SHARP LARGE DEVIATIONS FOR SOME HYPERBOLIC SYSTEMS

VESSELIN PETKOV AND LUCHEZAR STOYANOV

ABSTRACT. We prove a sharp large deviation principle concerning intervals shrinking with sub-
exponential speed for certain models involving the Poincaré map related to a Markov family for an
Axiom A flow restricted to a basic set A satisfying some additional regularity assumptions.

1. INTRODUCTION

1.1. Main result. Let (X, f, ) be an ergodic dynamical system, where f : X — X is a diffeo-
morphism and p an ergodic probability measure. For an observable ¥ : X — R, Birkhoff’s ergodic
theorem says that

Uh(z) W)+ O(f(@) +-..+ (" (@)

n n

converges for almost all z € X with respect to p to the mean value My = | « Udu of ¥ over X.
So, if a closed interval A does not contain the mean My, then the measure of the set {z € X :
U™(x)/n € A} for n sufficiently large should be small. The theory of large deviations provides
exponential bounds for such measures.

For example it follows from general large deviation principles (see [Kif], [Y], [OP]) that if X
is a mixing basic set for an Axiom A diffeomorphism f, ® and ¥ are Hélder continuous functions
on X with equilibrium states mg¢ and myg, respectively, and myg is not the measure of maximal
entropy of f on X, then there exists a real-analytic rate function J : Int(Zy) — [0, 00), where

I\I,:{/\Ildm:mEMX},

M is the set of all f-invariant Borel probability measures on X, such that

lim lim llogm<1> ({:L’ €X: \Iﬂ;f:r) €(p— 5,p+5)}> = —J(p), Vp € Int(Zy). (1.1)

d—0n—oon

Since my is not the measure of maximal entropy, ¥ is not cohomologous to a constant and the
interval Zy is non trivial and Int(Zy) # 0. Moreover, J(p) = 0 if and only if p = [ ¥ dmg.

Many results on large deviations for hyperbolic (discrete and continuous) dynamical systems
have been established in both the uniformly hyperbolic case (see [Kif], [Y], [OP], [L], [W], [G] and
the references given there) and the non-uniformly hyperbolic case ([AP], [RY], [MN]).

For shrinking intervals (p — d,,, p+ 9,,) with 6, — 0 as n — oo it follows that we have an upper
bound

1 \UAQ
lim sup — log mg <{az €X: fo) €(p—0n,p+ 5n)}> < —J(p), Vp € Int(Zy). (1.2)

n—oo

It is natural to study the question about the existence of a lower bound in (1.2). Recently,

Pollicott and Sharp ([PoS2]) obtained a result of this kind in the case of a hyperbolic diffeomorphism

f X — X. Assuming that the Holder continuous function W satisfies a certain Diophantine
1
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condition related to three periodic orbits of f, myg is not the measure of maximal entropy of f,
and the sequence {d,} of positive numbers is such that 1/5, = O(n'**) as n — oo for some
appropriately chosen x > 0, they proved that

v (x)

1
lim —logmeg <{:c e X:

n—oo N

€ =G+, ) ==J0) (13)

for all p € Int(Zy). As a consequence they derived a fluctuation theorem in a similar setup.

An apparently interesting question is whether one can go further and obtain the same lower
bound as in (1.3) with a sequence {d,} converging must faster to 0. Our aim in this article is to
obtain a class of examples where this holds in the case when 48, — 0 with sub-exponential speed,
i.e. when
logd,

lim
n— o0 n

0. (1.4)

Moreover, we also show that for the class of functions we deal with, if

. logédy,
lim =

n—oo N

for some sufficiently small ag > 0, the asymptotic (1.3) is not true and we have a lower bound
—J(p) — ap. Thus our result in this situation is optimal and we indeed have sharp large deviations.
To our best knowledge it seems that this is the first result with a precise limit different from —J(p).

Unlike [PoS2], in our model the role of X is played by the union of all rectangles in a Markov
family for an Axiom A flow restricted to a basic set A and f is just the corresponding Poincaré
map.

We now proceed to state our assumptions and main result precisely. Let ¢, : M — M
(t € R) be a C? flow on Riemannian manifold M and let A be a basic set for ¢;. It follows
from the construction of Bowen [B] (cf. also Ratner [Ra]) that there exists a Markov family
R = {R;}f_, of rectangles R; = [U;,S;] of arbitrarily small size x > 0 for the restriction of the
flow ¢, to A (see Section 2 for terminology and definitions). Set R = U¥_ | R;. Let P : R — R
and 7 : R — [0,00) be the corresponding Poincaré map and first return time, respectively, so
that ¢ () (7) = P(z). We can then model ¢; on A by using the so called suspended flow on the
suspension set R, = {(x,t) 1z € R,0 <t < 7(x)} (see e.g. Ch. 6 in [PP]).

Let F;G : A — R be Hoélder continuous functions. We will assume that the representative
of G on R; is constant on stable leaves, i.e. on each set of the form {([z,y],t) : y € S;}, where
i=1,....k, x€U; and t € [0,7(z)].

Throughout this paper we assume the following

Standing Assumptions: (A) ¢; is a mizing flow on a basic set A, @y and A satisfy the conditions
(LNIC), (R1) and (R2) stated in Sect. 2 below and the local holonomy maps along stable laminations
through A are uniformly Lipschitz.

(B) R = {Ri}¥_, is a fired Markov family of rectangles R; = [U;, S;] for the restriction of the
flow ¢y to A, chosen so that the matrix A = (ai,j)ﬁjﬂ related to R s irreducible.

(C) F: A — R is a Hélder continuous function, while G : A — R is Lipschitz and its
representative in the suspension space R, is constant on stable leaves.
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For T'> 0 and = € A set .
GT(@) = [ Glato) .
0
and let
Iy = {/ G (z) dm(z) : m € ./\/lp} ,
R

where Mp is the set of all P-invariant Borel probability measures on R. For any function h on R,
x € R and an integer n > 1 we set

RY(x) = h(z) + h(P(x)) + ... + h(P" (x)).
Under the standing assumptions above, in this paper we prove the following main result.

Theorem 1. There exists a constant pio > 0 such that for any Lipschitz function G > 0 on A
with % < o, for which GT@ () is a mon-lattice function on R, there exists a rate function
J 1 Ty — [0,00) with the following property: for every Hélder continuous function F on A there
exists a constant p = p(F,G) € (0,1) such that for any sequence {6, } of positive numbers decreasing
to zero with
. logdn,
lim

n—oo  n

=—-op <0 (1.5)

for some 0 < o < —10%, we have

n—oo M n

.1 G () (x)
lim —logm(<x€R: ————= € (p—0pn,p+n) ¢ | = —J(p) — ao, Vp € Int(Zy), (1.6)

where m is the equilibrium state of the function FT(®) (x) on R. In particular, for ag =0 we get

.1 G (@) ()
lim - logm |z €R: — € (p—0n,p+6n) p | =—J(p), Vp € Int(Zp). (1.7)

The rate function J is explicitly defined in Sect. 3 below. The definition of ‘non-lattice’ is
provided in Sect. 2.

It should be mentioned that in Theorem 1 it is enough to assume that G is essentially Lipschitz
and F is essential Holder continuous (see the definitions in 1.2.2 below) — the proof given below
works without any changes in that case. B

Notice that given any Lipschitz function G on A, the function G = G + c satisfies I:fT(g) < o
for any sufficiently large constant ¢ > 0. Further remarks on the assumptions in Theorem 1 are
given in the next sub-section.

1.2. On the range of applicability of the main result. We begin with some remarks concern-
ing the standing assumptions.

1.2.1. Remarks on the condition (A). (a) It is well-known that in general the maps A > = +—
E*(z) (or E*(x)) are only Holder continuous (see e.g [Ha] or [PSW]). The same applies to the
so called local stable and unstable holonomy maps (see Sect. 2 below for the definitions). The
following pinching condition implies stronger regularity properties of these maps.

