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Abstract

We use a D-module approach to discuss positive examples for the
existence of the unrestricted limit of the integrals involved in the ap-
proximation to the Coleff-Herrera residual currents (in the complete
intersection case.) Our results provide also asymptotic developments
for these integrals.
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1 Introduction.

Let fi,..., f, be p holomorphic functions in a neighborhood V' of the origin
in C" (p < n), defining in this neighborhood a complete intersection. It is
known from [12] that the limits

1 ®
lim , , p € DMTP(V) (1.1)
S p .
0 (2m1) 1£5(Q)=¢;(8) hodo
1<j<p

exist when 6 — (€1(9),...,€,(0)) is an admissible path, that is

€;(9)

M e (8) =0 for any j € {1,...,p— 1} and any m € N. (1.2)
The semianalytic chain {|fi| = €1,...,|fi| = €,} is oriented here as the Shilov
boundary {|(i| = €1,...,|(y| = €,} of the polydisk as in the usual Cauchy

formula (see [13] , chapter 6.) Moreover, it was shown in [12] that the above
limit (1.1) does not depend on the admissible path but just (in an alternating
way) on the ordering of the indexation for fi,..., f,. Moreover it defines a
(0,p) current on V' denoted as
=1 =1
=< 0= N...NO—,p> (1.3)
1 fo
When ¢ is a O-closed (n, n — p) form, it follows from the Stokes’ formula that
the almost everywhere defined function

1 @
I(er, ... e 0) = —— / 14
(61 ep) = (61 €p 90) (27_”)1) ) fl o fp ( )
[£5(O)=¢;
1<j<p
is constant for € = (e1,...,€,) close to 0, and therefore admits trivially a

limit when € tends to 0. The question that arises naturally is whether the
unrestricted limit

lim / 14
e—0 C
1£(O)l=¢; froody
1<j<p

(1.5)

(the right hand side being almost everywhere defined by Sard’s theorem)
exists when ¢ is an arbitrary element in D™"P(V).
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A counterexample due to M.Passare and A.Tsikh in [18] gives a negative
answer to this question, even when p = 2, and f7, fo define the origin as an
isolated zero. It fails for example for the mapping defined by

(€0 =2 (0

(21,22) — (2, 2] + 25 +20). (1.6)

More striking counterexamples have been given recently by J. E. Bjork in
[10], section 7.2. The unrestricted continuity of (1.5) at the origin is not true
for the map

(€0 =E(C0)

(z1,20) — (&1, ZS + 21+ Zf) ; (1.7)

where m is any strictly positive integer. In the last example note that one
has df2(0) # 0, so that the answer to the question when n = p = 2 may be
negative even if one of the functions (fi, f2) is a coordinate!

The existence of such a rich family of counterexamples motivates the search
for positive cases. In this direction J. E. Bjork proved in [10], section 7.3, that
for p = n = 2, the unrestricted limit (1.5) exists when f;, fo are homogeneous
polynomials.

When p = 1, there is no problem for the existence of the unrestricted limit
[12]. Furthermore, in this case, we have a much more precise result. One can
show that for any ¢ € D™"=Y(V), the function

1 ©
‘ 2mi / ?
|fl=e

admits an asymptotic development in the basis (1, e*(loge)?), a € Q**, B €
N. This is a consequence of the fact that the sheaf Dy [\]f? is coherent as a
Dy-module (see [9], theorem 6.1.9.) Such a coherence property implies (see
[14]) the existence of an operator of the form

MM fj M=FQ,(2,0) (1.8)

k=1



that annihilates f*. As a consequence, we get the rapid decrease of the
analytic continuation of the function

Ao JON; —/\/|f|“1)8f/\cp A/“M@d

on vertical lines v 4+ ¢R. This result, combined with the fact that the roots
of the Bernstein-Sato polynomial are strictly negative rational numbers [14]
and with the classical formula for the inversion of the Mellin-Transform,
shows (as it was pointed out by J. E. Bjork) the existence of an asymptotic
development in the sense of the Barlet-Maire [1, 2] for the function

One just needs to move to the left, step by step (thanks to the Cauchy
formula ) the line integral

1 J(A;
- / 7( ’SO> Ei/\d>\.
2im A

y+iR
In this paper we will give sufficient conditions which ensure the rapid de-
crease on the vertical lines v + iR? (y := (v1,...,7) € RP) of the analytic
continuation of the function

Ao BT e [ 200 | PO VAT AL A D],

(2im)P

=X N [osth s (s 0)ds. (1.9)

[0,00[P

The natural sufficient condition for that is the coherence of the Dy -sheaf of
modules Dy [Aq, ..., \)] M. fzj\P. Such a condition is for example fullfilled
when (f1,..., f,) define a morphism without blowing up in codimension 0,
with the additional hypothesis

This happens for example when (fi, ..., f,) define an isolated singularity at
the origin together with the additional hypothesis (1.10). Such a condition
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is also fullfilled for examples of the following form

f : (Cga 0) - (C270)

(21,20,23) — (28 — 2223, 2) (1.11)
introduced in [7], section 3.1 (here there is a nonisolated singularity.)
When the coherence condition is valid, the unrestricted limit (1.5) exists.
This shows that Bjork’s example (1.7) appears as an example where the
module Den o[A1, )\g]zflfQM fails to be of finite type as a Dcn g-module.
We will also deduce that under such hypothesis, there is an asymptotic devel-
opment with respect to the basis of functions (1, 7%(log7)%), a« € Q**,3 € N
for the function

(1.12)

p(p—1) - -
S 1 Ay (LY A
\%

- P

(27TZ)p ( Zl ’fj’Q + 7—)p+1
]:

which satisfies also [20] the equality

O(0; ¢) =< B0 >
S

Moreover, when p = 2, using the results of C.Sabbah [21], we will interpret
this result in terms of geometric invariants related to the discriminant of
(f1, f2) as a germ of curve in (C?,0).

