UPPER BOUND FOR THE COUNTING FUNCTION OF INTERIOR
TRANSMISSION EIGENVALUES

MOUEZ DIMASSI AND VESSELIN PETKOV

ABSTRACT. For the complex interior transmission eigenvalues (ITE) we study for small § > 0 the

counting function
N@,r) =#{ € C: Nis(ITE), |A\| <, |arg A| < 6}.
We obtain for fixed 8 > 0 an upper bound N(6,r) < Cr™/?, r > r(8).

1. INTRODUCTION

Let @ € R™ n > 2 be a bounded connected open domain with smooth boundary 992. A
complex number A\ # 0 is called an interior transmission eigenvalue (ITE) if and only if there exist
u#0,v#0, u,v € H?(), so that

—Au— A u=0,2 €9,
—Av— A1+ m(z)v=0, z €Q, (1.1)
Yo(u —v) =0, v0,(u —v) = 0.

Here v is the exterior unit normal to 92 and - is the operator of restriction on 92. In this work

we suppose that m(z) € C*°(Q), is a real-valued function satisfying the conditions
L+m(z) > & >0, Vo € Q, m(z) £ 0, Vo € 9. (1.2)
Consider in the space H = L?(Q2) ® L?(2) the operator

A 0
7D:<0 1A)

T 14+m
with domain

D(P) = {(u,v) € H: Au € L*(Q), Av € L*(Q), (u— )| 50 =0, 8y (u—v)|,, = 0}.
This operator is closed (see Lemma 1) and the (ITE) are the eigenvalues of P in C \ {0}.

The (ITE) are related to the scattering theory. In particular, if A = k? € R is not a real (ITE),
then the far-field operator F(\) : L2(S"™!) — L?(S" ') with kernel the scattering amplitude
a(\, 0,w) is injective and has a dense range. The (ITE) play an important role in the inverse scat-
tering methods and there is an increasing interest on the problems of the existence and distribution
of (ITE). The reader may consult the survey [6] for a comprehensive review of recent results and
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references.

There are several works proving that under some conditions the (ITE) form a discrete set in C
(see [5], [9], [10], [6], [23]). In the case when m(z) satisfies (1.2) the results in [23], [17] guarantee
that (ITE) are discrete with finite dimensional generalized eigenspaces. There are many works on
the distribution of the (ITE) (see [2], [12], [13], [14], [19], [11], [17] and the references cited there).
The distribution of the positive (ITE) has been studied in [13], [14], [19] and a lower bound for
the number of the positive (ITE) has been established. The analysis of the complex (ITE) is more
difficult than that of the positive ones. Under the assumption (1.2), it has been proved in [25] that
for every e > 0 outside a parabolic neighborhood of R* having the form

{AeC: |ImA| < C(|Re A + 1)%4F¢, Re A > 0}

there are at most a finite number of (ITE) (see also [11] for an weaker result). From this it follows
that the (ITE) can have accumulation point only at infinity and for every fixed 0 < 6 < 7/2 outside
the domain

D) ={re€C: |arg\| <6}

we have at most finite number (ITE) (see also [15] for another proof of this result). The multiplicity
of an (ITE) A is given by the dimension of the eigenspace E) generated by the eigenfunctions and
the generalized eigenfunctions corresponding to A. In this direction we mention the interesting work
[16], where the case of a constant function m(x) = m and the ball {x € R™ : |z| < 1} has been
studied. This work shows that even in the case n = 1 if m = p/q is rational and p/q is irreducible,
the geometric and algebraic multiplicities of an (ITE) may be different (see Theorem 2.4 and 2.5 in
[16]). The reader should consult also [24] for the analysis of the case when Q = {|z| <1} and n = 1.
In the following in the definition of the counting function N(r) = #{A € C: X is (ITE), |\ <r}
every eigenvalue \ will be counted with its algebraic multiplicity. Moreover, it follows from The-
orem 3, [17], that under the assumptions (1.2) the set of the eigenvalues of P is infinite and it is
natural to study the asymptotics of N(r) as r — oc.

In [12] a Weyl type asymptotics has been obtained in the anisotropic case, when in (1.1) for v
we have the equation —VA(z)Vv — A(1+m(z))v = 0 with a positive definite matrix A(x) different
from the identity. Under some conditions on A(z), which guarantee that the boundary problem
is parameter-elliptic (see [1]), it is possible to apply the results in [3]. More precisely, in [12] it is
shown that the counting function N (7) has the asymptotics

Wn (1 + WL(H?))TL/2 n
N~ Gry /Q<1 et ALy )T T = oo (1.3)

where w,, is the volume of the unit ball in R™. It is important to note that in the case treated
n [12] the estimates for the solution in [1] imply that the domain of the corresponding operator
is included in H?(2) x H?(2) and this is one of the conditions for the application of the results in [3].

The isotropic case when A(z) = I leads to several difficulties. First, the boundary problem
(1.1) is not parameter-elliptic and the matrix operator related to (1.1) is not self-adjoint. Second,
the domain D(P) of P is not included in H?(Q) x H?(f2) (see Section 2) and the results in [3], [4]
cannot be applied directly. In [17] Robbiano proved that in the isotropic case we have

N(r) < CT”/2+2, r — +00,
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covering also the case of complex-valued m(z).

In this paper we study for small § > 0 the upper bounds of the counting function
N@@,r)=#{r e C: Nis(ITE), |[A\| <r, |argA| < 0}.
Our main result is the following
Theorem 1. Let 0 < 6 < w/2. Then for small 6 there exist 0 < €(§) — 0 as § — 0 and
Cy >0, 7(0) > 0 so that

N(0,7) < 3V3(1 + €(6)) (;:)n /9(1 (14 m(@)"?)dzr + G, (1.4)

provided r > r(0).

Since outside the angle {z € C: |argz| < 6} we have only finite number of eigenvalues (see
[25], [15]), from our result we obtain

Corollary 1. For the counting function N(r) we have the upper bound

N(r) < 3V3(1 + o(1)) (2‘?)” /9(1 (1 + m(a))"/?)dor"? (15)

with o(1) — 0 as r — oc.

The constant 3v/3(1 + €(6)) is not optimal and the factor 3v/3 comes from the choice of the
cut-off function f in Section 5 and the Weyl inequality for non-compact operators. By a more
complicated argument in Section 5 we can slightly improve this constant. On the other hand, for
n=1and Q = {|z| < 1}, m(z) = const, a precise Weyl formula has been obtained in [16]. After
the submission of this paper we have been informed that Robbiano [18] obtained the leading term
in (1.5) without the factor 3v/3(1+o0(1)). In the special case m(z) > 0, YV € Q, a such asymptotics
has been proved recently by Faierman [8].

The problem of sharp Weyl asymptotic of the counting function N (r) with a remainder O(r/2~1/2)
is open. In this direction the construction of a semi-classical parametrix in Section 3 and our analy-
sis in Section 5 of the counting function of the self-adjoint operator @) defined below could be useful
and we hope to discuss in a further work the problem of the remainder in the asymptotic of N(r).

We expect that the (ITE) are mainly concentrated in a neighborhood of the positive real axis
and in this direction it is natural to make the conjecture that for every fixed a > 0 there exists
n =n(a) > 0 such that

#{\eC: Nis(ITE), |\ <r, [Im)| > a} ~ OF"™?™), r — +o0. (1.6)

The proof of Theorem 1 is based on the semi-classical techniques developed in [20], [21], [22] for
the distribution of the scattering resonances. First we write the spectral problem as a problem for a
matrix operator P which is convenient for our argument. Next our goal is to study the eigenvalues
of the operator h?P — wp, 0 < h < 1, where wy € C with Rewg = 1 and small 0 < Imwg < 1 is
fixed. We apply the strategy of [22] and investigate the eigenvalues of the self-adjoint operator

Q= (h*P —wp)*(h*P —wy), 0< h < 1

with suitably boundary conditions on 9€2. We show that the operator (Q—z is elliptic with parameter
for z € C\ [(Imwp)?, +oo[. The next step is to examine the trace class operator f(Q) for f €
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C§°(] — oo, (Imwp + 36)2[;[0,1]) which is equal to 1 on [0, (Imwp + 26)?]. To calculate the trace
of f(Q), we need a representation of the resolvent (@ — z)~! and for this purpose we construct
a semi-classical paramterix for Q — z in the region |Imz| > h¢, 0 < € < 1/2 and a microlocal
parametrix in the region || > Cy > 0 with a large constant Cy. We calculate the leading term of tr
f(Q) and this yields an estimate for the number of the eigenvalues pi1, ..., iy of the operator |Q|!/?
in the interval [Imwp,Imwg + 26]. Next to obtain a bound for the eigenvalues of h?P in the disk
{z€C: |z—wy| <Imwy+ ¢} we apply the Weyl inequality for non-compact operators proved in
Appendix a. in [20]. This leads to an estimate of the eigenvalues of P included in the rectangle
h~=2Sy, where
So={(z,y) ER?: 1 -0 <z <1+, —X <y <Imuwy}

with 8y = /1 — 62(20 Imwy + 62)'/2, tanf = % and X N\, 0 as § \, 0. Summing over the union
of rectangles, we obtain the result of Theorem 1.

Acknowledgment. Thanks are due to Johannes Sjostrand for the discussions concerning
the application of Weyl inequality in [20] and to Plamen Stefanov and Evgeny Lakshtanov for
many useful discussions and comments. We like also to thank the referees for their remarks and
suggestions leading to an improvement of the previous version of the paper.

2. ELLIPTIC BOUNDARY PROBLEM FOR @) — z

Consider in H = L?(Q2) @ L?*() the operator

—A 0
(0 ksl
with domain D(P) introduced in Section 1. We have the following
Lemma 1. The operator P with domain D(P) is closed in 'H.

