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Abstract

We address the problem of computing in the group ofℓk-torsion rational points of the
jacobian variety of algebraic curves over finite fields, witha view toward computing modular
representations.

Contents

1 Introduction 2

2 Context: the inverse Jacobi problem 4

3 Basic algorithms for plane curves 5
3.1 Finite fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .5
3.2 Plane projective curves and their smooth model . . . . . . . .. . . . . . . . . . 5
3.3 Divisors, forms, and functions . . . . . . . . . . . . . . . . . . . . .. . . . . . 6
3.4 The Brill-Noether algorithm . . . . . . . . . . . . . . . . . . . . . . .. . . . . 7

4 A first approach to picking random divisors 9

5 Pairings 13

6 Divisible groups 15

7 The Kummer map 17

8 Linearization of torsion classes 19

9 An example: modular curves 21
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1 Introduction

Let Fq be a finite field of characteristicp andA2 ⊂ P2 the affine and projective planes overFq
andC ⊂ P2 a plane projective absolutely irreducible reduced curve over Fq andX its smooth
projective model andJ the jacobian variety ofX . Let g be the genus ofX andd the degree of
C.

We assume that we are given the numerator of the zeta functionof the function fieldFq(X ).
So we know the characteristic polynomial of the Frobenius endomorphismFq of J . This is a
monic degree2g polynomialχ(X) with integer coefficients.

Let ℓ 6= p be a prime integer and letn = ℓk be a power ofℓ. We look for anice generating
setfor the groupJ [ℓk](Fq) of ℓk-torsion points inJ (Fq). By nicewe mean that the generating
set(gi)1≤i≤I should induce a decomposition ofJ [ℓk](Fq) as a direct product

∏

1≤i≤I < gi > of
cyclic subgroups with non-decreasing orders.

Given such a generating set and anFq-endomorphism ofJ , we also want to describe the
action of this endomorphism onJ [ℓk](Fq) by anI × I integer matrix.

In section 3 we recall how to compute in the Picard groupJ (Fq). Section 4 gives a naive
algorithm for picking random elements in this group. Pairings are useful when looking for re-
lations between divisor classes. So we recall how to computepairings in section 5. Section 6
is concerned with characteristic subspaces for the action of Frobenius inside theℓ∞-torsion of
J (F̄q). In section 7 we look for a convenient surjection fromJ (Fq) onto itsℓk-torsion subgroup.
We use the Kummer exact sequence and the structure of the ringgenerated by the Frobenius en-
domorphism. In section 8 we give an algorithm that, on input adegreed plane projective curve
over Fq, plus some information on its singularities, and the zeta function of its function field,
returns a nice generating set for the group ofℓk-torsion points insideJ (Fq) in probabilistic poly-
nomial time inlog q, d andℓk. Sections 9 and 10 are devoted to two families of modular curves.
We give a nice plane model for such curves. The general algorithms presented in section 8 are
then applied to these modular curves in section 11 in order tocompute explicitly the modular
representation moduloℓ associated with the discriminant modular form (level1 and weight12).
This moduloℓ representationVℓ is seen as a subgroup of orderℓ2 inside theℓ-torsion ofJ1(ℓ)/Q.
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The idea is to compute the reduction modulop of the group schemeVℓ as a subgroup ofJ1(ℓ)/Fp,
for many small primesp. One then lifts using the Chinese Remainder Theorem. This makes a
connection with Edixhoven’s program for computing coefficients of modular forms. My contri-
bution to this program is sketched in section 2. See [10, 11].The core of Edixhoven’s program
is that if one knowsVℓ, one can efficiently compute the Ramanujan functionτ(P ) moduloℓ for
a large primeP . If we have enough primesℓ, we can deduce the actual value ofτ(P ).

