Resonances and semiclassical trace formulae

Vesselin Petkov

Workshop on Maslov indices in semiclassical quantization Regensburg, March 21 - 24, 2004

Operators with point spectrum Consider the operator A(h) = −h2�+V (x), V ∈ C∞(R n; R ), 0 < h ≤ 1. Assume that |∂αV | ≤ Cα(1 + |x|2)q, q ≥ 0, ∀α, x ∈ R n and set p(x, ξ) = |ξ|2 + V (x). Let I = (a, b) ⊂ R be an open bounded interval and let lim|(x,ξ)|→∞p(x, ξ) > b. Then the operator A(h) has only a discret spectrum on I and ∀f ∈ C∞0 (I) we have tr f(A(h)) = ∑ λj(h)∈σpp(A(h)) f(λj) ≤ C(f)(h−n)

Moreover, we have Weyl asymptotics N(λ; h) = #{λj(h) : a ≤ λj(h) ≤ λ < b} = c0(λ)h−n + O(h−n+1), N(λ + ϵ; h) − N(λ − ϵ; h) = ∑ λj∈(a,b) δλ_j ([λ + ϵ, λ − ϵ])

Spectral shift function

Set A0(h) = −h2� and assume that |∂αV (x)| ≤ Cα(1 + |x|2)−m/2, m > n, ∀α. Then σess(A(h)) = [0, +∞[. Let I = (a, b) ⊂ R^+. We may introduce the spectral shift function ξ(λ; h) ∈ D′(R ) as a distribution ⟨ξ′, f⟩ = tr ( f(A(h)) − f(A0(h)) ) , f ∈ C∞0 (R ). Problems :

(1) Prove that ξ′(λ, h) is a sum of continuous measures related to resonances zj ∈ C − + sum of delta measures related to embedded eigenvalues μj ∈ R + + a regular measure. (2) Find a (Breit-Wigner) representation of ξ(λ + δ; h) − ξ(λ − δ; h) for 0 < δ ≤ h/C. (3) Establish a trace formula relating the trace tr ( (ψf)(A(h)) − (ψf)(A0(h)) ) to the sum ∑ j f(zj) over the resonances zj ∈ � for f holomorphic in � and ψ ∈ C∞0 (R +). (4) Find a Weyl asymptotics of ξ(λ, h). (5) Examine the existence of resonances and the lower bounds on the number of resonances.

Compact perturbations

Let A(h) be a compact perturbation of A0(h) (potentials, obstacles etc.) Consider the scattering operator S(λ, h) = I +K(λ, h), λ ∈ R +, where K is a trace class operator. Let � = [a, b] + i[−c, c], 0 < a < b, c > 0, �ϵ = {z ∈ C : dist (z, �) ≤ ϵ}. We can write det S(λ, h) = eg(λ,h) ∏ zj∈�ϵ(λ − zj) ∏ zj∈�ϵ(λ − zj) with zj resonances in {z ∈ C : Im z < 0} and g(λ, h) holomorphic in �ϵ/2.

Theorem 1 (P.- Zworski, 2001). The derivative of the scattering phase s(λ, h) = 1 2πi log det S(λ, h) admits for λ ∈ � ∩ R the representation s′(λ, h) = 1 2π Im g′(λ, h) − 1 π ∑ zj∈�ϵ Im zj |λ − zj|2 and |g(λ, h)| ≤ C(�)h−n, λ ∈ �.

Long range perturbations Consider self-adjoint operators Lj = Lj(h), j = 1, 2 and assume that Lju = ∑ |ν|≤2 aj,ν(x)(hDx)νu, u ∈ C∞0 (R n) There exists C > 0 such that lj,0(x, ξ) = ∑ |ν|=2 aj,ν(x)ξν ≥ C|ξ|2, (1) ∑ |ν|≤2 aj,ν(x)ξν −→ |ξ|2, |x| −→ ∞ (2) Suppose that for m > n, |ν| ≤ 2 we have | |a1,ν(x) − a2,ν(x) | |≤ C(1 + |x|2)−m/2 (3) The spectral shift function ξ(λ, h) is defined for f(λ) ∈ C∞0 (R ) by < ξ′(λ, h), f(λ) >= tr ( f(L2) − f(L1) ) .