Proof. Let D(P) > (uj,v;) — (u,v) in ‘H and let P(uj,v;) — (f,g) in H as j — oo. Since
(Auj, Avj) — (Au, Av) in the distribution sense, we deduce P(u,v) = (f,g). Next, A(u; —vj) —
f—(1+m)g € L) and (uj — Uj)’(m = 0y (u; — Uj)}ag = 0. The Dirichlet and Neumann problems
for A in Q are related to closed operators in L?(Q) and this implies

(u— )|y = Ou(u—0)|,, = 0.

O

It is clear that the (ITE) are the eigenvalues A # 0 of the operator P. On the other hand, the

domain D(P) is not included in H2(Q) & H?*(Q2). This leads to difficulties if we want to apply the

results in [3], [4] for the spectral asymptotics of non-self-adjoint operators with domains included
in H%(Q) & H%(Q).

To establish the discreteness of the spectrum of P in C\ {0}, it is more convenient to pass to

the problem studied by Sylvester [23] and Robbiano [17]. For A # 0 we reduce (1.1) to the problem

(A4+AX1+m)U+mV =0, (A+ ANV =0inQ, (2.1)
u =0, d,u =0on o1, ’

where U = v — u, V = Au. Let
. Aoo m . (1+m) 0
p= (% 2 ) =" 0
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Here Agp is the Laplacian with domain H2(€) and A__ is the Laplacian with domain {v € L?(Q) :
Av € L?()}. As it is mentioned in [23], B is a closed non-self-adjoint operator in H with domain

D(B) = HZ(Q) @ {ve L*(Q): Ave L*(Q)}.
The problem (2.1) can be written as (B + A,)(u,v) = (0,0). In [23] it was proved that the
resolvent (I-'B + \g)~! exists for real A\g < 1 and this resolvent is upper triangular compact
(UTC) operator (see Section 3 in [23]) for the definition of (UTC)). Following [23] (see also [17] for
another proof in a more general setup), (I,, B+ \)~! has a meromorphic extension in C. Moreover,
in the Laurent expansion of (I,'B + A\)~! in a neighborhood of a pole the coefficients are finite
dimensional operators. A simple calculus for A\ # 0 yields

(P-\)=— (é ?) <(1) ii) (B + A.) <_Al é) : (2:2)

14+m

(P—N\)*=— (11 3) (B + \,)* (Xgl X1—1> ((1) ? > , (2.3)

14+m

P-N"'=- <(1) ij) (B + M) <_Al é) <(1) . fm> : (2.4)

1 .
Obviously, we have <(1) §_1> ( )\1 é) = I. Consequently, (P — X\)~! is meromorphic in C \ {0}

and P has a discreet set of eigenvalues in C \ {0} with finite algebraic multiplicity. Moreover,
the algebraic multiplicity of the eigenvalues A\g of P coincide with the algebraic multiplicity of the
eigenvalue —\g of I.1B.

Remark 1. If (u,v) € D(P) is an eigenfunction of P with eigenvalue A # 0, then the problem
(1.1) has a week solution. It is proved in Theorem 5.1, [15] that this week solution is always in
H?(Q) @ H%(Q). This agrees with the definition of eigenfunction in Section 1.

Let wy € C be fixed with Rewg > 0, Imwg > 0. Consider the operator h?P — wpy, 0 < h < 1.
Throughout our paper we use the notation D, = %6%., j =1,...,n. It is important to show that
the boundary problem for h?P — wy is elliptic in the semi-classical sense. To study the problem
close to the boundary, we pass to local coordinates. Given a point xg € 0f2, introduce boundary
normal coordinates = = a(y/,y,) in a neighborhood of 0 in R™ by

z=a(y) =a(y,0) +y.N'0), y =, yn),
where N (y,0) is the unit normal at (y’,0) and ' = (y1, ..., Yyn—1). For simplicity we will use below
the notation z = (2/, z,), 2’ = (21, ..., »—1) for the new coordinates. Locally near x¢, the boundary
0Q is defined by z,, = 0 and we have x,, > 0 in the domain €. The principal symbol of —h%2A — wy
in the new coordinates becomes
po(x,€) = & + s(x, &) — w,

Lemma 2. The boundary problem

(W?*D2 + s(2/,0,¢") — wo)u =0, z,, >0,

(h*D3, + s(2’,0,&) = (1+m(a’,0))wo)v = 0, 5 > 0, (25)

u(0) = v(0), (hDq,u)(0) = (hDq,v)(0),

has only a trivial bounded solution u = v = 0.
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Proof. Let ¢, = Ai(a',€), j = 1,2, be the roots of €2 + s(x/,0,&') —wy = 0 with respect to &,
with £Im Ay (2/,¢") > 0 and let &, = fi+(2’,€') be the roots of €2 +s(2,0, &) — (1+m(a’,0))wo = 0
with respect to &, with +Im g4 (2/,£’) > 0. Then the problem

(W*D2 +s(2',0,&") —wo)u =0, (kD2 + s(2',0,&) — (1 4+ m(z))wo)v =0, 2, > 0

with boundary conditions u(0) = v(0), hDg, u(0) = hD,, v(0) has no bounded non-trivial solutions.
In fact, we have the representation

U(l’n) _ Cyl(x/’gl)eiasnjx.,_/h7 U(]In) — éz(x/7£/)eimnﬁ+/h
and we get Ci(z, &) = C’g(x’, &), (A — i )Ch (2, €) = 0. Tt is easy to see that m(z’,0) # 0 implies
At # fi+ and we obtain C1 = Cy = 0. t
Let (h?P — wp)* be the adjoint operator to h?P — wg. The adjoint operator B* has the repre-

sentation
« (A 0
B = ( m A()())7
hence the domain of B* is given by

D(B*) = {(u,v) € L*(Q) @ H3(Q) : Au € L*(Q)}.

Therefore we obtain easily from (2.3) that the operator (h?P — wp)* has domain

D((h*P — wo)*) = {(u,v) € L*(Q) ® L*(Q) : Au € LQ(Q),A(l - —v) € L(Q),
(ut — )], =0, By(ut ——v)|, =0}.
14+m 09 ' 14+m 2
Next we introduce the operator
Q= (*P —wp)*(F*P —wp), 0<h < 1
with boundary conditions
Yo(u — v), Yo <8l,(u — v)) =0, (2.6)
1 h?
2 _ _ _
Yo (h Au+w0u)—'yo<1+m< 1+mAU wmz)), (2.7)
1 h?
2 _ _ _
Y0 (al,(h Au+ wou)> =7 (8,,(1 n m[ T mAU ww})). (2.8)

Clearly, the boundary conditions are determined from the inclusion
(R*P — wo)(u,v) C D(h*P — wp)*).
This implies immediately the following
Proposition 1. The operator (Q with domain
D = {(u,v) € L*(Q) @ L*(Q) : (u,v) € D(P), (h*P — wo)(u,v) € D(h*P — wp)*)}

1s self-adjoint.
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The determinant of the principal symbol of @) is
1 1
(12 - 2 2 - 2
(€)= (€ — ) (€]* — o) (——[€]* — o) (€] — o)
and the symbol ¢(z, &) is clearly elliptic since
Ja(, €)| = (Imwy)*.

Now we pass to the ellipticity of the boundary problems for @@ and @ — z. First we study the

boundary problem for @) and establish the following

Proposition 2. The boundary problem

(R*D2 + s(2/,0,&") — o) (R2D2 + s(2',0,&') —wo)u = 0, z, > 0,

(h?*D2 + s(2,0,&") — (1 +m(2/,0))ao) (h*D2 + s(2/,0,&") — (1 + m(z’,0))wo)v = 0, 2, > 0,

u(0) = v(0), (hDq,u)(0) = (hDy,v)(0),

~((n2D2, + s(a’,0.€) —wo)u ) (0) = rrtarye (|2D3, + (2. 0.€) = (L4 m(a’.0))uwo v ) (0)

—hD,., ((H2D2, + s(2',0,€") = wo)u) (0) = gy Do ([ (B2D2, + s(a',0,€7)) = (1 + m(a’, 0))wo | 0) 0).
(2.9)

has only a trivial bounded solution u = v = 0.

Proof. Multiply the second equation by W. Then

wy = —(h*DZ + s(/,0,¢') — wo)u
and

wy = B2D2, + s(a’,0,€) = (1 + m(a/,0))wo v

(14 m(a’,0))?
are solutions of the equations

(h2D2 + s(2',0,€) — @o)wr = 0, x, > 0,
(h2D:%n + S(x/a Oaél) - (1 + m(xla 0))@0)102 =0, z, > 0.

Exploiting the boundary conditions for w; and wy and the above argument with wgy replaced by
g, we conclude that wy; = wy = 0. Therefore
(W*D2 + s(2',0,¢") —wo)u = (K*D2 + s(2',0,&) — (1 +m(a’,0))wo)v =0

Repeating the argument of Lemma 2, we get w = v = 0 and this completes the proof. O

Next we choose z € C \ [(Imwp)?, 00 and consider the operator @ — z. We will show that
@ — z with boundary conditions (2.6)-(2.8) is elliptic in the semi-classical sense. Set p(z,£’,&,) =
€2 + s(r,¢') and let
(p(x, &, &) — @o)(p(z, €&, &) —wo) —2 =10 (2.10)
have roots \j 4 (z,&,2), 7 = 1,2 in the upper half plane and roots \; _(z,{,2), j = 1,2 in the
lower half plane. Also let

(p(z, €', &n) — (14 m(2)@0) (p(z, €', &) — (1 + m(2))wo) — (1 +m(z))?2 =0 (2.11)

have roots pj 4 (z,£,2), 7 = 1,2 in the upper half plane and roots p; —(z,&,2), j = 1,2 in the
lower half plane.
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Lemma 3. If z € C\ [(Imwy + §)%,00[ and § > 0 is small enough, we have ;1 (z',0,&,2) #
Hk,+(x,7oa€/az)a j = 1527 k= 172
Proof. For simplicity we write m instead of m(z’,0). If we have \; y = 4, then
(p(xlv 0, 5,7 )‘]H-) - (1 + m)@o)(p(x/, 0, 5/7 >‘j7+) - (1 + m)wo) - (1 + m)QZ =0
yields
—wo(p(a,0,&' X\ +) — @) — wo(p(x',0,&" Xj4) — (1 +m)wp) = (2 +m)z.

