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Gottschalk-Hedlund theorem revisited

XIFENG SU AND PHILIPPE THIEULLEN

Ergodic optimization and discrete weak KAM theory are two par-
allel theories with several results in common. For instance, the
Mather set is the locus of orbits which minimize the ergodic aver-
ages of a given observable. In the favorable cases, the observable is
cohomologous to its ergodic minimizing value on the Mather set,
and the discrete weak KAM solution plays the role of the transfer
function. One possibility of construction of such a coboundary is
by using the non linear Lax-Oleinik operator. The other possibil-
ity is by using a discounted cohomological equation. It is known
that the discounted discrete weak KAM solution converges to some
selected weak KAM solution. We show that, in the ergodic opti-
mization case for a coboundary observable over a minimal system,
the discounted transfer function converges if and only if the ob-
servable is balanced.

1. Notations and main statements

We consider a topological dynamical system (€2,0) where Q is a compact
metric space and o :  — Q is a continuous map. We denote by & (2, o) the
set of probability o-invariant measures, and for every continuous function
f € C%Q), by f, the ergodic minimizing value of f

(1) f:= min /fdu.

neZ(Q,o)

A minimizing measure is a probability invariant measure realizing the min-
imum in . We denote by Zp,in(Q,0, f) the set of all the minimizing
measures.
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Given a continuous function f: X — R, we want to solve the following
cohomological equation where (M, u) are the two unknowns,

M is a Borel invariant set, and u(M) =1 for some u € Z(Q,0),

u : 2 — R is a non-negative Borel function,
Vw e Q, flw)—f>uoo(w)—u(w),

Ywe M, flw)— f=uoo(w) —u(w).

(CE)

A function of the form w o ¢ — u for some Borel function is called a cobound-
ary, and u is called a transfer function.

Notice that f could also be seen as an unknown of the cohomological
equation. We shall see that, if (M, u, f) is a solution of (CE), then f is
necessarily unique. Notice also that such an invariant measure p giving a unit
mass to M is necessarily a minimizing measure and satisfies supp(u) C M.
As we are interested in the “largest” set M for which such a transfer function
u exists, it is hence natural to consider the following set, called Mather set

and defined by

@) M(f) = {supp() : 1 € Prin( Q0.5 }.

It is easy to see that the Mather set is closed, invariant, and is equal to
the support of some minimizing measure. The terminology “Mather set”,
following Mather [I1] (where it is denoted by suppM. before proposition
3), comes from the weak KAM theory initiated by Mané [10] (Theorem B,
cohomological equation on each supp(u)), then extended by Fathi [4] (theo-
rem 1, sub-cohomological equation on the whole set ) and later thoroughly
studied by Fathi in [5] (the final terminology in section 4.12).

For “hyperbolic systems”, if the dynamical system (€2, o) is a Smale space
[13] (for example a sub-shift of finite type) and the function f is Walters
[15] (for example Hélder), then the cohomological equation (CE) admits
a solution (M,u) where M = M(f) and u is Walters, see Bousch [I]. In
an opposite direction, if (2, 0) is a topological dynamical system admitting
invariant measures with different supports, for C° generic function f, every
minimizing measure y has full support, supp(p) = €, and there is no solution
(M,u) of (CE) with a continuous u, see Bousch [I]. There also exists C*
lacunary functions on the circle f: T — R and Liouville numbers « such
that on the minimal and uniquely ergodic dynamical system (T, R,), (Rq
denotes the rotation by «), there is no solution (M, u) of (CE) with a Borel
u, see Katok-Robinson [8] (remarks 1 after theorem 3.5) and Herman [7].



Gottschalk-Hedlund theorem revisited 287

Our main goal in this paper is to use the weak KAM approach to provide
a new way of solving the cohomological equations under weaker conditions.
As an application, we slightly improve the classical Gottshalk-Hedlund the-
orem by proving that condition below is equivalent to the existence of
the continuous coboundary.

We also investigate a discounted weak KAM approach to obtain an
approximate (or numerical) solution of (CE) in the Gottschalk-Hedlund
setting. The numerical scheme may not converge and we identify those
coboundaries that can be obtained as a limit. Unless the coboundary is
balanced (that we are going to define) the scheme always oscillates.

