) is N + 1 and they
intersect transversally, so their intersection is a line in RY with direction
2.U°(t,y,0,0).

6. Solve for V1. Since the compatibility condition (6.22) holds, to ob-
tain exponentially decaying solutions V} to (6.25) satisfying both (6.16)(a)
and (b), we choose initial data

(Vi(t,y,0),V1(t,y,0)) € (Wi(t,y) x Wi(t,9))N
1
— Yt

(6.26)
{(UI;UQ) € RQN V1 — U2 = Ul(ta y70) U (ta yvo)}a
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The discussion in step 5 implies this is a transversal intersection of linear
submanifolds of R*V of dimensions N + 1 and N respectively. Call this
intersection (which is necessarily nonempty)

(6.27) LY(t,y), the line of connection initial data for V. (t,y, 2).

For a given (t,y), any point on this line gives a choice of initial data
for (6.20) corresponding to a decaying solution that satisfies (6.16)(a) and
(b). To arrange (6.16)(c) as well, note that £! has direction U%(¢,y,0) =
(0.U°(t,y,0,0),0.U°(t,y,0,0)). So

(6.28) Li(t,y) = {K(t,y) + sU(t,y,0), s € R},

for some initial point K(¢,y). The boundary condition (6.16)(c) holds pro-
vided

(6.29) OOt y) + Lt y) - (UL(t,y,0) + V](t,y,0)) = 0.

Since £(t,y) - 9.U°(t,y,0,0) # 0, there is a unique smooth choice of s(t,y)
that gives Vj satisfying (6.29). We now have exponentially decaying V.
satisfying (6.20) and (6.16).

7. (Continue) The solution of the remaining profile equations follows
the same pattern:

(6.30) (U 1) - VI = (U%,4?) — V2.

The boundary condition for the problem satisfied by (U7,7) is always
the compatibility condition for V7. In view of Remark 6.4 the boundary
problems for the (U7,v7) are all Majda well-posed linearized shock prob-
lems. The line £7(¢,y) of connection initial data for Vi always has direction
U(t,y,0).

6.4 Summary
Let €(u, 1)) be the operator in the left side of (6.2). Our approximate solu-
tion (u®,¥*) as in (6.7), (6.8) satisfies
T —
E(u,4") = MRM (t,y,7) on [~ 22, Ty] x RL

(6.31) [ = 0; [9,u?] = eMrM(t,y) on z =0
Op —e Ay + L(t,y) - u”
= 00 — eNy° + U(t,y) - U(t,y,0,0) on z = 0,
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with remainders e RM and eMrM as described in the next step. We can
make [0yu®] = 0 without changing the other conditions in (6.31) by adding

—zp(x)eMrM(t,y) to u$ , where p is a smooth cutoff equal to one near z = 0.

Remark 6.6. 1. The construction does not require the full strength of the
uniform stability assumption on the profile Wy(z,p(t,y)). We need only the
properties that follow from this assumption by the Zumbrun-Serre theorem in
the low frequency limit; namely, transversality of the connection and uniform
stability of the inviscid shock (U, v°).

2. Observe that with the extra boundary condition, the higher profiles are
uniquely determined by this construction once the leading profile U°(t,y, 0, z)
and inviscid shock (U°(t,y,z), v (t,y)) are fized.

In the next Proposition we use the following spaces:

Definition 6.7. 1. Let H® be the set of functions U(t,y,z) on [Ty, Ty] x R?
such that the restrictions Uy belong to H*([—Tp, To] @i).

2. Let H® be the set of functions V(t,y,z) on [~Tp, To] x R*T x R such
that the restrictions Vi belong to C®°(Ry, H*(t,y)) and satisfy

(6.32) |orV (t,y, 2)| fs(y) < Ck,,Se_‘s'Z‘ for all k
for some 6 > 0.

Proposition 6.8 (Approximate solutions). For given integers m > 0
and M > 1 let

7 d+1
(6.33) so>m+§+2M+%.

Suppose the given inviscid shock (U°,4°) is uniformly stable in the sense
of Majda and satisfies U° € H*0, UL(t,y,0) € H*(t,y), and Y°(t,y) €
H*TY(t,y). Suppose also that the connection given by Wo(z,p(t,y)) is
transversal. Then one can construct (u®,¢¥*) as above,

(634) ¢a = ¢O(ta y) + Ewl(tv y) e 6MwM(t7 y)a

(635) ut = (uO(t’ Y, x, Z) + Eul(ta Y, Z, Z) +oo-t EMZ/{M(ta Y, x, Z)) |z=%a
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where now UM (t,y,x) is replaced by UM (t,y,x) — zp(z)rM(t,y) for rM as
in (6.31). The approximate solution (u®,*) satisfies

E(u, ) = GMRM(t,y,x) on [—%,TO] X @‘i
(6.36) [ =0; [9u’]=0o0nz=0
Ot —e Ny + L(t,y) - u®
= o’ — 6Ay¢0 + £(t,y) - U°(t,y,0,0) on xz = 0.