Thus we get

(m+2)(lwol*=2)
2Rew0 —p($ 7075 7)\],+)'

On the other hand, the equality p? — 2Rewgp + |wo|? — 2 = 0 with &, = \;  leads to
(2 4+ m)?(|lwo|® — 2)°
4(Re wp)?

For small § > 0 it is clear that |wg|> — 2 # 0. In fact, if 2 is real, we have (Imwp)? — Rez > —o(9).
Next, dividing by |wo|? — 2, we obtain

— (14 m)(jwol? — 2) = 0.

(Imwp)? 4 (Rewp)? — 2 = m(Rewo)Q,
hence )
ammﬁ—zz—@$;§mmm2
which is impossible for small 4. [l

Now we will examine the boundary problem for () — z and prove the following
Proposition 3. Let z € C\ [(Imwy)?, +oo[. Then the following problem
( (R*D2 + s(2’,0,&") — @o)(R*D2 + s(2',0,&') — wp) — z}u =0, z, >0,
(R2D2, + 5(a!,0,€") — (1 + m(a',0))a0) (2D2, + s(x',0,€") — (1 -+ m(x’, 0))o)
—(1 4 m(a’, 0))22}0 =0, z, >0,
u(0) = v(0), (hDq,u)(0) = (hDy,v)(0),
(122, + s(a’,0.€) —wo)u ) (0) = rrtarye (202, + (2. 0.€) = (L4 m(a’.0))wn v ) (0)

|1 D, (B2D2, + 5(a,0,€') = wo)u) (0) = gy hDan (| (W2D2, + (27, 0,€)) = (1+ m(a’, 0))wo |v) (0).
(2.12)

has only the trivial solution u = v = 0.

Proof. For simplicity of the notations we will write m, s instead of m(z’,0), s(2’,0,£’). We can
simplify the last two boundary conditions in (2.12). In fact, since u(0) = v(0), the third boundary
condition can be written as follows

—(1+m)*(h2D2 u)(0) — (2 + 2m + m?)(s — wo)u(0) + mwou(0) — (h*D2 v)(0) = 0.
A similar modification can be done for the fourth boundary condition by using (D, u)(0) =
(D, v)(0). Introduce the semi-classical symbol

Y (2, &) = (2 +2m(2,0) + m?(2’,0))(wo — s(z',0,&")) + m(z, 0)wp.
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Then the last two boundary conditions in (2.12) have the form
—(1+m)*h*D2 u(0) — kD2 v(0) + Yu(0) = 0,
—(1+m)*h*D3 u(0) — h*D3 v(0) + YhDy,u(0) = 0.

First we consider the case when z is real and z < (Imwg)2. We will apply Proposition 2 with
suitable choice of wy. The equation (2.10) has the form

(p($/7 0, 5/’ gn) - @0)(17(1‘/7 0, 5,7 gn) - wo) -z
= p(2’,0,€,6,)? — 2(Rewp)p(a’,0,€,€,) + (Rewp)? + ((Imw0)2 — Re z) =0.

Choose wy € C so that Rew; = Rewp, Imw; > 0 with (Imw;)? = (Imwp)? — 2z > 0. This makes
possible to write (2.10) as follows

(p(xlv 0, €/7 fn) - (Dl)(p(x/v 0, 5/7 gn) - wl) =0.
The equation (2.11) is transformed in the same way and we get
(p(z',0,¢', &) — (1 +m(2,0))w1)(p(2",0,¢, &) — (1 +m(a’,0))wr) = 0.

Now we apply Proposition 2 with w; and obtain the result.

Passing to the case Im z # 0, notice that every bounded solution of (2.12) satisfies
DF w—0, DY v—0, k=0,1,2,3, forz, — +oo. (2.13)

We will study the existence of L?(R™")-solutions depending on (z',¢’) of the homogeneous prob-
lem (2.12) following the approach in [22]. Let

U= (u(z,zn, &, 2),0, 20, &, 2)) € HX(]0, +o0[: C?),

where we consider 2, ¢’ and z as parameters. Assume that U € H*([0, +oo[: C?) is a solution of
(2.12) such that (2.13) holds. Let

h?DZ +s(2/,0,&) — wo 0
( 0 e (2D2, + 52,0, = (1 + m(a' 0))w0)> '
By using the boundary conditions in (2.12, we obtain
((p*p —2)U,U) = —z|U|* + |pU|,
where (.,.) is the scalar product in L?(R* : C?) and ||.|| is the L?(R* : C?)- norm. Therefore

p(ﬂj‘/, 07 5/7 hD:tn) =

1
Ull < ——1(Qla. —onp ,—er — 2)U]. 2.14
101 < o 1@, — )01 (211)
This proves that for fixed (2’,¢’) we have do not non-trivial solutions of (2.12). O

The estimate (2.14) holds for every U € C§°([0, +oc[: C?) satisfying the boundary conditions in
(2.12). Since we have an elliptic boundary problem, we deduce that for U = (u,v) € H*(]0, +oo[:
C?) satisfying the boundary conditions in (2.12) we have

C
1Ulls < m—(Qlz,=0.1D,=¢' = 2)UI, (2.15)

| Im z|
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where the constant C' depends of (2/,&’). For |2/| < p,|¢'| < Cp we may take C' uniformly with
respect to (2/,¢).

Applying (2.15), it is easy to obtain an estimate for the solution of the non-homogeneous
problem

(R*D2 + s(2’,0,&") — o) (R*D2 + s(2/,0,&') — wp) — z}u =Fy, x, >0,
(R2D2, + s(a’,0.¢") — (1 -+ m(a',0))a0) (h2D2, + s(2'0,€') — (1 + m(a’,0))wp)
—(1+ m(a:’,O))Qz}v =Fy, x, >0,
u(0) = v(0) = fo, (Da,u)(0) = (De,v)(0) = f1,
—((h2D2, + s(',0,€") = wo)u) (0) = e (P22, + 5(a',0,€) = (1 + m(a’, 0))wo | v) (0) = fo.
~hD,, ((h2D2, + s(2',0,€') — wo)u ) (0)
— Tty Den ([(W2D2, + s(2',0,€) = (1+ m(a’, 0))wo | 0) (0) = f.

(2.16)
Let F' = (F}, F3). Choose functions H;(zp; h) € C5°([0,+00[), j =0,1,2,3, so that
DF H;(0;h) = 6k, k,j = 0,1, B*D¥ H;(0;h) = 64,k =0,1,2,3, j = 2,3.

It is easy to see that we can choose Hj(zy; h), j = 2,3, so that their H*(]0, +-00[) norms are bounded
uniformly with respect to h. Consider

ﬂ:u—fng, ’DZU—lel.
It is clear that
@(0) = 9(0) = 0, Dy, u(0) — Dy, 9(0) = 0.
Thus changing F, fo and f3, we may write (2.12) as a boundary problem for (a,?) with two ho-
mogeneous boundary conditions. Now let Y = Y (2/,£’) be the symbol introduced in the proof of

Proposition 3. The last two boundary conditions for the problem for @, can be written in the
form

—(1+m)*h*D2 a(0) — h*D2 §(0) + Y (2',£)u(0) = fu,
—(1+m)*r*D3 a(0) — h*D2 5(0) + Y Dy, u(0) = fs,
where fy4, f5 may be expressed by fo, f1, fo, f3, Ho, H1. Introduce
up = @+ fo(1 +m) 2Hay + f5(1 +m) 2Hs, v; = 9.
Then
—(1+m)*h?*DZ u1(0) — h*D3 v1(0) + Yui(0) = fa— fa=0

and the last boundary condition for (u1,v) is also homogeneous. Thus (ug, v1) satisfies a boundary
problem with homogeneous boundary conditions. On the other hand,

(Qlzn=0,nD,=¢' — 2)(u1,v1) = F + M = F,
where M depends on F, fy, fi1, f2, f3, Ho, H1, Ho, H3. We obtain

3
IF| < |Fl+C > If
§=0
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and, applying the estimate (2.15), we deduce that the solution U = (u,v) of the problem (2.16)
satisfies

C &
e (HF||+J§_%|fJ|). (2.17)

In the following we assume that z € C \ [(Imwp + §)?, 400 with small § > 0, |z| < ag. It is
important to note that the problem (2.12) has no bounded solutions only for z € C\ [(Im wp)?, +o0].
However, we will show that for |'| > Cj with a large fixed constant Cy > 0 and for small § > 0
our analysis works even for (Imwp)? < z < (Imwp + )2, This argument plays a crucial role in the
construction of a semi-classical parametrix in the region (A) in Section 3 as well as in the calculus
of the trace of f(Q) in Section 4.

