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ABSTRACT. We examine the location of the eigenvalues of the generator G of
a semi-group V' (t) = etC, ¢t > 0, related to the wave equation in an unbounded
domain Q C R? with dissipative boundary condition d,u — v(x)du = 0 on
I' = 0Q. We study two cases: (A) : 0 < y(z) < 1,Vr € Tand (B): 1 <
v(z), Yz € I'. We prove that for every 0 < € < 1, the eigenvalues of G in the
case (A) lie in the region Ac = {z € C: |Rez| < Ce(|Im z|%Jré +1), Rez < 0},
while in the case (B) for every 0 < ¢ < 1 and every N € N the eigenvalues lie
in Ac URN, where Ry = {2 € C: |Imz| < Cy(|Re 2| +1)~N, Re z < 0}.

1. Introduction. Let K C R?% d > 2, be an open bounded domain and let Q = R¢ \ K be
connected. We suppose that the boundary T" of 2 is C°°. Consider the boundary problem

Utt —Au:OinR;r X Q,
(1.1) dyu —y(z)0u =00onR; x T,
u(0,x) = f1, ut(0,z) = fa
with initial data (f1, fo) € H'(Q) x L2(Q) = H. Here v(z) is the unit outward normal at x € T

pointing into  and y(z) > 0 is a C*° function on I'. The solution of the problem (1.1) is given
by (u(t,z),ut(t,z)) = V(t)f = e'Cf, t > 0, where V(t) is a contraction semi-group in H whose

generator
0 1
¢=(a o

has a domain D(G) which is the closure in the graph norm of functions (f1, f2) € CE’S) (Q) x C(Og) Q)
satisfying the boundary condition 9y, fi —vf2 = 0 on I'. For d odd Lax and Phillips [6] proved that
the spectrum of GG in Re z < 0 is formed by isolated eigenvalues with finite multiplicity, while the
continuous spectrum of G coincides with iR. We obtain the same result for all dimensions d > 2
under the restriction y(z) # 1 Vz € I in the case d even by using the Dirichlet-to-Neumann map
N()) (see Section 6). Notice that if Gf = A\f with f = (f1,f2) #0, ReA<0and O, f1 —vf2 =0
on I', we get

(1.2) {(A—/\Q)fl =0in,

aufl A fi=0onTl

and V(t) f = e* f has an exponentially decreasing global energy. Such solutions are called asymp-
totically disappearing and they perturb the inverse scattering problems. Recently it was proved
[2] that if we have at least one eigenvalue A of G with Re A < 0, then the wave operators Wi
related to the Cauchy problem for the wave equation and the boundary problem (1.1) are not
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complete, that is Ran W_ # Ran W,.. Hence we cannot define the scattering operator S by the
product W;l o W_. Notice that if the global energy is conserved in time and the unperturbed
and perturbed problems are associated to unitary groups, the corresponding scattering operator
S(z) : L2(S?1) — L2(S?~1) satisfies the identity

571(z) = S*(2), z € C,

if S(z) is invertible at z. Since S(z) and S*(z) are analytic operator-valued operators in the
”physical” half plane {z € C: Im z < 0} (see [5]) the above relation implies that S(z) is invertible
for Im z > 0. For dissipative boundary problems this relation in general is not true and S(zg)
may have a non trivial kernel for some zp,Im zp > 0. For odd dimensions d Lax and Phillips
[6] proved that this implies that izp is an eigenvalue of G. Thus the analysis of the location of
the eigenvalues of G is important for the location of the points where the kernel of S(z) is not trivial.

In the scattering theory of Lax-Phillips [6] for odd dimensions d the energy space can be
presented as a direct sum H = D, & K, @ D[f, a > 0, and we have the relations

V(@)D c Df, V(t)(Ka) C Ko ® D%, V(¢)D; CH,t>0.

R. Phillips defined a system as non controllable if there exists a state f € K, such that V(¢)f L
D;" , t > 0. This means that there exist states in the ”black box” K, which remain undetected
by the scattering process. Majda [7] proved that if we have such state f, then (u(t, z), us(t,z)) =
V(t)f is a disappearing solution, that is there exists ' > 0 depending on f such that u(¢,z)
vanishes for all ¢ > 7" > 0. On the other hand, if y(z) # 1,Vz € T, and the boundary is analytic
there are no disappearing solutions (see [7]). Thus in this case it is natural to search asymp-
totically disappearing solutions. The existence of examples in the case ¥ = 1 when the point
spectrum of G is empty has been mentioned in [8]. Since we did not found a proof of this result
in the literature, for reader convenience we propose a simple analysis of this question for the ball
B3z = {z € R?: |z| < 1}. In the Appendix we prove that if v = 1 and K = Bj, the generator G
has no eigenvalues in {z € C: Re z < 0}.

We study in the Appendix also the case when v = const # 1 and K = B3. If 0 < v < 1, we
show that there are no real eigenvalues of G. On the other hand, for v > 1 all eigenvalues of G
are real and lie in the interval (—oo, 7ﬁ] Moreover, in this case there are infinite number real
eigenvalues of G and when v Y\, 1 the eigenvalues of G go to —oo. For arbitrary strictly convex
obstacle K and v(z) > 1, Vo € T', we obtain a similar result in Theorem 1.3 proving that with
exception of a finite number eigenvalues all other are confined in a very small neighbourhood of
the negative real axis.

If maxger |y(z) — 1] is sufficiently small, the leading term of the back-scattering amplitude
a()\, —w,w), w € S*1, becomes very small for all directions w € S*~1 and for v = 1 this leading
term vanishes for all directions (see [9]). For strictly convex obstacles and v = 1 the second term
of the back-scattering amplitude does not vanish (see [4]), but it is negligible for the applications
(see Section 5 in [13] for the case of first order systems). The existence of a space with infinite
dimension of eigenfunctions of G implies that one has a large set of initial data for which the
solutions of (1.1) are asymptotically disappearing. Notice that these solutions cannot be outgoing
in the sense of Lax-Phillips (see [7]), that is they have a non-vanishing projection on the space Dg
mentioned above. Moreover, the eigenvalues of G are stable under perturbations of the boundary
and the boundary condition (see [2]).

Now we pass to the description of our results. In [8] Majda examined the location of the
eigenvalues of G and he proved that if supy(z) < 1, the eigenvalues of G lie in the region

E1={z€C: |Rez| < Ci(JImz|*/* + 1), Re z < 0},
while if supy(z) > 1, the eigenvalues of G lie in E7 U Es, where
Es={z€C: |Imz| < Ca(|Rez|"/? + 1), Rez < 0}.

The purpose of this paper is to improve the above results for the location of eigenvalues. We
consider two cases: (A): 0 < vy(z) <1,Vz €T, (B): y(z) > 1, Vz € I'. Our main result is the
following
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FIGURE 1. Eigenvalues, 0 < y(z) < 1

Theorem 1.1. In the case (A) for every €, 0 < € K 1, the eigenvalues of G lie in the region
Ae={z€C: [Rez| < Ce(|Im 2|2 + 1), Re z < 0}.

In the case (B) for every e, 0 < € < 1, and every N € N the eigenvalues of G lie in the region
Ae URN, where
Ry ={z€C: |Imz| < Cn(Rez|+1)"N, Rez < 0}.

For strictly convex obstacles K we prove a better result in the case (B).

Theorem 1.2. Assume that K is strictly convezx. In the case (B) there exists Rg > 0 such that
for every N € N the eigenvalues of G lie in the region {z € C: |z| < Rg, Rez < 0} URN.

The eigenvalues of G are symmetric with respect to the real axis, so it is sufficient to examine the
location of the eigenvalues whose imaginary part is non negative. Introduce in {z € C: Imz > 0}
the sets

Zi={2€C:Rez=1,R*<Imz<1},0<h<1,0<68<1/2,
Zy={2€C:Rez=-1,0<Imz<1}, Zz3={2€C:|Rez| <1, Imz=1}.

We put \ = % and we use the branch 0 < arg z < 27 with Im y/z > 0 if Im z > 0. From (1.2)

we deduce that if (u,v) is an eigenfunction of G, then w satisfies the problem

(1.3) (—=h2A — 2)u =0in Q,
’ —ihdyu — y/zu =0onT.

The proofs of Theorems 1.1 and 1.2 are based on a semi-classical analysis of the equation
(1.4) Next(z,h)f — yvzf =0,
where f = u|yer is the trace of the first component of an eigenfunction of G. Here

Neat(z,h)f = Hi(T) 5 f — hDyulr € HyH(T)

is the exterior Dirichlet-to-Neumann map, D, = —id, and u is the solution of the problem
(1.5) (—h?A - 2)u=0inQ, u € H(Q),
- ulzer = f.

