LOWER BOUNDS ON THE NUMBER OF SCATTERING POLES FOR SEVERAL STRICTLY CONVEX OBSTACLES

VESSELIN PETKOV

1. Introduction Let Ω ⊂ R^3 be an open and connected domain with C^∞ boundary ∂Ω and bounded complement K = R^3 \ Ω ⊂ {x ∈ R^3 : |x| ≤ ρ_0}. Denote by ν(x) the exterior unit normal to ∂Ω at x pointing into Ω and consider the Neumann problem (∂^2_t − Δ_x)u = 0 in R × Ω, ∂_ν u = 0 on R × ∂Ω, u(0, x) = f_1(x), ∂_tu(0, x) = f_2(x).

(1.1)

We can associate to (1.1) a scattering operator S(λ) : L^2(S^2) −→ L^2(S^2), λ ∈ R which admits a meromorphic continuation in C with poles λ_j , Im λ_j > 0 (see [13]). Let Λ be the set of the scattering poles λ_j counted with their multiplicity.

Throughout this paper we assume that K has the form K = ∪^Q_{j=1}K_j , K_i ∩ K_j = ∅, for i ≠ j, (1.2) where K_j are strictly convex compact obstacles for j = 1, . . . , Q and Q ≥ 3. Moreover, we suppose that K satisfies the following condition introduced by Ikawa ([9]):

(H) The convex hull of every two connected components of K does not have common points with any other connected component of K.

Consider the reflecting rays in Ω (see [9] and Chapter 2 in [19] for a precise definition). Under the condition (H) every periodic ray is ordinary reflecting, that is γ has no tangent segments. Given a periodic reflecting ray γ in Ω with m_γ reflections, we denote by T_γ the primitive period (length) of γ, by d_γ the period of γ and by P_γ the linear Poincaré map related to γ. Setting | det(I−P_γ )| = |I−P_γ |, it is easy to prove (see [18], Appendix) that there exist constants b_1 > 0, b_2 > 0, B_0 > 0 so that B_0e^{2b1dγ} ≤ |I − P_γ | ≤ e^{2b2dγ} . (1.3) Denote by Ξ the set of all reflecting periodic rays in Ω and set d_0 = min dist_{i≠j} (K_i, K_j ), d_1 = max dist_{i≠j}(K_i, K_j ). 1

For the counting function of the lengths of periodic rays there exists a constant a_0 > 0 such that ♯{γ ∈ Ξ : d_γ ≤ q} ≤ e^{a0q} (see [9] and Chapter 2 in [19]). Finally, it is well known ([16], [22], [26]) that there exists a constant A > 0 so that N(r) = ♯{λ_j ∈ Λ : |λ_j | ≤ r} ≤ Ar^3. (1.4) It is important to note that the constants B_0, a_0, b_1, b_2 depend only on the geometry of the obstacle, while A depends on the diameter of K and the coercive estimate for the Neumann problem (1.1).

The problem of the existence of a domain {z ∈ C : 0 < Im z ≤ δ} containing an infinite number of scattering poles of (1.1) has been studied by Ikawa [10], [11] who proved that there exists δ_0 > 0 such that ♯{λ ∈ Λ : 0 < Im λ_j ≤ δ_0} = ∞.

A similar result for hyperbolic surfaces has been obtained in [5]. On the other hand, Sjöstrand and Zworski [23] (see also [21] for the case of even dimension) obtained for the Neumann problem the lower bound ♯{λ_j ∈ Λ : Im λ_j ≤ ω| ln λ_j |, | Re λ_j | ≤ r} ≥ C_ωr, ω > 0, r ≥ r(ω). There are only few works concerning the lower bounds of the scattering poles in a domain {z ∈ C : 0 ≤ Im z ≤ δ} in the case when all periodic trajectories are hyperbolic, that is the Poincaré map P_γ has no eigenvalues on S^1. The case of two convex obstacles has been treated in [4]. Recently, for hyperbolic surfaces M of finite geometry Guillopé and Zworski [7] established the lower bound ♯{λ ∈ R_M : Im λ < ϵ^{−1}, | Re λ| ≤ r} = Ω(r^{1−ϵ}), 0 < ϵ < 1/2, (1.5) where R_M denotes the set of scattering poles related to M and we have f(r) = Ω(g(r)) if there does not exist a constant C for which |f(r)| ≤ C|g(r)|. A more precise result for convex co-compact hyperbolic surfaces has been proved by Zworski [27] who obtained for the left hand side of (1.5) an upper bound O(r^{1+δ1} ), where δ_1 ≥ 0 is related to the Hausdorff dimension of the trapped set (see also [20] for similar results concerning semi-classical problems).

