DELIGNE RIEMANN ROCH AND CUBIC STRUCTURE
( Joint work with Ted Chinburg, George Pappas)

NOTATION: O is the ring of integers of a number field K, X
is a regular, projective, flat arithmetic surface over SpecO with
structure map f : X — SpecO. As in Ted’s talk we suppose that a
finite group G acts tamely on X and that the quotient Y = X/G is
also regular In addition, here we shall assume that G is abelian.

We have seen in previous lectures how to determine various
Euler characteristics associated to the de Rham complex of X. Our
aim here is to explicitly determine

Euler (Ox) € Cl(ZG)

without the ambiguities of the previous Riemann Roch theorems
(which are annihilated by |G]).

KEY IDEAS

¢ (Class groups and algebra) use of the notion of cubic structure
of ZG-modules. Here we shall restrict down to the third term in
the ~-filtration of the character ring. This will have the effect of
enabling us to describe Euler characteristics in terms of branch
locus data. We have of course already seen such phenomena in
Ted’s talks.

e use of the Deligne-Riemann-Roch theorem phrased in terms
of the Deligne pairing of Y-line bundles. A crucial feature here is
that the Riemann-Roch isomorphism is functorial. This will enable
us to carry out our calculations with 2 dimensional resolvents using
local bases.

e the theorem of the cube for the Jacobian of a curve translates
into the important fact that the determinant of cohomology has
cubic structure.

PHILOSOPHY

We have seen that the Euler characteristic of a De Rham com-
plex is closely related to that of a 1-cycle to which we can apply
Frohlich methods.

Here we introduce a method which will enable us to determine
the Euler characteristics of 2-cycles. To do this we develop a “cal-
culus” for computing resolvents in 2-dimensional situations.
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Our results may be thought of, in the first instance, as a 2 di-
mensional version of L. McCulloh’s description of the Galois struc-
ture of the ring of integers of a tame abelian relative extension of
number fields.

GAMMA FILTRATIONSLet Rg be the ring of virtual complex
characters of (G, and put
I =ker (deg: Rg — Z) .
Recall that for degree 1 character x; and n > 0

mie 1y _ (xi—1) ifn=1
7" 06 1)_{ 0if n > 1.

Since every character is a sum of degree 1 characters we see that
F7, the nth term in the y-filtration of R, is If.

Write G® = G x G x G. For S C {1,2,3} we define group the
homomorphism Ag : G — G® by the rule

1ifk¢ S
AS(g)k:{ gifkgS.

Dualising we get AY : R;s — Rg where for ¢ € G and abelian
characters x; of G

AZ (x1 ® x2® x3) (9) = [Tiesxa (9) -
We put these together to form
V: Ry — Rg with V==Y, (-1)" AP

so that LEMMA 1

V(a®xe®xs) (9) =TTz (i (9) — 1)

and therefore InV = F§.
V therefore induces a map V’

Ra» >  Rg
V'\, Tinc
Fg



Let J; be finite ideles of large number field I’ containing K. Presently
we shall see that on applying Homr, (—,J;) we get a diagram of
classgroups.

ci(ocg®) L cl(0G)
VI*'\ ié

CI® (0G)

Thus at this stage the term CI®® (OG) has yet to be properly defined
- but where we can see that it will be represented by idele valued
character functions on F}.

HYPOTHESES AND NOTATION
Suppose that irred. components of the fibres of Y are smooth and

that bad fibres are reduced with normal crossings. b =branch locus
of X/Y (as previously). Now suppose that b is supported over a
single maximal ideal v € Spec (O) and that b =b, Ub, with b; irred.
divisors. Let B; denote an irred. divisor of X above b; ; then the
cotangent space of the generic point & of B; is a G-stable line; let
¢; denote the asso’d character of the inertia group I; of &;; then ¢,
is a faithful abelian v-adic character of I;. Moreover by standard
theory the inertia group of any crossing point b; N by is the direct
sum

121169[2.

We put ¢; = |;| and write I for group of abelian v-adic characters
of I. For any ¢ € I we can write

o= gb‘lll. gz with 0 < q; < e;.

