SPECTRAL SHIFT FUNCTION AND RESONANCES FOR NON SEMI-BOUNDED AND STARK HAMILTONIANS

MOUEZ DIMASSI AND VESSELIN PETKOV

Abstract. We generalize for non semi-bounded Schrödinger type operators the result of [8] proving a representation of the derivative of the spectral shift function ξ(λ, h) related to the semi-classical resonances. For Stark Hamiltonians P2(h) = −h^2Δ + βx1 + V (x), β > 0, we obtain the same result as well as a local trace formula. We establish an upper bound O(h^{−n}) for the number of the resonances in a compact domain Ω ⊂ C − and we obtain a Weyl-type asymptotics of ξ(λ, h) for V ∈ C^∞(R^n ) with supp_{x1} V ⊂ [R, +∞[. Finally, we establish the existence of resonances in every h-independent complex neighborhood of E0 if E0 is an analytic singularity of a suitable measure related to V .

Résumé. On généralise pour des opérateurs de Schrödinger non semi-bornés le résultat de [8] en obtenant une représentation de la dérivée de la fonction de décalage spectral ξ(λ, h) associée aux résonances semi-classiques. Pour des hamiltoniens de Stark P2(h) = −h^2Δ + βx1 + V (x), β > 0, on obtient le même résultat et aussi une formule de trace locale. On démontre une borne supérieure O(h^{−n}) pour le nombre de résonances dans un domaine compact Ω ⊂ C − et on établit une asymptotique de Weyl pour ξ(λ, h) dans le cas quand V ∈ C^∞(R^n ) a la propriété supp_{x1} V ⊂ [R, +∞[. Finalement, on démontre qu’il existe des résonances dans chaque h-indépendant voisinage complexe de E0 si E0 est une singularité analytique d’une mesure convenable associée à V .

MSC: Primary 35P25; secondary 35B34 Key words: resonances, trace formulae, Stark hamiltonian

1. Introduction

The main problem examined in this work is the relation between the spectral shift function ξ(λ, h) and the resonances for the semiclassical Stark hamiltonian

P_2(h) = −h^2Δ + βx_1 + V (x),

where V (x) ∈ C^∞(R^n ) is a real-valued potential decreasing as |x| −→ +∞, h > 0 and β > 0. The spectrum of P_2(h) is absolutely continuous and coincides with R (see [1], [15]). Without loss of generality, throughout the paper we suppose that β = 1 and we consider P_2(h) as a perturbation of the operator P_1(h) = −h^2Δ + x_1.

The case h = 1 has been studied by many authors (see [1], [14], [15], [17], [41], [31], [32], [34], [42]) and the scattering theory has been developed (see e.g. [1], [41], [31]). The problem of resonances has been examined mainly for β ↘ 0 and only the existence of resonances close to a negative eigenvalue E_0 of the operator −Δ+V (x) has been treated (see for instance [33], [34], [42], [22]).

Recently a substantial progress has been given in the analysis of the Schrödinger operator with long-range perturbations going to 0 as |x| −→ +∞ and the works around the trace formulae generated many results on the upper and lower bounds of resonances, the Breit-Wigner approximation 1

and the Weyl-type asymptotics of the spectral shift function (see [39], [36], [37], [26], [27], [2], [3], [8], [9] and the references given there). The approach developed in these works cannot be applied directly to Stark hamiltonians like P_2(h), since the symbol |ξ|^2 + x_1 + V (x) does not converge to |ξ|^2 as |x| → +∞ and the operator P_1(h) is not elliptic. The spectral shift function (SSF) ξ(λ) associated to P_1(1) and P_2(1) has been studied by Robert and Wang [32] for short-range perturbations V (x) and by Korotaev and Pushinitski [23] for perturbations V (x) with compact support. Nevertheless, there are no works treating the link between the derivative of SSF and the resonances via a local trace formula in the spirit of Sjöstrand [36] (see also [27], [8]). Moreover, there are no results on the upper bounds of the (semiclassical) resonances z lying in a compact domain Ω ⊂ C as well as the works treating the lower bounds of the number of the resonances produced by an analytic singularity.

In this paper we deal with all these problems studying trapping perturbations of P_1(h) in the semiclassical setup without the assumption β ↘ 0. We are inspired by the ideas and tools in [36], [37], [26], [27], [8]. In Section 3 we generalize in the semiclassical “black box” setup, introduced in [36], the result of [8] for non semi-bounded operators without any assumption on the spectrum of the operators L_j (h) . The novelty in our proof is Lemma 1 based on a complex analysis argument related to the behavior of the functions σ_±(z) in C_± . The rest of the proof follows with some modifications that of Theorem 1 in [8].

In Section 4 we introduce the SSF ξ(λ, h) for Stark hamiltonians. Our purpose is to obtain a representation of ξ^′(λ, h) having the form involved in Theorem 1. The resonances of P_2(h) are introduced in Section 5 by the method of analytic distortion applied in the classical case (h = 1) as β ↘ 0 in [42], [22] (see also [14], [17], [33], [34]). We study the resonances in a domain Ω = Ω_{θ,α} ⊂ {z ∈ C : Re z ≤ R − 3ϵ, Im z ≥ α(1 − e^{−ϵ}) Im θ}, where Im θ < 0, 0 < α < 1, ϵ > 0 and R are given by the analytic distortion. The resonances are determined as the eigenvalues of the distorted operator P_{2,θ}(h) in Ω. Following the approach of [37], we construct an operator ^P_{2,θ}(h) so that

P_{2,θ}(h) − ^P_{2,θ}(h) = K has rank O(h^{−n})

and ‖( ^P_{2,θ}(h) − z)^{−1}‖ = O(1), uniformly for z ∈ Ω. This makes it possible to apply the argument of Theorem 1 and to exploit the estimates of det ( I + K(z − ^P_2)^{−1} ) given in [37]. The main result concerning the Stark operator P_2(h) is Theorem 2 (Section 6). Moreover, we establish an upper bound #{z ∈ Res P_2(h), z ∈ Ω} ≤ C(Ω)h^{−n} which seems to be the first result of this type for Stark hamiltonians (Proposition 2). In Section 7 we obtain a local trace formula in the spirit of Sjöstrand [37] (see also [27], [8]). We apply this trace formula to show the existence of O(h^{−n}) resonances (Theorem 7) in a h-independent neighborhood of an analytic singularity of suitable measure related to V (see [35], [11] for similar results) . For this purpose we need an asymptotic expansion of the trace

tr[f(P_2(h)) − f(P_1(h))] ∼ ∞∑ j=0 a_j h^{j−n}, h ↘ 0 (1.1)

for f ∈ C^∞_0 (R).

In the case, where the operators P_i(h), i = 1, 2 are elliptic, the asymptotics like (1.1) are well known (see [10], [30], [20] and the references cited there). On the other hand, the approach developed in [10], [30] and [20] cannot be applied directly to the case of non-elliptic operators. For potentials V satisfying

supp_{x1} V ⊂ [R, +∞[, (1.2)

our strategy in Section 7 will be to show that tr ([ f(P_j(h)) ]_2 j=1 ) = −tr [ (∂_{x1} V )f(P̃_2(h)) ] + O(h^∞), (1.3)

where P̃_2(h) is an elliptic operator. This makes it possible to apply the results for elliptic operators. In Section 7, we consider also the case where f depends on the semi-classical parameter h and we obtain an asymptotic expansion (Theorem 5). To our best knowledge, such complete asymptotics in powers of h for the Stark hamiltonians are new. Combining the representation of ξ^′(λ, h) in Theorem 2 with Theorem 5, we are able for the class of potentials satisfying (1.2) to establish a Weyl-type formula for the spectral shift function with remainder O(h^{1−n}). For this purpose we exploit the sum of harmonic measures related to the Breit-Wigner factors following the approach in [8], [12]. We notice that all previous results on Weyl-type asymptotics for Stark hamiltonians have been obtained in the classical case (h = 1) (see [32], [23]). We will discuss the case of short range potentials elsewhere.

Acknowledgments. The authors are grateful to V. Bruneau and X. P. Wang for many helpful discussions. We are also grateful to J. F. Bony for pointing out some mistakes in a previous version of the paper.

2. Preliminaries

We start with the abstract ”black box” scattering assumptions introduced in [39], [36] and [37]. The operators L_j(h) = L_j , j = 1, 2, 0 < h ≤ h_0, are defined in domains D_j ⊂ H_j of a complex Hilbert space H_j with an orthogonal decomposition

H_j = H_{R0,j} ⊕ L^2(R^n \ B(0, R_0)), B(0, R_0) = {x ∈ R^n : |x| ≤ R_0}, R_0 > 0, n ≥ 2.

Below h > 0 is a small parameter and we suppose the assumptions satisfied for j = 1, 2. We suppose that D_j satisfies

1l_Rn_{\B(0,R0)}D_j = H^2(R^n \ B(0, R_0)), (2.1)

uniformly with respect to h in the sense of [36]. More precisely, equip H^2(R^n \ B(0, R_0)) with the norm ‖ < hD >^2 u‖_L2 , < hD >^2= 1 + (hD)^2, and equip D_j with the norm ‖(L_j + i)u‖_{Hj} . Then we require that 1l_Rn_{\B(0,R0 )} : D_j −→ H^2(R^n \ B(0, R_0)) is uniformly bounded with respect to h and this map has a uniformly bounded right inverse.

Assume that

1l_{B(0,R0)}(L_j + i)^{−1}is compact (2.2) and (L_ju)|_{Rn \B(0,R0)} = Q_j ( u|_{Rn\B(0,R0 )} ) , (2.3) where Q_j is a formally self-adjoint differential operator Q_ju = ∑ |ν|≤2 a_{j,ν} (x; h)(hD_x)^ν u, (2.4)

with a_{j,ν}(x; h) = a_{j,ν}(x) independent of h for |ν| = 2 and a_{j,ν} ∈ C^∞_b (R^n ) uniformly bounded with respect to h.

We assume also the following properties: There exists C > 0 such that l_{j,0}(x, ξ) = ∑ |ν|=2 a_{j,ν}(x)ξ^ν ≥ C|ξ|^2, (2.5) ∑ |ν|≤2 a_{j,ν} (x; h)ξ^ν −→ |ξ|^2, |x| −→ ∞ (2.6) uniformly with respect to h.

There exists n > n such that we have | | |a_{1,ν} (x; h) − a_{2,ν} (x; h) | | |≤ O(1)⟨x⟩^{−n} (2.7) uniformly with respect to h. This assumption will guarantee that for every f ∈ C^∞_0 (R) the operator f(L_1) − f(L_2) is “trace class near infinity”.

There exist θ_0 ∈]0,^π_2 [, ϵ > 0 and R_1 > R_0 so that the coefficients a_{j,ν}(x; h) of Q_j can be extended holomorphically in x to Γ = {rω; ω ∈ C^n , dist (ω, S^{n−1}) < ϵ, r ∈ C , r ∈ e^{i[0,θ0]}]R_1, +∞[} (2.8) and (2.6), (2.7) extend to Γ.

Let R > R_0, T_{R̃} = (R/R̃Z)^n, R̃ > 2R. Set

H^#_j = H_{R0,j} ⊕ L^2(T_{R̃} \ B(0, R_0)) and consider a differential operator

Q^#_j = ∑ |ν|≤2 a^#_{j,ν} (x; h)(hD)^ν on T_{R̃} with a^#_{j,ν}(x; h) = a_{j,ν} (x; h) for |x| ≤ R satisfying (2.3), (2.4), (2.5) with R^n replaced by T_{R̃}. Consider a self-adjoint operator L^#_j : H^#_j −→ H^#_j defined by

L^#_j u = L_j φu + Q^#_j (1 − φ)u, u ∈ D^#_j , with domain D^#_j = {u ∈ H^#_j : φu ∈ D_j , (1 − φ)u ∈ H^2},

where φ ∈ C^∞_0 (B(0, R); [0, 1]) is equal to 1 near B(0, R_0).

Denote by N(L^#_j , [−λ, λ]) the number of eigenvalues of L^#_j in the interval [−λ, λ]. Then we assume that N(L^#_j , [−λ, λ]) = O( ( λ h^2

)_n^#_{j /2} ), n^#_j ≥ n, λ ≥ 1. (2.9)

Given f ∈ C^∞_0 (R), independent on h, and χ ∈ C^∞_0 (R^n ) equal to 1 on B(0, R_0), we can define tr_{bb}[f(L_j)]^2_{j=1}, as in [36], [37], by the equality

tr_{bb} ( f(L_2) − f(L_1) ) = [tr(χf(L_j)χ + χf(L_j)(1 − χ) + (1 − χ)f(L_j)χ)]^2_{j=1}

+tr[(1 − χ)f(L_j )(1 − χ)]^2_{j=1} .

Following [36], [37], we define the resonances w ∈ C_− by the complex scaling method as the eigenvalues of the complex scaling operators L_{j,θ}, j = 1, 2. We denote by Res L_j (h), j = 1, 2, the set of resonances and set n^# = max{n^#_1 , n^#_2 }. In the paper [a_j ]^2_{j=1} means a_2 − a_1 and C denotes a positive constant which may change from line to line.