Our purpose in this note is to obtain a lower bound like (1.5) for the counting function N_{0,δ}(r) = ♯{λ_j ∈ Λ : 0 < Im λ_j ≤ δ, | Re λ_j | ≤ r}. To describe our results we need to introduce some constants.

Choose θ and μ so that 2/3 < θ < μ < 1. Next choose ν > 0, fix k ∈ R so that −^1_{1−θ} < k < −1 and choose a > k satisfying the inequalities kθ < aθ < k + 1. Throughout the paper we assume that μ, θ, a, k, ν are fixed. Given 0 < ϵ < 1/3, fix a constant α =^θ_ϵ (max(0, a_0 − b_1) + b_2), put β = (a_0/d_0 + α), κ = θ/β and introduce δ = (3 − k + ν) κ . The main result is our paper is the following.

Theorem 1. Let K be an obstacle in the form (1.2) satisfying the condition (H) and let δ be chosen as above. Then we have N_{0,δ}(r) ≥ c_1r^{θ−ϵ−b2κ} ln r − c_2, r ≥ c_0, (1.6) where the constants c_i > 0, i = 0, 1, 2, depend on ϵ, α, β, a, k, θ, μ, B_0, the constant A in (1.4) and the constant C_3 in Theorem 2.

Remark 1. It is clear that b_2κ ≤ ϵ and taking 1 − θ = ϵ, we obtain N_{0,δ}(r) ≥ c_1r^{1−3ϵ} ln r − c_2, r ≥ c_0(ϵ).

The lower bound (1.6) is proved exploiting only the contribution of a suitable sequence of periodic rays with primitive periods T_j −→ +∞. To obtain more precise results for the density of scattering poles in {z ∈ C : 0 < Im z ≤ δ}, we must have some information for the distribution of the lengths of the periodic rays in small intervals L_j (β_0) = (T_j − e^{−β0Tj} , T_j + e^{−β0dj} ), where β_0 > 0 is large enough. It is rather difficult to obtain some lower bounds for the number of periods in L_j(β_0) and in Section 2 we show that under a separation condition (S) this number is bounded by A_0T_j . A more complete analysis must take into account the Hausdorff dimension H_0 = dim_H (M_0) of the non-wandering set M_0 (see for instance [24] for the definition of M_0). Recently, for obstacles K ⊂ R^2 , satisfying (H), R. Kenny [14] proved that H_0 is always positive and, moreover, he established some lower and upper bounds for H_0. Thus, as in [7], it is natural to conjecture that for δ large enough the bounds of N_{0,δ}(r) will depend on H_0.

2. Lengths of primitive periodic rays In this section we construct a sequence of primitive periods T_j → ∞ so that T_{j+1} − T_j ≤ 1.

First let us recall the result of Theorem 1.3 in [24] (see also [17] for dimension n = 2) which yields the following asymptotic of the counting function L(x) = ♯{T_γ , γ ∈ Ξ : T_γ ≤ x} = e^{hx} hx ( 1 + o(1) ) , x −→ +∞, where h > 0 is the topological entropy of K. Fixing y > 0, it is very easy to obtain a lower bound of the function L(x + y) − L(x) as x → ∞. In fact, for η = η(h, y) > 0 sufficiently small and for x ≥ max{^1_h , X(η)}, we have L(x + y) − L(x) ≥ e^{hx} hx ( ehy 1 + hy (1 − η) − (1 + η) )

