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Notation.

@ kis an algebraically closed field of characteristic p > 0.
@ C/kis a connected nonsingular projective curve with genus g > 2.

@ Aut(C) is the full k-automorphism group of C.
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The case of characteristic 0.

@ In characteristic O:

[|Aut(C)| < 84(g—1)| (Hurwitz bound-1892)
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[|Aut(C)| < 84(g—1)| (Hurwitz bound-1892)

@ Problem: classification of automorphism groups for a given genus.
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The case of characteristic O.

@ In characteristic O:

[|Aut(C)| < 84(g—1)| (Hurwitz bound-1892)

@ Problem: classification of automorphism groups for a given genus.

@ Partial answers:
o for Hurwitz groups, i.e. |Aut;(C)| =84 (g—1).

e more generally, for large groups G C Aut(C), i.e.

|G| >4(g—1) [Kulkarni 1997] [Breuer 2000]

By the Hurwitz formula, g¢/ = 0 and C — C/G ramified in 3 or 4 points.
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Introduction.

The case of characteristic p > 0.

In characteristic p > 0:

o Auty(C) is still finite [Schmid 1938].
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Introduction.

The case of characteristic p > 0.

In characteristic p > 0:

o Auty(C) is still finite [Schmid 1938].

@ But the bound is biquadratic:

|Aut(C)| < 16¢*

[Stichtenoth-1973]

except for C: W+ W = X149, g =p" > 3.

This is due to wild ramification.
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Big actions.

Definition of a big action.

From now on, char (k) =p > 0.

Definition

Let C/k be a connected nonsingular projective curve with genus g > 2.

Let G be a subgroup of Aut(C).
A pair (C,G) is called a big action if:
o G is a p-group.

2,
|G| > 7pg.
p—
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Big actions.

Ramification conditions.

Let (C,G) be a big action.
Apply the Hurwitz and Deuring-Shafarevitch formulas to C — C/G.
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Big actions.

Ramification conditions.

Let (C,G) be a big action.
Apply the Hurwitz and Deuring-Shafarevitch formulas to C — C/G.

@ Then i = 0, where 5 is the Hasse-Witt invariant of C.
@ Only one point o € C is ramified and even totally ramified.

@ Let G; be the i-th lower ramification group of G at oo.
Then G = G,1 = G() = Gl.

e C/G~P} and C/G, ~ P}. In particular, G; # {e}.
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Big actions.

Choice of the bound: the “embedding problem”.

Why | =2

instead of
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as in [Giuletti-Korchmaros, 2007])?
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Big actions.

Choice of the bound: the “embedding problem”.

2
Why —pl instead of Ll as in [Giuletti-Korchmaros, 2007])?
pP— p—

° |G| > 1 ® g is necessary for G2G1

(see WP—W:XZ,p > 2, with G = (0), 6(X) =X and 6(W) = W+ 1).
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Big actions.

Choice of the bound: the “embedding problem”.

2
Why —pl instead of P 7 as in [Giuletti-Korchmaros, 2007])?
pP— p—

° |G| > 1 ® g is necessary for G2G1

(see WP—W:XZ,p > 2, with G = (0), 6(X) =X and 6(W) = W+ 1).

@ S0G/Gy ~{X—X+y,yeV}
with C/G, — {eo} = Speck[X] and V C k an F,-vector space with:

0—Gy,— G-V~ (Z/pZL) —0,
where
{ G-V

g—g(X)—X.

8/28
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Examples related to curves with many rational points.

Notation: g := p, e € N*, K := F,(X), K% fixed, m € N.
Definition (Lauter 1999, Auer 1999)

We define K™ C K¢ as the largest abelian extension L of K
@ with conductor < meo

® such that every place in S := {(X —y),y € F,} splits completely in L.
Let C,,/F, be the nonsingular projective curve with function field K™.
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Examples related to curves with many rational points.

Notation: g := p, e € N*, K := F,(X), K% fixed, m € N.

Definition (Lauter 1999, Auer 1999)
We define K™ C K¢ as the largest abelian extension L of K
@ with conductor < meo
® such that every place in S := {(X —y),y € F,} splits completely in L.

Let C,,/F, be the nonsingular projective curve with function field K™.

Remark

1+ZF,[[Z]]

. withz=X"".
(142" F,[[Z]],1 —yZ,y € F,)

Gal (K" /K) ~

Gal (K™ /K) has exponent 1 or p < m < my := pl¢/?1*1 4 p 4 1. (Lauter)
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Big actions with G, abelian of arbitrary large exponent.

Proposition (Matignon-Rocher 2008)
o {X —X+y,y€F,} extends to a p-group G,, C Autg, (Cy,) with

0 — Gal(K"/K) — G,, — F, — 0.