(P): There exist constants C > 0 and 0 < a < 3 such that for every x € A we have

1
S el < dgufe) ull < CeHlull , ue B'@) t>0,
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for some constants ag, By > 0 depending on x but independent of u and t with o < ay < B, < 0
and 20, — B > « for all z € A.

For example in the case of contact flows ¢y, it follows from the results in [Ha] that assuming
(P), the map A > x — E%(x) is C'*¢ with € = 2a/8 — 1 > 0 (in the sense that this map has a
linearization at any « € A that depends Holder continuously on x). The same applies to the map
A >z — E%(x).

Notice that when n = 2 (then the local unstable manifolds are one-dimensional) the condition
(P) is always satisfied. Geodesic flows on manifolds M of strictly negative curvature satisfy the
pinching condition (P), provided the sectional curvature is between —Ky and —K(/4 for some
constants Ko > 0 ([HP]).

For open billiard flows in the exterior of a compact set K in R™ which is a finite union of
disjoint strictly convex domains satisfying a certain no eclipse condition, the condition (P) is always
satisfied when the minimal distance between distinct connected components of K is relatively large
compared to the maximal sectional curvature of K ([St3]). In particular, for such billiards the
standing assumption (A) is always satisfied ([St3]).

(b) As shown in [St2], the non-integrability condition (LNIC) always holds for contact flows
¢t when dim(M) = 3, and also for transitive contact Anosov flows with Lispchitz stable/unstable
holonomy maps. In fact, in the latter case (LNIC), (R;) and (R2) always hold ([St5]). In particular,
for geodesic flows on compact locally symmetric spaces the standing assumption (A) is always
satisfied.

(c) It is proved in [St4] that the conditions (R;) and (R2) hold under some rather general
assumptions for the flow ¢; and the basic set A. In particular this is always the case under the
pinching condition (P).

(d) We expect that a further progress in the analysis of the strong spectral estimates for the
iterations of the Ruelle operator will extend the setup of the dynamical systems for which we can
apply our arguments. For example, it is natural to conjecture that for contact Anosov flow one
should be able to obtain the result of Theorem 1 without the assumption (A).

1.2.2. Remarks on the condition % < po in Theorem 1. (a) Let F,G :— R be Holder
continuous functions, and let
7(x)

7(x)
B(x) = /0 Flaa)dt . ¥ = [ Gl (18)

for all x € R. Then ® and V¥ are essentially Hélder on R, i.e. for each i # j they are Holder
continuous on R; N P~Y(R;) (whenever this is non-empty). In fact, for the latter it is enough to
assume that F' and G are essentially Hélder continuous, i.e. they are Holder continuous on each
block
Bij={pi(z) 2 € RAPHR;), 0<t<7(x)}

with R;NP~1 (R;) # 0. In a similar way one defines essentially continuous and essentially Lipschitz
functions on A (with respect to the Markov family R).

It is easy to see that Theorem 1 can be stated in terms of the functions ® and ¥. Indeed, the
measure m in Theorem 1 is mg, the equilibrium state of ®, and it is easy to show that

G @) () = U"(x)
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for any € R (see subsection 2.1 below). Moreover, 7 < 7(x) < 7y (z € R) for some constants
0 <7< 7g,s07"(x)/n € [7,70] for all z € R. Finally, Zy = Zy, and the rate function J in Theorem
1 is simply the rate function related to ¥ (see (3.3) below). Thus, (1.6) is equivalent to

n—oo N

lim 1 logme <{x eER: ‘Iﬂ;(x) €(p—0on,p+ 5n)}> =—J(p) — ap, Vp € Int(Zy). (1.9)

(b) It is well-known that for any essentially continuous function ¥ on R there exists an essentially
continuous function G on A for which the second equality in (1.8) holds. Indeed, fix a constant
A € R and a smooth function A : [0, 1] — [0, 1] such that A\(0) = 0, A(1) = 1 and X' (0) = X' (1) =0,
and set

Y(z)
G =A
() = 4+ (15

One checks that G satisfies (1.8) and G(z) = G(P(x)) = A for all z € R, which makes G continuous
on every block B;;. Moreover, if 7 is essentially Lipschitz, (which is the case under our assumptions;

see Sect. 2) G is essentially Lipschitz (Holder) whenever V¥ is essentially Lipschitz (Holder), and G
is constant on stable leaves whenever ¥ is.

—A) N(t/r(x)) , z€R,0<t<r7(x).

(c) Given an essentially Lipschitz function ¥ on R, let Lip,(¥) be the smallest constant L > 0
so that for any z,y € R; N P~1(R;) we have |¥(z) — ¥(y)| < Ld(z,y). (In a similar way we define
Lip.(G) for an essentially Lipschitz function G on A.) Clearly, for any such ¥ and any § > 0,

adding a sufficiently large constant C' > 0 to ¥ gives a function ¥ + C satisfying % < 9.

Apart from this, the Ruelle operators Ly_cqipyw and Ly_ e i) (w+c) are easily related, namely

n -n ib)C pn
L} (eyiywroyh = e ML

f—(&+ib)w -
However it is not clear whether one can find G satisfying (1.8) with % < po, assuming
% < § for some sufficiently small § > 0.

(d) It is easy to see that there is a non-trivial open set of essentially Lipschitz functions ¥ on R
for which Theorem 1 applies. More precisely, for any constant ¢ > 0 there is an open neighbourhood

V(er) of e in the space C’g P(U) of essentially Lipschitz functions on R constant on stable leaves
such that for any W € V(¢7) Theorem 1 applies. Indeed, given ¢ > 0, take § = d(¢) > 0 small and
let V(er) be the set of those ¥ = ¢7 4+ w, where Lip,(w) + ||w||co < 0. Given such ¥ = ¢7 4+ w,
define G by

G(oi(x)) =c+ wéz)) N(t/r(x)) , z€R,0<t<71(x),
T(z

where A is as in 1.2.2(b) above. Then (1.8) holds, and if ¢ is chosen sufficiently small, we have
minG > ¢/2 and Lip.(G) < C§ for some constant C' > 0 (depending on 7 and A only), so
%n(g) < z—gé, which can be made arbitrarily small choosing § appropriately.

In comparison, one should remark that the Diophantine condition used in [PoS2] for the function
U related to three periodic orbits is not an ”open condition”, although the functions satisfying this
condition form a dense space.

In [W] Waddington proved an asymptotic of the form

—T1(q)
e_p(q)tdt) Cla) e T — +o0, (1.10)

8
me ({z € A: GT(z) - Tq € [a,0]}) ~ (/ 2my"(p(p)) VT

[0}
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where mp is the equilibrium state of ' on A and ¢ = f A Gdmg . Here
—I(q) = inf{Pr(F +rG) — Pr(F) —rq: r € R}

and y(t) = Pr(F + tG) — Pr(F), v'(p(¢q)) = ¢, where Pr = Pr,, is the topological pressure with
respect to the flow map 1 on A. This corresponds to large deviation for intervals [«/T, 3/T] as
T — oo. Our Theorem 1 provides an asymptotic for

%bgm({xER:GTn(z)—npe[ 5 5’]}) ,  n— 00,

n»-n

where 6/, = nd, — 0 sub-exponentially (or exponentially) fast, and m = mge is the equilibrium
state of ®(z) = F7(*)(x) on R. It should be remarked that the ranges of Waddington’s ¢’s and that
of our p’s are in general different, and so are the rate functions I(¢q) in [W] and J(p) in Theorem 1.
It is natural to conjecture that an analogue of Theorem 1 holds for

1 n
- 10g<mp{:v eR: G " (2)q € [—6p, 5n]})

with ¢ = [, Gdp, p1 being a ¢ -invariant probability measure, and 6, satisfying (1.5). However this
cannot be proved by using Theorem 2, since to apply the argument in Section 4 below, we need
to know that the Ruelle operator Lg (¢1iu)(w—qgr) is eventually contracting (see Theorem 2 below).
Since the function ¥(z) — ¢7(x) on R is generated by G(x) — ¢, to use Theorem 2 we would need

to have the condition I’II:ITCTSQ) < po which could not be satisfied. Whether the latter condition can

be omitted in the assumptions of Theorem 2 is another open problem.