In the paper we use the semi-classical Sobolev space H}(T), s € R, with norm |[(hD)*ul|.2(r),
where (hD) = (1 4 (hDy)2)!/2. The purpose is to prove that if z € Z; U Za U Z3 lies in some
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FIGURE 2. Eigenvalues, 1 < v(z)

regions and h is small enough from (1.4) we get f = 0 which is not possible for an eigenfunc-
tion u. In this direction our strategy is close to that for the analysis of eigenvalues-free regions
for the interior transmission eigenvalues in [19] and [20]. We apply some results for the interior
Dirichlet-to-Neumann map Nnt(z, h) established in [19] and [20] for bounded domains which af-
ter modifications and some constructions remain true for the exterior Dirichlet-to-Neumann map
Nezt(z, h) defined above.

The paper is organized as follows. In Section 2 we collect some results concerning the semi-
classical exterior Dirichlet-to-Neumann map Negt(z, h). The eigenvalues-free regions for the case
(A) are discussed in Section 3. In Section 4 we study the case (B), where the arguments for the
case (A) are not applicable for the investigation of eigenvalues close to the negative real axis. The
strictly convex obstacles are examined in Section 5. In Section 6 we discuss the question of the
discreteness of the spectrum of G in {z € C: Rez < 0} for dimensions d > 2. For odd dimensions
d, as it was mentioned above, this result was obtained in the classical paper [6]. For d even we
present a proof based on the properties of the Dirichlet-to-Neumann map Negt(\). Moreover,
we obtain a trace formula for the counting function of the eigenvalues of G in an open domain
w C {# € C: Rez < 0}. Finally, in the Appendix we examine the special case when K is unit ball
in R3 and ~ is a constant.

2. Dirichlet-to-Neumann map. In our exposition we apply some h-pseudo-differential opera-
tors and we are going to recall some basic facts. Let X be a C'*° smooth compact manifold without
boundary with dimension d —1 > 1. Let (z,€) be the canonical local coordinates in T*(X) and
let a(z,&,h) € C°(T*(X)). Given m € R, I € R,§ > 0 and a function ¢(h) > 0, one denotes by
S(ls’m(c(h)) the set of symbols a(z, &, h) such that

1020P a(w, &, )| < Cop(e(h)) ™ —20IHBD (14 gy~ 11, (2,€) € T*(X), Var, V6.

If ¢(h) = h, we denote S(ls’m(c(h)) simply by Sé’m and the symbols restricted to a domain where
< wi e denote y a € c . We use also symbols a(x,§, € satisfying the
< C will be d d b, S(l; h)). W 1 bol h Sg isfyi h
estimates

090 a(x, &, h)| < Cop(1+ €)™V, (2,€) € T*(X), Va, V.
One defines the h—pseudo-differential operator Opp, (a) with symbol a(z,&, k) by

(Opn(a)f)(z) = (2rh)~ 4! / e M=V /P, €, h) f(y)dyde.

T*X
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For the reader convenience we recall two properties of the semi-classical pseudo- differential
operators Opy, (a) (see Section 7 of [3] and Proposition 2.1 of [19]). Assume that a € C°(T* (X))
satisfies the bounds
(2.1) 0% a(z, &, h)| < Caco(R)h™11/2 V(z,€) € T*(X)

for |a| < d, where cg(h) > 0 is a parameter. Then there exists a constant C' > 0 independent of h
such that

(2.2) 10pr(a)llL2(x)—L2(x) < Ceo(h).

Next for 0 < § < 1/2 we have a calculus and if a € S?’ml, be 5552’”12, then for s € R we get

10pn (a)Opn (b) — Oph(ab)HHS(X)HHS_ml_m‘Z‘*'l(X) < Csh~limlm20

We refer to [3] for more details concerning the calculus. The left hand side of last inequality can be
estimated also in some cases when one of the symbols a or b is in a class Sé’m with 0 < § < 1. For
the precise statements the reader should consult Proposition 2.2 in [19] and Proposition 4.2 in [20].

Let (2/,€') be the coordinates on T*(I"). Denote by ro(z’,£’) the principal symbol of the
Laplace-Beltrami operator —Ar on I'" equipped with the Riemannian metric induced by the Eu-
clidean metric in R%. For z € Z1 U Zo U Z3 let

p($/7 glﬂz) = e 7'0(33/,&',) S COO(T*F)
be the root of the equation
p>+ro(a’, &) —z=0
with Im p(2’,&’,2z) > 0. For large |¢/| we have |p(a’,&’, 2)| ~ |¢/|, Im p(a’, &', z) ~ |&’|. Moreover,
for z € Z1 U Z3 we have

[Im z|
tm p(a’,€,2) > (5] ol > ],

while for rg > 2, we have

Civro+12>2Imp > |p| > Cav/ro + 1.

For z € Zy the last equality is true for all (z/,¢’) (see Lemma 3.1 in [19]).

G. Vodev established for bounded domains K C R%, d > 2, the following approximation of the
interior Dirichlet-to-Neumann map Nj,¢(z, h) related to the boundary problem (1.5), where the
equation (—h2A — z)u = 0 is satisfied in K.

Theorem 2.1 ([19], Theorem 3.3). For every 0 < € K 1 there exists 0 < ho(e) < 1 such that for
z€Z1,e={2€C: Rez=1, lzImzzhl/z_e} and 0 < h < hg we have

Ch
2.3 Nint (2, ) (f) — Opn(p + hb < ,
(23) [Nint (2, h)(f) = Opn(p + hb) fll g1 (1) \/Wllfl\m(r)
where b € 58’1(F) does not depend on h and z. Moreover, (2.3) holds for z € Zs U Z3 with |Im z|
replaced by 1.

The same result remains true for unbounded domains Q with Njp¢(z, h) replaced by Negzt(z, h)
by modifications to the proof in [19] based on the construction of a semi-classical parametrix close
to the boundary. For reader convenience we recall below some facts from [19] and we discuss some
modifications which will be necessary for our exposition. Consider normal geodesic coordinates
(z1,2") in a neighbourhood of a fixed point zg € T', where x1 = dist(z,T'). Then —h2A — 2z in
these coordinates has the form

P(z,h) = thﬁl +r(x,hDy) + q(z,hDz) + h2(j(w) — 2.

with Dy, = —i0z,, Dy = —i0,, r(z,&') = (R(x)¢',¢), q(z,€) = (q(x),&). Here R(zx) is a
symmetric (d — 1) x (d — 1) matrix with smooth real-valued entries and r(0,z’,¢") = ro(z/,&’).
Let ¢(0) € C°°(R) be a cut-off function such that ¢(o) =1 for |o] <1, ¢(o) = 0 for |o| > 2. Let
(z') be a C*> cut-off function on I" supported in a small neighbourhood of z¢ and ¥ (zg) = 1. In
[19], Proposition 3.4 for §1 > 0 small enough one constructs a semi-classical parametrix

{ﬂw(z) = (2mh) =41 [ [ et e &g ( 1) ¢ ) a(, €', 2 h) f(y' )y de',
ﬁ¢|z1:0 = d}fv

(2.4)

where p1 =1if z € Zo U Z3, p1 = |p|3 if z€ Z7.
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The phase ¢(z,y’,£’, 2) is complex-valued and

N—-1
Y= 7<2/ - y/7£l> + Z x%%k(z/’£l7z) = 7<$l - y’»&’) + @7

k=1

—1N-1
Z Z xlh ag,j(z ¢ 2),

N > 1 being a large integer.
Moreover, p1 = p, Im ¢ > x1Im p/2, 0 < 1 < 261 min{1, p1} and the amplitude a satisfies
a!zl:O = 1)(z’). The phase ¢ and the amplitude a are determined so that

e HP(z,h)et a=aN An (2,2 h) + WV By (2,6, 2 h),
where Ay, By are smooth functions. To describe the behavior of Ay, By, introduce the function
x(z', &) = ¢(§0r0( ))7 where 0 < §p < 1. Following [19], we say that a symbol b € C>°(T*TI")
belongs to S 16 (Ml) + S(53 64(“2) if

| z’agl(Xb” < Ca,ﬁlﬂl‘ll_élla‘_(Slev

1029, (1 = Xx)b)| < Ca, gluz|'2~ 0121704181 va, v3.
Therefore,
ok An € 53537 (ll) + 83,1 (loD), 0%, By € S35 N (o)) + S5 77 (lol), Wk €N

uniformly with respect to z,h and 0 < z1 < 281 min{1, p1}.
For z € Z1,0 and any integer s > 0, there exist ls, Ns > 0 so that for N > Ny we have the
estimate (see Proposition 3.7 in [19])
vh

N L. 2N
(25) 1Pl < Onbt (o)™ Il

while for z € Z2 U Z3 the above estimate holds with |Im z| replaced by 1. Next introduce the
operator

