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Abstract
Let k£ be an algebraically closed field of characteristic p > 0 and C a connected nonsingular
projective curve over k with genus g > 2. Let (C,G) be a big action, i.e. a pair (C,G) where
G is a p-group of k-automorphisms of C such that |G| > % g. This paper is twofold: we
first give preliminary results to establish a classification of such actions. In particular, we study
the finiteness of the quotients ‘g%‘ and ‘%‘ when (C,G) runs over the big actions satisfying
% > M, for a given positive real M > 0. As an application, we display the classification and
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the parametrization of such actions for M := rEmsyEn

1 Introduction.

This paper continues the work begun in [MRO8] and [Ro09], namely the study of G-actions on
connected nonsingular projective curves of genus g > 2 defined over an algebraically closed field k of
characteristic p > 0, when G is a p-group of k-automorphims such |G| > I% g. One of the aims of
this set of papers is to pursue the classification of such actions as initiated in [LMO05], namely to give
the parametrization of the function field of the curve and to discuss the corresponding deformation
space. This paper is twofold: we first give preliminary results towards the classification of such

G-actions and, as an application, we display their classification when |G| > ﬁ g°.

Setting. Let k be an algebraically closed field of positive characteristic p > 0 and C' a connected
nonsingular projective curve over k, with genus g > 2. In characteristic zero, the k-automorphism
group Aut(C) of the curve C' was proved by Hurwitz to be finite and of order at most 84(g — 1). An
open question concerns the classification of these automorphism groups for a given genus g. This
classification has been partially achieved for the Hurwitz groups, that is the groups whose order
reaches the Hurwitz bound 84(g — 1) (cf. [Con90]), but also for large automorphism groups G,
large meaning that the order of G is greater than 4 (¢ — 1) (cf.[Kul97]). Indeed, combined with the
Hurwitz genus formula, this lower bound imposes restrictions on the genus of the quotient curve
C/G, namely g/ = 0, on the number r of points of the quotient curve C'/G ramified in C, namely
r € {3,4}, and on the corresponding ramification indices (cf. [Kul97], [Br00]). Following the works
of Kulkarni and Breuer, Magaard et alii ([MSSV02]) give the list of the large automorphism groups
of compact Riemann surfaces of genus g up to g = 10.

In positive characteristic p > 0, the automorphism group Aut(C) is still finite. Nevertheless,
for groups whose order is not prime to p, the Hurwitz linear bound is replaced by biquadratic ones
(cf. [St73]). These bounds are optimal: so, in positive characteristic, the automorphism groups can
be very large compared with the case of characteritic zero. This is due to the appearance of wild
ramification. To rigidify the situation in characteristic p > 0 as has been done in characteristic zero,
an idea is to focus on large automorphism p-groups, more specifically on p-subgroups of Autg(C)
such that |G| > %g. Following Lehr and Matignon ([LMO05]), we call such a pair (C,G) a big

action. Under this condition,the quotient curve C'/G is isomorphic to the projective line IE”}c and
only one point of C, say oo, is ramified in C/G. In the study of big actions, a major role is played
by the second lower ramification group Gs of G at co. In [MROS8], we prove that this group can be
characterized in a purely algebraic way since it coincides with the derived group G’ of G.

Motivation and purpose. If big actions are defined through the value taken by the quotient @, it

g
turns out that the key criterion to classify them is the value of another quotient, namely %. Indeed,

the quotient % has, to some extent, a sieve effect among big actions. If (C,G) is a big action, we
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first deduce from [Na87] (Theorem 1) that ‘G‘ < (p 1)2 Lehr and Matignon then prove that the big

actions such that |G‘ > e 1)2 correspond to the p-cyclic étale covers of the affine line parametrized
by an Artln—Schreler equation: WP —W = X S(X)+c¢ X € k[X], where S(X) runs over the additive
polynomials of k[X]. In [MROS8], we show that the big actions satisfying Ig L > ﬁ are étale
covers of the affine line with Galois group G’ ~ (Z/pZ)™ with n < 3. The study of big actions
with a p-elementary abelian G’ is precisely the topic of [Ro09] where we generalize the structure
theorem obtained in the p-cyclic case. In this paper we deduce from this the parametrization of
the functions f;’s for big actions satisfying ‘Gl > W In particular cases, we shall discuss the
space of parameters of the families obtamed in this way. This work should be compared with the
results of Pries ([Pr05]) and Kontogeorgis ([Kon07]) who give an upper bound for the dimension of
the deformation space of such G-actions when G is a p-group.

Outline ot the paper. In Section 2, we recall generalities about big actions, among others the
ramification conditions imposed on the cover C' — C'/G by the choice of the lower bound |G| > = =L g.
In Section 4, we prove that, for a given M > 0, the order of G’ only takes a finite number of values
when (C,G) runs over the set of big actions satisfying l 1> M (Lemma 4.1). When exploring
similar finiteness results for g and |G|, we are lead to a purely group-theoretic discussion on the
Frattini subgroup Fratt(G’) of G’ and the commutator subgroup [G’, G] of G’ and G. Both of these
groups play a major role in the study of big actions. Indeed, Fratt(G’) is trivial if and only if G’ is
p-elementary abelian whereas [G', G| is trivial if and only if G’ is included in the center of G. Note
that these two cases have been investigated in [Ro09]. The main results of Section 2 are gathered
in the following

Theorem:

1. Let (C,G) be a big action. Then Fratt(G') C [G’, G] (Lemma 4.5).

2. Fix M > 0 a positive real. Let (C,G) run over the set of big actions satisfying % > M.

(a) If Fratt (G') € [G', G], then g and % take a finite number of values (Section 4.3).

(b) If Fratt (G") = [G', G],
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i. is no more bounded (Remark 4.8).

ii. if Fratt (G') = [G',G] = {e}, ‘g%‘ takes a finite number of values (Section 4.4.2).
iii. if Fratt (G') = [G',G] # {e} and if p > 2, G’ is non-abelian (Section 4.4.3).

Note that we do not know yet examples of big actions with a non-abelian G’. This finiteness result
also justifies the choice of the quotient |g%| as a criterion to classify big actions with an abelian G'.

Another central question raised in this paper is the link between the subgroups G of Auty(C)
such that (C, G) is a big action and a p-Sylow subgroup of Aut,(C') containing G (Section 3). Among
other things, we prove that they have the same derived subgroup. This, together with the fact that
the order of G’ takes a finite number of values for big actions satisfying % > M, implies, on the
one hand, that the order of G’ is a key criterion to classify big actions and, on the other hand, that
we can concentrate on the p-Sylow subgroups of Autg(C). As an application, we finally display in
Section 5 the classification and the parametrization of big actions (C,G) satisfying % > M for
M = ﬁ. As in the theorem above, we shall distinguish the cases [G’, G] = Fratt(G’)(= {e})
and [G', G] 2 Fratt(G") (= {e}).

Notation and preliminary remarks. Throughout this paper, k denotes an algebraically closed
field of characteristic p > 0, C' is a connected nonsingular projective curve over k with genus g and
Auty(C) means its k-automorphism group.

We denote by F' the Frobenius endomorphism for a k-algebra. Then g means the Frobenius
operator minus identity. We denote by k{F'} the k-subspace of k[X] generated by the polynomials
F(X), with i € N. Tt is a ring under the composition. Moreover, for all a in k, Fa = o F. The
elements of k{F'} are the additive polynomials, i.e. the polynomials P(X) of k[X] such that for all
a and §in k, P(a+ B) = P(a) + P(0).

Let G be a finite group. A G-action (also called a G-curve) is a pair (C, ¢) where C is a curve as
above and ¢ an injective morphism G — Auty(C). Following [BeRo08], we say that two G-actions
(C,¢) and (C’,¢") are equivalent if and only if there exists a G-isomorphism f: C — C’; i.e. a
k-isomorphism f such that Vg € G, f¢(g) = ¢'(g) f. In particular, f induces a k-isomorphism f:
C/o(G) — C'/¢'(G). In what follows, we omit ¢ and confuse G with ¢(G).



2 The setting: generalities on big actions.

2.1 Definitions.

Definition 2.1. Let C' be a connected nonsingular projective curve over k with genus g > 1. Let G

be a subgroup of Auty(C). We say that the pair (C,G) is a big action if G is a finite p-group such

that o )
el 2
g p—1

We also introduce definitions related to the classification.

(1)

Definition 2.2. Let C be a connected nonsingular projective curve over k with genus g > 1. Let G
be a subgroup of Aut,(C). Fiz M > 0 a positive real.

1. We say that (C, G) satisfies condition Cpy if (C,G) is a big action with ‘g%l > M.
2. We call Sp; the set of big actions satisfying condition Cyy, i.e. such that % > M.
3. If (C,G) satisfies condition Cpy for M = ﬁ, we say that (C,G) satisfies condition (x).

Remark 2.3. There exists big actions satisfying condition Cpr if and only if M < @477’{)2 (see
[St73]).

2.2 The ramification conditions and the embedding problem.

Combined with the bound (1), the Hurwitz and the Deuring-Shafarevitch formulas applied to = :
C — C/G impose some restrictions on the ramification of .

Proposition 2.4. ([LM05], [MR08] Section 2). Let (C,G) be a big action with genus g > 2.

1. The Hasse- Witt invariant of C vanishes. Moreover, the ramification locus (resp. branch locus)
of the cover m: C' — C/G is reduced to one point, say oo (resp. m(00).)

