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CONTEXT 1/5
Aim: efficient simulation of nonlinear, dispersive water waves in the near-shore

» Understanding local wave direction, height, strength

> Influence of local bathymetry and climate
» Erosion process, sediment transport, management of local activities
(tourism, oyster cultures, surf competitions ...)




CONTEXT 2/5

Aim: efficient simulation of nonlinear, dispersive water waves in the near-shore.
» Understanding local wave direction, height, strength

> Propagation and impact of tsunami (left : Sumatra 2004)

> Propagation and inundation due to tidal bores (right : Garonne

river)




CONTEXT 3/5

Aim: efficient simulation of nonlinear, dispersive water waves in the near-shore.

» Understanding local wave direction, height, strength

» Propagation and impact of tsunami (left : Tohoku, Naka river 2011)

» Propagation and inundation due to tidal bores (right : Garonne river)




CONTEXT 4/5

Aim: efficient simulation of nonlinear, dispersive water waves in the near-shore.

> the best description: 3D incompressible Euler or NS equations

> large scales : depth-averaged approximation and 2D restriction




CONTEXT 5/5

NEAR SHORE HYDRODYNAMICS
Bonneton,Chazel,Lannes,Marche, Tissier - Delis,Kazolea,Synolakis - Kirby,Grilli,et al (FUNWAVE-TVD) -
Smit, Zijlema et al (SWASH) - Ricchiuto et al - etc.
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CONTEXT IN SHORT

WHAT ARE THE MAIN INGREDIENTS 7
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(@)

. Time dependent

Wave propagation : small dissipation and dispersion error

Steep fronts (bores) and dry states : non-oscillatory/positivity preserving
Hyperbolic component of the PDEs : need “upwinding”

Complex topographies, moving fronts: unstructured adaptive meshes
BCs issue: sponge layers and wave generation layers .. possibly combined

with local mesh coarsening/refinement

Same as compressigle flow or aeroacoustics 77
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PHYSICS AND MODELS 1/13

AN EXAMPLE : SOLITARY WAVE PROPAGATION OVER A SHELF
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Fig. 12. Sketch of the submerged shelf test.
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AN EXAMPLE : SOLITARY WAVE PROPAGATION OVER A SHELF
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PHYSICS AND MODELS 3/13
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Fig. 12. Sketch of the submerged shelf test.

DISPERSIVE WAVE PROPAGATION

> Initial propagation : undisturbed
» Shoaling (transformation) : wave getting higher and steeper
» Dispersion (transformation) : new frequencies are separated— wave groups

> Propagation : each “group” propagates at its own speed



PHYSICS AND MODELS 4/13
V-¥=0

Ut + Uy + WUz + pp = 0 : [ /\“W
Wi + UWe + WWz +p. = —g

p=0 inz=mn -
N+ une =w inz=mn

udy, =w inz=—d

DISPERSIVE MODELS : AIRY THEORY
Incompressible Euler eq.s in terms of velocity Vv = (u,w) (p = 1)



PHYSICS AND MODELS 5/13

A® =0

Do+ By + Do + py = 0 Z‘ /\W
Dy, + PPy + PP +p. = —g -
p=0 inz=n
N+ Pene =P, inz=n
Sdr =P, inz=-d

DISPERSIVE MODELS : AIRY THEORY
Incompressible Euler eq.s with assumption of irrotational flow in terms of
velocity potential V=V® (p =1)



PHYSICS AND MODELS 5/12

AP =0
v <I>t+§<1>z+§<1>z+p+gz =0
p=0 inz=n

N+ Pene =P, inz=n
O,dp, =P, inz=-d

DISPERSIVE MODELS : AIRY THEORY
Bernoulli’'s theorem
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AP =0