Ty(2,h)f = Dayiiy|, _y = Opn(ry)f
with

go da
T =ag |

N—-1
x1=0 ihaml|x1:02¢p7ih z)hjalaj'
=
Let Gp be the self-adjoin realization of the operator —A on L2?(Q2) with Dirichlet boundary

condition on I'. Since the spectrum of Gp is the positive real axis, for z € Z1,0 we have the

estimate
Ck

2 -1
H (h Gp —2) HH%’C(Q)HH%’C(Q) ~ |Im 2|’
while for z € Za U Z3 the above estimate holds with |Im z| replaced by 1. For k = 0 this estimate is
trivial, and for & > 1 it follows from the coercive estimates for the Dirichlet problem in unbounded
domains (see [5])

vk € N,

2 2k—2
ol 25y < Ok (IR Gvll a2 g + 10l a2 ). v € D(GD) N HE2().
Now let uy, € HZ(2) be the solution of the problem
P(Z, h)u¢ =0in Q, uwh" = ”L/Jf
Then
~ 2 -1 ~
W 1= Ugy — Uy + (h Gp — z) Pz, h)iy

will be a solution of (h2Gp — Z)wy = 0 in Q, wy|r = 0. Since for z € Z1,0 U Z2 U Z3 the point
z/h? is not in the spectrum of Gp, one deduces w,, = 0. This implies as in [19] the following

Proposition 2.1. For z € Z1,0 we have the estimate
vVh \2N
[Im z|)

with constants Cn,sq > 0, independent of f,h and z, and sq independent of N. If z € Zo U Z3,
then (2.6) holds with |Im z| replaced by 1.

(2.6) [Vewt (2, Rty — Ty (2, h) Fll gt ry < cNh—Sd( I fll2ry, VN €N
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Choose a partition of unity Z}']=1 Yj(z’) =1 on I and set T'(z,h) = Z‘]‘le Ty, (2, h). Notice
that the principal symbol of T'(z,h) is p. By using Proposition 2.1 and repeating without any
change the argument in Section 3 in [19], one concludes that the statement of Theorem 2.1 re-
mains true replacing in (2.3) Nint(z, h) by Nezt(z, h).

3. Eigenvalues-free regions in the case (A). In this section we suppose that 0 < o < v(z) <
1—ep, €0 > 0,Vz € I If (u,v) # 0 is an eigenfunction of G with eigenvalue XA € {z € C: Rez < 0},
then f = u|gzer # 0. Indeed, if f =0 on T', then u € H2(Q) will be eigenfunction of the Dirichlet
problem in © and this is impossible. From (1.3) one obtains the equation (1.4).

According to Theorem 2.1 with Negt(z, h), for z € Z1, § = 1/2 — €, we have

h
(3.1) 10pr(0)f = Vv fllp2r) < C——x

[Im z|

£l z2(ry

where for z € Z> U Z3 the above estimate holds with |Im z| replaced by 1. Here we use the fact
that

10Pr (W)l L2(ry—L2() < C
which follows from [19], Proposition 2.1. Introduce the symbol
c(a’ €, 2) = p(a', &', 2) — vV
We will show that c(z’,¢’, 2) is elliptic in a suitable class. Write
(1 =)z —ro(2',€)
T e € ) v vE
Case I. z € Z1 . Set § =1/2 — €. The symbol c is elliptic for |¢/| large enough and it remains

to examine its behavior for |¢/| < Cp. For these values of ¢’ we have |p+~v+/z| < C1. First consider
the set

c(x/7 5/7 Z)

2
F={(a,€): |1-ro(a.€) < %0}.
2
Then Re ((1 —?)z —m) =1-rg—~92< —%0. If (2/,¢") ¢ F, we get

Im <(1 - 72)2 - 7"0) =(1- 'yz)Im z>(1— 72)h5 > eohl.
Consequently, the symbol c is elliptic and
Im (p 4+ vv/z) = Im p +yIm /z > Ch®.

Hence, for bounded |&'| we have |c| > C3h®, C3 > 0, while for large |¢’| we have |c| ~ |€'|. As in
Section 2 we use the function x and define M1 := Z1 X suppy, M2z := (Z1 x supp(l—x))U ((Z2U
Z3) x T*T). Set (£') = (1 + |¢'])}/2. Tt is easy to see that for (z,2’,&') € M1, we have

(32) 0207, p| < Capltm 2['/271217181 o] + 18] > 1,
|p| < C, while for (z,2',£) € Mo we have
(3.3) 103 0F,p] < €)' 7171.

Thus, we conclude that ¢ = (p — y/z) € Sg’l.

Now consider the symbol ¢~1 = %. Since p + vz € Sg’l, it remains to study the
properties of g := ((1 —v2)z —rg) ™. For (2/,¢') € F, we get |(1 —v2)z —ro| > é > 0 and
102/096,9] < Ca -
Therefore for (z/,£’) € F, we have
(3.4) 1029, (¢ )] < C p[Tm 2| 1/27 117181,
Next for (z/,¢') ¢ F notice that for every 0 < §’ < 1, if |(1 —~2) — 79| < &, Im 2 # 0, we have
(3.5) 109/9719] < Clapltm 2| 71~ 11=101,
while for |(1 —~2) —ro| > &' we get
(3.6) 10206,9] < Ca,p(€) 27121,
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€

2
On the other hand, (z,¢’) ¢ F yields |1 —ro(z’,£")| > 2 and for (2/,¢') ¢ F we obtain

(3.7) |a§;,a§,p| < Cy ple)ilel=181,
Thus for bounded [¢'| and (z/,§) ¢ F, we deduce
(3.8) 102,07, (c1)| < Ca pltm 2|71 1017181,

Combining this with the estimates (3.4), one concludes that |Im z|c~1 € Sg’fl.

Case II. z € Z>. We have
Re ((1 -7z — ro) <-(1-9))<-a<o.

Consequently, c is elliptic and ¢ € Sg’l, cle Sg’_l.

Case III. z € Z3. In this case Im z = 1 and one has
[Tm ((1 — 7%z — 7‘0)| =|1-=~%)]>e >0

This implies that ¢ € Sg’l is elliptic and c¢~1 € Sg‘il.

Consequently, we get
0P (™ gllp2(ry < Cllm 2|~ lgll L2y
and, applying (3.1), we deduce
h
-1
10pr(c™)Opr(c) fllL2(ry < Csm”f”[ﬂ(r)-

On the other hand, for |ai| + [B1] > 1, |az| + |B2| > 1 and |¢'| < Cp according to (3.2), (3.4),
(3.7), (3.8), for (z/,&") € F we get

(3.9) 9% af,l (e (a!,€))0%? 85,2 cla’, &)
while for (z/,¢’) ¢ F we have
(3.10) i a?,l (¢!, €"))a%? afs oz, &)

< Coy 8y n. o |TM 2|t (e l+1B1l+Hez [ +1B21)

—1—(lax|+181])

< Cay,81,a0,8, |Im 2|

Consider the operator Opy, (c~1)Opy, (c) — I. Following Section 7 in [3], the symbol of this operator
is given by

, + BN(IIMEI)

(ih)7 _
5 S Dy )@ Dt )y
=1 7 jal=

= bN(x/,fl) + BN(xl7£/)7
where
02 b (a/,€)] < CahN (=20 =sa=ll/2,
Applying (2.2), one deduces for N large enough
10Ph ()l 12 (1) — 12 (ry < Ch

On the other hand, the estimates (3.9), (3.10) yield

h
Y —d|a|
0% (7, €)] < Ca s 01,
Thus, applying once more (2.2), one gets
_ h
0P (e™1)OPn(e)f = Fllz2(r) < Cormg I llz2q)-

A combination of the above estimates implies
_ _3
(3.11) 1fllz2ry < C7 (W72 4+ R~ 20) | £l 2r)-
Since § =1/2 —¢, 0 < e K 1, for 0 < h < ho(€) small enough (3.8) yields f = 0.

Going back to A = i‘f, we have
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Suppose that z € Z;. Then

1
Re Al > C(h~1)17% [Im A| < C1h~" < Cy|Re A|T=5.

So if [ReA| > C3|ImA|' =% ReX < —C4 < 0 there are no eigenvalues X = % of G. For z € ZoUZj3
there are no eigenvalues A too if |A| > Rp.

This shows that in the case (A) for every 0 < € < 1 the eigenvalues of G must lie in the region
Ac defined in Theorem 1.1.

4. Eigenvalues-free region in the case (B). In this section we deal with the case (B). The
analysis of Section 3 works only for z € Z1 U Z3. Indeed for z € Z;1 we have

Re ((1—7%) —m0) < (1=9%) < —no < 0.
The symbol g introduced in the previous section satisfies the estimates (3.5) and ¢ € Sg’l, clte
S?’_l. For z € Z3 we apply the same argument. Thus for z € Z; U Z3 we obtain that the

eigenvalues A = "hfof G must lie in Ac. For z € Z3 the argument exploited in the case (A) breaks

down since for Re z = —1,Im z = 0 the symbol
i1 +ro(a’,€") —7(2")]
is not elliptic and it may vanish for some (x(), ().