2. For alli > —1, call G; the i-th lower ramification group of G at co (cf. [St93] Definition III
8.5). Then G = G_1 = Gy = G1. Moreover, the two quotient curves C/G and C/Gy are
isomorphic to the projective line Pi. In particular, Go is nontrivial.

3. The second ramification group Gy is strictly included in G. Then the quotient group G /G2 acts
as a group of translations of the affine line C/Gs — {0} = Speck[X], through X — X + y,
where y runs over a subgroup V of k. Thus, we obtain the exact sequence:

O—)GQ%G:GlLVZ(Z/pZ)U—)O,
where

) { G-V
g—g(X) - X.
4. Let H be a normal subgroup of G such that H C Go. Then (C/H,G/H) is a big action with
second ramification group (G/H)s = Go/H.

Remark 2.5. Let C' be a connected nonsingular projective curve over k with genus g > 2. In
[GK07], Giuletti and Korchmdros give a classification of the groups G C Auty(C) such that there
exists a point P € C' with

p
G > —, 2
|Gpal i (2)
where Gp1 means the wild inertia subgroup of G at P. Note that the lower bound given in the
definition of a big action is slightly stronger than the bound in (2). The reason for this choice is
that the bound (1) induces an embedding problem as expressed in Proposition 2.4.5.
More precisely, the strict inequality in (1) is necessary to get the strict inclusion Go C G. For
instance, put p > 2 and consider C : WP — W = X? together with G = (o) where o(X) = X and
_ — — (7~ — p=1 Gl _ 2p
o(W)=W +1. Then Gy = Gy =G ~Z/pZ and g = F5=p. So * = 5.
In [MRO8], we also give a purely algebraic characterization of Gs.

Proposition 2.6. ([MR08] Theorem 2.7.4). Let (C,Q) be a big action. Then G2 = G’, where G’
means the commutator subgroup of G.



2.3 The special case of big actions with a p-elementary abelian G’.

The special case of big actions with a p-elementary abelian G’ is the main object of [Ro09].

Recall 2.7. ([Ro09]) Let (C,G) be a big action such that G' ~ (Z/pZ)™, n > 1.

1. We denote by L be the function field of the curve C and by k(X) := LG the subfield of L
fized by G'. Then the extension L/k(X) can be parametrized by n Artin-Schreier equations:
WFP-W; = fi(X) € k[X] with 1 < i < n, where the functions f; satisfy some specific properties:

(a) For alli € {1,...,n}, each function f; is assumed to be reduced mod p(k[X])
(b) Moreover, m; < mg < ... < m,, where m; := deg f;.
(¢c) ¥ (A1,... A\n) € Fy not all zeros,

deg () i fi(X)) = ieglaxn}{deg Ai fi( X))}
i=1

Such a basis is called an adapted basis (c¢f. [Ro09] Definition 2.7.4). Then the genus of the
curve C' is given by the following formula (cf. [Ro09] Corollary 2.11):

_P—l . i—1
9="5" Z;P (mi —1).

2. Consider the Fp,-vector subspace of k[ X| generated by the classes of { f1(X), ..., fn(X)} modulo
p(k[X])
1 o) NHX]
p(k[X])
As an Fp-vector space, A is isomorphic to G’ with respect to the Artin-Schreier pairing (see
[Ro09] Remark 2.8 or [Bou83] Chapter IX, Exercise 19).

3. The group V' (as defined in Proposition 2.4.3) acts on A by translation. More precisely, for all
y in'V, one can define an automorphism p(y) of A as follows:

A— A
Pl) { 7X) — FX 9

where f(X) means the class in A of f(X) € k[X]. For ally in V, the matriz of the auto-
morphism p(y) in the adapted basis fized above is an upper triangular matriz of GL,(F,) with
identity on the diagonal, namely

L bia(y) ls(y) - lia(y)
0 1 6273(y) Ce ggm(y)
L(y):=10 0 oo Ain(y) | € GL,(F)),
0 0 0 1 loin(y)
0 0 0 0 1

where, for alli in {1,...,n—1}, {; ;41 is a linear form from V to I, (see [Ro09] Section 2.5).
In other words,
VyeV, iltX +y)— Ai(X)=0  mod p(k[X]).
i—1
Vie{2, nh Yy eV, filX +y) = [i(X) =) L) f;(X)  mod o(k[X]).  (3)

j=1

4. For allt > 1, we denote by X the k-vector subspace of k[X] generated by 1 and the products of
at most t additive polynomials of k[X] (see [Ro09] Definition 3.1). Then for alli in{1,...,n},
fi lies in X;41 (see [Ro09] Theorem 3.14).



3 A study on p-Sylow subgroups of Aut;(C) inducing big ac-
tions.

Notation. In this section, we fix a connected nonsingular projective curve C' over k£ with genus
g > 2. We denote by A := Auty(C) the k-automorphism group of the curve C' and by S(A), any
p-Sylow subgroup of A. For any point P € C' and any i > —1, we denote by Ap; the i-th ramification
group of A at P in lower notation.

Remark 3.1. Assume that there exists a subgroup G C A such that (C, Q) is a big action.
1. Then for every p-Sylow subgroup S(A), of A, (C,S(A),) is a big action.

2. Moreover, A has a unique p-Sylow subgroup except in the three following cases (cf. [Han92]
and [GKO07]):

(a) The Hermitian curve
Cp: WIi+W =X

withp > 2, q =p°, s > 1. Then g = %(q2 —q) and A ~ PGU3(F,2) (cf. [Leo96]). It

ollows that |A| = ¢3 (¢ — 1 q3+1,50M:@>2fp. Thus, (Cg,S(A),) is a
g q—1 p—1 p
big action with G' ~ (Z/pZ)*. Since ‘S(g%)p = (q4_‘{)2, this big action satisfies condition

(%) (see Definition 2.2) if and only if 1 < s < 3.

(b) The Deligne-Lusztig curve arising from the Suzuki group
Cs: WIiI4+W=XP(X14+X)

with p =2, qo = 2%, s > 1 and q = 22T, In this case, g = qo(q—1) and A ~ Sz(q) is the

Suzuki group. It follows that |Al = ¢® (¢ — 1) (¢* + 1), so % = qo('é;l) > %. Thus,
(Cs,S(A),) is a big action with G' ~ (Z/pZ)?***1. Since ‘S(;;)’" =z (3_1)2 < (p2f1)2 for

all s > 1, this big action never satisfies condition (x).

(¢) The Deligne-Lusztig curve arising from the Ree group
Cr: Wl-W;=X%(X9-X) and Wi—Wy= X (X~ X)
withp =3, qo = 3°, s > 1 and ¢ = 32, Then g = %qo(q— D(g+ g0+ 1) and
A =~ Ree(q) is the Ree group. It follows that |A| = ¢ (¢ — 1) (¢® + 1), so ‘S(% =

3 y y y y S
m > ]% - Thus, (Cr,S(A),)) is a big action with G' ~ (Z/pZ)*?s+1).
4q°

. [S(A)pl _
Since 9> 7 9¢2(g—1)%(g+q0+1)? <

2f1)2 for all s > 1, this big action never satisfies
condition (x).

In each of these three cases, the group A is simple, so it has more than one p-Sylow subgroups.

We now highlight the link between the groups G such that (C,G) is a big action and the p-Sylow
subgroup(s) of A containing G.

Proposition 3.2. 1. Let G be a subgroup of A such that (C,G) is a big action.

(a) There exists a point of C, say 0o, such that G is included in As1. Then (C, A1) is a
big action with As 2 = Ga, i.e. (Axo1) = G'. Thus, we obtain the following diagram

0 — Awo — Awqr — WCk — 0
I U U
0 — G — G=G, =5 Vv — 0.

In particular, G = 7=Y(V) where V is an F,-vector subspace of W.

(b) Acc is a p-Sylow subgroup of A. Moreover, except in the three special cases mentionned
in Remark 3.1, Asc,1 is the unique p-Sylow subgroup of A.

(c) Let M be a positive real such that (C,G) satisfies condition Cpar. Then (C, Asc.1) also
satifies Gay.



2. Conversely, let co be a point of the curve C such that (C, Ax 1) is a big action. Consider V
an F,-vector space of W defined as above and put G := n=(V).
(a) Then (C,G) is a big action if and only if
2p g
W|>1|V]|>—— .
(W= V| P 1 Al

(b) Let M > 0 such that (C, A1) satisfies condition Cpr. Then (C,G) satisfies condition
Cyr if and only if

92

|Aoo,2
Proof: The first assertion (1.a) derives from [LMO05] (Proposition 8.5) and [MRO08] (Corollary

2.11). The second point (1.b) comes from [MRO8] (Remark 2.12) together with Remark 3.1. The
other claims are obtained via calculation. [J

Wi=|V]=>M

Remark 3.3. FExcept in the three special cases mentionned in Remark 3.1, the point oo of C defined
in Proposition 3.2 is uniquely determined. This means that if P is a point of C such that (C,Ap1)
s a big action, then P = oco.

As a conclusion, if (C,G) is a big action (satisfying condition Cps) and if A1 is a (or the)
p-Sylow subgroup of A containing G, then (C, Ax 1) is also a big action (satisfying condition Cpy)
with the same derived subgroup. So, in our attempt to classify the big actions (C,G) satisfying
condition Cy;, we focus on the derived subgroup G’ of G.