The spectral shift function ξ(λ, h) ∈ D^′(R) related to L_1, L_2 is defined by ⟨ξ^′(λ, h), f(λ)⟩ = tr_{bb} ( f(L_2) − f(L_1) ) , f ∈ C^∞_0 (R)

and our result concerning the derivative of ξ(λ, h) is the following. Theorem 1. Assume that L_j(h), j = 1, 2, satisfy assumptions (2.1) − (2.9). Let Ω ⊂⊂ e^{i]−2θ0,2θ0[}]0, +∞[, 0 < θ_0 < π/2, be an open simply connected set and let W ⊂⊂ Ω be an open simply connected and relatively compact set which is symmetric with respect to R. Assume that J = Ω ∩ R^+ , I = W ∩ R^+ are intervals. Then for λ ∈ I we have the representation ξ^′(λ, h) = 1 π Im r(λ, h) + [ ∑ w∈Res Lj ∩Ω, Im w≠0 − Im w π|λ − w|^2 + ∑ w∈Res L_j ∩J δ(λ − w) ]_2 j=1 , (2.10)

where r(z, h) = g_+(z, h) − g_+(z, h), g_+(z, h) is a function holomorphic in Ω and g_+(z, h) satisfies the estimate |g_+(z, h)| ≤ C(W )h^{−n#} , z ∈ W (2.11) with C(W ) > 0 independent on h ∈]0, h_0].

3. Representation of the derivative of the spectral shift function for non semi-bounded operators Let L_j, j = 1, 2 be two operators satisfying the assumptions (2.1) - (2.9). Given 0 < θ ≤ θ_0 <^π_2 , we choose 0 < κ < 1 so that 2θ < κπ. Consider the functions

σ_±(z) = (z^2 + 1 − 2z cos(κπ))^m tr_{bb} [ (L_j − e^{iκπ})^{−m}(L_j − e^{−iκπ})^{−m}(z − L_j )^{−1} ]_2 1 , ± Im z > 0, where m > n/2 is an integer. We will show below that σ_±(z) is well defined and it is clear that we have σ_+(z) = σ_−(z̄), Im z > 0.

Let Ω ⊂⊂ e^{i]−2θ,2θ[}]0, +∞[ be a simply connected open relatively compact set such that Ω∩R^+ = J is an interval. The spectrum of L_{j,θ} outside of e^{−2iθ}[0, +∞[ consists of the negative eigenvalues of L_j and the eigenvalues in e^{−i[0,2θ[}]0, +∞[ (see [36]). We may choose z_0 = e^{−iκπ}, 0 < κ < 1, so that z_0 and z̄_0 are away from sp (L_j ) and sp (L_{j,θ}), j = 1, 2. Given a positive number δ > 0, a trivial modification of the proof of Proposition 4.1 of Sjöstrand [37], yields that for all z ∈ Ω∩{z : Im z ≥ δ} we have

tr_{bb} [ (L_j − z)^{−1}(L_j − z_0)^{−m}(L_j − z̄_0)^{−m}

]_2 j=1 (3.1)

= tr_{bb} [ (L_{j,θ} − z)^{−1}(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z̄_0)^{−m} ]_2 j=1 , where in the definition of the complex scaling operators L_{j,θ} the parameter ϵ_0 is chosen small enough.

Below we assume δ and θ fixed and we will drop in the notations L_j the index j writing L_. when the properties are satisfied for both operators L_j, j = 1, 2. Following [37], Section 4, there exists an operator L̂_{.,θ} : D_. −→ H_. so that

K_{.,θ} = L̂_{.,θ} − L_{.,θ} has rank O(h^{−n#} ) and for all N, M ∈ N we have K_{.,θ} = O(1) : D(L^N_. ) −→ D(L^M_. ).

Secondly, K_{.,θ} is compactly supported, that is if χ ∈ C^∞_0 (R^n ) is equal to 1 on B(0, R) for R ≥ R_0 large enough, we have K_{.,θ} = χK_{.,θ}χ and, finally, for every N ∈ N we have (L̂_{.,θ} − z)^{−1} = O(1) : D(L^N_. ) −→ D(L^{N+1}_. ), uniformly for z ∈ Ω. These properties imply for z ∈ Ω ∩ {Im z > 0} the representation (L_{.,θ} − z)^{−1} = (L̂_{.,θ} − z)^{−1} + (L_{.,θ} − z)^{−1}K_{.,θ}(L̂_{.,θ} − z)^{−1}. (3.2)

The contributions related to the resolvent (L̂_{.,θ} − z)^{−1} are examined in the following. Proposition 1. There exists a function a_+(z, h) holomorphic in Ω such that for z ∈ Ω∩{Im z > 0} we have

σ_+(z) = tr [ (L_{j,θ} − z)^{−1}K_{j,θ}(L̂_{j,θ} − z)^{−1} ]_2 j=1 + a_+(z, h). (3.3)

Moreover, |a_+(z, h)| ≤ C(Ω)h^{−n#} , z ∈ Ω (3.4) with a constant C(Ω) independent on h ∈]0, h_0].

Proof. The proof is a modification of that of Proposition 2 in [8] and for the sake of completeness we will expose the main steps. According to (3.2), for z ∈ Ω ∩ {Im z ≥ δ} we have

σ_+(z) = ( (z − z_0)(z − z̄_0) )_m tr_{bb} [ (L̂_{j,θ} − z)^{−1}(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z̄_0)^{−m} ]_2 j=1 + ( (z −z_0)(z −z̄_0) )_m[ tr ( (L_{j,θ} −z)^{−1}K_{j,θ}(L̂_{j,θ} −z)^{−1}(L_{j,θ} −z_0)^{−m}(L_{j,θ} −z̄_0)^{−m} )]_2 j=1 = A(z)+B(z). From the resolvent equation we obtain ( (z −z_0)(z −z̄_0) )_m (L_{j,θ} −z_0)^{−m}(L_{j,θ} −z̄_0)^{−m}(L_{j,θ} −z)^{−1} = (L_{j,θ} −z)^{−1} − m∑ k=1 (z −z̄_0)^{k−1}(L_{j,θ} −z̄_0)^{−k}

−(z − z̄_0)^m m∑ k=1 (z − z_0)^{k−1}(L_{j,θ} − z̄_0)^{−m}(L_{j,θ} − z_0)^{−k}.

To treat B(z) we use the cyclicity of the trace and the above equality and conclude that B(z) is equal to tr [ (L_{j,θ} − z)^{−1}K_{j,θ}(L̂_{j,θ} − z)^{−1} ]_2 j=1 modulo a function holomorphic in Ω and bounded by O(h^{−n#} ). Now we pass to the analysis of A(z). Our purpose is to show that A(z) is holomorphic in Ω and bounded by O(h^{−n#} ). By construction, (L̂_{j,θ} −z)^{−1} is holomorphic on Ω and for any cut-off function χ ∈ C^∞_0 (R^n ), χ = 1 on B(0, R_0) with supp χ ⊂ B(0, R_1) the operators χ(L_{j,θ}−z̄_0)^{−m}, (L_{j,θ} −z̄_0)^{−m}χ are trace class ones. This implies that the function tr ( (L̂_{j,θ} − z)^{−1}(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z̄_0)^{−m}χ ) is holomorphic in Ω. On the other hand,

(L_{j,θ} − z̄_0)^{−m}(L_{j,θ} − z_0)^{−m}(L̂_{j,θ} − z)^{−1} − (L̂_{j,θ} − z)^{−1}(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z̄_0)^{−m} (3.5) = (L_{j,θ} − z̄_0)^{−m}(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z)^{−1}K_{j,θ}(L̂_{j,θ} − z)^{−1} −(L_{j,θ} − z)^{−1}K_{j,θ}(L̂_{j,θ} − z)^{−1}(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z̄_0)^{−m}. Consequently, for Im z > 0 if χ_1 ∈ C^∞_0 (R^n ) is a cut-off function such that χ_1 ≺ χ, applying the cyclicity of the trace once more, we get tr ( χ_1(L̂_{j,θ} − z)^{−1}(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z̄_0)^{−m}(1 − χ) ) = 0.

Here and below ψ ≺ φ means that φ(x) = 1 on the support of ψ(x). Thus it remains to examine

τ_+(z) = tr [ (1 − χ_1)(L̂_{j,θ} − z)^{−1}(1 − χ)(L_{j,θ} − z_0)^{−m}(L_{j,θ} − z̄_0)^{−m}(1 − χ)

]_2 j=1 . Consider the operator Q_{.,θ} = Q_.|_{Γθ} and note that for ψ ∈ C^∞ supported away from B(0, R_1) we have L_{.,θ}ψ = Q_{.,θ}ψ. Repeating the construction of L̂_{.,θ} in Section 4, [37], we can find an operator Q̂_{.,θ} : H2(Γ_θ) −→ L2(Γ_θ) so that Q̂_{.,θ} − Q_{.,θ} has rank O(h^{−n}), the operator Q̂_{.,θ} − Q_{.,θ} is compactly supported and for z ∈ Ω we have (Q̂_{.,θ} − z)^{−1} = O(1) : D(Q^N_. ) −→ D(Q^{N+1}_. ), ∀N ∈ N. Moreover, for ψ ∈ C^∞ supported away from B(0, R_1) we have L̂_{.,θ}ψ = Q̂_{.,θ}ψ and for χ ∈ C^∞_0 (Γ_θ) equal to 1 on a sufficiently large set, z ∈ Ω and χ_1 ≺ χ_0 ≺ χ we obtain (L̂_{.,θ} − z)^{−1}(1 − χ) = (1 − χ_0)(Q̂_{.,θ} − z)^{−1}(1 − χ) +(L̂_{.,θ} − z)^{−1}[Q̂_{.,θ}, χ_0](Q̂_{.,θ} − z)^{−1}(1 − χ).

As above, we assume that z_0 = e^{−iκπ} is chosen so that z_0 /∈ sp (Q_j ), z_0 /∈ sp (Q_{j,θ}), j = 1, 2. For simplicity of the notations below we omit the index θ. Repeating the argument of Section 4 in [8], we conclude that there exists a function b(z, h), holomorphic in Ω, and bounded by O(h^{−n#} ), so that τ_+(z) = b(z, h) + tr [ (1 − χ)(Q̂_j − z)^{−1}(Q_j − z_0)^{−m}(Q_j − z̄_0)^{−m}(1 − χ)

]_2 j=1 . (3.6)

We write

(Q̂_2 − z)^{−1}(Q_2 − z_0)^{−m}(Q_2 − z̄_0)^{−m} − (Q̂_1 − z)^{−1}(Q_1 − z_0)^{−m}(Q_1 − z̄_0)^{−m}

= (Q̂_2 −z)^{−1} [( (Q_2 −z_0)^{−m} −(Q_1 −z_0)^{−m} ) (Q_2 −z̄_0)^{−m} +(Q_1 −z_0)^{−m} ( (Q_2 −z̄_0)^{−m} −(Q_1 −z̄_0)^{−m} )] [ (Q̂_2 − z)^{−1} − (Q̂_1 − z)^{−1} ] (Q_1 − z_0)^{−m}(Q_1 − z̄_0)^{−m} = I + II .

We treat these terms, as in [8], and we conclude that τ_+(z) is holomorphic in Ω and bounded by O(h^{−n#} ). To complete the proof we use an analytic continuation. □

Next we will obtain a representation of the derivative ξ^′(λ, h). Let f ∈ C^∞_0 (R^+ ) and let f̃(z) ∈ C∞_0 (C ) be an almost analytic extension of f. Set

g(z) = f(z)(z^2 + 1 − 2z cos(κπ))^m.

Then g(L_.) = − 1 π ∫ ¯∂_zf̃(z)(z^2 + 1 − 2z cos(κπ))^m (z − L_.)^{−1}L(dz),

where L(dz) denotes the Lebesgue measure on C . Clearly, f(L_.) = (L_. − e^{iκπ})^{−m}(L_. − e^{−iκπ})^{−m}g(L_.) = − 1 π ∫ ¯∂_zf̃(z)(z^2 + 1 − 2z cos(κπ))^m(L_. − e^{iκπ})^{−m}(L_. − e^{−iκπ})^{−m}(z − L_.)^{−1}L(dz)

which implies

tr_{bb} ( f(L_2) − f(L_1) ) = − 1 π ∫ ¯∂_zf̃(z)(z^2 + 1 − 2z cos(κπ))^m (3.7)

× tr_{bb} [ (L_j − e^{iκπ})^{−m}(L_j − e^{−iκπ})^{−m}(z − L_j)^{−1} ]_2 1 L(dz). We have σ_±(z) = O(h^{−n#} | Im z|^{−2}) and ¯∂_zf̃ = O(| Im z|^2) so we may write the right hand side of (3.9) as

⟨ξ^′, f⟩ = tr_{bb} ( f(L_2) − f(L_1) )

= lim_{ϵ↘0} − 1 π (∫ Im z>0 ¯∂_zf̃(z)σ_+(z + iϵ)L(dz) + ∫ Im z<0 ¯∂_zf̃(z)σ_−(z − iϵ)L(dz) ) . According to Proposition 1, the function σ_+(z + iϵ) (resp. σ_−(z − iϵ)) is holomorphic on {z ∈ Ω : Im z > 0} (resp. {z ∈ Ω : Im z < 0} ) and applying the Green formula we obtain the following

Lemma 1. We have ⟨ξ^′, f⟩ = lim_{ϵ↘0} i 2π ∫ f(λ) [ σ_+(λ + iϵ) − σ_−(λ − iϵ) ] dλ where the limit is taken in the sense of distributions.

Now Theorem 1 follows from the analysis of the singularities of σ_+(z) for Im z ↘ 0 which is a straightforward repetition of that in [8]. This competes the proof. □

4. Spectral shift function for Stark Hamiltonians

The Schrödinger operator describing the particles in a homogeneous electric field can be written in the form P_1(h) = −h^2Δ + βx_1, where β > 0, h > 0 and x = (x_1, x^′) ∈ R × R^{n−1} .