We start with the case r = Rez — (Imwp)? # 0. It is clear that A\ + # Aoy and p1 4 # pi2 +.
Then a bounded solution of (2.12) has the form

{u(x/’ T, 5/; Z) = ($/, 5’)6”")‘17*/17” + 02(‘/1:,75,)6i$n>\2’+/h,

. . 2.18
o(@', 2, €'52) = Cy(a!, & )eionmnt/h 4 Cy(a, &' )eionna /b, 219

For the coefficients Cj(2’,¢’), j = 1,...,4, in the representation of w(z’, zy,&’; 2),v(z, xpn, §; 2)
we obtain a linear system with matrix

1 1 -1 —1
A A — -
A € _ 1 2 M1 2
R B AR T R IR e 1A
—(1+m)>2A+ MY —(T+m)EP+ XY - -
where for simplicity we write A, p, instead of Aj 4, pg 4 . Clearly,

1 A2 — 1 p1 = p2
detA o —(12+ T)2()\1 + )\2)2 —(1+ mfﬁé _ éﬁ +Y Mi - “é
(A2 — A1) —(1+m)* (AT +Ada + A7) +Y —(L4+m)A; — py + XY H1 = M2

Multiplying the first column by Ao and taking the difference with the second one, we get
det A(x', &, 2) = —(Na — A1) (po — p1) det Ay (2, €, 2),
where
1 — 1 1

Ay = —(14+m)2(M\1 + A2) (1+m)2 A — 3 +Y 1+ o
—(A+mPAT+MA +A) +Y (LA m)PA e\ o) — i pd e+ s

Next multiplying the third column by @ and adding it to the second one, we get
det Aq(2, ¢, 2)

1 0 1
= det —(1+m)*(A + A2) (L4+m)* Mo+ ppo +Y p + 2
—(T+m)2M\+ M+ X2 +Y (14+m)2M A 2( A1 + A2) + papaz(pr + p2) 12+ pipo + pi

= (1+m)? <N1N2()\1 +XA2)% — (M Ag + pap2) (g1 + p2) (A1 + A2) + AAe (1 + H2)2>
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2 2 212 | 12 2, 2 2
—((+m)?ade + pp )+ (Lm0 +23) + (1 +13) )Y — Y2
We will prove the following
Proposition 4. Assume

(2 +3m +m?) Imwy < nm(m +1)Rewp, 0 <1 < 1.

Then for z € C\ ([(Imwo +6)2, +oo[U{(Imw0)2}), |z| < ag and 6 > 0 small enough there exists a

constant Cy > 0 such that for |£'| > Cy we have the estimate
|det Ay(2', ¢, 2)] > Cy

with Cy > 0 independent of (x',&') and z. In particular, for these values of z and &' the problem

(2.12) has only a trivial bounded solution u = v = 0.
Proof. We start with a representation of \;  and py, 4 for |¢'| > Co. If we have
p(2',0,€,6,)% — 2(Rewp)p(a’,0,&,6,) + |wol*> — 2 =0,
then p(2/,0,¢,&,) = Rewp £ \/Rez — (Imwp)? + i Im z. Set

r=Rez— (Imwp)? €R, Imz = w.

We choose the branch 0 < Arg 2z < 27. Then for |¢'| > C( and large Cy > 0 we have

ALt = jE\/RQWO — s+ VrFiw, A = i\/Rewo — 5 —/r+iw,
M1t = i\/(m+ 1)Rewy — 5 + (1 4+m)Vr + iw,
M2+ = i\/(m+ 1)Rewy — 5 — (1 4+m)Vr + iw.

It is clear that the equations (2.10), (2.11) imply
A+ 23 =2Rewy — 8), 3+ p3 =2(1+m)Rewy — 2s.

Therefore,
(14 m)* (A + A3) + (1f + 113)
=2|(1+m)?+ (14+m))Rewy — (1 +m)?+1)s| =2ReY
and we obtain
[2ReY —Y]Y = (ReY —iImY)Y = |V,
Set ¢ = /r + tw. Then for |¢'| — 400, we have
Rewp£¢  (Rewg +¢)* 1

Ao =1iVs—1i NG N TE +O(S5/2),
iy (m+1)(Rewy) £¢ . ((1+m)Rewp £ ¢)? 1
H12 =1VS —1 2\/5 -1 853/2 +O(S5/2)7
where we have the sign (+) for Aj, u1 and the sign (—) for Ag, 2. This implies
) 1
)\1A2 = —s+ Rewo + Tt + 0(72)
s s
and )
+1 +1 1
pipe = —s+ (m+1)Rewy + (m + V*(r + iw) +0(=)

2s s27"
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Also notice that we have

. i Rewy 1
M+ A2 =20s — /s +O($3W)a
. i(m+ 1) Rewy 1
1+ po = 2iy/s — (\/)g O(T/Q)
Therefore
+1)%(r + 1
(14 m)2 X do + pripgo = —(2 4 2m + m?)s + (24 3m + m?) Rewp + (m )S(T w) + O(?)

(m +1)%(r + iw) n 1
s s

=ReY +
and we deduce
(4 m)Pan + M1u2)2 — [Re Y| — 2(2 4+ 2m + m?)(m + 1)2(r + iw) + 0(%).
We multiply by (-1) the above expression, sum it with |Y|? and obtain
(@ mPae + muz)z FIVE = [ Tm Y + 22+ 2m + m2)(m + 1)2(r + iw) + 0(%)
= (24 3m + m?)2(Imwo)® + 202+ 2m + m?)(m + D2(r + iw) + oé). (2.21)
It remains to examine the behavior of the term

Z = papa(A1 4 A2)? — (M A2 + pape) (1 + p2) (A1 4 A2) + Mg (pn + p2)?

= ((Al + X2) — (p1 + uz)) (u1u2(/\1 + A2) = Arda(p + M2)>-

We have
im Rewyg 1
()\1 + >\2) - (:ul + MQ) = T + O(@),
1
pripa(A1 + A2) — MAe(pr + p2) = imRewo/s + O(ﬁ)v
hence
1
(1+m)%Z = —m?*(1 +m)?(Rewy)? + o). (2.22)

Taking account of (2.21), (2.22), for | Im z| > 1y > 0 we obtain an uniform lower bound for | det A4
since Im(det A1) = 2(2 + 2m + m?)(m + 1)?Im z + O(2). To treat the case |Im z| < 19, we exploit
the condition (2.19) which yields

(24 3m +m?)?(Imwo)? — n* m*(m + 1)*(Rewp)? < 0.
Since r < (9, the leading term of the real part of det A; is less than
—(1 = )m?(m + 1)*(Rewp)? + 2(2 + 2m + m?)(m + 1)2C5.

For small § > 0 depending on Rewy and m we obtain an uniform lower bound and this completes
the proof. O
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Remark 2. For Imz # 0 the lower bound of |det Ai| has the form C(m)|Imz| and this agrees
with the estimates (2.14), (2.17). For Im z = 0 the situation is more delicate. For Rez < (Imwyp)?
we obtain a lower bound depending only of wy and m. If the assumption (2.19) is not satisfied, a
more fine analysis of the lower order terms is necessary. For our purpose Proposition 4 is sufficient
since in Section 5 we will choose Rewy =1 and 0 < Imwy < 1 small.

Obviously, for z = (Imwp)? and [¢/| > Cy we have double roots

Ay :=V/Rewy — s, fig =: /(1 +m)Rewy — s.
In this case a bounded solution of (2.12) has the form

(@, an, §'52) = Co(@!, )et ot/ 4 oo, ) Fmetone/h,
v(a!, xp, £ 2) = Ca(a/, &)etmnir/h 4 C4($’,§’)”T"e”"“+/h.

For the coefficients Cj(2/,£’) we obtain a linear system with the matrix

1 0 -1 0
v A A 1 - -1
Male &2) = | (i meneyy —2(1+m)?\ =2 |

—(1+m)2N+YX  =31+m)2N+Y —pd —3u?
where we write simply A, p for Ay, py. A calculus of det Ao implies
det Ag = p* + (1 +m)*" M + (1 +m)? (@ + 4X3u — 60%u2) — 2((1 +m)? A2 + 12)Y +Y?
= (14 m)2X2 4+ 12)? +4(1 + m)®Au(N — 1)? = 2((1 +m)2X2 + 12y + Y2
= [(14+m)2X2 4+ 12 — Y2 + 401 4+ m)2 (X — p)%

We have
(1+m)?\N2+p2-Y

= (1+m)?(Rewy — 5) + (14+m)Rewy — 5 + (2+ 2m +m?)s — (2 + 3m + m?)wy
= —(2+4 3m + m?)iTmwo.
The term 4Ap(\ — p)? is the analog of the term —Z in the proof of Proposition 4. By using the

continuity of the roots \; 1, pj+ as z — (Imwyg)?, we get
1
4(m+ 12 (X — p)? = m?(m + 1)?(Rewy)? + O(-).
s
Thus we obtain the following

Proposition 5. Assume the condition (2.19) fulfilled. Then for z = (Imwy)? there exists a constant
Co > 0 such that for |£'| > Cy we have the estimate

|det Ao(2', €', 2)] > Cs (2.23)

with C3 > 0 independent of (x',£"). In particular, for these values of £ the problem (2.12) has only
a trivial bounded solution u = v = 0.

Remark 3. We can obtain Ay from 0 A = — A1 by taking the limit z — (Imwg)?. This

A2—A1)(p2—p1)
explains the appearance of the sign (—) in the expression of As.
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3. SEMI-CLASSICAL PARAMETRIX

In this section we assume that z belongs to a compact set Zg in C\ [((Imwg) + 6)2, oo which
is independent on h. We assume also that § > 0 is small enough and wq is such that (2.19) holds.
This guarantees that the estimates (2.20) and (2.23) are satisfied for |[¢'| > Cp.

Since the boundary problem (2.12) is not elliptic for all z € Zy and all ¢ € R*!, we will
construct a semi-classical parametrix in two regions:

(A) S Z07 ’€| > 007
(B): z € Zp, |[Imz| > h°.