Our first result is the following.

Theorem 1. Let (Q,0) be a topological dynamical system and f:Q — R
be a continuous function. Assume

(3) Ywe D, u(w):=-— inf1 (f = f) o 0¥(w) < +o0.

Let ut := max(u,0). Define a Borel set

M = {wEM(f):Vk‘ZO, (f—f—u+ocr+u+)oak(w):0}.

Then (M, u") is a solution of the cohomological equation :
i) ut is lower semi-continuous,

i) Yw €9, fw) - F > ut oo(w) —ut(w),

iii) Yw € M, f(w) — f=ut oo(w) —ut(w),

w) Vi€ Ppin(Q,0, f), p(M) =1,

v) M is an invariant residual subset of M(f).

A residual set M in a compact space M is a set containing a countable
intersection of open and dense subsets in M. Unless u is bounded, condition
(3) is not a necessary condition for solving (CE).

The following corollary is an extension of Gottschalk-Hedlund theorem
[6] for every minimal subsets of the Mather set.
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Corollary 2. Let (Q,0) be a topological dynamical system, and f: Q — R
be a continuous function. Assume

n—1
IC >0, VweQ, Vn>1, > (f-floot(w)>-C.
k=0

Then

i) Yw € M(f), ¥n>1, S020(f — f)ook(w) < C,

ii) if p s invariant and supp(p) C M(f) then p is minimizing (the subor-
dination principle),

iit) there exists a lower semi-continuous function u : Q — R such that
a) 0<u<C,
b) Y € Q, fw) — f = uoo(w) - u(w),
c) for every minimal subset X C M(f), u is continuous on X and

Vwe X, flw)—f=uoo(w)—uw).

If (©2, o) is minimal, the Mather set must be equal to €2 and we recover the
classical Gottschalk-Hedlund theorem. The following statement is a slightly
improved extension.

Theorem 3 (Gottschalk-Hedlund [6]). If (Q, o) is minimal, f € C°(Q),

then the following two properties are equivalent:

o Yw € Q,

n—1

(4) inf 37 = /) o ot(w) > —o0,
~ k=0

e JucC'N), Vwe, flw) — f=uoo(w) — uw).

Notice that if (Q, o) is uniquely ergodic, M(f) = supp(p) and f = [ fdu
for a unique ergodic measure .

We now consider a weaker form of the cohomological equation that we
call discounted cohomological equation:

(DCE) {Ve >0, ue: Q — Ris a C? function,

Ve >0, Vw € Q, f(w)=(1—¢€)ucoo(w) — ue(w).
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Iterating the previous equality,

we obtain that (DCE]) has a unique solution, called discounted transfer func-
tion, which is given by the formula,

() Ulflw) = =Y (1= e f o 0¥ (w).

k>0

We question whether the discounted solution U[f] converges to some
solution of (CE) as € — 0. We give a complete answer when f is a coboundary
over a minimal system.

Definition 4. Let (€2, 0) be a topological dynamical system, and f : Q@ — R
be a continuous function.

i) We say that f is a reqular coboundary if there exists a continuous func-
tion u : 2 — R such that f =uwoo — u.

ii) We say that f is a balanced coboundary if there exists a continuous
function u : @ — R such that f =uwoo —u and [udp is independent
of pe 2(9Q,0).

A balanced coboundary is by definition regular. Our second result is the
following.

Theorem 5. Let (Q,0) be a topological dynamical system, and f:Q — R
be a regular coboundary.

i) If f is balanced, then there exists a unique u € C°(Q) such that f = u o
o—uand [udp=0, Yu € P(Q,0). In that case U[f] — u uniformly
in €.

ir) If (Q,0) is minimal and f is reqular but not balanced, then there ex-
ist u € CO(Q) satisfying f = wo o —u, two ergodic invariant measures
o, 1 satisfying [udpo # [udpr, and a residual set M C Q such that,
for every w € M, there exists a decreasing sequence (€p)n>0 converging
to 0 such that

Uy, [1)() = u / wdptn, Uy, [f]) () = 1 — / wdps.
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The notion of discounted cohomological equation is reminiscent of the
notion of discounted weak KAM solution discussed in [3] in the continuous
setting and in [2, 14] in the discrete setting. Contrary to the phenomenon
observed in theorem|[5] the discounted weak KAM solution converges to some
selected weak KAM solution, called balanced weak KAM solution, see [14]
proposition 18 in the discrete setting.