STICKELBERGER MAPS

Define

ri : Zmod (e;) — [0,e;) NZ
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to be the map characterised by r;(z) = zmod (¢;). Then for ¢ =

1.05% we define

by the rule

For 1 <i,5 < 2, we define

0:0; (5) = ()8 (9) = 1)

€i€j

We then extend 0,.0; to R; by linearity.
MAIN THEOREM

S’pose (6,|G|) = 1. The image of 2.Euler(Ox) in CI® (ZG) is repre-
sented by o : F$ — J; where for ¢ € F2 and for a finite place w of
F

lifwitp
o (), = { NvQWul+LWulr) if 4 | p

where for ¢ € 7

Q) = Z?,j:lei'ej (¢) (bi, bj)Y

L (¢) = 2?2191' (¢) (bz‘, wY/z)Y

REMARK. Later on we shall see later that we lose absolutely
nothing by restricting to CI® (ZG). CUBIC STRUCTURES. The

key-idea here is to look at OG classes whose Frohlich representa-
tives have special symmetries when restricted to the third term of
the ~-filtration. DEFINITION For an abelian group A, a homo-

morphism f : Rgys — A is called cubic if 1. (commutativity) for
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o € Ss,

fOa ®x2®@x3) = f(Xo1 ® Xo2 @ Xo3);
2. (associativity) for all y, ¢,1,¢& € G
fx¢®@v @& (Xx®P®E)
=f(0®Y @) f(x® ) ®E).
LEMMA 2. If h: Rz — A, then V"™ (h) is cubic. Proof: An unin-

spiring check of the identities. E.g. for (1) we use Lemma 1

V) (x1 ® x2® x3) = h (H?:1 (i —1))-

DEFINITION For w € Spec(0) and z € 0,G®* we call Det ()
cubic if the map Det (z) : Rge) — Of is cubic (in the above sense).
We then let T}, denote the group of cubic elements in Det (OwG(3)X) )

Using Lemma 2 we can see that V induces a map CI (V)

Homp (Rg(s), Jf) defn
Cl(OG) — L = Cub(0G).
(06) » = e ©6)

This then provides some motivation for DEFINITION The class

[L] € Cl(OQ) of an OG-line bundle L is cubic iff
ClL(V)([L]) = 0.

THEOREM (Breen) Let G be the constant group scheme of G
over O and let GP be the Cartier dual of G. Then there is a map

{cubic OG — bdles} — Biext' (G”, G”;G,,)
whose kernel is a homomorphic image of H' (O, G). DEFINITION

For brevity we now put D = Ty[], .7, and consider the group
V'Y (D) € Homr, (F2,J;). So the preceding diagram now gives
following diagram ( which defines CI® (OQG))

cloGg) 5 ca®oog) = Homr(réd)

VI—I(D)
cl (V) ! LV
Cub(0G) = Homex(fow:ls)
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In the special case when O = Z there are some very special
features. Firstly THEOREM (Pappas)

When O = Z, Biext! (G?, G”;G,,) = {1}.

COROLLARY. Since H' (Spec(Z), G) = {1}, by Breen there are
no non trivial cubic classes. Since ker C (V) consists of cubic classes,
we see that Cl(V), and hence §, is injective. [

Secondly, again with O = Z, we have a much sharper description
of V' (D). To this end for w € Spec (0O) we define

H,=V"1 (Tw)
so that by definition
VD)=V (To][TyeoTv) 2 HollpcooHo

THEOREM If O = Z and if (6,|G|) = 1, then
Hy = Homry, (Fg, ch)

V' H(D) = Hol [, <o Hp-
REMARK From the explicit trivialisation of a bundle on OG®), which

comes with a cubic structure, one could construct a further invari-
ant in a relative K-group. However, the essential point here is to
know whether particular classes (arising from the cohomology of
X) have cubic structure or not. We now wish to apply this to
the geometric situation we considered at the start of the lecture.
Recall: we have a G-cover T: X =Y with branch locus b = b; U b,
supported over v. We let ¥ = Y ® ZG, so that on an open U of
Y, Oy (U) = Oy (U)G . DELIGNE PAIRING. Let L,M be Y-line

bundles. Then the Deligne symbol (L, M) is the OG-line bundle
generated locally (in the etale topology) by symbols (I, m) for ra-
tional sections [ resp. m of L resp. M with disjoint divisors and
with relations