The organization of the paper will be as follows; in section 2, we will recall
a few basic results related to b-functions associated to a system of germs
(fi,-.., fp) in ,O defining a germ of complete intersection. Such b-functions
will provide us with some way to express the analytic continuation of the
function

A:<)\17-"7)‘p> —>‘]<A7()0)

from the half plane {RA\; > 1,..., R\, > 1} to a meromorphic function in
CP. In §3 we will analyze under which condition one can find a system of
Kashiwara operators of the form (1.8) which annihilate f ... fo». Finally,
in §4 we will prove some positive results with respect to the existence of the
unrestricted limit (1.5). In the final section we will study the possibility to
get an asymptotic development for the function 7 — O(7;¢) in (1.12).
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2 About b-functions.

The existence of functional equations of the Bernstein-Sato type for the prod-
ucts ... fI;\P was proved simultaneously by C. Sabbah in [21] and by B.
Lichtin in [16]. Given a collection of germs of holomorphic functions fi, ..., f,
in ,O, there is a finite set £ of linear forms with coefficients in N jointly
coprime, and a collection (by)rer of polynomials in one complex variable,
together with p operators Q, ..., Q, in Dgng[A1,. .., A such that

[T b (LN - for = Qe -+ fox o e k=1,...,p. (21)

LeLl

As soon as we have a set of relations of the form (2.1), we deduce by a
standard iteration an identity of the following type

B(At,. o M) fit o for = QIR - frt, (2.2)
where Q € Den [, ..., Ay and B(A) is
BA) =b(A1,.. ., A)b(A + 1,0 0) (M + 1, A+ 1) (2.3)

where b(A) = [] br(L())) asin (2.1). A relation of the form (2.2) is usually
LeL

known as a Bernstein- Sato relation for i - - - fI;\P. When p = 1, we know that
the ideal of the polynomials B(A) involved in any relation of the form (2.2) is
principal and admits a generator called a Bernstein-Sato polynomial, which
has A 4+ 1 as a factor. When p > 1, both properties fail in general, the ideal
of such B is not principal, and there is no reason why \; +1, fori =1,...,p,
should divide such a polynomial B. Consider for example the case n = p = 2,
and take fi(z1, 22) = zf‘lzgl, 9(21,22) = zf‘zz§2, ayan 182 # 0. Nevertheless,
it is of some interest to point out that for p = 2 we have the following



Proposition 2.1 Let fi, fo € ,O define a germ of complete intersection.
Then any polynomial B(\1, Ag) involved in a Bernstein-Sato relation for
1)‘1 22 qdmits Ay + 1 , Ao + 1 as factors.

Proof. The proof curiously follows from the nontriviality of the Coleff-
Herrera residual current. Let us take some representatives for fi, fo defined
in a neighborhood V' of the origin where we have a Bernstein-Sato relation
of the form (2.2) for some B. Then, by the local duality theorem [22], there
is some element ¢ € D"’”*Z(V) such that

< 8 A 8 , o ># 0.

fi

We also know from [4], section 5, that for such a form ¢, the function .J
defined by

7 A+ 1) )\
AL T+ 1, e+ 150) = (1+ (Ao +1

D 1A R0 A 9T A
is holomorphic in a product of half—planes
{%)\1 > —1 — €, %)\2 >—1— 6}

for € > 0 sufficiently small. From the functional equation (2.2) used twice (B
denotes the polynomial obtained from B after conjugation of all coefficients),
it follows that

()\1+1(2
2B(\)B

T ) = S [ 1Py (2.4

for some 1 € D™ (V). We now consider the identity (2.4) near the critical
point (—1,—1). From the Gauss lemma in the factorial ring ,,O(_1 1), any
irreducible factor of B(\) or of B()\) distinct from (A, + 1) or (\y + 1) has
to divide the holomorphic function

(i de) — [ PO 00y

Suppose now that (A; + 1) does not divide B(A). Then it does not divide
B()) either. Therefore B()\)B()\) necessarily divides

(o +1) [IAPOD 0Dy,
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so that in this case, we have near (—1, —1), the following identity

~ ~

J(A1, A2) = (A + 1) J (A, Aa),

where J is a holomorphic function. Therefore, we would have
J(0; )—<51/\51 >=0
=) ()0 fl f2 Y ()0 Y

which is a contradiction. So (A; + 1) divides B(A) and so does (A2 +1). The
proof is complete.

Dealing with the meromorphic continuation of currents instead of distri-
butions, there may be cancellation of some polar divisors. Such is the case for
the function A — J(A; ¢) we are interested in. We recall from [4], Proposition
3.6 and Proposition 3.18, the following

Proposition 2.2 Let fi, fo be two holomorphic functions in n-variables in
a neighborhood V' of the origin. Then, for any o € D" *(V), the polar set
of the function

A— J(Ap)
in included in a union of hyperplanes (independent of @) of the form
mLJ()\l—I—k:)—|—mL,2()\2—|—k)+mL70 :O,k € N*, (25)

where the vectors (mpo, mp1,mp2), L € L, lie in a finite subset of N3
(indexed by L) with mp, 1, mpa € N, and mpo € N* for any L.