For a perturbation to the homogeneous electric field, the corresponding Schrödinger operator has the form P_2(h) = −h^2Δ + βx_1 + V (x), (4.1) where V (x) is a real-valued C^∞(R^n ) function. It is natural to assume that for |x| → ∞ the potential V (x) is small in comparison with βx_1. More precisely, we assume that |∂^αV (x)| ≤ C_α⟨x_1⟩^{−s1} ⟨x^′⟩^{−s2} , ∀α (4.2) for some positive constants s_1 > 0, s_2 > 0, where ⟨x⟩ = (1 + |x|^2)^{1/2}.

There are two points of view of considering the hamiltonian (4.1). The first one, which is usually used for the study of resonances in Stark effect, is to examine P_2(h) as a perturbation of −h^2Δ + V (x), (see [15], [17]). The second one, is to consider P_2(h) as a perturbation of P_1(h) just as in the scattering theory (see [1], [22], [42]). Here we will work with the later point of view with β = 1. Under assumption (4.2), it is well known that P_2(h) is essentially self-adjoint on C^∞_0 (R^n ), σ(P_j (h)) = R, j = 1, 2 and P_j (h) have no eigenvalues [28], [14].

Lemma 2. Let V satisfy (4.2) with s_1 >^{n+1}_2 and s_2 > n − 1.

i) For k ∈ N large enough the operator (i − P_2(h))^{−k} − (i − P_1(h))^{−k} is trace class one and its trace norm is O(h^{−n}).

ii) Moreover, for Im z ≠ 0 we have

‖(i − P_2(h))^{−k}(z − P_2(h))^{−1} − (i − P_1(h))^{−k}(z − P_1(h))^{−1}‖_{tr} = O ( h−n | Im z|^2 ) . (4.3)

Proof. Taking (k − 1) derivatives in z in the resolvent identity (z − P_2(h))^{−1} − (z − P_1(h))^{−1} = (z − P_2(h))^{−1}V (z − P_1(h))^{−1} and setting z = i, we see that (i − P_2(h))^{−k} − (i − P_1(h))^{−k} is a linear combination of terms (i − P_2(h))^{−j} V (i − P_1(h))^{−(k+1−j)} with 1 ≤ j ≤ k. Hence, it suffices to prove that (i − P_2(h))^{−l}V and V (i − P_1(h))^{−l} are trace class ones for l large enough. On the other hand, by duality, we must show only that V (i − P_j (h))^{−l} is trace class.

Since the operators P_j (h), j = 1, 2, are not elliptic, we cannot use the h-pseudodifferential calculus for the analysis of (i − P_j (h))^{−l}. To overcome this difficulty, we will decompose V (i − P_j (h))^{−l} as a sum of three terms:

V (i − P_j (h))^{−l} = gV (i − P_j(h))^{−l} + (1 − g)V (1 − γ^w(x, hD_x))(i − P_j (h))^{−l}

+(1 − g)V γ^w(x, hD_x)(i − P_j(h))^{−l} = F_{1,j} (h) + F_{2,j} (h) + F_{3,j} (h).

Here g(x_1) ∈ C^∞(R) with g(x_1) = 1 for x_1 ≥ −1 and g(x_1) = 0 for x_1 ≤ −2, and γ(x, ξ) = ψ (_{x1+|ξ|2} ⟨ξ⟩ ) , where ψ(t) ∈ C^∞_0 ([−2, 2]; [0, 1]), ψ(t) = 1 on [−1, 1]. We denote by γ^w(x, hD_x) the h-pseudodifferential operator with symbol γ(x, ξ).

On the support of g and (1 − γ), we can use the h-pseudodifferential calculus and prove that F_{1,j} (h) (resp. F_{2,j} (h)) is an h-pseudodifferential operator with symbol in S^0(m_1) (resp. S^0(m_2)), where m_1(x, ξ) = ⟨x_1⟩^{−s1} ⟨x^′⟩^{−s2} (1 + |x_1| + |ξ|^2)^{−l}, m_2(x, ξ) = ⟨x_1⟩^{−s1} ⟨x^′⟩^{−s2} ⟨ξ⟩^{−l}. We denote by S^0(m) the class of symbols S^0(m) = {a ∈ C^∞(R^{2n} ) : ∂^α_x ∂^β_ξ a = O_{α,β}(m), ∀α, ∀β}, where m is an order function (see for instance, [10]). To justify this it is sufficient to observe that the operators (P_j (h) − i) are elliptic for x_1 ∈ supp g and (x, ξ) ∈ supp (1 − γ) and to estimate the principal symbols of their inverse. Under our assumptions and for l > n/2 we have m_i ∈ L^1(R^{2n} ), i = 1, 2. Thus, it follows from Theorem 9.4 in [10] that F_{i,j} (h), i = 1, 2, are trace class and ‖F_{i,j} (h)‖_{tr} = O(h^{−n}).

Next, on the support of γ we have |x_1 + |ξ|^2| ≤ 2⟨ξ⟩. So we can apply the h-pseudodifferentaial calculus to V γ^w(x, hD_x) and we deduce ‖V γ‖_{tr} ≤ Ch^{−n} ∫ |x_1+|ξ|^2|≤2⟨ξ⟩ ⟨x_1⟩^{−s1} dx_1dξ ∫ R^{n−1} ⟨x^′⟩^{−s2} dx^′ ≤ Ch^{−n} (∫ |x_1|<1, |ξ|≤C ⟨x_1⟩^{−s1} dx_1dξ + ∫_∞ 1 r^{n−2s1} dr ) < +∞ if s_1 >^{n+1}_2 and s_2 > n − 1. Consequently, ‖F_{3,j} (h)‖_{tr} = O(h^{−n}) and this completes the proof of the first part of the lemma.

To obtain (4.3), it suffices to observe that the operator in the left hand side of (4.3) can be written in the form ( (i − P_2(h))^{−k} − (i − P_1(h))^{−k} ) (z − P_2(h))^{−1} + (i − P_1(h))^{−k} ( (z − P_2(h))^{−1} − (z − P_1(h))^{−1} )

= ( (i − P_2(h))^{−k} − (i − P_1(h))^{−k} ) (z − P_2(h))^{−1}

− (z − P_1(h))^{−1}(i − P_1(h))^{−k}(P_2(h) − P_1(h))(z − P_2(h))^{−1}, (4.4)

which together with the above estimates and the fact that ‖(z − P_j (h))^{−1}‖ = O(| Im z|^{−1}) yield (4.3). □

By using Helffer-Sjöstrand formula (see (3.9)) and the above lemma, we conclude that for s_1 >^{n+1}_2 and s_2 > n − 1, the operator f(P_2(h)) − f(P_1(h)) is trace class for every f ∈ C^∞_0 (R). We denote by ξ^′(λ, h) ∈ D^′(R) the spectral shift function related to the pair (P_2(h), P_1(h)) and defined by ⟨ξ^′(λ, h), f(λ)⟩ = tr ( f(P_2(h)) − f(P_1(h)) ) .

5. Analytic distortion and resonances for Stark hamiltonians To define the resonances, we will suppose that V admits a holomorphic extension in the x_1- variable into the region Γ_{δ0,R} := {z ∈ C : Re z < R, | Im z| ≤ δ_0}, (5.1) for some δ_0 > 0 and R > 0. We also assume that (4.2) remains true on Γ_{δ0, R} and |∂^αV (x_1, x^′)| ≤ C_α⟨| Re x_1|⟩^{−s1} ⟨x^′⟩^{−s2} , ∀α. (5.2) Let us recall the definition of the resonances for Stark hamiltonians by the method of analytic distortion (for more details we refer to [15], [17], [42]). Let χ_0 ∈ C^∞(R) be such that χ_0(t) = t for t ≤ −ϵ < 0 and χ_0(t) = 0 for t ≥ 0. Set v(t) = 1 − e^{χ0(t−R0 )}, where R_0 < R and for θ ∈ R define Φ_θ(x) = (x_1 + θv(x_1), x^′).

We denote by J_θ(x) = det [DΦ_θ(x)] = 1 + θv^′(x_1) the Jacobian of Φ_θ(x). Then, for |θ| small, U(θ) defined by U(θ)f(x) = J^{1/2}_θ (x)f(Φ_θ(x)) is unitary on L^2(R^n ). A simple calculus shows that P_{1,θ}(h) := U(θ)P_1(h)U(θ)^{−1} = −h^2∇ ( a_θ(x)∇ ) + x_1 + θv(x_1) + h^2g_θ(x),

P_{2,θ}(h) := U(θ)P_2(h)U(θ)^{−1} = P_{1,θ}(h) + V (Φ_θ(x)), (5.3) where a_θ(x) = (a_{θ,i,j}(x))_{i,j} is the diagonal matrix given by a_{θ,1,1}(x) = (1 + θv^′(x_1))^{−2}, a_{θ,j,j}(x) = 1, j ≠ 1, and g_θ(x) = θ 2 v^{′′′}(x_1) ( a_{θ,1,1}(x) )_{3/2} − 5 4 θ^2v^{′′}(x_1)^2 ( a_{θ,1,1}(x) )_2 . By the analytic assumption, P_{j,θ}(h) admits a holomorphic extension in θ into a complex disk D(0, θ_0) ⊂ C of center 0 and radius θ_0 ≤ δ_0.

Below we set G(x) := x_1 + V (x), b_θ(x) := 1 − a_θ(x).

The diagonal matrix b_θ(x) = (b_{θ,i,j}(x))_{ij} has the form b_{θ,1,1}(x) = ( 2θv^′(x_1) + θ^2v^′(x_1)^2 ) (1 + θv^′(x_1))^{−2} and b_{θ,j,j}(x) = 0 if j > 1.

Clearly, from the definitions of v(x_1) and Φ_θ, it follows that sup_{x∈R}n |b_{θ,1,1}(x)G(x)| ≤ C_0|θ|, sup_{x∈R}n |b_{θ,1,1}(x)| ≤ C_1|θ| (5.4) and sup_{x∈R}n |G(Φ_θ(x)) − G(x)| ≤ C_2|θ|, sup_{x∈R}n |g_θ(x)| ≤ C_3|θ|, (5.5) where C_0, C_1, C_2, C_3 are independent on θ ∈ D(0, θ_0).

Using (5.4) and the exponential decay properties of v^′(x_1), we obtain ‖h^2∇ ( b_θ∇ ) u‖^2 ≤ C_1|θ|^2(‖P_1(h)u‖^2 + ‖u‖^2 ≤ C_0|θ|^2‖(P_j (h) ± i)u‖^2, j = 1, 2 (5.6) for all u ∈ C^∞_0 (R^n ), where C_0 is independent on h ∈]0, 1[ and θ ∈ D(0, θ_0).

We will use the notations P_.(h), P_{.,θ}(h) for the operators P_j (h), P_{j,θ}(h), j = 1, 2. From (5.5), (5.6) and (5.2) we deduce that ‖(P_{.,θ}(h) − P_.(h))u‖^2 ≤ C|θ|^2‖(P_.(h) ± i)u‖^2, (5.7) for all u ∈ C^∞_0 (R^n ). Choose θ_0 small enough so that Cθ^2_0 < 1, where C is the constant at the r.h.s of (5.7). Therefore from (5.7) and the results on the perturbation of operators in [21] we deduce that P_{.,θ}(h) is closed and D(P_{.,θ}(h)) = D(P_1(h)) =: D for all θ ∈ D(0, θ_0). On the other hand, using the analytic assumption on V , we conclude that θ → P_{.,θ}u is analytic for all u ∈ D. Consequently, the self-adjoint operator P_{j,θ}, defined for θ ∈ D(0, θ_0) ∩ R, extends to an analytic type-A family of operators on D(0, θ_0) with domain D. Moreover, by an approximation it is easy to show that the estimate (5.7) remains true for u ∈ D.

Now it is easy to see that for θ_0 small enough and θ ∈ D(0, θ_0) we have ±i /∈ σ(P_{.,θ}(h)). Indeed, P_{.,θ}(h) − i = [ I + (P_{.,θ}(h) − P_.(h))(P_.(h) − i)^{−1} ] (P_.(h) − i). On the other hand, ‖(P_{.,θ}(h) − P_.(h))(P_.(h) − i)^{−1}u‖ ≤ C|θ|‖u‖, ∀u ∈ L^2(R^n ) . Thus (P_{.,θ}(h) − i) is invertible and the same argument works for (P_{.,θ}(h) + i).

Fix θ ∈ D(0, θ_0) with θ_0 ≤ δ_0, Im θ < 0 and fix the constants R_0 > 0 and ϵ > 0 in the definition of v(x_1). Consider an open simply connected relatively compact domain Ω_{θ,α} ⊂ {z ∈ C : Re z ≤ R_0 − 3ϵ, Im z ≥ α(1 − e^{−ϵ}) Im θ}, 0 < α < 1. We assume that Ω_{θ,α} is independent of h. The domain Ω_{θ,α} depends on θ and α but for simplicity of notation we will write below Ω instead of Ω_{θ,α}.

Lemma 3. There exist θ_0 > 0, h_0 > 0 small enough such that for θ ∈ D(0, θ_0) with Im θ ≤ 0, h ∈ ]0, h_0] we have ‖(z − P_{1,θ})^{−1}‖ ≤ C_0 min{ϵ/2, (−c_1 Im θ + Im z − C_1h)}

, c_1 = 1 − e^{−ϵ} > 0, (5.8)

uniformly with respect to z ∈ Ω, provided Im z > c_1 Im θ + C_1h. The constants C_0 ≥ 1, C_1 > 0 depend only on Ω.

Remark. The estimate (5.8) is similar to that in Lemma 3 in [2], where Im z is related to δ and Ch.