2. PRELIMINARIES

2.1. Hyperbolic flows on basic sets. Throughout this paper M denotes a C? complete (not
necessarily compact) Riemannian manifold, and ¢; : M — M (t € R) a C? flow on M. A ;-
invariant closed subset A of M is called hyperbolic if A contains no fixed points and there exist
constants C' > 0 and 0 < A < 1 such that there exists a dy;-invariant decomposition T, M =
E°(z)® E%(z) ® E*(z) of T, M (z € A) into a direct sum of non-zero linear subspaces, where E%(z)
is the one-dimensional subspace determined by the direction of the flow at z, ||dp:(u)|| < C A ||u|
for all u € E*(z) and t > 0, and ||de¢(u)| < C A7t ||uf for all w € E%(x) and t < 0. A non-empty
compact @-invariant hyperbolic subset A of M which is not a single closed orbit is called a basic
set for @y if @ is transitive on A and A is locally maximal, i.e. there exists an open neighbourhood
V of A in M such that A = Niere(V). When M is compact and M itself is a basic set, ¢ is called
an Anosov flow.
For z € A and a sufficiently small € > 0 let

We(z) ={y € M : d(pi(z), pt(y)) < eforall t >0, d(pt(z), p(y)) —t—00 0},
(

We(z) ={y € M : d(pi(2),pu(y)) < efor all £ <0, d(pi(2), pi(y)) —t—-00 0}
be the (strong) stable and unstable manifolds of size e. Then E"(z) = T,W!(x) and E*(z) =
T, WE(x). Given § > 0, set E%(x;0) = {u € E%(x) : ||u|| < ¢}; E*(x;0) is defined similarly. For any
A C M and I C R denote or(A) ={ ¢i(y) : ye At el }.

From now on we will assume that A is a basic set for ;.

It follows from the hyperbolicity of A that if ¢y > 0 is sufficiently small, there exists e; > 0
such that if z,y € A and d(z,y) < €1, then W (z) and ¢[_¢, (W (y)) intersect at exactly one
point [z,y] € A (cf. [KH]). That is, there exists a unique ¢ € [—eq,€g] such that ¢([z,y]) €
Wi (y). Setting A(z,y) = t, defines the so called temporal distance function ([KB], [D]). For
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r,y € A with d(z,y) < €1, define my(z) = [2,y] = W2 (x) N P[_cy,e0)(Wes (y)) - Thus, for a fixed
y €Ayt W — 9|_e,e] (Wi (y)) is the projection along local stable manifolds defined on a
small open neighbourhood W of y in A. Choosing €; € (0,¢y) sufficiently small, the restriction
Tyt Pler,a] (W (2)) = @—ep.e0) (Wee (y)) is called a local stable holonomy map'. Combining such
a map with a shift along the flow we get another local stable holonomy map H% : We(z)NA —
W (y) N A. In a similar way one defines local holonomy maps along unstable laminations. It is
well-known that the local holonomy maps are uniformly Holder. Below we will assume that they
are actually uniformly Lipschitz, i.e. choosing €; > 0 sufficiently small, there exists a constant

Co > 1 such that
d(H(u), H(v)) < Cod(u,v) (2.1)

for all z,y € A with d(z,y) < e, and all u,v € W (x) NA.

Given A C A, denote by diam(A) the diameter of A. We will say that A is an admissible subset
of W*(z) N A (2 € A) if A coincides with the closure of its interior in W!(z) N A. Admissible
subsets of WZ(z) N A are defined similarly. Following [R] and [D], a subset R of A will be called
a rectangle if it has the form R = [U,S] = {[z,y] : v € U,y € S}, where U and S are admissible
subsets of W (z) N A and W2(z) N A, respectively, for some z € A. In what follows we will denote
by Int“(U) the interior of U in the set W*(z) N A. In a similar way we define Int*(S), and then
set Int(R) = [Int*(U),Int*(S)]. Given & = [z,y] € R, set Wi(§) = [U,y] = {[z',y] : 2’ € U} and
Wg(€) = [x,S] = {[z,y] : v/ € S} € W (x). The interiors of these sets in the corresponding leaves
are defined by Int“(Wx(€)) = [Int“(U),y] and Int*(W3(§)) = [z, Int*(S)].

Let R = {Ri}le be a family of rectangles with R; = [U;, Si], Ui € WX(z;) N A and S; C
Ws(z;) N A, respectively, for some z; € A. Set R = UleRi . The family R is called complete if
there exists 7' > 0 such that for every x € A, ¢i(x) € R for some t € (0,7]. The Poincaré map
P : R — R related to a complete family R is defined by P(z) = ¢;(;)(x) € R, where 7(x) > 0 is
the smallest positive time with ¢(,)(z) € R. The function 7 is called the first return time associated
with R. A complete family R = {R;}¥_, of rectangles in A is called a Markov family of size x > 0
for the flow ¢, if diam(R;) < x for all i and: (a) for any i # j and any z € Int(R;) NP~ (Int(R;))
we have P(Int(Wg (z))) C Int(Wf%j (P(x))) and P(Int(Wg. (2))) D Int(W}éj (P(z))); (b) for any
i # j at least one of the sets R; N, (R;) and R; N pjg(R;) is empty.

The existence of a Markov family R of an arbitrarily small size x > 0 for ¢; follows from the
construction of Bowen [B] (cf. also Ratner [Ra]).

From now on we will assume that R = {R;}¥_, is a fixed Markov family for ¢; of size x <
€/2 < 1. Set U = UleUZ- . The shift map o : U — U is given by ¢ = 7() o P, where
7). R — U is the projection along stable leaves. Notice that 7 is constant on each stable leaf
Wi (z) = Wg (x) N R;. For any integer m > 1 and any function i : U — C define b : U — C
by h™(u) = h(u) + h(o(u)) + ...+ h(c™ Y (u)). Then 7™(x) = 7(z) + 7(P(x)) + ... + (P 1(x)).

Denote by R the core of R, i.e. the set of those z € R such that P™(z) € Inty (R) for all m € Z.
It is well-known (see [B]) that R is a residual subset of R and has full measure with respect to
any Gibbs measure on R. The set U = U N R has similar properties. Clearly in general 7 is not
continuous on U, however, under the standing assumption (A), 7 is essentially Lipschitz on U in
the sense that there exists a constant L > 0 such that if z,y € U; N Jfl(Uj) for some i, j, then

"n a similar way one can define holonomy maps between any two sufficiently close local transversals to stable
laminations.
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|7(z) — 7(y)| < Ld(x,y). The same applies to o : U — U. Throughout we will mainly work with
the restrictions of 7 and o to U. Set (7@ =U;N U.

Given z € A, let exp? : E%(z;¢0) — W (2) and exp] : E*(z;e0) — W (2) be the corre-
sponding exponential maps. A vector b € E*(z) \ {0} will be called tangent to A at z if there exist
infinite sequences {v(™} € E*(z) and {t,,} C R\ {0} such that exp(t,, v(™) € AN W(z) for all
m, v — band t,, — 0 as m — oco. It is easy to see that a vector b € E%(z)\ {0} is tangent to A
at z if there exists a C! curve z(t) (0 <t < a) in W¥(z) for some a > 0 with z(0) = z and 2(0) = b
such that z(¢) € A for arbitrarily small ¢ > 0.