Remark 2.1. The proposition implies that if we write

_ Ao .
T 4mB(A-1)B(A— 1) /‘fﬂz |fol2 0,

J(Aip)

then all the factors of B(A — 1)B(A — 1) which are different from \;, Ay and
not of the form (2.5) necesserilly divide in {®A\; > —¢, RNy > —¢} the
holomorphic function

221 2X2
A— [ AL

8



We conclude this section with a direct analogue of Kashiwara’s theorem
about the rationality of the roots of the Bernstein-Sato polynomial in the case
where f* is replaced by fi ... f;‘P and fi,..., f, define what is known as a
minimal defining system. Let us state the definition, originally introduced

by A.Tsikh in [22].

Definition 2.1 Let fi,..., f, be p holomorphic functions in an open neigh-
borhood V' C C™ of the origin so that f;(0) = 0 for every j = 1,...,p.
Assume also that the collection {fi,... f,} defines a complete intersection,
that is, the analytic set

A= f10) = ﬁ{z e C", fi(z) = 0}

J=1

has dimension n — p. The system {fi,..., f,} is called a minimal defining
system if and only if the set

Sing(A) :={z€ A, df(z) :==dfi N... Ndf,(z) =0}

is a nowhere dense subset of A.

Remark 2.2. If f = (f1,...,f,) is a minimal defining system, the set
Sing (A) coincides ezactly with the set of singular points of the analytic set
A = f71(0) (which justifies our terminology); in particular, the set of singular
points of the analytic set f~!(0) is in this case a closed analytic subvariety
(which is not true in general for an arbitrary analytic set.)

Example 2.1. Let (fi,...,f,) : V — CP be a holomorphic mapping in V/
such that f(0) = 0 and on each irreducible component of the analytic set
f710) in V, at least one (p, p) minor of the Jacobian matrix does not vanish
identically. Then {fi,..., f,} is a minimal defining system in V. Note that
if p =mn and f~10) = {0}, f is a minimal defining system if and only if
4f(0) # 0.

Let {fi,..., f,} be a minimal defining system about the origin in C".
Since the set of singular points of {f; = fo = ... = f, = 0} NV coincides
exactly with the closed analytic subvariety

S:=8ing(A)={z€V, fi=...=f,=0, df =0},



one can apply Hironaka’s theorem and construct a resolution of singularities
T X —V,

where 7 is proper, realizes a biholomorphism between X'\ 77(8S) and V'\ S,
and is such that 77!(8) is an hypersurface with normal crossings. Since all
7* f; vanish in 771(S), it follows from the Nullstellensatz that in any local

chart on X one can write for every j =1,...,p,

7 fi(w) = s (w)wl (2.6)
where the oy, 7 = 1,...,p, @ = 1,...,n are positive integers and the u;,
j =1,...,n, non vanishing holomorphic functions.

Let F; := n*f;, j = 1,...,p. Our purpose here is to study the relation
between the coherent sheaves Dy F{' ... F» and Dy f* ... fo».

If we consider V' as a complex n-manifold, let us define the two sheaves of
modules

Q' = Hom(Qy, ,,0),

where €2y, is the sheaf of holomorphic forms of degree n on V' and
DV<—X — W_l(DV ®OV Q‘_/l) & QX,

where (Qy is the sheaf of holomorphic forms with degree n on X. The above
module Dy .y has the structure of (m~!Dy, Dy)-bimodule. The integration
of the coherent module Dy F}M ... F» on X ([8], [14]) is defined to be the
Dy -module

0
R = / DyF) .. F» = R,(Dy_x ®p, DaFM ... F)¥)

where R° denotes the first derived functor of Dy . y.

It follows from Theorem 4.2 [14] that the sheaf of left Dy- modules R is a
coherent sheaf of left Dy-modules and is isomorphic to Dy i ... prP outside
S. Moreover, as was noted in [8, 14], the coherent sheaf of left Dy -modules
R has a global section u so that

0
Dyu =Dy[A,..., \u C /DXFfl...F;p. (2.7)
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The last relation is an equality on V \ S because 7 : X \ 771(S) - V\ S
is a biholomorphism. Let us describe the construction of the global section
u as it is given in [8], p. 245. On V, we have the globally defined n-form
dz = dzy A ... Ndz,. Its pulback 7*(dz) is a globally defined n-form on
manifold X. By Proposition 2.12.6 in [8], p. 239, there exists a global section

0
in [ix(Dy) denoted by [7*(dz)]. Consider now the Dx-linear homomorphism
n: Dy — DyFM ... FpAP which is constructed by linear extension of the map

ly — FM Fp)‘P. Since integration of modules corresponds to the action of

0
a covariant functor, 1 induces a Dy -linear sheaf homomorphism 7 from [ Dy
into R. We define u as u := 7j([¢*(dZ)]). Under the minimal defining system
condition, we have the following refined version of a result from [14, §]

Lemma 2.1 Let {fi,..., f,} be a minimal defining system in V. Then the
coherent sheaf of Dy- modules R/Du, where u has been constructed above,
18 equal to zero.

Proof. Recall that R = Du on V' \ S (since 7 is a biholomorphism between
X\ 774(S) and V'\ S.) On the other hand, S corresponds to the set of
singular points of the set V' N f71(0) for which we constructed our resolution
of singularities X = V. Our minimal defining system condition ensures that
any point z € S is a limit point of a sequence {z,}, of regular points of
f71(0). This implies that for any point in S, dim, R./(Dyu), = 0, where R,
and (Dyu), are sections of the corresponding sheaves at the point z, since for
z ¢ S, the eqality R = Dyu holds. Since every non-zero finitely generated
Dy -module has dimension bigger or equal to n, we get the desired result.