≥ e^{hx} hx ( h2y2 2(1 + hy) − C_{h,y}η ) ≥ hy^2e^{hx} 3x(1 + hy) taking X(η) large enough. Thus, there exists a sequence of primitive periods T_j −→ ∞ such that T_{j+1} − T_j ≤ 1, ∀j ≥ j_0. Consider a sequence q_j ∈ N, j ∈ N, so that q_j − 2/3 < T_j < q_j + 2/3, ∀j. Then we have T_{j+1} − e^{−βqj+1} ≤ T_j − e^{−βqj} + 2, j ≥ j_0. (2.1) We may expect to improve Theorem 1 if the density of the periods in small neighbourhoods of T_j is sufficiently large (see Remark 3 in Section 3). It seems less hopeful that a such clustering phenomenon holds for generic obstacles. As an illustration consider the case when the following separation condition holds.

(S) All primitive periods can be ordered as follows T_1 < T_2 < ... < T_n < ...., and there exists M ≫ h so that T_{k+1} − T_k ≥ e^{−MTk} , ∀k ∈ N. Notice that the first assumption is generically fulfilled since for generic obstacles the primitive periods are rationally independent (see Chapter 3 in [19]). It is natural to conjecture that the second one is also true for generic obstacles. Assume (S) fulfilled and choose β > M. It is clear that |mT_γ − T_j | ≤ e^{−βTj} implies m ≤^{Tj +1}_{2d0} . Moreover, if for two primitive periods T_{γ1} , T_{γ2} we have |lT_{γ1} − mT_{γ2} | ≤ 2e^{−βTj} , m, l ∈ N, m ≥ 2, l ≥ 2, j ≥ j_0, then l ≠ m. Thus, we can find a constant A_0 > 0, depending only on d_0, so that ♯{d_γ ∈ Ξ : |d_γ − T_j | ≤ e^{−βTj} } ≤ A_0T_j, ∀j ≥ j_0 and the density of periods in exponentially small neighbourhoods of T_j grows as A_0T_j . To our best knowledge, there are no examples, where the condition (S) holds. On the other hand, it is very difficult to construct examples when all primitive periods are different and (S) is not true. Finally, notice that a similar separation condition for the scattering poles plays an important role in the analysis of the resonances expansions for trapping obstacles [25]. 3. Lower bound for the function N_{0,δ}(r) In this section we use freely the notations of the previous sections. Let ρ(t) ∈ C^∞_0 (−1, 1) be a function such that ρ(t) ≥ 0, ρ(−t) = ρ(t), ∀t ∈ R, ρ(t) = 1 on [−ϵ_0, ϵ_0], 0 < ϵ_0 < 1/2, ρ̂(0) = 1, ρ̂(ξ) ≥ 0, ∀ξ ∈ R, where ρ̂(ξ) denotes the Fourier transform of ρ(t). Introduce the function φ_j (t) = ρ(e^{βqj} (t − T_j )), where T_j and q_j are defined in Section 2. The distribution U(t) ∈ D^′(R), given by U(t) = {∑ λ_j ∈Λ e iλ_j t for t > 0, ∑ λ_j ∈Λ e −iλ_j t for t < 0, plays an important role in the analysis of the distribution of the scattering poles (see [8], [10], [11], [23]), [3], [4], [7]).

Our purpose is to obtain an estimate from below for N_{0,δ}(r) and to do this we will use an argument due to Farhy [4]. We take γ_j = e^{−βqj} and choose ρ_j = 3 − k + ν T_j − γ_j > 0, where k and ν are fixed as in Section 1. Let ^φU(λ) denote the Fourier transform ⟨e^{iλt}φ(t), U(t)⟩. For the counting function N_ω(r) = ♯{λ_j ∈ Λ : Im λ_j ≤ ω| ln λ_j|, | Re λ_j | ≤ r} Farhy, developing the method of Sjöstrand and Zworski [23], established the following.

