SEMICLASSICAL RESONANCES AND TRACE FORMULAE FOR NON-SEMI-BOUNDED HAMILTONIANS

MOUEZ DIMASSI AND VESSELIN PETKOV

1. Introduction

The formulas relating the scattering resonances and the trace of some functions of the perturbed and unperturbed operators play an important role in the scattering theory and in the analysis of the distributions of resonances. For compactly supported perturbations of the Laplacian in odd dimension a formula connecting the trace of the wave group to the resonances was proved by Lax- Phillips [24] and with successive extension by Bardos-Guillot-Ralston [3], Melrose [26], Sjöstrand- Zworski [39], Zworski [45].

Recently a substantial progress has been given in the analysis of the Schrödinger operator with long-range perturbations going to 0 as |x| −→ +∞ and the works around the trace formulae generated many results on the upper and lower bounds of resonances, the Breit-Wigner approximation and the Weyl-type asymptotics of the spectral shift function (see [36], [37], [28], [29], [6], [7], [9], [4], [5] and the references given there). The approach developed in these works cannot be applied directly to non semi-bounded Hamiltonians as Stark Hamiltonians like P_2(h) = −h^2Δ + V (x) + x_1 since the symbol |ξ|^2 + x_1 + V (x) does not converge to |ξ|^2 as |x| → +∞ and the operator P_2(h) is not elliptic.

We generalize for non semi-bounded Schrödinger type operators the result of [6] proving a representation of the derivative of the spectral shift function ξ(λ, h) related to the semi-classical resonances. We obtain the same result for Stark Hamiltonians P_2(h). Also we examine the resonances of the two-dimensional Schrödinger operator P_1(B, β) = (D_x −By)^2 +D^2_y +βx+V (x, y), B > 0, β > 0, with constant magnetic and electric fields. We define the resonances of P_1(B, β) and the spectral shift function ξ(λ), related to P_1(B, β) and P_0(B, β) = P_1(B, β) − V (x, y), without any restriction on B and β. For strong magnetic fields (B → ∞) we obtain a representation of the derivative of ξ(λ), a trace formula for tr(f(P_1(B, β) − f(P_0(B, β))) and an upper bound for the number of the resonances lying in {z ∈ C : |ℜz −(2n−1)B| ≤ αB, Imz ≥ μImθ}, 0 < α < 1, 0 < μ < 1, Imθ < 0. Moreover, for B → ∞ we examine the free resonances domains and show that the resonances are included in the neighborhoods {z ∈ C : |ℜz − (2n − 1)B| ≤ C_0}, where (2n − 1)B are the Landau levels and C_0 > 0 is a constant independent on B and n ∈ N^∗.

2. Long range perturbations

Consider two self-adjoint operators L_j = L_j(h), j = 1, 2, in L^2(R^n) and assume that

L_ju = � |ν|≤2

a_{j,ν}(x; h)(hD_x)^ν u, u ∈ C^∞_0 (R^n)

XI–1

with a_{j,ν}(x; h) = a_{j,ν}(x) independent of h for |ν| = 2 and a_{j,ν} ∈ C^∞_b (R^n) uniformly bounded with respect to h. Assume that there exists C > 0 such that

l_{j,0}(x, ξ) = � |ν|=2

a_{j,ν}(x)ξ^ν ≥ C|ξ|^2, (2.1)

� |ν|≤2

a_{j,ν}(x; h)ξ^ν −→ |ξ|^2, |x| −→ ∞ (2.2)

and suppose that � �a_{1,ν} (x; h) − a_{2,ν} (x; h) � �≤ O(1)⟨x⟩−n−ϵ_1 , ϵ_1 > 0, |ν| ≤ 2 (2.3)

uniformly with respect to h.

Next we assume that there exist θ_0 ∈]0,^π_2 [, ϵ > 0 and R_1 > R_0 so that the coefficients a_{j,ν} (x; h) of L_j can be extended holomorphically in x to

Γ = {rω : ω ∈ C^n, dist (ω, S^{n−1}) < ϵ, r ∈ C, r ∈ e^{i[0,θ0]}]R_1, +∞[}

and (2.2), (2.3) extend to Γ. The spectral shift function ξ(λ, h) is a distribution in D^′(R) such that for f(λ) ∈ C^∞_0 (R) we have

< ξ^′(λ, h), f(λ) >= tr � f(L_2) − f(L_1) � . We define the resonances w ∈ C_− by the complex scaling method as the eigenvalues of the complex scaling operators L_{j,θ}, j = 1, 2 (see [38], [36], [37]). Denote by Res L_j (h), j = 1, 2, the set of resonances of L_j (h) and introduce the notation [a_j ]^2_{j=1} = a_2 − a_1.