2. Proofs for the cohomological equation

The fact that f is the unique solution of the cohomological equation (CE)
follows readily from the following standard lemma in ergodic theory. We
were not able to find a reference of that lemma and as suggested by the
referee we give a short proof in the Appendix.

Lemma 6. Let (2,0,u) be a measurable dynamical system (2 is a Polish
space, o : Q — Q is a Borel map, and p is a o-invariant probability). Let u :
Q — R be a Borel function. If (uoo —u)™ € LY(u) then uoo —u € L*(p)
and [(woo —u)dp=0.

Corollary 7. If (M,u, f) is a solution of (CE) then f must be equal to the
formula given by equation .

Proof. As f—f >uooc—uonQ, (uoo —u)t €L (u) for every u € P(Q,0).
Lemma [6] implies that

Vi e PO, o), /(f—f)duzo.

We obtain on the one hand

On the other hand f — f =uoo —u on M and (M) =1 for some [i €
P(2,0). Applying again lemma |§| to (M, o, i), we obtain [(f — f)dp =0,

and
f= dii > inf dys.
F=franz i fra
O

Proof of theorem[1] Ttem (f]) is a consequence of the fact that the supremum
of continuous functions is lower semi-continuous.
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Item is an immediate consequence of the following identity:
(6) VweQ, fw)—f=u"oo(w)—uw).

Indeed let w € Q. One could analyze the infimum in the definition of u
in for both cases: the infimum is reached at n =1 or not, that is, we
have either

or

n—1
(f = D) = —uw) = inf > (f = f) o o (w),

= (/= D) ~uoo(w)
uoo(w) >0, (f—[f)w)=utoo(w)—uw).
We have proved in particular,
VweQ, (f—f)w)>utoo(w)—ut(w).

Lemma |§| implies that ut oo —ut € L'(u) and [(uT oo —u™)du =0,
Ve 2(Q,0).

The proof of item will follow from the fact that u > 0, u(dw) a.e. for
every it € Ppin(,0, f). Let w~ := (—u)™ and p be a minimizing measure.
We have

O:/(f—f)d,u:/(u+oa—u)du:/(u+oa—u+)+u_d,u,
/u_d,u:() = woof(w)>0, pldw), Yk >0, ae.

which implies p(M) = 1.

The proof of item will follow from the following two facts.
First fact: Let R be the set of points of continuity of u belonging to the
Mather set. As w is lower semi-continuous, R is a residual set of M(f). See
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[9] for a detailed proof: a lower semi-continuous function is a Baire function
of first category (Theorem 3.3.4), and the set of points of discontinuity of a
Baire function of first category is a F, of empty interior (Theorem 3.5.3).

Second fact: w > 0 on R. Indeed let w € R. Then w € supp(u) for some
minimizing measure p. By contradiction, if u(w) < 0, we would have u < 0
on a neighborhood U containing w. Since U N supp(u) # 0, we would have
w(U) > 0, contradicting u > 0, p a.e. Therefore, u > 0 for any w € R, which
implies (6]) holds with u"(w) instead of u(w).

Hence, ﬂkz()O'_k (R) is again residual, invariant, contained in M, which
completes the proof of . O

Proof of corollary[3 Theorem [I] implies the existence of a lower semi-
continuous function u : @ — R and a residual subset M C M(f) such that

e Vwe flw)—f>uoo(w)—uw),
eVwe M, flw)—f=uoo(w)—u(w),
e Vwe 0<u(w)<C.

The proof of item (fif) follows from,

n—1
Ywe M, Vn > 1, Z (f=175 ooF(w) = ut o o™(w) — ut(w)
k=0
<utoo™(w) <C,

and from the fact that M is residual and in particular dense in the Mather

set.
The proof of item follows from item (). If supp(p) € M(f), then

VnZO,n/fd,ugnf—FC = /fd,u:f.