We have

Ul (t,y, ) € HOH, I (t,y) € HO 2T (t,y)
(6.37) Vi(t,y,z) € HO™%

rM(t,y) € HO M5 (1, y),

and RM (t,y, x) satisfies for Z = (Zy, ..., Zq) as in (4.2)

d+1
apM
(6.38) (a) [(Z,€02)" R |L2(t,y,z) < Cq for la] <m + —5

() [(Z,¢0:)* R™ |1y < Car for lo] < m.

Definition 6.9. We’ll refer to (u®, %) as in Proposition 6.8 as an approx-
imate solution of order M.

Proof of Proposition 6.8. Tt just remains to check (6.37) and (6.38). (U°, ")
has the given regularity by assumption and V° by construction since U O‘w:()
belongs to H?°.

In the linearized shock problem (6.23) satisfied by (U, 1), the interior
forcing term PY(t,y,z) involves terms in which UY is differentiated twice,
and so belongs to H*0~2. Similarly, the boundary data lies in H*°~2(¢,y).
Thus, Majda’s estimates for (6.23) imply U' € H%0~2, U1|x:0 € H*072 and
1/}1 c Hso—l'

V1(t,y,z) satisfies an ODE in z, (6.20), in which the coefficients and
boundary data at z = 0 depend on (U, 4'); so V! € H%~2, Following this
pattern establishes the stated regularity of (U7,v7) and V7 for any j.

From the boundary profile equation (6.17) we obtain

(6.39) rM(t,y) = 0,UY — 9,UM.

Since UM (t,y,z) € H*2M  we have rM ¢ HSO*ZMfg(t,y). This finishes
(6.37).
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Finally, since xp(z)rM(t,y) € H*0~2M=5 and the least regular terms in
RM involve two derivatives of zp(x)r™ (¢,7), we obtain (6.38). Observe that
we do not deduce (6.38)(b) from (6.38)(a). (6.38)(b) is verified separately
using (6.37) and the Sobolev embedding theorem.

O

Remark 6.10. 1. Let m and M be given nonnegative integers, and set
u% =UL(t,y,x)
utt = (ULt y, ) — UL(t,y,0))+
x
Ui (t,y,z, )+ + MU (t,y, x,
e = el 4 My,

(6.40) x

)

€

where the terms on the right in (6.40) are as in Proposition 6.8. It is now

easy to check, using (6.37) and the Sobolev embedding theorem, that u™, ¥,

ui’i, and ¥} have the reqularity stated in Assumption 5.2.

7 Nonlinear stability

In this section we show that the approximate solutions constructed in the
previous section are close for € small to exact solutions of the parabolic
transmission problem

E(u,p) = 0 on [0, Tp] x R
[u] =0; [Ozu]=0o0onz=0
Op—eDNyp + L(t,y) - u
= O — ey + €(t,y) - U (L, y,0,0) on x = 0.

(7.1)

As an immediate corollary we will obtain a precise statement of the sense
in which the original inviscid shock ug satisfying (1.1) is the limit as ¢ — 0
of solutions u. to the associated viscous perturbation problem (1.3).

7.1 The error problem

With (u®,4%) as in Proposition 6.8 we look for exact solutions to (7.1) of
the form

(7.2) uw=u+ Mo, p=y* + M.
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Expanding around (u®,*) we find

0=Eu® + Mo, + Mp) =

7.3
(7:3) E(u®, ) + & (u, p*)eMuv + Eput, )Mo+ M Q. (v, ¢),

where Q. is a quadratic error that we’ll describe carefully later. Thus, (v, @)
must satisfy the error transmission problem
EL(u, ¥ )u + L, (u®, ") = — Q. (v, ¢) — RM on [0,Ty] x RY,
(7.4) [v] =0, [O,v] =0onz=0
Orp — ey +L(t,y)-v=0o0nz=0.
This transmission problem needs some initial conditions in order to be

well-posed. Recall that (u®,¢®) satisfies (6.36) on the time interval [—%, To].
Introduce a smooth cutoff function (¢) such that

1, fort > —h
7.5 ot) =<’ - 4
(7.5) ®) {Ofortggo

We will solve (7.4) by solving the following forward problem:

En(u®, ") v + & (u®, )¢
= —0(t){Oc(v, ) + RM} on [~Tp, Tp] x R,
(7.6) [v] =0, [0v] =0onz=0,
Orp — eNyp +L(t,y) -v=00onz =0,
v=0, $=0int< 20
3
7.2 Linear estimates

Definition 7.1. 1. For a nonnegative integer m define the conormal spaces

H™ = {u(t,y,x) € L*([-Tp, To] x RY) :

(7.7) the restrictions ux satisfy sup [Z°U|p2( 0y < 00}
|la|<m
and
W = {u(t,y,x) € Loo([_T07T0] X Rd) :
(7.8)

the restrictions ux satisfy sup |Z%u|pec(sy ) < 00}
|lo|<m
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These spaces are equipped with the obvious norms denoted ||-||xm and ||-||wm,
respectively.