For e and m large enough, (C,,,Gy,) is a big action.
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Big actions with G, abelian of arbitrary large exponent.

Proposition (Matignon-Rocher 2008)
o {X —X+y,y€F,} extends to a p-group G,, C Autg, (Cy,) with

0 — Gal(K"/K) — G,, — F, — 0.
For e and m large enough, (C,,,Gy,) is a big action.

o Ife>06, (Cn,,Gn,) is a big action with G, = Gal (K™ /K abelian of
exponent p*.
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Big actions with G, abelian of arbitrary large exponent.

Proposition (Matignon-Rocher 2008)
o {X —X+y,y€F,} extends to a p-group G,, C Autg, (Cy,) with

0 — Gal(K"/K) — G,, — F, — 0.
For e and m large enough, (C,,,Gy,) is a big action.

o Ife>06, (Cn,,Gn,) is a big action with G, = Gal (K™ /K abelian of
exponent p*.

Remark
Same method to construct G, abelian of arbitrary large exponent.
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Link with algebraic curves with many rational points.

Remark

Let Ny, be the number of ¥ ;-rational points on Cy,. Then

Now = |Cu(Fy)| = 1+ |Gal (K™ /K)| = 14|G.
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Link with algebraic curves with many rational points.

Remark

Let Ny, be the number of ¥ ;-rational points on Cy,. Then
Ny = |Cn(Fy)| = 1+ ¢q|Gal (K" /K)| =1+ |Gyl

Hence,

G| Nim

-_ N —

gc,  8Cn

Magali Rocher (IMB) 11/28



Construction of a "minimal subextension”.

Problem:

e Construct a subextension of K™ such that G, ~ (Z/p*Z) x (Z/pZ)"
with ¢t > 0 minimal.

Rocher (IMB) 12/28



Construction of a "minimal subextension”.

Problem:

e Construct a subextension of K™ such that G, ~ (Z/p*Z) x (Z/pZ)"
with ¢ > 0 minimal.

Difficulty: The "embedding problem”.

@ In the previous case, the stability under translation by I, is due to the
maximality and uniqueness.

@ How to reduce to a system of equations that remains globally stable?
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Construction of a "minimal subextension”.

Problem:

e Construct a subextension of K™ such that G, ~ (Z/p*Z) x (Z/pZ)"
with ¢ > 0 minimal.

Difficulty: The "embedding problem”.

@ In the previous case, the stability under translation by I, is due to the
maximality and uniqueness.

@ How to reduce to a system of equations that remains globally stable?

o ¢t =0 is excluded. (cocycle in the addition of Witt vectors.)
More generally, there is no big action with G, ~ Z /p"Z except for n = 1.
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Construction of a "minimal subextension”.

Problem:

e Construct a subextension of K™ such that G, ~ (Z/p*Z) x (Z/pZ)"
with ¢ > 0 minimal.

Difficulty: The "embedding problem”.

@ In the previous case, the stability under translation by I, is due to the
maximality and uniqueness.

@ How to reduce to a system of equations that remains globally stable?
o ¢t =0 is excluded. (cocycle in the addition of Witt vectors.)

More generally, there is no big action with G, ~ Z /p"Z except for n = 1.

Answer:

e In [M-R], construction of a “minimal subextension” with # = O(log,,(g)).
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Big actions with G ~ (Z/pZ)" .

Big actions with G, ~ (Z/pZ)" [Rocher 2009].

Notation. Let (C, G) be a big action with G, ~ (Z/pZ)",n > 1.

Let L := k(C) and k(X) := L%. Then

L/k(X): W' =W, =gi(X) €k[X], 1<i<n.
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Big actions with G ~ (Z/pZ)" .

Big actions with G, ~ (Z/pZ)" [Rocher 2009].

Notation. Let (C, G) be a big action with G, ~ (Z/pZ)",n > 1.
Let L := k(C) and k(X) := L%. Then

L/k(X): W' =W, =gi(X) €k[X], 1<i<n.

Definition
Let

ot TS XanX) > with pi=F—id.

A is the F,-vector subspace of k[X| dual to G, with respect to the
Artin-Schreier pairing:

{ Gy XA —>Z/pZ
(8, 4ow) — g(w) —w
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Big actions with G,

Action of V on A.

V acts on A by translation:

o { V — Aut(A) ~ GL,(F,)

y—= o)
with
A—A
CRE e
Remark
Im ¢ is a unipotent subgroup of GL,(F),). J
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Big actions with G ~ (Z/pZ)" .

An adapted basis for A.

We construct a basis {f; (X),...,f,(X)} in which the matrix of ¢ (y) reads:

L lip(y) G3(y) o bay)
0 1 bs(y) .. laa(y)
d(y):=[0 0 oo oo linly) | €eGLy(F,) VyeV
0 0 0 1 ly1a(y)
0 0 0 0 1
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Big actions with G ~ (Z/pZ)" .