The proof of item follows from theorem (1| applied to —f on any
(X, 0). Indeed, thanks to item (fi}), we have

n—1
sup /fd,u:f and Yw € X, supZ(f—f)ook(w)<+oo.
HEP(X,0) n2l, 7,

There exists a non-positive upper semi-continuous function v : X — R such
that

Vwe X, f(w)— f<voo(w)—v(w).
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Then
Vwe X, uoo(w)—uw) < fw)— f <voo(w) —v(w).

Since v — v is lower semi-continuous on X, v — v attains its infimum on X.
Define

D :=min{(u—v)(w):we X}, X:={weX:(u—v)w) <D}

Since (u—v)oo < (u—wv), X is compact, o-invariant, therefore by mini-
mality is equal to X: u—v =D on X, u and v restricted to the X are
continuous and f — f =uooc—u=voo—von X. O

We will need the following lemma for the proof of theorem 3| See propo-
sition A.7 in Morris [12] for a proof.

Lemma 8. Let (Q,0) be a topological dynamical system and f € CO(Q).
Then

n—1

1
Jw, € Q, Vn >0, ”kz_ofoak(w* < erﬁlga)/fdﬂ

Proof of theorem[3. Tt follows from lemma [§ and by assumption of the the-
orem, there exists w, €  and a constant C' > 0 such that

i
L

Yn>0, —-C<d (f—f)oo®(w,) <0.
0

il

Then
m+n—1

Ym,n >0, > (f-f)ook(w)>-C

k=m

By minimality of (£2,0), the orbit of (0%(w,)), . is dense,

n—1

VweQ Vn>1, Y (f-foock(w) = -C.
k=0

We conclude the proof by using corollary O
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3. Proofs for the discounted cohomological equation

Notice that the unique solution of (DCE), equation (5]), can be written as

Ulfl(w) = — /fdue,m Yo e Q.

€

where fie =) pvo€(l — e)kégk(w) is a probability measure not necessarily
invariant.

The proof of item (i) of theorem [5| follows from the following lemma.
Lemma 9. Let f € C°(Q).
i) IfVu e 2(Q,0), [fdu=0, then [fduc, — 0 uniformly in w € Q.
i) If f =uoo —u, then U[f](w) = u(w) — [uooducy, Ywe Q.

Proof of item (i). We first prove that
lim sup sup /f dpte = 0.
e—0 wen

Let (en)n>0 be a sequence tending to 0 and realizing the above lim sup. Let
(wn)n>0 be a sequence of points of ) realizing the supremum of [ f dpue,
for each €,. Choose a sub-sequence of (€,),>0, that we denote in the same
way, such that (fie, o, )n>0 converges to some probability measure p. Notice
that

Vn >0, Vg € CO(Q)a (1- en)ﬂen,wn (goo) = He,, wn, (9) — eng(wn).

Taking n — 400, we obtain p € £(Q,0) and

lim sup sup /f dpte, = lim /f dpte, 0, — /f dp = 0.
e—=0  wen e—0

Similarly we show liminf._,inf,eq [ f dptew = 0. Ttem is proved. [l
Proof of item . We observe

u=uooc—f=(1—-€uoo—f+euoo

=5 (1 - (~f+euoo)oot

k>0

) = Uf)@) + [uoa dies
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Proof of item of theorem @ If f is a balanced coboundary, f =uwoo — u
for some w satisfying [udp =0, Vu € M(Q,0). Then, thanks to lemma@

U fl(w) = u(w) — /u 0 0 dftew — u(w), uniformly in w € Q.

In particular, such a transfer function w is unique. O

The proof of the second item of theorem [5| will be given after the two
following lemmas.

Lemma 10. Let (2,0) be a minimal dynamical system, and po, p1 be two
ergodic measures. Then there exists a residual subset M C € such that for
every w € M there exists a sequence of integers (Np)p>1 such that

Vp > 1, NQp < ln(N2p+1), N2p—1 < ln(ng),

n—1
1 1
Vp > 1, VIn(N,) < n < Np, - g uoak(w)—u[p](u) <];,
k=0

where [p] = p mod 2.