1 1 : =)
q>t+§‘1’§+§‘b§+p+gzzf(t):0 ‘ /\“

p=0 inz=n e

ne + (px’ﬂx _ (pz in z=n z=—d(x)
S,dy =P, inz=-d

DISPERSIVE MODELS : AIRY THEORY
Bernoulli’s theorem



PHYSICS AND MODELS 7/12

AP =0
1.5 1.9 .
<I>t+§‘1>x+§‘1’z+977:0 Inz=n

77t+(p1:7]w:(pz inz:n
b,dy =P, inz=—-d

DISPERSIVE MODELS : AIRY THEORY

Nonlinear wave equations : 1st order PDEs plus an elliptic equation



PHYSICS AND MODELS 8/12

AP =0
P 4+gn=0 inz=n
n==o, inz=n
0=®, inz=-d

DISPERSIVE MODELS : AIRY THEORY

d, Vv

z=—d(x)

Linearized wave equations : D], |D.| < 1, ||, [7z], [n:| < 1



PHYSICS AND MODELS 9/12

A@ZO ‘ A(r,x}
O, +gn=0 inz=n _

d, Vv

n==o, inz=n

z=—d(x)

0=®. inz=-d

DISPERSIVE MODELS : AIRY THEORY
Propagating solutions of linearized equations on flat bathymetries :

n = asin(k(x — Ct)) @ = B(z) cos(k(x — Ct))
where

kC' =w phase



PHYSICS AND MODELS 10/12

Aq’:O ‘ A(r,x}
O, +gn=0 inz=n _

d, Vv

n==o, inz=n

z=—d(x)

0=®. inz=-d

DISPERSIVE MODELS : AIRY THEORY
Propagating solutions of linearized equations on flat bathymetries (C? = gdo) :

n = asin(k(x — Ct)) @ = B(z) cos(k(x — Ct))

02 _ Cg tanh(kdo)
~ kdo

Linearized Shallow-Water



PHYSICS AND MODELS 11/13

DISPERSIVE MODELS
1. Wave dispersion : even for linear equations
2. Wave dispersion : even for flat bathymetry

3. Wave dispersion : mainly a 3D effect (coupling vertical flow/surface
deformation)

4. Surface wave propagation : wave heights and positions...

the BC in the wave equations !



PHYSICS AND MODELS 12/13

The “lazy” man’s approach

DISPERSIVE MODELS : DEPTH AVERAGING (BOUSSINESQ 1872)

1. Depth averaging : reduce problem from 3D to 2D (just the BCs!)

2. Depth averaging : unknowns
. 7
t,z) and u(t,z) =— [ u(t,x,2)dz
(t,) (o) = 757 [ utta2)
—d

3. Depth averaging : allow propagation over large domains

4. Wave dispersion : explicit presence of dispersive terms in equations !!!



PHYSICS AND MODELS 13/13

A z=N(t,x)

DISPERSIVE MODELS : DEPTH AVERAGING + ASYMPTOTIC ANALYSIS

1. Double asymptotic expansion

2. Small parameters (nonlinearity and dispersion)

A
A T

3. Several family of models, different properties



PEREGRINE EQUATIONS

System variables:
> 1: free surface water level
» d: depth at still water

> h: water column height

t
Bathymetry > ¢: volume flux (¢ = hu)

om+0zq=0

Orw + 0z (uq) + ghdzn =0

d? 1
q—gam;q — gdaxdamq =w

» Hyperbolic NonLinear Shallow Water (NLSW) equations

» Peregrine Boussinesq term

L peregrine J. Fluid. Mech. 1967, Abbott et al. Coast. Eng. 1978



GREEN-NAGHDI EQUATIONS

System variables:
> 1: free surface water level
» d: depth at still water

> h: water column height
RS > g: volume flux (¢ = hu)
o+ 0zq=0
9tq + 0z (uq) + ghden = ¢

¢ —aT(¢) = T(ghnz) — hQ(u)

» Hyperbolic NonLinear Shallow Water (NLSW) equations

> GN non-hydrostatic source

2Green and Naghdi J.Fluid.Mech. 1976, Lannes and Bonneton Phys. Fluids 2009, Filippini-et al J.Comput.Phys. 2015