Proof. Let ψ^2_0 (x_1) + ψ^2_1 (x_1) = 1, where ψ_0 ∈ C^∞(R) is equal to 1 for x_1 ≥ R_0 − ϵ, ψ_0 = 0 for x_1 ≤ R_0 − 2ϵ. On the support of ψ_0, we have x_1 − Re z > ϵ for all z ∈ Ω. Combining this with the fact that Re a_θ ≥ 0 for θ_0 small, we get Re ( (P_{1,θ} − z)ψ_0u, ψ_0u ) ≥ Re ( (h∇ Re a_θh∇ + x_1 − Re z)ψ_0u, ψ_0u ) − O(h^2θ)‖ψ_0u‖^2 ≥ ϵ‖ψ_0u‖^2 − O(h^2θ)‖ψ_0u‖^2. Thus for z ∈ Ω and u ∈ D and for θ small we deduce ‖(P_{1,θ} − z)ψ_0u‖ ≥ ϵ/2‖ψ_0u‖, (5.9) uniformly on z ∈ Ω.

On the support of ψ_1 we have

v(x_1) = 1 − e^{(x1−R0)} ≥ 1 − e^{−ϵ} > 0 and Im a_{θ,1,1} = ( 2(Im θ) + O(Re θ Im θ) ) e^{(x1 −R0)}, Im g_θ(x) = ( − (Im θ) 2 − (Re θ Im θ) ) e^{(x1−R0)}. Choosing θ_0 small, we obtain Im ( −h^2∇a_θ∇ψ_1u, ψ_1u ) ≤ 0, | Im h^2(g_θψ_1u, ψ_1u)| ≤ ch^2| Im θ|‖ψ_1u‖^2

On the other hand, for x_1 ∈ supp ψ_1 we get Im ( (x_1 + θv(x_1) − z)ψ_1u, ψ_1u ) ≤ ( (c_1(Im θ) − Im z)ψ_1u, ψ_1u ) . Consequently, for h_0, and θ_0 sufficiently small, we deduce the estimate

‖(P_{1,θ} − z)ψ_1u‖ ≥ (−c_1 Im θ + Im z − c_2h)‖ψ_1u‖, (5.10)

uniformly on z ∈ Ω.

Let ~ψ_j ∈ C^∞_0 (R) be equal to 1 on the support of ∇ψ_j . Since

[h^2∇ ( a_θ∇ ) , ψ_j ] = ~ψ_j [h^2∇a_θ∇, ψ_j ] = h ~ψ_j ( h∇ ( a_θ(∇ψ_j ) ) + 2(∇ψ_j )a_θ(h∇) ) , as in the proof of (5.6), we obtain ‖[h^2∇ ( a_θ∇ ) , ψ_j ]u‖ ≤ C_2h ( ‖(P_{1,θ} (h) − z)u‖ + ‖u‖ ) (5.11)

for z ∈ Ω and u ∈ D with a constant C_2 > 0 depending on Ω.

Combining (5.9), (5.10), (5.11) with the estimate ‖(P_{1,θ}(h) − z)u‖^2 = 1∑ j=0 ‖ψ_j (P_{1,θ}(h) − z)u‖^2

≥ 1 2 1∑ j=0 ‖(P_{1,θ}(h) − z)ψ_j u‖^2 − 1∑ j=0 ‖[h^2∇ ( a_θ∇ ) , ψ_j ]u‖^2, for h small enough and z ∈ Ω we deduce C_0‖(P_{1,θ}(h) − z)u‖ ≥ min{ϵ/2, (−c_1 Im θ + Im z − C_1h)}‖u‖, u ∈ D. (5.12) By the same argument, we prove an estimate similar to (5.12) for the adjoint operator P^∗_{1,θ}(h)−z̄.

Since (P_{1,θ}(h) − z) is closed, the operator (P_{1,θ}(h) − z) has a zero index, and we conclude that (P_{1,θ}(h) − z) is invertible for every z ∈ Ω. Finally, (5.8) follows from (5.12) and this completes the proof. □

Now, it is easy to see that the operator P_{2,θ}(h) − z, z ∈ Ω, is a Fredholm operator and we have the following.

Lemma 4. Let Im z_0 > c_1 Im θ + C_1h, z_0 ∈ Ω. Then the operator P_{2,θ}(h) − z_0 is a Fredholm one with index 0.

Proof. For z ∈ Ω we have P_{2,θ}(h)−z = ( I+ ( V ∘Φ_θ ) (1−ψ_z (x)) [ (P_{1,θ}(h)−z)+ ( V ∘Φ_θ ) ψ_z(x) ]_{−1})[ (P_{1,θ}(h)−z)+ ( V ∘Φ_θ ) ψ_z(x) ] , where ψ_z(x) ∈ C^∞(R^n ) is a function such that 0 ≤ ψ_z(x) ≤ 1, ψ_z(x) = 0 for |x| ≤ C_0, ψ_z(x) = 1 for |x| ≥ C_0 + 1. Choosing C_0 > 0 (depending on z) large enough, we may assume that | ( V ∘ Φ_θ ) |ψ_z(x) is small, so the operator A_{1,θ}(z) = P_{1,θ}(h) − z + ( V ∘ Φ_θ ) ψ_z(x) is invertible for z ∈ Ω. On the other hand,

K_θ(z) = ( V ∘ Φ_θ ) (1 − ψ_z(x))A_{1,θ} (z)^{−1}

is compact. Then dim Ker (P_{2,θ}(h) − z_0) = dim Ker (I + K_θ(z_0)), provided Im z_0 > c_1 Im θ + C_1h.

A simple argument shows that Im(P_{2,θ}(h) − z_0) is closed and

codim (P_{2,θ}(h) − z_0) = dim Ker (I + K^∗_θ (z_0)).

Thus P_{2,θ}(h) − z is a Fredholm operator with index 0 and the proof is complete. □

Let θ ∈ D(0, θ_0), Im θ ≤ 0. We say that z ∈ C is a resonance of P_{2,θ}(h) if

dim Ker (P_{2,θ}(h) − z) > 0.

To examine the dependence on θ of the resonances, we will show that the operator K_θ(z_0) depends analytically on θ ∈ D(0, θ_0). To do this, it is sufficient to show that the resolvent (P_{1,θ}(h) − z_0)^{−1} is analytic with respect to θ. Fix θ_1 ∈ D(0, θ_0) and write

P_{1,θ} − z_0 = P_{1,θ1} − z_0 − h^2∇(a_θ − a_{θ1} )∇ + (θ − θ_1)v(x_1) + h^2(g_θ − g_{θ1} )

= P_{1,θ1} − z_0 + B_{θ,θ1} = ( I + B_{θ,θ1} (P_{1,θ1} − z_0)^{−1} ) (P_{1,θ1} − z_0).

Here the operator B_{θ,θ1} depends analytically on θ. On the other hand, it is easy to see that for |θ − θ_1| small enough we may arrange

‖B_{θ,θ1} (P_{1,θ1} − z_0)^{−1}‖ ≤ C_1(θ_1, z_0)|θ − θ_1| ≤ 1/2.

For example, to estimate the terms involving a_θ, a_{θ1} , we apply the equality

h^2 ( ∇(a_θ − a_{θ1} )∇ ) (P_{1,θ1} − z_0)^{−1}

= h^2 ( ∇(a_θ − a_{θ1} )∇ )[ (P_1 − i)^{−1} + (P_1 − i)^{−1}(i − z)(P_{1,θ1} − z_0)^{−1} ] and we use the bound (5.6). Thus

(P_{1,θ} − z_0)^{−1} = (P_{1,θ1} − z_0)^{−1} ( I + B_{θ,θ1} (P_{1,θ1} − z_0)^{−1} )_{−1} and we obtain the analyticity for small |θ−θ_1|. Also let us point out that if the resolvent (P_{2,θ} −z)^{−1} exists, we have

(P_{2,θ} − z)^{−1} = ( A_{1,θ}(z) )_{−1} (I + K_θ(z))^{−1}.

For fixed z the invertibility of (I + K_θ(z)) implies that the inverse operator (I + K_θ(z))^{−1} becomes an analytic function of θ, so the resolvent (P_{2,θ} − z)^{−1} will be also an analytic function of θ.

The resonances depend on h but they are independent on θ ∈ D(0, θ), Im θ < 0. First, Lemma 3 implies easily that P_{2,θ} has no eigenvalues z ∈ Ω, Im z ≥ a_0 > 0, where a_0 depends on V and Ω. The unitary operators U(θ), θ ∈ R, do not form a group. Nevertheless, the maps L^2(R^n ) ∋ f −→ f(x_1 + θ, x^′), θ ∈ R form an unitary group. Then there exists a dense set A ⊂ L^2(R^n ) of analytic vectors so that ∞∑ n=0 θ^n n! ‖ ‖ ∂^nf ∂x^n_1 ‖ ‖, f ∈ A is convergent for θ ∈ D(0, θ_0). This implies that for θ_0 small and for f ∈ A the functions U(θ)f = J^{1/2}_θ (x)f(Φ_θ(x)) admit a holomorphic extension in D(0, θ_0) . The same is true for

U^{−1}_θ (θ)f = J^{−1/2}_θ (Φ^{−1}_θ (x))f(Φ^{−1}_θ (x)), since Φ^{−1}_θ (x) = (x_1 + θw(θ, x), x^′) with a function w(θ, x) holomorphic with respect to θ.

Now, we will follow an argument similar to that used by Wang [42]. Take f, g ∈ A and let θ ∈ R be small. For z, Im z ≥ a_0, we have (f, (P_2 − z)^{−1}g) = (U(θ)f, (P_{2,θ} − z)^{−1}U(θ)g). (5.13) For Im z ≥ a_0 and 0 < h ≤ h_0 the right-hand side admits an analytic continuation for θ ∈ D(0, θ_0). Consequently, for every fixed complex θ ∈ D(0, θ_0), Im θ < 0, the left-hand side of (5.13) admits a meromorphic continuation with respect to z in Ω ∩ {z ∈ C : Im z > c_1 Im θ + C_1h}, hence this is true for the right-hand side. Let us consider now the parameter θ ∈ C satisfying Im θ_1 ≤ Im θ ≤ Im θ_2 < 0. Introduce the set

R_{θ2} (P_2) = ⋃ f,g∈A {z : z is a pole of (f, (P_2 − z)^{−1}g) and Im z > c_1 Im θ_2 + C_1h}.

We claim that z ∈ R_{θ2} (P_2) ⇐⇒ z ∈ ⋂ Im θ_1≤Im θ≤Im θ_2

σ_{pp} (P_{2,θ}).

If z ∈ R_{θ2} (P_2), then the left-hand side of (5.13) has a pole for some f, g ∈ A and we obtain the inclusion R_{θ2} (P_2) ⊂ ⋂ Im θ_1≤Im θ≤Im θ_2

σ_{pp} (P_{2,θ}).

On the other hand, if z_0 is a pole of (P_{2,θ} − z)^{−1}, then we can find φ ≠ 0, ψ ≠ 0, so that (ψ, (P_{2,θ} − z)^{−1}φ) has in a small complex neighborhood of z_0 an isolated singularity at z = z_0. The set A is dense in L^2(R^n ) and by approximation, we construct functions ψ_m ∈ A, φ_m ∈ A so that ψ_m −→ ψ, φ_m −→ φ. For m large enough (ψ_m, (P_{2,θ} − z)^{−1}φ_m) will have a pole at z = z_0. We fix a such m and setting f = U^{−1}(θ)ψ_m, g = U^{−1}(θ)φ_m, we deduce that (U(θ)f, (P_{2,θ} − z)^{−1}U(θ)g) has also a singularity at z = z_0. This proves the inverse inclusion and the claim is established. This implies immediately that the resonances z with Im z > c_1 Im θ_2 + C_1h are independent on the choice of Im θ_1 ≤ Im θ ≤ Im θ_2 < 0. Clearly, the above argument shows also that the operator P_{2,θ}(h) has no resonances z with Im z > 0.

Finally, P_2 = P_{2,θ}(h) has no resonances z ∈ R∩Ω. For this purpose, we may apply the argument of Theorem XIII.36 in [28]. Suppose that λ ∈ Ω ∩ R is an eigenvalue for P_{2,θ}. Repeating the above argument based on the density of A, we can find functions F ≠ 0, G ≠ 0 so that (F, (P_2 − z)^{−1}G) has a pole at z = λ. Therefore, lim_{ϵ↘0} iϵ(F, (P_2 − λ − iϵ)^{−1}G) = (F, P_{{λ}}G) ≠ 0, P_{{λ}} being the spectral projector of P_2 at λ. Consequently, λ ∈ σ_{pp}(P_2) and this leads to a contradiction with the absence of eigenvalues of P_2.

We define the multiplicity of a resonance z_0 by

m(z_0) = rank 1 2πi ∫ γ_ν (z_0) (z − P_{2,θ})^{−1}dz, where γ_ϵ(z_0) = {z = z_0 + νe^{iφ}, 0 ≤ φ ≤ 2π} and ν > 0 is small enough. The operator P_{2,θ} is of type (A), and we conclude that the multiplicity m(z_0) is an analytic function of θ. Consequently, m(z_0) is independent on θ ∈ D(0, θ_0), Im θ ≤ Im θ_2 < 0.

6. Representation of ξ^′(λ, h) for Stark hamiltonians Let Ω = Ω_{θ,α} ⊂ Σ_θ be the domain introduced in the previous section and let W be an open relatively compact subset of Ω. We assume that W and Ω are symmetric with respect to R and independent of h and we suppose that J = Ω ∩ R, I = W ∩ R are intervals. The main result in this section is the following.