There exist θ0 ∈]0, π2[, ϵ > 0 and R1 > R0 so that the coefficients aj,ν(x) of Lj can be extended holomorphically in x to � = {rω; ω ∈ C n, dist (ω, Sn−1) < ϵ, r ∈ C , r ∈ ei[0,θ^0]]R1, +∞[} and (2), (3) extend to �. Next we define the resonances w ∈ C − by the complex scaling method as the eigenvalues of the complex scaling operators Lj,θ, j = 1, 2. We consider a map κ(θ) : R n ∋ tω → fθ(t)ω ∈ C n, t = |x|, fω(t) = t, 0 ≤ t ≤ R1, 0 ≤ arg fθ(t) ≤ θ, arg fθ(t) ≤ arg ∂tfθ ≤ arg fθ(t) + ϵ, fθ(t) = eiθt, t ≥ T0, ∂tfθ ≠ 0. We change the variables and for Im θ > 0, the operators Lj,θ become non-selfadjoint operators and dim Ker (Lj,θ − z) < ∞ for −2θ < Im z ≤ 0. Denote by Res Lj(h), j = 1, 2, the set of resonances of Lj(h).

Theorem 2 (Bruneau - P., Dimassi - P., 2003) Under the above assumptions let � ⊂⊂ e]−2θ,2θ[]0, +∞[, 0 < θ ≤ θ0 < π/2 be an open simply connected set and let W ⊂⊂ � be an open simply connected relatively compact set which is symmetric with respect to R . Assume that J = � ∩ R +, I = W ∩ R + are intervals. Then for λ ∈ I we have ξ′(λ, h) = 1 π Im r(λ, h) + [ ∑ w∈Res Lj∩�, Im w≠0 − Im w π|λ − w|2

+ ∑ w∈Res Lj∩J δ(λ − w) ]2 j=1 , where [aj]2j=1 = a2 − a1, r(z, h) is a function holomorphic in � and r(z, h) satisfies the estimate |r(z, h)| ≤ C(W )h−n, z ∈ W . Given z ∈ C , Im z < 0, and a Borel set J ⊂ R = ∂C_− we have a harmonic measure ω(z; J) = ∫ J − Im z π|t − z|2 dt.

Applications • local trace formula of Sjöstrand, 1996 Theorem. Suppose that f is holomorphic on a neighborhood of �. Let I = � ∩ R and let ψ ∈ C∞0 (R ) satisfies ψ(λ) = { 0, d(I, λ) > 2η, 1, d(I, λ) < η, where η > 0 is sufficiently small. Then tr [ (ψf)(Lj(h)) ]2 j=1 = [ ∑ z∈ Res Pj(h) ∩ � f(z) ]2 j=1 + E�,f,ψ(h) with |E�,f,ψ(h)| ≤ M(ψ, �) ×sup {|f(z)| : 0 ≤ d(�, z) ≤ 2η , Im z ≤ 0}h−n . • (W) Weyl type asymptotics for the spectral shift function ξ(λ, h) = c(λ)h−n + O(h1−n).

• (BW) Breit-Wigner approximation

Let 0 < E1 < E2 and suppose that each λ ∈ [E0, E1] is a non-critical energy level for Lj, j = 1, 2. (H1) There exist positive constants B, ϵ1, C1, h1 such that for any λ ∈ [E0 − ϵ1, E1 + ϵ1], h/B ≤ δ ≤ B and h ∈]0, h1] we have ξ(λ + δ, h) − ξ(λ + δ, h) ≤ C1δh−n Theorem 3 (Bruneau - P.) Assume (H1) and suppose that Lj(h), j = 1, 2, have no embedded eigenvalues in [E1, E2]. Then with B1 > 0 we have ξ(λ + δ, h) − ξ(λ − δ, h) = [ ∑ w∈Res Lj(h), Im w≠0, |w−λ|<h/B1

∫ λ+δ λ−δ − Im w π|t − w|2 dt ]2 j=1 + O(δ)h−n ,

for 0 < δ ≤ h/C.