The following local non-integrability condition for ¢, and A was introduced in [St2].

(LNIC): There exist zg € A, €9 > 0 and 0y > 0 such that for any € € (0, €p], any 2 € ANW(zp) and
any tangent vector n € E*(2) to A at 2 with ||n|| = 1 there exist Z € ANWX(2), 71,792 € ANWE(Z)
with g1 # G2, 0 = 0(2,71,92) > 0 and € = € (2,71, 792) € (0, €] such that

| A(exp; (v), 73 (2)) — Alexp (v), T, (2))| = 6 |||
for all z € WHZ)NA and v € E*(z;€") with exp¥(v) € A and (ﬁ,ng > 0y, where n, is the parallel
translate of n along the geodesic in W (z0) from 2 to z.

Set
Bi(z,e) ={y e W (z) N A : d(pi(z), 0u(y)) <€, 0<t < T} .
Following [St2], we will say that ¢; has a regular distortion along unstable manifolds over the basic
set A if there exists a constant ¢y > 0 with the following properties:
(R1) For any 0 < ¢ < e < ¢ there exists a constant R = R(d,€) > 0 such that
diam(A N BY(z,€)) < Rdiam(A N By (z,9))
for any z € A and any T > 0.

(R2) For any € € (0,¢0] and any p € (0,1) there exists 6 € (0, €] such that for any z € A and any
T > 0 we have diam(A N B}(z,9)) < p diam(A N BY(z,€)) .

Let B(U) be the space of bounded functions g : U — C with its standard norm ||g|lec =
sup, .7 l9(z)]. Given a function g € B(U), the Ruelle transfer operator Ly : B(U) — B(U)
is defined by (Lgh)(u) = Z eI h(v) . 1If g € B(U) is Lipschitz on U, then L, preserves the

o(v)=u
space CYP(U) of Lipschitz functions g : U — C. Given a > 0, let C%(U) be the space of Holder
continuous functions G : U — C with

|h(x) — h(y)| .
hla = —_ el; =1,....,kp <o0.
’ ’Oé Sup{ (d(.’E,y))a z,y Z?x#yvz ’ ) o0
We will consider C*(U) with the norm ||A||o = ||2|lec + |2|a-
The hyperbolicity of the flow on A and the standing assumption (A) imply the existence of
constants ¢ € (0,1] and ; > v > 1 such that

m

Co"}/m d(ul, 'LLQ) § d(am(ul), O'm(UQ)) S %d(ul,l@) (2.2)

whenever o7 (u1) and o7 (ug) belong to the same U;; for all j =0,1...,m.
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2.2. Non-lattice condition. First it easy to see that G™"(®) = U™(z). Indeed,
St (P () n=2 eyl 7 (Pi(x)
/ GleaNdt= > [ 7ot

where by convention 7(P~1(z)) = 0. On the other hand, setting t = Z?Z_l 7(PI(x)) + s, we get
k41

Zj:—l T(P](m)) T(pk+1(m))
/Zk ) G(pt(z))dt = /0 G(SOZ;?:,l T(Pj(z))+s(93))d8
j=—1

~(PEH (x)
- / G(pu(P*+ () ds
0

and
St r(Pi(x)) n=2 .r(Pktl(z))
/ ’ Glora)dt = 3 / Gpa(P*+ ())ds
0 = Jo

=U(z) ...+ VP ) =V(x) +... V(e (z)) = T (z).
A Holder continuous function g(z) on R is called non-lattice if there do not exist constant a, a
Holder continuous function h on R and a bounded integer-valued function Z on R so that

g(x) = (hoP)(x) —h(z)+a+Z(z) , z€R.

Notice that such a function Z can only have a finite range. If the function G7(*) is lattice with
some constant a, then for every periodic orbit v of ¢; issued from z € R with P"(x) = = we have

G™'@ —an = 0" (z) —an = / G(pt)dt —an € Z. (2.3)
gl

The above condition on W is the same as the lattice condition introduced in [PoS2]. We show below

that the condition (2.3) is related to another one.

Recall that two (essentially) continuous functions F' and G on A are called cohomologuous
(F ~ Q) if there exists an (essentially) continuously differentiable function H on A with F—G = H'
(see [La] or [W]). H is called (essentially) continuously differentiable if there exists an (essentially)
continuous function H' on A such that

() = iy M)~ ()

Notice that if ® and ¥ are defined by (1.8) and F' ~ G, then F — G = H' for some H' as above, so

dt

for all z € R, and therefore & ~ W. Conversely (see [La]) if ® ~ ¥, then F' ~ G. We can now
express the non-lattice condition on W in terms of the function G. Assume for a moment that ¥
is lattice on R, i.e. there exist a constant a € R and a bounded integer-valued function Z on R so
that U ~ a + Z. Let Gy be a fixed essentially Lipschitz function on A such that Gg(m) (x) =1 for
all x € R, e.g. define

(@) (@) 4
B ()~ W(x) = / H' (pu()) dt = / L () dt = H(pr o)) — H(z) = H(P(x))— H(x)

Colpn(x)) = T(lx) N(t/r(z) . zE€R,0<t<7(x),
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where A is as in 1.2.2(b). Setting
M(pi(z)) = Z(x), Vx € R, 0 <t < 7(x), (2.4)

we get a bounded integer-valued function on A, and a + Z(x) = (aGo + MGo)™®) () for all z € R.
Thus, ¥ ~ a + Z means that G ~ aGy + MGy = (a + M)Gy. Therefore a sufficient condition
for ¥ to be non-lattice is that there do not exist a constant a € R and a bounded integer-valued
function M on A satisfying (2.4) so that G ~ (a + M)Gy. This can be used to define a non-lattice
condition for G, although it is a bit stronger than what is necessary to make it equivalent to ¥
being non-lattice on R.

3. EVENTUALLY CONTRACTING RUELLE OPERATORS

3.1. Topological pressure and rate functions. Let ¢; be a C? flow on a Riemann manifold
M, A be a mixing basic set for ¢;, and R = {R;}}¥_| be a fixed Markov family for ¢; of size
X < €/2 < 1.

Denote by Prp(h) the topological pressure of a continuous function h on R with respect to the
map P on R). We will often write just Pr(h) instead of Prp(h). Recall that for any continuous
function ¥ : R — R,

Prp(¥) = sup (hp(m) +/ \Ildm), (3.1)
meMp R
where Mp is the set of all P-invariant probability measures on R and hp(m) is the measure
theoretic entropy of m with respect to P.
Given a continuous function H on A, set

:/0 xH(npt(x))dt , T€R.

Let m be a P-invariant probability measure on R. There exists a unique @y-invariant probability
measure g on A such that

Jr U x)dt) dm(z) H7(z) dm(z)
/Hd'u_ R(O fRTdm > f JpTdm

for any continuous function H on A (see e.g. Ch. 6 in [PP]). The map m — Q(m) = p is onto.
Moreover, we have Prp(H™ — Pry(H) 1) = 0. If m = mp-_py ), is the equilibrium state of
H™ —Pry(H) T on R, then u = Q(m) coincides with the equilibrium state p1p of the function H on
A (see Ch. 6 in [PP]).