2. H™ = {u<t7y) € LQ([_T()uTO] X Rdil) * SUP|a|<m ’atojyu’LQ(t,y) < OO}
and is equipped with the norm | - |gm.

3. Wm = {u(t,y) S LOO([—To,TO] X Rdil) : sup|a‘gm \8ffyu\Loo(t7y) < OO}
and is given the usual norm || - ||ym.

Our main tool for studying nonlinear stability is the estimate for the
fully linearized transmission problem given by Theorem 5.5. First, we need
to extract from that theorem convenient || - || and || - [ym estimates for
the forward linear problem:

EL(u", v + €, (u,4")6 = f on [T, Ty x Ry
[v] =0, [0yv] =0onz=0

Orp — ey +L(t,y)-v=00onz =0

v=20, ¢ =0, f:()int<_TTo.

Theorem 7.2 (H™ estimate). Let m be a nonnegative integer and let
(u®,1*) be as in Proposition 6.8. There are C > 0 and €y such that for
e € (0,e0] and all f € H™ wvanishing in t < _TTO, the solution (v, ¢) of (7.9)
18 unique and satisfies

3
[0l +Vell O gyoll2em + €2 107 yvlrem

(7.10)
+ [0(0)|am + |¢lgrmer + Ve|Oyd|am < C|f|l3m,

where dp = Vi y¢.

Proof. We’ll deduce the estimate (7.10) from the weighted norm estimate
for the linearized problem given in Theorem 5.5. We need to examine the
size of the weights A2, \, and uA? appearing there and defined in (5.19) and
(5.20).

The weight function A satisfies

(7.11) A2 > C(y + €|n|? 4+ min(er?, | 7)),

SO

A2 > C(y+ eyl + eln” + Velr]),

(712) A= C(y7 + vl
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Next consider pA2. In |e¢| < 1 we have

(7.13) pA? > = [CIN ~ (VA + Vel T + Vey + Velnl),

S0
(7.14) pA® > \/A[¢| and pA? > Vel¢ in e¢| < 1.
In |e¢| > 1 we have
Az
3 1 7 1 7 7 3
(7.15) pA? = = ~ €2 e lT|T 4 ety +Elnlz > |()2.
€2
Apply the inequality
(7.16) a2+622a$b%, fora>0,b>0

to five pairs of terms in (7.15) to obtain

A? > e|r %—i—e %+ € 2+m_|_l
(7.17) pA= > elrln|2 + evlnlz + Veln| NN

> enl|T| + Velnly + Veln|* ~ Venl|<l,

where the second inequality follows by considering separately the cases |n| >

1 and [n| < 1.
Summarizing we have shown that for arbitrary |e(],
(7.13) WA2 > /A1C] and pA? > Vellldl

For a fixed v > =y we have
(7.19) e "~ 1, for t € [Ty, Tol,

so it follows directly from Theorem 5.5, (7.12), (7.18), and (7.19) that all

terms in the left side of the estimate (7.10), with the exception of the e%a,%v
term, are dominated by C||f||7m. The estimate for the remaining term is

obtained by using the equation (7.9) to express e%@%v in terms of previously
estimated quantities. Observe that the term ¢~ E°v can be estimated using

(7.20) e~/ w]|gm < C(€]|Opw||rgm + v/elw(0)|gm).
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Remark 7.3. For each fized € we can use standard parabolic theory to solve
the (nonstandard) linear problem (7.9) by the following iteration scheme.
Let (vo,¢0) = 0 and for given (vn,¢yn) define (Uni1, Pni1) by solving the
parabolic problems:

EL(u® ¥ uny1 = f — E4(u®, %) on [To, To] x R
(7.21) [Vnt1] =0, [OzVng1] =0 onz =0
_TO

vn+1:0int<7,

Orpni1 — €Nypi1 = —L(t,y) - v, =0 on =0

=T

(7.22)
Theorem 7.4 (W™ estimate). Suppose m > 2 + % and let (u®,y*) be
as in Proposition 6.8. There are C > 0 and €y such that for e € (0, €] and
all f € H™ vanishing in t < %TO, the solution (v, ) of (7.9) is unique and
satisfies

(7.23) [ollw2 + €llOz yollwe + [dlws < ClLf[l#m-
If in addition f € L, then
(7.24) 1182 yollpee < C(IIfllrem + €l fllzee)-

Proof. The estimate for the terms involving v follows from Theorem 7.2 by
almost exactly the same argument as that used to prove Theorem 5.8 of
[MZ1], with the one difference that the boundary term that appears on the
right in applications of (7.20) does not vanish in our setting.

Since m > 2 + %, the estimate for ¢ is a consequence of

(7.25) |Plws < Cl@|grmr.

7.3 Nonlinear estimates

In the proof of the next Proposition we’ll need to estimate norms of products
of derivatives of v(t,y,z) with derivatives of d¢(t,y). The fact that ¢ is
independent of x means that Moser inequalities can’t be applied directly to
estimate the H™ norm of Q.(v, ¢) as in (7.6). This minor difficulty is easily
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circumvented by introducing a C*° cutoff in z. Fix K > 0 arbitrarily large
and let
1, |z| <K

(7.26) X (@) = {0 2| > K +1

Instead of solving (7.6), we will now solve

Eu(u, v + Ey (u®, )¢
= —6(0)xx (@){Qe(v,8) + BV} on [T, Ty] x B,
(7.27) [v]=0, [0:v] =0onz=0
Oip —eNydp +L(t,y) - v=00onz=0

=T
v:O,¢:01nt<TO.