GREEN-NAGHDI EQUATIONS: NON-LINEAR OPERATORS

System variables:
> 1: free surface water level
» d: depth at still water

> h: water column height

Bathymetry

> ¢: volume flux (¢ = hu)

510 =2 0. - La.
$2() = 5z ()

Elliptic sub-system : coercive operator (the * denotes adjoint operators)

2AIvarez—Samaniego and Lannes Indiana U. Math. J. 2008, Filippini et al J.Comput.Phys. 2016



GREEN-NAGHDI EQUATIONS: NON-LINEAR OPERATORS

System variables:
> 1: free surface water level

» d: depth at still water

> h: water column height

Bath t
atymetry > g: volume flux (¢ = hu)

T0) = 0u(190.10) 4 (daha + S hdas — (@)2)0)

Elliptic sub-system : coercive operator

2A|varez—Samaniego and Lannes Indiana U. Math. J. 2008, Filippini et al J.Comput.Phys. 2016



GREEN-NAGHDI EQUATIONS: NON-LINEAR OPERATORS

System variables:
> 1: free surface water level
» d: depth at still water

> h: water column height

Bath t
atymetry > g: volume flux (¢ = hu)

Q() = 2hha ()7 + ghz(-)z(-)m = deh())3 = daxh(-)()x

1

Elliptic sub-system : nonlinear forcing

3Lannes and Bonneton Phys. Fluids 2009, Filippini et al J.Comput.Phys. 2016



NOT SO LAZY AFTER ALL

Complex systems of nonlinear dispersive PDEs

ASYMPTOTIC ACCURACY

PEREGRINE Weakly non-linear and weakly dispersive. We assume € ~ p?

and terms of order €2, eu?, and u* are neglected ;

GREEN-NAGHDI Fully nonlinear, weakly dispersive. We assume € =~ 1 and
terms of order u* are neglected.



NOT SO LAZY AFTER ALL

Complex systems of nonlinear dispersive PDEs

STATE OF THE ART “OPERATIONAL” MODELS

FUNWAVE Fully nonlinear dispersive model
+ hybrid approach (FUNWAVE TVD)!

MIKE21 Weakly nonlinear dispersive model
+ eddy viscosity for wave breaking?

1University of Delaware, J.T. Kirby and co-workers
2Distributed by DHI Group, models by Tech. University of Denmark, P.A. Madsen-H. Schaffer

and co-workers



LINEAR DISPERSION ANALYSIS 1/11

HOwW GOOD ARE THESE MODELS 7

1. Asymptotic approximations, error of order O(e?, eu?, u*), or O(u*) for GN
2. Irrotational potential flow: no breaking waves (rotational)

3. Asymptotic error in i means waves may have the wrong phase relation
(w.r.t. Euler eq.s)

4. Dispersion coeff.s o determined to minimize phase error (w.r.t. Euler eq.s)



LINEAR DISPERSION ANALYSIS 2/11

Nonlinear Peregrine equations :

0in + 02g =0 ST ——

1
otq — gdgazth + 0z (uq) + ghdzn =0

DISPERSION ANALYSIS : CONTINUOUS CASE
Linearized Peregrine equations (neglect quadratic/HO terms : nu, 72, u2, etc)

0tn + dpOzu =0

1
oru — gdgamu + gozm =0



LINEAR DISPERSION ANALYSIS 3/11

Linearized Peregrine equations :

Ot + doOyu =0 N e N

1
Opu — gdgamu +9g0zn =0

DISPERSION ANALYSIS : CONTINUOUS CASE



LINEAR DISPERSION ANALYSIS 4/11

Linearized Peregrine equations :

0tn + dpOzu =0 4 e NG

1
Oru — gdgazztu “anrn =0 Id" u<<lI

DISPERSION ANALYSIS : CONTINUOUS CASE
Look for solutions of the form

t+ik t+ik
77:7]06”+|z7 u:uoeu+|z

with v = € + iw (¢ dissipation rate, w = kC' the phase shift)