• Estimates and asymptotics of M(λ, h) Let ωC_− (w, J) = ∫ J − Im w π|t−w|2dt. Let � ⊂ {Re z > 0} be a complex relatively compact neighborhood of [E0, E1]. Consider the function M(λ, h) = ∑ w∈Res L, w∈�, Im w≠0 ωC_− (w, ] − ∞, λ])

+#{μ ∈] − ∞, λ] ∩ � : μ ∈ sppp L(h)} Theorem 4 (Bruneau - P.) Assume that each λ ∈ [E0, E1] is a non-critical level for L(h). Then the condition (H1) is equivalent to the estimate |M(λ + δ, h) − M(λ − δ, h)| ≤ C2δh−n, (4) for h/B2 ≤ δ ≤ B2, λ ∈ [E0, E1]. Remark. The estimate (4) implies the result of J.-F. Bony: #{w ∈ Res L(h) : |w − λ| ≤ δ} ≤ Cδh−n.

Strategy

I. Representation of the derivative of SSF as a sum of measures ⇒ local trace formula in the spirit of Sjöstrand, ⇒ Weyl asymptotics of SSF, ⇒ weak Weyl asymptotics (H1). II. Week Weyl asymptotics (H1) ⇒ Estimate for the number of the resonances #{z ∈ C : |z − λ| ≤ Ch} < C1h1−n, ⇒ Breit-Wigner approximaiton for ξ(λ+δ, h)− ξ(λ − δ, h) with remainder O(δ)h−n. III. Local trace formula ⇒ Existence of resonances O(h−n) in every neighborhood W of the energy levels E such that a measure related to V (x) has analytic singularity at E.

⇒ Existence of clusters of resonances related to the positive measure of the set of the periodic trajectories in the phase space and to some quantization conditions involving the Maslov index of the periodic trajectories. (Application of a Gutzwiller type trace fromula without any restriction on the periodic trajectories (Popov - P,)).

Gutzwiller trace formula for isolated periodic trajectories Let λ ∈ [E0 − a, E0 + a], a > 0. Assume that for all such λ the Hamiltonian field Hp has an isolated non-degenerate periodic trajectory γ(λ) with period T (λ). Let f(z) = ∫ e−it(z−λ)/hg(t)e−(t−T (λ))^2C ln(1/h)/2dt, where g(t) ∈ C∞0 (J), g(t) = 1 in a neighborhood of T ([E0 − a, E0 + a)). Let S(γ(λ)) = ∫ γ(λ) ξdx be the action, let Pγ(λ) be the linear

Poincaré map and let σ(γ(λ)) be the corresponding Maslov index. Finally, let χ ∈ C∞0 [E0 − 3a, E0 + 3a], χ = 1 in a neighborhood of [E0 − 2a, E0 + 2a] and T ∗(γ(λ)) be the primitive period of γ(λ).

Theorem 5 (Robert, J.F.Bony) For λ ∈ [E0− a, E0 + a] and h small we have

tr[χ2(Aj(h))f(Aj(h))]1j=0 = O(h ln(1/h)) +eiS(γ(λ))/heiσ(γ(λ))T ∗(γ(λ))| det(I−Pγ(λ))|−1/2 with a remainder uniform with repsect to λ ∈ [E0 − a, E0 + a] and C bounded in R .

Let [a(h), b(h)] ⊂ [E0 − a, E0 + a], 0 < a < 1/2 and let W ⊂ C be defined by Re z ∈ [a(h) − C0h ln(1/h), b(h) + C0h ln(1/h)], Im z ≥ −h ln(1/h) T (Re z) ( n − 1 + ln((b(h)−a(h))

ln h ) .

Theorem 6 (J.F.Bony) Under the above assumptions we have with β > 0 the following lower bound

#(ResA1(h) ∩ W ) ≥ 1 2πh ∫ b(h) a(h) T ∗(λ)| det(I − Pγ(λ))|−1/2dλ −O(hβ−1)(b(h) − a(h)).