When estimating x i (2) Q. (v, ¢), we are now free to replace ¢(t, y) by x(z)o(t,y)
for any C*° cutoff x(z) satisfying

(7.28) XXK = XK-
In writing out the form of Q. it will be convenient to set
(7.29) w = (v,d¢), where as always d¢ = 0; 49,

and to let ® = ®(u®, dy*, 0ydy®, ew) denote a C* function of the given
arguments which may change from line to line. In what (7.30) and (7.31) 9
will always denote some spatial derivative.

An examination of the expansions shows that Q. (v, ¢) is a sum of terms
of the form

9y = Mdwow

Q5 = M dwwou®

Q3 = MTY(dwow)
Qy = MHLY(dwwou®)

(7.30)

Here Q1 and Q3 are bilinear in w and dw, while Qs and Q4 are bilinear in
w and linear in du?.
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The terms Q3 and Q4 involve

Q31 = M1 Pwd*w

Q392 = ML Owow
Q33 = M P wowdu®
Q1 = ML Pwowdu®
Quo = ML B wwdudus

Qu3 = ML Pwwd*u®

(7.31)

It is important to note that there are no terms where 0%d¢ appears,
although Q31 would seem to allow such terms.
Introduce the norms

(7.32) [fllym = 1 fll2em + €l fll o,

3
(v, @)l = [[v]lpem + Vel Oayvllrem + €2 1107 yvllzem + [0(0) [+
(7.33) || grm+1 + V€|Oydd| prm+
[ollwz + €llzyvllwe + €107 vl + [dlws,

where we’ve suppressed € dependence in the X™, Y™ notation. Observe that
the Y™ and X™ norms are obtained by adding the right (respectively, left)
sides of the estimates (7.10), (7.23), and (7.24). We denote by Y™ and A™
the natural spaces (independent of €) associated to these norms. Denote by
Y§" (resp., AJ") the subspace of (v,¢) € Y™ (resp., X™) which vanish for
t < _TTO (resp., vanish for ¢ < _TTO and satisfy the boundary conditions in
(7.27)).

Let Pe denote the fully linearized operator on the left side of (7.27).
Theorems 7.2 and 7.4 imply there is a constant Cj such that for all € € (0, €]

and f € )" the problem

(734) Pe(va QZ)) = f7 (’U, ¢) € XOm
has a unique solution which satisfies
(7.35) (v, @) lam < Coll fllym.

We are now in a position to solve (7.27) by a fixed point argument that
is essentially identical to the nonlinear stability argument in [MZ1], section
6. The main step is to prove the following estimates for the quadratic terms.
The cutoff xx(x) was introduced in (7.26).
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Proposition 7.5. For all M > 0 there is a constant C(M) such that for
all € € (0,€0] and all (v, ¢;) € AF", i = 1,2, xk(x)Qc(vs, ¢i) belong to Vi*
and
I () Qe(vr, d1) [y < 4 C(M),
(7.36) IxK (2)(Qe(v1, d1) — Qe(v1, ¢1))llym
< ECM)|(01,61) = (v2,62) e,

provided that

(737) 6||(Ui,d¢i)”Loo § 1, = 1,2
and
(7.38) [[(vi, @) am < M, i =1,2.

Proof. When estimating yx Q,, we are free to replace ¢ by x(x)¢ for any
smooth cutoff x such that xxx = xk, so fix such a cutoff function. Since

Ixdellrem + IX(0)d@|rrm < Cl@]gmer,

7.39

(7:39) Vel0ay () rem < C/ely 6| sm.

and

(7.40) Ixddllwe + €ll0zy (xdo)Int + (|92, (xde) || Lo < Clolws,

for each norm of v or its first derivatives appearing in the definition of X,
our linear estimates give control over thegsame norm of yd¢ or its first
derivatives. We do not have control over €z [|92  (xd®)||#m, but recall that
no derivatives of the form 9%(d¢) appear in Q.. Thus, we don’t need control
over second derivatives of d¢. This means that in the proof of Proposition
7.5, terms involving d¢ or its first derivatives can be handled exactly like
terms involving v or its first derivatives. Thus, we reduce to the proof of
the analogous proposition in [MZ1], Proposition 6.4, whose proof can be

repeated word for word to establish Proposition 7.5.
O

Remark 7.6. The proof in [MZ1] is designed to handle the case of a first
order approximate solution, M = 1, which is more delicate than the case
M > 1. The argument of [MZ1] applies to any M, but the presence of extra
factors of € allows a much simpler argument to be given in the case M > 1.
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Theorem 7.7. Let m > 2+ % and M > 1 be integers and suppose

7 d+1
(7.41) so>m+§+2M—|—%.

Suppose the given inviscid shock (U°, V) satisfies U° € H*0, UL (t,y,0) €
H*(t,y), and ¥°(t,y) € H®VL(t,y). Under Assumptions 2.1 and 5.1 an
approximate solution of order M, (u®, %), can be constructed as in Propo-
sition 6.8. In addition there is a unique exact solution (v, ¢) to the nonlinear
forward error problem (7.27) such that

(7.42) 1(v, @)l am < o0.
With K > 0 arbitrarily large as in (7.27), let
(7.43) Qi =[0,Ty] x R x [-K, K].