For a Holder continuous function ¥ on R set

I\I,:{/\I/dm:me./\/lp}.
R

It follows from the Large Deviation Theorem in [Kif] that if mg is not the measure of maximal
entropy for P, then there exists a real analytic function J : Int(Zy) — [0, 00) such that J(p) =
ifftp=J g ¥ dmg for which (1.2) holds. More precisely, we have

—J(p) = inf{Prp(® 4 q¥) — Prp(®) —gp: q € R}. (3.3)

(3.2)

It is also known that

[jq Prp(® + q\I’)] = /R‘I’ Ame 4w - (3.4)

a=n
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Moreover, for any p € Zy there exists a unique number § = ¢, such that

—J(p) = Prp(® + £ W) — Prp(®) — £p | pzjl%qfdm@m. (3.5)

Let F,G :— R be Holder continuous functions. Under the standing assumptions, define the
functions ¢, ¥ : R — R by
7(x)

7(x)
B(x) = /0 Flaa)dt . W)= [ Glala) it (3.6)

Then W is essentially Lipschitz on R, i.e. for each i # j it is Lipschitz on R; N P~1(R;). Similarly,
O is essentially Holder continuous on R. This implies (see e.g. [PP]) that there is a well-defined
equilibrium state mg of the function ® on R, while for ¥ the consequence is that the Ruelle transfer
operators of the form L,y with s € C and f Holder continuous on R and constant on stable
leaves, are well-defined in appropriately chosen spaces of Holder continuous functions (see Sect. 2
for the main definitions).

As mentioned in Sect. 1.2, (1.6) in Theorem 1 is equivalent to (1.9). So, this is what we are
going to prove in the next section.

Remark 1. Notice that for the proof of (1.9) it is enough to consider the case
Prp(®) =0, (3.7)

since we can change ® by adding a constant and this preserves the measure mg. Moreover, it is
enough to prove (1.9) in the case when & is constant on stable leaves in R, and

/ T — (3.8)
R

Indeed, it follows from Sinai’s Lemma (c.f. e.g. Ch. 1 in [PP]) that ® is cohomologues to a Holder
continuous function ® on R which is constant on stable leaves. Then me = mg, so we can replace
® by ®. For the second statement above, given functions ® and ¥ as in Theorem 1, set U=10— c,
where ¢ = [, Wdug. Then [, Wdue = 0. Recall that the function J : Int(Zy) — R is given by
(3.3).
Let J : Int(Z3) — [0, 00) be the corresponding functional for ¥, i.e.
—J(p) = nf{Prp(® +q¥) —gp: R} , PET;.

One checks immediately that Zg; = Zg — ¢ and for any p = p — ¢ € I,
pressure, for any ¢ € R we get

Prp(® + q¥) — gp = Prp(® + (¥ —¢)) — q(p — ¢) = Prp(® + q¥) —gp .

Thus, j(ﬁ) = J(p). Hence if (1.9) holds with ¥, J and p € Zy replaced by U, Jand p e T, then
(1.9) holds in its present form, as well.

using the properties of

3.2. Ruelle transfer operator. Given a Lipschitz real-valued function f on [7: ) setj =f— PV,
where P = Py € R is the unique number such that the topological pressure Pr,(f) of f with respect
to o is zero (cf. e.g. [PP]). For a,b € R, one defines the Ruelle transfer operator

Li(arivyw * CHP(U) — CHP(D)

in the usual way (cf. Sect. 2 above).
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We will say that the Ruelle transfer operators related to W and the function f on U are eventually
contracting if for every € > 0 there exist constants 0 < p < 1, ag > 0 and C' > 0 such that if a,b € R
satisfy |a| < ag and |b] > 1/ag, then for every integer m > 0 and every h € CP(U) we have

1L oy iy hlLips < € 0™ B [llLip,s

where the norm ||. /i, , on CYiP(U) is defined by 1Al Lips = [IAlloo+ Liﬁ(‘h) . This implies in particular

that the spectral radius of L;_(p yayip)w O CLip(ﬁ) does not exceed p.
The following theorem is one of the main ingredients in the proof of Theorem 1.

Theorem 2. Under the standing assumptions, let ¥ : R — R be defined by (3.6). Then there

exists a constant pog > 0 such that if % < wo, then for any Holder continuous real-valued

function f on U the Ruelle transfer operators related to ¥ and f are eventually contracting.

Theorem 1 is derived in Sect. 4, while Theorem 2 is proved in Sect. 5. using some ideas from

[St2].

4. PROOF OF THEOREM 1

We will use the notation and the assumptions in Sections 2 and 3. Let ® and ¥ be as in (3.6).
As in the beginning of Sect. 3, we may assume (3.7) and (3.8). In this section we will always
consider pressure with respect to P, so for brevity we will write Pr instead of Prp. Let J be defined
by (3.3). Consider a sequence {d, }nen, 0n > 0, d, — 0, such that (3.6) holds and let €, = nd,.

Fix an arbitrary p € Int(Zy) and set ¥, = ¥ —p. As in [PoS2], it is enough to prove a modified
result concerning a sequence of the form

pn) = [ x(¥3 (@) da (41)
where x € CE(R : R) is a fived cut-off function and

Xn(z) = X(eglx) , TER. (4.2)

Proposition 1. Under the assumptions of Theorem 2, we have

1
lim — logp(n) =—-J(p) — ao -

n—oo n

Theorem 1 follows immediately from Proposition 1 as shown in [PoS2] choosing two functions
X (), x4 () € C§(R : R) so that x—(z) < 1j_y3j(x) < x4 (x) and

2_n§/X_(gg)d;z:g/X+(x)dx§2+77,77>0.
R R

The rest of this section is devoted to the proof of Proposition 1.
For the given functions ® and ¥, Theorem 2 implies the following.

Corollary 1. For any 6 > 0 and any a > 0 there exist p € (0,1), agp > 0 and As > 0 (depending
on a as well) such that

1L 4 (e pinyw oo < As p"[ul?emPrEHEE) (4.3)

for all integers n > 1, all u, & € R with |u| > 1/ag and |¢| < a.
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Let &, be the unique real number such that

—J(p) = inf{Pr(® + q¥,} = Pr(® + &,V)).
qeR

Therefore ( )
dPr(® + qV¥,
d—q|q:gp = / Up dpio+g,v, =0.
Moreover, since ¥ and V¥, are non-lattice, we have
d*Pr(® + (€ + iu)¥p) |
du?

The operator Lo4¢,v, has a simple eigenvalue A\¢ = e

=02 <0.

u=0

Pr(2+6¥5) and so for all sufficiently small

u € C the operator L (¢, 1u)w has a simple eigenvalue ePr(@+(E+iu)¥) 4nd the rest of the spectrum
of Lo (¢, +iu)w is contained in a disk of radius fA¢ with some 0 < 6 < 1.

Clearly for the Fourier transform x of x we get xn(u) = €, X(€,u). Then

{o: \11”?5:[;) € (p—bup+dn) = {o: Vi(x) € (—enen)}.

Set ¢ = &, and wy,(y) = e %X (y). We need the following lemma established in [PoS2].

Lemma 1. If ® is normalized so that Pr(®) = 0, then

/€(§+i“)‘11;l(r)duq> /£@+ (E+iu) ¥y (.%') d/L@(.’L') )

Using the lemma and applying the Fourier transform, we have

p(n) = % /OO (/ ei“qlg(x)du(p(x)>>2n(u)du
([ Bcrn L) ) ()

_ €pn N .
- / L erinys, 12) dmp(ﬁf))x(en(u — i€))du
We choose a > 0 sufficiently small and changing the coordinates on (—a,a) to v = v(u), we write
ePr(<I>+(§+iu)\I/p) — )‘§(1 - 1}2 + ZQ(’U)) 7
where Q(v) is real valued and Q(v) = O(|v]?). The analysis in subsection 4.1 in [PoS2] yields

/ /ﬁq,Jr (E+in) T, (x)du¢(m))wn(u)du = ijo)\/%)\5 O(ﬂi‘?)