Here Cy > 0 is the constant from Propositions 4, 5 and 0 < e < 1/2 is a small fixed constant. In
the region (A) we construct a microlocal parametrix which will be defined precisely below. The
semi-classical parametrix will be a sum of an operator with matrix symbol R(x,&; z, h) defined for
all (z,€) € R?" and a matrix-valued operator corresponding to the boundary conditions.

We extend m(z) to R" so that m(z) € C§°(R"™) with m(z) = 0 for |z| > p > 0. The operator @
with coefficient m(z) extended for all x € R will be denoted also by Q. First we consider the region
(B) and the modifications for the region (A) will be explained later. We start with the construction
of a parametrix for Q —z in R”. We assume |Im z| > h¢ and we search a matrix symbol R(z,&; z, h)
determined for all x € R™ and all £ € R™ so that

(Q—2)#nR~ 1.
Set
Q1(2,hDy) = (—h*A — @) (—h*A — wp),
1 1
QQ(ZE’, th) = <_h2A1—|—7m — @0)(_h2mA — WO).

We denote by gi(x,&) the principal symbols of the semi-classical operators Qx(x,hD;), k = 1,2.
Clearly, the symbol ¢; is independent on x but in the following we use the notation ¢;(x, ) which is
convenient when we treat the boundary conditions. Since the operator Q — z has a diagonal form,
the construction follows a standard argument and we find R as a matrix-valued operator

(R, 0
r= (T m)

(Q1—2)0o R =1+4+Kj, (Q2 —2)0oRy =1+ Kp.

Moreover, for the distribution kernels K;(z,y; 2, h) of the operators Kj,j = 1,2, we have

0000 Kj(x,y; 2, h)| < Cagnh”, Ya,¥B,VN.

so that

Below we use the spaces of symbols S7F := S7™F(R2": My (C)) (see [22] and [11] for the
properties of the operators with symbols in these classes.) For reader convenience recall that
a(z, & h) € SF(R2M; My (C)) if a is square matrix-valued symbol smooth with respect to (z, &) €
R™ x R™ and such that
(i) for ¢ outside some h— independent compact set every component d of a satisfies d € S*(R?"),
where S*(R?") denotes the Hérmander space, i.e., \8;"6?(1(90,5; h)| < Cop(1 + |€))* 18 uniformly
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with respect to h,
(ii) For every compact set = in R™ we have the estimates

10202 d(x, & h)|| < Capzh™™h™ () v(z,¢) € R" x E, Va,¥8 € N™.
It is clear that

(16 = o) (€ = wo) — =) (= 6P = @) (I = wn) — 2)| = [l

Using the construction of a semi-classical parametrix depending on a parameter in the region (B)
(see for example, [7], [22], [11]), we find Ry = Zj’vzo hic; with ¢ € SET471(R2: My(C)) so that

(Q — 2)Opp Ry = I + bV 0py(eng1).

The symbol of the operator R is defined as R ~ Zj’;o h/c;. Since the construction is a repetition
of that in [11], [22], we omit the details.

Now we pass to the construction close to the boundary. Our argument is similar to that in
Section 3 in [22]. We introduce local geodesic coordinates in a neighborhood of a point z¢ € 92
as in the previous section. For simplicity we will use the notations (2/,z,,&’,&,).

Let \j+(x,¢, 2) and pj+(z, €&, 2), j = 1,2, be the roots defined in the previous section. We

can choose R € S¢* with a holomorphic extension in &,-variable in the domain
Ql(xaélvz) = {571 € (Cv |£n| < 7]_1<£,>7 ’&L - )‘j,i| > 77<£/>7 |£n - Nj,i| > 77<f/>, ] = 172}

for arbitrary fixed 7 > 0. Here and below we use the notation (¢/) = (14 [¢'|?)!/2? and we will denote
by C' some positive constants which may change from line to line.

For |¢'] < Cy we have
‘ Im )‘j,:I:("I}7 fla Z)’ > hE/Ca ’ Im ,U'j,:l:(xa §/7 Z)‘ > he/Caj =1,2.
Consider the domain

Qz,&,2) = (N {& > n(€), [€'] > Co}) UQa U,
where .

h
Qa(z,&,2) = {|¢'| < Co, €] < C,0<ImE, < 6}’

€

h _ 1.
93(1‘)5/72) = {|£/| S CO7 |£n| S Cu Imfn Z 67 |§n - )\j,+| Z C 17 |§n _,U’j7+| Z C 17 ] = 172}

We have a holomorphic extension of R with respect to &, in the domain Q(2/,¢’, z). Let
v=70"¢) Q¢ 2)
be a simple curve which encircles A; ; and p; 4, 7 = 1,2, in a positive sense. Introduce the operators

I : C(R*™ 1) — C*(R}), j=0,1,2,3, by

Mu(z) = (27h) /R / OB (3 €: 2 B)ERHI (€ )dE dén /(2mi), = 0,1, (3.1)
n—1 5

ILjv(z) = (27rh)1"/

[ / O Ry (1,65 2, R)ENO(€)dE dEn ) (2mi), § = 2,3,  (3.2)
n—1 o'
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where
¢’ = /e_“x,’gwhu(x’)dx’

is the semi-classical Fourier transform of u(z’). The reader may consult [22] for the properties of
these operators as well as for the composition of a pseudodifferential operator with 11, j = 0,1, 2, 3.
Notice that we have

Q1(l‘,th)Hj = 0, j = 0, 1, QQ(LE, th)Hj = 0, j = 2,3.

Here Qi (z,hD,), k = 1,2, are the operators in the local coordinates (2, z,,) and we use the same
notation gx(x, ) for the corresponding principal symbols of Q. The equality M; = My means that
the kernel K(x,y; z, h) of the operator M; — My satisfies

0000 K (z,y;2,h)| < Capnh™, Vo, VB, YN € N.
Given F :~(f1, f2) € Cge (RT}D: C?)), we define by F = (f1, f2) the zero extension of (f1, f2) to
R™ and set R(F) = (R1(f1), Ra(f2)).
Introduce the boundary operators
Bo(u,v) := y0(u —v),
Bi(u,v) := yohDy, (u — v),
Ba(u,v) := <—(1 +m)?h*D2 u+Yu— hQD?Cnv),

Bs(u, v) = 70(_(1 +m)*h3 D3 w+ YhD,y u— h3Df;nv>,
where the operator Y (2, hD,s) has symbol Y (2, ¢’) defined in the proof of Proposition 3. Let
B;(R(F)) =W, j =0,1,2,3
and set W = (Wy, Wy, Wa, W3). We will search a parametrix E(z) = E(F,W;z) in the form
B(z) = (R1(f1) — (g Ap + 11 A1) (W) 0 >

0 Ry(f2) — (a Az + 113 A3) (W)

_ (Ru(f) 0\ _
_< 0 Rz(f2)> Hw)

with suitable tangential h— pseudodifferential operators A;, j = 0,1,2,3, so that
B;(R(F) —TI(W)) =0, j =0,1,2,3.

The last relation is equivalent to

Bo(TloAg + TT1 Ay, Ty As — T3 As) = W,
By(IlgAg + 111 Ay, 112 Ay + T3 A3) = W, (3.3)
By(IlgAg + I11 Ay, TIo Ay + T3 A3) = Wo,
Bs(IlgAg + 111 A1, TI9 Ag + I3 A3) = Ws.

To construct the parametrix close to the boundary, it is sufficient to prove that the system (3.3)
for A;,j =0,1,2,3, is an elliptic one and for this purpose we examine the principal symbol of (3.3).
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First we treat the case |¢'| > Cp, where Cj > 0 is the constant of Proposition 4. Since |Im z| > A€,
the roots A; +, pj+, 7 = 1,2 are simple and we introduce

1 1
—r =12,
aanI(xlv(Lf/))‘j,-i-) ! aanQ(x/aOaglvuj,‘i-)

For simplicity we omit the sign + in the notations below. By applying the theorem of residues, it
is easy to see that the principal symbol of (3.3) is the matrix

=Tj+2, j = ]-72

T T9 —T3 —T4 )\% )\i’ 0 0

M(lj ¢ 2) = )\127'12 )\27’22 —/L;Tg —,ugm )\g )\g O2 0
S (—1+m)*X +Y)m (—(14+m)2N3+Y)ra  —pirs —u3ry 0 0 pd u

(=1 +m)PPA+ Y )r (=(1+m) A3+Y/\2)r2 —pirs —p3ra) \O 0 pd 3

A simple calculation yields

2
det M = —(A1 — A2)* (1 — p2)? <>\1)\2M1/~02> det [Al(ﬂfly ¢, z)diag {r1,ro, 73,74} (2", €, Z)],
where Aq(2/, ¢, ) is the matrix introduced in Section 2. On the other hand,
rirg = —(A — Ag) 2 H YRS VI I O RIED P
v=1,2

1

—(M = X)72 ,
(A= Xo) AN Ao (A1 + Ag)2

rara = —(p1 = p2) 7 [ (o = 10,2) " (g — o)™
v=1,2
9 1

Apgpp(pn + p2)?

—(p1 — p2)”

Thus we obtain

det A1 ($/,§/, z)/\l)\gmug
16(A1 + A2)2(pn + p2)?

According to Proposition 4 for |{'| > Co, we have |det A1| > C5 and since \j ~ iv/s, pj, ~ i\/s,
as |¢'| — oo, one obtains

det M = —

|det M(2',&',2)| > Cy >0, |¢'] > Co. (3.4)

Next we determine the symbols A;, j = 0,1,2,3, from the system (3.3) and this completes the
analysis for [¢/| > Cp.

For the construction in the region z € Zy, | Im z| > k€, €| < Cj, we need a control of the inverse
matrix M~1(2',¢', 2) since we cannot apply Proposition 4. To do this, we follow the argument in
[22] with some modifications.