We now continue with the introduction of p holomorphic parameters,

t1,...,tp, in order to deal first with what we will call the quasi-homogeneous
case.
Lemma 2.2 Let {f,..., f,} be a minimal defining system in some open

neighborhhood V' of the origin in C"™. Consider in V x CP (where coordinates
are denoted as (z,t)) the holomorphic functions

(Zl,...,Zn,tl,...7tp) — gJ(Z7t) = tjf](2>, j: 1,...,p.

Then the system (g1, ..., gp) is a minimal defining system in V x CP.
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Proof. Immediate by direct verification. <

Consider now the map
¢:=(mId): X xCP —V xCP.

If we set X := X x CP and &’ := S x CP, then ¢ induces a biholomorphism
from X'\ ¢~ 1(S') into V' \ &'. Let G; := ¢*g;, 1 < j < p, that is, in a local
chart

Gi(w,t) = tjuj(w)w? - w  j=1,...,p. (2.8)

n

It follows from the quasi-homogeneous form of the g; (and the G;), due to the
additional variables ¢;, that the multiplication operators by Ay, ..., A, induce
D-linear actions on the Dy,cr (resp. Dayr) -sheaves of modules Dy ycrg?
(resp. DasG2.) Direct computations based on the simple expressions (2.8)
for the G; in local charts on A’ show that we have the following

Lemma 2.3 There exists a polynomial bg(Ay, ..., \,) € C[A1,...,\y], prod-
uct of affine forms

p
mr.o + ZmL,j)\j, L e E, mro - N*, (le, A ,mL,p) e NP.

j=1
such that

ba(A1, ..., Ap)GYt . Gy € DG - Gortl (2.9)
If we look at the polynomial bg (A, ..., A,) as a sheaf homomorphism from

the Dy-module Dy/G! . .. G)r into DG Gor*!, then the question
that arises naturally is what is its range. Let us describe it here. Let Oy
be the sheaf of rings of germs of holomorphic functions on the manifold X”.
Consider also the sheaf of rings Ox/[GT",. . ., G, 1] whose stalk at the point
Xo € X' is

Oxrao[GTY, .. G = {hGT" -G |h € Onr gy, vj € L, 1 < j < p}.
Introducing new variables (Aq,...,\,) = A, we consider also

Ox[Grt, ... .G A = O0x[GT L G AL A
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This is also a sheaf of rings on X’ whose stalk at xq € X is the ring of poly-
nomials in A with coefficients in Ox:4,[G1', ..., Gt If G* := G ... Gy,
then the action of the differential operators 9/, Il = 1,...,n+p on X’ (ex-
pressed in local coordinates (w,t)) on elements in Ox/[G™', \JG2 is defined
as follows

p p
O(Gr™ ... GG = (ORI G = b va(GyG T TG
Jj=1

i=1 i
p p
+ R NOGHG T G )G (2.10)
j=1 i=1
This action induces a C[\y, ..., A,] linear mapping from Oy [G1, \JG2 into

itself; it induces on Ox[G™1, A\|G2 a structure of Dy module. We can define
also the action on Oy [G™1, A\]G2 of the operator

V: Op[GHANG? — Ox[G71 NG2
as follows

V(X MG = (X A+ 1D)5y)Gr--- GG (2.11)

kENP kENP

(here \E = M. Arp.) Since DaG2 is a submodule of Ox/[G™1, A]JG2, we
can conclude that

Lemma 2.4 The mapping V : DG - -- Gyr — DG Gyl is Dy
linear and injective.

Since V is Dy-linear, it follows from (2.9) that bg (A, ..., A\))G2 € V(D G2).
But V is also injective, therefore there exists a Dys-linear sheaf homomor-
phism ¢ on DG such that bg(\y, ..., \,) = V.

~ We recall here that the passage from D G2 to its direct sheaf image
R arises from a covariant functor from the category of sheaves of left Dy/-
modules to the category of sheaves of Dy ycr-modules. Hence the sheaf
homomorphisms V, 9, ba(A1, ..., Ay) induce Dy cp-linear sheaf homomor-
phisms on R = Di (the existence of @ follows from Lemma 2.1 and Lemma
2.2, we consider just the minimal defining system g instead of f.) Therefore

ba(M, ..., AR = (V)R = V(yR) C VR = VDi. (2.12)
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We claim now that there exists a Dy ycp-linear sheaf homomorphism from
Dy wcrlt onto Dy ycrgyt .. .g;;P: just define a map that takes @ to ¢;* .. .g;o\p
and then extend linearly. This map has the desired property ([8], p.246.)
Therefore, combining the above assertions, we get bg (A1, ..., A))R C Dyxcrl
and hence by the above epimorphism, we conclude that, as germs at the ori-
gin

oAty Mgt - - gp” € V(Danin 0yt -+ 657) = Domt 09t - gyt
Hence we have proved the following form of the Bernstein-Sato relations

Proposition 2.3 Let{fi,..., fp} be a minimal defining system in V. Define
in V xCP the system (g1, . .., gp), where g;j(z,t) :==t;f;(2), 7 =1,...,p. Then
there exists an operator Q(z,t,0,,0;) € Dan+rg and a polynomial by = b in
C[A1, ..., Ay, which is a product of affine forms

p
mro + ZmL,j)\j , Mo € N*, mr.; - l\I7
j=1
such that
b9<)\17 R )\P)gi\l T ;\p = Q(Z,t, aza 81‘,)9{\1“ T ;\erl s
the identity being understood in terms of germs at the origin.
Repeating verbatim the argument in [8] we deduce