4 Finiteness results for big actions satisfying condition C,,.

4.1 An upper bound on |G|.

Lemma 4.1. Let M > 0 be a positive real and (C,G) a big action satisfying condition Cpr. Then
the order of G' is bounded as follows:

dp 24 M+2V1+ M
(p—1) M? '

Thus, |G'| takes a finite number of values when (C,G) runs over Sy;.

p<|G| <

Proof: We first recall that G’ = G is a non-trivial p-group (see Section 2). Now write the lower
ramification filtration of G at oo:

G=Go=G12Gr=...=Giy 2 Gis1=...
. G2 /G; m
Put |G2/Giy41] = p™, with m > 1, and B, := % (|G‘2/2o{io+0;\rl—|1)2 = % (p,,{’_l)Q. By [LMO05] (Theorem

L G2/Gigt1l® .
8.6), M < ‘g%l implies 1 < |G| < %M% = p" By,. From |G| = p™|Gyy11|, we infer

1 < |Gig41] < B, Since (Bp,)m>1 is a decreasing sequence which tends to 0 as m grows large,
we conclude that m is bounded. More precisely, m < my where mgq is the smallest integer such
that B,,, < 1. Since M < (pfili)z < 8 (see Remark 2.3), computation shows that B,, < 1 < p™ >
(M) = 2+M+ VIEM “Since (Byn)m>1 is decreasing,

m o(M 4
|G2‘ <p"Bn §¢(M)Bl (]W)(p—pl)Q

The claim follows. O

Next we deduce that, for big actions (C, G) satisfying condition Cps, an upper bound on |V| induces
an upper bound on the genus g of C.

Corollary 4.2. Let M > 0 be a positive real and (C,G) a big action satisfying condition Cpy. Then
1 2 24+M+2V1+M
< V1.
p—1 M?

This raises the following problem. If (C, G) is a big action satisfying condition Cp;, in which cases

b
G|V
g <16vIP

is |V| (and then g) bounded from above? In other words, in which cases does the quotient |%‘ take a
finite number of values when (C, G) runs over Sy;? This question leads to a purely group-theoretic
discussion on the inclusion Fratt(G’) C [G’, G], where Fratt(G’) means the Frattini subgroup of G’
and [G', G] denotes the commutator subgroup of G’ and G.



4.2 Preliminaries to a group-theoretic discussion.

We now introduce two groups Fratt(G’) and [G’, G], both of them playing a major role in the study
of big actions. Indeed, Fratt(G’) is trivial if and only if G’ is p-elementary abelian whereas [G’, G|
is trivial if and only if G’ is included in the center of G. These two cases have been investigated in
[Ro09].

Lemma 4.3. Let (C,G) be a big action. If the derived group G’ is included in the center Z(G) of
G, then G’ is p-elementary abelian.

Proof: The hypothesis first requires G’ = G4 to be abelian. Now, assume that G5 has exponent
strictly greater than p. Then there exists a surjective map ¢ : Gy — Z/p?Z. So H := Ker¢ C Gy C
Z(@G) is a normal subgroup of G. It follows from Proposition 2.4 .4 that the pair (C/H,G/H) is
a big action with second ramification group (G/H )y ~ Z/p?Z. This contradicts [MRO08] (Theorem
5.1). O

Lemma 4.4. Let (C,G) be a big action. Let [G',G] be the commutator subgroup of G’ and G.
1. Then the following assertions are equivalent.

(a) The group [G',G] is trivial
(b) The derived group G’ is included in the center Z(G).

(¢) The function field of the curve C is parametrized by n Artin-Schreier equations:

where S; is an additive polynomial of k[X] with degree s; > 1 in F and s1 < s2... < sp,.
Moreover, V. C Mi<i<nZ(Ady,) where Ady, denotes the palindromic polynomial related
to fi as defined in [Ro09] (Proposition 2.16). In particular, each Ady, is an additive
polynomial of degree p>5i.

2. The group [G', G| is strictly included in G'.

3. Put H := |G',G]. The pair (C/H,G/H) is a big action. Moreover, its second ramification
group (G/H)2 = (G/H) = Gy/H C Z(G/H) is p-elementary abelian.

Proof:

1. The equivalence between the two first statements is clear. Now, if the second assertion is true,
we deduce from Lemma 4.3 that G’ is p-elementary abelian. Then the parametrization of the
function field comes from [Ro09] (Proposition 2.16). The converse also derives from [Ro09]
(Proposition 2.16).

2. Since G’ is normal in G, then [G',G] C G'. Assume that G’ = [G’, G]. Then the lower central
series of G is stationnary, which contradicts the fact that the p-group G is nilpotent (see e.g.
[Su86] Chap.4). So [G',G] € G.

3. Since H C G’ = G4 is normal in G, it follows from Proposition 2.4 .4 that the pair (C/H,G/H)
is a big action with second ramification group (G/H)s = Go/H. From H = [G2, G], we gather
that Go/H = (G/H)y C Z(G/H). Therefore, we deduce from Lemma 4.3 that (G/H)s is
p-elementary abelian. [J

Lemma 4.5. Let (C,G) be a big action. Let Fratt(G') be the Frattini subgroup of G'.
1. Then Fratt(G') is trivial if and only if G’ is an elementary abelian p-group.
2. We have the following inclusions Fratt(G') C [G',G] € G'.

3. Put F := Fratt(G"). The pair (C/F,G/F) is a big action. Moreover, its second ramification
group (G/F)es = Go/F = G'/F is p-elementary abelian.

4. Let M > 0 be a positive real. If (C,G) satisfies condition Cpr, then (C/F,G/F) also satisfies
condition Cyy.

Proof:



1. Since G’ is a p-group, Fratt(G') = (G')' (G')P, where (G')’ means the derived subgroup of G’
and (G')? the subgroup generated by the p powers of elements of G’ (cf. [LGMO02] Proposition
1.2.4). This proves that if G’ is p-elementary abelian, then Fratt(G') is trivial. The converse
derives from the fact that G’/Fratt(G’) is p-elementary abelian (cf. [LGMO02] Proposition
1.2.4).

2. Using Lemma 4.4, the only inclusion that has to be shown is Fratt(G') = [G',G'|(G')P C
[G’,G]. On the one hand, [G',G'] C [G’,G]. On the other hand, by Lemma 4.5, G'/[G’, G] is
p-elementary abelian. It follows that (G")P C [G', G].

3. Since F C G’ = G2 is normal in G, we deduce from Proposition 2.4 .4 that the pair (C/F,G/F)
is a big action with second ramification group (G/F)s = G2/F = G'/F. Moreover, since G
is a p-group, G2/ F is an elementary abelian p-group (see above).

4. This derives from [LMO05] (Proposition 8.5 (ii)). O

This leads to discuss according to whether Fratt(G') C [G', G] or Fratt(G') = [G’, G]. We shall start
with the special case {e} = Fratt(G’) C [G', G|, i.e. G’ is p-elementary abelian and G’ ¢ Z(G).

Gl

0 be a positive real and (C,G) a big action satisfying condition Cyy.
C [G',G]. Then |V| and g are bounded as follows:

4.3 Case: Fratt(G’)

Proposition 4.6. Let M
Suppose that {e} = Fratt(G’)

-
>

4 |G| _ 16p 2+ M+2VT+M

Vi< — 4

N1 e-vr e W
and ( 2

p—l 32p 2+ M+2JI+M

— V| < . 5
Thus, under these conditions, g, |V| and the quotient ‘ | take a finite number of values when (C, G)

runs over Syy.

Proof: Write G' = Gy ~ (Z/pZ)", with n > 1. Since G’ ¢ Z(G), Lemma 4.4 ensures the existence
of a smaller integer jo > 1 such that f;,+1(X) cannot be written as ¢ X + X 5(X), with S an additive
polynomial. If jo > 2, it follows that, for all y in V| the coefficients of the matrix L(y) as defined
in Recall 2.7.3 satisfy £; ;(y) = 0 for all 2 < j < jop and 1 <4 < j — 1. Moreover, the matricial
multiplication proves that, for all ¢ in {1,..., jo}, the functions ¢; ;,+1 are linear forms from V to F,,.
Because of the form of fj,+1(X), the maps ¢; j,+1’s cannot be all zero. Put U := [, ,; Kert; j,11.
Thus, U is the intersection of at most jo hyperplanes of V. As a consequence, dim;U > dimV — jo,
which gives

v
Ul > 6
vl= . (6)

Let Cy, ., be the curve parametrized by W? — W = fj,11(X). It defines an étale cover of the
affine line with group I'g ~ Z/pZ. Since, for all y in U, fi;+1(X +y) = fiy+1(X) mod p(k[X]),
the group of translations of the affine line: {X — X + y, y € U} can be extended to a p-group of
automorphisms of the curve Cy, ., say I, with the following exact sequence

0—Ty~Z/pZ —T — U —0.

The pair (C Fio +1,I') is not a big action. Otherwise, its second ramification group would be p-cyclic,
which contradicts the form of the function f; 41(X), as compared with [MRO8] (Proposition 2.5).

T _ 2p U] 2p : |V .
Thus, e S Coere) < . Using (6), we obtain To < |U] < (mjo+1 — 1). Combined

with the formula given in Recall 2.7, this inequality yields a lower bound on the genus, namely

Z = 1) 2 P mgega 1) 2 PV

It follows that M < |g£2| = |G/g|2‘V| < (pﬂ)G;l\w . Using Lemma 4.1, we gather inequality (4). Inequality

(5) then derives from Corollary 4.2. O

The following corollary generalizes the finiteness result of Proposition 4.6 to all big actions satisfying
condition Cp; with Fratt(G’) € [G/, G].