Theorem 1. Under the above assumptions let

Ω ⊂⊂ e^{]−2θ,2θ[}]0, +∞[, 0 < θ ≤ θ_0 < π/2

be an open simply connected set and let W ⊂⊂ Ω be an open simply connected relatively compact set which is symmetric with respect to R. Assume that J = Ω ∩ R^+, I = Ω ∩ R^+ are intervals. Then for λ ∈ I we have

ξ^′(λ, h) = 1 π Im r(λ, h) + � � w∈Res L_j ∩Ω, Im w≠0

−Im w π|λ − w|^2 + � w∈Res L_j ∩J

δ(λ − w)

�_2 j=1 ,

where r(z, h) = g_+(z, h) − g_+(z, h), g_+(z, h) is a function holomorphic in Ω and g_+(z, h) satisfies the estimate

|g_+(z, h)| ≤ C(W )h^{−n}, z ∈ W.

Remark. In the case of “black box” long-range perturbations, Theorem 1 is proved in [6] under the assumption that L_j(h) are semi-bounded from below. This assumption were removed in [11]. The novelty in our approach is the proof of formula (3.5) based on a complex analysis argument related to the behavior of the functions σ_±(z) in C_± (see Section 3).

XI–2

3. Stark Hamiltonians The Schrödinger operator describing the particles in a homogeneous electric field can be written in the form P_1(h) = −h^2Δ + βx_1, where β > 0, h > 0 and x = (x_1, x^′) ∈ R × R^{n−1}. The perturbation to the homogeneous electric field has the form P_2(h) = −h^2Δ + βx_1 + V (x), (3.1) where V (x) is a real-valued C^∞(R^n) function. We assume that |∂^αV (x)| ≤ C_α⟨x_1⟩^{−s1} ⟨x^′⟩^{−s2} , ∀α (3.2) for s_1 >^{n+1}_2 and s_2 > n − 1, where ⟨x⟩ = (1 + |x|^2)^{1/2}.

The assumption (3.1) insures that the operator f(P_2(h)) − f(P_1(h)) is trace class for every f ∈ C^∞_0 (R). We denote by ξ(λ, h) ∈ D^′(R) the spectral shift function defined by ⟨ξ^′(λ, h), f(λ)⟩ = tr � f(P_2(h)) − f(P_1(h)) � . The case h = 1 has been studied by many authors (see [2], [16], [17], [18], [21], [44], [33], [34], [35], [40]) and the scattering theory has been developed (see e.g. [2], [44], [33]). The problem of resonances has been examined mainly for β ↘ 0 and only the resonances close to a negative eigenvalue E_0 of −Δ + V (x) have been treated (see for instance [35], [40], [22], [21]).

In the following we suppose for simplicity that β = 1. To define the resonances, we assume that V admits a holomorphic extension in the x_1-variable into the region Γ_{δ0,R} := {z ∈ C : ℜz < R, |Im z| ≤ δ_0}, for some δ_0 > 0 and R > 0. We also assume that (3.2) remains true on Γ_{δ0, R} and |∂^αV (x_1, x^′)| ≤ C_α⟨|ℜx_1|⟩^{−s1} ⟨x^′⟩^{−s2} , ∀α. (3.3) Let χ_0 ∈ C^∞(R) be such that χ_0(t) = t for t ≤ −ϵ < 0 and χ_0(t) = 0 for t ≥ 0. Set v(t) = 1 − e^{χ0(t−R0 )}, where R_0 < R and for θ ∈ R define Φ_θ(x) = (x_1 + θv(x_1), x^′). We denote by J_θ(x) = det [DΦ_θ(x)] = 1 + θv^′(x_1) the Jacobian of Φ_θ(x). Then, for |θ| small, U(θ) defined by U(θ)f(x) = J^{1/2}_θ (x)f(Φ_θ(x)) is unitary on L^2(R^n).

We have

P_{1,θ}(h) := U(θ)P_1(h)U(θ)^{−1} = −h^2∇ � a_θ(x)∇ � + x_1 + θv(x_1) + h^2g_θ(x),

P_{2,θ}(h) := U(θ)P_2(h)U(θ)^{−1} = P_{1,θ}(h) + V (Φ_θ(x)), where a_θ(x) = (a_{θ,i,j}(x))_{i,j} is the diagonal matrix given by a_{θ,1,1}(x) = (1 + θv^′(x_1))^{−2}, a_{θ,j,j}(x) = 1, j ≠ 1.

By the analytic assumption, P_{j,θ}(h) admits a holomorphic extension in θ into a complex disk D(0, θ_0) ⊂ C with radius θ_0 ≤ δ_0. Consider an open simply connected relatively compact domain Ω_θ ⊂⊂ {z ∈ C : ℜz ≤ R_0 − 3ϵ, Im z ≥ α(1 − e^{−ϵ})Im θ}, where Im θ < 0, 0 < α < 1, ϵ > 0.