Recall that
ql(x7 5/’ gn) = (fr% + 3(1'7 5/) - @0)(&% + S(wv él) - UJ()),

! = ! N — m(x))w
Q2($a§7§n)—m(fg+3(%§) (1 +m(z))wo)

x (& + s(2,€) = (1 + m(2))wo)
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and let (g¢; — 2)7%, j = 1,2 be the inverse of the temporal distributions on the whole z,, axis.
Introduce the distributions

Wiloy 0 = / ntn (g — 2) g, j = 0,1,

'U]|zn>0 = / mnfn - 5] ldgm Jj=2,3,

where v = v(2/,¢’) is the contour used in the definition of II;. We denote these distributions by
uj,vj. Set

mo,0 = uo(0), mo,1 = u1(0), mo2 = —v2(0), mo 3 = —v3(0),

ml’o = ul(O), m171 = (thnul)(O), m1,3 = —2)3(0), m174 = —(thnU;;)(O),
ma = —(1+m)*h*(D2 ug)(0) + Yur(0),k = 0,1, mo; = —h*(D2 v;)(0), j = 2,3,
ma g = —(1+m)*h* (D3 u)(0) + Yh(Dy,ui)(0), k=0,1, ms; = —h*(D3 v;)(0), j =2,3.
For fixed (2,¢’) we obtain the matrix M(a2',¢,2) = {m;i(2',&, 2)};k=0123 introduced above.
Given a = (ag, a1, as,a3) € C*, put
U = agUg + ajul, v = as¥y + azvs.

Then one gets

(q1(2",0,&",hDy,) — 2)u = 0, (g2(2",0,&', hDy, ) — 2)v =0
and

u(0) = mopag + mo1a1, —v(0) = mg 2a2 + Mo zas.
h( Dy, u)(0) = my pag + mi1a1, —h(D,,v)(0) = my 202 + my 3as.

Similar equalities hold for the third and fourth boundary conditions. Setting U = (u,v), we see

that (u,v) satisfies a non-homogeneous boundary problem (2.16) with boundary data Ma and from
(2.17) we deduce the estimate

C
U4 < TTm 2| [Mal|ca.

z|
On the other hand,

uj = (g1 — 2)"H((Dg, )7116), j=0,1, vj = (g2 — 2) " (D, ) 716), j = 2,3,

and this yields
u = ﬂ’zn>0 with a = (CI1 - Z)_l(aoDzn(S + angn(S),
V= 0|y, >0 With o = (g2 — z)_l(agDmné + agDiné).

This implies
lao Dy, 6 + a1 D3 6| —4 < Cilla]| < Collulls,

lagDs,,6 + a3 D3, 6|4 < C1]|5]| < Callv]la,
and we deduce
|Ull4 > Cs(llaoDs,6 + a1 D2 6 + l|aDa, 8 + a2, 8 ).
Since |lagDg, 6 + a1D2 6||—4 + ||ag D4, 0 + asD2 6| -4 is equivalent to Cyllal|cs, we conclude that
with a constant C5 > 0 which is uniform for |2'| < p, || < Cp we have

1M~ (2", €, 2)|| < C5/|Im 2] (3.5)
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It is clear also that we have
M (2", 2)|| < C5/|Imz| (3.6)
uniformly with respect to |z/| < p, || < Co.

Next, we will obtain some properties of the symbols A;. Recall that A; are tangential h-
pseudodifferential operators on the boundary obtained as a solution of the system (3.3). In partic-
ular, the symbol of A; is independent on x,, and &,. It is easy to see that the symbol of B;II} is in
the set SO 3R for k= 0,1 and in SE¥ ! for k = 2,3, This follows from the properties
of the composition of B; and IIj explained in [22].

The system (3.3) can be written as

Ay Wo

Al _ [ W
Be Ay | — (w2 |

As W3

with a matrix operator B having symbol
B= ((bj,k(l’,»£,32, h))ogj,k;gg),
Moreover, the matrix M (z', &', 2) is the principal symbol of B. The above properties of the symbols

Bl imply that for every cut-off function ¢ € C§°(R"™!) we have ¢(&')b; x(2', &5 2, h) € SE.
Applying (3.5), (3.6), we deduce

B~ = ((dj,k(x',ﬁ'; z, h))0§j7k§3)> (3.7)

with ¢(&)d;x(2',&;2,h) € SE for all ¢ € C°(R™™1). Therefore we can determine the symbols
Aj? j = O? 1727 37 by

3
Ay = dig(@ sz W) #WR(, € 2, h) Zdjk €52, h)#nBi(Ry, Ra) (2, €5 2, h).
k=0
Next the distribution kernel of Wy, = By (R, Rg), k=0,1,2,3, has the form

wi (2, y; 2, h) = (27rh)_"/eml_y/’g/)/hbk(w’,y,f’; z)d¢’,

with

0% 0007 (hDy, Vbi(a',y, €5 2)| < Cap gy (&) HHITE W Ip=cemvnh/h, (3.8)

For the reader convenience we sketch a proof of estimates (3.8) in the Appendix. From the above
expression for A; we conclude that for ¢ € C°(R"™1) we have

Y(ENA; (', €5 2) € S, j=0,1,2,3. (3.9)

The reader should consult [11] for the composition of symbols in the spaces S¢" k. Finally, we can
solve the system (3.3), determine A; and this completes the construction of the parametrix for x
close to the boundary and for |¢'| < Cp, |Imz| > h-.

To construct a global parametrix, choose a finite number of points z;, € Q, k =1, ..., L, so that
xp with k = 1,..., L, lie in the interior of €, while x; with k¥ = L' + 1, ..., L, belong to 0. Let
Uy be open neighborhoods of z;. Thus one has a covering Uﬁlek of Q and we assume that in
Uk, k=L +1,...,L, we can introduce normal coordinates. Next, let &, € C3°(Uy), k =1,..., L,
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form a partition of unity on 2. Introduce ¥y € C°(Uy), k = 1,...L' with ¥}, = 1 near supp ®y.
We may choose Uy (z), k =1,..., L, so that supp ¥, N9 = . Next let ¥ € C5°(R™) be a function
which is equal to 1 on Ulesupp @y, and let Wi, (F) = {Bj(R(®1F))}j=0123, k=L +1, ..., L.

We define a global parametrix by

L L
EF) = WR@ )+ Y qf(R(q»kﬁ) - H(Wk(ﬁ))>.
k=1 k=L'+1
We get
(Q@—2)E(z) =1,

Bj(&(2)) =0, j=0,1,2,3.
By a modification of £(z) by an operator = 0, we can arrange the boundary conditions
B;(E(2)) =0, j=0,1,2,3,
preserving the first relation which means that (Q — 2)E(z) — I has a kernel K (z,y; z, h) such that
0200 K (2,5 2,h)| < CagNhY, (z,y) € (Q x Q), Va, V3, VN.

Now we pass to the construction of a microlocal paramterix in the region (A). Here we must
work in a region including an interval lying on the real axis, so the estimates with O(] Im z|~!) are
not usefull. The advantage is that for |{'| > Cp, where Cy > 0 is the constant of Propositions 4
and 5, we have uniform lower bounds for | det A;|, | det A3|. More precisely, for k =1, ..., L', we will
take || > Cy > 0, while for k = L' + 1, ..., L we choose [£'| > Cy. Moreover, we will show that this
microlocal parametrix depends holomorphically of z € Zy. Assume that z € Zy, Rez < (Imwg+6)?,
where § and wq satisfy the conditions mentioned in the beginning of the section. Choosing a big
constant C1 > 0 (depending on Zp), let ¢(§) € C5°(R™) be such that ¢(§) = 1 for |{| < C;. The
construction of R((1 — ¥(hDy))®x(z)F), k=1,..., L, so that

(Q = 2)UR((1 — $(hD,))®y) = (1 — ¥(hDy)) B, k= 1,..., I (3.10)

is standard and it is clear that R((1 — ¢(hDy))®x(x)) depends holomorphically of z € Zj. Next,
for k = L' +1,..., L, we choose a fixed function x(¢') € C§°(R"!) such that x(¢') = 1 for |¢/| < Cj
and we construct R so that

(Q = 2) [ WR((1 = x(hDy)®y)| = (1 = $(AD) By, k= L' +1,..., L.
Obviously, the terms
B, (R((1 = x(hDy)®y)), j = 0,1,2,3

are holomorphic with respect to z. To treat the boundary terms Zj:O,l II;A; and Zj:2,3 IT;A;,
we must know that the inverse matrix M ~!(z/,¢, 2) is holomorpic in z for |¢'| > Cp. As in [22],
for |¢'| > Cy we choose y(2/,&") € (2, &, 2) N{|¢'| > Coh, Im & > n(&’)} with n > 0 small enough.
Then for [¢'| > Cp the components mj (2, &', z) of the matrix M (a2',¢’, z) are holomoprphic with
respect to z € Zg and so is det M (2',¢', ). In the case z # (Imwy)?, applying Proposition 4 for
det A1 (2', &, z), we obtain (3.4). Since det M (2/, &', z) is continuous with respect to z, the estimate
(3.4) remains true for z = (Imwp)? and |¢/| > Cy. Another proof of this statement can be obtained
by applying Proposition 5 combined with an expression of M (a/,¢’, z) involving the double roots

Aty Pt



22 M. DIMASSI AND V. PETKOV

The matrix M (2/,¢, z) is invertible and holomorphic in z for z € Zy and [£'| > Cp, hence we
obtain immediately that M ~!(2/,¢’, z) is holomorphic with respect to z € Z for [¢/| > Cy. We get
the same property for the symbols A;, j = 0,1,2,3, as well as for II;A; + II;;1A;,1. Finally, we
obtain a microlocal parametrix

(Q - Z)Ek(Z) = (1 - X(th"))(pk(x)’ B](Ek(z)) = 0’ k= L/ + 1) "')L7 j = 07 1)2)3 (311)
depending holomorphiically of z € Zj.