We have a generalization when we have finite number periodic trajectories γj(λ) on p(x, ξ) = λ with S(γj(λ)), σ(γj(λ)), T ∗(γj(λ)) indepen- dent on j = 1, ..., N

Let E be a non-critical value of p(x, ξ) and let the energy surface � = {(x, ξ) ∈ T ∗(R n) : p(x, ξ) = E} be compact smooth hypersurface. Let g(x, hDx) be a h-pseudodifferentail operator representing f(A(h)). Let ρ̂(t) ∈ C∞0 (R ) and let ρ̂(t) vanish in a neighborhood of 0. Let 0 < δ ≤ 1. Theorem 7 (Popov -P., 1998) For any |r| < r0 and 0 < h ≤ h0 we have tr ∫ exp(ith−1(E + rh))ρ̂(δt)g(x, hDx) ×exp ( −ith−1A(h) ) g(x, hDx)dt = (2πh)1−n ∑ k∈Z\{0} ∫ � ρ̂(kδT ∗(ν))

× exp ( ik(h−1S(ν)+rT ∗(ν)−σ(ν)) ) dν+oδ(h1−n), where � is the set of absolutely periodic trajectories of Hp on �.

We have μ(P \ �) = 0, where P is the set of periodic trajectories of Hp on �.

Gutzwiller trace formula without assumptions on periodic trajectories Let E be a non-critical value of p(x, ξ) and let the energy surface � = {(x, ξ) ∈ T ∗(R n) : p(x, ξ) = E} be compact smooth hypersurface with Liouville measure μ(�).

Theorem 8 (Popov -P., 1998) Suppose that E < λ < λ0 and let E be a non-critical value of p(x, ξ). Then for any function ρ(τ) ∈ S(R ) with Fourier transform ρ̂(t) ∈ C∞0 (R ) we have ∑ λj(h)≤λ ρ (E − λj(h) h ) = ρ̂(0) μ(�) (2π)n h1−n+h(2πh)−n

× ∫ � ∑ k∈Z\{0} exp ( ik(h−1S(ν)−σ(ν)) ) ρ̂(kT ∗(ν))dν

+oρ(h1−n), where � is the set of absolutely periodic trajectories of Hp on �.

References I: • scattering phase s(λ) for obstacles, n ≥ 3, n odd, (Melrose, Commun. PDE.,1988).

• Breit-Wigner approximation for the scattering phase for classical (h=1) compact perturbations of −� (Zworski - P., Comm. Math. Phys. 1999).

• scattering phase for ”black box” compact perturbations of −h2� (Zworski - P., Ann. Inst. Poincaré, 2001).

• spectral shift function for ”black box” long range perturbations and operators Lj(h) ≥ −C (Bruneau -P., Duke Math. J., 2003). • spectral shift function for periodic perturbations V (x) −� + V (x) + φ(hx) (Dimassi, J. Funct. Anal. (to appear)).

• spectral shift function for Stark Hamiltonians −h2�+βx+V (x) (Dimassi -P., J. Math. Pures Appl., 2003).

• spectral shift function for magnetic Stark Hamiltonians (Dx − By)2 + D2y + βx + V (x, y) (Dimassi -P., Preprint, 2004).

References II:

1. W. H. Miller, J. Chem. Phys., 56, 38 (1972).

2. J.D. Gezeltzer and W.H. Miller, Resonant features in the energy dependence of the rate of ketene isomerisation, J. Chem. Phys. 103 (1995), 7868-7876.

3. K. Lin, Numerical Study of Quantum Resonances in Chaotic Scattering, J. Comp. Phys. vol. 176 (2) (2002), 295-329. 4. K. Lin and M. Zworski, Quantum Resonances in Chaotic Scattering, Chem. Phys. Lett. vol. 355 (1-2) (2002), 201-205. 5. K. Lu, Sridvar, M. Zworski, Fractal Weyl law for chaotic open systems, Phys. Rev. Lett. 91 (2003), 154101.

6. J. Kaidel, P. Winkler and M. Brack, Periodic orbit theory for the continuum of general mixed-dynamical systems, Preprint, 2003.