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Introduction

Kinetic models
Method of moments

1D kinetic PDE
Ocf + vO f = Q(f)

satisfying certain properties

e Well-posed with (together with I1C and BC)

@ Hyperbolic (at fixed v)

@ Entropy decay

OH(F)+ 0.G(f) =D(f) <0,
o) = [an. an = [we)r o= [woem

v

with D(f)=0 & f=M
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Kinetic models
Method of moments

1D kinetic PDE
Ocf + vOLf = Q(f)

satisfying certain properties

e Well-posed with (together with I1C and BC)

@ Hyperbolic (at fixed v)

@ Entropy decay

OH(F)+ 0.G(f) =D(f) <0,
o) = [an. an = [we)r o= [woem

with D(f)=0 & f=M

Objective: Discretize w.r.t. v € R such that
@ These properties are preserved

e Capture exactly physical regimes (equilibrium, purely anisotropic)
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Kinetic models
Method of moments

Other (toy) models :
o Radiative transfer ;1 € [—1,1]

1
vl

Of + 1105 f = L(f),
@ Spray modelling S € R"

Oef + vOf + 0s(KF) =0,

Objective: Discretize w.r.t. ;€ [—1,+1] or S € R such that
@ These properties are preserved

o Capture exactly physical regimes (equilibrium, purely anisotropic)
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Kinetic models

Method of moments

State of the art and new alternatives

Alternatives (non-exhaustive):
@ Brute force: numerical cost, no equilibrium
o Monte-Carlo
o Discrete velocities
@ Moments methods:

o Euler equations —  restricted to low order
o Grad's methods —  non-hyperbolic, non-positive approximation
< regularizations (non-conservative)
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Method of moments

State of the art and new alternatives

Alternatives (non-exhaustive):
@ Brute force: numerical cost, no equilibrium

o Monte-Carlo
o Discrete velocities

@ Moments methods:

o Euler equations —  restricted to low order
o Grad's methods —  non-hyperbolic, non-positive approximation
< regularizations (non-conservative)

Novelties around
@ Quadrature methods: HyQMOM
@ Entropy method: ¢-divergence

@ Realizability method: Projection technique
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Kinetic models

Method of moments

Principle

Principle: Ocf + vO,f = Q(f)

@ Choose basis of weight functions
w(v) = wy(v) = (1,v,v?,...,v)T
@ Integrate the equation against w(v) over v
of + 0«F = Q,
f= / w(v)f(v)dv, F = / vw(v)f(v)dv, Q= / w(v)Q(f)(v)dv

— Work with f instead of f
@ Express F(f) and Q(f) (closure) based on f
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Method of moments

Principle

Principle: Ocf + vO,f = Q(f)

@ Choose basis of weight functions
w(v) = wy(v) = (1,v,v?,...,v)T
@ Integrate the equation against w(v) over v
of + 0«F = Q,
f= / w(v)f(v)dv, F = / vw(v)f(v)dv, Q= / w(v)Q(f)(v)dv

— Work with f instead of f
@ Express F(f) and Q(f) (closure) based on f

Difficulty: Choose a closure that
@ Preserves property
o Captures regimes
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Kinetic models

Method of moments

Construction and properties of the closure

Seek
F = [vw(v)f(v)dv . f = [w(v)f(v)dv
k
:(fla"'afNafNJrl) nowing :(f07 'va)
Common idea:
@ Solve the "problem of moments”
from fc RV find fr st f= / wig (1)

@ Closure: replace f by fg in F
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Introduction
Kinetic models

Method of moments

Construction and properties of the closure

Seek
F:/vw(v)f(v)dv knowing f:/w(v)f(v)dv

Common idea:

@ Solve the "problem of moments”
from fc RV find fr st f :/wfR (1)

@ Closure: replace f by fg in F
Problems:

e Existence of a solution to (1)7?
— Under condition = When? = Realizability

o Uniqueness?
< Very rarely = How to choose fg? = Closure

T. Pichard Moment models 4/21
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Realizability domain

Definition and properties

Realizability domain

RWN = {fERN-H s.t. dfg € L]l;I/N+1(R)+ fZ/WNfR}
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Realizability domain

Definition and properties

Realizability domain

RWN = {fERN-H s.t. dfg € L]l;I/N+1(R)+ fZ/WNfR}

= {/ wyf, fe€ L}VNH(RV}

Remark: ORu \ Rw

@ Ry, is a convex cone, s
i.e. stable by positive combinations

of .