Next, we consider the integral

h=e [ ol [ sy, 1e)dun(o)) ilentu— i€)du

with ¢ > 1 sufficiently large. Since ¥, is non lattice, for 0 < a < |u| < ¢ the operator Ly (¢tin)w,
has no eigenvalues p with |u| = A¢ (see for instance [PP]), and the spectral radius of Lo (¢ 4iu)w, 18
strictly less than A¢. Thus, there exists 8 = 3(a,c), 0 < # < 1, such that for n > N(a,c) we have

L8+ (evinyw, || < B AE. (4.4)
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On the other hand,

ecoleng]

IX(en(u —i€))| < Ck FlufF’ lu| > a, Vk e N, (4.5)

with ¢y > 0 depending on the support of x. Applying (4.4) and (4.5) with k& = 0, for large n we get

B - 022,

n

Now consider

/|u|>c /£<I>+ (E+iu)w, (fv)dﬂq>(x))>2(en(u—ig))du

We are going to use the spectral estimate (4.3). Fix 0 < 6 < 1/2 and apply the estimate (4.5) with
k =2 and (4.3) for 4. This gives

'
|I5] < en)\"A(;ec()'S'/ lul®~2du = Ben ¢ (%)
€2 €

|u|>b n

According to the condition (1.5), we can arrange for n > ng and 0 < ap < — gp the inequality

logn i 2loge, logn 2log oy,

= > log p,
n n n n

which leads to

v

" 1
<=
€~ n

Thus, we conclude that

Consequently,
X (0
pn)=1+ 1)+ I3 = & n Ag(l + O(l/ﬁ)) ,
9 ™
and taking into account (1.5), we deduce
log e,

1
lim ~ log p(n) = log A\¢ + lim =Pr(® +&¥,) —ag=—J(p) — a0 .
n—oo N, n—oo

This proves Proposition 1.

Remark 1. By using the argument in [PoS1|, [PeS2], under the assumptions of Theorem 1 we can
show that as n — oo we have

(@) (4
m ({x eR: Gn() €(p—0n,p+ 5n)}> ~ 2727710 exp(—n(J(p) + o)), Vp € Int(Zy). (4.6)
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5. PROOF OF THEOREM 2

5.1. Temporal functions. Let ¢; : M — M be a C? Axiom A flow on a C? complete (not
necessarily compact) Riemannian manifold M and let A be a basic set for ¢;. Let R = {R;}¥_, be
a Markov family for ¢; over A as in Sect. 2. We will assume that the size xy > 0 of the Markov
family R is less than e, so that [z,y] is well-defined for z,y € R; for any i.

Next, assume that G > 0 on A and set A = mingep G(x) > 0.

Define the temporal function® Ay by

A(z,y)
Au(z,y) = /0 Gli((,vl)) dt (5.1)

for x,y € A, d(z,y) < €1. Just like A, this function is constant on stable leaves with respect to
the first variable and constant on unstable leaves with respect to the second. That is, Ay (2/,y") =
Ay (z,y) for any o' € W ()N A, v € Wl (y) N A with d(2,y') < €.

An important relationship between between ¥ and Ay is the following.

Lemma 2. Assume that G € C*(U) for some a > 0. There ezists a constant C1 > 1 (depending
on «) such that for any i = 1,. -k, any x,y € U; and any integer m > 1, if x,y belong to the
same cylinder of length m (i.e. o7 (x),07(y) belong to the same U;; for all j =0,1,...,m—1), then

(U™ (z) = ¥ (y) + Aw(P™(2), P"(y))| < C1|Gla (d(P™(x), P™(y)))" - (5.2)

Proof. Let z,y € ﬁl and m > 1 be such that z,y belong to the same cylinder of length m.
Assume 7™(x) > 7™ (y) (the other case is similar). Since . m ) (x) € W (P™(y)), it follows that
[P™(x), P™(y)] = P™(z) and A(P™(x), P™(y)) = —(7"(x) — 7™(y)). Thus, changing the variable
t to s = 7" (x) —t in the second integral in the right-hand-side below we get

T (x) T (y) T (1)
/0 Glpi(x)) dt =/0 Glpi(x)) dt + / Glpi(a)) dt

™ (y)
"(y) 0 y
_ / () dt — / Glps(P™(2))) ds
0 T (2) =T (y)
™ (y) A(P™(2),P™(y))
_ / Glpn(a)) dt — / Glps([P™(x), P™(y)))) ds
0 0
" (y)
:/0 G(pi(z)) dt — Ay (P™(z), P™(y)) .

This implies

" (y)
O™ (z) — U™ (y) + Ay (P™(2), P"(y))| = /0 [Glpe(x)) — G(ee(y))] dt| .

For D = d(P™(z), P™(y)) and 0 < ¢ < 7™(y) we have

Glr(2)) = Gl < C |Gl (dgr(w) 2u(6)” < C1Cla gy D°

21 might be called the temporal V-function, since it relates in a natural way to V.
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for some constants ¢y > 0, v > 1 (see (2.2) for the case o = 1), so it follows that

< C|Gla D* /T (y)’ya(tfr’”(y))dt
0

€0

T (y)
A Glgr(@) — Glgi(y))] dt

C|G|o D* m
— ™ 1 1/xem"W)
Coalogv( /v )

C1|Gla (d(P™(2), P™(y)))"

IN

for some constant C; > 0. This proves (5.2). m

5.2. Spectral estimates for Ruelle transfer operators. Throughout we assume that ¢; and
A satisfy the Standing Assumptions stated in Sect. 1.
Given a Lipschitz real-valued function f on U, set f = f— PW¥, where P = P; € R is the unique

number such that the topological pressure Pr,( f ) of f with respect to o is zero (cf. e.g. [PP]). For
a,b € R, one defines the Ruelle transfer operator

Lin 75 Lip /5
L} twapy : CUP(0) — CHP (D)

in the usual way (cf. Sect. 2 above).

To prove Theorem 2 we apply the arguments from Sects. 3 and 5 in [St2] and a modification
of the arguments in Sect. 4 of [St2]. The main step is to prove the analogue of Lemma 4.3 in [St2]
for the roof function 7 replaced by W¥. Below we sketch the arguments required to achieve this
following the reasoning in Sect. 4 in [St2] with some modifications.

We will need the following lemma the first part of which is Lemma 4.1 in [St2].

Lemma 3. Let : = 1,...,k, Z € U; and 6 > 0. Then there exists € > 0 such that for any
y1 € WE(Z2) N A and any y2 € W2 (Z) N A sufficiently close to y1, we have:

(a) ([St2]) |A(Z,my,(2)) — A(,my, (2))] < dd(2,2") forall 2,2 € ANW(Z).
(b) A (2’ my, (2)) = A (2, my, (2))] < (|Gllo [A(Z, 7y, (2)) — A2 7y, (2))].

Proof of part (b). Let y1,y2 € WE(2) N A and z,2/ € ANWX(Z). By definition, wyj(z) = [z,y;] €
We(z) and [2/, 7y, (2)] € WE(2'). Since G is constant on any stable leaf in any rectangle R;, it follows
that G([2', m, (2)]) = G(z') and moreover G (p([2', Ty, (2)])) = G(pi(2")) for all t € [0, 7(2")]. Thus,

A7y (2))
Ag(2',my, (2)) = Aw (2, my (2) = /0 G(en([2, my (2)])) dt

A2y, (2))
_ /0 G(pe([2',my, (2)])) dt

A2y (2)) , A(2!my, (2)) ,
=/ Gm@wn/ (=) dt
0 0

A2y, (2)) = A(2 7y, (2))
s/ Gl()) dt
0

Hence
‘A\P(zlvﬂw (Z)) - A‘I/(Zlvﬂ-m (Z))} < ‘A‘l’('zlvﬂ—yz(z)) - A\If(zlﬂﬂyl (Z))‘ HG”O .
This proves the lemma. B
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Following Sect. 4 in [St2], fix an arbitrary point zy € A and constants ¢y > 0 and 0, €
(0,1) with the properties described in (LNIC). Assume that zo € Ints(Ur), Uy € AN W (20)
and S1 C ANW¢ (20). Fix an arbitrary constant ¢1 such that

0<byp<b<1.