In the following we suppose that z € Zs. Therefore Proposition 2.1 yields a better approxima-
tion

(4.1) [Neat (2, B)(f) = T(z,h) fll g ry < Onh™* N fllp2ry, VN € N.

If f # 0 is the trace of an eigenfunction of G, from the equality (1.4) we obtain
[Re (T'(z, k) f = V21 )2yl < ONRT5 N fll L2y
There exists ¢ with 0 < ¢t < 1 such that
Re ((T(2,0) = 4v/2) £ D) 2y = Re (T(=L, W)/, f) 2 r)

oT
(4.2) —Im zIm [<(£(zt,h) 2\F)f f>L2(F)]
with z¢ = —1 + itIm z € Z5. The next Lemma is an analogue of Lemma 3.9 in [19].
Lemma 4.1. Let z € Z2 and let f = u|r be the trace of an eigenfunction u of G with eigenvalue
A= i\hﬁ. Then

(4.3) |5t = 0m () 1]y < CHUA s ey
with a constant C > 0 independent of z, h and f. Moreover,
(4.4) Re (T(=1,h)f, f)r2(ry| < OnR™5 N[ fll 2y, VN € N.

Proof. The proof of (4.3) is the same as in [19] since for z € Z> we get

N-1

Zhjdalu So—1
dz

7=0

To establish (4.4), we apply Green’s formula in the unbounded domain Q. By using the notation
of Section 2, set 4 = Zj:l Uy. Then —ihd,4|r = T(z,h)f and for R > 1 the function @ vanishes
for |z| > R. Thus one obtains

(A, @) p2(q) = —i/ IVal2de — 1(0,, @) L2 (ry.
Q
Multiplying the above equality by h and taking the real part, we deduce

—Im h<A’EL, a>L2(Q) =Re <T(z7 h)f: f>L2(F)'
Therefore,
Re <T(717 h)f7 f>L2(I‘)' =—Im h((A - hiz)av ﬂ>L2(Q) =—Imh™! (’P(flz h)ﬂv ﬁ>L2(Q)

and
[Re (T(=1,h)f, f) 20yl < hHIP(=1, h)all 2oy lll 20
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It is easy to see that |4 p2(q) < Ch™%¢||f|[2(q) and combining this with (2.5) for 2 € Z2, we
obtain (4.4). O

Proof of Theorem 1.1, case (B). From (4.2), (4.4) and Im z # 0 we have

oT h—satN
(4.5) (G ) = 5 7= ) eacoy| < On = lacey-
Consider the operator L := Oph(ﬂ(zt)) - QW% and notice that
or
(4.6) i (G5 esh) = 5= ) PDaaery = 1 (LL D gy | < ORIl ery

On the other hand,
1
Im (Lf7f>L2(r)=i<( L), £ ey
and the principal symbol of %(L — L*) has the form

s(x' ¢ 2) = [ ! 7 ]
vV—1+itlmz — g \/—1+itImz

Let
ze = yel (") y = /14 2Im 2|2, || < 7/4.
Here and below we omit the dependence of 3 on t. Then 1 < y < +/2 and

. 1 cosp/2
Vzi =/ysing/2 +i/ycosp/2, Im — = — .
Vzt VY

In the same setting

—1+itlmz —rg = qe!" %), g = \/(1 +70)? +2(Im 2)2, [| < 7/4,

we see that

1 cos/2
Im =— .
vV—1+itlmz —rg Va
Therefore
( v2qcos? p/2 — ycos? /2
21/ 2,/5q(7\/qcos /2 + \/ycosy/2)

To prove that s is elliptic, it is sufficient to show that

Yy/qcosp/2 — \/ﬂcosw/Q)

2q(1 + cos ) — y(1 + cosyp) = 72q(1 + i) —y(1+ H—m)

1

= — [P +y) - v* (1 +q+r0)]
Yyq

is elliptic. Consider the function

F(rg) =2 ((1 +70)% + t%Im 2z)(l +y)—y? (1 + 1/ (1 +70)2 + t2Im 22 + r()).

F(0)= (=11 +y)y* >m >0,
since in the case (B) we have 'yz —12>mnp > 0. Next, for vy > 1, r9 > 0 we have
OF 14+ 7o
aro (14 70)2 +t21m22>

> 2(72(1 +y)(L+70) — y2) >2(14y—y?).

On the other hand, it is clear that 1+y—y2 > 0for 0 < y < 127\/5 Inourcasel <y < V2 < #
and we deduce g—:}(ro) > 0 for 79 > 0, 1 < y < /2. This implies F(rg) > 0 for 79 > 0 and s is
elliptic. Consequently,

Clearly,

=221+ y)(1+70) —v*(1+

I (Lf, f)p2ery 2 (n2 = CA) fllL2(r)> 12 > 0
and for small h and || f|| 2 (ry # 0, Im 2 # 0, we deduce from (4.5) and (4.6)

[Im z| < Chh~ %N < ByRN, VN € N.
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Going back to A = i‘}{z, we have

Revz = p'/?sinp/2, Im vz = p' /% cos /2, p = 1/1+ (Im 2)2 < V2

and 0 < sinp < Byh™N. This implies for h small enough the estimate

R
IIm A| = ‘GT\/;( <2V4ABN (1)~ N+ < Oy [Re AN,

Thus for z € Z3 and every N € N the eigenvalues A = % of G lie in Ry and this completes the
proof of Theorem 1.1. O

The eigenvalues of G could have accumulation points on iR. For odd dimension d Lax and
Phillips [6] proved that the scattering matrix S(z) is invertible for z = 0. This leads easily to the
following

Proposition 4.1. Assume d odd. The operator G has no a sequence of eigenvalues Aj, ReX; <0
such that lim;j_, oo Aj = iz0, z0 € R.

The proof is the same as that of Proposition 4.11 in [2]. The above proposition does not
exclude the possibility to have eigenvalues A; with [Im A;| — +o00. On the other hand, Theorem
1.2, established in the next section, implies that for strictly convex obstacles and y(z) > 1 the
imaginary part of all eigenvalues of G is bounded by a constant Ry > 0 and for d odd we can
apply Proposition 4.1.

5. Eigenvalue-free region for strictly convex obstacles in the case (B). In this section
we study the eigenvalues-free regions when K is a strictly convex obstacle. Let 0 < € < 1/2 be a
small number. Set ) L
(e, €)= oL ED),

where ¢ is the function introduced in Section 2. Notice that on the support of 1 — x; we have
[1—ro(2’,€")| > h¢/2. By a modification of the construction in [19] (see also [14]) we can construct
a semi-classical parametrix @, having the form (2.4), where 9 f is replaced by Opp (1 — x1)¥f.

Then for |1 — ro(z’,&")| > h€/2 we have |p|2 > h¢/2 and we can improve the estimate (2.5)
obtaining

~ —1 h N 1—e
(5.1) 1Pz B ey < Ok ) ey, sl > 0

he/2|Im z
To do this, one repeats without changes the argument in Section 3 of [19] replacing the lower
bound |p|2 > |Im z| by |p|? > h¢/2. Consequently, the right hand side of (5.1) is estimated by
On(h~lstNe/2) and this yields a semi-classical parametrix
P(z, hywy = On (h"), wilzer = Opp(1 = x1)3f.

Consider a partition of unity x5 + x§ + X;‘ =1 on T*(I'), where the functions x; , xJ, X}' € Sg,o
are with values in RT and such that supp Xs C{ro—1< —h9}, supp x;r C {ro — 1 > h%}, supp
X% C {|ro — 1] < 2R%}, x§ =1 on {|ro — 1| < h%}. Then, as in [19], [20], we obtain the following

Theorem 5.1 (Theorem 2.1, [20]). For every 0 < € < 1 there exists ho(e) > 0 such that for
0 < h < ho(e), |Im z| > h1~¢, we have

(5.2) [Newt (2, B)Opn(x_/5) = OPnlpx o)l L2 (r)—r2(r) < Ch'/?
and for |Im z| < h¢ we have the estimate
(5.3) [Neat (2, h)OPR(x},5) = Opn(px ) )l L2(r)— 12 (r) < CRV2.