The last three sections present variants of the main algorithm and auxiliary results. Section 12
presents a simpler variant of the method of section 11, that is particularly useful when the action
of the p-Frobenius onVℓ modulop is semisimple non-scalar. In the non-semisimple case, this
simpler method may only produce a non-trivial subspace insideVℓ modulop. Section 14 proves
that this semisimplicity condition holds quite often indeed, as expected. As a consequence, one
may compute the representationVℓ associated with the discriminant form for at least half (say)
the primesℓ, using this simplified algorithm. This suffices for the purpose of computing the
Ramanujan functionτ(P ) at a large primeP since we may afford to skip half the auxiliary primes
ℓ. On the other hand, if one wishes to compute a representationmoduloℓ for a givenℓ, then one
should be ready to face (at least theoretically) the case when no small primep is semisimple for
ℓ. In that situation, the simplified algorithm would only givea non-trivial subspace ofVℓ modulo
p for many primesp.

Section 13 addresses the problem of computingVℓ from all the knowledge we have collected
concerningVℓ mod p for many small primesp. It requires a sort of interpolation theorem in the
context of polynomials with integer coefficients. The goal is to recover a polynomialP (X) once
given a collection of non-trivial factors ofP (X) mod p for many primesp. This helps recovering
Vℓ/Q once given a subspace in its reduction modulop for enough small primesp.

Altogether, this proves that the simplified algorithm, despite the possibility of many non-
semisimple primesp, suffices to computeVℓ/Q for all ℓ.

Remark 1 The symbolO in this article stands for a positive effective absolute constant. So any
statement containing this symbol becomes true if the symbolis replaced in every occurrence by
some large enough real number.

Remark 2 By an algorithm in this paper we usually mean a probabilistic(Las Vegas) algorithm.
This is an algorithm that succeeds with probability≥ 1

2
. When it fails, it gives no answer. In some

places we shall give deterministic algorithms or probabilistic (Monte-Carlo) algorithms, but this
will be stated explicitly. A Monte-Carlo algorithm gives a correct answer with probability≥ 1

2
.

But it may give an incorrect answer with probability≤ 1
2
. A Monte-Carlo algorithm can be

turned into a Las Vegas one, provided we can efficiently checkthe correctness of the result. One
reason for using probabilistic Turing machines is that in many places it will be necessary (or
at least wiser) to decompose a divisor as a sum of places. Thisis the case in particular for the
conductor of some plane curve. Another more intrinsically probabilistic algorithm in this paper
is the one that searches for generators of the Picard group.
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2 Context: the inverse Jacobi problem

The initial motivation for this work is a discussion I had in 2000 with Bas Edixhoven about his
program aiming at polynomial time computation of coefficients of modular forms.

He asked how one can compute (e.g.) the decomposition field ofthe dimension two modulo
ℓ Galois representationVℓ associated to the discriminant modular form∆. This amounts to
computing the field of moduli of some very specialℓ-cyclic coverings ofX1(ℓ).

I had some experience in explicit computation of coverings using numerical techniques and
got the impression that a purely algebraic approach would fail to solve such a problem. This is
becauseVℓ, however small it is, is lost in the middle of the fullℓ-torsion ofJ1(ℓ). And the latter
is a huge dimension zero variety (its number of geometric points is exponential inℓ).

The second time I discussed this question with Edixhoven, itbecame clear that we had two
options. We might computeVℓ inside the complex torus ofJ1(ℓ) and evaluate a theta function at
some pointx in Vℓ. Edixhoven convinced me that this approach was unlikely to succeed since
the number of terms to be considered in the expansion of the theta function would be exponential
in ℓ, even for a poor accuracy. Another possibility was to solve the inverse Jacobi problem forx
and find a divisorD = P1 + · · · + Pg − gO in the class associated tox in the Picard group of
X1(ℓ). Then one would pick a functionf onX1(ℓ) and evaluateF (x) = f(P1) + · · · + f(Pg)
for example.

Solving the inverse Jacobi problem seemed easy. Indeed one could pick any divisorD0 =
P 0

1 + · · · + P 0
g − gO of the above form onX1(ℓ) and compute its imagex0 by the Jacobi map.