Next, fix an arbitrary orthonormal basis e1, ..., e, in E%(z) and a C' parametrization r(s) =
exp¥ (s), s € Vj, of a small neighbourhood Wy of 2 in W (29) such that Vj is a convex compact
neighbourhood of 0 in R™ ~ span(ey,...,e,) = E%(zp). Then r(0) = zp and %r(s)|s:0 = ¢; for
all i = 1,...,n. Set U) = Wy N A. Shrinking W) (and therefore Vj as well) if necessary, we may
assume that U} C Int, (U7) and ’<§—;(s) or (s)> — 0ij

) Bs; is uniformly small for all 4,7 = 1,...,n and
s € V{, so that

SEm) < (dr(9)-€. dr(s) n) <2em) . Eme EM(). s € 1. (53)
and
Sls =l <d(s)r(sD) <205 =1, 55 €], (54)

Definitions ([St2]): (a) For a cylinder C C Uj and a unit vector £ € E"(z) we will say that
a separation by a &-plane occurs in C if there exist u,v € C with d(u,v) > 3 diam(C) such that

r~ () —r~1(u) >
(ot €) 2 01
Let S¢ be the family of all cylinders C contained in U} such that a separation by an ¢-plane
occurs in C.

(b) Given an open subset V of U} which is a finite union of open cylinders and 6 > 0, let
C1,...,Cp (p = p(8) > 1) be the family of maximal closed cylinders in V with diam(C;) < §. For

any unit vector £ € E%(zp) set Mg((s)(V) =U{C;:C; €S,1<j<p}.

In what follows we will construct, amongst other things, a sequence of unit vectors &1, &2,...,§j, €
E%(zp). For each £ = 1,...,j0 set By = {n € S™ 1 : (n,&) > 6y} . For t € R and s € E%(2) set
I 9(s) = w, t #0 (increment of g in the direction of 7).

As in [St2], where we dealt with the case ¥ = 7, the main aim will be to prove the following:

Lemma 4. There exist integers 1 < ny < Ny and lg > 1, a sequence of unit vectors ni,n2, ..., M, €
E"(z9) and a non-empty open subset Uy of U} which is a finite union of open cylinders of length
ny such that settingd = o™ (Up) we have:

(a) For any integer N > Ny there exist Lipschitz maps vgz)wgz) U —U (t=1,...,4) such
that O'N(Uz@) (x)) = x for all x € U and Uz@(b{) is a finite union of open cylinders of length N
(i=1,2;0=1,2,...0).

(b) There exists a constant 6 > 0 such that for all £ = 1,... 4y, s € r~1(Up), 0 < |h| <6 and
n € By so that s +hn € r Y (UyN A) we have

>

(10 (908000 — Y 0G0 (92 2

(c) We have UZ(E)(U) ﬂvyl)(U) = 0 whenever (i,£) # (', ).
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(d) For any open cylinder V in Uy there exists a constant 6’ = §' (V') > 0 such that
VecMPWV)uMPvyu...u M%(V)
for all 6 € (0,0'] .

Clearly, if Uy and U are as in the lemma, then we must have U = U.
The following lemma is proved in Sect. 4 in [St2].

Lemma 5. (Lemma 4.4 in [St2]) There exist an integer £y > 1, open cylinders U(ggo) C...C Uél)
contained in Uj), and for each £ =1,...,ly, an integer my > 1 such that the following hold:

(i) For each i = 1,2, there exists a contracting map wy) : Uég) — Uy such that o™ (wy)(:c)) =
(@(U(f)

x for all x € Uég), wz(z) : Uée) — wz(z)(Uég)) is a homeomorphism, w, o) is an open cylinder of

length > my in Uy, and the sets wZ@(UéE)) (C=1,... 0, i=1,2) are disjoint.
(ii) For each £ = 1,...,4y there exist a number o € (0,60) and a vector my € S"~! such that
[{(ne,mer)| < 61 whenever £ #£ £, and

[ (7@ ) = 7 @O O)] 0 28 L r(s) €U ne B,

inf
0<|h|§54

forall € =1,... 4y, where the inf is taken over h with r(s+ hn) € Uéz).
(iii) For any open cylinder V in Uézo) there exists a constant &' = 6'(V') € (0,80) such that
Ve MW(V)UMD(V)U...UMP (V) for all § € (0, .

In what follows we use the objects constructed in Lemma 5. Set 6= min dj, no = max my,
1<t<¥y 1<4<typ

and fix an arbitrary point 2y € Uéeo) NU. Set
L =Lip(G) , D =diam(A),

and recall that A = mingep G(z) > 0. Without loss of generality we may assume that D > 1. We
will also assume that

Co 5
O < oA -
128Cy C1 D
Next, essentially repeating some arguments from the proof of Lemma 5 we get an analogue of
property (ii) there with 7 replaced by W.

(5.5)

Lemma 6. Assume that (5.5) holds and L < ug A. Then for every £ =1,...,jo we have

Ad
inf |1, [0 (w (r(5))) — O (W (r )| = =L, r(s) e UL, ne B,
0<|h|<é, 4

where the inf is taken over h with r(s + hn) € Uéé).

Sketch of proof of Lemma 6. Clearly ||G|lo < A+ LD, so assuming L < pg A, we have |Gllo <
A(1+ po D).

We will follow the inductive steps in the proof of Lemma 4.4 in [St2]. In fact we will do in
detail the case £ = 1; in the general case the argument is very similar.
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Step 1. As in [St2], consider a unit vector £ € E"%(zp) tangent to A at zp, and then using the
condition (LNIC) and the choice of zy that there exist Z = r(5) € Ug, y1,y5 € Wi (Z) with y; # ys,

51 >0, €} >0, and an open cylinder Ué ) contained in By (z,€)) C Uj with 2 € Ué ) such that
A(r(s + hn),my, (r(5)) = A(r(s + hn), my (r(s)))] = 61 |h|

whenever r(s) € Uél), n € By, |h| <61 and r(s+ hn) € Uél), where 6; = min{#, /2, €| }. The above
and Lemma 3(b) imply

(A (r(s + hn), my; (r(5))) = D (r(s + h) myp (r(s))] = Ay |l (5.6)
Now for z =r(s) € Uél), ne€ By and h € R with r(s+hn) € Uél) using (5.2) we get
10 (@D (s + hn))) = @ i (r(s + )] = [0 (P (r(5))) = 9™ () (r(5))]|
= e V() — o @ (s + b)) = (07 ) ((5)) = 0 () (r(s + hn))))|
> Au (P (i (s + h)), P () () = Aa (P (wf (r(s + hn))), P () (r(5)))|
2
~C1 LY d(P™ () (r(s + ha))), P (w; ) (r(s)))
=1
= |Aw (s ),y (1()) = Dy (s + hn)), gy (r(5)))
2
~0 LY d(P™ (M (r(s + k), P (wiM (r(s)))- (5.7)
=1
Since P (w{" (2)) = my () and P™ (wi (2)) = myy («), using (2.1) and (5.4) we get

Y1
d(P™ (i (r(s + k), P™ (Wi (r(s) = d(my (r(s +hn),my (7(s))

: s)
< Codlr(s + hn))or(s)) < 200 Al
Sinilarly, d(P™ (w” (r(s + hn))), P™ (w (r(s))) < 2C, |h|. This, (5.7), (5.6) and (5.5) imply

[Tyl @ (7)) = 0 (w0 (r ()]
> ‘A\p T S+h77),77y/1(7’(8)))—A\p( r(s+hn),m u( (s)))| —4CoCL L ||

A ]h\ b1
2
whenever r(s) € U(l), neE B, 0<|h <€ and r(s+ hn) € U(gl).
This proves the statement for £ = 1. As we mentioned above, in the general case the argument
is the same. W

> Ady |h| — 40 ACy Cy || >

Next, as in [St2] we fix n; > 0 and an open neighbourhood Uj of Zj in U(gjo) such that
Uy is a finite union of open cylinders of length ny, U = 0™ (Up) = Intp(U) and c™ : Uy — U is
a homeomorphism. The inverse homeomorphism ¢ : Y — Uy is Lipschitz, so it has a Lipschitz
extension

¥ : U — Uy such that o™ (Y(z)) =2 , v €U . (5.8)
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Then 7(s) = o™ (r(s)), s € Vo , where Vo = r~1(Up) C V{, gives a Lipschitz parametrization of U
with ¥(7(s)) = r(s) for all s € Vj. Finally, set

‘/z():wz(])(UO)C‘/z(]) ’ 121727,7:17%70 (59)

It follows from the choice of Uy, the properties of ng ) (see (i) in Lemma 5 and Proposition 3.1 in

[St2] that Vi(j ) is a finite union of open cylinders of lengths ni 4+ m;.
The following lemma is proved by using arguments from [D] (see also [St2]). Since the proof of
the analogous lemma in [D] and [St2] is very sketchy (or absent), we provide some details here.