® Ry, isopen and ORw, Z Ruw,
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Realizability domain

Hamburger moment problem

Proposition (1)
Even case : feRw, & Hn(F) = (firj)o<ij<n  is SPD
Odd case : f e ’R,WZNJrl =4 HN(f) = (f’:+j)0§i1j§N is SPD

Example:
fo f]_ fN Rw
fq f .. fyn
Hn(f) = . . )
of
fn fnpr .. Fon

— fongq is free

"Hamburger (1920), Akhiezer, Krein
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Realizability domain

Hamburger moment problem

Remark: f € OR,,, < Hp(f) symmetric positive singular

2Curto & Fialkow (1991-)
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Realizability domain

Hamburger moment problem

Remark: f € OR,,, < Hp(f) symmetric positive singular

Proposition (?)
Suppose that J := rank(Hy) < N and H,(f) is SPD
Then 3! representing measure

J
N = Za,-(;v,., a; >0,
i=1

Example:
P Fo ... F, | Fru . fu
f, ... foy f2;+1 O Y
Hy(F) =
=\ T,
fn oo Fon | Fagngr - fon

2Curto & Fialkow (1991-)

T. Pichard Moment models 7/21



Realizability domain

Hamburger moment problem

Remark: f € OR,,, < Hp(f) symmetric positive singular

Proposition (?)

Suppose that J := rank(Hy) < N and H,(f) is SPD
Then 3! representing measure

J
v = Zu;(;vi, a; >0,
i=1

@ Only on part of Ry, (call it OR})) R\ R
Example: f =(0,0,1)" € 9R,, since

aRT:
Ha(F) = < - ) is SPS,

2Curto & Fialkow (1991-)
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Realizability domain

Corollary

f € Ruoy,y iff Igonso st (F, Bonyo) € ORW,,.,, or equivalently
fo ... fy fni1
: symmetric positive singular
fn ... fan | fonis
fver oo Fanel | Bongo

— extends to multi-variate problems !

_ +
Rwoner = Ea, vi), a € R, v;eR

3Curto-Fialkow (1998-)
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Realizability domain

Other sets of integration

Proposition (Stieltjes)

f:/ wpf iff
R+
@ Even case N =2M:  Huy(f) and (fij+1)ij=o,...m—1 are SPD

@ Odd case N=2M+1:  Hy_1(f) and (fi+j+1)ij=0,...m are SPD

Proposition (Hausdorff)

+1
f:/ wyf iff
—il

@ Even case N =2M: HM(f) and (f,'+j+2 — f,'+j)i’j:0’.“’M71 are
SPD

@ Odd case N =2M + 1: (f,’+j 3£ fi+j+1)i,j:0,..‘,M are SPD

M—1
— Property: OR,, = ORI = { > a,-w(v,-)}
i-1
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Quadrature approach
Entropy apr
Closures Geometrical approac

QMOM?*: Principle

Considering f = (fo,...,fan_1) € Ru,y_, C R?V, then

N

N
fr = Zar;ém & = Za,-w(v,-)

i=1 i=1

How to compute «; and v;?

4McGraw (1997), R. Fox, F. Laurent, D. Marchisio, M. Massot, C. Chalon
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Quadrature approach
Entro
Closures Geomr

QMOM?*: Principle

Considering f = (fo,...,fan_1) € Ru,y_, C R?V, then

N

N
fr = Zar;ém & = Za,-w(v,-)

i=1 i=1
How to compute «; and v;?

1st idea:
Flat extension

fo fN_l fN
fony = V(f)THNfl(f)_1 V(f)
: i : . SPS &
fnor oo Fonco | Fonca V(F)=(fn,.

-->f2N—1)T
fn ... f2/\/71‘ fan

4McGraw (1997), R. Fox, F. Laurent, D. Marchisio, M. Massot, C. Chalon

T. Pichard Moment models 10/21



Quadrature approach
Entropy apr
Closures Geometrical approac

QMOM?*: Principle

Considering f = (fo,...,fan_1) € Ruyy_, C R?V, then

N

N
fo = Za,-év,. & f= ZafW(V/)
i=1

i=1

How to compute «; and v;?

2nd idea:
Change of basis

wy — Wy = Pwy st. PHy(f)PT = Diag

4McGraw (1997), R. Fox, F. Laurent, D. Marchisio, M. Massot, C. Chalon
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Quadrature approach
Entro
Closures Geomr

Properties

QMOM closure

N N N
fREZa;dv,-, f:Za;w(v,-), F:Zaiv,-w(v,)
i=1 i=1 i=1

Properties:
o Very efficient algorithm
o Positivity: feR, = a; >0
o Capture Diracs, no equilibrium
e Hyperbolicity?
o Entropy?
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Closures

Properties

Balance law
of + 0xF(f) = S(f)

@ (Strongly) hyperbolic
JeF diagonalizable in R
@ Symmetric hyperbolic®
JA SPD st.  AJeF(f) symmetric

Symmetric dissipative® AS(f) < 0 = 3 convex entropy

Natural framework for fluid dynamics
< "Some" well-posedness results
— " Correct” (physical) propagation of waves
< Numerical schemes