Thus the problem is to get an estimate for ||Negt(z, h)Oph(XS/2)||L2<F)HL2(F). We will prove
the following

Theorem 5.2. For h?/3 < Im z < h® we have the estimate

(5.4) ”NEZi(zzh)Oph(Xg/Q)”L?(F)—»Lz(F) < Che/2,

Remark 1. By the analysis in [20] we may cover the region h!=¢ < Im z < h€ but the above
result is sufficient for our analysis since the region 0 < Im z < h2/3 is examined in Chapter 9

and 10 in [17], where a parametrix for the exterior Dirichlet problem is constructed with a precise
estimate of the symbol of Nez¢ in small neighbourhood of the glancing set (see (10.31) in [17]).
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Set for simplicity of notation p = Imz. We will follow closely the construction of a semi-classical
parametrix in Sections 5, 6 in [20]. The only difference is that we deal with an unbounded domain
and the local form of P slightly changes. For the convenience of the reader we are going to recall
the result in [15]. Let Q5 = {z € Q: dist(x,I") < §}. Since K is strictly convex, in local normal
geodesic coordinates (z,&) € T*(s), considered in Section 2, the principal symbol of P becomes

p(x,€) = & +ro(@’,&) +2ra1(2',€) — 1~ ip + O(atro)
with 0 < C1 < q1(2/,¢’) < Ca. Here locally in the interior of K we have x1 > 0, while in the
exterior of K we have z1 < 0. Following [20], denote by R the set of functions a € C*°(T™*(Qs))
satisfying with all derivatives the estimates
a=0(z7") + O(4°) + O((1 = 10)*)

in a neighbourhood of K := {(z,£) : z1 = & =1 —r9 = 0}. It was shown in Theorem 3.1 in [15]
that there exists an exact symplectic map x : T*(Qs) — T*(Qs) so that x(z,&) = (y(z, &), n(x,§))
satisfies
v =1 (@,€) 7%+ O0@}) + Oer(1 = 1o)),
m = &ai(a’, €)% + O(21) + O(& (1 - ro)),
(y/7 77/) = ($/, §/) + O(z1),
(pox(@.6) = (1@, €)% + 0@) (€ + 21— ((@',€)), (mod R)

in a neighbourhood of K with

(@& = (01", €) 723+ 0(1 = 10) ) (1 +ip = ro(a’,£")):

Let U C T*(92s) be a small neighbourhood of K. By using a h-Fourier integral operator on Qg
associated to the canonical relation

A= {(yﬂ?,%f) € T*(Q(;) X T*(Q5) : (yz 77) = X(CE,{), (I,E) € u}7

one transforms P into an operator Pj which in the new coordinates denoted again by (z,£) has
the form
Py = D2 +a1 — Li(a/, Dy h) —ipLa(a’, Dyis h),

where Lj(a’,€;h) = 352 L (2, ¢), j = 1,2, with
L@,¢) = (a@',) 7 + 01 = r0) ) (1 —ro(a’,€)),

L@, €) = au(a,€) "2/ + 01 = ro).
By a simple change of variable ¢ = —x1, we pass to the situation when the exterior of K is
presented by ¢ > 0. Next one applies a new symplectic transformation of the tangential variables
(x#, &%) = x#(2',¢") € T*(T) so that 5;‘% = 7L<10)(x’,§’) (see Section 2 in [20]). Therefore the
operator P is transformed into
(5.5) Py=D} —t+ Dzd# —ipg(z#, D%) + Q@®, Dy, h),

where q(z#,6#) >0, g € 58 in a neighbourhood of §fl# =0 and

o0
Q= Z thk(m#7£#§ /‘)'

k=1
The only difference with [20] is the sign (=) in front of ¢ in the form of Py.
For simplicity of the notations we denote the coordinates (z#,£#) by (y,n) and consider the
operator

Py = D} —t + Dy, — iuq(y, Dy) + hi(y, Dy; p, h)
with 0 < C1 < q(y,n) < Cq, g € 58, q € 58. Notice that we have the term —iug(y,n) with g > 0,
while in [20] the model operator involves iug(y,n) since the sign of p is not important for the
argument in Sections 5, 6 of [20].
First we will treat the situation examined in Section 6 in [20] when p > 0 and ng4 satisfy the

conditions

(5.6) N+ [nal > b€,

(5.7) p A+ Inal < O(hE).
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Clearly, if h2/3=¢ < 1 < h¢, the condition (5.6) holds. The same is true also if h2/3 < y < h2/3—¢
and |ng| > h1/2=¢_ Introduce the function
(L), if p > h2/3—,

<I>1(77d) = {(1 _ ¢(#)>¢(%)7 if B2/3 <u< h2/3767

where ¢ is the function introduced in Section 2. Let p be the solution of the equation
p* +na —ing(y,m) =0
with Im p > 0. With a minor modifications of the argument in Section 6 in [20] we may construct
a parametrix 41 = Opp (A(t))f, where
ip(t,y,n:p)
h

t
At) = ¢(W>a(t7 y,1; 1, h)e

and d1 > 0 is small enough. We take ¢ and a in the form

M
k k
<P=Zt Pky @ = E Rt ag .,
k=1 0<kto<M

where M > 1 and ¢, and ay,,, do not depend on t. We choose ag,0 = ®1(nq), ar,0 =0 for k > 1.
We have the identity

e 1IN (DE — t 4 — paly, ) — 1hdy, ) (€9 a)

= —2ihdrpdia — h*d}a — ihdy,a + ((Brp)? + By, — t — p)a

= —2ih > PR S G+ D+ 1= §)evri—jar 41
0<k+v<2M—2 j=0

—h > WAD@ADR T ap_ 12—k D> W0y a8+ ((960) + 0y, 0 —t— p?)a.
0<k4r<M—1 0<ktr<M

The phase ¢ satisfies the eikonal equation

M
(069)® + Byyp —t — p> —ip D (050)ga(p) = Ru(t),
|a|=1
with ga(p) = \%41_[?:_11 (Oy; )% and R (t) = O(tM). We choose @1 = p and one determines
@k, k> 2, from the equation
S B+ 1)U+ Deps10541 + Oya0k +€x = F(01,.,0K)
k4+j=K

with €1 = —1, ex = 0 for K > 2 and F(¢1,..., px) given by the equality (6.6) in [20]. Next the
functions ay,, are determined form the equations

v
20 (G + D@ +1=evs1—jarjrn + @+ D@+ 2ar—1u42 +i0y,ary
=0

M k v
— E E E e
= bayk/M,/ay CLk/,,//.

|a|=0k’=0v'=0

Therefore Lemma 6.1, 6.2, 6.3, 6.4 in [20] hold without any change since the sign before ¢ in the
form of Py is not involved. Thus, as in Section 6 of [20], for a neighbourhood Y of a point in R¢~!
we obtain the following

Proposition 5.1. Assume (5.6) and (5.7) fulfilled for n € supp ®1. Then for all s > 0 we have
the estimates

(5.8) 1Pt s et x vy < Co,aeh™ 2l F 2y,

(5.9) [Detinfe=ollL2(yy < ChlIfllp2(y)-
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To cover the region h2/3 < p < h€, it remains to study the case when h2/3 < p < h2/3=¢ and
gl < h1/2=¢_ For these values of y and 14 the condition

(5.10) p(p+ |ngl) < BUFE
is satisfied. We will construct a parametrix for the problem
{Pou =0inRt x Y,

(5.11) ‘. foonY

with fo = Opy, <¢(#))f+ O(h>)f, f € L2(Y). For the construction we need some estimates
for the Airy function A(z) = Ai(e?2™/32). Here Ai(z) is the Airy function defined for s € R by

. 1 <, 3
Ai(s) = —/ el(st+t7/3) gy
21 ) _
In the following the branch —m < argz < 7 will be used and z'/2 = |z|!/2¢l2182/2, Notice also
that I 2| .
m z m z
R > I = .
eVEZ L mVES SR
The function A(z) satisfies the equalities
(5.12) (02 — 2)AM) (2) = kA%~ (2), k e N,

k
where A (2) = %ﬁf It is well known (see [12], [11]) that A(2) has for |argz — | > § > 0 the
representation
= 2. 3/2
A(z) = E(wz) exp(gl(—z) ),

where w = €2™/3 and

oo
. 1
E(Z) ~ Z_1/4 Za’jz_?’]/Q: ag = 177'_3/4) |Z‘ — 00.
=0
In the same domain in C one has also an asymptotic expansion for the derivatives of A(z) by
taking in the above expansion differentiation term by term (see [12]). Introduce the function
Al(z
A(z)

Then for |arg z — 7/3| > 6 > 0 we have

oo
F(z) =223 " bpz™", [2] > 1,b0 # 0.
k=0

For large |z| and Im z < 0 we have the estimate |F(z)| < C|z|'/2, while for bounded |z| and
Im z < 0 one obtains |F'(z)| < C1. Consequently,

|F(z) < Co(lz] + 1)V/2, Im z < 0.

For the derivatives F(*) (z) = %’Zf (2) (see Chapter 5 in [11]) we get the following
Lemma 5.3. For Im z < 0 and every integer k > 0 we have the estimate
(5.13) [F®)(2)] < Cr(l=] +1)1/2 .
Given an integer k > 0, set ®g(z) =1,
B (2) i= A(2)0F(A(2) ™) = 8, Bp_1(2) — F(2)Pp_1(2), k> 1.
Taking the derivatives in the above equality and using (5.13), by induction in k one obtains

Lemma 5.4. For Im z < 0 and all integers k > 1,1 > 0, we have the bound

kg
(5.14) 0L @x(2)] < Cra (Il +1)*
For t > 0 and Im z < 0, set
A(k)(7t+z) 10
Uy (t,z) = T, W, (t, 2) = 0, W (2, 2).