The nonlinear transmission problem (7.1) has an exact solution on Qg

(7.44) v=u"+ev, h =9+ ¢
such that
(7.45) (s ) = (u®, )| aem(e) = O(M).

Thus, in particular,

lu = u®flgm ) + lle = u®| oo ey = O(e™),
[ = || g1 (o 1) -1y + 10 — % lws(go.1) xra—1y = O(™).
Proof. We just need to prove that the forward error problem (7.27) has
a unique solution (v, ¢) satisfying (7.42). The rest is immediate from the
definitions of the cutoffs and norms.

Theorems 7.2 and 7.4 imply that P as in (7.34) is an isomorphism from
A" onto Y. Thus, the problem (7.27) is equivalent to

(7.47) (v,0) =P (=0(t)xx (2){Qe(v, ¢) + RM}), (v,9) € A"

The estimates in Theorems 7.2 and 7.4 and Proposition 6.8 imply there is a
constant C; such that for all € € (0, €]

(7.48) IP=HO) xx () RM) [ 0m < C1.
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For all M > 0 introduce

A" (M, €) = {(v,9) € 5" : €l|(v,dp)|[L~ <1

(749) and (v, 8) |z < M.

Apply Theorems 7.2 and 7.4 and Proposition 7.5 to deduce that for all
M >0 and € € (0, ¢):
P (0(t)xk (%) Qel(v, 6)) || xm < 1C(M),
(7.50) [P~ (O(t)xx (2)(Qe(v1, 1) — Qe(v1, 61))) | aem
< ACM)(v1, 61) = (v2, @2)l|em.

Choose M > (] and apply the above estimates to see that, after shrink-
ing € if necessary, the equation (7.47) has a unique solution (v, ¢) in X™ (M, ¢)
for all € € (0, €p]. In particular,

(7.51) (v, @)[|am < M.

O

We have constructed exact solutions (u, 1) to the parabolic problem
(1.8) in the new coordinates (t,y, ), where & = x — ¥(¢,y). Returning to
the original coordinates we set

(7.52) us, (ty,z) = u(t,y,x — (L, y)).
The following corollary is an immediate consequence of Theorem 7.7.

Corollary 7.8. Suppose that the assumptions of Theorem 7.7 hold, and for
K arbitrarily large let Qg be as in (7.43), but defined in the original coordi-
nates. Let (u°(t,y,x),v°(t,y)) be the inviscid shock solution to the system
of hyperbolic conservation laws (1.1) in the original coordinates. There are
smooth exact solutions uf, to the parabolic system (1.3) on Qg such that

(@)|u® — uf, |l 2(0,) = O(Ve),
(7.53)  (O)[u’ — ug, |l Lo (pen{(tya)le—wo (L) s = O€);

(14" = Uyl Lo @ ((ty)le—v0 (e > —clogey) = O(€™ D)

i

where k > 0 is arbitrary and 6 > 0 satisfies

(7.54) VO(t,y,2)| < Ce0.
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A Appendix : Proof of Proposition 5.18

Proposition 4.14 in [MZ1] gives estimates similar to (5.80) for solutions of
equations (5.77) on {z > 0] with Dirichlet boundary conditions. The exten-
sion to transmission problems is immediate, but the introduction of bound-
ary conditions like (5.78) requires some care. In this appendix, we go over
the analysis of [MZ1], pointing out the modifications which are necessary to
cover the case of equations (5.77), (5.78).

A.1 The symbolic analysis

We are given matrices
0 Id
(A1) 600 = (o 1)

on R x Qg x R*4, They converge at an exponential rate to G*oo(q, ¢) when
z — doo. Moreover, we are given matrices S;E(z,q,C), and consider the
boundary matrix

[u] + ¥[R(0, 4, ¢)]
(A.2) D¢, Q)U, U 9) = | [v] + ([3; 0,4, )]
Uq

with U =t(u*,v%), [U] = U+ — U~ and
(A.3) RE = (it +9)Sy + Y in;Sy.

The spaces of initial data U(0) such that the associated solution of 9,U —
GU = 0 is bounded when z — =00 are denoted by E*(q,¢). They are well
defined for ¢ # 0 with v > 0. According to Proposition 3.15, a version of
the modified Evans’ function reads

(A.4) D(g,¢) = det (E~ x E* x C,kerT).

By Lemma 2.6 of [MZ1], there are smooth matrices W¥ for z € Ry =
{#£z > 0}, converging at an exponential rate at infinity to the identity matrix
and such that

(A.5) I.WE — gWE = WwEgE,
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The W*(z,q,¢) are defined and smooth for z € Ry, ¢ € Qg and ¢ in a
neighborhood Z of 0 in R!*?. Next, shrinking Z if necessary, there are
matrices V¥ (g, ¢) such that

H* 0
<A6) giVi = v:l:g;:’ ggi = < 0 P:t) :

Moreover, at ( = 0, V has the form

(A7) V(g,0) = <I(§1 V%P) |

We consider 7+ = WHV* 5o that the positive [resp. negative] spaces for
Gy [resp. G5 ] are E; = (T-)"'E~ [resp. Ef = (Z7+)"!E*]. Similarly, the
boundary conditions are transformed to

(A8) Do(Us, US 6) = T(T~(0)U5, T (0)UF ).
The Evans’ function (A.4) is equivalent to

(A.9) Dy(q,¢) = det(E; x EJ, xC, ker I').
The diagonal form of Gs implies that

(A.10) E3(¢,¢) = E5(q,¢) @ EF(q, )

where Efl(q, ¢) and Eljg(q, () are the negative space for the + sign and the
positive space for the — sign of H* and P* respectively.