Proposition 1. ([3], Proposition 2.3) Let k ≠ −1, r > 2, a > k, b, p > 3, μ ∈ (0, 1), ν > 0. Then we have the estimate N_{ρj} (r) ≥ C ∫_{r/2} 1 | ^φ_j U(λ)|dλ − C_{a,k,ν}γ^{−a}_j r^{k+1} − C_bγ^{−b}_j r^{4−b} − C_{p,μ}γ^{−p}_j r^{3−μp}, (3.1) where the positive constants C, C_{a,k,ν}, C_b, C_{p,μ} are independent on j and r.

Remark 2. A detailed analysis of the proof of the above result shows that the constants C, C_{a,k,ν}, C_b, C_{p,μ} depend on the parameters a, k, ν, b, p, μ and the constant A in (1.4).

Modifying the proof of Theorem 2.4 in [4], we obtain the following.

Proposition 2. Let T_j be the sequence introduced in Section 2 and let b_±(r) = κ ln r ± B, κ =^θ_β . Then for r ≥ R_0 we have the estimate N_{0,δ}(r) ≥ C_0 min

T_j ∈[b_−(r), b_+(r)] ∫_{C1r} 1 | ^φ_j U(λ)|dλ − C_2, (3.2) where the positive constants B, R_0, C_0, C_1, C_2 depend on β, δ, d_0, θ, μ and the constant A in (1.4).

Proof. Clearly, Re{z ∈ C : Im z = δ, ω ln |z| = δ} = ± ( e^{2δ/ω} − δ^2 )_{1/2} . Setting

a_j = ( exp(2δ/ρ_j ) − δ^2 )_{1/2} , j ≥ j_0, and applying the estimate (3.1) for N_{ρj} (a_j ), we obtain

N_{0,δ}(a_j ) ≥ N_{ρj} (a_j ) ≥ C ∫_{aj /2} 1 | ^φ_j U(λ)|dλ −C_{a,k,ν} exp(aβq_j )r^{k+1} − C_b exp(bβq_j )r^{4−b} − C_{p,μ} exp(pβq_j)r^{3−μp}, j ≥ j_0. Here and below j_0 denotes an integer independent on j which can change from line to line. Taking into account (2.1), it is easy to see that a^2_{j+1} ≤ exp ( 4 κ ) (a^2_j + δ^2) − δ^2. (3.3) Consequently, we can find a constant C_δ > 0 so that a_{j+1} ≤ C_δ a_j, ∀j ≥ j_0. Now assume that for some integer j ≥ j_0 we have a_j ≤ r < a_{j+1} ≤ C_δ a_j . It follows that with a constant A_{δ,k,ν} > 0, independent on r and j, we have T_jκ^{−1} − A_{δ,k,ν} ≤ ln r ≤ T_j κ^{−1} + A_{δ,k,ν}, j ≥ j_0. Take B = κA_{δ,k,ν} in the definition of b_±(r) and set C_0 = C, C_1 =^1_{2Cδ} . Since βκ = θ, a combination of the above estimates yields N_{0,δ}(r) ≥ C_0 min

T_j ∈[b_−(r), b_+(r)] ∫_{C1r} 1 | ^φ_j U(λ)|dλ −C_{a,κ,δ,k,ν} r^{aθ+k+1} − C_{b,κ,δ,k,ν} r^{4+b(θ−1)} − C_{p,μ,κ,δ,k,ν} r^{3+p(θ−μ)}, j ≥ j_0. Next we choose b and p large enough to arrange 4 + b(θ − 1) < 0, 3 + p(θ − μ) < 0 and, according to the choice of a and k, we get aθ + k + 1 < 2k + 2 < 0. This completes the proof.