XI–3

Lemma 1. There exist θ_0 > 0, h_0 > 0 small enough such that for θ ∈ D(0, θ_0) with Im θ < 0, h ∈ ]0, h_0] we have σ(P_{1,θ}) ∩ Ω_θ = ∅.

Moreover, the operator (P_{2,θ}(h) − z) is a Fredholm one with index 0 for all z ∈ Ω_θ.

Let θ ∈ D(0, θ_0) and Im θ < 0. We say that z ∈ C is a resonance of P_{2,θ}(h) if dim Ker (P_{2,θ}(h) − z) > 0.

The resonances depend on h but they are independent on θ ∈ D(0, θ_0) with Im θ < 0. Moreover, there are no resonances with Im z ≥ 0.

3.1. Representation of ξ^′(λ, h) for Stark Hamiltonians

Let Ω = Ω_θ be the domain introduced above and let W be an open relatively compact subset of Ω. Assume that W and Ω are symmetric with respect to R and independent of h and suppose that J = Ω ∩ R, I = W ∩ R are intervals.

Theorem 2. Assume (3.3) with s_1 >^{n+1}_2 and s_2 > n − 1. Then ξ^′(λ, h) is real analytic in I and for λ ∈ I we have the representation

ξ^′(λ, h) = 1 π Im r(λ, h) + � z∈Res(P_2(h))∩Ω

−Im ω π|λ − z|^2 , where r(z, h) is a function holomorphic in Ω and |r(z, h)| ≤ C(W )h^{−n}, z ∈ W (3.4) with C(W ) > 0 independent on h ∈]0, h_0[.

Main steps of the proof of Theorem 2 • Following the approach of Sjöstrand [37], we construct an operator ^P_{2,θ}(h) : D → L^2(R^n) with the following properties:

K = ^P_{2,θ}(h) − P_{2,θ}(h) has rank O(h^{−n}),

( ^P_{2,θ}(h) − z)^{−1} = O(1) : L^2(R^n) → D, uniformly on z ∈ Ω. Let m > n/2 and define for ±Im z > 0 the functions

σ_±(z) = (z^2 + 1)^m × tr � (P_j (h) − i)^{−m}(P_j (h) + i)^{−m}(z − P_j(h))^{−1}

�_2 j=1 . • We prove that for f ∈ C^∞_0 (R) we have

⟨ξ^′, f⟩ = lim_{ϵ↘0} i 2π � f(λ) � σ_+(λ + iϵ) − σ_−(λ − iϵ) � dλ. (3.5)

Proposition 1. There exists a function a_+(z, h) holomorphic in Ω such that for z ∈ Ω ∩ Im z > 0 we have σ_+(z) = tr � (P_2 − z)^{−1}K( ^P_2 − z)^{−1} � + a_+(z, h).

Moreover, |a_+(z, h)| ≤ C(Ω)h^{−n}, z ∈ Ω.

XI–4

Next, to obtain a meromorphic continuation of σ_+(z) through the real axis, it suffices to do this for the trace involving K. Setting K̃ = K(z − ^P_2)^{−1}, we get the representation −tr � (P_2 − z)^{−1}K( ^P_2 − z)^{−1} � = tr � (1 + K̃(z))^{−1}∂_zK̃(z) � = ∂_z log det(1 + K̃(z)),

and the resonances of P_2 are precisely the zeros of the function z → det(1 + K̃(z)).

Now, Theorem 2 is a simple consequence of (3.5), Proposition 1 and the above equality. For the details we refer to [37], [6] and [11].

3.2 Applications

Using Theorem 2 and repeating the proof in [29], [6], we obtain the following local trace formula in the spirit of Sjöstrand [36], [37] Theorem 3. Assume that P_j(h), j = 1, 2, satisfy the assumptions of Sections 3.1, and let Ω be as in Theorem 2. Suppose that f is holomorphic on a neighborhood of Ω and that ψ ∈ C^∞_0 (R) satisfies

ψ(λ) = � 0, d(I, λ) > 2ϵ, 1, d(I, λ) < ϵ, where ϵ > 0 is sufficiently small. Then tr � (ψf)(P_j (h))

�_2 j=1 = � z∈ Res P_2(h) ∩ Ω

f(z) + E_{Ω,f,ψ}(h) (3.6)

with |E_{Ω,f,ψ}(h)| ≤ M(ψ, Ω)sup {|f(z)| : 0 ≤ d(Ω, z) ≤ 2ϵ , Im z ≤ 0}h^{−n} .