Then one would move slowly fromx0 to x inside the complex torusJ1(ℓ)(C). At each step the
corresponding divisor would be computed from the previous one using Newton’s method.

Although the Jacobi map is birational, it is not quite an isomorphism however. It has a
singular locus and it was not clear how one could avoid this obstacle in the journey fromx0 to x.

It was decided that I would think about how to solve this problem while Edixhoven would
prove good bounds on the height of the algebraic numberF (x) coming out of the algorithm.
Edixhoven first proved the analogous bound in the function field case. Then, Bas Edixhoven and
Robin de Jong, using Arakelov theory and results by Merkl in [11] or J. Jorgenson and J. Kramer
in [19], proved the bound for the height ofF (x).

On my side, I was trying to avoid the singular locus. I believethat in general, the problem
of avoiding the singular locus might very well be NP-complete. Indeed, if the curve under
consideration is very close to the boundary of the moduli space, the problem takes a discrete
aspect: the curve has long tubes and sometimes one may have todecide to push one point through
one tube or the other one. In case one makes the wrong decision, one may be lost for ever. The
problem can be phrased in a more mathematical way: if the curve is (close to) a Mumford curve,
solving the inverse Jacobi problem assumes one can solve thediscrete counterpart for it: solving
the Jacobi problem for a finite graph; namely the intersection graph of the curve. See [7] theorem
Theorem 2.1 and the following remark for a statement of this problem, that I suspect is very hard
when the genus of the graph tends to infinity.

Of course one may expect thatJ1(ℓ) keeps far enough from the boundary of its moduli space
whenℓ tends to infinity. However, I was not able to give a proof that the above ideas do succeed
in solving the inverse Jacobi problem, even for these curves. I had to build on a rather different
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idea and proved in [8] that forX0(ℓ) at least, solving the inverse Jacobi problem is deterministic
polynomial time inℓ and the required precision.

The first version of [8] was ready in January 2004. Extending this result to any modular curve
is just a technical problem, but I confess I was tired with technicalities and I stopped there with
the complex method.

Starting in August 2003 I decided to look for ap-adic analogue of this complex method:
looking for ap-adic approximation instead of a complex one. After some hesitation I realized
that computing modulo several small primesp and then lifting using the Chinese remainder
would lead to a simpler algorithm. This text gathers the results of this research. The methods
presented here are the discrete counterpart of the ones in [8]. The essence of theorem 2 is that the
discrete method presented in this paper applies to modular curvesX1(ℓ). This is exactly what is
needed for the purpose of computing the Ramanujan function.

The complex approach is more tedious but leads to deterministic algorithms. The main reason
is that the set of complex points in the jacobian is a connected topological space. The modulop
approach that we present here seems intrinsically probabilistic, because one has to find generators
of Picard groups of curves over finite fields.

I should also say that the complex approach was not abandonedsince Johan Bosman started
in June 2004 his PhD with Edixhoven on this topic and he succeeded in explicitly computing
someVℓ using the complex method. See [3]. He built on the Newton approach to solving the
inverse Jacobi problem, as sketched above. This shows that the singular locus of the Jacobi map
is not so disturbing after all, at least in practice.

Several sections in this text have been included in Edixhoven’s report [11]. Many thanks are
due to Bas Edixhoven and Robin de Jong for useful discussions, suggestions, and comments.

Many thanks also to John Cremona and the anonymous referee for reading in detail this long
manuscript and for their useful comments.

3 Basic algorithms for plane curves

We recall elementary results about computing in the Picard group of an algebraic curve over a
finite field. See [16, 33].

3.1 Finite fields

We should first explain how finite fields are represented. The base fieldFq is given by an irre-
ducible polynomialf(X) with degreea and coefficients inFp wherep is the characteristic and
q = pa. SoFq is Fp[X]/f(X). An extension ofFq is given similarly by an irreducible polyno-
mial in Fq[X]. Polynomial factoring inFq[X] is probabilistic polynomial time inlog q and the
degree of the polynomial to be factored.