LINEAR DISPERSION ANALYSIS 5/11

Linearized Peregrine equations :

{ On + dopOzu =0 : A<< Iii

1
Oru — gdgazztu + gamn =0 Id"

DISPERSION ANALYSIS : CONTINUOUS CASE
Linear dispersion relations

1/770+i kdoug = 0

v(1 + B(kdo)?)uo+ikgno = 0



LINEAR DISPERSION ANALYSIS 6/11

Linearized Peregrine equations :

Ot + doOyu =0 N e N
1
Opu — gdgamu +9g0zn =0

DISPERSION ANALYSIS : CONTINUOUS CASE
Complex eigenvalue problem for v = £ 4+ iw (€ dissipation, w = kC' phase)

( i:g y(14i;i1d0)2) ) ( Zz ) =0

—

v*(1 + B(kdo)?) — (ikgdo)® =0



LINEAR DISPERSION ANALYSIS 7/11

Linearized Peregrine equations :

Z=N(1,x)

81‘,7] + d[)azzzu =0 ‘ A<< Iii
1
Oru = Sd30ugru + g0am = 0

DISPERSION ANALYSIS : CONTINUOUS CASE
Result (set CZ = gd3)

2 2 1
w” = (kCo) 7(kd0)2

1
Linearized Shallow Water + 3




LINEAR DISPERSION ANALYSIS 8/11

Linearized GN equations :

Otn + doOzu =0
: A<< ]$ z=N(1x)

3

u<<l

. a
Oru — 7dgamu Id

a—1

3 9d3Orzan + gOzn =0

DISPERSION ANALYSIS : CONTINUOUS CASE
Result (set CZ = gd3)

a—1

1+ (kdo)?

2 2
W= (kCo) -3
1+ %(kdo)z

Linearized Shallow Water

Coeff. « chosen by minimizing error w.r.t. Airy theory (v =1 — Peregrine !).



LINEAR DISPERSION ANALYSIS 9/11

DISPERSION RELATIONS :

MODELS OVERVIEW

% error in phase velocity

1
8t /
7
6 7
/
z 4r r
o s
A§ 2t v
[9) ’ :
| - : P A
2 Of AR I S LR L A 1
<)
=2
5
2 Ll
6 Peregrine
S & GNopt
= = NSWE
-8 :
0 0.1 0.2 0.3 0.4
kd,/27 (=d,/\)