For the application of the above results to the Weyl-type asymptotics, we need the following weak asymptotics :

Theorem 4. Assume that V satisfies (3.2) with s_1 >^{n+1}_2 and s_2 > n − 1 and suppose that supp V ⊂ {x ∈ R^n : x_1 > R} for some R ∈ R. Then for f ∈ C^∞_0 (R) we have

tr(f(P_2(h)) − f(P_1(h))) ∼ ∞� j=0 a_j h^{j−n}, h ↘ 0,

with a_0 = −(2π)^{−n} � R^{2n}

(∂_{x1} V (x))f(|ξ|^2 + x_1 + V (x))dxdξ.

Theorem 5. In addition to the assumptions of Theorem 4 suppose that p_2(x, ξ) = |ξ|^2 +V (x)+x_1 is not critical on {(x, ξ) : p_2(x, ξ) = τ} for all τ ∈ [E_0, E_1], E_0 < E_1. Then there exist C_0 > 0 and h_0 small enough such that for θ ∈ C^∞_0 (] −^1_{C0} ,^1_{C0} [; R), θ = 1 in a neighborhood of 0, f ∈ C^∞_0 (]E_0, E_1[) and h ∈]0, h_0] we have for ∀m ∈ N, ∀N ∈ N tr � θ̂_h(τ − P_j (h))f(P_j (h))

�_2 j=1 � = (2πh)^{−n} � f(τ)

N−1� j=0 γ_j (τ)h^j + O(h^N ⟨τ⟩^{−m}) �

uniformly with respect to τ ∈ R. Here

θ̂_h(τ) = (2πh)^{−1} � e^{iτ t/h}θ(t)dt

is the semi-classical inverse Fourier transform of θ ∈ C^∞_0 (R).

XI–5

In the case where the operators P_i(h), i = 1, 2, are elliptic, Theorem 4 and Theorem 5 are well known (see [10], [19], [32] and the references given there). On the other hand, the approach developed in these papers cannot be applied directly to the case of non-elliptic operators. For potentials V satisfying supp_{x1} V ⊂ [R, +∞[, we show that

tr(f(P_2(h)) − f(P_1(h))) = −tr � (∂_{x1} V )f(P̃_2(h)) � + O(h^∞),

where P̃_2(h) is an elliptic operator. Consequently, the above theorems follows from the results for elliptic operators.

Theorem 6. Assume the assumptions of Theorem 5 fulfilled and suppose that E_1 < δ_1 = inf{x_1 ∈ R : x_1 ∈ supp_{x1} V }. Then there exists h_0 > 0 small enough such that for h ∈]0, h_0] we have ξ(λ, h) = (2πh)^{−n}c_0(λ) + O(h^{−n+1}), (3.7) uniformly on λ ∈ [E_0, E_1], where

c_0(λ) = − 1 n ω_n � R^n

∂_{x1} V (x)(λ − V (x) − x_1)^{n/2}_+ dx

with ω_n = vol S^{n−1}. Moreover, if

Res(P_2(h)) ∩ � [E_0, E_1] − i[0, Nh ln(1/h)] � = ∅, h ∈]0, h_N ], ∀N ∈ N,

then we have

ξ^′(λ, h) ∼ ∞� j=0 γ_j(λ)h^{j−n}, h ↘ 0

with γ_0(λ) = c^′_0(λ).

In the analysis of the counting function of eigenvalues, asymptotics like (3.7) are a simple consequence of Theorem 4, Theorem 5 and some Tauberian arguments. For the SSF, the main difficulty to establish (3.7) is that, in general, we do not know if ξ(λ, h) is monotone with respect to λ and we cannot apply Tauberian theorems. To overcome this difficulty, we use the representation formula given in Theorem 2. In fact, Theorem 2 allows us to consider the integrals of the sum of the harmonic measures ω_{C−} (z) related to the resonances z, Im z < 0, as a monotonic function and to apply a Tauberian argument as for the counting function of eigenvalues (see [27], [6]). Here the harmonic measures ω_{C−} (z) have the form

ω_{C−} (z)(E) = − 1 π � E Im z |t − z|^2 dt, E ⊂ R.

For the term involving r(z, h) we use the estimate (3.4).

4. Stark Hamiltonian with strong magnetic field The two-dimensional Schrödinger operator with electric and homogeneous magnetic fields can be written in the form

P_1(B, β) = P_0(B, β) + V (x, y), P_0(B, β) = (D_x − By)^2 + D^2_y + βx, D_ν = −i ∂ ∂ν , where B and β are proportional to the strength of the homogeneous magnetic and electric fields. We assume that V satisfies (3.3) in Γ_{δ0,+∞} = {z ∈ C : |Im z| ≤ δ_0}, where now x_1 = x and x^′ = y.

XI–6

The essential spectrum of P_1(B, 0) and P_0(B, 0) are the same and it is well known that the spectrum of the operator P_0(B, 0) is given by ∪^∞_{n=1}{(2n − 1)B}.