An adapted basis for A.

We construct a basis {f; (X),...,f,(X)} in which the matrix of ¢ (y) reads:

L lip(y) G3(y) o bay)
0 1 l3(y) ... laa(y)
d(y):=[0 0 coi oo Ain(y) | €GL4(F,) VyeV
0 0 0 1 fn_lvn(y)
0 0 0 0 1
In other words,
i—1
Vie{l,....n},VyeV, fi(X+y)—f(X) =Y £:i()fi(X)  mod @(k[X])|
=1

i.e. stability of the system of equations under translation by V.
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Big actions with G,

Casen=1,1i.e. GQ:Z/pZ

Theorem (Lehr-Matignon 2005)
Let (C,G) be a big action such that Gy ~ Z/pZ.
o Then

|C~ Cs: WP — W =XS(X) € k[X] |

with S(X) = (apid+ a1 F+ ...+ F*) (X) additive of degree p*, s > 1.

Magali Rocher (IMB) 16/28



Big actions with G ~ (Z/pZ)" .

Casen=1,i.e. Gp ~Z/pZ.

Theorem (Lehr-Matignon 2005)
Let (C,G) be a big action such that Gy ~ Z/pZ.
o Then

|C~ Cs: WP — W =XS(X) € k[X] |

with S(X) = (apid+ a1 F+ ...+ F*) (X) additive of degree p*, s > 1.

o Consider the palindromic polynomial of S [Elkies]:

Ads:=F"Y (ajF +F7a;) and Z(Ads)~(Z/pZ)>.
Jj=0
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Big actions with G,

Casen =1, i.e. GQ:Z/pZ

Theorem
® Let A1 be the wild inertia subgroup of Auty(C) at e. Then

0o — Z/pZ — Aoo’l L Z(Ads) — 0
| U U

T

0O — Z/pZ — G — V. — 0

For p > 3, unique extraspecial group of exponent p and order p

2s5+1
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Big actions with G,

Casen =1, i.e. sz:Z/pZ

Theorem

® Let A1 be the wild inertia subgroup of Auty(C) at e. Then

0o — Z/pZ — Aoo’l L Z(Ads) — 0
| U U

T

0O — Z/pZ — G — V. — 0

For p > 3, unique extraspecial group of exponent p and order p>**!.

o Conversely, if
Cs: —W=XS(X) € k[X]

with S(X) additive of degree p*, s > 1, (Cs,A« 1) is a big action with
Gy, ~7/pZ.
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Big actions with G,

A ring filtration of k[X] related to the additive polynomials.

Problem: Generalize the case n = 1.

Definition (Rocher 2009)

Let t > 1. We define ¥, as the k-vector subspace of k[X| generated by 1 and
the products of at most t additive polynomials.
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Big actions with G,

A ring filtration of k[X] related to the additive polynomials.

Problem: Generalize the case n = 1.

Definition (Rocher 2009)

Let t > 1. We define ¥, as the k-vector subspace of k[X| generated by 1 and
the products of at most t additive polynomials.

Lemma

o Let a € N with p-adic expansion: a =ag+aip+...aip',0<a; <p—1.
Then X'er, & Syla)=at+a+...+a <t

o Letf(X) € k[X] — {0} such that f(X) =Y e ca(f) X“.
Then fex, & VaeNwithc,f)#0,Sy(a) <t
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Big actions with G ~ (Z/pZ)" .

Parametrization of the big actions with G, ~ (Z/pZ)".

Theorem (Rocher 2009)

Let (C,G) be a big action such that Gy ~ (Z/pZ)", n > 1.
ThenVi€ {l,...,n},f; € Xiy1.
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Big actions with G,

Parametrization of the big actions with G, ~ (Z/pZ)".

Theorem (Rocher 2009)

Let (C,G) be a big action such that Gy ~ (Z/pZ)", n > 1.
ThenVi€ {l,...,n},f; € Xiy1.

Remark
® This generalizes the case n = 1 where f(X) = X S(X) € X,.

@ Forn > 2, the converse is no longer true.
Obstruction related to the embedding problem.
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Big actions with G, ~ (Z/pZ)" .

The special case: each f; € ;. | — X;.

Prelimary remark: Let (C, G) be a big action. Then G, = D(G). [M-R]
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Big actions with G,

The special case: each f; € ;. | — X;.

Prelimary remark: Let (C, G) be a big action. Then G, = D(G). [M-R]

Definition (Rocher 2009)

For any group G, we define an ascending sequence of characteristic
subgroups of G as follows:

Ao(G) = {e}
. Ai(G) G G
Vi>1, A1 (G) Z(Al_l(G))ﬁD(Ai_l(G)).
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Big actions with G,

The special case: each f; € ;| — X;.