Proposition 2.4 Let (fi,..., f,) be a minimal defining system about the
origin in C™. Then there exists a neighborhood w of the origin, a polynomaial

p
BA) = [[ (mro+ D> mr;A))
LeL j=1

where mp o € N*, mp1,...,mp, € N, such that

B .. for € Dy[Ar, .. A e ot

p
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3 About Kashiwara’s functional equations

Let us recall that if f is a function of n-variables holomorphic in a neighbor-
hood V' of the origin, such that f(0) = 0 and df = 0 implies f = 0, then
the Dy [A]-module Dy [\ f* is a coherent Dy-module. From this, it follows,
if Vo cC V, that for some g € N,

q
Dy, N C Y AFDy, A,
k=0

Therefore one can find a functional equation of the form
q
(A = SN Qu(,0)) 2 =0, (3.1)
k=0

where the operators Oy, k = 0,..., ¢ are global sections of Dy, that is we
can find an operator of the form (1.8) with M = ¢ + 1 that annihilates f*.
We will use the following immediate extension of this result

Proposition 3.1 Let fi,..., f, be p holomorphic functions in some neigh-
borhood of the origin, such that the Dy [y, ..., \,|-module

Dy A1, A fo

15 a coherent Dy -module. Then, given any Vo CC V', there are p operators
of the form

A S A AR Q(2,0), i =1,...p (3.2)

kENP
ky4..thp<M—1

(where the Qj are global sections of Dy, ) which annihilate o f];\f' on Vp.

Proof. Multiplications by Aq,...,\, act as a Dy -linear operators on the
module Dy [A]f" ... fg‘P. Hence, it follows from the coherence that, given
Vo CC V, there exists some integer ¢ € N such that

Dy[M, .. A for e Y MDDy

kENP
k4. +kp<q
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Therefore, we have in particular, for any j € {1,...,p},

N e Y MDDy S,
kENP
kq+..+kp<q
This provides us with the set of operators we are looking for (take M = g+1)
and concludes the proof of the proposition.

In the case p = 1, assuming f(0) = 0 and that in V, df = 0 implies
f = 0, the algebraic dependency of f over its jacobian ideal implies [14] a
much more precise result; in fact, in this case, the annihilator of f* on V
contains an operator of the form

M
M= AMRQ,(2,0.),
k=1
degspQr <k, k=1,..., M, (3.3)

where Qg (z,0) € Dy. Such a result relies on the description of the character-
istic variety of the Dy »c-module Dy c(tf)*, where t is an additional variable
2, 8, 14]. In [7], H. Biosca and H. Meynadier have extended this result of
M. Kashiwara (the existence of operators of the form (3.3) in the annihilator
of f*) to the case p > 1, when fi,..., f, define a complete intersection in a
neighborhood V' of the origin in C”. Their result relies on the description
of the two characteristic varieties W (resp. VV}‘7£ ) of Dy f ... v, consid-
ered as a Dy-module, (resp. of Dy[Ar,...,\)] M ;‘P, considered as a
Dy[A1,. .., Ay module.) Namely

p
Wi = {(z, > Ndfy, z€V, df #0, A e Cr}

=1

wi = {( iAjdfj, Mfi(2), . fo(2), €V, df #0, A € Cr}.
j=1

The finiteness of the projection map
m: Wf — W (3.4)

implies that the stalk Den g[A1, ..., A M f;‘P is of finite type as a Dgn o-
module, which is enough to ensure the existence of a set of operators of the
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form (3.2), everything being understood at the level of stalks at the origin.
In fact, the finiteness of this projection map implies much more, as it appears
in the following result from [7]

Proposition 3.2 Let (fi,..., f,) define a germ of complete intersection at
the origin in C™. The projection map II from Wf into Wy is a finite mor-
phism if and only if, for any j = 1,...,p, the annihilator of fi - --fI;\P
contains an operator of the form

M;
A =S Q2,0 N
k=1

where the Q,x, 7 =1,...,p, k = 1,...,M;, are elements in Dcny[A] such
that degy \ Qjr < k for any j € {1,...,p}, k=1,...,M;, and the homoge-
neous part of degree k in Qi being A-free.
Let us give the following example (found in [7])
Example 3.1. For the mapping

f: C* — C?

(Zla22723) E— (Z% - 2323,22)7

one can check here the finiteness of the projection morphism II.

Remark 3.1. The finiteness of the projection morphism II, as noticed in [7],
implies that the germ of the set of critical points is necesseraly included in
the hypersurface f; ... f, = 0 (which means that f; ... f, lies in the radical
of the Jacobian ideal.) For example

(21,22) — (21,27 + 23)

fails to satisfy these requirements. The finiteness of the morphism II appears
as a sufficient condition for the coherence of the sheaf Dy [\, ..., \,]f2 (for
some convenient neighborhood V' of the origin) as a Dy -module. Nevertheless
the condition is certainly too strong.
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4  Some positive results on the existence of
the unrestricted limit (1.5)

In this section f1,... f, are p holomorphic functions defining a complete in-
tersection in a neighborhood V' of the origin in C".

Theorem 4.1 Assume that the Dy [\, Xo]-module Dy [\, Xo]fi f32 is a co-
herent Dy -module. Then the unrestricted limit

. 2
lim / - (4.1)
e—0
TG =a ht

| f2(2)|=eg

exists for any o € D™ P(V).