5Godunov-Mock
5Kawashima-Shizuta-Yong
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Closures

Properties

Balance law
Of + O, F(f) = S(F)
Non-hyperbolicity:
o Complex eigenvalues

Oru+ Oxv = 0, _ 0 1
{&vﬁxu—O, J'F_<1 0)

o Elliptic problem 0xu + Owu =0
o Unexpected from kinetic/physics (no wave propagation)
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Closures

Properties

Balance law
Of + O, F(f) = S(F)
Non-hyperbolicity:
o Complex eigenvalues

Oru+ Oxv = 0, _ 0 1
{&vﬁxu—O, J'F_<1 0)

o Elliptic problem 0xu + Owu =0
o Unexpected from kinetic/physics (no wave propagation)

@ Non-diagonalizable — Weakly hyperbolic

Oty +0,u=20 JoF — 1 0 Uo(X):a+b1]R+(X)
v +ov+ou=0 711 vo(x) = ¢ + dlg+(x)
e Solution

u(x,t) = a+ blg+(x — t), Ocu(x,t) = (b—a)d(x —t)

o §-schocks (measure solution)
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Closures

Properties

QMOM closure

N N
fREZa;dv,-, f:Za;w(v,-), F:Zaiv,w(v,.)
i=1 i=1

Properties:
o Very efficient algorithm
o Positivity: feR, = a; >0
@ Capture Diracs, no equilibrium
o Weak hyperbolicity:

J¢F = PDiag (..., n)P™Y,  Jj= ( ‘8 31 >

d-shocks of mass «; and velocity v;
e Entropy — > a;E(v;) Not related to kinetic

T. Pichard Moment models
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Closures

Extensions

Algorithm: DQMOM
Multi-variate v € R3: CQMOM

fr = Zoéi5(V1 —vi1)0(va — vi2|v1)d(vs — vi3|vi, vo)

— principal directions
@ Multi-Gaussian a.k.a. EQMOM

fr = Zoz,- exp (—a(v - v,-)2)

Strongly hyperbolic: HyQMOM

N+1
feRw, and fr= Z a;dy,
i=1

< 2N + 2 parameters for 2N 4+ 1 moments
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Quadrature approach

Entropy approach

Closures Geometrical approact

© Closures

@ Entropy approach
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Closures

Minimum entropy

Consider 0;f + vOxf = Q(f) such that
OH(F) + 0xG(F) = D(f) <0,

e = [an. o= [wer o= [weem

Proposition ()

Choice: fg = argmin H(f),
[ wf=f

Boltzmann/Shanon entropy: n(f) = flog f — f, then (n*) = exp

7Levermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
8 ax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong
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Closures

Minimum entropy

Consider 0;f + vOxf = Q(f) such that
OH(F) + 0xG(F) = D(f) <0,

e = [ a0, an = [wer o= [weem

Proposition ()

Choice: fr = argmin H(f), then
[ wf=f

o fo= (1) (AT w(v))

Boltzmann/Shanon entropy: n(f) = flog f — f, then (n*)’ = exp

7Levermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
8 ax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong
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Closures

Minimum entropy

Consider 0;f + v, f = Q(f) such that
OH(F) + 0xG(F) = D(f) <0,

e = [an. an = [wer o= [weem

Proposition ()

Choice: fr = argmin H(f), then
[ wf=f
o fx = (1Y (ATw(v))
o 0; ([ wfr) + 0 ([ vwir) is symmetric hyperbolic®
AatA + BaxA

Boltzmann/Shanon entropy: n(f) = flog f — f, then (n*) = exp

7Levermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
8| ax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong

T. Pichard Moment models 13/21



Closures

Minimum entropy

Consider 0;f + vOxf = Q(f) such that
H(F)+ 0:G(f) =D(f) <0,

)= [an. an = [ver o= [weem

Proposition ()

Choice: fr = argmin H(f), then
[ wf=f

o fx = (YA Tw(v))
o 0, ([ wig) + Ox ([ vwig) is symmetric hyperbolic®

o [ATwQ(fr) = [1/(fr)Q(fr) = D(fr) <0

Boltzmann/Shanon entropy: n(f) = flogf — f, then (n*) = exp

7Levermore (1996), Junk, Schneider, Borwein & Lewis, Mead & Papanicolaou
8ax & Friedrichs (1971), S. Kawashima, Y. Shizuta, W.-A. Yong
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Closures

Two difficulties:
o Computational costs
@ Undefined for some f € R,:

Proposition (°)

If € Rw st 7\ satisfying / w(V)(1*) (AT w(v))dv = F.
R

< lack of integrability L

3
exp (Z v+ )\4v4>

i=0
when \s — 0~ fs

5Junk (1998), Schneider, McDonald, Groth
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Closures