(I, fm) = f (div (1) (I, m)



for a rational function f on Y with disjoint support from /. We then
have canonical isomorphisms

(L, My ® My) = (L, M) ® (L, M,)

(L, M) = (M, L)
which we henceforth regard as identifications. EXAMPLE. With

these identifications for any line bundle L, (L,0y) = OG; and for
rational sections [ resp. y of Lresp. Oy, (l,y) € OG*. THEOREM.

(DRR) Write f : Y — Spec(OG) for the structure map, and let Wy 06

be the asso’d canonical divisor. Then for a Y-line bundle L there
is a functorial isomorphism of OG-bundles

det (R};L)2 det (RJ.Y) Cer ) (L.w5/00)

APPLICATION: e Put L = 7,0x which is locally free over Oy G by

tameness;

e ignore the term det (Rﬁ?) which will have the form M ®c, OG
and in particular will have trivial class when O = Z;

e work out the two Deligne symbols (Ox,Ox), <0X’w?/oa>-

In the sequel we shall in fact ignore the latter symbol, which
gives the linear term in the Main Theorem, and instead concentrate
on the term (Ox,Ox) which yields the quadratic term.

STRATEGY.

Consider w € Spec (0) and a given horizontal divisor D of Y,,. We call
a rational function f on X,, a generic normal integral basis of Ox,
w.r.t. D, if the divisor of f, as a section of the Y,-bundle Ox, has
image on Y, which is horizontal and disjoint from D. THEOREM.

For any given such D, we can find a generic normal integral basis of
Ox, w.r.t. D. KEY-POINT. Suppose now that for each w € Spec(0),
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we select 2 generic normal integral bases z,, ¥y, with disjoint divi-
sors, then

<OXw’ OXw> = OwG <.Tw, yw) .

Comparing bases for w = (0) with bases at a maximal ideal v, we
write

<$Oa y0> = )\v <~7;'ua y'u>

for some )\, € K,G*. And so the class of (Ox,0Ox) in CI® (OG) is
represented by the character function

0 — [1,Det (\,) (0) for 0 € FZ.

So now we must find a way to determine the )\,. For this we
need to use some resolvents - in the form of various eigen sections
for the action of G.

First we need some notation. For simplicity in this section we
shall assume K contains sufficient roots of unity. Let ¢ € G; then
via the homomorphism 9 : OyG — Oy, a Y-vector bundle L pulls
back to a Y bundle (L |1). By the functorailty of the Deligne
symbol we find

(z,9) [ ) = (= [ ¥), (y [ ¥))
We then use linearity to define
({(xz,y) | #) for all 6 € Rg.
THEOREM. For any 2 disjoint rational sections z,y of Ox, and for
any 6 € F}
(z,y) [ 0) € K,

Furthermore, if X, /Y, is etale, then we have ({x,y) | —) € H,.
Recall: h € H, means V'h € Det (0,G®*) and has cubic symme-
tries.
In fact building on the proof of the latter part of the theorem
we are able to reduce to the “totally ramified” case where G =
I. Henceforth we now suppose this to be the case and, by what
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has gone before, we know that the class of the Deligne symbol
(Ox,Ox) is represented by the character function

0+ ((20,%0) | 0) Tycoo ({@w, ) 1 6)7

and so by the theorem it is also represented by

5 { 1 away from v
(%0, Yo) | 0)71

for 0 € F}.

SPECIAL GENERATORS.