Corollary 4.7. Let M > 0 be a positive real and (C,G) a big action satisfying condition Cyy.
Suppose that Fratt(G') C [G', G]. Then |V| and g are bounded by the same bounds as in Proposition
|G|

4.6. So the quotient e takes a finite number of values when (C,G) runs over Syy.

Proof: Put F := Fratt(G’). Lemma 4.5 asserts that the pair (C/F,G/F) is a big action satisfying
condition Cps whose second ramification group (G/F)s = G2/F is p-clementary abelian. Note that
the F,-vector space V' associated with the big action (C/F,G/F) is the same as the one related
to the initial big action (C,G). From F C [Ga, G|, we gather {e} C [G2/F,G/F], which implies
(G/F)y = (G/F) ¢ Z(G/F). We deduce that |V] is bounded from above as in Proposition 4.6.
Then the bound on g derives from Corollary 4.2. [J

4.4 Case: Fratt(G') = [G', G].
4.4.1 A preliminary remark.

It now remains to investigate the case where Fratt(G’) = [G’,G]. In particular, this equality is
satisfied when G’ is included in the center of G and so is p-elementary abelian (cf. Lemma 4.3). The
finiteness result on g obtained in the preceding section is no more true in this case, as illustrated by
the remark below.

Remark 4.8. Let s > 1 be an integer. Following [MRO08] (Proposition 2.5), consider the big action
(C,G) associated with the curve C : WP — W = X S(X) where S is an additive polynomial of k[X]
with degree p®. In this case, g = p%lps, V = Z(Ady) ~ (Z/pZ)* and G' = Gy ~ Z/pZ C Z(G).

It follows that ‘g%l = (pf’;)% So, for all M < (pfiq)g, (C,G) satisfies condition Cpr with {e} =

Fratt(G') = [G', G]. Nevertheless g = %ps grows arbitrary large with s.

Therefore, in this case, the quotient % is no more bounded when (C, G) runs over Sy;. This leads
1G]

to question the finiteness of another quotient, namely s

4.4.2 Case: Fratt(G') = [G',G] = {e}.

Proposition 4.9. Let M > 0 be a positive real and (C,G) a big action satisfying condition Cyy.
Assume that [G',G] = Fratt(G') = {e}. Then the quotient % takes a finite number of values when
(C,G) runs over Sy;.

Proof: Write G’ = G2 ~ (Z/pZ)™, with n > 1 and keep the notations of Lemma 4.4. First of all,
Lemma 4.1 implies that p™ can only take a finite number of values. Moreover, as recalled in Lemma
4.4,V C (N, Z(Ady,). Since Ady, has degree p**!, |G| = |G'||V| < p"T251. We compute the genus
by means of Recall 2.7.1:

It follows that
(€] 4p”

¢ T (- DA p )

0<M<

which implies
7

1 e 4p
1—1, 5;,—51\2 <
(Zp P S VM po12

Since p™ is bounded from above (Lemma 4.1), the set {s; — s1,7 € [1,n]} C N is also bounded, and
then finite. Thus, the quotient

92 — (p_ 1)2 (ipi—l si—s1)2

p
2s
p 4 i=1
takes a finite number of values. Moreover, from M < % = ‘Vqlf ", we infer that ﬁ < ]\}[’—7;2, which
implies ‘ '
P p251 p2 S1 pn 4pn 4pn
1< < =

LA < .
VI = Mg> Mp-1)20Q L, ptpsi=)2 = M(p—1)?



It follows that the set { 1727;} C N is bounded, and then finite, as well as the set {p‘;/;ll }. Therefore,
% = IJZLSL p;zl can only take a finite number of values. [

the quotient

The last case to explore is Fratt(G') = [G',G] # {e}. As shown in the next section, this case can
only occur when G’ is non-abelian. Note that we do not know yet examples of big actions with a
non-abelian G'.

4.4.3 Case: Fratt(G') = [G',G] # {e}.

Theorem 4.10. Assume that p > 2. Let (C,G) be a big action with Fratt(G') = [G’, G| # {e}.
Then G’ is non-abelian.

We deduce the following

Corollary 4.11. Assume that p > 2. Let M > 0 be a positive real. Then % only takes a finite

number of values when (C,G) runs over Sy.

Remark 4.12. Theorem 4.10 is no more true for p = 2. A counterexample is given by [MRO0S]
(Proposition 6.10). Indeed, keeping the notations of [MRO8] (Proposition 6.10), take ¢ = p°® with
p=2,e=2s—1ands>2 Put K=Fy,(X). Let L :=F, (X, W1,V1,W2) be the extension of K
parametrized by

225—1

Wi

225—1

. Wl _ X2371 (XQZS—I o X) Vl _ ‘/1 _ X2s—2 (X22s—1 - X)

[W17W2]2 - [Wh WQ] = [X1+2570} - [X1+257170}'

Let G be the p-group of F4-automorphisms of L constructed as in [MROS] (Proposition 6.10.3). Then
the formula established for gr, in [MRO8] (Proposition 6.10.4) shows that the pair (C,G) is a big
action as soon as s > 4. In this case, G' = Gy ~ Z)2%7 x (Z/2Z)%~* (cf. [MROS] Proposition

1

6.10.2). In particular, Fratt(G') # {e}. Moreover, since the functions X2 (X2 — X) and

X (X22571 — X) are products of two additive polynomials, it will be shown in the proof below (cf.
point 6) that [G', G] = Fratt(G') # {e}.

Proof of Theorem 4.10:
1. Preliminary remarks: the link with Theorem 5.1 in [MR0S].

(a) We first show that Theorem 4.10 implies Theorem 5.1 in [MRO08]. We recall that the
latter states that there is no big action (C, G) with Go(= G’) cyclic of exponent strictly
greater than p. So assume that there exists one and show that Theorem 4.10 leads to
a contradiction. If such a big action (C,G) exists, G’ = G is abelian and Fratt(G') =
(G")P # {e}. To apply Theorem 4.10 and then find a contradiction, it remains to show
that F' := Fratt(G') = [G’,G]. From Lemma 4.5, we infer that (C/F,G/F) is a big
action whose second ramification group (G/F)s = G2/ F is cyclic of order p as described
in [MRO8] (Proposition 2.5). Then (G/F)2 = (G/F)" C¢ Z(G/F) (use Lemma 4.4). It
follows from Lemma 4.4 that [G'/F,G/F] = [(G/F)',G/F] = {e}. Since F C G, this
induces {e} # F' = [G’, G]. Then Theorem 4.10 does not allow G’ to be abelian.

(b) The object of Theorem 4.10 is to prove that there exists no big action (C,G) with G’
abelian of exponent strictly greater than p, such that Fratt(G') = [G',G]. We have
just underlined that this theorem is a refinement of Theorem 5.1 in [MRO8]. That is
the reason why the proof of Theorem 4.10 follows to some extent the same canvas as
the proof of Theorem 5.1 in [MROS]. Nevertheless, to refine the arguments, we use the
formalism related to the ring filtration (2;);>1 of k[X] related to the additive polynomials
as introduced in Recall 2.7.4.

Now assume that there exists a big action (C, G) with G’ abelian of exponent strictly greater
than p such that Fratt(G') = [G', G].

2. One can first suppose that G' ~ Z/p*Z x (Z./pZ)", with r > 1.
Indeed, write G'/(G')P" ~ (Z/p*Z)* x (Z/pZ)®. By assumption, a > 1. Using [Su82] (Chapter
2, Theorem 19), one can find an index p-subgroup H of (G')?, normal in G’, such that (G/)p2 C
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H C (G')? € G’ = G3. Then we deduce from Proposition 2.4.4 that (C/H,G/H) is a big
action with second ramification group (G/H)' = (G/H)y = G2/ H ~ (Z/p*Z) x (Z/pZ)*+*—1L.
It remains to show that Fratt((G/H)") = [(G/H)',G/H]. Since G’ and (G/H)' are abelian,
Fratt(G') = (G')? and Fratt((G/H)') = ((G/H)")P. Since H C (G’)? and since H is normal in
G', we gather that Fratt((G/H)") = (G/H)")? = (G')?/H = Fratt(G')/H. Finally we deduce
from Fratt(G’) = [G’, G] that Fratt((G/H)'") = Fratt(G')/H = [(G/H)', G/ H].

. Parametrization of the function field.

We denote by L := k(C) the function field of C' and by k(X) := LY the subfield of L fixed
by G’. Following Artin-Schreier-Witt theory (also see [MRO8], proof of Theorem 5.1, point 2),
we introduce the Wy (F,)-module

o ©Wa(L)) N Wa(k[X])
pW(X])

where W5(L) means the ring of Witt vectors of length 2 with coordinates in L and p = F —id.
Using (cf. [Bou83] Chapter IX, Exercise 19), one can prove that A is isomorphic to the dual
of G’ with respect to the Artin-Schreier-Witt pairing

{GxA—ﬂ%@g
(gam) - [97W> =gr =,

where g € G C Auti(L), x € L satisfies pz € k[X] and pT denotes the class of px mod
p(k[X]).