Next, we pass to the construction of symmetrizers. The eigenvalues of
P*(q,¢) stay away from the imaginary axis. Thus, for all x > 0 large, there
are smooth symmetric matrices $3 (g, ¢) smooth matrices Z]ig(q, () such that:

(L) £E(0.0) > #lITE) TS — (1d - ) (1d 13

where Id — H}?(q, () is the spectral projection on E§ (¢,¢). Moreover, there
is ¢, > 0 such that for all (¢,¢) € Qp x Z:

(A.12) Re(ZEPE) > ¢,

We refer to [Kr], [Ch-P], [MZ1], [MZ2] for a detailed construction of 7.
On the side {z < 0}, that is for the minus sign, —3 is the symmetrizer for
— P~ given by this construction.
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The analysis of the hyperbolic-like component H is more delicate. Pass-
ing to polar coordinates ( = p(, with p = ||, there holds

(A.13) H(q,¢) = pH(4, ¢, p)-

Following [MZ1] or [MZ2], for all x > 0 large, there are symmetric matrices
Eﬁ(q,f,p) defined for ¢ € Qq, ¢ € gi = {|¢{| = 1,5 > 0} and p small
enough, such that

(A.14) +35(q, ¢, p) > w(1T5) Tl — (Id — T13;)*(1d — T1)

where Id — f[f,(q, ¢, p) is a projection on Eﬁ(q, ¢, p) which is the continuous
extension to p = 0 of the fiber bundle Eli{(q, pC). We warn the reader that
Id — Hljiv(q, ¢, p) is not a spectral projection near glancing mode. Moreover,
Re(X% H™) has the special form indicated in Lemma 2.13 of [MZ2]. For the
convenience of the reader, we give here the weak form of this statement: it

implies that there is ¢, > 0 such that for all (q,(, p) € Qp X gfl,_ x [0, pol:
(A.15) Re(SHHE) > co(7 + p).

Introduce the matrices

cr = (3E(0.¢p) 0
(A.16) by (q,C,p)—< = Si(q,é,p))

where E]i;(q, ¢, p) = Z]ij(q, p,¢). As used above, the vector bundles Efl(q, e
and hence Eq (g, p¢) have continuous extensions to p = 0. We denote the
later by Ea(q, ¢, p). By (A.10), (A.11) and (A.14), there holds

(A7) £5%(q,Cp) > ()T — (14 — [1%)(1d — IT%)
where Id — IT*(q, {, p) is a projection on ]E;E (q,¢,p).
Next, we rewrite the boundary conditions:

(A.18) L(q,¢,p) (U, U ) = | ] +<P[3z;2

where we have used the the notation
(A.19) R*(2,4,¢) = pPR™ (2,4, p).
Transformed by 7 (0), they become

PoUy U ) = DT (O)U5 , THO)U , ¢).
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By Proposition 3.15, we know that the vector *([R(0, ¢, ¢, p)], [0-R(0, ¢, ¢, p)])

does not vanish and that the Evans’ function D2 (g, p¢) extends continuously
as

Ds(q,¢, p) = det (E5 x EJ x C,kerI's).
The uniform stability condition implies that this function is bounded from

below by a positive constant when ¢ € Qp, ¢ € gi and p € [0, po| for some
po > 0. In particular,

(Eg(q, ¢,p) xEf(q,¢,p) x C) NkerTs(q, ¢, p) = {0},

for all (¢,¢,p) in the compact set Qp x gi x [0, po]. Therefore, if x is
chosen large enough, there are constants C' and ¢ > 0 such that for all

(¢:Cp) € Qo x 8 x [0, po] and all (U=, U+, ) € C2V x €N x C:
(SHUT, U — (5 U, U )+C[To (U, UT, )2

(A.20) _
> c(|UTP + U + o).

On the left hand side, (-,-) denotes the scalar product in C2V.

Indeed, the construction of Eﬁ is made locally near points (g, é ,0), be-
cause the choice of projectors f[fl is local. Then, by compactness, one can
can find pg > 0 small enough, k large, constants C' and ¢ > 0, a finite cov-
ering NQy of Qp x Ei x [0, po] and symmetrizers Ev)flk such that (A.20) is
satisfied by Ef on ). Using a partition of unity, yields Efl => X’“Eik
which satisfy (A.15) and %% defined by (A.16) satisfies (A.20) globally.