Theorem 2. Assume (5.2) with s_1 >^{n+1}_2 and s_2 > n − 1. Then ξ^′(λ, h) is real analytic in I and for λ ∈ I we have the representation ξ^′(λ, h) = 1 π Im r(λ, h) + ∑ ω∈Res(P2(h))∩Ω Im ω≠0 − Im ω π|λ − ω|^2 ,

where r(z, h) is a function holomorphic in Ω and |r(z, h)| ≤ C(W )h^{−n}, z ∈ W (6.1) with C(W ) > 0 independent on h ∈]0, h_0[.

Below we fix an integer m ∈ N large enough so that the statement i) of Lemma 2 holds and we define the functions

σ_±(z) = (z^2 + 1)^mtr [ (P_.(h) − i)^{−m}(P_.(h) + i)^{−m}(z − P_.(h))^{−1}

]_2 1 , ± Im z > 0. For θ real the operator (P_.(h) − i)^{−m}(P_.(h) + i)^{−m}(z − P_.(h))^{−1} is unitary equivalent to (P_{.,θ}(h) − i)^{−m}(P_{.,θ}(h) + i)^{−m}(z − P_{.,θ}(h))^{−1}.

Consequently, the cyclicity of the trace yields σ_+(z) = (z^2 + 1)^mtr [ (P_{.,θ}(h) − i)^{−m}(P_{.,θ}(h) + i)^{−m}(z − P_{.,θ}(h))^{−1} ]_2 1 , (6.2) for all z ∈ Ω_+ = Ω ∩ {Im z > 0}, θ ∈ D(0, θ_0) ∩ R.

Now, fix δ > 0 and let z ∈ Ω_δ = Ω ∩ {Im z ≥ δ}. Since P_{.,θ}(h) extends to an analytic type A family of operators on D(0, θ_0), for sufficiently small θ_0 and z ∈ Ω_δ, the r.h.s of (6.2) extends by analytic continuation in θ to the disk D(0, θ_0). For θ ∈ D(0, θ_0) with Im θ < 0 , both terms of (6.2) are analytic on Ω_+, and, consequently, (6.2) remains true for all z in Ω_+.

From now on, the number θ will be fixed in D(0, θ_0) with Im θ < 0. We drop the subscript θ most of the time and write P_., (resp. ^P_.) instead of P_{.,θ}(h), (resp. ^P_{.,θ}(h)).

In the Appendix, we will construct an operator ^P_{2,θ}(h) : D → L^2(R^n ) with the following properties:

K = ^P_{2,θ}(h) − P_{2,θ}(h) has rank O(h^{−n}), (6.3)

( ^P_{2,θ}(h) − z)^{−1} = O(1) : L^2(R^n ) → D, uniformly on z ∈ Ω. (6.4) Moreover, K is compactly supported in the sense that K = χKχ with χ ∈ C^∞_0 (R^n ).

Set K̃(z) = K(z − ^P_2)^{−1}. Then (z − P_2) = (I + K̃(z))(z − ^P_2) and the resonances z ∈ Res P_2 coincide with their multiplicities with the zeros of the function D(z, h) = det(I + K̃(z)). Repeating the argument of [37], we obtain easily an upper bound of the number of the resonances lying in Ω. For the sake of completeness we present the proof. First, we have the estimate |D(z, h)| ≤ e^{‖K̃(z)‖tr} ≤ e^{C0 h−n} , z ∈ Ω. Next, for Im z ≥ δ > 0, z ∈ Ω we get (I + K̃(z))^{−1} = (z − ^P_2)(z − P_2)^{−1}, hence ‖(I + K̃(z))^{−1}‖ ≤ C_1. We write the operator (I + K̃(z))^{−1} in the form (I + K̃(z))^{−1} = ( I − K̃(z)(I + K̃(z))^{−1} ) and we obtain | |det((I + K̃(z))_{−1}) | | ≤ e_{C2h}^{−n} , Im z ≥ δ which implies |D(z, h)| ≥ Ce^{−C3h−n} , z ∈ Ω ∩ {Im z ≥ δ}. Now, applying the Jensen inequality in a slightly larger domain, we obtain the following. Proposition 2. Let Ω_{θ,α} ⊂ C be a compact having the form given in Section 5. Then #{z ∈ Res P_2(h), z ∈ Ω_{θ,α}} ≤ C(Ω_{θ,α})h^{−n}. (6.5)

Using the resolvent identity

(z − P_2)^{−1} − (z − ^P_2)^{−1} = −(z − P_2)^{−1}K(z − ^P_2)^{−1}, we decompose the r.h.s of (6.2) as a sum of two terms I_1 + I_2, where

I_1 = (z^2 + 1)^mtr ( (P_2 − i)^{−m}(P_2 + i)^{−m}(z − ^P_2)^{−1} − (P_1 − i)^{−m}(P_1 + i)^{−m}(z − P_1)^{−1} ) , I_2 = (z^2 + 1)^mtr ( (P_2 − i)^{−m}(P_2 + i)^{−m}(P_2 − z)^{−1}K(z − ^P_2)^{−1} ) . As in Section 3, by using the resolvent equation and the cyclicity of the trace, we show that I_2 is equal to tr ( (P_2 − z)^{−1}K( ^P_2 − z)^{−1} ) modulo a function holomorphic in Ω and bounded by O(h^{−n}).

From (5.3) and (6.3), we get ^P_2 − P_1 = K + V ∘ Φ_θ

which together with the first resolvent identity

(z − P_1)^{−1} − (z − ^P_2)^{−1} = (z − P_1)^{−1}(P_1 − ^P_2)(z − ^P_2)^{−1}, yield I_1 = (z^2 + 1)^mtr ([ (P_j − i)^{−m}(P_j + i)^{−m}

]_2 j=1(z − ^P_2)^{−1} )

+(z^2 + 1)^mtr ( (P_1 − i)^{−m}(P_1 + i)^{−m}(z − P_1)^{−1}K(z − ^P_2)^{−1} )

+(z^2 + 1)^mtr ( (P_1 − i)^{−m}(P_1 + i)^{−m}(z − P_1)^{−1} ( V ∘ Φ_θ ) (z − ^P_2)^{−1} ) . Exploiting (6.4) and Lemma 3, all terms on the right hand side of the above equality are holomorphic in Ω. Moreover, applying (6.3) and Lemma 2, we see that the first and the second terms are bounded by O(h^{−n}). Since V ∘ Φ satisfies (5.2), the last term can be estimated in the same way. For this purpose, it is sufficient to prove that the operator (P_{1,θ} − i)^{−m} ( V ∘ Φ_θ ) is a trace class with trace norm bounded by O(h^{−n}). The analysis, given in the proof of Lemma 3, implies that the operator P_{1,θ} − i is elliptic for Im θ < 0. Then we decompose (P_{1,θ} − i)^{−m} ( V ∘ Φ_θ ) as a sum of three terms, involving the functions g(x_1) and γ(x, ξ), introduced in the proof of Lemma 2, and repeat the argument of Lemma 2. Thus we have proved the following analogue to Proposition 1.

Proposition 3. There exists a function a_+(z, h) holomorphic in Ω, such that for z ∈ Ω_+ we have

σ_+(z) = tr ( (P_2 − z)^{−1}K( ^P_2 − z)^{−1} ) + a_+(z, h). (6.6)

Moreover, |a_+(z, h)| ≤ C(Ω)h^{−n}, z ∈ Ω (6.7) with a constant C(Ω) independent on h ∈]0, h_0].

Proof of Theorem 2. We repeat the argument of the proof of Lemma 1 and we get ⟨ξ^′, f⟩ = lim_{ϵ↘0} i 2π ∫ f(λ) [ σ_+(λ + iϵ) − σ_−(λ − iϵ) ] dλ, (6.8) where the limit is taken in the sense of distributions. Next, we follow the proof of Theorem 1, applying (6.8) and Proposition 3. □

7. Local trace formula and spectral asymptotics

In this section we obtain a local trace formula in the spirit of [8] (see see [27] for compactly supported perturbations and [36], [37] for general long-range perturbations). Repeating the proof of Theorem 4 in [8], we get the following.

Theorem 3. Assume that P_j (h), j = 1, 2 satisfy the assumptions of Sections 4, 5. Let Ω = Ω_{θ,α} ⊂ {z ∈ C : Re z ≤ R_0 − 3ϵ, Im z ≥ α(1 − e^{−ϵ}) Im θ}, 0 < α < 1 be an open, simply connected, relatively compact set defined in Section 5 such that I = Ω ∩ R is an interval. Suppose that f is holomorphic on a neighborhood of Ω and that ψ ∈ C^∞_0 (R) satisfies ψ(λ) = { 0, d(I, λ) > 2η, 1, d(I, λ) < η, where η > 0 is sufficiently small. Then tr [ (ψf)(P_j (h))

]_2 j=1 = ∑ z∈ Res P_2(h) ∩ Ω

f(z) + E_{Ω,f,ψ}(h) (7.1)

with |E_{Ω,f,ψ}(h)| ≤ M(ψ, Ω)sup {|f(z)| : 0 < d(Ω, z) ≤ 2η , Im z ≤ 0}h^{−n} . For the applications we need an asymptotic development of the trace. For this purpose we will prove the following.

Theorem 4. Assume (5.2) satisfied with s_1 >^{n+1}_2 and s_2 > n − 1 and suppose that suppV ⊂ {x ∈ R^n : x_1 > δ_1} for some δ_1 ∈ R. Then for f ∈ C^∞_0 (R), we have

tr(f(P_2(h)) − f(P_1(h))) ∼ ∞∑ j=0 a_j h^{j−n}, h ↘ 0, (7.2) with a_0 = −(2π)^{−n} ∫ ∫ R^{2n} (∂_{x1} V (x))f(|ξ|^2 + x_1 + V (x))dxdξ =: ⟨ω, f⟩, a_1 = 0.

To obtain a Weyl-type asymptotics of ξ(λ, h), we need a expansion for the trace involving the function θ̆_h(τ) = (2πh)^{−1} ∫ e^{iτ t/h}θ(t)dt which is the semi-classical Fourier inverse transform of θ ∈ C^∞_0 (R).

Theorem 5. In addition to the assumptions of Theorem 4 suppose that p_2(x, ξ) = |ξ|^2 + V (x) + x_1 is not critical for all τ ∈ [E_0, E_1]. Then there exist C_0 > 0 and h_0 small enough such that for θ ∈ C^∞_0 (] −^1_{C0} ,^1_{C0} [; R), θ = 1 in a neighborhood of 0, f ∈ C^∞_0 (]E_0, E_1[) and h ∈]0, h_0] we have tr ([ θ̆_h(τ − P_j (h))f(P_j (h))

]_2 j=1 ) = (2πh)^{−n} ( f(τ) N−1∑ j=0 γ_j (τ)h^j + O(h^N ⟨τ⟩^{−m}) ) , ∀m ∈ N, ∀N ∈ N (7.3) uniformly with respect to τ ∈ R, where

γ_0(τ) = (2πi)^{−1} ∫ ∫ R^{2n} (∂_{x1} V (x)) ( (τ + i0 − p_2(x, ξ))^{−1} − (τ − i0 − p_2(x, ξ))^{−1} ) dxdξ.

The proof of Theorem 4 is a simple modification of that of Theorem 5, so we will establish below (7.3).

As we have noticed in Section 1, in the case where the operators P_i(h) are elliptic, Theorem 4 and Theorem 5 are well known (see [10], [30], [20]). Our idea is to apply the results of [10], [30] and [20] after reducing the study of the left hand side of (7.2) and (7.3) to that of the trace of an elliptic operator (see (7.12)).

Proof. Let f ∈ C^∞_0 (]E_0, E_1[) and let f̃ ∈ C^∞_0 (C ) be an almost analytic extension of f with ¯∂_zf̃(z) = O(| Im z|∞). We choose f̃ so that supp f̃ ⊂ {z ∈ C ; Re z ∈ [E_0, E_1]}. Let R_1 > 0 be a large constant such that R_1 > ‖V ‖_∞ + E_1 + |δ_1| + 3.

Introduce a partition of unity ψ^2_0 (x_1) + ψ^2_1 (x_1) = 1 on [δ_1 − 1, +∞[, where ψ_1 ∈ C^∞_0 (R) and supp ψ_0 ⊂ [R_1, +∞[. Notice that ψ_1(x_1) = 1 for δ_1 − 1 ≤ x_1 ≤ ‖V ‖_∞ + E_1 + |δ_1| + 3.

As it was shown in Lemma 2.4, [32], for f ∈ C^∞_0 (R) we have tr ( f(P_2(h)) − f(P_1(h)) ) = −tr ( (∂_{x1} V )f(P_2(h)) ) . Applying this to the l.h.s of (7.3) and using the cyclicity of the trace, we get tr ([ θ̆_h(τ − P_j (h))f(P_j (h))

]_2 j=1 ) = −tr [ ψ_0θ̆_h(τ − P_2(h))f(P_2(h))(∂_{x1} V )ψ_0 ] (7.4) −tr [ ψ_1θ̆_h(τ − P_2(h))f(P_2(h))(∂_{x1} V )ψ_1 ] . Let ψ ∈ C^∞_0 (R; [0, 1]) be equal to 1 for |t| < 1 and equal to 0 for |t| > 2 and introduce

ψ_Y (z) = ψ ( | Im z| Y ) , Y = −Mh log h, where M is a large constant which we will choose below. Clearly, (ψ_Y f̃)(z) = f(z) for z ∈ R and the function z → θ̆_h(τ − z) is analytic. Consequently, the Helffer-Sjöstrand formula yields tr [ ψ_1θ̆_h(τ − P_2(h))f(P_2(h))(∂_{x1} V )ψ_1 ] (7.5) = − 1 π tr (∫ ¯∂_z(ψ_Y f̃)(z)ψ_1θ̆_h(τ − z)(z − P_2(h))^{−1}(∂_{x1} V )ψ_1L(dz) ) . Let G ∈ C^∞_0 (R) with ψ_1 ≺ G. Introduce the operators

P̃_2(h) = −h^2Δ + V (x) + G(x_1)x_1, P̃_1(h) = −h^2Δ + G(x_1)x_1

and set I = tr ( ψ_1 [ θ̆_h(τ − P_2(h))f(P_2(h)) − θ̆_h(τ − P̃_2(h))f(P̃_2(h)) ] (∂_{x1} V )ψ_1 ) . It follows from (7.5) that I = − 1 π ∫ ¯∂_z(ψ_Y f̃)(z)θ̆_h(τ − z)tr [ ψ_1 ( (z − P_2(h))^{−1} − (z − P̃_2(h))^{−1} ) (∂_{x1} V )ψ_1 ] L(dz).