The numbers λ_n = (2n−1)B, n ∈ N^∗, called Landau levels, are the eigenvalues of infinite multiplicity (see [1]). Outside the Landau levels we have discrete eigenvalues caused by the potential V . The presence of electric field creates resonances which will be characterized as the eigenvalues of a distorted operator P_1(B, θ), Im θ < 0.

The spectral properties of the 2D Schrödinger operator P_1(B, 0) have been intensively studied in the last ten years. In the case of perturbations the Landau levels λ_n become accumulation points of the eigenvalues of P_1(B, 0) and the asymptotics of the function counting the number of the eigenvalues lying in a neighborhood of λ_n have been examined by many authors in different aspects (see [30], [19], [20], [31], [25] and the references given there). We would like to mention that it seems difficult to obtain a trace formula involving some summation over the eigenvalues close to a Landau level (see [23] for a result in this direction).

For the 2D Schrödinger operator with crossed magnetic and electric fields (β ≠ 0) the situation completely changes and σ_{ess}P_0(B, β) = σ_{ess}P_1(B, β) = R. For decreasing potentials the operator P_1(B, β) can have embedded eigenvalues λ ∈ R, but this question seems not sufficiently investigated. From physical point of view, it is expected that V (x, y) creates resonances z ∈ C, Im z ≤ 0, and it natural to define and to study the spectral shift function (SSF) ξ(λ) related to P_1(B, β) and P_0(B, β). There are only few works treating magnetic Stark resonances. The case B → ∞ was studied in [41], [42], while the case β → 0 has been examined in [13], [14] (see also [40]). In these works the authors study mainly the resonances close to the eigenvalues of the non-perturbed operator P_0(B, β). Moreover, in [41] the complex scaling and the definition of the resonances for B → ∞ lead to some difficulties when we try to show that there are no resonances z with Im z > 0 and this was an open problem in [41]. We can define SSF following the general setup [43] , but to our best knowledge the SSF for magnetic Stark Hamiltonians has been not investigated, as well as there are no trace formulae involving the resonances lying in a compact domain in C.

4.1 Resonances for magnetic Stark Hamiltonians

From now on we assume that β = 1, and we write P_j (B) instead of P_j (B, β). Let D(0, θ_0) be the disk in C of center 0 and radius θ_0 > 0. For θ ∈ D(0, θ_0), θ_0 > 0 small, we will use the dilatation (x, y) −→ (x + θ, y). More precisely, for θ ∈ R, consider the unitary operator

U_θ : L^2(R^2) → L^2(R^2), f → f(x + θ, y).

It is clear that U^{−1}_θ P_0(B)U_θ := P̃_0(B, θ) = P_0(B) + θ, (4.1) U^{−1}_θ P_1(B)U_θ = P_1(B, θ) = P_0(B, θ) + V (x + θ, y). (4.2) Using the analytic assumption on V , we obtain

Lemma 2. There exists θ_0 > 0 such that the self-adjoint operator P_1(B, θ), defined for θ ∈]−θ_0, θ_0[, extends to an analytic type-A family of operators on D(0, θ_0) with the same domain D as that of P̃_0(B, 0). Moreover,

σ_{ess}(P_1(B, θ)) = σ_{ess}(P_0(B, θ)) = σ(P_0(B, θ)) = {λ + θ; λ ∈ R}.

XI–7

Definition 1. Let Im θ < 0. We say that z ∈ Ω_θ is a resonance of P_1(B) if dim Ker (P_1(B, θ) − z) > 0.

As in section 3, we show that P_1(B) has no resonances z with Im z > 0, as well as, that the resonances in {z ∈ C : Imz > Im θ_2 > Im θ_1} are independent of the choice of θ satisfying the condition 0 > Im θ_2 ≥ Im θ ≥ Im θ_1. We define the multiplicity of a resonance z_0 by m(z_0) = rank 1 2πi � γ_ν (z_0)

(z − P̃_1(B, θ))^{−1}dz,

where γ_ϵ(z_0) = {z = z_0 + νe^{iφ}, 0 ≤ φ < 2π} and ν > 0 is small enough. In the following we fix θ ∈ D(0, θ_0) with Im θ < 0 and we denote the resonances of P_1(B) by Res P_1(B).

Proposition 2. Let V satisfy (3.3) with s_1 > 2 and s_2 > 1 and assume that 1 + ∂_xV (x, y) > 0.

Then, there exists θ_0 , Im θ_0 < 0, such that P_1(B) has no resonances in Ω_{θ0} . Proof. First, since ∂_xV (x, y) tends to 0 when |(x, y)| tends to infinity, it follows from our assumptions that 1 + ∂_xV (x, y) ≥ η > 0, uniformly on (x, y) ∈ R^2. For u in the domain of P_0(B) we have −Im ((P_1(B, θ) − z)u, u) = (Im z − Im θ)‖u‖^2 − Im (V (· + θ, ·)u, u).