To study ^φ_j U(λ), we will exploit the trace formula (see [1], [15])

^φ_j U(λ) = 2tr_{L2(R3)} ∫ R e^{iλt}φ_j (t) ( cos(t √ −Δ) ⊕ 0 − cos(t √ −Δ_0) ) dt. Here Δ_0 is the Laplacian in R^3 , Δ is the Laplacian in Ω with Neumann boundary condition on ∂Ω and cos(t √ −Δ) ⊕ 0 acts as 0 on L^2(K). Denote by E_0(t, x, y), E(t, x, y) the kernels of the operators cos(t √ −Δ_0), cos(t √ −Δ), respectively, and set Ẽ(t, x, y) = { E(t, x, y), (x, y) ∈ Ω × Ω, 0 for (x, y) /∈ Ω × Ω.

It is clear that supp_{x,y} ( Ẽ(t, x, y) − E_0(t, x, y) ) ⊂ {(x, y) ∈ R^6 : |x| ≤ ρ_0 + t, |y| ≤ ρ_0 + t} so for t ∈ supp φ_j (t) the integration with respect to x can be taken over Ω_j = {x ∈ R^n : |x| ≤ ρ_0 + q_j + 1} and we must study the trace ∫ Ω_j ⟨e^{iλt}φ_j (t), Ẽ(t, x, x)⟩dx. (3.4) Since Ẽ(t, x, y) is even with respect to t, we may write (3.4) in the form ∫ Ω_j ⟨e^{−iλt}φ̃_j (t), Ẽ(t, x, x)⟩dx with φ̃_j (t) = ρ(e^{βqj} (t+T_j)) supported in (−T_j −e^{−βqj} , −T_j +e^{−βqj} ). This shows that the behaviour of the reflecting rays for −T_j ≤ t ≤ 0 can be exploited for the analysis of the trace in the same way as the behaviour of the rays for 0 ≤ t ≤ T_j.

The singularities of U(t) are related only to the periodic ordinary reflecting rays and the distribution U(t)|_R+ has the form U(t)|_R+ = F (t) + V (t) with

F (t) = ∑ γ∈Ξ T_γ |I − P_γ |^{−1/2}δ(t − d_γ ), V (t) ∈ L^1_{loc}(R^+ ).

We refer to [6] and to Section 6.3 in [19] for the details of the calculation of the leading singularities involved in F (t). Obviously, | ^φ_j V (λ)| ≤ C(j)e^{−βTj} , j ≥ j_0 with a function C(j) depending on j.

To estimate the growth of C(j) as j −→ ∞, we may apply the argument of Ikawa [8], [11], [12] based on the construction of asymptotic solutions for the problem (1.1) (see also [2]). Given a function ψ ∈ C^∞_0 (Ω), the kernel E(t, x, y)ψ(y) of the operator cos ( t √ −Δ ) ψ admits the representation E(t, x, y)ψ(y) = (2π)^{−3} ∫ S^2 dω ∫_∞ 0 k^2u(t, x; k, ω)e^{−ik⟨y,ω⟩}ψ(y)dk, where u(t, x; k, ω) is the solution of the problem (1.1) with f_1(x) = Ψ(x)e^{ik⟨x,ω⟩}, f_2(x) = 0 and Ψ(x) ∈ C^∞_0 (Ω) is equal to 1 on supp ψ. In this way the analysis is reduced to the investigation of the integral ∫ ∫

Ω_j e^{iλt}φ_j (t)(t)E(t, x, x)ψ(x)dtdx = (2π)^{−3} ∫ R dt ∫ Ω_j dx ∫ S^2 dω ∫_∞ 0 k^2e^{iλt}φ_j (t)u(t, x; k, ω)ψ(x)e^{−ik⟨x,ω⟩} dk. In the works of Ikawa [8], [9] and Burq [2] it was constructed an asymptotic solution u^{(N)} = w^{(N)}_− + w^{(N)}_+ of u(t, x; k, ω) with w^{(N)}_± (t, x; k, ω) = ∑ J exp ( ik(φ_J (x, ω) ∓ t) )^N∑ p=0 v_{±,J, p}(t, x; ω)(ik)^{−p}. Here ω ∈ S^2, k ∈ R^+ , and J = (j_1, j_2, ..., j_n), j_k ∈ {1, ..., Q}, j_k ≠ j_{k+1}, k = 1, 2, .., n − 1, |J| = n are configurations related to the rays reflecting on ∂K_{j1} , ∂K_{j2} , ..., ∂K_{jn} . The function (u − u^{(N)}) is a solution of the problem (∂^2_t − Δ_x)(u − u^{(N)}) = k^{−N} F_N (t, x; k, ω) in R × Ω, ∂_ν (u − u^{(N)}) = k^{−N} g_N (t, x; k, ω) on R × ∂Ω, (u − u^{(N)})(0, x; k, ω) = ∂_t(u − u^{(N)})(0, x; k, ω) = 0, where F_N is related to the action of (∂^2_t − Δ_x) to the amplitudes with index N, while g_N (t, x; k, ω) is related to the trace on ∂Ω of the normal derivatives of the amplitudes with index N multiplied with the corresponding phase functions. The analysis of the integral involving (u − u^{(N)}) yields a term O(e^{−βTj} ) (see for more details [8]) and we are going to study the integral