3.2 Plane projective curves and their smooth model

We now explain how curves are supposed to be represented in this paper.
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To start with, a projective plane curveC overFq is given by a degreed homogeneous poly-
nomialE(X, Y, Z) in the three variablesX, Y andZ, with coefficients inFq. The curveC
is assumed to be absolutely irreducible and reduced. By apoint on C we mean a geometric
point (an element ofC(F̄q)). Any F̄q-point onC can be represented by its affine or projective
coordinates.

Let X be a smooth model ofC. There is a desingularization mapX → C. If P ∈ X (F̄q) is
a geometric point onX above a singular pointS onC, we say thatP is asingular branch.

The conductorC is an effective divisor onX with even coefficients. Some authors call it
the adjunction divisor. Its support is made of all singular branches. The conductor expresses the
local behaviour of the mapX → C. See [29, IV.1], [15]. We havedeg(C) = 2δ whereδ is the
difference between the arithmetic genus(d−1)(d−2)

2
of C and the geometric genusg of X . Since

δ ≤ (d−1)(d−2)
2

, the support ofC contains at most(d−1)(d−2)
2

geometric points inX (F̄q). So the

field of definition of any singular branch onX is an extension ofFq with degree≤ (d−1)(d−2)
2

. A
modern reference for singularities of plane curves is [5] and especially section 5.8.

The smooth modelX of C is not given as a projective variety. Indeed, we shall only need a
nice local description ofX above every singularity ofC. This means we need a list of all singular
points onC, and a list (a labelling) of all points inX (F̄q) lying above every singularity ofC (the
singular branches), and a uniformizing parameter at every such branch. We also need the Laurent
series expansions of affine plane coordinates in terms of allthese uniformizing parameters.

More precisely, letP ∈ X (F̄q) be a geometric point above a singular pointS, and letv be
the corresponding valuation. The field of definition ofP is an extension fieldFP of Fq with
degree≤ (d−1)(d−2)

2
. Let x andy be affine coordinates that vanish at the singular pointS onC.

We need a local parametert atP and expansionsx =
∑

k≥v(x) akt
k andy =

∑

k≥v(y) bkt
k with

coefficients inFP .
Because these expansions are not finite, we just assume we aregiven an oracle that on input

a positive integern returns the firstn terms in all these expansions.
This is what we mean when we say the smooth modelX is given.
We may also assume that we are given the conductorC of C as a combination of singular

branches with even coefficients. The following algorithms still work if the conductor is replaced
by any divisorD that is greater than the conductor and has polynomial degreein d. Such a
divisor can be found easily: the singular branches onX are supposed to be known already, and
the multiplicities are bounded above by(d−1)(d−2)

2
.

There are many families of curves for which such a smooth model can be given as a Turing
machine that answers in probabilistic polynomial time in the sizelog q of the field and the de-
greed of C and the numbern of requested significant terms in the parametrizations of singular
branches. This is the case for curves with ordinary multiplepoints for example. We shall show
in sections 9 and 10 that this is also the case for two nice families of modular curves.

3.3 Divisors, forms, and functions

SmoothF̄q-points onC are represented by their affine or projective coordinates. Labelling for
the branches above singular points is given in the description ofX . So we know how to represent
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divisors onX .
For any integerh ≥ 0 we set

Sh = H0(P2/Fq,OP2/Fq
(h))

theFq-linear space of degreeh homogeneous polynomials inX, Y , andZ. It is a vector space
of dimension(h+1)(h+2)

2
overFq. A basis for it is made of all monomials of the formXaY bZc

with a, b, c ∈ N anda + b+ c = h.
We denote by

Hh = H0(X /Fq,OX/Fq(h))

the space of forms of degreeh onX . HereOX/Fq(h) is the pullback ofOP2/Fq
(h) toX .