Lemma 7. Let 8" > 0 and assume that py < 40 C . Then there exists an integer ny > 0 such that

for any m > ng+no, any j =1,...,j0 and ¢ = 1,2 there exist contracting maps v(]) : VZ-( DLy
with am*mj(ﬁy)(w)) =w for all w € V(]) such that

Lip(U™ ™ 059) < A5” on VY, (5.10)
’ng)(Vi(j)) is a ﬁmte union of open cylinders of length ny + m and v ( )ﬂv 7 )( ) 0

whenever (i,7) # (i, 7).

Proof of Lemma 7. Tt follows from Lemma 3 and ||®||p < A+ LD < A(1 + poD) that there exists
§ > 0 such that for any y € Ry with d(y, 7(V)(y)) < & we have

Ag"

A (@, my(2))] < d(z, 2')

for all z,2" € Uy. o

Fix arbitrary non-empty open subset (e.g. cylinders) Q1,...,Qj, in Uy such that Q; N Qj =0
whenever j # j'. Now take ns so large that for any m > ng and any j =1,..., jo, P™(Q;) contains
a whole leaf W (z) for some 2 € Ry such that d(y, 7 (y)) < 6 for all y € Wg (2). This is
possible, since P"(Q;) fills in R; densily as m — oc.

Let m > ng +ng. Given j = 1,...,jo, we have m — m; > ng, so we can choose (; € Ry such
that W (¢;) € P™7"(Q;) and d(y, W) (y)) < & for all y € W (¢j). There exists a (closed)
cylinder L; in @; C U; such that the Lipschitz extension of the restriction of P™~"™ to Ej defines
a Lipschitz homeomorphism between L; and Wg, (zj), so in particular ¢ ~™ can be extended from
Zj to a Lipschitz homeomorphism ¢~ : L; — Uj. Then for any w € U there exists a unique
element v(])(w) of Lj with 7(¥)(Pm=m (171-(3)(10))) =w, ie oM™ (172-(])(10)) = w. It is clear from
the definition that 171(] ) Ui — L; C U, is contracting (assuming that ny is sufficiently large). For
w,w’ € Uy, as in the the proof of (5.7) we have

s (@) () = e (o) ()

Ay (P (5 (w)), P (519 (w'))| + CLL A(P™™5 (5 (w)), P4 (57 (w'))
Ay (w, 7z, (w'))| +2CoC1LL d(w, w') < A [6" /2 4+ 2CoCh po ) d(w,w') < A8 d(w,w') .

U )) < A¢”. To conclude the proof, consider the restriction of the map

<
<

In particular, Lip(W¥p,—m; o 7;

@Z(j ) to Vi(j ); then by Proposition 3.1 in [St2], vZ( )(V;(j )) is a finite union of open cylinders of lengths
ny +m; + (m —mj) =ny +m.
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It remains to show that the cylinders v(] )(Vi(‘j )) are disjoint. Assume that 17(j)(V(j) ) and

(2

f)(/jl)(Vg )) have a common point for some i,7 = 1,2 and j,7' = 1,2,..., jo. Since ’U(j)(V(J))

(2 3

and ﬁg,jl)(Visjl)) C Ljs, it follows that L; N Ly # 0, so Q; N Q;» # 0. This implies j = j’ and

therefore m; = mj:. It now follows that Vi(j) = oM™ (ﬁ§j)(Y/i(j))) and V;gj) = o™ M0 (j)(V(])))
have a common point, which implies ¢ = i'. ®m

co 0
Set ¢" = 5 and notice that (5.5) implies pp <

"

4CyCy’
are satisfied. Fix ny = ng(8”) > 0 with the properties listed in Lemma 7, and denote
No=ng+ni +ns.

so the assumptions of Lemma 7

Proof of Lemma 4. Parts (a), (c) and (d) follow from Lemma 4.2 in [St2] and its proof. It remains
to prove (b). We will follow the proof of Lemma 4.2 in [St2].
Let N > Ny. Then m = N —n; > ng + no, so by Lemma 6 for any j = 1,...,jp and any
1 = 1,2 there exists a contracting homeomorphism
59 v 5Dy c U with oV (59 (w) =w , we VY| (5.11)
such that (5 ) holds with m = N —n; and 6" as above. Moreover, we can choose the maps 171@

so that U ( )ﬂ ;7 ( ) () whenever (i, ) # (i’,j"). Now define Lipschitz maps

UZ(]) :U — U such that vi(j)( ) = (])( f])(w(iﬁ))) , T EU . (5.12)

It follows immediately from the above that vgj)(U) N vg;jl)(U) = () whenever (i,7) # (i',7'), while

Proposition 3.1 in [St2] shows that each U(] )(Z/I ) is a finite union of open cylinders of length N.
Moreover, for any = € U, according to part (i) in Lemma 5, (5.12) and (5.11), we have

oV (0 (2)) = 0™ (VT (0 (1)) = 0™ (wl) (W(2))) = v(z)

which is the same for all j and 7. Consequently, ap(vﬁj)(:c)) = ap(véj) (x)) for all p > N —ny and
x € U. Thus,

N (0 (2)) — OV (0 (2)) = OV (05 (1)) — WV (0] ()
for x € U, and given n € Bj and h > 0, we have
L [V (@8)(7())) = 0V (0 (7(5)))

= Iy [PV @ (7)) — 0T 0 (w0 (6 (7(s)))) |

= Iy [PV @) () = W 6 (w0 ()]
Since

PN (2) = [U(2) + . BT )]+ [B(y) + .+ (T (W),

where y = oV """ (2), using (5.11) we get

7

e @) = e e ] @) + e N 6 (w0 (@)))
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Therefore,
Ly [V (05 (7())) = 9V (07 (7(5)))]
= Ly [P @ (r(s))) = W ) (0 (1))
oy [0 @ (r(s))) = 0 ) (7(s)) |

Let n € Bj, and let s and s + hn (for some h with 0 < |h| < $) belong to V. Since Lip(ng)(a:)) <
1/(coy™i) < 1/co, using (5.4) and (5.10) with m = N — ny, it follows that

I [0 @D @D (s))] | < Lip [9Y )] - Lipw) - Lip(r)

< A 3 < ﬁ
Co 8
Combining this with the above and Lemma 6, gives
) - - AS _AS A
L [U¥ 0P ()~ VPG| | 2 5250 =

This proves the assertion. ®

Proof of Theorem 2. For Lipschitz fucntions f this is just a repetition of Sect. 5 in [St2] without any
changes. For Holder continuous f one just needs to combine this with the approximation procedure
in [D] (see also Sect. 3 in [St1]). Since ¥ is Lipschitz, the approximation procedure can be carried
out in the same way as in [D]. m
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