Moreover, as a Z-module, A is generated by the classes modulo p(Ws(k[X])) of (fo(X), go(X))
and {(0, f;(X)) }1<i<r. In other words, L = k(X, W;, Vi)o<i<, is parametrized by the following
system of Artin-Schreier-Witt equations

o([Wo, Vo]) = [fo(X), go(X)] € Wa(k[X])

and

An exercise left to the reader shows that one can choose go(X) and each f;(X), for 0 <i <,
reduced modulo p(k[X]).

. We prove that fo € Xs.
As a Z-module, pA is generated by the class of (0, fo(X)) in A. By the Artin-Schreier-Witt
pairing, pA corresponds to the kernel G’[p] of the map

{ G - G
g—g°.

Thus, G'[p] € G’ = G5 is a normal subgroup of G. Then it follows from Proposition 2.4.4 that
the pair (C'/G'[p], G/G'[p]) is a big action parametrized by W? — W = f,(X) and with second
ramification group G'/G’[p] ~ Z/pZ. By [MRO8] (Proposition 2.5) fo(X) =X S(X)+cX €
k[X], where S is an additive polynomial of k{F'} with degree s > 1 in F. So fy € Y.

. The embedding problem.

Let V be the F,-vector subpsace of k defined as in Proposition 2.4. For any y € V, the
classes modulo (W2 (k[X])) of (fo(X +v), go(X +y)) and {(0, f;(X +y)) }1<i<, induces a new
generating system of A. As in [MRO8] (proof of Theorem 5.1, point 3), this is expressed by
the equation

VyeV, (fo(X +9),90(X +y) = (fo(X), 90(X)+ Y Li(y) fi( X)) mod p(Wa(k[X])) (7)
=0

where, for all ¢ in {0,...,7}, ¢; is a linear form from V to F,. On the second coordinate, (7)
reads
VyeV, Ayg) = go(X+y)—go(X) = li(y) fi(X)+coc(y, X) mod p(k[X]) (8)
i=0
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10.

where coc(y, X) corresponds to the cocycle due to the addition in the ring of Witt vectors.
More precisely,

SIS

coc(y,X) = yPt X7 4 lower degree terms in X (9)

i=1

For more details on calculation, we refer to [MRO8] (proof of Theorem 5.1, point 3 and Lemma
5.2).

We prove that each f; lies in Lo, for all i in {0,...,r}, if and only if Fratt(G') = [G', G].
Put F' := Fratt(G’). We deduce from Lemma 4.5 that (C'/F, G/F) is a big action whose second
ramification group (G/F) = (G/F)2 = G3/F is p-elementary abelian. The function field of
the curve C/F is then parametrized by the Artin-Schreier equation

Vie{0,...,r}, p(W;) = fi(X) e k[X].
Since F C [G’, G] (cf. Lemma 4.5),
F=[G",G)=[G2,G) & {e} = [G2/F,G/F| = [(G/F),G/F) < (G/F) C Z(G/F).

By Lemma 4.4, this occurs if and only if for all ¢ in {0,...,7}, fi(X) =X Si(X) + ¢; X € Zo.

We prove that gy does not belong to X,.

We first notice that the right-hand side of (8) does not belong to X,_1. Indeed, the monomial
Xp—14p7 ¢ ¥, — ¥p_1 occurs once in coc(y, X) but not in Y_._, £i(y) fi;(X) which lies in
Yo C ¥p_1 for p > 3. Now, assume that gy € £,. Then by [Ro09] (Lemma 3.9), the left-hand
side of (8), namely A, (go), lies in ¥,,_1, hence a contradiction.

Therefore, one can define an integer a such that X@ is the monomial of go(X) with highest
degree among those that do not belong to ¥X,. Note that since gy is reduced mod p(k[X]),
then a # 0 modulo p.

We prove thata —1>p — 1+ p°tL.

We have already seen that the monomial XP=140"" occurs in the right hand side of (8). In the
left-hand side of (8), Xp—14+p" g produced by monomials X of go(X) with b > p— 1+ p*+L.
If b > a, X® €Y, so Ay(X®) € ¥,_1, which is not the case of XP=147"" Tt follows that
XP~14P""" comes from monomials X® with a > b > p—1+p*TL. Hence the expected inequality.

We prove that p divides a — 1.
Assume that p does not divide @ — 1. In this case, the monomial X% ! is reduced modulo
p(k[X]) and (8) reads as follows:

Vye V. calgo)ay X Sy 1(X)+Ra—2(X) = coc(y, X))+ £i(y) fi(X) mod p(k[X]),
=0

where cq(go) # 0 denotes the coefficient of X in gg, Sp—1(X) is the polynomial in ¥,_,
produced by the monomials X of gy with b > a and R,_2(X) is the polynomial of k[X] with
degree lower than a — 2 produced by the monomials X of gy with b < a.

We first notice that X®~! does not occur in Sp_1(X). Otherwise, X*! € ¥, 1 and X =
X1 X € %, hence a contradiction. Likewise, X*~! does not occur in Y_;_, ¢;(y) fi(X) € s.
Otherwise, X* = X%~ 1 X € X3 C ¥, since p > 3. It follows that X*~! occurs in coc(y, X),
which requires @ — 1 < degcoc(y, X) = p — 1 + p**L. Then the previous point implies a — 1 =
p — 14 p>t!, which contradicts a # 0 modulo p.

Thus, p divides a — 1. So we can write @ = 1+ Ap?, with ¢ > 0, A prime to p and X > 2 because
of the definition of a. We also define jo :=a —p' =1+ (A — 1) p.

We search for the coefficient of the monomial X7° in the left-hand side of (8).
Since p does not divide jo, the monomial X7° is reduced modulo p(k[X]). In the left-hand
side of (8), namely A, (go) modulo p(k[X]), the monomial X7 comes from the monomials X°
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of go(X) with b > jo + 1. However, as seen above, the monomials X® with b > a produce in
A, (go) elements that belong to ¥, 1, whereas X0 ¢ ¥, ;. Otherwise, X = XJ X?' ¢ %,
which contradicts the definition of a. So we only have to consider the monomials X° of go(X)
with b € {jo + 1,...,a}. Then using the same arguments as those used in [MRO8] (proof of
Theorem 5.1, point 6), we conclude that the coefficient of X7 in the left-hand side of (8) is
T(y) where T(Y') denotes a polynomial of k[X] with degree p'.

11. We identify with the coefficient of X7 in the right-hand side of (8) and gather a contradiction.
As mentionned above, the monomial X7 does not occur in Y ;_, 4;(y) f;(X) € £ C ¥,,_4, for
p > 3. Assume that the monomial X70 appears in coc(y, X). This implies that jo < p—1+p*Tt.
Using the same arguments as in [MRO8] (proof of Theorem 5.1, point 7), we gather that
jo=1+(\—1)p' =1+ p*Tt. Then X’ lies in ¥, which leads to the same contradiction
as above. Therefore, the monomial X7 does not occur in the right-hand side of (8). Then
T(y) = 0 for all y in V, which means that |[V| < pt. Call Cy the curve whose function field
is parametrized by ©([Wo, Vo]) = [fo(X), go(X)]. The same calculation as in [MRO8] (proof of
Theorem 5.1, point 7) shows that gc, > p'™ (p — 1). Moreover, g > p" gc, (see e.g. [LMO5]
Proposition 8.5, formula (8)). Since |G| = |G2||V| < p*t7 Tt it follows that % =5 < ;Tpl,
hence a contradiction. O

. . . . G
5 Classification of big actions such that |g—2| > ﬁ.
We now pursue the classification of big actions initiated by Lehr and Matignon. In [LMO05], they char-
acterize the big actions (C, G) satisfying ‘g%‘ > ﬁ. In this section, we exhibit a parametrization

for big actions (C, G) satisfying condition (x), namely:

Gl 4
9>~ (P - 1%

As proved in [MRO8] (Proposition 4.1 and Proposition 4.2), this condition requires G’ (i.e. G3) to
be an elementary abelian p-group with order dividing p3. Since G cannot be trivial (cf. Propo-
sition 2.4), this leaves three possibilities: Ga ~ Z/pZ (Section 5.1), G ~ (Z/pZ)?* (Section 5.2),
G2 ~ (Z/pZ)? (Section 5.3). In each case, we shall distinguish the cases [G’, G] = Fratt(G')(= {e})
and [G', G] 2 Fratt(G')(= {e}).

Notation. Throughout this last part, the automorphim group A := Auty(C) and its wild inertia
subgroups Ap; are defined as in Section 3. For any group G, Z(G) means the center of G, G’ its
derived subgroup and Fratt(G) its Frattini subgroup.

Let (C,G) be a big action with G’ ~ (Z/pZ)™, n > 1. As seen in Recall 2.7.4, one can choose an
adapted basis {f1,..., fn} to parametrize the system of equations WP — W; = f;(X) of the Artin-
Schreier extension k(C)/k(C)E" such that each f; lies in X;41, i.e. is a linear combination over k
of products of at most ¢ + 1 additive polynomials of k[X]. Let V be the F,-vector space defined
in Proposition 2.4.3. For all y € V, the matrix L(y) and the maps ¢; ; : V — F,, are defined as in
Recall 2.7.3. For all map ¢, we write £ = 0 if £ is identically zero and £ # 0 otherwise.