We have G̃ := (G − 1)x_1 = P̃_2(h) − P_2(h) = 0 near supp ψ_1 and this implies G̃(z − P̃_2)^{−1}ψ_1 = [G̃, (z −P̃_2)^{−1}]ψ_1. Let ψ̃_1 ∈ C^∞(R) be a function with ψ̃_1 = 1 near supp G̃ and ψ̃_1 = 0 near suppψ_1. Then

ψ_1 ( (z − P_2(h))^{−1} − (z − P̃_2(h))^{−1} ) (∂_{x1} V )ψ_1 = −ψ_1(z − P_2(h))^{−1}ψ̃_1G̃(z − P̃_2(h))^{−1}ψ_1(∂_{x1} V ) (7.6)

= −ψ_1(z − P_2(h))^{−1}ψ̃_1(z − P̃_2(h))^{−1}[G̃, P̃_2(h)](z − P̃_2(h))^{−1}ψ_1(∂_{x1} V ).

Let χ_1, ..., χ_N ∈ C^∞_0 (R^n ; [0, 1]) with ψ_1 ≺ χ_1 ≺ ... ≺ χ_N and χ_i[G̃, P̃_2(h)] = 0. By using the equalities χ_1...χ_N ψ_1 = ψ_1, χ_k [G̃, P̃_2(h)] = 0, χ_{k−1}[χ_k, P_2(h)] = 0 and the fact that [χ_k, (z − P_2(h))^{−1}] = (z − P_2(h))^{−1}[χ_k, P_2(h)](z − P_2(h))^{−1}, we get [G̃, P̃_2(h)](z − P̃_2(h))^{−1}ψ_1 = [G̃, P̃_2(h)](z − P̃_2(h))^{−1}[χ_1, P̃_2(h)](z − P̃_2(h))^{−1}...[χ_N , P̃_2(h)](z − P̃_2(h))^{−1}ψ_1 =: L_N (h). Here L_N (h) = O_N (1) ( hN | Im z|^N ) : H^{s−N} (R^n ) → H^s(R^n ),

and we equip H^N (R^n ) with the h-dependent norm ‖⟨hD⟩^N ‖_L2 . Choosing N > n our assumptions on V and Theorem 9.4 in [10] yield ‖ ‖(−h_2Δ + 1))^{−N/2}∂_{x1} V ‖ ‖ tr = O(h^{−n}). Then

‖[G̃, P̃_2](z − P̃_2)^{−1}ψ_1(∂_{x1} V )‖_{tr} = ‖L_N (h) ( − h^2Δ + 1 )_{N/2}( − h^2Δ + 1 )_{−N/2} ∂_{x1} V ‖_{tr} (7.7) ≤ C‖ ( − h^2Δ + 1 )_{−N/2} ∂_{x1} V ‖_{tr} ( hN | Im z|^N ) ≤ C_1 ( hN−n | Im z|^N ) . Since ¯∂_zf̃(z) = O(| Im z|^∞), we have ¯∂_z(ψ_Y f̃)(z) = f̃(z) ¯∂_z (ψ_Y )(z) + O(h^∞)

and, consequently, I = − 1 π ∫ Y ≤| Im z|≤2Y ( ¯∂_zψ_Y )(z)f̃ (z)θ̆_h(τ − z) (7.8) ×tr [ ψ_1 ( (z − P_2(h))^{−1} − (z − P̃_2(h))^{−1} ) (∂_{x1} V )ψ_1 ] L(dz) + O(h^∞) . Next we take a real-valued function K_0 ∈ C^∞_0 (R) such that K_0 = 1 near supp ψ_1, K_0 = 0 near supp ψ̃_1.

Put K = αK_0, α > 0. By using that K = α near supp ψ_1 and the fact that K = 0 near supp ψ̃_1, we get in the operator norm ψ_1(z − P_2(h))^{−1}ψ̃_1 = e^{−α log 1h} e^{K log 1h} ψ_1(z − P_2(h))^{−1}(e^{−K log 1h} )ψ̃_1 (7.9)

= e^{−α log 1h} ψ_1(z − e^{K log 1h} P_2(h)e^{−K log 1h} )^{−1}ψ̃_1.

On the other hand, a simple calculus shows that

e^{K log 1h} (z − P_2(h))e^{−K log 1h} = ( I + [ 2αh log 1 h (∇K) · ∇ + O(αh log 1 h ) ] (z − P_2(h))^{−1} ) (z − P_2(h))

in the operator norm for h ≤ h(α), h(α) > 0 being a continuous function.

Let us choose α as α = min ( | Im z| C̃h log^1_h , β ) , where β > 0 is some arbitrary large and fixed constant and C̃ is sufficiently large.

Since ‖(∇K)∇(z−P_2(h))^{−1}‖ = O(| Im z|^{−1}) and αh log^1_h | Im z|^{−1} ≤^1_{C̃} , then for C̃ large enough the right hand side of (7.9) is O(e^{−α log 1}h | Im z|^{−1}) in L(L^2(R^n )). Combining this with (7.6), (7.7), we get for | Im z| ≥ −Mh log h with a new constant C_2 > 0 ‖ ‖ψ_1((z − P_2(h))_{−1} − (z − P̃_2(h))_{−1})(∂_{x1} V )ψ_1 ‖ ‖ tr = O(h^{−n}| Im z|^{−2}e^{−α log 1h} ) = O ( h^{−n}| Im z|^{−2} max(h^β , e^{− | Im z|C}2^h ) ) . On the other hand, the Paley-Wiener theorem yields |θ̆_h(τ − z)| = O( 1 h e^{1C}0^{h | Im z|}),

where we have used that supp θ ⊂] −^1_{C0} ,^1_{C0} [. We choose C_0 > C_2 and the r.h.s of (7.8) becomes

I = O(1) ∫ Y ≤| Im z|≤2Y | Re z|≤const. Y^{−2}h^{−n−1} max ( h^β exp( | Im z| C_0h

), exp(− 1 h | Im z|(C^{−1}_2 − C^{−1}_0 )) ) L(dz) + O(h^∞) = O(1)Y^{−1}h^{−n−1} max ( h^{β− 2MC}0 , exp ( −M(log 1 h )(C^{−1}_2 − C^{−1}_0 ) )) + O(h^∞). First choosing M sufficiently large and then the power in h^β large enough, we see that this expression is O_N (h^N ) for any N ∈ N and h ≤ h(N).

Turning to the study of first term in the r.h.s. of (7.4), choose a real-valued smooth function F (x_1) satisfying F (x_1) = x_1 for x_1 > R_1 −1 and F (x_1) > R_1 −2 for all x_1 ∈ R. Using the inequality R_1 > ‖V ‖_∞ + E_1 + |δ_1| + 3, as well as the fact that suppf̃ ⊂ {z ∈ C ; Re z ∈ [E_0, E_1]}, we get

|ξ|^2 + F (x_1) + V (x) − Re z > 1 + |δ_1| ≥ 1,

uniformly on (x, ξ) and z ∈ supp f̃. Introduce the operator P̃ = −h^2Δ + F (x_1) + V (x).

Clearly, P̃ is semi-bounded on C^∞_0 (R^n ) and we denote also by P̃ the selfadjoint extension of P̃ . By construction, z → (z − P̃ )^{−1} exists and is analytic in a neighborhood of supp f̃. Combining this with Helffer-Sjöstrand formula, we get tr [ (∂_{x1} V )ψ_0θ̆_h(τ − P_2(h))f(P_2(h))ψ_0 ] (7.10) = − 1 π tr (∫ ¯∂_z(ψ_Y g̃)(z)θ̆_h(τ − z)(∂_{x1} V )ψ_0(i − P_2(h))^{−m} ( (z − P_2(h))^{−1} − (z − P̃ )^{−1} ) ψ_0L(dz) ) , where g̃(z) = f̃(z)(i − z)^m. Here m is fixed so that (∂_{x1} V )(i − P_2(h))^{−m} is a trace class operator.

Since P_2(h) − P̃ = x_1 − F (x_1) =: F̃ = 0 near supp ψ_0, we can repeat the argument of the proof of (7.6) and get ( (z − P_2(h))^{−1} − (z − P̃ )^{−1} ) ψ_0 = (z − P_2(h))^{−1}ψ̃_2F̃ (z − P̃_2(h))^{−1}ψ_0

= (z − P_2(h))^{−1}ψ̃_2(z − P̃ )^{−1}[F̃ , P̃ ](z − P̃ )^{−1}ψ_0, where ψ̃_2 ∈ C^∞(R) with ψ̃_2 = 1 near supp F̃ and ψ̃_2 = 0 near supp ψ_0.

To estimate the last term, notice that (z − P̃ )^{−1} and (h∇)(z − P̃ )^{−1} ∈ Op^w_h (S^0(1)) uniformly for z ∈ supp f̃ (see the proof of Lemma 2 for the definition of S^0(1)). Consequently,

(z − P̃ )^{−1}[F̃ , P̃ ](z − P̃ )^{−1} ∈ Op^w_h (S^0(1)).

Since dist(suppψ̃_2, supp ψ_0)> 0, it follows from Lemma 2.1 of [13] that

‖ψ̃_2(z − P̃ )^{−1}[F̃ , P̃ ](z − P̃ )^{−1}ψ_0‖ = O(h^N ), ∀N ∈ N.

uniformly on z ∈ supp f̃.

On the other hand, the argument of the proof of Lemma 2 yields

‖(∂_{x1} V )(i − P_2(h))^{−m}‖_{tr} = O(h^{−n}).

Combining the above three equalities with the estimate |(z − P_2(h))^{−1}‖ = O(| Im z|^{−1}), we obtain ‖ ( (∂_{x1} V )(i − P_2(h))^{−m} ( (z − P_2(h))^{−1} − (z − P̃ )^{−1} ) ψ_0‖_{tr} = O(h^{N−n}/| Im z|). Going back to the integral in (7.10), and using that ¯∂_z(ψ_Y f̃)(z) = f̃(z) ¯∂_z (ψ_Y )(z) + O(h^∞), we deduce tr [ (∂_{x1} V )ψ_0θ̆_h(τ − P_2(h))f(P_2(h))ψ_0 ] = O(h^∞). Summing up, we have proved that tr ([ θ̆_h(τ − P_j (h))f(P_j (h))

]_2 j=1 ) = −tr [ (∂_{x1} V )θ̆_h(τ − P̃_2(h))f(P̃_2(h))ψ_1 ] + O(h^∞). (7.11)

In the same way, we obtain tr ([ f(P_j(h)) ]_2 j=1 ) = −tr [ (∂_{x1} V )f(P̃_2(h))ψ_1 ] + O(h^∞). (7.12)

The operator P̃_2(h) is a short-range perturbation with decreasing potential V of P̃_1(h), so Theorem 4 and Theorem 5 follow from the h-pseudodifferential calculus and the analysis of elliptic operators in Chapters 8, 9, 12, [10] (see also [29]). The leading term a_0 has the form

a_0 = (2π)^{−n} ∫ ∫ R^{2n} ( f(|ξ|^2 + G(x_1)x_1 + V (x)) − f(|ξ|^2 + G(x_1)x_1) ) ψ_1(x_1)dxdξ = (2π)^{−n} ∫ ∫ R^{2n} ( f(|ξ|^2 + x_1 + V (x)) − f(|ξ|^2 + x_1) ) dxdξ, since the integration with respect to x_1 in the second integral is over the set δ_1 ≤ x_1 ≤ E_1 + |δ_1| + ‖V ‖_∞ and G(x_1) = ψ_1(x_1) = 1 on this set. This proves that the leading terms is independent on the choice of G, ψ_1. A similar argument implies the independence of the asymptotic expansion (7.2) on the choice of G, ψ_1, provided that ψ_1(x_1) = 1 for δ_1 − 1 ≤ x_1 ≤ E_1 + |δ_1| + ‖V ‖_∞ + 3. Next, we have a_0 = (2π)^{−n} ∫ ∫ R^{2n} ( f(|ξ|^2 + x_1 + V (x)) − f(|ξ|^2 + x_1) ) dxdξ = −(2π)^{−n} ∫ ∫ R^{2n} (∂_{x1} V )f(|ξ|^2 + x_1 + V )dxdξ

= (2π)^{−n} ∫ ∫ R^{2n} ∫_V 0 f^′(|ξ|^2 + x_1 + t)dtdxdξ. □ Now we will apply Theorems 2, 4, 5 to obtain a lower bounds for the number of the resonances and a Weyl-type asymptotics for λ ∈ [E_0, E_1].