A.2 Symmetrizers and L? estimates

We fix § > 0 and g9 > 0 such that for |x| < 2§ and (¢,) € R4 ¢.(t,y,2) €
Qp. Next, we fix pp > 0 such that the symbols introduced in the previous
subsection are defined for |{| < 2pg with v > 0. As indicated in section 5,
we fix cut off functions k(z) supported in {|z| < 26} and equal to one for
lz| <, x(¢) and x1(¢) supported in || < 2pg, with x1x = x. We consider
additional cut-off functions k., with K4k = Kq when a’ > a > 0, supported
in {|z| < 24} and equal to one on the support of x, and y, supported in
<] < 2pyp, equal to one on the support of x and such that x,xa = Xa When
0<a<d.

With Ga(q, () and 7 (z,q,{) = WYV as in the previous subsection, define:

g;a(t,y,x,C) = ""33('%'))(1({)9;:((]5@7@'7y)7<)7
vty 2.0) = m@xOTH) 7 et y,0)
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By (A.6), g2 is block diagonal and we use the notation

hE 0
gia: (6 7T:t>

They are bounded families of symbols in the class PF(im, compactly sup-
ported in ¢. The intertwining relations (A.5) (A.6) imply that

(A.21) €0, We + WeGe = g2, We + €T

with r. bounded in Pngm.
With U defined by (5.76), let

(A.22) Uf = P PigUli.

X1/2

The equation (5.77), the identity (A.21) and the symbolic calculus imply
that the components (ug, v2) of Us satisfy:

1

(A.23) Oeuy = —Pluy + fy,
1

(A.24) opvy = gPigvgc—i—g;E,

where fo and g¢o satisfy (5.49). We refer to [MZ1], section 4, for details.
To the symbols X p, we associate the bounded family in PF(f,m:

0.ty 7,¢) = ka(2)x2(O)SF (¢ (t, 9, ), C)

and the symmetrizers:

d—1
65 = yReP?) —¢ Z djReP° ;.
JP,E ]70 UP,E

In this definition, dy stands for 9;. We have the identities

—(GE(O)UE(O),U_(O)) + Re(SISP;;jU;,Ug)
= —([8x, 6}]1};,1}_) - 2Re(5§g;,v5)

(65(0)v5 (0),v7(0)) + Re(S;FP;;ﬁU;,v;)
= —([81, 6;]1);,11‘*') — 2Re(8;g;,v;r)
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where (-,-) denotes the L? scalar product, on {z < 0}, {x > 0} or {x = 0},
the domain being clear from the context. Using the symbolic calculus and
(A.12) as in [MZ1], one derives the estimates

1
(A.25) gHW”g,(A) +13 5H92H(2),(,\) + [[oa 3,
where
(A.26) I:= (65(0)v3 (0),v5(0)) — (&5(0)v; (0), vy (0)).

In (A.25), the norms of vy are the sum of the norms of v and vy on {z > 0}
and {z < 0} respectively. We use a similar notation for gs.

We proceed in a similar way for the hyperbolic component uy. However,
because the symbolic analysis is made in polar coordinates, we are led to
switch to the homogeneous calculus. Introduce

W (1 y,,C) = ThE( 9, 2,20) = s(@)a(eQ)ICH (@t 2), . <lC)

<
4
where the last equality follows from (A.13). The h¥ are bounded families of
symbols in Fim. Using Proposition 4.12 and arguing as in [MZ1], one can
show that
b :t :t :l:
|2Peoud - Ty S o

Therefore, we can replace (A.23) by

where || f3llo < || f2|l + ||uallo. Given the symmetrizers X5 (q, ¢, p), introduce
the symbols:

5?{,5(@%9&() = 54( >X2(5C> (q€(t Yy, x ) ‘C‘ E‘CD
They are bounded in F%m. Introduce next the symmetrizers
d—1
GE = fyReTV - 626 ReT 8 )
7=0
It yields to the following estimates:
(A.27) [uall§ 2y + IT S [ f2llf + [[uzllF o
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where
(A.28) IT := (&3(0)uz (0), u3 (0)) — (&7 (0)uy (0), uy (0)).

For a detailed proof we refer again to the proof of Proposition 4.12 of [MZ1].
Using that A < aA? + 1/4a, we can replace HUQHg’()\) by |luz||3 in the right
hand side of (A.27).

We now come to the new part of the proof, which is the analysis of the
boundary terms I + 1. With obvious notations, they split into I+ and IT+,
and

d—1
(A29) IT* =~Re(T): u3(0),uy (0)) + ) eRe(TT: djuz(0),d5u; (0)).
7=0

+
H,e - H,e

To compare the terms I and I, we use the same quantization 77 for I. On
x = 0, introduce the symbols

55.(t,y,¢) = 05, (t,y,0,0)

which are bounded in I’(im. Replacing Py}, by T;’PE in the definition of Gp,
and using Proposition 4.12, we see that

d—1
(A.30) I* =4Re (T;Ii) 03 (0),v5(0)) + Z 5R6(T;Ii) 9;v5(0), 0jv3(0)) +e.
€ =0 €

where
le] S v2(0)]olv2(0)|o,(14lc)) S [v2(0)]olv2(0)o,(n)-

The last estimate is the consequence of the inequality 1 + ¢|¢| < A valid on
support of the Fourier transform of v3(0).