8

Alternative: ¢-divergence

Idea (via minimization techniques): Case n(f) = flogf — f
o Use relative entropy®

D(f, M):/Mn (;ﬂ) :/flog (/;)

@ Replace n by

(F)=f N ) N gt
M =IANT T N1 8

s.t. Dn(f, M) = [ Miy(4) and obtain

N
AT
fa = argmin Dy(f, M) = M (1 + NW> ~ exp(A" w)

[ wf=Ff 4

8M. Abdelmalik (2016-), H. Van Brummelen
9Kullback & Leibler (1951)
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Closures

9

Alternative: ¢-divergence

Entropy inequality

o. [(r)+o. [wiir)= [winewn) <o

AT N+1
w
fl =M[1+——

+

Reconstruction

Properties:
o 0. ([ wfg) + Ox ([ vwfg) is symmetric hyperbolic

@ Construction of Qp s.t.

/ AT wQu(FY) = / () Qu(Y) < 0

@ Still need to

9M. Abdelmalik (2016-), H. Van Brummelen
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Quadrature approach

Entropy approach

Closures Geometrical approach

© Closures

o Geometrical approach

T. Pichal Moment models




Closures Geometrical approach

General ideal!

Receipe:
@ Choose an equilibrium 9 € L}, (R)*

Wn+1

@ Project f € Ry, toward R, along —F*?
f=aof+F, fciRw,

@ Reconstruct fg from €9 and f°

1T.P. (2020-)
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Closures

General ideal!

Receipe:
Q@ Choose an equilibrium & € L}, (R)*

@ Project f € Ry, toward IR, along —F
f=ayf +F f° € 0Rw,
@ Reconstruct fg from €9 and f°
Problem: Choose ¢/(f) such that

o Maxwellians 9 = M(p,u, T) = (") (AT w)
o f° € IRy C IRuw, to reconstruct f* =3 a;w(v;)

1T.P. (2020-)
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Closures Geometrical approach

A parametrization of R,

Suppose that fe9(A) = (*) (AT wy(v)) and 2M = N — (J + 1), seek

M
F=F90)+> aiw(v)
i=1

*+ M
Is { A x (R*" xR) —Rw bijection ?
v

= ()\,al,vl,...,ava) — f
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A parametrization of R,

Suppose that fe9(A) = (*) (AT wy(v)) and 2M = N — (J + 1), seek
M
F=F90)+> aiw(v)
i=1

*+ M
Is { A x (R*" xR) —Rw bijection ?
v

= ()\,al,vl,...,ava) — f

No: det J,f =0 when ax =0 (and flax =0) € Rw)
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Closures Geometrical approach

A parametrization of R,

Suppose that fe9(A) = (*) (AT wy(v)) and 2M = N — (J + 1), seek
M
F=F90)+> aiw(v)
i=1

A x (R*+ x R)" = Ruw

Is { a bijection 7
v= (Aai,wv,...,ak,vk) —F

No: det J,f =0 when ax =0 (and flax =0) € Rw)

Current work:
@ Description of Ry, \f (/\ x (R* x R)"
— density in R,, —  similar to Junk line

@ Lose uniqueness when ax =0 (any vk)
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Closures Geometrical approach

Hyperbolicity

Suppose 2M = N — (J + 1)

M
Fo= [wrYOTwa) 4 Y aw(w)

o Weak hyperbolicity

A-1B | 0 ) -1
JF=P . P
f ( * ‘ Dlag(Ja1,V17"’7JO‘K’VK)

e Symmetric hyperbolicity for A
A(A, (67 V,')at)\ aF B()\7 «j, v,-)@x)\

AN i, v;) /H Vi) wow T (n*)” (ATWJ)
B (X, aj, vi) / H v wow ! (n*)” ()\TWJ)

On going work: Part on (o, s;) 7

T. Pichard Moment models
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Closures

Properties and on-going work

Properties:
o Positivity

f:/w(v) <a0f8q(v)dv+Za;5v,)

o Captures ¢ and 6,
@ Weak hyperbolicity
@ Entropy decay: on-going work
Current work:
@ Symmetrization: Find a basis w such that

A A
Ad: | a; | +BO| «;
Vi Vi

@ Choice of closure Q(f) — Entropy decay and symmetric dissipation
(relation with W)
e Computation (numerical) of A, («j, vi)i=1,...J
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In a nutshell

@ Quadrature:
° hyperbolic — strongly
o Positive reconstruction
o Capture Diracs, not equilibria
° — not kinetic
o Algorithm !

o Entropy:

o Symmetric hyperbolic and dissipative
o Choice for a positive reconstruction
o Capture equilibria and Diracs (on the boundary)

o Projection:

° hyperbolic
o Positive reconstruction
o Capture equilibria and Diracs
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