When (C, G) is a big action with G’ ~ (Z/pZ)"™ and [G’, G] = {e}, we use the notations introduced
in Lemma 4.4. In particular, each function f; as mentionned above reads f;(X) = X S;(X)+¢; X €
k[X], where S; is an additive polynomial of k[X] with degree s; > 1 in F and s1 < s3... < s,,. Then
we define the palindromic polynomial Ady, as in [Ro09] (Proposition 2.16). Its set of zeroes denoted
by Z(Ady,) is an Fp-vector subspace of k.

5.1 Big actions satisfying condition (x) with G’ ~ Z/pZ.

The following description derives from Remark 3.1, Proposition 3.2 and [LMO05] (Theorem 1.1 T and
3.1).

Proposition 5.1. We keep the notations defined above.

1. The pair (C,G) is a big action with G' ~ Z/pZ if and only if C is birational to a curve Cy
parametrized by WP —W = f(X) = X S(X) € k[X], where S is a (monic) additive polynomial
with degree s > 1 in F.
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. In what follows, we assume that C is birational to a curve C¢ as described in the first point.

(a) If s > 2, Ax 1 is the unique p-Sylow subgroup of A.

(b) If s =1, there exists r := p> + 1 points of C: Py := o0, P1,..., P, such that (Ap, 1)o<i<r
are the p-Sylow subgroups of A. In this case, for all i in {1,...,1}, there exists o; € A
such that o;(P;) = oo.

In both cases, Ax1 is an extraspecial group (see [Su86] Definition 4.14) with exponent p (resp.
p?) if p>2 (resp. p=2) and order p**T*. Thus,

00— Z(Aoo,l) = (Aoo,l)/ ~ Z/pZ — Aoo,l L) Z(Adf) ~ (Z/pz)Zs 0.

Furthermore, (C, Aco,1), and so each (C,Ap, 1), with 1 < i < r, are big actions satisfying
condition (*)

. Let V be a vector subspace of Z(Ady) with dimension v over F,. Then (C,n=1(V)) is also a
big action satisfying condition (x) if and only if

if p#£2, 2s>wv>max{s+1,2s—3}
if p=2, 2s>v>max{s+1,2s—4}

This gives the different possibilities collected in the table below:

e | v | 5 ] v | G |
1 25 | s>11 Z(Ady)t Al
2 2s—1| s>2 | index p subgroup of Z(Ady) | index p subgroup of A 1
3 2s—2 | s>3 | index p? subgroup of Z(Ady) | index p? subgroup of A 1
4 25 —3 | s>4 | index p?® subgroup of Z(Ad;) | index p?® subgroup of A 1
5(=2) | 2s—4 | s>5 | index p* subgroup of Z(Ady) | index p* subgroup of A 1

case | [Gl/g | Gl/g? |
1 50 | e 0+ 1)%p
2 50 | g (0 1)
3 | etm O
4 %Zfﬁs (pzfl)z %721)2
5(0=2) | 2Bpt | iy B

T Note: In the case s = 1, this result is true up to conjugation by o; as defined in Proposition 5.1.

Remark 5.2. Note that, for p > 2, the solutions can be parametrized by s algebraically independent
variables over IFp,, namely the s coefficients of S assumed monic after an homothety on the variable
X. Note that s ~log g.

5.2 Big actions satisfying condition (x) with G’ ~ (Z/pZ)*.
5.2.1 Case [G',G] = Fratt(G') = {e}.

We deduce from [Ro09] (Proposition 4.3.3), Remark 3.1 and Proposition 3.2, the following descrip-
tion. For a complete proof and details of calculation, see [Ro08].

Proposition 5.3. Let (C,G) be a big action satisfying condition (x) with G' ~ (Z/pZ)?. Assume
that |[G',G] = {e} and keep the notations defined at the beginning of Section 5.

1. The pair (C, Aso,1) is a big action satisfying condition (x). Moreover, As 1 is a special group
(see [Su86] Definition 4.14) with exponent p (resp. p?) for p > 2 (resp. p = 2) and order
p?t2s1. Thus,

0 — Z(Aso1) = (Ase1) = (Z/pL)? — Aser > Z(Ady,) ~ (Z/pL)*™ — 0,

2. Moreover, s = s1 or s = s1 + 1.
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(a) If so = s1, G=n"Y(V), where V is a vector subspace of Z(Ady,) with dimension v over
F, such that 251 —2 < v < 2s;. Then A1 is a p-Sylow subgroup of A. It is normal
except if C is birational to the Hermitian curve W9 — W = X119 with q = p?.

(b) If so=514+1,V =Z(Ady,) and G = A1 is the unique p-Sylow subgroup of A.

The different possibilities are listed in the table below:

T TS v | G )
5>2 s 2s Z(Ady,) = Z(Ady,) Aco1
s>2 s 2s —1 | index p subgroup of Z(Ady,) | index p subgroup of A 1
s>3| s | 2s—2 [ index p? subgroup of Z(Ady,) | index p? subgroup of A 1
s>3 | s+1 2s Z(Ady,) Ason
| 1Gl/g | Gl/g? \
2p pT® 4 2
p—1 14p 12 P
2p P 4
p—1 14p -2 P
27}) psfl 4
p—1 1+p (p?=1)2
2p p'T* 4 p’(ptD)?
p=1 1+p | (p?-1)2 (1+p?)?

Since V' C Ni<i<2 Z(Ady,) (see Lemma 4.4), the difficulty in going further in the parametrization
of the functions f;’s lies in finding the GCD for the family of palindromic polynomials Ady,. The
simplest case is the one where all these palindromic polynomials are equal with V' = Z(Ady,). This
case has been fully described in [Ro09] (Section 4). In the other cases, one has to work in the
Ore ring of Laurent polynomials k{F, F~1} (see [El199] Section 3 or [Go96], 1.6) and introduce two
additive polynomials:

R:=]] (X—-y) and T :=ged{Ady Ady,}.
yev

Then, knowing that R divides T" which divides each Ady, and that we have information on their
respective degree, one can discuss relationships between these polynomials (see [Ro08] for a few
examples).

5.2.2 Case [G’,G] 2 Fratt(G') = {e}.

In this section, we first give the conditions satisfied by a big action (C,G) satisfying condition (x)
with G’ ~ (Z/pZ)? and [G’,G] # {e} (Proposition 5.4). Then we study the converse, namely we
indicate that these conditions induce such a big action (Remark 5.5). We finally discuss when two
such G-actions are equivalent in the way defined in the introduction (Remark 5.6). Note that such
a detailed study could be carried out in all cases mentionned in the next sections but would be too
technical to display.

Proposition 5.4. Let (C,G) be a big action satisfying condition (x) with G' ~ (Z/pZ)? and
[G',G] # {e}. We keep the notations defined at the beginning of Section 5.

1. (a) Then G = Aco1 is the unique p-Sylow subgroup of A.
(b) Foralliin {1,2}, fi € ¥;11 — X; and deg (f;) =1+ ip°, withp > 3 and s € {1,2}.
(c) Moreover, dimg, (V) = s + 1. More precisely, y € V' if and only if £12(y)P — £12(y) = 0.

2. There ezists a coordinate X for the projective line C /Gy such that the functions f;’s are
parametrized as follows:

() If s =1,
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p>3 p=3
f1 f(X) = XTP +ay X2 f(X) =X+ ap X2
% V = Z(Ady,) = Z(X7 +2d5 XP 1 X) V= Z(Ady,) = Z(X° + 2d3 X° 1 X)
fa F2(X) =b14op XTT2P 4 by, XZTP + b3 X5+ b X fo(X)=b; X7+ b5 X+ b, X
% 6 —
b1+2p b1+2p ek b7 =1
as 2a§:—b;€2p(b€+2p+b1+2p)<:>b1+2pGV—{O} Qng—bg—b;Q@thV—{O}
bayp batp = _b§+2p bs = —b
b3 3b§ = bl_-pr (b%-{Qp B b%-&-?p)
b1 by €k b€k
b1 Uio(y) =2 (bir2py” — 1o, y) Gay) =2(bry” —b3y)

Therefore, for p > 3, the solutions are parametrized by 2 algebraically independent variables over F,
namely bii2, € kX and by € k. For p = 3, as the monomial X® can be reduced mod p(k[X]), the
parameter bi4o, satisfies an additional algebraic relation: b6 = 1. Then by takes a finite number of

values.