Let W be a degreeh form on P2 having non-zero pullbackWX on X . Let H = (WX ) be
the divisor of this restriction. The mapf 7→ f

WX

is a bijection fromH0(X /Fq,OX/Fq(h)) to the
linear spaceL(H).

If ∆ is a divisor onX we noteHh(−∆) the subspace of forms inHh with divisor≥ ∆. The
dimension ofHh(−C) is at leastdh+1−g−deg(C) and is equal to this number when it exceeds
g − 1. This is the case ifh ≥ d. The dimension ofHh(−C) is greater than2g if h ≥ 2d.

The image of the restriction mapρ : Sh → Hh containsHh(−C) according to Noether’s
residue theorem [15, Theorem 7].

We setSC = S2d andHC = H2d(−C), andHC = ρ−1(HC) ⊂ SC andKC = Ker(ρ) ⊂ HC .
So we have0 → KC → HC → HC → 0.

To find linear equations forHC ⊂ SC we consider a generic homogeneous formF (X, Y, Z) =
∑

a+b+c=2d ǫa,b,cX
aY bZc of degree2d inX, Y andZ. For every branchP above a singular point

S ∈ C (assuming for example thatS has non-zeroZ-coordinate) we replace inF (X
Z
, Y
Z
, 1) the

affine coordinatesx = X
Z

andy = Y
Z

by their expansions as series in the local parametertP at
this branch. We ask the resulting series intP to have valuation at least the multiplicity ofP in the
conductorC. Every singular branch thus produces linear equations in theǫa,b,c. The collection of
all such equations defines the subspaceHC .

A basis for the subspaceKC ⊂ HC ⊂ SC consists of allXaY bZcE(X, Y, Z) with a+b+c =
d. We fix a supplementary spaceMC toKC in HC and assimilateHC to it.

Given a homogeneous form in three variables one can compute its divisor onX using re-
sultants and the given expansions of affine coordinates in terms of the local parameters at every
singular branch. A function is given as a quotient of two forms.

3.4 The Brill-Noether algorithm

Linear spaces of forms computed in the previous paragraph allow us to compute in the group
J (Fq) of Fq-points in the jacobian ofX . We fix an effectiveFq-divisorω with degreeg onX .
This ω will serve as an origin: a pointα ∈ J (Fq) is represented by a divisorA − ω in the
corresponding linear equivalence class, whereA is an effectiveFq-divisor with degreeg. Given
another pointβ ∈ J (Fq) by a similar divisorB−ω, we can compute the spaceH2d(−C−A−B)
which is non-trivial and pick a non-zero formf1 in it. The divisor off1 is (f1) = A+B+C+R
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whereR is an effective divisor with degree2d2 − 2g − 2δ. The linear spaceH2d(−C − R − ω)
has dimension at least1. We pick a non-zero formf2 in it. It has divisor(f2) = C +R+ ω +D
whereD is effective with degreeg. AndD − ω is linearly equivalent toA− ω +B − ω.

In order to invert the classα of A − ω we pick a non-zero formf1 in H2d(−C − 2ω). The
divisor of f1 is (f1) = 2ω + C + R whereR is an effective divisor with degree2d2 − 2g − 2δ.
The linear spaceH2d(−C − R − A) has dimension at least1. We pick a non-zero formf2 in it.
It has divisor(f2) = C +R+ A +B whereB is effective with degreeg. AndB − ω is linearly
equivalent to−(A− ω).

This algorithm works just as well if we replaceC by someD ≥ C having polynomial degree
in d.

Lemma 1 (Arithmetic operations in the jacobian) Let C/Fq be a degreed plane projective
absolutely irreducible reduced curve. Letg be the geometric genus ofC. Assume we are given
the smooth modelX ofC and aFq-divisor with degreeg onX , denotedω. We assumeω is given
as a difference between two effective divisors with degreesbounded by a polynomial ind. Thisω
serves as an origin. Arithmetic operations in the Picard groupPic0(X /Fq) can be performed in
time polynomial inlog q andd. This includes addition, substraction and comparison of divisor
classes.