Theorem 6. Assume the assumptions of Theorem 5 fulfilled and suppose that E_1 < δ_1 = inf{x_1 ∈ R : x_1 ∈ supp_{x1} V }. Then there exists h_0 > 0 small enough such that for h ∈]0, h_0] we have ξ(λ, h) = (2πh)^{−n}c_0(λ) + O(h^{−n+1}), (7.13) uniformly on λ ∈ [E_0, E_1], where

c_0(λ) = − 1 n ω_n ∫ R^n ∂_{x1} V (x)(λ − V (x) − x_1)^{n2}_+dx (7.14)

with ω_n = vol S^{n−1}. Moreover, if for all N ∈ N, Res(P_2(h)) ∩ ( [E_0, E_1] − i[0, Nh ln(1/h)] ) = ∅, 0 < h < h(N)), then ξ^′(λ, h) ∼ ∞∑ j=0 γ_j (λ)h^{j−n}, h ↘ 0 with γ_0(λ) = c^′_0(λ).

Proof. Following [8], [12], the proof is rather similar to that in these papers and for this reason we will present only the main steps. The reader may consult [8], [12] for more details. Let Ω ⊂ C be a compact domain having the properties described in Section 5 and let [E_0, E_1] ⊂ Ω ∩ R. We assume that z ∈ Ω ⇒ Re z < δ_1. Let φ ∈ C^∞_0 (R), supp φ ⊂ [E_0 − ϵ, E_1 + ϵ], ⊂ Ω ∩ R, ϵ > 0. Introduce the functions

M_φ(λ) = − 1 π ∑ w∈(Res P_2(h)) ∩Ω ∫_λ −∞ Im w |w − μ|^2 φ(μ)dμ,

G_φ(λ) = 1 π ∫_λ −∞ φ(μ) Im r(μ, h)dμ, r(λ, h) being the holomorphic function in Theorem 2 related to the domain Ω. Applying Theorem 2, we get ∫_λ −∞ φξ^′(μ)dμ = M_φ(λ) + G_φ(λ), λ ∈ [E_0, E_1].

The function M_φ(λ) is increasing and, as in [8], [12], we may apply a Tauberian theorem based on the estimates M_φ(λ) = O(h^{−n}), d dλ (θ̂_h ∗ M_φ)(λ) = O(h^{−n}).

The first estimate follows from Proposition 2, while for the second one we exploit Theorem 5 and the argument of [12]. Consequently, we have M_φ(λ) = (θ̂_h ∗ M_φ)(λ) + O(h^{1−n}), G_φ(λ) = (θ̂_h ∗ G_φ)(λ) + O(h^{1−n}).

Without loss of the generality, we may assume that every λ ∈ supp φ is a non-critical value of the symbol |ξ|^2 + x_1 + V (x). Applying Theorem 5, we deduce ∫_λ −∞ φξ^′(μ)dμ = θ̂_h ∗ ∫_λ −∞ φξ^′(μ)dμ + O(h^{1−n}) = (∫ λ −∞ γ_0(μ)dμ ) h^{−n} + O(h^{1−n}), where the function γ_0(μ) is given by Theorem 5.

Now we choose C_1 = δ_1 − ‖V ‖_∞ and we apply the above argument for a cut-off function φ(λ) for which we have supp φ ⊂ {λ ∈ R : λ < C_1}. For this purpose we choose a domain Ω as above and observe that |ξ|^2 + x_1 + V (x) has no critical values λ ∈ supp φ. It is easy to see that γ_j(λ) = 0, j = 0, ..., N − 1 for λ < C_1, so for such cut-off function we have ∫_λ −∞ φξ^′(μ)dμ = O(h^{N−n}), ∀N ∈ N. Consider a partition of unity φ_1(λ) + φ_2(λ) + φ_3(λ) = 1, φ_j (λ) ∈ C^∞_0 (R), j = 1, 2, 3, on the interval [C_2, E_1 + ϵ], E_1 + ϵ < δ_1, C_2 < C_1. We assume that φ_3 = 1 on [E_0, E_1], supp φ_3 ⊂ [E_0 − ϵ, E_1 + ϵ], supp φ_1 ⊂ ] − ∞, C_1 − ϵ[, ϵ > 0.

For λ ∈ [E_0, E_1], we get ξ(λ, h) − ξ(C_2, h) = − 1 π ∑ w∈(Res P_2(h)) ∩Ω ∫_∞ C_2

Im w |w − μ|^2 φ_1(μ)dμ

+ 1 π ∫_∞ C_2 φ_1(μ) Im r(μ, h)dμ +tr [ φ_2(P_j )(h)

]_2 j=1 + M_{φ3} (λ) + G_{φ3} (λ).

For the terms involving φ_3 and φ_1 we apply the above argument and we observe that ∫_{C1−ϵ} C_2

φ_1ξ^′dμ = ∫_{C1−ϵ} −∞ φ_1ξ^′dμ − ∫_{C2} −∞ φ_1ξ^′dμ = O(h^{N−n}), ∀N ∈ N. Next, we may choice the value of ξ(λ, h) at one point and we suppose that ξ(C_2, h) = 0. Thus we obtain the asymptotics (7.13). To find the coefficient c_0(λ), notice that from Theorem 4 and the definition of ξ(λ, h) we have

⟨c_0, f^′⟩ = ∫ ∫ R^{2n} (∂_{x1} V (x))f(|ξ|^2 + x_1 + V (x))dxdξ = 1 2 ω_n ∫_∞ 0 ∫ R^n ∂_{x1} V (x)f(t + V (x) + x_1)t^{n2 −1}dtdx = − 1 2 ω_n ∫_∞ 0 ∫ R^n ∂_{x1} V (x) ∫_∞ t+V (x)+x_1 f^′(λ)t^{n2 −1}dλdtdx

= − 1 n ω_n ∫ R_λ ∫ R^n ∂_{x1} V (x)(λ − V (x) − x_1)^{n2}_+ f^′(λ)dλdx,

which gives (7.14). The second assertion of Theorem 6 can be established combining Theorems 2, 5 with the argument of the proof of Theorem 3 in [12]. As in Theorem 3 in [12], we show that for λ ∈ [E_0, E_1] we have ( θ̂_h ∗ − Im w |. − w|^2 ) (λ) = − Im w |λ − w|^2 + O ( 1 | Im w| e^{− C2h | Im w|} ) , ( θ̂_h ∗ (1 − φ_3(.)) Im w |. − w|^2 ) (λ) = (1 − φ_3(λ))

Im w |λ − w|^2 + O(h^∞), θ̂_h ∗ G_{φ3} = G_{φ3} + O(h^∞),

where we assume that θ = 1 on [−^1_{2C} ,^1_{2C} ]. Since for all resonances w ∈ Ω we have the lower bound | Im w| ≥ Nh log(1/h), we may estimate the exponent involving | Im w|. Thus we conclude that θ̂_h ∗ (φ_3ξ^′)(λ, h) = φ_3(λ)ξ^′(λ, h) + O(h^{NC/2−n−1}), ∀N ∈ N and this implies easily the second assertion of Theorem 6. □

Let V, [E_0, E_1] and δ_1 be as in Theorem 6. For f ∈ C^∞_0 (R), introduce the measure ⟨μ, f⟩ = ∫ ( f(x_1 + V (x)) − f(x_1) ) dx. (7.15)

Since |⟨μ, f⟩| ≤ sup |f^′| ∫ |V (x)|dx, μ is a distribution of first order. We denote by singsupp_a μ the analytic singular support of μ.

Theorem 7. Suppose the assumptions of Theorem 4 fulfilled. Let δ_1 > E_1 > δ_1 − ‖V ‖_∞ and let λ ∈]E_0, E_1[ ∩ singsupp_a μ. Then for every h-independent complex neighborhood Ω of λ there exist h_0 = h(Ω) > 0 sufficiently small and C = C(Ω) > 0 so that for h ∈]0, h_0[ we have

#{z ∈ Ω : z ∈ Res (P_2(h))} ≥ C(Ω)h^{−n}.

Proof. Let ψ ∈ C^∞_0 (R) be a cut-off function so that ψ = 1 near [δ_1 − ‖V ‖_∞ − 1, E_1 + |δ_1| + ‖V ‖_∞ + 3]. For f ∈ C^∞_0 (]E_0, E_1[) introduce the distributions ⟨μ̃, f⟩ = ∫ ( f(ψ(x_1)x_1 + V (x)) − f(ψ(x_1)x_1) ) dx, ⟨ω̃, f⟩ = (2π)^{−n} ∫ ( f(|ξ|^2 + ψ(x_1)x_1 + V (x)) − f(|ξ|^2 + ψ(x_1)x_1) ) dxdξ. Clearly, μ̃ ∈ E^′(R) and μ̃ = μ, ω̃ = ω on ]E_0, E_1[, where the distribution ω has been introduced in Theorem 4. Next the proof follows with minor modifications that in [35] and we will present only the main steps.

Denote by W F_a(.) the analytic wave front. As it was shown in [35], we have

WF_a(μ̃) = WF_a(ω̃).

Since ω̃ is real, it is clear that (λ, 1) and (λ, −1) are in WF_a(ω̃). From the definition of the analytic wave front set by the F.B.I transformation, it follows that there exist sequences (α_j , β_j ) → (λ, 1), γ_j ↗ +∞ and ϵ_j ↘ 0 such that | | ∫ ( f_j ~χ ) (t)~ω(t) dt | | ≥ e_{−ϵj γj} , (7.16) where f_j(t) = e^{iγj (αj −t)βj} e^{− γj}2^{(αj −t)2} and ~χ is a cut-off function supported in a small real neighborhood of λ, and equal to 1 near λ.

Let a be a small positive constant. Set Ω_0 :=]λ − 2a, λ + 2a[+i] − 2a^2, a^2] and Ω :=]λ − a, λ + a[+i] − a^2, a^2]. By construction, there exist C_0 > 0 such that for j large enough we have | f_j(t) | ≤ e^{− 1C}0^{γj} uniformly for t ∈ Ω_0 \ Ω, Im t ≤ 0. (7.17)

Let χ(t) ∈ C^∞_0 ( ]λ − 2a, λ + 2a[; [0, 1] ) with χ(t) = 1 on ]λ − a, λ + a[. For a > 0 sufficiently small the inequality (7.16) remains true for ~χ replaced by χ.

Applying Theorem 4, we get tr [ (χf_j)(P_2(h)) − (χf_j)(P_1(h)) ] = (2πh)^{−n} ∫ ( χf_j ) (t)~ω(t) dt + O_j (h^{1−n}). (7.18)

Here we have used that we may write the leading term with the cut-off function ψ(x_1) and for this reason we use the distribution ω̃. On the other hand, an application of Theorem 3 with f = f_j, ψ = χ and Ω_{θ,α} replaced by Ω, yields tr [ (χf_j)(P_2(h)) − (χf_j)(P_1(h)) ] = ∑ z∈Res(P_2(h))∩Ω_−

f_j(z) + O(1)h^{−n}e^{− 1C}0^{γj} , (7.19)

where Ω_− = {w ∈ Ω; Im(w) < 0}. Combining (7.18) and (7.19), we get ∑ z∈Res(P_1(h))∩Ω_− f_j(z) = (2πh)^{−n} ∫ ( χf_j ) (t)~ω(t) dt + O(h^{−n})e^{− 1C}0^{γj} + O_j (h^{1−n}), which together with (7.16) imply | | ∑ z∈Res(P_2(h))∩Ω_− f_j(z) | | ≥ (2πh)^{−n} [ e^{−ϵj γj} − O(1)e^{− 1C}0^{γj} ] + O_j (h^{1−n}).

Fixing j large enough and then taking h sufficiently small, we conclude that | | | ∑ z∈Res(P_2(h))∩Ω_− f(z) | | | ≥ 1 C h^{−n}, (7.20)

where f = f_j (with j fixed) is independent of h. Thus we obtain a lower bound on the number of resonances in Ω_− and since we can choose Ω as small as we wish, the proof is complete. □

8. Appendix

Our purpose is to construct an operator ^P_{2,θ} which satisfies (6.3) and (6.4). Introduce

0 < c_0 = 1 C_0 min{ϵ/2, (α − 1)c_1 Im θ} ≤ min{ϵ/2, (α − 1)c_1 Im θ}, where C_0, c_1 are the constants of Lemma 3, ϵ is given by the analytic distortion and 0 < α < 1 is the constant in the definition of Ω. We assume below all these constants fixed.

Since ( V ∘ Φ_θ ) satisfies (5.2), we may choose R_1 > 0 large enough so that sup_{|x|≥R1−2} | | | ( V ∘ Φ_θ )| | ≤ c_0 3 . (8.1)

We fix below R_1 with the above property. Let χ_0 + χ_1 = 1, where χ_0 ∈ C^∞_0 (R^n ; [0, 1]) is equal to 1 near B(0, R_1) and χ_0 = 0 for |x| ≥ R_1 + 1. Let χ_j ≺ ~χ_j, where the function ~χ_j has a support close to that of χ_j.

Choose a real-valued smooth function f(t) satisfying f(t) − t ≥ M for 0 ≤ t ≤ M, f(t) = t for t > 2M and f(t) − t ≥ 0, f(t) ≥ M > 0 for all t ∈ R^+ . Here M is a large constant which will be fixed in the formula (8.5). Recall that, taking θ_0 small enough for |θ| ≤ θ_0 we have ⟨Re a_θ(x)ξ, ξ⟩ ≥ 1 2 |ξ|^2 (8.2)

uniformly on x ∈ R^n .

Introduce the operator

~P_θ := ~χ_0(x) ( f(h^2D^2_x) − (hD_x)^2 ) χ_0(x) + P_{2,θ}.

Let ψ^2_0 + ψ^2_1 = 1, where ψ_j has the same support properties as χ_j. We assume that ψ_1 ≺ χ_1. Combining (8.1) with the estimate (5.9), we obtain ‖(P_{2,θ} − z)ψ_1u‖ > C_1‖ψ_1u‖, ∀u ∈ D (8.3) for all z ∈ Ω. On the other hand, since χ_0ψ_1 = 0 and χ_1ψ_1 = ψ_1, we have

( ~P_θ − z)ψ_1u = ( ~P_θ − z)χ_1ψ_1u = (P_{2,θ} − z)χ_1ψ_1u.