In both cases (p =3 orp > 3),

Gl 2p  p? Gl 4 p*(p+1)?
= and — =75 5 5 -
g p—-11+2p g (-1 (1+2p)

(b) If s =2 and p > 3,

fl fl(X):X1+P2—|—a1+pX1+p+a2X2
Ady, X7 4l XY 245 XV 4ol XP+ X
fy F2(X) = bypgpe XTP2PT 4 by s XIFPTPT Ly o X2FPT Ly s XATPT Ly, X1H2P
+boip X 2P 4+ by p X 1P 4+ b3 X3+ by X2+ by X
bii2p bityap € kX
Do e by € KX
byt pyp? bjlg+p+p2 =2 b11)+2p (bg+1>2 bl—fgp + bg:—;?)
b1 Yy eV, ha(y) =2biiapy” +bipipey? +2b2i 0y
v V' is an index p-subgroup of Z(Ady,)
V=Z(2W,,, Xp; + (b117+p+1’§ — 2b142,) X7 + (§b§+p2 - b1+PtP2)Xp — 2by1p2 X)
1+p ] i a1f+g =0 h, — W, b;jpz - bgjzﬂ byta, — bgggg’
az 2a) = bg-&-pQ bl_—&z-ij + biv2p bZ_-ip2 + b12)+p2 bll)-_i-gg +2 bé:zlﬁ b’f;gp + b[f"‘QPbg;IQJZ
biiap Wiay = 302l —00ay bolpe + 020 g + 2620 5 W gl + by, 0207
by | =W B 2V W 4 b W — bt bit, — B
by | 38 =7 bity, — 030, bily,” — 36500 bilay — 3650 bita,” — iRy L 4 bRy by
by buige € 20, byl XP L bty O, 05D X
§ (bllj;gp —L_ b€)+2§) b;—i}p2 3+ b12)+;§) X? _2 b]f+2p b;—ip2 X)
b1+P blljer - _(bzl:gp + b§+p2 b;f2p + b127+;§) b11)+p2 — b11)+2p b;&p? b1+P2
b 2V = (e W3 + Vo Wb 7+ W b o
(B8 4o 0% + UL U8 4 bany UL ) brye
by by €k

Therefore, for p > 3, the solutions can be parametrized by 3 algebraically independent variables
over Iy, namely byop2 € K™, boye € kX and by € k. One also finds a fourth parameter by p2 which
runs over an F,-vector subspace of k, namely the set of zeroes of an additive separable polynomial
whose coefficients are rational functions in byygp2 and boy,2. So, for given bita, and baype, the
parameter by p2 takes a finite number of values.

Forp=3,
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fl(X): X10+G4X4—|—G,QX2
fo(X) = b1o X 413 X +b1y X +010 X0 + b7 X7 +b5 X+
by X 4+by X240, X

with ayg, ag, b1z, by, bs, by and by satisfying the same relations as above. But, this time, the
parameters big and byy are linked through an algebraic relation, namely:

b:ﬁg bfgg - bt131 bfgzl - b?g b?l + b%9 bfll =0.

In both cases (p =3 orp > 3),

G| 2p PP G| 4 p(p+1)?
Y -1 and 5 = 2 2
g p—11+4+2p g (p? = 1) (1+2p)

Remark 5.5. One can show that the conditions obtained in Proposition 5.4.2 conversely give a big
action (C,G) satisfying condition (x) with G' ~ (Z/pZ)? and [G',G] # {e}.

Indeed, take (b142p,b1) € (k*,k). Define f1(X), V, f2(X) and €12 as in Proposition 5.4.2 in
the case p > 3 and s = 1. Consider the curve C' parametrized by WP — W; = f;(X), 1 <i < 2.
Build 0 := 0y ., ., € Auty(C) such that

o(X)=X+y
O'(Wl) =W +Py(X) + 2z
a(Wa) = Wa + L1 2(y) Wi + Qy(X) + 22,

with

yeV

z1 €k such that  f1(y) = p(z1)
zo €k such that  fa(y) = p(22)
Py(X) € k[X] such that  f1(X +y) — f1(X) — fi(y) = p(Fy(X)), Py(0)=0

Qy(X) € k[X]  such that  fo(X +y) — f2(X) — fa(y) — lr.2(y) [1(X) = p(Qy(X)), Qy(0) =0.

Let G be the group generated by the automorphisms oy ., .,. Since z1 and zy are defined up to
translation by F,, the order of G is at least p* |V|. It follows that (C, Q) is a big action satisfying
condition (x) with G' ~ (Z/pZ)? and [G',G] # {e} as in Proposition 5.4. In particular, G = Au 1.

Proof of Proposition 5.4:

1. Since 41 2 # 0, the group G satisfies the third condition of [Ro09] (Proposition 5.2). Then, the
equality G = A 1 derives from [Ro09] (Corollary 5.7). The unicity of the p-Sylow subgroup
is explained in Remark 3.1. The second and third assertions come from [Ro09] (Theorem
5.6). Moreover, the description of V' displayed in (c) is due to [Ro09] (Proposition 2.12.2). It
remains to show that s = 1 or s = 2. Using the formula given in Recall 2.7.1, we compute
g = (172;1) P*+plime — 1)) = @ps(l + 2p). Since |G| = p**+*, condition (%) requires:

(pafl)z < |g£2| = (p2f1)2 ps—gp(—i);p)?' It follows that 3 —s > 0,ie 1 <s<2.

2. We merely explain the case s = 1. One can find a coordinate X for the projective line
C/Gy such that f1(X) = X 51(X) = X (X? + a2 X) (cf. [Ro09] Corollary 2.15). Then,
Ady, = F?+2ad5 F + I. From V C Z(Ady,) and dimg, Z(Ady,) =2 = s+ 1 = dimg, V, we
deduce that V' = Z(Ady,). Since f, € ¥3 — X9 with deg fo = 1+ 2p® and since the functions
fi’s are supposed to be reduced mod p(k[X]), equation (3) reads:

VyeV,  fa(X+y)— fo(X) =liz(y) 1(X)  mod p(k[X])
with fi(X) = X1HP 4 gy X2

and fQ(X):b1+2pX1+2p+b2+pX2+p+b1+pX1+p+b3X3+b2X2+b]X fOI'p>3
(resp. fg(X) = b1+2p X1+2p + b2+p X2+p + b1+p X1+p + b2 X2 + b1 X for p= 3)

Then, calculation gives the relations gathered in the table. Note that we find b;, € F,,. Since
we are working in the F,-space generated by f1(X) and f2(X), we can replace fo(X) with
f2(X) — bi4p f1(X), hence the expected formula. We solve the case s = 2 in the same way. O
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Remark 5.6. Consider the big actions described in Proposition 5.4. To simplify the problem, we
restrict to the case p > 3 and s = 1. A natural question is to wonder when two pairs of parameters
(bit2p,b1) and (V) q,,01) in (KX, k) give two equivalent G-curves C and C' in the way defined in
the introduction.

Let {g1(X), g2(X)} ( resp. {h1(X),h2(X)} ) be the specialization of the functions { f1(X), f2(X)}
corresponding to the parameters (bitap,b1) (resp. (biiq,,01) ). Call f a G-isomorphism: C — C".
As the ramification filtration is preserved by f, it induces a k-isomorphism f: C/G; — C'/G,
where the G;’s are the ramification groups of G at co € C (resp. at f(oo) € C' ). Using [Ro09]
(Theorem 5.8), this gives a k-isomorphism: Cg — Ch, where Cg, : WP =W = ¢1(X) and Cp, :
VP —V = hi(T). It follows from [LMO5] (Proposition 3.3) that there exists (a,b,c) € (k™ k,F))
such that T = aX + b and hy(aX 4+ b) = cg1(X) modulo p(k[X]). Calculations show that a € IF;
and b € Z(Adp,) which coincides with V' since s = 1.

Likewise, there exists (A\,p) € (F),Fy) such that ha(aX +b) = ha(aX) = Aga(X) + pg1(X)
modulo p(k[X]). Calculations show that this is equivalent to:

b} b}
W2 c B and WP =cWP (2E22)  with € FX. (10)
b1y2p P b1+2p P
Conversely, two pairs of parameters (biyap,b1) and (V) 1o,,01) in (k™ k) satisfying conditions
(10) give two equivalent G-curves.

Remark 5.7. One can now answer the second problem raised at the end of [Ro09] (Section 6).
Indeed, one notices that the family obtained for s = 2 is larger than the one obtained after the
additive base change: X = ZP +c¢Z, ¢ € k — {0} (see [MROS] Proposztzon 3.1) applied to the case

s = 1. Indeed, such a base change does not produce any monomial Z1+0% in f2(2).

5.3 Big actions satisfying condition (x) with G’ ~ (Z/pZ)3.
We begin with a preliminary remark which allows to use the results obtained in the preceding section.

Remark 5.8. Let (C,G) be a big action satisfying condition (x) with G'(= Ga) ~ (Z/pZ)>. We
keep the notations introduced at the beginning of Section 5.

1. Let Cy2 be the curve parametrized by the two equations: WP — W; = f;(X), with i € {1,2}.
Let Ao be the Fy-vector subspace of A generated by the classes of f1(X) and fo(X). Let
Hy 5 C G2 be the orthogonal of Ay o with respect to the Artin-Schreier pairing (see Recall
2.7.2). The pair C1 2 = C/H12 and G192 = G/H15. Then it follows from Proposition 2.4./
and [LM0O5] (Proposition 8.5 (ii)) that the pair (C1,2,G1,2) is a big action sastisfying condition
(%) with second ramification group isomorphic to (Z/pZ)*.

2. Likewise, if €23 = 0, the two equations: WP — W, = fi(X), with i € {1,3}, also parametrize a
big action satisfying condition (x) with second ramification group isomorphic to (Z/pZ)*

3. Similarly, if L12 = {13 = 0, the two equations: WP — W, = fi(X), with i € {2,3}, also
parametrize a big action satisfying condition (x) with second ramification group isomorphic to
(Z/p)2.

5.3.1 Case [G',G] = Fratt(G') = {e}.

Proposition 5.9. Let (C,G) be a big action satisfying condition (x) with G' ~ (Z/pZ)* and
[G',G] = {e}. We keep the notations defined at the beginning of Section 5.

1. Then G = A1 is a special group of exponent p (resp. p*) for p > 2 (resp. p=2) and order
p3t2s1. Thus,

0— Z(G) = G ~ (Z/pZ)3 SN e GIN Z(Adfl) = Z(Ade) — Z(Ade) ~ (Z/pZ)Qsl —0.