4. THE TRACE OF f(Q)

In this section we use the notations of the previous one and we assume (2.19) fulfilled. Let
f € C5°(] — oo, Imwp + 6)?[) be a cut-off function with sufficiently small § > 0. Let z belong
to a fixed compact set and let Rez < (Imwg + 6)2. We choose an almost analytic extension
f(2) € C°({z € Zo : Rez < (Imwp + 0)?}) of f so that df(z) = O(|Tm z|V), VN € N. Next, as in
Section 4 of [22], we use the formula

1@ =+ [ 8f()(z — Q) 'L(d), (4.1)

where L(dz) is the Lebesgue measure in C. Notice that (2 — Q)~! is a matrix-valued operator and
so is the operator f(Q).

Following our construction in Section 3, the global parametrix is a sum of L terms. For k =
1,...,L, from (3.10) we get

—UR((1 = (hDz))®k) = (z — Q) (1 — ¥(hDy)) Pk + Ky (2)

with an operator Kj(z) having trace class norm [K(z)] = O(|Im z|=*h>). The operator on the
left hand side is holomorphic with respect to z so the contribution of (z — Q)~!(1 — ¢(hD;))®; in
(4.1) is negligible. For k = L' +1, ..., L, we apply the same argument exploiting now (3.11) and the
fact that Ex(z) is holomorphic with respect to z. Thus we reduce the analysis to the examination
of the sum

1 [
1@ =23 [07()e - Qv B @)L ()
k=1

1 & [ -;
2 Y [0 - QD) Bz + K

k=L'+1
with [Kr] = O(h™) and ¥(§), x(§') introduced in Section 3.

Before going to a second reduction, it is necessary to study the traces of some operators. We
start with a description of the distribution kernel II;(x,y'; z, h) of the operator II; given by the
following

Lemma 4. Fiz 0 < € < 1/2 small enough. Let |Imz| > h and let z belong to a compact set.
Modulo a term having order O(h®) in the trace class norm, we have the following representation

I (z,y; 2, h) = (2rh) "=V /ei(xl_y/)g/hmj(w,y’,E’;z, h)d¢'
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with
102/ 00,03 (hDy,)'mj(w,y' €1 2. 1)
< Gyl g (s et (4.2
< Cor, gy i€ I meem e/, = 0,1
and
050, 0% (hDa, )y, €5 2, h)
< Ca,ﬂﬁ/’k@/)4+j+k|y”hn1z|(exn g /b g Imug/h) (4.3)

< Cor g pl€) THIH Ipmemm b/ = 2,3,

Proof. According to (3.1) and (3.2), we have

mj(z,y, &, 2, h) = / el t/h Ry (2, €, 2 h)ELTIdE, [ (2mi), § = 0,1,
Y

m(z,y, ¢, 2, h) = / el /h Ry (a, €, 23 B)E) T dén / (2mi), j = 2,3.
vy

First, we will treat the principal symbol m,, ; of m;,j = 0,1. Recall that \; ; are the roots of the
equation (q; — z) = 0 with respect to &, for z,, close to 0 in the domain bounded by 7. Taking the
integral over v, we get for the principal symbol m,, ; the representation

. -1 .
My (@0, €52,0) = D0 AN (e, 0@ wn € 0g)) el = 0,1, (44)
v=1,2

From the expression of A; 4, given in Section 2, we deduce

Oe,qu (2!, n, & M y) = 4/\1,,+(/\3Hr + (s — (Rewp)) = 4(=1)"" X\, 1 v/Rez — (Tmwp)? + i Im 2

and the estimate (4.2) with k = o/ =+ = 8/ = 0 follows from (4.4). For (/,~',~', k") # (0,0,0,0),
we obtain (4.2) by taking the derivatives of the right hand side term.

In general, modulo a term having order O(h*) in the trace class norm, Ry (z,&;2,h) is a sum
of terms of the form hVby(z,&;2)(q1 — 2) 72V~ with by(x,&;2) a polynomial in z with smooth
coefficients (see Proposition 8.6 and Proposition 8.7 in [7]) . Applying the above arguments to each
term, and using the fact that h|Im z|~2 = O(1), we obtain (4.2). The proof of (4.3) is similar. [J

Lemma 5. Let x1(7,&') € C°(R™ x R"1). Under the assumptions of Lemma 4, the operators
(I Aj(W) + 1 Aja (W) xa(, hDyr), j = 0,2,
are trace class and

tr((HjAj(W) + 1 A (W)xa (2, thf)) = O(h'™"%), j=0,2. (4.5)

Proof. Let ¢;(x,y; z, h) be the kernel of (II; A;(W) 41111 Aj41(W))x1(x, hDy), j = 0,2. Since
all terms of the operator (II; A;(W) +1Lj11 A1 (W))x1(x, hDy ) are h-pseudodifferential operators
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in 2/, we deduce from (3.9), (4.2) and (4.3) that modulo a term of order O(h*) in trace class norm
we have

Ci(z,y;2,h) = (27rh)_"/6“”“’_3’"5')/’16;‘(93,?;,5’; 2)x1(y, &)de’
with
|03 3ﬁ 37 (hDy, ) (hDy, )" ci(2,y, & 2)| < Car pr oyt ke (€)NTh ™3 exp(— (@ + yn)h/Ch).
This implies

102003, (hDy, ) (hDy, )™ U, ys 2, h)| < Car g1 ™"~ exp(— (@ + yn)h/Ch),

which yields (4.5). O

We can repeat the arguments of the proofs of Lemma 4 and Lemma 5 in the case z = 2y with
Im 29 > 0. Then for the symbols m; we obtain the estimates

|8oc 65 83, (thn) m](x y 5 2, h)| <C 3 /k<£/>—2+j+k—|'y/|e—xn/0h’ ji=0,1,

and a similar one for mj, j = 2,3, while for the kernel ¢;(x,y; 2, h) we get
0% 5ﬁ 37 (hDz,)*)(hDy, )" (. y; 2, h))| < Cat 1 kmb ™™ exp(—(wn + yn) /Ch) + O(h™).
Consequently, for the trace of II; Aj(W) + 1141441 (W)xi(z, hDy), j = 0,2, we have
tr (T A5 (W) + T Ay W) (2, D) ) = O(R'), j = 0,2 (4.6)

To do a second reduction, consider a function x(z, &) with support in {(z,£') : z € Uy, || <
Co}, Uy, being a small neighborhood of zj, € 9Q. We fix a zy with Im 29 > 0, Re zg < (Imwg)? and
we construct a parametrix F(zg) for the operator (Q) — zp) as in Section 3. Thus we obtain

(20 = Q)" "Xk (2, hDyr) = —E(20) Xk (¢, hDyr) + Ky, (4.7)
with trace class norm [Kj| = O(h®™).

Next, we are going to repeat the arguments in [22] with some minor modifications. The analysis
of R(z,hDy;z, h)xk(z, hD,s) is the same as in [22] and we obtain a trace class operator with trace
class norm O(h™"). On the other hand, for fixed zp with Im zp > 0 we apply the estimate (4.6).
Next for Im z # 0 and z in a compact set of C we have

(z— Q) 'xn(x,hDy) = (I + (20 — 2)(2 — Q) 1) (20 — Q) *x#(w, hDy)
and taking into account (4.6), we get
1@ = 2) "Xk (@, ADy)||er < C|Im2[~'h 7" (4.8)

On the other hand, for f(z) we have the estimate df(z) = O(|Imz|"), VN, and combining this
with (4.8) leads to

[ 7 - @ e kDL = [ () - @) (e iDL + Ko, (49)

| Im z|>he

with [K.] = O(h™).

Now we may apply the partition of unity {®k(z)} k=1, 1 introduced in Section 3. Set
Xk (2,8) = (&) Pr(z), k=1,. k(2 &) = (5) (@), k=L +1,.... L
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with the functions ¥(§), x(&’) introduced in Section 3. Let Ej(z) be the parametric of (Q — z)
constructed in Section 3 for z in a compact set Zy and |Imz| > h¢ with € > 0 small enough for
which we have

(z = Q) 'xu(x,hDy) = —Ey(2)xn(x, hDy) + Ki(2), k= L' +1,..., L (4.10)

with [Kj(z)] = O(h®), uniformly on z. For k = 1,...,L’, we have a similar expression and the
paramterix Fj(z) has no boundary terms.
According to (4.10), modulo terms with trace class norm O(h>), we get

w@) =u LYY / |>hﬁf<> Ry, hDa 2, W)X, hD) L (d2)|

v=1k=1
+tr [_*Z Z / YRy k(2 hDy, 5 2, h)x(x, hDy ) L (dz)]
v=1 k=L/+1 mz|>h6
2
tr [EZ /Imz|>he OF (=) (YL Ay k(W) + Ty 1 Ay 1 (Wi) )i, Do) L(d2)| = (1) + (1) + (111).

v=0k=L"+1

Here R, 1, = Vi (z) Ry (x, hDy; 2z, h) (see the definition of the global parametrix in Section 3) so the
integration in (I) and (I1) is over compact sets respectively in (z, ) and (z,£’). On the other hand,
an application of Lemma 5 yields
(I1I) = O(p~ 116y,
Notice that by using (4.7) and (4.10) and the action of (Q — z)~!, we are going to calculate the

trace of
1

1 / o (2) R(z, hDy: 2, h)xa(z, € )L(d2).
| Im z|>he

The principal symbol of — f|1mz\>h€ Ry(z,hDy; z,h)L(dz) is f(qu(x,£)), so the principal symbol

of
1

1 / L) Ry (2, hDy: 2z, h)xi (. €') L(d2)
| Im z|>he

is f(qu(z,&))xk(x, &), x € Q. The kernel K, i(x,y) of the operator with symbol f(g,(x,&))xk(z, )
is continuous in Q x © and its trace is equal to [, K, (@, z)dz. Thus we conclude that