Then, for z ∈ Ω and u ∈ D, the estimate (8.3) yields ‖( ~P_θ − z)ψ_1u‖ ≥ C_1‖ψ_1u‖. (8.4) Let ~ψ_0 ∈ C^∞_0 (R^n ; [0, 1]) have support close to that of ψ_0 and assume ψ_0 ≺ ~ψ_0. Let G ∈ C^∞_b (R; R) be bounded with all its derivatives. We choose G so that G(x_1) ≥ 2ϵ for x_1 ≥ 2ϵ and G(x_1 − Re z) = x_1 − Re z for x_1 ∈ supp_{x1} ψ_0 and z ∈ Ω_1.

Next, we choose M so that f(|ξ|^2) − |ξ|^2 + ⟨Re a_θ(x)ξ, ξ⟩ − sup_{|x|≤R1} |V ∘ Φ_θ(x)| − ‖G‖_∞ − |θ_0|‖v‖_∞ > c(1 + |ξ|^2), (8.5)

for some positive constant c independent on x ∈ R^n and z ∈ Ω.

We define ~P_{1,θ,z} := ~χ_0(x) ( f(h^2D^2_x) − (hD_x)^2 ) χ_0(x) −h^2∇ ( a_θ(x)∇ ) + G(x_1 − Re z) + ( V ∘ Φ_θ ) (x) ~ψ_0(x) + θv(x_1) − i Im z + h^2g(x_1).

Clearly, ( ~P_θ − z)ψ_0u = ~P_{1,θ,z}ψ_0u, ∀u ∈ D, z ∈ Ω. (8.6)

Exploiting (8.5), we will show that ~P_{1,θ,z} is globally elliptic for z ∈ Ω. By using the h-pseudodifferential calculus, we will construct a parametrix for ~P_{1,θ,z} and estimate its norm.

The principal symbol of ~P_{1,θ,z} has the form p̃_{1,θ,z}(x, ξ) := ( f(|ξ|^2) − |ξ|^2 ) χ_0(x) + ⟨a_θ(x)ξ, ξ⟩ + G(x_1 − Re z) + ( V ∘ Φ_θ ) (x)ψ̃_0(x) + θv(x_1) − i Im z.

Obviously, ~p_{1,θ,z}(x, ξ) ∈ S((1 + |ξ|^2)) and |p̃_{1,θ,z}(x, ξ)| ≥ c̃|ξ|^2, c̃ > 0, |ξ| >> 1. (8.7) Here we use fairly the notations and the terminology for symbol spaces (see for instance, [10]). We claim that |~p_{1,θ}(x, ξ, z)| ≥ c_2(1 + |ξ|^2), c_2 > 0 (8.8)

uniformly on z ∈ Ω and (x, ξ) ∈ R^{2n} . For |x| ≤ R_1, we have χ_0(x) = 1, and from (8.5) we deduce | Re ~p_{1,θ}(x, ξ, z)| ≥ c(1 + |ξ|^2), (8.9) uniformly on z ∈ Ω and |x| ≤ R_1.

For |x| ≥ R_1 and x_1 − R_0 > −ϵ, we have x_1 − Re z > 2ϵ, since Re z ≤ R_0 − 3ϵ for z ∈ Ω (here R_0 is given by the definition of the set Ω = Ω_{θ,α}). Combining this with (8.1), (8.2), and using (f(|ξ|^2) − |ξ|^2 ) χ_0(x) ≥ 0 as well as the inequality G(t) ≥ 2ϵ for t > 2ϵ, we obtain Re ~p_{1,θ}(x, ξ, z) = ( f(|ξ|^2 − |ξ|^2 ) χ_0(x) (8.10)

+⟨Re a_θ(x)ξ, ξ⟩ + G(x_1 − Re z) + Re ( V ∘ Φ_θ ) (x)ψ̃_0(x) ≥ c_3(ϵ + |ξ|^2), c_3 > 0,

uniformly on z ∈ Ω, |x| ≥ R_1 and x_1 − R_0 > −ϵ.

For |x| ≥ R_1 and x_1 − R_0 ≤ −ϵ, we repeat the arguments of the proof of Lemma 3. More precisely, applying the inequalities Im a_θ ≤ 0, Im θ < 0 and Im z ≥ α(1 − e^{−ϵ}) Im θ, we get | Im ~p_{1,θ}(x, ξ, z)| = |⟨Im a_θ(x)ξ, ξ⟩ (8.11) + Im ( V ∘ Φ_θ ) (x)ψ̃_0(x) + Im θv(x_1) − Im z| ≥ 2c_0/3,

uniformly on z ∈ Ω, |x| ≥ R_1 and x_1 − R_0 ≤ −ϵ. Summing up the estimates (8.7), (8.9), (8.10) and (8.11), we obtain (8.8).

Applying a classical result for elliptic operators, we deduce from (8.8) that for h_0 small enough the operator ~P_{1,θ,z} is invertible for h ∈]0, h_0] and ‖ ~P^{−1}_{1,θ,z}‖ = O(1), uniformly on z ∈ Ω. Combining this with (8.6), we get ‖( ~P_θ − z)ψ_0u‖ ≥ C_2‖ψ_0u‖, ∀u ∈ D, (8.12) uniformly on z ∈ Ω.

Taking together (8.4), (8.12), and using an estimate for the commutator [ψ_j , ~P_θ], similar to (5.11), for z ∈ Ω and h small we deduce ‖( ~P_θ − z)u‖^2 = 1∑ j=0 ‖ψ_j ( ~P_θ − z)u‖^2 (8.13)

≥ 1 2 1∑ j=0 ‖ ~P_θ − z)ψ_j u‖^2 − 1∑ j=0 ‖[ψ_j , ~P_θ]u‖^2 ≥ c_4‖u‖^2, c_4 > 0, u ∈ D. Exploiting once more the fact that the Weyl symbol of P̃_θ − P_{2,θ} has compact support in x and ξ, we conclude that P̃_θ − z is a Fredholm operator with index 0. Consequently, we have proved the following.

Lemma 5. For h small enough and z ∈ Ω the operator ( ~P_θ − z) is invertible and

(z − ~P_θ)^{−1} = O(1) : L^2(R^n ) → D.

By construction, we have ~P_θ −P_{2,θ} = ~χ_0 ( f(−h^2Δ)+h^2Δ ) χ_0 = χ̃_0Q(−h^2Δ)χ_0 with Q ∈ C^∞_0 (R).

Let W ∈ C^∞(R^n ; R^+ ) with W = 0 near suppχ̃_0 and W = |x|^2 near infinity. Obviously, the operator (−h^2Δ + W ) has discrete spectrum. This implies that K = χ̃_0Q(−h^2Δ + W )χ_0 has rank O(h^{−n}).

On the other hand, the h-pseudodifferential calculus (see [10]) shows that χ̃_0Q(−h^2Δ)χ_0 − K = O(h^∞) in L(L^2(R^n )). Thus we conclude that ~χ_0Q(−h^2Δ)χ_0 = K + T, (8.14)

where K has rank O(h^{−n}) and ‖T ‖ = O(h^∞).

Now it is clear that (6.3) and (6.4) are fulfilled with ^P_{2,θ} = ~P_θ − T .

References

[1] J. Avron, I. W. Herbst, Spectral and scattering theory of Schrödinger operators related to the Stark effect, Commun. Math. Phys. 52 (1977), 239-254.

[2] J.-F. Bony, Résonances dans des domaines de taille h, Inter. Math. Res. Not. 16 (2001), 817-847. [3] J.-F. Bony, Minoration du nombre de résonances engendrées par une trajectoire fermée, Commun. P.D.E. 27 (2002), 1021-1078.

[4] J.-F. Bony, J. Sjöstrand, Trace formula for resonances in small domains, J. Funct. Anal. 184 (2001), 402-418. [5] P. Briet, General estimates on distorded resolvents and applications to Stark Hamiltonians, Rev. Math. Phys. 8 (1996), 639-653.

[6] P. Briet, Absolutely continuous spectrum for singular Stark Haniltonians, Rev. Math. Phys. 13 (2001), 587-599. [7] V. Bruneau, V. Petkov, Representation of the spectral shift function and spectral asymptotics for trapping perturbations, Commun. P.D.E. 26 (2001), 2081-2119.

[8] V. Bruneau, V. Petkov, Meromorphic continuation of the spectral shift function, Duke Math. J. 116 (2003), 389-430.

[9] V. Bruneau, V. Petkov, Eigenvalues of the reference operator and semiclassical resonances, J. Funct. Anal. (to appear).

[10] M. Dimassi, J. Sjöstrand, Spectral asymptotics in the semi-classical limit, London Mathematical Society, Lecture Notes Series 268, Cambridge University Press, 1999.

[11] M. Dimassi, M. Zerzeri, A local trace formula for resonances of perturbed periodic Schrödinger operators, J.

Funct. Anal. 198 (2003), 142-159.

[12] M. Dimassi, Spectral shift function and resonances for perturbaitons of periodic Schrödinger operators, Preprint, 2002.

[13] B. Hellfer and J. Sjöstrand Analyse semi-classique pour l’équation de Harper, Mémoire de la Soci. Math. de France 34, 1988.

[14] I. W. Herbst, Unitary equivalence of Stark Hamiltonians, Math. Z. 155 (1977), 55-70.

[15] I. W. Herbst, Dilation analytically in constant electric field, Commun. Math. Phys. 64 (1979), 279-298. [16] I. W. Herbst, Exponential decay in Stark effect, Commun. Math. Phys. 75 (1980), 197-205. [17] P. D. Hislop, I. M. Sigal, Introduction to spectral theory with applications to Schrödinger operators, Applied Math. Sciences, 113, Springer Verlag, Berlin, 1996.

[18] L. Hörmander, The Analysis of Linear Partial Differential Operators, vol. III, Springer Verlag, Berlin, 1985. [19] C. Gérard, A. Martinez and D. Robert, Breit-Wigner formulas for the scattering poles and total scattering cross-section in the semi-classical limit, Commun. Math. Phys. 121 (1989), 323-336.

[20] V. Ya. Ivrii, Microlocal analysis and precise spectral asymptotics, Springer Verlag, Berlin, 1998. [21] T. Kato, Perturbation Theory, Springer-Verlag, New York, 1966.

[22] M. Klein, D. Robert, X.-P. Wang, Breit-Wigner formula for the scattering phase in the Stark effect, Commun.

Math. Phys. 131 (1990), 109-124.

[23] E. Korotyaev and A. Pushnitski, Trace formulae and high energy asymptotics for the perturbed three-dimensional Stark operator, Preprint, 2002.

[24] A. Martinez, Resonance free domains for non-analytic potentials, Annalles H. Poincaré, 4 (2002), 739-756. [25] R. Melrose, Weyl asymptotics for the phase in obstacle scattering, Comm. P.D.E., 13 (1988), 1431-1439. [26] V. Petkov, M. Zworski, Breit-Wigner approximation and the distribution of resonances, Commun. Math. Phys.

204 (1999), 329-351, Erratum, Commun. Math. Phys. 214 (2000), 733-735.

[27] V. Petkov, M. Zworski, Semi-classical estimates on the scattering determinant, Annales H. Poincaré, 2 (2001), 675-711.

[28] M. Reed, B. Simon, Methods of Modern Mathematical Physics, Analysis of Operators, Academic Press, New York, London, 1978.

[29] D. Robert, Relative time-delay for perturbations of elliptic operators and semiclassical asymptotics, J. Funct.

Anal. 126 (1994), 36-82.

[30] D. Robert, Autour de l’approximation semi-classique. PM, 68, Basel, Birkhäuser 1987. [31] D. Robert, X. P. Wang, Existence of time-delay operators for Stark Hamiltonians, Commun. P. D. E. 14 (1989), 63-98.

[32] D. Robert, X. P. Wang, Time-delay and spectral density for Stark hamiltonians (II), Asymptotics of trace formulae Chin. Ann. of Math. 12 B (1991), 358-384.

[33] I. M. Sigal, Sharp exponential bounds on resonances states and width of resonances, Adv. in Appl. Math. 9 (1988), 127-166.

[34] I. M. Sigal, Geometric theory of Stark resonances in multi-elecrin systems, Commun. Math. Physics, 19 (1988), 287-314.

[35] J. Sjöstrand, A trace formula for resonances and application to semi-classical Schrödinger operator, Exposé II, Séminaire EDP, Ecole Polytechnique, 1996 - 1997.

[36] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Dordrecht, Kluwer Acad. Publ.1997.

[37] J. Sjöstrand, Resonances for bottles and trace formulae, Math. Nachrichten, 221 (2001), 95-149. [38] J. Sjöstrand, Singularités analytiques microlocales. SMF. Astérisque 95 (1982).

[39] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991), 729-769.

[40] D. Yafaev, Mathematical Scattering Theory, AMS, Providence, RI, 1992.

[41] K. Yajima, Spectral and scattering theory for Schrödinger operators with Stark effect, J. Fac. Sc. Univ. Tokyo, Sect. I, 26 (1979), 377-390.

[42] X. P. Wang, Bounds on widths of resonances for Stark hamiltonians, Acta Math. Sinica, Ser. B, 6 (1990), 100-119.

Département de Mathématiques, Université Paris 13, Villetaneuse, France Département de Mathématiques Appliquées, Université Bordeaux I, 351, Cours de la Libération, 33405 Talence, France dimassi@math.univ-paris13.fr petkov@math.u-bordeaux.fr