Moreover, G is a p-Sylow subgroup of A. It is normal except when C is birational to the
Hermitian curve: W — W = X4 with q = p3

2. There exists a coordinate X for the projective line C/Ga, s > 2, d > 2 dividing s, and v2, 3
in Fpa —Fy linearly independent over ¥y, by € k, c1 € k such that:
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f1 f1(X) =X S (X) with  S1(F) = Y30 aja F4 € k{F} a,=1
fo LX) =XS(X)+h X with S5 = 72 51

/3 f3(X)=XS3(X)+a X with Sy =3 5]

V |V =2(Ady,) =Z(Ady,) = Z(Ady,)

Therefore, the solutions can be parametrized by s + 4 algebraically independent variables over
F,, namely the s coefficients of S, vo € Fpa —Fp, y3 € Fpa —F, , b1 € k and ¢; € k.

Moreover,
G| _ 2p p* G| 4 Pip+1)°

= an —_ .
g p—11+p+p? g2 (P-1)?2 (1+p+p?)?

Proof: The idea is to use Remark 5.8 to show that dimg, (V') = 25s3. Then one can apply [Ro09]
(Proposition 4.2, Proposition 4.3 and Corollary 4.5). For a complete proof, see [Ro08] .

5.3.2 Case [(,G] 2 Fratt(G') = {e}.

Lemma 5.10. Let (C,G) be a big action satisfying condition (x) with G’ ~ (Z/pZ)?® and [G',G] #
{e}. We keep the notations introduced at the beginning of Section 5. Then one cannot have {1 5 =
62’3 =0.

Proof: the proof is based on calculation left to the reader. Otherwise, see [Ro08]. OJ
As a consequence, there are 3 cases to study:

{12 # 0 and ¢33 =0 (cf. Proposition 5.11).

l12=0o0r 335 # 0 (cf. Proposition 5.12).

l12#0or a3 # 0 (cf. Proposition 5.13).
For a complete proof of each of these propositions, see [Ro08].

Proposition 5.11. Let (C,G) be a big action satisfying condition (x) with G' ~ (Z/pZ)® and
[G',G] # {e}. We keep the notations defined at the beginning of Section 5. Assume that €12 # 0
and £2,3 =0.

1. Thenp > 5 and there exists a coordinate X for the projective line C /G2 such that the functions
fi’s can be parametrized as follows:

fl fl(X):X1+p+a2X2
1% V = Z(Ady,) = Z(X? +2d5 XP + X)
fo | fo(X) = b1yop X1T2P 4 by, X2PP b3 X3 + 01 X
bita2p bijop € kX
— 7
ay | 203 =—=b 7y, (bisap +b7,5,) € bigap €V — {0}
batp batp = _b:1)+2p
= 2
bs 3 bg - blpr (b1£2p _ b%+2p)
b1 by €k
lio C2(y) =2(b1s2py” — W10, Y)
/3 f3(X) = C1i0p XTT2P o, XZP 43 X3 + 01 X
C14+2p Ciy2p € KX
C1+2p € V. —{0}, c142, and bi42, Fp-independent
Co+p Cotp = *C€2+2p
C3 36237 = _cl_-pr (C%—f2p + C§+2p)
1 c1 €k
l13 bs(y) = 2(cre2py? — iy y)
{3 la3(y) =0

Therefore, the solutions are parametrized by 4 algebraically independent variables over Iy,
namely biyop € K™, ciqyop €KX, b1 €k and c1 € k.
Moreover,

1G] _ 2p P’ g 1GL_ 4 pP(p+1)°
g p—11+2p+2p? 9> (P*—-12 (1+2p+2p?)?
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2. In this case, G = Ao 1 @5 the unique p-Sylow subgroup of A.

Proposition 5.12. Let (C,G) be a big action satisfying condition () with G' ~ (Z/pZ)® and
[G',G] # {e}. We keep the notations defined at the beginning of Section 5. Assume that 12 = 0
and 5273 7é 0.

1. Thenp > 5 and there exists a coordinate X for the projective line C /Gy such that the functions
fi’s can be parametrized as follows:

LA ] fi(X) = X177 4 gy X2 |
f2 fo(X) = 72 (X" 4 a3 X2) + by X

b1 by €k

V2 72 €EFp2 — T,y

V | V=2(Ady,) = Z(Ady,) = Z(XP" + 248 XP° + X)

First case: by #0

_ 1+2p? 24p? 14p2
f3 fg(X) = C142p2 X +2p + Coqp2 X +p + Cl4p2 X +p
+Cl+pX1+p + c3 X3+ C2X2 +c X
C142p? Ciyap? €K
2 2 T
p° _ _ P
as 2&2 = —Cl+2p2 (Czlj_i_ng + 01+2p2) < Ciy2p2 € V- {O}
2
C24p2 Catp? = _C]f+2p2
2 _ 2 2p4 1+p4 2
C3 ) 3ch = 7611}2,;2 (3 C1+2;;2 + 4C;+2p2 5+ 031+2p2) ]
N _ —p —p +p—p°—p 1+p
€ 1= C14p2 C;ll)+p2 eEZ((C€+2p2+1+C€+2p2+C€+2p2 )X
—XUHP _XP X 1)
5.4, .3 2 3
by o
+p° _ 1+
Cl4p 0117+p =—e?
3 2 2 3 2
p° (p—1)" (p+1) _ p° (p~+1)
c2 4cq = Cp iy
7 3 5 7 5 3 2
-p p—p +p—p°—p _ p*+p*+p-1
+(C?Jr2p2 + 1+ C1i2 p? + C€+2p2 ) (cl+1)2 CIljerQ)
C1 c1 €k

Therefore, the solutions can be parametrized by 8 algebraically independent variables over
Fp, namely c140,2 € kK, ¢1 € k and v2 € Fp2 — F,. One also finds a fourth parameter

2
€ 1= Cipp2 — cf+p2 which runs over the set of zeroes of a polynomial whose coefficients are
rational functions in ciy9p2. So, for a given ci19p2, the parameter e takes a finite number of

values.

Second case: by =0

_ 1+2p? 2+p? 3
f3 f3(X)—Cl+2p2X 2P —|—02+sz P e X
C142p2 Ciy2p? €K
2 2 I
p* _ P
as 2ah = —c; 750 (€] 9,2 T Cry2p2) & Ciinp2 €V — {0}
2
C24p2 Cogp? = —C4 p2
7 _ ? 2p* 1+p” 2
C3 3C§ - _C§)+2p2 3 Cry2p? + 461+2p2 + Cl+2p2)
Cc1 c €k

In this case, the solutions can be parametrized by 3 algebraically independent variables over
Fp, namely ci10,2 € K™, c1 €k and y2 € Fpo — F,,.

In both cases,

@: 2p P’ and @: 4 pPp+1)
g p—11+p+2p? 9> (=17 (L+p+2p°)*

2. Moreover, G = A1 is the unique p-Sylow subgroup of A.
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The last case: ¢12 # 0 and {2 3 # 0, generalizes the results obtained in [Ro09] (Section 6.2).

Proposition 5.13. Let (C,G) be a big action satisfying condition (x) with G' ~ (Z/pZ)3 and
[G',G] # {e}. We keep the notations defined at the beginning of Section 5. Assume that €12 # 0
and 62’3 75 0.

1. Thenp > 11 and there exists a coordinate X for the projective line C /Gy such that the functions
fi’s can be parametrized as follows:

f1 f1(X) = X1P +ay X7

% V =Z(Ady,) = Z(XP +2d} XP + X)

fo f2o(X) = b14op XTT2P + by, X2TP 4 b3 X5+ by X
bit2p bitap € K*

— 3

as 25112):_b1f2p(b1+2p+b117+2p)<:>b1+2pGV_{O}

b2+p bQ-HD - 7brl,+2p
_ 2p2

bs 3 bg = blep (b1-€21p - b%+2p)

l12 Cio(y) =2 (biy2py® =010, v)

f3 f3(X) = cri3p XT3P 4 Cai0) X2T2P 140 X1TT2P ¢34, XOTP

teopp XFP by X1P 4oy X+ 3 X3+ o X2+ 1 X
C1+3p 3 C143p = 2 b%+2p
T
Co42p C242p = _bligp
2

C3+p Beayp = 20185 ,

Cy 6ch =0y, (bf+2p + bi£2p)
Cl42p Ci42p €V

C24p Cotp = —0117+2p

— 2 Z

c3 3c; = b1f2p (bit2p + b11)+2p) (C€+2p — Ci+2p)

Cltp Clip ck

bl 2 bllj - b;pr (Clljjp — Cl+P)

C2 2¢h = =0y, (A, Wl iny, + Cipbitay)

C1 c €k

s | Gs(y) =2(cipopy? i, —y) + 2075, 477 — 451112);] y'tr 42 b%f&p y?

=2(crpap ¥ — Ay ) +015(y)/2
(o3 lo3(y) =2 (142, y” — V715, y)

Therefore, the solutions can be parametrized by 3 algebraically independent variables over I,
namely bi42, € K™, ci4p € k and c¢1 € k. One also finds a fourth parameter ci42, which runs
over V. So, for a given biy2,, the parameter ciy2, takes a finite number of values.
Moreover,

— = and — = .
g p-11+2p+3p? 9 ®-12 (1+2p+3p*)?

G| 2p P’ G| 4 p*(p+1)?
2

2. G = A1 is the unique p-Sylow subgroup of A. Furthermore, Z(G) is cyclic of order p.
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