Next, we rewrite the boundary conditions (5.78) for Us and . Introduce
the symbols

W2 (8,9, Q) = x2(O)T (0, ¢:(t,9,0), ).
Thus 'lf]étxl/zw;t|m:0 = X1,2(¢) and Proposition 4.9 implies that

(A.31) P;’:Uj[(()) = P UT(0) +ef
where
(A.32) €7 m, ) S €3 myayve) S VEIUT (0)]m-
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We switch to the homogeneous quantization and introduce

w2 (t,y, ¢) = Wz (t,y, £0).

They are bounded families of symbols in I' (l),m on the boundary. By Propo-
sition 4.12,
ex = P;’:Uzi(o) ~T, U (0)

satisfies
(A.33) ‘62 ’m()\) |€2 ‘m (<) S ‘Uz (0)[ -
Similarly, we replace the P[ES:ZE] which act on V9 by ng () where

Sj(t,y,¢) = [Sjel(t y, 0),

to the price of an error e3 which satisfies

leslo, ) S V4o

Introduce next the bounded family in F(l)’m:

T+
o= \c\vs‘)”z s

With

X
(A.34) Téeo ¥

there holds

Ts e V¥ = Tq. e
The last term in (5.78) is PZ“’ul_( ). Since £ is independent of ¢, we replace
P, by T, and uy (0) by TVZ;,IUQ(O) where w2 denotes the first N rows

of the 2N x 2N matrix w_ . Summing up, introduce the (2N +1) x (4N +1)
matrix of zero-th order symbols

- +
- —W_ wl Re
e b (.

Applying P§’17/2 = T>Z1/2(5C) to the boundary conditions (5.78) implies that
(A.36) Ty ® =0
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(A.37) 10]1m,00 S 1U0)m + [Vathlm.
where
U, (0)
(A.38) ® = | US(0)
2

Similarly, introduce the self adjoint matrix of symbols

-0 0 O st 0
Jo=| 0 &+ 0] with ¢Ff= < 8”6 s )
0 0 O TPe
The condition (A.20) implies that J. + CT.Y. is definite positive for ¢ in
the support of x; /5. Now, we are again in a situation studied in [MZ1], proof

of Proposition 4.12. Since Us and ¢ are spectrally supported in the support
of x1/2(e(), Garding’s inequality implies that

2 2
TQI/Q(sg)q"o < (17.2,@) + C|TY @[g + 2[5 1

Commuting with €0}, one obtains similar estimates for the derivatives. Since
A? &2y + (72 +|n|*) on the support of xi/5(£¢), this implies the following
estimate:

d—1
SAT)2,@) + ) (T).0;®,0;9)
7=0

- ‘Ti@‘o,(,\) +[2[3.

‘T;1/2(5C)q)|07(

Adding up, with (A.25), (A.27), (A.33), (A.30), one proves the following
estimates:

Proposition A.1. The solution (U, ¢) of (A.23),(A.24), (A.36) satisfies

1
||u2||0,(/\2)+%”UQHO,(A) +[U2(0)[o,(n) + llo,0 < llf2llo
+ Vel g2

The norms ||ul| stand for the sum of the norms ||u™| and |ju~, taken on
the half space {z > 0} and {x < 0} respectively. Similarly, the trace Uz(0)
denotes the couple (U, (0), U5 (0)).

» +lluzllo oy + lvzllo + [U2(0)[o + |¢lo-
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A.3 End of proof

The proposition above is the exact analogue of Proposition 4.12 of [MZ1].
Commuting the equations (A.23),(A.24), (A.36) with the vector fields Z;
yields:

Proposition A.2. The solution (U, ¢) of (A.23),(A.24), (A.36) satisfies

1
HU2Hm,(A2)+%HU2Hm,(A2) + 1U2(0) [, 0) + 1@lm,0) S [ f2llm
+ Vellgallm,o + luzllm,oy + lv2llm + [U2(0)[m + |@ln.

The proof, which is by induction on m, is identical to the proof of
Proposition 4.13 of [MZ1], and we do not repeat the details. Using that
A < aX?+1/(4a) with a small enough, the error term ||us ||, (») in the right
hand side can be changed to [|ug||m,.-

Next, we come back to U; and 1. First, we note that (A.34) immediately
implies that
[PV A0 S 1Pl (0)-

Next, we extend the previous definition of the symbols w, to x # 0, setting:
(6, ,Q) = ma(@)x2 ()T a:(t,y, 2), ).
Thus waixl/zwﬁxzo = X1/2(¢) and Proposition 4.9 implies that
PIUY = Py, U +ee*
where

lee™ llm, 2y S 1€|m S VEIUT |-
(For the first inequality, we have used that the U; and Uj are spectrally sup-
ported in a domain where €( is bounded). Repeating the proof of Proposition
4.14 of [MZ1], which takes into account the exponential decay of W —Id at
infinity and the special form of the matrices V(q,0), yields the estimates:

1
12w llo.ony + =P vnllo. o) + IR, U1 (0o,

HIPTV o,y S Nl + Nl + [[0llm 4 [U1(0)m + [V @blm,

where F” is the right hand side of the equation (5.77) for U;. With the
estimate (5.49) of F”, this implies (5.80), finishing the proof of Proposition
5.18.
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