Applying Taylor formula for the function θ → V (x + θ, y), we obtain Im V (x + θ, y) = Im θ ∂_xV (x + ℜθ, y) + O(|Im θ|^2).

Thus

−Im ((P_1(B, θ) − z)u, u) = Im z‖u‖^2 − Im θ((1 + ∂_xV (· + ℜθ, ·))u, u) + O(|Im θ|^2)‖u‖^2. Next, we choose Im θ < 0 small enough, and using the above inequality we get the proposition. □ 4.2. Representation of the derivative of the spectral shift function for strong magnetic fields

In this section we will examine the case of strong magnetic field characterized by B → ∞. For simplicity we assume θ ∈ iR. First, by using a symplectic change of variables (see [8], [19], [15]), there exists an unitary operator U such that P̃_0(B, θ) = U^{−1}P_0(B, θ)U = B(D^2_y + y^2) + x + θ − 1 4B^2 , P̃_1(B, θ) = U^{−1}P_1(B, θ)U = P̃_0(B, θ) + V^ω , where V^ω := V^ω(x + θ − B^{−1/2}D_y − 1 2B^2

, B^{−1/2}y + B^{−1}D_x).

Let φ_n be the n-th real normalized Hermite function given by (D^2_y + y^2)φ_n = (2n + 1)φ_n, ‖φ_n‖ = 1, n ∈ N.

XI–8

Fix 0 < α < 2, 0 < α_1 and 0 < μ < 1. Set Ω_n = {z ∈ C : |ℜz − (2n + 1)B| ≤ αB, α_1B ≥ Im z ≥ μ Imθ} .

Let Π be the spectral projection corresponding to eigenspace generated by φ_n. Proposition 3. For B ≫ 1 sufficiently large and z ∈ Ω_n the operator � (I − Π)P̃_1(B, θ)(I − Π) − z �_{−1} (I − Π) is well defined and there exists a constant γ > 0, independent on B, such that ‖ � (I − Π)P̃_1(B, θ) − z � (I − Π)u‖ ≥ γ|Im θ|‖(I − Π)u‖, u ∈ D (4.3) uniformly with respect to z ∈ Ω_n.

The existence of double characteristics of the operator (D_x − By)^2 + D^2_y which is not globally elliptic, combined with the Stark effects caused by x, lead to several difficulties. In particular, the proof of Proposition 3 is rather technical and too long and we refer to Proposition 3 in [12] for more details.

Let us introduce the following operators L_1(B, θ) = (I − Π) � B(D^2_y + y^2) + x + θ − 1 4B^2

+ V^ω � (I − Π) ,

L_2(B, θ) = Π � B(D^2_y + y^2) + x + θ − 1 4B^2 � Π , W^ω = (I − Π)V^ωΠ + ΠV^ω(I − Π) + ΠV^ωΠ .

It clear that L_1(B, θ) + L_2(B, θ) − z + W^ω = P̃_1(B, θ) − z .

The operator L̃(B, θ) − z = L_1(B, θ) + L_2(B, θ) − z is invertible for z ∈ Ω_n. In fact, we have ‖(L̃(B, θ) − z)u‖^2 = ‖(L_1(B, θ) − z)(I − Π)u‖^2 + ‖(L_2(B, θ) − z)Πu‖^2 .

For the first term at the right hand side we apply Proposition 3, while for the second one we estimate the imaginary part of (L_2(B, θ) − z)Πu, Πu). Thus for z ∈ Ω_n we obtain ‖(L̃(B, θ) − z)u‖^2 ≥ γ_1‖(I − Π)u‖^2 + γ_2‖Πu‖^2 ≥ γ_3‖u‖^2, γ_j > 0, j = 1, 2, 3 .

Since [Π, V^ω] = O(B^{−1/2}), for B large enough the operator L(B, θ) − z = L̃(B, θ) + (I − Π)V^ωΠ + ΠV^ω(I − Π) − z is invertible for z ∈ Ω_n. On the other hand, by the h-pseudodifferential calculus (see for instance [10]) K = ΠV^ωΠ is an h- pseudodifferential operator in L^2(R^2), and ‖K‖_{tr} ≤ CB (4.4) with a constant C > 0, independent on B. Thus we have the following Theorem 7. Let B be sufficiently large. Then for z ∈ Ω_n we have z − P̃_1(B, θ) = z − L(B, θ) − K (4.5) and the operator z − L(B, θ) is invertible for z ∈ Ω_n.