If ω is not effective, we use lemma 2 below to compute a non-zero functionf in L(ω) and
we writeω′ = (f) + ω. This is an effective divisor with degreeg. We replaceω by ω′ and finish
as in the paragraph before lemma 1 2

We now recall the principle of the Brill-Noether algorithm for computing complete linear
series. Functions inFq(X ) are represented as quotients of forms.

Lemma 2 (Brill-Noether) There exists an algorithm that on input a degreed plane projective
absolutely irreducible reduced curveC/Fq and the smooth modelX of C and two effectiveFq-
divisorsA andB onX , computes a basis forL(A − B) in time polynomial ind and log q and
the degrees ofA andB.

We assumedeg(A) ≥ deg(B), otherwiseL(A−B) = 0. Let a be the degree ofA. We leth
be the smallest integer such thath ≥ 2d andhd+ g + 1 > a+ (d− 1)(d− 2).

So the spaceHh(−C − A) is non-zero. It is contained in the image of the restriction map
ρ : Sh → Hh so that we can represent it as a subspace ofSh. We pick a non-zero formf in
Hh(−C −A) and compute its divisor(f) = C + A+D.

The spaceHh(−C − B − D) is contained in the image of the restriction mapρ : Sh → Hh

so that we can represent it as a subspace ofSh. We compute formsγ1, γ2, ...,γk in Sh such that
their images byρ provide a basis forHh(−C − B − D). A basis forL(A − B) is made of the
functionsγ1

f
, γ2
f

, ..., γk

f
. Again this algorithm works just as well if we replaceC by someD ≥ C

having polynomial degree ind. 2

We deduce an explicit moving lemma for divisors.

Lemma 3 (Moving divisor lemma I) There exists an algorithm that on input a degreed plane
projective absolutely irreducible reduced curveC/Fq and the smooth modelX ofC and a degree
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zeroFq-divisorD = D+ − D− and an effective divisorA with degree< q on X computes a
divisorE = E+ − E− linearly equivalent toD and disjoint toA in time polynomial ind and
log q and the degrees ofD+, andA. Further the degree ofE+ andE− can be taken to be≤ 2gd.

LetO be anFq-rational divisor onX such that1 ≤ deg(O) ≤ d and disjoint toA. We may
takeO to be a well chosen fiber of some plane coordinate function onX . We compute the linear
spaceL = L(D+−D− +2gO). The subset of functionsf in L such that(f)+D+−D− +2gO
is not disjoint toA is contained in a union of at mostdeg(A) < q hyperplanes. We conclude
invoking lemma 4 below. 2

There remains to state and prove the

Lemma 4 (Solving inequalities) Let q be a prime power,d ≥ 2 andn ≥ 1 two integers and let
H1, ...,Hn be hyperplanes insideV = Fdq , each given by a linear equation. Assumen < q. There
exists a deterministic algorithm that finds a vector inU = V − ⋃1≤k≤nHk in time polynomial
in log q, d andn.

This is proved by lowering the dimensiond. For d = 2 we pick any affine lineL in V not
containing the origin. We observe that there are at leastq−n points inU∩L = L−⋃1≤k≤n L∩Hk.
We enumerate points inL until we find one which is not in anyHk. This requires at mostn + 1
trials.

Assume nowd is bigger than2. Hyperplanes inV are parametrized by the projective space
P(V̂ ) whereV̂ is the dual ofV . We enumerate points inP(V̂ ) until we find a hyperplaneK
distinct from everyHk. We compute a basis forK and an equation for everyHk ∩ K in this
basis. This way, we have lowered the dimension by1. 2

We can strengthen a bit the moving divisor algorithm by removing the condition thatA has
degree< q. Indeed, in case this condition is not met, we callα the smallest integer such that
qα > deg(A) and we setβ = α + 1. We apply lemma 3 after base change to the field withqα

elements and find a divisorEα. We calleα the norm ofEα from Fqα to Fq. It is equivalent to
αD. We similarly construct a divisoreβ that is equivalent to(α + 1)D. We return the divisor
E = eβ − eα. We observe that we can takeα ≤ 1 + logq deg(A) so the degree of the positive
partE+ of E is≤ 6gd(logq(deg(A)) + 1).