The next Lemma is an analogue of Lemma 3.3 in [20].
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Lemma 5.5. For Im z < 0 and all integers k > 0,1 > 0, we have the estimate
(5.15) 00, 2)] < Ciftm 2| (121172 +1)".

For 0 <t<|z|, Imz <0 and all integers k > 0,1 > 0, we have

(5.16) 19 (¢ 2)] < Cpaltm 27 (1212 + Jm 271 (|12 + 1)’“,
while for |t| > |z| one obtains

k
(5.17) 1w (8, 2)| < CpyfTm 2| 74(|2]/? + |Im zrl)(tm + Im zrl) e t!/2Im z1/4,

Proof. Since VU(t, z) is analytic for Im z < 0, it is sufficient to establish the above estimates for
1 = 0 and to apply Cauchy formula for the derivatives (see Section 3 in [20]). Taking into account
(5.12), (5.13), by induction in k one deduces

k
AB )] < O (1212 + 1) |A(2))
hence
k
(5.18) Wi (t,2)] < Cp (8172 + 12112 +1) " [Wo(t, 2)].

Thus it is sufficient to estimate |¥o(¢, z)|. The representation of A(z) with phase exp((%i(fz):s/Q)
mentioned above holds for Im z < 0. Hence

‘ A(; E(wézj;) z)) ‘ eXp(*Im ;((t _ 2)3/2 _ (7Z)3/2)>

+z)‘ <
() 17

E(w(-t+2))
H(wz)
It clear that |2(w(—t + 2))| < cg. For |z| < C, C > 1 we have

e,

}(E(wz)) | <Cp < C2llm 2|77,
while for |z| > C' we have
-1
|(E(wz)) | < Cal2|/4 < Cyl2]/2.
Thus [ECEEED | < O (1212 + Im 2| 71).
Next, we get

2 2 t
p= glm (t—2)3/% - §Im (—2)3/% = / Im (1 — 2)/?dr.
0

t Im 2 t|Im z|
=— dr >
0 2Re ((1—2)1/2) " = 2(t1/2 + |2|1/2)
and this shows that for t > 0 we have ¢ > 0. For [t| < |z| the estimate (5.18) implies (5.16). For
[t| > |z| we have

t|Im z| t1/2|Tm 2|
2(t1/2 + |2|1/2) — 4
and
(5.19) th/2e=t2m 214 < o it 2|k,

If |Im 2| < 1 we have 1 < |Im 2|~!, while if |Im 2| > 1, we get t > |z| > 1. Hence from (5.19) and
(5.18) we deduce (5.17). O

For h2/3 < ;i < h2/3=¢ we will construct a parametrix for (5.11) repeating without any change
the construction in Section 5 of [20]. The parametrix has the form > = ¢(t/h)Opp, (A(t))g, where
g € L2(Y) can be determined as in Section 5, [20]. Here

M

A = ar(y, m; b, ) (t,ys by 1),
k=0

= WEw (—th ™2/, (g — ing(y, m)h~2/?),
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M > 1 is an arbitrary integer, ag = ¢(#) Next ag, k > 1, are independent on ¢ and they
can be determined from the equality

(k+ Dags1 = —i0y,ax + ph™/20y,qF (g — ipg(y,n)h™>/*)ay — ph ™' 0y, a1

ko k
EPIDSCTIE v LT

=0 |a|=0
‘We have
PoOpa(A(t)) = Opy, (D} =t +na — iy, m) — ihd,, ) A(1) )
—ipg(y, Dy)Opp(A(t)) + inOpr(¢A(t)) + hi(y, Dy)Opn (A(t)).
On the other hand, (5.12) implies the equality

(DF —t+nq — iuq(y,n) P (*th’m, (na — iuq(y,n))h’m)

= —kh™2/30;_4 (—th‘m, (na — ipq(y, n))h_2/3>
and
M—1
(DF =t +na — ipg(y, ) A®) = —h Y (k+ 1)app1tx.
k=0
Next the construction of the parametrix goes without any changes as in Section 5 in [20] applying
Lemmas 5.3, 5.4 and 5.5 instead of Lemmas 3.1, 3.2 and 3.3 in [20]. Thus as an analogue of
Theorem 5.7 in [20] we get the following

Proposition 5.2. For all s > 0, we have the bounds

(5.20) [ Potiz || s g+ x vy < Cont ™[ fll 2 vy,
(5.21) lizli=o — Opn ($(nan/h1+)) fllz2cyy < OIS 20y,
(5-22) I Diazli=ollL2(vy < ChEISfllL2(vy-
Combining Proposition 5.1 and Proposition 5.2, we obtain, as in [20], Theorem 5.2. O

After this preparation we pass to the analysis of an eigenvalues-free region when
Rez=1, k%3 <Imz<h% 0<e< 1.
Let p = /1 —rg + ilm z. As in the previous section, we examine the equation
Neat(2,h)(f) = Vavf = 0.

Consider the partition of the unity X:/Q + XS/2 + X;/2 =1 on T*(T') introduced in the beginning
of this section. Applying Theorem 5.2, we have

[Newt (2, B) (1 = Opu (X2 ) f = VZvfliL2y < CR?||fll L2 (-
Taking into account Theorem 5.1 for the operators N (z, h)Oph(xj[/2), one deduces
(5.23) 10mm (PO +X272) = V2 ) Fll2(ry < C1h/2I1 £
. €/2 €/2 L2(r) = %1 L2(T)-
We write
P[00 + ()] - 222
P(X )5+ X0p0) + V2

91 := Py T XTp0) —VET =

Clearly,
Re (02 [(x0)% + (x0)?] = #9%) = (1 = 10)[ () + (x5)0)?] =72 < =m0 <0
since 1 — rg < 1, supp Xj/Q M supp X;/Q = and 1 —v2 < —ng. Thus for bounded |€'| we have
lg1] > n2 > 0, while for [£'| > 1 we get |g1]| ~ |£|. To estimate gl_l, it is necessary to estimate
only ,o(xj/2 + X;/Q) + /27 and one deduces
10579, (g7 )| < Ca,ph™ 2 /2HEED (1 gy =101

/4,1
€/2

1(Opn (g7 )OP(91) = Dfllpzry < CR NI fll L2 (ry-

The same estimates holds for g1, hence g1 € S s gfl S 52;3’71 and
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Combining this with (5.23), for small h we conclude as in Section 4, that f = 0.

It remains to study the case
ze€D={z2€C:z2=1+ilmz, 0 < Imz < h?/3}.

The Dirichlet problem for —h2A — z with z = 1 + ilm h2/3w, |lw| < Cop, has been investigated
by Sjostrand in Chapters 9 and 10 in [17] (see also [1]). For 0 < w < 1 this covers the region D.
In [17] the exterior Dirichlet-to-Neumann map Next(z, h) is defined with respect to the outgoing
solution ! of the problem (1.5). Notice that for Im z > 0 the outgoing solutions are in H2(f), so
the exterior Dirichlet-to-Neumann map in [17] coincides with that defined in Section 2. We need
to recall some results in Chapter 10 of [17]. The operator Nezt(z,h) is a h—pseudo-differential
operator with symbol negt(z’,£’, k). Introduce the glancing set

G={(',¢)eT*(): ro(z',&) =1}.

We have v(z) > 14+ n3 > 1, V& € I'. Choose a small number §p, 0 < g < n3/2. Then for
[ro(z’,&") — 1| > &o the symbol ney: satisfies the estimates

(5.24) 1020 neat(a' €', )| < Ca,p(€) ™17, Va, V8,

while for |ro(z’, &) — 1] < 260 we have the estimates

1_

(5.25) 1020 meat (2, €', h)| < Cag(h*/® +|ro —1)27 P4, Va,v8

if ro(z’, &) — 1 is transformed into £ by a tangential Fourier integral operator as it was mentioned
in the beginning of this section. From the estimates near G it follows that for small 0 < h < ho(do)
we have a bound

< 1/3 1/2
L2(T)—L2(T) — O™+ 67

1- T0($,7 El) ) )
do

with a constant C' > 0 independent on h and dg. Let f # 0 be the trace of u|r, where (u,v) is an

eigenfunction of G. Consider the equality

HNm(z,h)qs(

1—ro(a,¢)
= Re (Newr (= 1) [1 = 6(——5 =22) |12 F) |, 1+ Re (Vo f faaqr)
1—ro(z’,&
(5.26) = Re (Neat (2, h)qﬁ(%)ﬁ Hrzr)
The above estimate shows that the right hand side in (5.26) is bounded by Cq (h1/3+5é/2)||fH2L2(F).