3For GN arppt = 1.159

0.5



LINEAR DISPERSION ANALYSIS 10/11

NEXT STEP : CONTINUOUS TO DISCRETE

> Influence of the scheme
> dissipation for given mesh size

> dispersion error for given mesh size



LINEAR DISPERSION ANALYSIS 11/11

NEXT STEP : CONTINUOUS TO DISCRETE

Model problem : AD equation

Ot — @Otzzu + aOzu = 0

Admits solutions of the form u = uge’ttk® with v = ¢ +iw and
£E=0 no dumping
1

ka —1
~~~ 1+ ak
pure advection

w=— dispersion



RESIDUAL BASED CONTINUOUS FEM

MOTIVATION

» High ratio accuracy/stencil

» High ratio 1/(cost X error)

» Potential for unstructured grids and adaptation

» Potential for higher order



RESIDUAL BASED AND CONTINUOUS FEM

ADDITIONAL REMARKS

For time dependent problems always need to invert a “mass matrix”

» For hyperbolics often seen as a flaw (can’t simply do RK ODE integration)

» Here matrix inversion cannot be avoided®

» The PDEs are very complex. How to simplify and possibly reduce costs ?
(e.g. matrix sizes)

1presence of uzq¢ terms, elliptic component hidden..



f)1 FEM AND 6iu — adipeu + adgu =0
» Consider a tessellation of the domain composed of non-overlapping
elements (segments)
» Unknowns at nodes: {u;(t)}i>1

» P! piecewise linear continuous approximation

un(t,z) = > wi(t)pi(z) = > Y ui(t)p;()

i>1 K jeEK

v

i are standard continuous piecewise linear finite element basis functions;




CONTINUOUS GALERKIN (CG) FOR du — adipou + adyu =0

/goiatwh — /auh Ozpi =0

Qp Qp

/azuazgoﬂr/smuh =/90¢wh
Qp

Qp Qp

1. A first order PDE : O;w + auz =0

2. plus an elliptic equation : —auz; +u =w



CONTINUOUS GALERKIN (CG) FOR du — adipou + adyu =0
c¢G SCHEME in FD form (uniform Az)

AIE dui_1 dul du7;+1 (0% dui_l dui dui+1

— 4 - 2

6 ( dt + dt + dt ) Am( dt dt + dt )
a

+§(Ui+1 —ui—1)=0



CONTINUOUS GALERKIN (CG) FOR du — adipou + adyu =0
c¢G SCHEME in FD form (uniform Az)

%(dui_l 4du,; du,;+1> « (dui_l 2du,- dui+1)

6 dt dt dt ) Az \ dt a T d
a

+§(Ui+1 —ui—1)=0

FD2 scheme (same cost) :

Az

dt Az

dt dt dt

du; « ( dui_1 9 du;  duit1 )

+%(Ui+1 —ui—1)=0



CONTINUOUS GALERKIN (CG) FOR du — adipou + adyu =0
c¢G SCHEME in FD form (uniform Az)

Az /dui_1 du; — duit1 a /dui_q du;  duit1
(e ) (st
6 < dt dt dt > Az \ dt dt + dt
+%(Ui+l —u;—1) =0

FD4 scheme (more expensive) :

A:cdui @ (_ du;—2

. 6dui,1 dui dui+1 . dui+2)
dt 12Ax

1 —
dt + dt 30 dt +16 dt dt

+%(ui72 — 8ui—1 + 8uiy1 — Ui42) =0



AN UPWIND SCHEME

WHY 777!
To handle with one code the dispersive AND the hyperbolic limits ...



AN UPWIND SCHEMES : SUPG

Streamline Upwind Petrov-Galerkin® :

Galerkin + Z aaznpiKTKrK =0
KeQp, i

with 7k a stabilization parameter, and with 7% the local residual

K = (8w + adzun) i

8see e.g. (Hughes, Scovazzi and Tezduyar, J.Sci.Comp. 43 2010)-and references therein



AN UPWIND SCHEME

A MAGIC TRICK
Taking

1

TK= —— 5%
Y 009K ]
JjeK

We obtain for a > 0 (in FD form)

g (§ dw;_1 4dwi 1 dwitq

6 - = )—l—a(ui—ui,l):O

2 dt dt 2 dt

(0%
Az u; — E(ui,1 — 2u; + ui+1) =Azw;

The blue part is the first order upwind scheme !



IN SUMMARY