XI–9

Denote by ξ(λ, B) the spectral shift function related to operators P_1(B), P_0(B). Let Ω ⊂ Ω_n and let W be an open relatively compact subset of Ω. Suppose that J = Ω ∩ R, I = W ∩ R are intervals. Now, repeating the proof of Theorem 2 and using the above theorem, we obtain the following

Theorem 8. Let V satisfy (3.3) with s_1 > 2 and s_2 > 1. Then for B sufficiently large and λ ∈ I we have the representation

ξ^′(λ, B) = 1 π Im r(λ, B) + � z∈Res (P_1(B))∩Ω, Im z<0

−Im z π|λ − z|^2 + � z∈σ_{pp}(P_1(B))∩J

δ(λ − z), (4.6)

where r(z, B) is a function holomorphic in Ω and

|r(z, B)| ≤ C(W )B, z ∈ W. (4.7)

According to Proposition 3, the invertibility of (P̃_1(B, θ) − z) for z ∈ Ω_n is reduced to the invertibility of Π~(P_1(B, θ) − z)Π + O(B^{−1/2}). Hence, considering a suitable Grushin problem, we can reduce the spectral study of P̃_1(B, θ) in Ω_n to the study of a h-pseudodifferential operator E_{−+}(z, θ, h). Moreover, the leading term of the symbol of E_{−+}(z, θ, h) can be explicitly calculated (see [12], section 6). In particular, by using the formula of E_{−+}(z, θ, h), we obtain the following

Proposition 4. Let 0 < μ < 1, n ∈ N be fixed. Then there exists a constant C_0 > 0, independent on B, and B_n such that for B ≥ B_n, the operator P_1(B) has no resonances z lying in the domain

{z ∈ C : C_0 ≤ |ℜz − (2n − 1)B| ≤ B, Im z ≥ μ Im θ}.

Moreover, there are no resonances z with ℜz < αB, 0 < α < 1.

Remark. Our results implies that the Landau levels λ_n are the only points that may play the role of attractors of resonances creating the gaps and free resonances regions. For fixed B it is proved in [13] that there are no resonances z of P_1(B) with |ℜz| ≥ R_0(B) > 0. In this direction the above proposition says that we have no resonances with negative real part.

References

[1] J. Avron, I. Herbst and B. Simon, Schrödinger operators with magnetic fields. I. General interactions, Duke Math. J. 45 (1978), 847-883.

[2] J. Avron, I. W. Herbst, Spectral and scattering theory of Schrödinger operators related to the Stark effect, Commun. Math. Phys. 52 (1977), 239-254.

[3] E. Bardos, J-C. Guillot and J. Ralston, La relation de Poisson pour l’équation des ondes dans un ouvert nonborné. Commun. PDE. 7, 905–958 (1982).

[4] J.-F. Bony, Résonances dans des domaines de taille h, Inter. Math. Res. Not. 16 (2001), 817-847. [5] J.-F. Bony, Minoration du nombre de résonances engendrées par une trajectoire fermée, Commun. PDE. 27 (2002), 1021-1078.

[6] V. Bruneau, V. Petkov, Meromorphic continuation of the spectral shift function, Duke Math. J. 116 (2003), 389-430.

[7] V. Bruneau, V. Petkov, Eigenvalues of the reference operator and semiclassical resonances, J. Funct. Anal. 202 (2003), 571- 590.

[8] M. Dimassi, Développements asymptotiques de l’opérateur de Schrödinger avec champ magnétique fort, Commun.

PDE. 26 (2001), 596-627.

[9] M. Dimassi, Spectral shift function and resonances for perturbations of periodic Schrödinger operators, to appear in J. Funct. Anal.

[10] M. Dimassi and J. Sjöstrand, Spectral asymptotics in the semi-classical limit, London Mathematical Society Lecture Note Series, 268, Cambridge University Press, Cambridge, 1999. xii+227. XI–10

[11] M. Dimassi and V. Petkov, Spectral shift function and resonances for non semi-bounded and Stark Hamiltonians, Journal Math. Pures et Appl. 82 (2003), 1303-1342.

[12] M. Dimassi and V. Petkov, Resonances for magnetic Hamiltonians in two dimensional case, Preprint, 2004 (mp-arc 04-137).

[13] C. Ferrari and H. Kovarik, On the Exponential Decay of Magnetic Stark Resonances , Preprint, 2003. [14] C. Ferrari and H. Kovarik, Resonances Width in Crossed Electric and Magnetic Fields, Preprint, 2003. [15] B. Helffer and J. Sjöstrand, Equation de Schrödinger avec champ magnétique et équation de Harper, pp. 118-197 in Lecture Notes in Physics, No. 345, Springer, Berlin, 1989.

[16] I. W. Herbst, Unitary equivalence of Stark Hamiltonians, Math. Z. 155 (1977), 55-70. [17] I. W. Herbst, Dilation analytically in constant electric field, Commun. Math. Phys. 64 (1979), 279-298. [18] P. D. Hislop, I. M. Sigal, Introduction to spectral theory with applications to Schrödinger operators, Applied Math. Sciences, 113, Springer Verlag, Berlin, 1996.