Theorem (Rocher 2009)

Let (C,G) be a big action such that Gy ~ (Z/pZ)", n > 2.

Then the following assertions are equivalent:
o Vie {1, . ,l’l},ﬁ €Y — 2L

o Vie{l,...,n}, Afjf‘(}g) ~ 7./pZ.
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Big actions with G,

The special case: each f; € ;| — X;.

Theorem (Rocher 2009)

Let (C,G) be a big action such that Gy ~ (Z/pZ)", n > 2.
Then the following assertions are equivalent:

o Vie {1,...,1’1},ﬁ €Y — 2L

o Vie{l,...,n}, % ~7/pL.
Then,

en<p-—1.

o Vie{l,...,n}, deg(fi) = 1 +ip°.

o dimp, V=s+1.

@ The Ai(G)’s coincide with the upper ramification groups of G,:
Vie{0,...,n}, A,—i(G)=(G)".
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Big actions with G ~ (Z/pZ)" .

Parametrization of the family forp =5 and s = 1.

@ One deduces an algorithmic method to parametrize the functions f;’s.

o We illustrate this method forp =5 and s = 1, i.e. dimp, V = 2..
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Big actions with G,

Parametrization of the family forp =5ets = 1.

@ n =2 [Rocher 2009]
AX) =X +2(b% +b11) b, X?

HX) =03, X+ 4R XT+2(b30 —b2)) b X3+ b1 X

where by € k* and b; € k are algebraically independent parameters.
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Big actions with G, ~ (Z/pZ)" .

Parametrization of the family forp =5ets = 1.

@ n =2 [Rocher 2009]
AX) =X +2(b% +b11) b, X?

HX) =03, X+ 4R XT+2(b30 —b2)) b X3+ b1 X

where by € k* and b; € k are algebraically independent parameters.

Remark

o The space of parameters is a Zariski open of the affine space A,%: it is
irreducible, hence only one possibility for G (up to isomorphism).

o Two curves C(byy,by) and C(b',,b) are isomorphic if and only if

by
by

24 / b,
=1 and by=c—
biy

(

by | with ceFs.
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Big actions with G,

@ n =3 [Rocher 2009]

f(X)= XC4+2(b7 +bn) b X2

b XM+ AbEXT+2(53 —b3,) b X3 +2(co— ) b X

Ab10X'" 44X 4 o] XM+ 470X + 4 X
+ea X0 +4(b]3 +b7)) by X!
H{(BF +bn) en by +2(b37 +b11) ¢} by 01X

+2(c2bF +coby1) b X2+ 1 X
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Big actions with G ~ (Z/pZ)" .

where by € k*, ¢ € k and c; € k are algebraically independent parameters

and ¢y € k satisfies

1 +4(b +b11) by} c}) + e =0.
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Big actions with G ~ (Z/pZ)" .

where by € k*, ¢ € k and c; € k are algebraically independent parameters
and cq; € k satisfies

1 +4(b +b11) by} c}) + e =0.

Remark

The space of parameters is no more connected.
One finds two non-isomorphic models for the group G (MAGMA).
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Application: towards a classification of big actions.

|G|

The criterion to classify big actions is 2
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Application.

Application: towards a classification of big actions.

The criterion to classify big actions is 2

Let (C,G) be a big action.

o By [Stichtenoth, 1973],
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Application.

Application: towards a classification of big actions.

The criterion to classify big actions is 2

|G|

Let (C,G) be a big action.

o By [Stichtenoth, 1973],

o If

G|
e

>

4
(p—1)?

G W |
g = (p-1)y

, then G, ~ 7 /pZ. Description in [L-M].
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Application: towards a classification of big actions.

The criterion to classify big actions is 2

|G|

Let (C,G) be a big action.

e By [Stichtenoth, 1973],| — <

o If

o If

Gl 4
1P

g2

, then G, ~ 7 /pZ. Description in [L-M].

o, 4
g~ (pP—1)2

, then G, ~ (Z/pZ)", 1 < n < 3. Proof in [M-R].

Classification and parametrization given in [Rocher 2].
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Outline of my thesis, publications, prepublications.

@ Chapter 1: General background on G-actions on curves.

o Link with recent works on deformation by [Bertin-Mezard 00],
[Cornelissen- Kato 03], [Pries 05,06,08], [Kontogeorgis 06,07],
[Bertin-Romagny 08]...

o Chapter 2: ”Smooth curves having a large automorphism p-group in
characteristic p > 0” (joint with M. Matignon), Algebra and Number
Theory (2008).

o Chapter 3: ”Large p-group actions with a p-elementary abelian derived
group”, Journal of Algebra (2009).

o Chapter 4: ”Large p-group actions with L%‘ > (pZil)Z'”
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