Recall that we can write each ¢ € T as ¢ = ¢7' ¢5°. We now set
1= (Ty |1 ®1), x2= (2, ]1® ¢2)

= | 01®1), 2= (y|1® )

Again one finds that each pair z;,y; has disjoint Y —divisors as sec-
tions of the line bundle (Ox | ¢; ® 1) etc. Write each such divisor
as divy (z;) . Note that each of z;,y; is also a rational function over
X and so as such has a divisor which we denote divy (z;). The
two divisors are related as follows: let A; denote the union of the
distinct divisors on X over b;, then LEMMA 3. (a) divy (z;) =

A; + H;, divx (y;) = A; + J; with H;, J; disjoint horizontal divisors.
(b) divy (z;) = H;, divy (v;) = J;.- WARNING: From here on we

shall identify a G-stable horizontal divisor on X with its image on
Y.

We can now exhibit our “special generators”. For i = 1,2 we
first put

Ti=1+4z;+2 +..+z%"

Si=14yi+y; +..+ys

T = TlTQ, S = 5152.
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The strategic gain with such generators is: LEMMA 4.

(T | ¢3057) = a7 Way?*?.

Then S,7 are generic normal bases of Ox, with disjoint divisors.
So now it suffices to determine the Deligne symbols ({7, S) | §) for
0 € F2.i.e. we must determine ((T,5) | V¢® ® ¢* ® ¢¢) for ¢, ¢°, ¢¢ €
T.

In fact the following shows that we need only determine the
valuations of these elements in K, : PROPOSITION 1

Hom (F§,0)) C H,.
As our next preparatory step we show PROPOSITION 2
For all 4,5 (z;,y;)" € K and
v <xia yj>eiej = - (bu b])Y
Proof. For first part note that (z;,y;)” = z{ (divy (y;)) € K.

For the 2nd part suppose for simplicity that i # j. Then, as
above,

€ €\ — e (3 €j L3 €
v <xZ ,yjj> =0 (acZ (leY (yj’))) = v (z{ (e;J;)) .
As H; N J; = 0 this valuation is equal to the intersection number
(eiA,- + eiHi, Eij)Y = (eiAZ-, Eij)Y = (bz, Gij)Y

As i # j, we know that y;j is a non-zero function on b;. Since
divy, (y;’) = bj +¢;J; it follows that

(bia eij)Y = — (bl’bj)y . O

PROOF OF MAIN THEOREM.

Recall that we are now required to show that
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v((T,5) | V (¢* ® 6" ® ¢))
= Zi,j (bi,bj)y 0:.0, (V (QSQ ® (/59 Q@ ‘/59))

Sketch proof of this equality.
By definition v ((T,S) | V (¢1 ® ¢°* ® ¢¢)) is equal to

— U(((T, S) ‘ ¢Q+Q+§ _ ¢g+b_‘)

By the definition of 7', S

o ( <H§:1:n e 5,-> | guttre ¢g+é..)
= (@ 160 (T | 00) ) )
= o(([LT e, Ty ) .
= o (I, oo pyyenasssa )

— (Hi,j (2, yj>m(g+é+g)7“j (a+b+c) )

v (sz (4, y;) %% (stestes) )

.o-0- . a Q c
=0 (Hz’,j <;(;Z-’ yj>eq,ejﬁz.aj (V¢1®¢ R ))

by Proposition 2

=30, — (03,0, 0,.0; (V (#t @ 9* @ ¢)) . O

For a character r of G and for a locally free rank one OG-
module L, let L, = (L |z) denote the induced locally free rank
one O-module. For characters z,y, z of G, we have

Ly L,L,L,

*(L —
v ( )m,y,z LzyLyszle
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[Thus I am now writing z,y, z in place of x, ¢,v!]
There is a canonical associativity isomorphism

@V (L) V(L) gy TV L)y Vi (L)

Proof. First note that
V (L);cy,z,w - LwyszwszyLl

v (L) _ LyyyL,LyLy,
Ty LwyLwawle

LyywlyL,L
V* L — yzwtHyzHw |
( )y,z,w LyszwL'wyLl ’

Ty LmyzLyzwwaLl

The result then follows by using the canonical isomorphisms,
which we henceforth regard as identifications,

LoyLyy =0 and  LygyLy,, = O

and by using

LyL, =0 and Ly,L,;, =O0.
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