» FD2 and cG schemes: same cost and same underlying elliptic discretization

» FD4 scheme: more accurate and more expensive

» SUPG: cost of FD4 with same underlying elliptic equation of FD2 and cG



TIME CONTINUOUS ERROR ANALYSIS

WE WANT TO

1. Characterize the truncation errors (uniform Az) for the different schemes
(TE analysis)

2. Characterize the dispersion error (uniform Azx) for the different schemes
(DE analysis)

3. Get some recipe to generalize to the systems we have seen



TIME CONTINUOUS TE ANALYSIS

Brute force ...



TIME CONTINUOUS TE ANALYSIS

Our problem

Otu — aOtzzu + alzu = 0

Truncation errors

2
TEro2 =20 0y (e — 2 Bas) + O(Ac?)

2

TECG :a%azmzztu + O(AL4)

4

TEFD4 :%azz:rz (ut + gaazztu) + O(Al’ﬁ)

2

TESUPG :a%armmmtu + O(AL%)



TIME CONTINUOUS TE ANALYSIS

» For a = 0 (pure advection) both cG and SUPG are more than second
order accurate (resp. fourth order and third order)

» For a # 0 their dispersive leading term contains the same derivative of
FD4 : spurious numerical dispersion on same high frequencies as FD4

» FD2: dispersive leading error of the same type as the physical one.
Numerical dispersion on the same wave numbers as the physical one



TIME CONTINUOUS DE ANALYSIS

As in the continuous case :

1. Set u; = uge’tik®

2. Replace in the FD form of the scheme (J;u; = vu;, Oyu; = iku,
Uip1 = e'kAzuietc.)

3. Solve complex algebraic equation for v = £ +iw

4. w=uw(k,Ax)



TIME CONTINUOUS DE ANALYSIS

Number of grid points in the wavelength: N =5

Mode|
FD2 ! :
FD4 L L
Central Galerkin : :
SU/PG

dispersion ®

0 05 1 15 2 25 3
wavenumber K



LUCKY SHOT ?

TEST 1. REPEAT THE EXERCISE FOR PEREGRINE’S MODEL



TEST 1. REPEAT THE EXERCISE FOR PEREGRINE’S MODEL

MODEL EQUATIONS (REMINDER)

System variables:
> 1): free surface water level
> d: depth at still water

> h: water column height

Bath t
srymety > ¢: volume flux (¢ = hu)

Otn+0zq=0

Otw + Oz (uq) + ghdzn =0

d? 1
quazzq - gdazdazq =w



TEST 1. REPEAT THE EXERCISE FOR PEREGRINE’S MODEL

cG FORMULATION

/%amh—/%aw%io

Qp Qp

1
/%‘atwh—/ <uh(Ih + §g(hh)2>aw<ﬂi - /%ghhawdh =0

Qp Qp Qn

1 1
/%‘Qh-l-5/axtpi(dh)anqh+§/<Pidh3mdh3x%:/%wh
Q Q, Q Q



TEST 1. REPEAT THE EXERCISE FOR PEREGRINE’S MODEL

SUPG FORMULATION
Set

J @i0imm — [ aqnOzp;
a, ay,

RSC =
1 2
J ¢idrwy — [ (uthh+ Eg(hh) )az% — [ ©ighnOzdy
O o o



TEST 1. REPEAT THE EXERCISE FOR PEREGRINE’S MODEL

SUPG FORMULATION

RS+ S [ Ao =0
KeQ, i

1 1
/soifIh-Fg/3.rlpi(dh)23z%+g/%dhazdhaz%=/<Pz'wh
Qp Qp Qp Qp

» With A the Shallow-Water Jacobian matrix
» With 7% the residual

8t77h + 8th
TK =
Orwy, + O (ungn) + ghndamn



TEST 1. REPEAT THE EXERCISE FOR PEREGRINE’S MODEL
SUPG AND ROE’S METHOD

As in the scalar case, setting

Z |A8190J

jEeK
we recover

> Roe's flux difference splitting for the flux part

> Well known well balanced (upwind) approximation of the bathymetry

> plus a non-symmetric mass matrix coupling d;n, and O wn



TE ANALYSIS FOR (LINEARIZED) PEREGRINE

FD2 scheme. doAx?
—  TEfy, = ——usut O(Ac?)

A 2 dz?

cG scheme. Azt 1 d
TEZ]G = 724 8@111 (gatn+ 30 zu) + O(AIG)

A
TEZ:LG %doaxzzrtatu + O(ACL’ )