Proof. Consider the Mellin Transform of

1 @
PRN RPN S S
(61 62) (é <,0) (27?2)2 i it
[£1(¢)|=€1
[£2(Q)|=e2

This is exactly ( for ®A; >> 1, Ry >> 1) the function

AL A
A T = 202

[ 154D O A T A

iV

We know that because of the existence of the set of equations of the form
(2.1) and of Proposition 2.2, the function A — J(A; ) can be continued as
a meromorphic function in the whole of C?, the polar set being a union of
hyperplanes of the form

mro+ mL,l()\l + k) + mLQ()\g + k) =0, keN
mro € N*, mp1,mpo €N, for any L € L,

where L is a finite set as in Proposition 2.2. Denote by A — J(); ) this mero-
morphic continuation. It follows from Proposition 3.2 that for any (1, 72)
such that

mL’(] -+ mL,l(”}/l -+ k) -+ mLQ(’m + k’) 75 0,

18



for any L € £ and any k € N, the function

(Y1, y2) — J(n + ty1, 2 + iye; )

is in the space S(R?) of rapidly decreasing smooth functions. By Mellin
formula, we get for €; > 0,65 > 0

—)\1 )\2
I(G (P 27TZ 2 ./ / )\1)\2 “ d/\ld)\Q’

bt 0 iR V5 9iR

where ¥, ~9 are strictly positive numbers which are chosen large enough.
Moving 71,72 towards the origin (this we can do because of the Cauchy
formula), using the uniform rapid decrease of

(y1,y2) — J(m + ty1, 72 + iye; ),

when 71,72) € [—d1,7)] x [—d2,79] and the fact that all mp o are strictly
positive we get that for d;, 5 small enough

v o dApdAs
R
<§ 27'('2 2 )\1)\2 M
YW+iR —d2+iR

1 A\
— J(A1,0;0)e M =— =
+27T7/ / ( 1 ,QO)E )\1
W+R
d\;d\
J(\; @)ep Mey 2 22
—01+itR J—d2+iR - 90 )\1)\2
1 _ d)\l _ d>\2
— J(A,0 A1i—/ J(0, A X2 J(0: o).
ol [ T T = [ T0.00)6 ) + ()

-4 +iR

Since the function

dM\dA
(61762)—> / / J(AaSO)GfAl g2
Ao

751 +iR 752 +R
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can be estimated by Ce‘fl 632, due to the rapid decrease of A — J(A;¢) on

the line \; = —d; + iR, Ay = —d2 + ‘R, and the functions

d\
€1 / J()\hOaSO) R

—61+iR
—Aa d)\Q

(0, A
2 /52+1R 2 ¥ ) )\2

are estimated respectively by Ce$* and Ce3? for similar reasons, we get that

lim I (e, €9;0) = hm<8 /\(9 LT p)ertes ™ >
e—0 S f

J(0; ) <8f1Ac’)f,go>.
This ends the proof of Theorem 4.1.
Example 4.1. An important example where we know that the stalk of
the sheaf at the origin Den g[A1, ..., A ML flj\p is of finite type over Den
(and therefore we can apply the previous result when V' is a sufficiently small
neighborhood of the origin) corresponds to the case when the projection map

IT: Wf — Wy
introduced in (3.4) is finite (see [7], section 3.) We can therefore state the
following

Corollary 4.1 Let (f1, f2) two elements in ,O which define a germ of com-

plete intersection. Assume that the projection map W# LN Wy introduced
in (3.5) satisfies I71(0) = {0}. Then there exists a nezghborhood V' of the
origin such that, for any ¢ € D"~ Z(V),

1
lim —— / =< 8 A 8 > 4.3
=0 (274)2 - flfz 1 fa 4 (4:3)
eg— [f1(O)]=¢€1
|72(S)=eg

Example 4.2. For example, if n = 3 and m € N*, we have, for any ¢ in
D3L(V), where V is a sufficiently small neighborhood of the origin in C?

¥ = 1 _1

sy =< 0 NO >
CQ_@[_é G (¢F — 3¢Gs) (2 —2G) T
I\anz|=3€2 '

611{% (2m1)?

eg—0
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Remark 4.1. In Bjork’s example (1.7) where fi(z1,22) = 21, fa(21,22) =

25 + 21 + 21, since we know from [9], sec.7.2, that the unrestricted limit
does not exist, we are sure that the stalk Dgz g[A1, Aa]21 (25 + 21 + 22)2 is
not of finite type as a D¢z g-module. In fact, in the codimension 2 case, any
negative example for the unrestricted continuity of (1.5) provides an example

of non-coherence for the sheaf Dy [A;, Ao] i f52 as a Dy-module.

Example 4.3. Corollary 4.1 holds if the germ (fi, f2) satisfies the Sabbah-
Loeser conditions

dfi Ndfs =0 = f1- =0 (4.4)
(f1, f2) has no blowing up in codimension 0 (4.5)

For example these conditions are fulfilled if (f1, fo) define a complete inter-
section with isolated singularity, with the additional constraint

dfi Ndfa =0 = fi- fa=0.

Note that the unrestricted limit (1.5) may exist even if the coherence condi-
tion is not fulfilled. In this direction we have already mentionned the exam-
ple of J. E. Bjork in [9] where f;, fo are homogeneous polynomials. When
f1(z1,22) = 21, fa(z) = 2} + 22 (these are homogeneous, so that the unre-
stricted limit (1.5) exists for any test form in D*°(C?)), one can show that
there are test forms in D™"~2(V), where V is any arbitrary neighborhhood
of the origin, for which the rapid decrease of the function

A= J(A )

cannot be realized (this can be seen using the proper map © : X — V|
where X is the toric variety corresponding to the convex hull of {(0,1) +
0,002} U {(1,0) + [0,00[?}.) For such an example, the coherence condition
in Proposition 3.1 is certainly not fulfilled.