[19] V. Ivrii, Microlocal analysis and precise spectral asymptotics, Springer, Berlin, 1988. [20] V. Ivrii, Sharp spectral asymptotics for operators with irregular coefficients, III, Schrödinger operators with a strong magnetic field, Preprint, 2003.

[21] A. Jensen, Scattering theory for Stark Hamiltonians. Spectral and inverse spectral theory (Bangalore, 1993). Proc.

Indian Acad. Sci. Math. Sci. 104 (1994), no. 4, 599–651.

[22] M. Klein, D. Robert, X.-P. Wang, Breit-Wigner formula for the scattering phase in the Stark effect, Commun.

Math. Phys. 131 (1990), 109-124.

[23] E. Korotyaev and A. Pushinitski, Trace formulae and high energy asymptotics for the perturbed three-dimensional Stark operator, to appear in J. Funct. Anal.

[24] P. Lax, R. Phillips, The scatering of sound waves by an obstacle, Comm. Pures Appl. Math. 30 (1977), 195-233. [25] M. Melgaard, G. Rosenblum, Eigenvalues asymptotics for weakly perturbed Dirac and Schrödinger operators with constant magnetic field of full rank, Commun. PDE. 28 (2003), 1-52.

[26] R. Melrose, Scattering theory and the trace of wave group. J. Funct. Anal. 45 (1982), 429-440. [27] R. Melrose, Weyl asymptotics for the phase in obstacle scattering, Commun. PDE., 13 (1988), 1431-1439. [28] V. Petkov, M. Zworski, Breit-Wigner approximation and the distribution of resonances, Commun. Math. Phys.

204 (1999), 329-351, Erratum, Commun. Math. Phys. 214 (2000), 733-735.

[29] V. Petkov, M. Zworski, Semi-classical estimates on the scattering determinant, Annales H. Poincaré, 2 (2001), 675-711.

[30] G. Raikov, Eigenvalue asymptotics for teh Schrödinger operator with homogeneous magnetic potential and decreasing electiric potential. I. Behavior near the essential spectrum tips, Commun. PDE, 15 (1990), 407-434.

[31] G. Raikov, S. Warzel, Quasi-classical versus non-classical spectral asymptotics for magnetic Schrödinger operators with decreasing electric potentials, Rev. Math. Phys. 14 (2002), 1051-1072.

[32] D. Robert, Autour de l’approximation semi-classique, PM, 68, Basel, Birkhäuser 1987. [33] D. Robert, X. P. Wang, Existence of time-delay operators for Stark Hamiltonians, Commun. PDE. 14 (1989), 63-98.

[34] D. Robert, X. P. Wang, Time-delay and spectral density for Stark Hamiltonians, (II), Asymptotics of trace formulae, Chin. Ann. Math. Ser. B 12 (1991), 358-384.

[35] I. M. Sigal, Geometric theory of Stark resonances in multi-elecrin systems, Commun. Math. Phys. 19 (1988), 287-314.

[36] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci.,490, Dordrecht, Kluwer Acad. Publ.1997.

[37] J. Sjöstrand, Resonances for bottles and trace formulae, Math. Nachrichten, 221 (2001), 95-149. [38] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991),729-769.

[39] J. Sjöstrand and M. Zworski, Lower bound on the number of scattering poles, II, J. Funct. Anal. 123 (1994), 336-367.

[40] X. P. Wang, Bounds on widths of resonances for Stark Hamiltonians, Acta Math. Sinica, Ser. B, 6 (1990), 100-119.

[41] X. P. Wang, On the Magnetic Stark Resonances in Two Dimensional Case, Lecture Notes in Physics, 403, Springer, Berlin, 1992, pp. 211-233.

[42] X. P. Wang, Barrier resonances in strong magnetic fields, Commun. PDE. 17 (1992), 1539-1566.

XI–11

[43] D. Yafaev, Mathematical Scattering Theory, Amer. Math. Society, Providence, RI, 1992. [44] K. Yajima, Spectral and scattering theory for Schrödinger operators with Stark effect, J. Fac. Sc. Univ. Tokyo, Sect. I, 26 (1979), 377-390.

[45] M. Zworski, Poisson formulae for resonances, Séminaire E.D.P., Ecole Polytechnique, Exposé XIII, 1966-1997.

Département de Mathématiques, Université Paris 13, Villetaneuse, France E-mail address: dimassi@math.univ-paris13.fr

Département de Mathématiques Appliquées, Université Bordeaux I, 351, Cours de la Libération, 33405 Talence, France

E-mail address: petkov@math.u-bordeaux.fr

XI–12