Proof. Let i = 0,1. As p; is ergodic, thanks to Birkhoff’s ergodic theorem,
for every p > 1, > 1,

Us) = {w € supp(p;) : 3N > ¢, VIn(N) <n < N,

1 n—1
=3 oot w) - puw)
k=0

1
<7
p}

is an open and dense set of supp(u;). As (£2,0) is minimal, supp(u;) = Q.
The set M; := ﬂp7q21U1§2 is thus a residual set of Q2. Define M := My N M.
Then M is a residual set. If w € M, we construct by induction a sequence
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of integers (Np)p>1 satisfying the properties of the above lemma:

1 n—1

p=1,¢=1, 3Ny, VIn(N1) <n < Ny, |— Zuoak+1(w) —pi(u)| <1,
" =0

p=2,qg=1In(Ny), IN2 > ¢, VIn(N2) < n < Ny,
RS
EZUOU (w) — po(u)| <
k=0
p=3,q= ID(NQ), dN3 > q, VID(Ng) <n < Ns,

1 n—1
=3 wo ot w) — )| <
k=0

and so on.

Denote by A, ., := % Zz;é ok (w) the empirical measure.

Lemma 11. For everye >0, weQ, n>2

n—2
Mew = Z (k' + 1)62(1 - E)kAk+1,w + Rn,e,o.n
k=|In(n)|
[In(n)|—1
Bpew= Y (k+1)e(1—efAp,

k=0

+ ne(l - e)n_lATL,w + (1 - E)n/‘e,a"(w)a

sup Rpcw(1) < (eln(n))? + (1 + ene)e .

Proof. We have

n—1

Mew = Z €<1 - 6)k(sak(w) + (1 - E)nue,a"(w)a

n—1

(1= )"y =Y el — &) ((k+1)Apr1w — kApy)
0 k=0
n—2

i
L

b
Il

=S e+ 1)1 — )F Ap 1w +ne(l — )" 1A,
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Proof of item of theorem[5 Let (2, 0) be a minimal dynamical system

and f be a non-balanced coboundary: f=woo —u, [udpg# [udp; for

some ergodic measures pg, pt1. Let M be the residual set given by lemma

Let w € M and (IVp),>1 be the sequence of integers given by lemma Let
. In(lV,) a

€= TN, Define

= > (k+1)e(l—¢)"

Then, using lemma
0<1-ap,=supRn, e, w
w

< (e, In(Np))? + (1 + ey Nype)e™*Ne — 0,

N,—2

pe,w(woo) — ppy(w) = > (k+ 11— ) (Apprw(uo o) — gy (u))
k=[in(N,)]

+ RNp,ep,w(“ oo)—(1- ap):u[p} (u),
ey 9) = i ()] < =2 +2(1 = ) oo = 0.
We conclude the proof of the theorem using item of lemma @ O
Appendix
Proof of lemma[f. We define for every integer N > 0 the truncated function
uy = —N1y<—n) +ul-neuen) + N> n).
As uy € L'(p), by invariance of y with respect to o, we obtain
(7) /(uNoa—uN)_du:/(uNoa—uN)+du.
By Fatou’s theorem,

/(uoo' —u) du < liminf/(uN oo —uN)+ du.

N—+o0
The heart of the proof is to show the following a priori estimate (everywhere)

(uyoo—uy)t < (uoo —u)T.
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Notice first that it is enough to assume uy o 0 — uy > 0. In particular, this
implies u < N (otherwise we would have uy o 0 > N which is not allowed),
and for the same reasons u o o0 > —N. We thus obtain on the set {uy oo —
unN > 0},

uy >u, uooc>unyoo, O0<uyooc—uy<uoo—u,
(uyoo —uy)" < (uoo —u)".

We just have proved (uoo —u)~ € L'(u), and uoo —u € L'(u). By ap-

plying the same a priori estimate to v = —u and by noticing vy = —uy, we

obtain

(uyoo —un)” < (uoo—u) .

By the dominated convergence theorem applied to , we get
/(uoa—u)d,u,zo.
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