5 About asymptotic developments

Let us recall the results relative to the case p = 1. Classical inversion theo-
rems about the Mellin Transform show that, since

A—|fP
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has a meromorphic continuation which is rapidly decreasing on vertical lines
v+ R, then

1 ©
‘ 21 / ?
|fl=e

admits an analytic development near the origin in the basis (1,¢*(loge)?),
ae Q™ 8e€N. Whenp > 1,and fi,..., f, define a complete intersection in
a neighborhood V' of the origin, we have under the hypothesis of Theorem 3.1,
a similar condition with respect to the rapid decrease on vertical lines v+:R”
for the meromorphic continuation of the multivariable Mellin Transform of
the function € — I(€;¢), when ¢ € D" P(V). Unfortunately, even in the
case p = 2, there remain considerable difficulties (see for example [3]) in order
to deduce from such a behavior some asymptotic developments for the

(617 62) — ](Q 90)

in terms of (e5'e5?(logey)” (loge2)?), ai,as € Q, Bi,5, € N. Trying to
avoid these difficulties, we attempted to study one parameter asymptotic
approximations to the residual currents associated to p functions. There are
two of them which are interesting (see [20]).

p
<5;1/\.../\5},<,0>:1imcp / SN fdfe e (51)

e—0 eP
p 1
{IlfIIP=etnVv

Dfi A AT A
(I + e

=1 =1
<O—AN...NO—,p >= limpcpT/
fl e—0

7 (5.2)

where )
(-7 (p—1)!
(2mi)p '
As for the approach (5.1), we are reduced to classical problems in one variable,
since the one dimensional Mellin transform of

Cp =

p

c PR

¢— 2 / S (=1 fdfe A g
{lIflI2=eynv k=1
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18
A — pey [IFIPOHPBF AL DT A (5.3)

The meromorphic function (5.3) has its poles in {7y € Q, v < —1}; the pole
at —1 is simple and the value of the residue at —1 is

-1 -1
<O—N...NO—,p >
fl fpsp

(see [20].) We get here, since there exists an operator

with C* coefficients that annihilates || f||**, the rapid decrease on the vertical
lines for the function (5.3), and therefore , using the classical techniques de-
veloped by Jeanquartier, Barlet and Maire [11, 1, 2], we get the asymptotic
development for (5.1) (as a function of €) in terms of the basis (1, ¢®(log€)?),
a € Qt*, B € N. More interesting from our point of view is the second ap-
proach (5.2) where the two dimensional Mellin Transform plays an important
intermediate role, even though we know also in this case (by a similar one
variable argument) the existence of an asymptotic development.

Proposition 5.1 Let fi,..., f, define a complete intersection in a neighbor-
hood V' of the origin in C". Then, for any test form ¢ € D" P(V), the
map

T —

(_1)p<p1>/2p!7/ Afi N---NOf, N
2im)p v (P )

18 continuous at the origin, takes the value

-1 -1
<O—N...NO—,p >
fl fp
at T = 0 and admits an asymptotic development in the basis (1,7%(log 7)),
a € Q**, B € N about the origin. Moreover, if Dy[\ f* is coherent as a Dy -
sheaf of modules, then the coefficients in this development can be computed
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in terms of sums of Leray iterated residues at points in Uj_{R\; < —1} for
the function

L CDPERI(AL 4 p )T D) (A + L)
- (2im)P I (N + 1)
(|A] == A1+ -+ A,) along collections of p hyperplanes (with independent

directions) either of the form \; = ¢ —1,q € N,j € {1,...,p}, |\ =
—p—1—¢q,q€ N, or

P
mL70+ZmL7j(/\j+q) :O, QGN

j=1
where
p
mr.o + Z mL,j)\j
j=1
divides a Bernstein-Sato polynomial for f2.

Proof. The existence of an asymptotic development is a standard thing; it
can be achieved under the sole hypothesis that (fi,..., f,) define a complete
intersection in V. For any ¢ such that || f(¢)]|*> # 0, we may use the classical
formula: for any 7 > 0

T 1
! = — D(=s)L(p+1+s rPds,
PR T = 2im Jyn [T+ L4 9IFQ)]
where 0 < v < p (see [5]). Let now ¢ € D" P(V). When + is sufficiently
small, one can prove, using a resolution of singularities as in [4] , that

J ooy TESIT @1+ S)IFQON R A+ A B, A ol ds] < oo

It follows from Fubini’s theorem that

p[(_l)p(p—l)/QT / Ofi A\ --- /\aifp Np
(2im)? v (IfEIP+ et

1

B (2im) /—7+iR C(=s)T'(p+ 14+ s)F(A; )T P %ds
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where
O ( p(p 1)/2 255 5
1) = s A ANp.
(X5 9) Qm JSIZBR A A BT A
We also know from [20] that the function
1€ Cr— Fup)

(defined for Ry > 0) admits a meromorphic continuation u +— F(u;¢) to
the whole complex plane, with poles in QN | — oo, —p|; moreover (see also
[20]), this analytic continuation satisfies uniform rapid decrease estimates at
infinity in any vertical strip [«, 3] + iR which is free of poles. The pole at
—p is a simple one and the residue at this point equals

1
/\8—, > .
fl fp 4

The poles of the function
s—D(=s)I'(p+1+s)

which lie in the half plane 28s < —y are —p — 1, —p — 2,.... If we apply the
uniform boundedness of p — F'(u; ) on vertical strips in the complex plane
which are pole free for this function, we deduce, moving the line integral
in the right hand side of (5.4) step by step to the left, the existence of an
asymptotic development for (5.4) (as a function of 7) with respect to the
basis (1,7%(log7)?), 7€ Q, a > 0, 8 € N.