(2π)^{−3} ∫ R dt ∫ Ω_j dx ∫ S^2 dω ∫_∞ 0 k^2e^{iλt}φ_j (t) ( w^{(N)}_+ (t, x; k, ω) + w^{(N)}_− (t, x; k, ω) ) ψ(x)e^{−ik⟨x,ω⟩}dk. By a stationary phase argument we obtain the leading term (see [6] and Chapter 6 in [19]). To estimate the rest, a trivial modification of Proposition 2.2 in [11] yields the following. Theorem 2. There exists a constant C_3 > 0, depending only on K, and J_1(β) > 0 so that for |λ| ≤ e^{βqj} and j ≥ J_1(β) we have

| ^φ_j V (λ)| ≤ C_3 exp ( ( a_0 d_0 − β)T_j ) . (3.5)

Notice that the number of configurations J such that (|J| − 1)d_0 ≤ q_j + 1 is bounded by A_1 exp(a_0T_j/d_0) and this explains the factor exp(^{a0}_{d0} T_j) above.

Proof of Theorem 1. First, observe that for fixed r and for T_j ≥ b_−(r) we have e^{β(1− ϵθ )qj} ≥ e^{β(1− ϵθ )(Tj −1)} ≥ exp ( β(1 − ϵ θ )(κ ln r − B − 1) ) = C_4r^{θ−ϵ} with a constant C_4 = exp(−β(1 −^ϵ_θ )(B + 1)) independent on r. Thus for every r and for T_j ∈ [b_−(r), b_+(r)] the inequality |λ| ≤ C_4r^{θ−ϵ} implies |λ| ≤ e^{β(1− ϵ}θ^{)qj} . Secondly, take r sufficiently large to arrange C_1r > C_4r^{θ−ϵ}. Then, according to Proposition 2, we obtain

N_{0,δ}(r) ≥ C_0 min

T_j ∈[b_−(r), b_+(r)] ∫_{C4r}θ−ϵ 1 | ^ (φ_j U)(λ)|dλ − C_2

≥ C_0 min

T_j ∈[b_−(r), b_+(r)] ∫_{C4r}θ−ϵ 1 ( | ^φ_j F (λ)| − | ^φ_j V (λ)| ) dλ − C_2, r ≥ R_1 ≥ R_0. Next we will estimate the Fourier transform ⟨e^{iλt}φ_j (t), F (t)⟩, provided |λ| ≤ e^{β(1− ϵ}θ^{)qj} . Clearly, there exists J = J(ϵ, θ) > 0 so that | |⟨(e_{iλt} − e_{iλTj} )φ_j (t), F (t)⟩ | | = | | ∑ |d_γ −T_j |≤e^{−βqj} ρ(e^{βqj} (d_γ − T_j)) ( e^{iλdγ} − e^{iλTj} ) T_γ |I − P_γ |^{−1/2} | | ≤ C_ρ|λ|e^{−βqj} exp ( (a_0 − b_1)(q_j + 1) ) (q_j + 1)