Introduce two functions ¥+ (o) € C*°(R : [0,1]) such that ¥4+ (¢) =0 for 0 < 1/2, Y4 (0) =1
for o > 1, ¥_(0) = 4 (—0). We write

Neat(z, ) [1 _¢(1—r07(w’,£/>

: )] = Newt (2, )t + Neat (2 h)x—,
0

where

@€ = [1 - p(AraEy ]y, (Lol

have support in {(z/,&’) : 1—ro(2’,&’) > §0/2} and {(z',&') : 1 —ro(z’, &) < —80/2}, respectively.
The principal symbols n4 of Nezt(z, h)x+ have the form

ng = (\/W)Xi
and
Re (Neat (2, W)X, 1) 2(r) = (Opn(Re (n2) S, £) 2(ry + OWF13 2 -
On the other hand,
[Reny| = x+|Re /1 — 7o +ilm z| < (1 + r%/3)1/2,

In the same way for the principal symbol n_ of Nezt(z, h)x— we get

[Ren_| = x—|Re /1 —rg + ilm z| §y1/2sin%,

Lthe outgoing solutions in the sense of Lax-Phillips [5] are different from the outgoing ones in
[17]. See Section 6 for more details.
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where 1 — 7o + ilm z = yel(™=%) 4 > 0, 0 < ¢ < 1. Next

1 —cos 1
yl/Qsin% = yl/? 1-cosy =—+y—(ro—1).

2 V2

<

On the support of x— we have 0 < rg —1 <y < (ro — 1) + h2/3, and this implies y'/2sin 5 <

%hl/?’. Combining the above estimates, we conclude that

(5.27) — Re (Near (2. ) [1 = (AL F) oy 2~ O .

4o ) —

Let v/z = v +iw, v,w € R. Then v? = 1 + w? > 1 yields Re v/z = v > 1. Consequently,
Re (VA1 Piary 2 (1+m)1F 220,

From this estimate and (5.27) one deduces that the left hand side of (5.26) is greater than
(ns — Clh1/3)||inZ(F>, For small h and small d9 (depending on 73) we obtain a contradic-

tion with the estimate of the right hand side of (5.26). Finally, f Rez=1,0 <Imz < h2/3 with
0 < h < hg(n3) there are no eigenvalues A = %
4, completes the proof of Theorem 1.2.

of G. Combining this with the result of Section

6. Discreteness of the spectrum and trace formula. In this section we will prove the dis-
creteness of the spectrum of G in the left half plane using the Dirichlet-to-Neumann map and we
establish a trace formula which can be useful for the study of the eigenvalues asymptotics. Before
going to the proof of a trace formula for the counting function of the eigenvalues of G, we need to
examine the properties of the Dirichlet-to-Neumann map N'(\) defined below. This map can be
used to prove the discreteness of the spectrum of G in {z € C: Re z < 0}. This result for d odd
was established in [6] and the proof there exploits the fact that the scattering operator S(z) is
invertible for z = 0. For even dimensions d this property of S(z) is not true. We present a proof of
the discreteness of the spectrum of G based on the invertibility of an operator involving A(\)~!
and it seems that for d even this result is new.

Proposition 6.1. Let y(x) # 1 for all x € T'. Then for d > 2 the spectrum of the generator G
in {z € C: Rez < 0} is formed by isolated eigenvalues with finite multiplicities.
Proof. Consider for Re A\ < 0 the map
N\ : H3(T) 3 f — dyulpr € HSY(D),
where u is the solution of the problem
©.1) (A= X)u=0inQ, u € H2(Q),
u= fonl.

The condition u € H2(Q) implies that u is i\- outgoing which means that there exists R > po
and a function g € Lgomp (R9) such that
u(z) = (Ao +2*)7g, [z| > R,
where Ro()\) = (—A¢+A2)~1! is the outgoing resolvent of the free Laplacian in R? which is analytic
for Re A > 0. Recall that Ro(\) has kernel

(6.2) Ro(hz —y) = _i(ﬁiiw)(nﬂw (H%(u))‘

u:—i)\\ac—y|7

where Hl(,l)(a;) is the Hankel function of first kind and we have the asymptotic (see for example,
Chapter 7 in [12])

2\1/2 . vr _m
(6:3) 10 = () PPl -1 L 0(=%/2), —r < Argz < 2m, |2 = r — +oo.
4

Below we present some well known facts for the sake of completeness. The solution of the
Dirichlet problem (6.1) with f € H3/2(T') has the representation

u=e(f)+ (—Ap +A%)"HA = N)(e(f)),
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where e(f) : H3/2() 3 f — e(f) € HZ,,,(Q) is an extension operator and Rp(A) = (—Ap +
A2)~1 is the outgoing resolvent of the Dirichlet Laplacian Ap in 2 which is analytic for Re A < 0.2
Therefore

NS = 0u(e() + 00 [(=Ap + 32 7HA = A (e(f)]

implies that N'()\) is analytic for Re A < 0. The solution of (6.1) for Re A < 0 can be written also
as follows (see (2.4) in [10])

_ ORo(\,z —y)

u@ N = [ [Roe -0 ne) - FE5

f(y)dy] .

Taking the trace on I', this implies
Coo()\) + Co1 ()\)N(A) =1d,

where

_ f=®) 9Ro f(x)

(CooNNe@) =52+ [ SR (e -y = 17 + (k) @),
T Ovy

(Cor (N f)() = — /F Ro(hz — ) f(y)dy

are the Calderon operators (see for example, [10]) which are analytic operator-valued functions for
A € C for d odd and on the logarithmic covering of C for d even. The operators K(X), Co1(\) are
pseudo-differential operators of order -1

Melrose proved ([10], Section 3) that there exists an entire family Pp(\) of pseudo-differential
operators of order -1 on I" so that

(=Ar + DY2Co1(A) = 1d + Pp(N),

Ar being the Laplace Beltrami operator on I'. For Re A < 0 this implies
Id
N () = (1d+ Po () "M (=Ar + DV~ KOV).

On the other hand, it is well known that the Neumann problem

(6.4)

(A=X)u=0inQ, ue H2(Q),
Oyu=0onT

has no non trivial (i\)-outgoing solutions for Re A < 0. This implies that for Re A < 0 the operator
K()\) has not 1/2 as an eigenvalues and since IC()) is compact, we deduce that A/(A\) ™1 is analytic
for Re A < 0.

Going back to the problem (1.2), we write the boundary condition as follows
NN (Id - /\N(/\)*lw)fl —0,ReA<0, zcl.

The operator AN'(A\)~! : L2(T) — H(T") is compact and by Theorems 1.2 and Theorem 1.3
there are points Ao, Re Ao < 0, for which (Id — Ao (Xo) 1) is invertible. Applying the analytic
Fredholm theorem, one concludes that the spectrum of G in the open half-plane Re A < 0 is formed
by isolated eigenvalues with finite multiplicities. O

Remark 2. The assumption vy(x) # 1, Vo € T', was used only to apply Theorems 1.2 and 1.3.
For odd dimensions d we can relax this assumption. Indeed, for d odd we have no resonances in
a small neighbourhood of 0 for the Dirichlet and Neumann problems, so we may apply the above
argument in a open domain including a small neighbourhood of 0. For d even this property does
not hold. ?

2Notice that the definition of outgoing solutions in [5] is different from that given above and
the outgoing solutions in our paper correspond to incoming ones in [5]. To avoid misunderstanding
the precise form of Ro(A, z — y) is given in (6.2).

3In [8] one obtains eigenvalues-free regions in the case v > 1, but in this paper one applies the
result of [6] for d odd.
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Now we pass to a trace formula involving the operator
CO) =N ) = Xy =N (1d = W) 1),

which by the analysis above is an analytic operator-valued function in {z € C: Re z < 0}, while
C(\)~! is meromorphic in the same domain. Our purpose is to find a formula for the trace

1
(6.5) tr — /(/\ —G)7ldx,
2wt Js

where w C {Re z < 0} is a domain with boundary a positively oriented curve § and (G — \)~1 is
analytic on d. Since (G'— \)~! is meromorphic in w, if Ag is a pole of (G — \)~!, the (algebraic)
multiplicity of an eigenvalue Ag of G is given by

1
mult (A\g) = rank — (A =G)"tax,
274 J1x—xol=co

with €9 > 0 small enough and {A € C : |A — Xg| = eg} positively oriented. Therefore, (6.5)
is just equal to the number of the eigenvalues of G in w counted with their multiplicities. Let
(u,w) = (G = N)~"1(f,9). Then we have w = Au + f and setting ¢ = u|r, we get

u=—RpA)(g+Af) + KN

Here Rp(\) = (—Ap +A2)~1 is the outgoing resolvent introduced in the proof of Proposition 6.1
and K(\) satisfies

(A—=X)K(M\)=0inQ,
K(A)=1d onT.

The boundary condition on I' implies
9, [~Rp Mg+ M) + K(Na| = A [-RoO) (g +Af) +a] =7f =0,z €T

and the term YA[Rp(A)(g + Af) vanishes. Next N'(A\) = 8, K(X\)|r is the Dirichlet-to-Neumann
map, and assuming C~1()\) invertible, one gets

g =7 N (1 RoM) (g +AD] + 7).