The interesting additional thing here is the relation between this asymp-
totic development and the description of the polar set of

(A ) = J(9)

introduced in (1.9); such a polar set Sing (J) is (see [4], Proposition 3.6)
included in a collection of hyperplanes with equations

p
mL,0+ZmL7j(Aj+k— 1) :0, ke N
j=1
where the vectors

(mL70, . ,mL,p) € N* x (Np)*
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are indexed by a finite set £. If we assume the coherence assumption, which
we will do from now on, we know that the function

(Alv"'vAp)HJ(AHO)

is uniformly rapidly decreasing (in the imaginary direction) in any vertical
strip K + iR? (where K is a compact subset in R?) such that K does not
intersect Sing (J)NR. For any ¢ in V and any 7 > 0 such that f,--- f,(¢) #
0, we have also

plr B
(ILFQI2 +r)ptt

1 p
—_ .. F 1 — 2s; Sl pd d
(2im)p /alﬂ-R l/eriR (p+ El) 1;[ (s; 1:[ (O S1 -ASp.

where the 4; are real numbers in |0, 1[ such that 4, +--- + 79, < p and |s|
denotes s; + - - - + s,. We may rewrite this as

plT B
(FOIP + 7yt

1 P

= 7o: - (1+ s )2 DIl g, - ds
(2271')1) [y1+iR [YeriR | | 1;[ H |f] ’ 1 D
where 7; := 1 — 7;. If all 4; are close to zero (that is all v; close to 1), it

follows as before from Fubini’s theorem that, for any 7 > 0,

p[(_l)p(p—l)/QT / Ofi A\ --- /\aifp Np
(2im)P v (IF P+

- (2Z7T)p . . SJ .
11+iR 7p+zR le 818

p

(5.5)
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where A — J(A; ¢) is the function introduced in (1.9). The collection of real
hyperplanes in RP

p
mL,0+ZmL7J~(Ij+k— 1) =0, ke N,z € R?P
j=1
together with the p + 1 families of hyperplanes z1 = k1,k1 € N, ..., 2, =
kp,kp, € N, 2y +---+x, = —1,-2,.. ., determine a decomposition of R? into
cells. For any v interior to each cell, one can define the integral

J(§§ @)dsy - “dsy,

S1°°Sp

[I]

CHIE

p
7T (|s[ + 1) H (1—s;)

1 +ZR “/pJF'LR

Because of the uniform boundedness of A — J(; ¢) on vertical strips K +iRP,
where K is any compact in R? that lie in one of the cells, the function

—_

v E(;0)

is constant in each cell of the decomposition (this follows from Cauchy’s
formula.)

Let us just indicate how to proceed when p = 2. In this case, the situation is
a little easier since we know that A\;AsJ(A; ) is holomorphic near the origin
in C?. Starting with v in the interior of the cell Ay := [0,1] x [0,1], we
proceed as in the proof of Theorem 4.1. We split

w(s, )
(150) = / , / ,
y1+iR Jy2+iR 5152

into four terms; two of them correspond to the one dimensional integrals

[1]

w(s, )
/ Resg,—0 ——=
-4 +iR 5189

and

/ Resg, =g —
—d2+iR 5159

Lo n it
—61+iR J—d2+iR 5152
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The third one is




and corresponds to the value of Z(v;¢) when + lies in the new cell A; (con-
taining | — 6,0[%.) Finally, the fourth term is the evaluation of the iterated
residue of the meromorphic form w(s, 7)/s1 2 with respect to the two divisors
s1 = 0, s = 0. The two first integrals have asymptotic developments in 7
which involve local iterated residues for the meromorphic form w(s, 7)/s159
along pairs of divisors ({s; = 0}, D,) at points such that Rs; < 0 (for the
first one) and along pairs of divisors (Dj,{sy = 0}) at points such that
Rsy < 0 (for the second one. This follows from Cauchy’s formula: we move
step by step to the left or the right a vertical line in the complex plane.) It
is clear how now one can continue this process, moving from A; (across a
point where 1 + 5 achieves its minimum in A;) into one of the contiguous
cells. The situation is slightly different when one has to cross at a point
(¢,m) € R? a line of the form x; + x5 = —p, where p is a strictly positive
rational number (this did not happen in our first step here since the polar
set of s +— w(s, T)/s152 near the origin is just the union of the two axes.) In
this case, we use the Jordan lemma to express the corresponding integral as
the sum of all iterated residues of the meromorphic form

w(s,7)

5152

with respect to all pairs of divisors ({\ + Ay = —p}, D), where D is any
hyperplane in the polar set of w(s,7)/s152 with slope distinct from —1, at
points which lie in one of the half lines in which the line xy + 3 = —p is
divided by the point (£,7). Note that here, we have a contribution of the
form 77 ZZ;IE) a,(p) log? 7, corresponding to an infinite sum of residues.

We therefore have some algorithmic way to get the asymptotic develop-
ment in terms of the description of the polar set of the meromorphic form

(1 —s)T(1 — s9)T(s1 4 59 + 17715 (55 90)
51852

involved in the integral expression for O(7; ). For more details on such a
method, one may refer to [20] (where the complete intersection hypothesis is
dropped). This completes the proof of our proposition. <
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