≤ C_ρ exp( βϵ θ ) exp ( (a_0 − b_1 − β ϵ θ )(q_j + 1) ) (q_j + 1) ≤ d_0e^{−b2Tj} , |λ| ≤ e^{β(1− ϵθ )qj} , ∀j ≥ J. where we have used the inequality

a_0 − b_1 − β ϵ θ ≤ − θa_0 ϵd_0 − b_2. On the other hand, the fact that we have only positive terms in the sum below implies < φ_j (t), F (t) >= ∑ |d_γ −T_j |≤e^{−βqj} T_γ |I − P_γ |^{−1/2}ρ(e^{βqj} (d_γ − T_j )) (3.6)

≥ T_j e^{−βTj} + ♯{d_γ : |d_γ − T_j| ≤ ϵ_0e^{−βqj} , d_γ ≠ T_j }2d_0e^{−b2(Tj +1)}. Consequently, for |λ| ≤ e^{β(1− ϵ}θ^{)qj} and j ≥ J we obtain |⟨e^{iλt}φ_j (t), F (t)⟩| ≥ |⟨φ_j (t), F (t)⟩| − | | |⟨ ( e^{iλt} − e^{iλTj} ) φ_j (t), F (t)⟩ | | | ≥ T_j 2 e^{−b2Tj} . (3.7) Combining the above estimate for ^φ_j F (λ) with (3.5) and taking j sufficiently large, we get N_{0,δ}(r) ≥ 1 2 C_0C_4r^{θ−ϵ} [ (κ ln r − B) exp ( −b_2(κ ln r + B) )

−2C_3 exp ( (a_0/d_0 − β)(κ ln r − B) )] − C_2, provided r large enough. Our choice of β yields β −^{a0}_{d0} ≥^θ_ϵ b_2 and we conclude that N_{0,δ}(r) ≥ C_5r^{θ−ϵ−b2κ} [ κ ln r − B − C_6r^{(1− θϵ )b2κ} ] − C_2 with C_5 = 1 2 C_0C_4e^{−b2B}, C_6 = 2C_3 exp ( (β − a_0/d_0)B ) . For r large enough we obtain the estimate (1.6) and the proof of Theorem 1 is complete. □

Remark 3. The estimate (3.6) shows that we can improve our principal result (1.6) if for a suitable sequence T_j → ∞ we have a lower bound ♯{d_γ : |d_γ − T_j | ≤ ϵ_0e^{−βTj} } ≥ ϵ_1e^{η1Tj} , ϵ_1 > 0, 0 < η_1 < h, ∀j ≥ j_0. This will add a factor r^{κη1} in the lower bound of N_{0,δ}(r). On the other hand, as we have mentioned in Section 2, if the condition (S) holds, the above clustering phenomenon never appears.

Remark 4. In the case of Dirichlet problem the distribution F (t) has the form

F (t) = ∑ γ∈Ξ (−1)^{mγ} T_γ |I − P_γ |^{−1/2}δ(t − d_γ ). The change of signs in the representation of F (t) leads to considerable difficulties. In this situation our argument can be applied if we can construct a sequence of periods d_j → ∞ so that d_{j+1} − d_j ≤ d, ∀j ≥ J, (3.8) |⟨φ(e^{βqj} (t − d_j )), F (t)⟩| ≥ η_0e^{−ηdj} (3.9) with d > 0, η_0 > 0, η > 0 independent on j ≥ J. Notice that in [12] the existence of a sequence d_j , satisfying (3.9), was related to the analytic singularities of the dynamical zeta function

F_D(s) = ∑ γ∈Ξ (−1)^{mγ} T_γ |I − P_γ |^{−1/2}e^{−sdγ} , Re s ≫ 1. Acknowledgments The author is grateful to Luchezar Stoyanov for stimulating discussions and for pointing out the results concerning the dimension of the non-wandering set.

References

[1] C. Bardos,J.C. Guillot and J. Ralston, La relation de Poisson pour l’équation des ondes dans un ouvert non-borné, Commun. Partial Diff. Equations, 7 (1982), 905-958.