FD4 scheme. do Azt
- TEl, = “30"’ Opwwratt + O(AZO)
Azt 2 1
TEfp, = F‘()mm (72—7d86tu+ Egagm) + O(Az®)
SUPG scheme. 2
CoAz? 1
TEQUPG = O(jq Ozax (8tu - 0 Ozztu + 598177) + O(AI4)
Az? .
TEgUPG = dgazacm:m‘u + O(ALS)

36



TIME CONTINUOUS TE ANALYSIS FOR PEREGRINE

» Without dispersion (Shallow Water) both ¢G and SUPG are more than
second order accurate (resp. fourth order and third order)

> In the dispersive case, the dispersive leading term has the same derivative
of FD4 : spurious numerical dispersion on same high frequencies as FD4

» FD2: dispersive leading error providing spurious numerical dispersion on
the same wave numbers as the physical one



DE ANALYSIS : BOUSSINESQ MODEL - ¢G AND SUPG

o
@
°
b

)
N
a

o
r

——FD2

D4
Gentral Galerkin

dispersion eror: fug, . - 0y,el0ys
s
o 2
2 @

e
2
el

o

Solid line : kdp = 0.5 - Circles kdy = 2.6

N : points per wavelength



OUR RECIPE

1. Hyperbolic component: suitable higher order (at least third) scheme

2. Elliptic sub-problem: suitable scheme, second order is enough to preserve
the dispersion relation



OUR RECIPE

LET’S APPLY THE RECIPE TO THE GN EQUATIONS !



LET’S APPLY THE RECIPE TO THE GN EQUATIONS

GN (REMINDER)

System variables:
> 1n: free surface water level
» d: depth at still water

> h: water column height

Bath t
arymetny > g: volume flux (¢ = hu)

o+ 0zq=0
0tq + Oz (uq) + ghOzn = ¢

¢ —aT(¢) =T(ghnz) — hQ(u)



LET’S APPLY THE RECIPE TO THE GN EQUATIONS

GN NON-LINEAR OPERATORS (REMINDER)
T() =8¢ (hSl(%)) + 83 (hSQ(%))
Q() = 2hha ()7 + ghQ(')z(-)zz = deh(1)3 — daah(-)()a

1



LET’S APPLY THE RECIPE TO THE GN EQUATIONS

EQUATION FOR NON-HYDROSTATIC SOURCE ¢

P! continuous Galerkin formulation :

/%d’h +/51(<Pz hhsl /52 %)hh52(¢h) = R} (hn, un, dy)

h

where recall that

$10) = = ()a -

V3

and with R?(hy, un, di) obtained by recasting the forcing terms hQ(-) and
T (ghne) in variational form (omitted for brevity)



LET’S APPLY THE RECIPE TO THE GN EQUATIONS

EQUATION FOR NON-HYDROSTATIC SOURCE ¢

P' continuous Galerkin formulation :

T(hn, un, dp)® = R" (hy, up, dy)

Linear system for ®: the vector of nodal values of ¢



LET’S APPLY THE RECIPE TO THE GN EQUATIONS

EVOLUTION OF PHYSICAL QUANTITIES: FINITE VOLUME

» parabolic (third order) reconstruction
> Roe's flux

» and well balanced treatment of topography'®

d [ n _ ~
AT, ( Zi ) + Fiprp = Ficyjp +Sa = /A:E o

1%(Bermudez-Vazquez, Computers&Fluids 1994)



TIME CONTINUOUS DISPERSION ERROR ANALYSIS
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SOLUTION ERROR CONVERGENCE

loguollerror|s
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NUMERICAL EXAMPLES

WEAKLY AND FULLY NONLIENAR IN 1D



NUMERICAL EXAMPLES : SUBMERGED BAR
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NUMERICAL EXAMPLES : SUBMERGED BAR
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NUMERICAL EXAMPLES : SUBMERGED BAR

gauge 7

0 (m)

Hybrid FV-cG scheme
Enhanced GN model



NUMERICAL EXAMPLES : SUBMERGED BAR
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Enhanced Boussinesq model