Therefore
u= [7)\RD()\) +AK(NCTH N Rp(N) + C’l(/\)v] f+Xg

w=Yf+ [ARp () + AKNCT (N, Rp(V)] g,

where the form of the operators X and Y is not important for the calculus of the trace. Thus we
have the equality

tr /6@ — @) ldr = —tr /6(2)\K()\)C’1(/\)8VRD(A) T C”l(A)'y) dA.

The operator C~1(\) is meromorphic with finite rank singularities near every pole. For the first
term in the integral on the right hand side we apply Lemma 2.2 in [16] to permute the operators
in the integrand combined with the equality
ON
oA

Finally, we obtain the following

) = aygi;(x)‘r = —209, Rp(\)EK(N).

Proposition 6.2. Assume y(z) # 1,Vz € TI'. Let § C {z € C: Re A < 0} be a closed positively
oriented curve and let w be the domain bounded by §. Assume that C~1(\) is meromorphic in w
without poles on § . Then

(6.6) tr i A—@)"tdr = tri, / C*l(,\)a—c(x)dx.
271 Js 27t Js (o))

In the Appendix we show that for the ball in R® and 4 = const > 1 we have infinite number
real eigenvalues. We expect that in the case (B) there are infinite number eigenvalues of G lying
in the domain R and it would be interesting to apply Proposition 6.2 to obtain a Weyl formula
for these eigenvalues following the approach in [16] and [14].
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7. Appendix. In this Appendix we assume that v > 0 is a constant and d odd. We examine the
existence of the eigenvalues of G for the ball B3 = {z € R? : |z| < 1}. Consider the Dirichlet
problem for the Helmholtz equation in the exterior of B.

{(A —A)u=0inlz|>1, ue H (]| > 1),

= uljajos = £ € L2(S2).

Setting A = i, Im p > 0, it is well known that the outgoing solution of (7.1) in polar coordinates
(r,w),r € RT, w € S? is given by a series

B
W@ =3 3 anm Dy ), el =1

n=0m=-—n '511)(N)

Here Yy, m (w) are the spherical functions which are eigenfunctions of the Laplace-Beltrami operator
—Ag2 with eigenvalues n(n + 1) and

1
iy = Tt
r
are the spherical (modified) Hankel functions of first kind. A classical result of Macdonald says
that the zeros of the function H(-gl/z( ) lie in the half plane Im z < 0 (see Theorem 8.2 in [12]).
The boundary condition in (7.1) is satisfied choosing an,m so that

(7.2) flw)= Z Z an,mYn,m(w).

n=0m=-—n
Now consider the boundary problem
(7.3) (A=2)u=0in|z| > 1,u € H?(|z| > 1),
’ Oru — Ayu = 0 on S2.

We will prove the following

Proposition 7.1. For v = 1 and Re A < 0 there are no non trivial solutions of (7.3). For
0 < v < 1 the etgenvalues of G lie in the region

| cos(Arg z)
1= cos(ZArg z)|

(7.4) {ZE(C:ﬂ'/4< |m— Arg z| < /2, |z| >

Proof. Introduce the Dirichlet-to-Neumann map N'(A)f = 9rul|5=1, where u is the solution of
(7.1). Assume that (u,v) is an eigenfunction of G. Then u satisfies (7.3). Setting u||;=1 = f,
A =iy, Im p > 0, the boundary condition implies

(7.5) N(ip)f — ipyf =0on|z| = 1,
and we deduce

Z Z C ’VZ 1220014 an,mYnAm(w) =0

n=0m=-—n

with

W
(7.6) C(n; p,7) := 0r [};}T((i))]

—iuy, n € N.
r=1

It is well known (see [12]) that the functions h%l)(w) have the form

i n . .
(1) a1 im (n 4+ m)! _ n_He
h =(— — _ = = R
n (@)= (=D x Z_ m!(2z)™ (n —m)! =) T n(Qx)
m=0
with
n m
2™ (n+m)!
R = —_——
n(2) mzz:o m! (n —m)!
The problem is reduced to show that C(n;u,vy) # 0 for all n € N, if vy = 1 or A lies in the
region (7.4) in the case 0 < v < 1.
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In fact this implies that all coefficients an,m vanish , so f = 0. Taking the derivative with
respect to r, one obtains

) . ~ i (n+m)! i1
(7.7) C(n;p,y) = ip(l — mZ:O m+1) T)th<Rn(ﬂ)) .
Setting w = ﬁ = 2‘15‘2 , one deduces
(79) O ) = 5 (1= %)+ (Bn (@)™ o (w R ().

Notice that Re | |2 > 0 implies Rew > 0, so we wish to prove that C(n; u,~) # 0 for Rew > 0.

The case n = 0 is trivial because iu(l — ) — 1 # 0. We know that R, (w) has no roots in the half
plane Rew > 0. This implies that the roots of wRy(w) = 0 lie in the half plane Rew < 0. By the
classical Gauss-Lucas theorem the roots of %(an (w)) = 0 lie in the convex set of the roots of

wRy(w) = 0 and one deduces that %(an(w)) # 0 for Rew > 0. Thus for v = 1 we have no
eigenvalues of G.

For 0 < v < 1 we must examine the zeros of the function

gn(w) = ( + + Z

w—z]

where z;, Re z; < 0,5 = 1,...,n, are the roots of Rn(w) = 0. If fact, if Rn(wo) = 0, we have

H’fll-':l/Z(QwO) = 0 and this 1mphes Re wop < 0. We obtain
1 —9)((Rew)? — (Im w)?) + 2R 2 Rew—Rez
(19 Reguu) = Lm(Bewl - (mw)) #oRewjwl | $- Rew —Res,

2Jwl*
If Re gn(w) = 0, we must have
2Re w|w|? + (1 — ) ((Re w)? — (Im w)?) < 0.
the last inequality implies
[Re A| < [Im Al, Re A > (1 —7)((Re A\)? — (Im M\)?)
and we obtain that the eigenvalues of G belong to the domain (7.4). O

Setting w = 2)\,

Passing to the case v > 1, we have the following

Proposition 7.2. For~y > 1 all eigenvalues X for which (7.3) has a non trivial solution are real
and they lie in the interval (—oo, f—] Moreover, there is an infinite number of real eigenvalues
of G.
Proof. To prove the existence of real eigenvalues, consider the polynomial
1

Fo(w) = [5(1 —y)+ w] Rn(w) + w?R. (w).
Clearly, F,,(0) < 0 and Fy,(w) — 400 as w — 400, so Fy,(w) = 0 has at least one root wp in RT
and C(n; po,7vy) =0 for po = 5

2wq *

Now suppose that wogn(wo) =0, n > 1 with Re wg > 0, Im wg # 0. Then Im (wogn(wo)) =0
implies

(1 -1 I I
I D S

On the other hand, if z; with Im z; # 0 is a root of Ry (w) = 0, then Zj is also a root and

Im z; Im z; Im z; B
L - —2H = s (Iwo — %1% — [wo — 2?)
|wo — 2] lwo — %] |lwo — z;j]?|wo — 2]

4Im wo (Im z;)?

 |wo — 2512 |wo — 2|2
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Hence we can write (7.10) as follows

-1 ", Rezj; 4R, Im z;)?
(7.11) Imwo[ 2l - Z € Z; . Z ewoz( ng)_ 2] —o.
20wol? A lwo —z* T Two — 25l |wo — Z

The term in the brackets [...] is positive, and one concludes that Im wo = 0. The same argument
works for v = 1 since z; # 0. Thus for v = 1 we may have only real roots and since wR}, (w) # 0
for w > 0 we conclude that there are no roots of gn(w) = 0. This implies again the absence of
eigenvalues for v = 1.

From Re gn(wo) = 0, one deduces for the real roots wog the inequality

2wo+ (1 —7) <0

and this yields for the eigenvalues A of G the estimate

pp———

ST
It remains to show that we have an infinite number of real eigenvalues. It is not excluded that
for n # m the polynomials F,(w) and F,,(w) have the same real positive root. If we assume
that for Rew > 0 the sequence of polynomials {F,(w)}$% , has only a finite number of real
roots w1, ..., wn, w; € RT, then there exists an infinite number of polynomials Fn; (w) having
the same root which implies that we have an eigenvalue of G with infinite multiplicity. This is a
contradiction, and the number of real eigenvalues of G is infinite. O

Remark 3. With small modifications Propositions 7.1 and 7.2 can be established for the ball
{z €R%: |z| <1} and d > 5 odd, by using the modified Hankel functions

(1)
Hn+d/2—1(r)
rd/2—1

and the eigenfunctions Y, m(w) of the Laplace-Beltrami operator —Agq—1 with eigenvalues n(n+
d—2).
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