[2] N. Burq, Controle de l’équation des plaques en présence d’obstacles strictement convexes, Suppl. Bull. Soc. Math.

France, 121 (1993), Mémoire 55.

[3] L. Farhy, Distribution near the real axis of the scattering poles generated by a non-hyperbolic periodic ray, Ann.

Inst. H. Poincaré (Physique Théorique), 60 (1994), 291-302.

[4] L. Farhy, Lower bounds on the number of scattering poles under lines parallel to the real axis, Commun. Partial Diff. Equations, 20 (1995), 729-740.

[5] L. Farhy and V. Tsanov, Strips with infinite number of zeros for a class of Selberg zeta functions, Preprint, 1998. [6] V. Guillemin and R. Melrose, The Poisson summation formula for manifolds with boundary, Adv. in Math. 32 (1979), 128-148.

[7] L. Guillopé and M. Zworski, Wave trace for Riemann surfaces, Geom. Anal. and Funct. Anal. 6 (1999), 1158- 1168.

[8] M. Ikawa, Trapping obstacles with a sequence of poles of the scattering matrix converging to the real axis, Osaka J. Math. 22 (1985), 657-689.

[9] M. Ikawa, Decay of solutions of the wave equation in the exterior of several strictly convex bodies, Ann. Inst.

Fourier (Grenoble), 38 (1988), 113-146.

[10] M. Ikawa, On the existence of poles of the scattering matrix for several convex bodies, Proc. Japan Acad. Ser. A Math. Sci. 64 (1988), 91-93.

[11] M. Ikawa, On the poles of the scattering matrix for several convex bodies, Algebraic analysis, Vol. I, 243-251, Boston, MA, Academic Press, 1988.

[12] M. Ikawa, On the distribution of poles of the scattering matrix for several convex bodies, pp. 210-225 in Lecture Notes in Mathematics, 1450, Berlin, Springer, 1990.

[13] P. Lax and R. Phillips, Scattering Theory, New York, Academic Press, 1967.

[14] R. Kenny, Estimates of Hausdorff dimension for the non-wandering set of an open planar billiard, University of Western Australia, Preprint, 1999.

[15] R. Melrose, Polynomial bounds on the number of scattering poles, J. Funct. Anal. 53 (1983), 29-40. [16] R. Melrose, Polynomial bound on the distribution of poles in scattering by an obstacle, Journées Equations aux Dérivées Partielles, St. Jean de Monts, 1984.

[17] T. Morita, The symbolic representation of billiards without boundary condition, Trans. AMS, 325 (1991), 819-828. [18] V. Petkov, Analytic singularities of the dynamical zeta function, Nonlinearity, 12 (1999), 1663-1681.

[19] V. Petkov and L. Stoyanov, Geometry of Reflecting Rays and Inverse Spectral Problems, Chichester, John Wiley & Sons, 1992.

[20] J. Sjöstrand, Geometric bounds on the density of resonances for semi-classical potentials, Duke Math. J. 60 (1990), 1-57.

[21] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Dordrecht, Kluwer Acad. Publ., 1997.

[22] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991), 729-769.

[23] J. Sjöstrand and M. Zworski, Lower bounds on the number of scattering poles, Commun. Partial Diff. Equations, 18 (1993), 847-857.

[24] L. Stoyanov, Exponential instability for a class of dispersing billiards, Ergod. Theory Dynam. Syst. 19 (1999), 201-226.

[25] S. N. Tang and M. Zworski, Resonances expansions of scattered waves, Comm. Pure and Appl. Math. 53 (2000), 1305-1334.

[26] G. Vodev, Sharp bounds on the number of scattering poles for perturbations of the Laplacian, Commun. Math.

Phys. 146 (1992), 205-216.

[27] M. Zworski, Dimension of the limit set and the density of resonances for convex co-compact hyperbolic surfaces, Invent. Math. 136 (1999), 353-409.

Département de Mathématiques Appliquées, Université Bordeaux I, 351, Cours de la Libération, 33405 Talence, FRANCE petkov@math.u-bordeaux.fr