NUMERICAL EXAMPLES : SUBMERGED BAR
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NUMERICAL EXAMPLES : REEF OVERTOPPING

04-t\/g7h=55

04f t/7h=63

0% 10 20 30 4 50 60 0 30
a/h x/h

04ty/g/h=65

<02
0
% 10 20
04Ft\/g/h=T0.5
02+

n/h

o

04} t\/7/h=T6.6

n/h

3 4
z/h o/h



NUMERICAL EXAMPLES
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NUMERICAL EXAMPLES : REEF OVERTOPPING
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NUMERICAL EXAMPLES : REEF OVERTOPPING
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NUMERICAL EXAMPLES : REEF OVERTOPPING

REMARK: WAVE BREAKING

1. Detect breaking fronts
2. Set ¢ = 0 to approximate breaking waves with bores

3. Purely algebraic modification !

d 74 ~ ~ /
A i v FZ —Fi, S =
JCdt((li)-i_ +1/2 /2% 5 Aaci(bh



NUMERICAL EXAMPLES IN 2D

{ﬁ:’i}-l—v-[f:(]
g+ V- (@7 +gHVn+7 =0

where 1;)‘ = (1. 1y) are the dispersive terms of the model which can be written as
o1 _ 1
p = —BR?0V - §— 5/10zh0 (V - § + 02gz) — ShOyhDizgy — Bgh20w"
L1 . 1
ty = —Bh*8y,V - §— 5/0uh0 (V - T+ Bygy) — chOchdygz - Bgh?0,uw"

w" =V - (hVn)

Schemes in 2D : similar stabilized approach with different upwinding
strategies (cf. Ricchiuto-Filippini 2014)



NUMERICAL EXAMPLES : CIRCULAR SHOAL (HEXAGONS) - Az = 0.1m

. Ampliude




NUMERICAL EXAMPLES : CIRCULAR SHOAL (HEXAGONS) - Az = 0.1m
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NUMERICAL EXAMPLES : ELLIPTIC SHOAL (UNSTRUCTURED)
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NUMERICAL EXAMPLES : ELLIPTIC SHOAL (UNSTRUCTURED)

(Ribbed channel clip)



el_movie_topview_col.avi
Media File (video/avi)


NUMERICAL EXAMPLES

ELLIPTIC SHOAL (UNSTRUCTURED)
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THE SHORT OF IT ...

> Interaction between advective (hyperbolic) and higher order terms in
depth averaged wave models

> High order on hyperbolic : at least third order required for good dispersion

» Elliptic component: can be treated with a second order method !

» Coupling with SW: your favorite scheme for SW + FEM for elliptic part

> Natural extension to 2D on unstructured meshes

> Wave breaking: evert to SW (cf. below)

0.5

H [n]



PERSPECTIVES

A FEW ONGOING EXTENSIONS

> 2D Green-Naghdi :
couple FEM for the elliptic part with FV(SW), DG(SW), and RD(SW)

» Implicit or explicit time integration ... ?
» Evaluate PDE-based “wave breaking viscosity” (as in turbulence models)

» Time dependent : ALE based adaptation (cf. below)

FIXED-COARSE
FIXED-FINE
ADAPT-COARSE -=--




W THY



	Physical models
	Wave propagation and linear dispersion
	A family of residual based schemes
	Error analysis
	Numerical examples
	Summary and perspectives

	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	0.25: 
	0.26: 
	0.27: 
	0.28: 
	0.29: 
	0.30: 
	0.31: 
	0.32: 
	0.33: 
	0.34: 
	0.35: 
	0.36: 
	0.37: 
	0.38: 
	0.39: 
	0.40: 
	0.41: 
	0.42: 
	0.43: 
	0.44: 
	0.45: 
	0.46: 
	0.47: 
	0.48: 
	0.49: 
	0.50: 
	0.51: 
	0.52: 
	0.53: 
	0.54: 
	0.55: 
	0.56: 
	0.57: 
	0.58: 
	0.59: 
	0.60: 
	0.61: 
	0.62: 
	0.63: 
	0.64: 
	0.65: 
	0.66: 
	anm0: 