1)+ an) = ey ( [ fatendnds+ [ [ flante.)dode) + 00, 0.< b < hofo)

Consequently,

(@) = ety ([ [ o ontsde + [ [ flanta)sdc)

+O(h™ 144 0 < h < ho(6). (4.11)

The above argument implies easily that the spectrum of Q in [0, (Imwp + 6)?] is formed by
isolated eigenvalues of finite multiplicities. To prove this it is sufficient to show that the resolvent
(Q — 20)~! for fixed 2y with Im zg > 0 is compact. Every term (Q — z0) "' xx(z, &) is a trace class
operator. On the other hand, for Cy > 0 large enough the ellipticity of boundary problem and our
construction in Section 3 of a (microlocal) parametrix show that (Q — 29) (1 — x(hDy))®x(2) is
a compact operator.
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5. PROOF OF THEOREM 1

In this section we prove the estimate (1.4). Let Rewy = 1, Imwp > 0. We fix 0 < Imwy < 1
so that (2.19) holds and choose 0 < § < Imwp small enough. Thus the construction of the
semi-classical parametrix in Section 3 works and we may exploit the results of Section 4. Set
(66 Imwp + 962%) = 67 and let f € C5°(] — oo, (Imwp + 30)?[;[0,1]) be a function which is equal to
1 on [0, (Imwp + 26)?]. Consider f(qi(z,&)) and f(ga(x,€)), where the symbols ¢;j(z,€), j = 1,2,
were introduced in Section 3. On the support of f(q1(z,&)) we have

[1€]2 = 112 + (Imwp)? < (Imwp + 36)?
which yields
1612 = 1] < ((Imwp) + 38)% — (Imwy)?) /2 = 4y,
Thus on the support of f(gi(z,&)) we have 1 — 8, < [¢]* < 14 6;. Similarly on the support of
flg2(x,€)) we have

1
1—86 < — €2 <146,
1_14—771’6‘_ to

In the following we suppose that 4e < 1/2 so 1 —n —4e > 1/2 —n. Taking the integral over Q x R™,
we deduce

/ /f(ql(a:,s))d:cdg < vol (Q)wn((1 Lo (1 51)71/2)7
Q

wy, being the volume of unit ball in R™ and

| [ rtate.onrds < [ (@ mia) 2, (040072 - (0= 6)72).

Consequently,

e £(@ = o) [ [ [ e oydeds+ [ [ Hanta,)duag] + 01

_ (1 + 51)”/(22;)21 — 51)”/2(‘}”/9(1 n (1 i m(fb))n/2)dl‘h_n + O(hl—n—4e)

= (14002 = (1= 81)"/2) Co(Qm)h™" + OB ") 1= N (263 h).

with Co(Qn) = 25 [, (1 F m(m))”/2>d$. This implies that the number M(28;h) of the

11/2 smaller than Im wg + 26 satisfies

M(26;h) < N(26;h). (5.1)
Let 0 < gy < po < ... be the eigenvalues of |Q|'/? followed by an infinite repetition of

inf o(|Q['/?) in the case if there are only finitely many eigenvalues. Since Q — z is related to
an elliptic boundary problem for z < (Imwy)?, we have

w1 > Imwy —o(1), h — 0.

Now let N = N(J;h) be the number of the eigenvalues vy, vs, ..., vy of h2P — wg with 0 < |vq| <
. <|vn| <Imwy + 0.

eigenvalues of |Q

Applying the Weyl inequality for the non-selfadjoint operator h?P — wy (see Appendix a. in
[20]), we obtain

papn < |vifefon]. (5.2)
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As in [22], this leads to the estimate
N(6;h) < coM(26;h) < coN(25;h), 0 < h < ho(0) (5.3)

with a constant ¢y = ¢o(wp,d) > 0 depending only on wy and d. For reader convenience, we present
the argument. Assume that M (25;h) < N(0;h). Then

pM (Imwy + 26)V "M < (Imwp + )V
and we get
[Imwo + 25]1\7 < [Imwo + 26]M
Imwy+90 o 1 ’
Therefore for h < ho(d) we have

Imwo—i—%) < M1 g(Imw0+25)'

N1
Og( Imwy+9

Imwg -9

We may estimate

38
B log(l + Imwg—5>
B s
log<1 + Imw0+6)
as 0 — 0 and conclude that with ¢y = 3(1 + O,,,()) we have
N(8;h) < coM(25;h).

Consider the disk D(wp;Imwgy + ¢) with center wg € C and radius Imwy + 6 < 1. Let Sy be the
rectangle

So = {(z,y) ER?: 1-0, < <1408y, —X <y <Imwy} C D(wo;Imwy + 9),

€0

where

8y = /1 — 52<21mw05+ 52)1/2 < 61,

1/2
and X = ((Imw0)2 + 62(2Im woé + 62)) — Imwy > 0. For § small enough we have X < Imuwy.
We choose 0 < 6 < 7/2 so that

tanf = < X.

1+ 69
It is clear that when 6 X\, 0 we have d \, 0. According to the above result, the number of the
eigenvalues of the operator h?P in Sy can be estimated by coN(20;h), so the number of the
eigenvalues of P in h=25 is estimated by coN(25; h).
Given r > 1, consider the set

K
where K = K (r) is chosen so that (%) r~t < hZ(5). Therefore for

1+52 k/2 _1/2
= (2 <
h <1—52> P12 < o (8)
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we can apply the above estimate and the number of the eigenvalues of P in Sy g is estimated by

COZN(25 Gf?i) ) s ((1+51)n/2—(1—51)n/2)0002(9,n)k2(1_62>nk/2 2

1+ 69

K
L= Gy (nmd0k/2
+ kZ:O ( 1+ 0y ) O(r )

w2 (L4602 — (1= 6,)"/2

< coCa(Q,n)(1+0
< coCa(Q,n)(1 + 62) (1 + 62)"/2 — (1 — 69)/2

,rn/Q + Og(r("_1+45)/2), r> 7”0((5),

Clearly,
(14802 = (1= 81)"2) = ndi (14 0., (6)),

((1 )2 (1 - 52)”/2) = nds(1 + Ouy (6))

and

01 1 (61mw0+95>1/2 \[
—_— = —
09 vV1—=02\2Imwy+ 6 0=0

Thus the number of the eigenvalues of P in So x can be estimated by

3V3(1+ Oy (6)) (2?)71

where we increase 79(6), if it is necessary. On the other hand , it is easy to see that for small § > 0
we have

/Q<1 +(1+ m(a:))”/2>dxr”/2, r > ro(d),

T 1+ Gk
Ag,=4{2€C: |argz| <0, ]z|§r}CU( + 2) rSp

Pty 1— 69
> 1+52
= So,x U U ( ) rSo = So,x U QK-
k=K+1

Here Qi is a compact set independent on r. Indeed, for j > K(r) + 1 we have
1462\ 1
(1= 52) EETF
—J

rSp for j > K(r) + 1 are included in a fixed compact set.

1402

hence the rectangles (

Finally, the number N (0,7) of the eigenvalues of P in Ay, is estimated by

N(.7) < 3VA(1 + 00 (0)) o (/9(1 (1 m@)"?)de ) 4+ o), v > rof0).  (5.4)

As we mentioned above, as § — 0, we have 6 — 0. Hence for fixed wy we can replace Oy, (9) by
€(f) — 0 as § — 0 and ro(d) by r(#). This completes the proof of Theorem 1.
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6. APPENDIX

In this Appendix we sketch a proof of the estimate (3.8). Recall that we treat the region (B),
where [Imz| > h¢, 0 < e < 1/2.

For the operator W, we must study the kernels of the operators

. k=1,2,j=0,1,2,3.

xn=0

((thn)ij(m, hD,; z, h))

The kernels of these operators have the form

(nh) ™ [ S [ g Ry (00,6 602, )
Rgfl R
For simplicity we treat below the case £ = 1. In Section 3 it was shown that

N
Ri(2/,0,¢,&n;2,0) = > Wey(a!,0,8, 63 2) + WV ena(a),0,€, 603 2),
v=0

with eyt € SE(N+2)7_4_N_1

and ¢, are holomorphic in the domain Q(z,¢’, ) defined in Section 3.
Clearly,

(27Th)_n/ X ei(x’_y’)f’/h/ e—iyngn/hé-lnth-i-lcN_i_l(xl’ 0"5/,5”; Z)dfn _ O(hM(N)),
R"~ R
5/

uniformly on |Im z| > h¢ with M(N) — oo as N — oo.

Let v = T'p(@', &) = [=p,p] U,(2,€) be a closed, simple loop, which encircles A;j _, 15—
in the positive sense. Here v,(2/,£) is a curve included in {§, € C; Im¢, < 0,[&, — \j—| >
&), 1&n — 1y~ > n(€), 7 =1,2}, and p > Ry(a’,&’) is a large positive constant. Set

Gj,y(l’/, yna 5/; 2 h) = / 67iyn£n/h§%CV ('T/’ O’ g/a én; Z)dfn.
Yo(2',€')

Clearly Gj. (2, yn,&’; 2, h) is independent of p > Ry(2’,¢’). Repeating the proof of Lemma 2, we

see easily that G, satisfies the estimate (3.8). Recall that y, > 0 and Im\; _,Im p; - < —Ch*.

Now, to complete the proof of (3.8), it suffices to use the fact that

Gjv(@ yn,&;2,h') = lim e~Wnénlhed e, (21,0, ¢/, €n; 2)dEn
P00 Sy (! 8)

_ / e~imén/hed o (2! 0,€ & 2)dEy.
R
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