Lemma 5 (Moving divisor lemma II) There exists an algorithm that on input a degreed plane
projective absolutely irreducible curveC/Fq and the smooth modelX of C and a degree zero
Fq-divisorD = D+ − D− and an effective divisorA onX computes a divisorE = E+ − E−

linearly equivalent toD and disjoint toA in time polynomial ind and log q and the degrees of
D+, andA. Further the degree ofE+ andE− can be taken to be≤ 6gd(logq(deg(A)) + 1).

4 A first approach to picking random divisors

Given a finite fieldFq and a plane projective absolutely irreducible reduced curveC overFq with
projective smooth modelX , we callJ the jacobian ofX and we consider two related problems:
picking a random element inJ (Fq) with (close to) uniform distribution and finding a generating
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set for (a large subgroup of)J (Fq). Let g be the genus ofX . We assume we are given a degree
1 divisorO = O+ − O− whereO+ andO− are effective,Fq-rational and have degree bounded
by an absolute constant timesg.

We know from [26, Theorem 2] that the groupPic0(X /Fq) is generated by the classes[p −
deg(p)O] wherep runs over the set of prime divisors of degree≤ 1 + 2 logq(4g − 2). For the
convenience of the reader we quote this result as a lemma.

Lemma 6 (Müller, Stein, Thiel) LetK be an algebraic function field of one variable overFq.
LetN ≥ 0 be an integer. Letg be the genus ofK. Let χ : Div(K) → C∗ be a character of
finite order which is non-trivial when restricted toDiv0. Assume thatχ(B) = 1 for every prime
divisorB of degree≤ N . Then

N < 2 logq(4g − 2).

If q < 4g2, the number of prime divisors of degree≤ 1 + 2 logq(4g− 2) is bounded byOgO.
So we can compute easily a small generating set forJ (Fq).

In the rest of this section, we will assume that the sizeq of the field is greater than or equal
to 4g2. This condition ensures the existence of aFq-rational point.

Picking efficiently and provably random elements inJ (Fq) with uniform distribution seems
difficult to us. We first give here an algorithm for efficientlyconstructing random divisors with
a distribution that is far from uniform but still sufficient to construct a generating set for a large
subgroup ofJ (Fq). Once given generators, picking random elements becomes much easier.

Let r be the smallest prime integer bigger than30, 2g − 2 andd. We observer is less than
max(4g − 4, 2d, 60).

The setP(r, q) of Fq-places with degreer onX has cardinality

#P(r, q) =
#X (Fqr) − #X (Fq)

r
.

So

(1 − 10−2)
qr

r
≤ #P(r, q) ≤ (1 + 10−2)

qr

r
.

Indeed,|#X (Fqr) − qr − 1| ≤ 2gq
r
2 and|#X (Fq) − q − 1| ≤ 2gq

1
2 .

So
∣

∣#P(r, q) − qr

r

∣

∣ ≤ 4g+3
r
q

r
2 ≤ 8q

r
2 and8rq

−r
2 ≤ r23− r

2 ≤ 10−2 sincer ≥ 31.
Since we are given a degreed plane modelC for the curveX , we have a degreed map

x : X → P1. Sinced < r, the functionx mapsP(r, q) to the setU(r, q) of monic prime
polynomials of degreer overFq. The cardinality ofU(r, q) is qr−q

r
so

(1 − 10−9)
qr

r
≤ #U(r, q) ≤ qr

r
.

The fibers of the mapx : P(r, q) → U(r, q) have cardinality between0 andd.
We can pick a random element inU(r, q) with uniform distribution in the following way: we

pick a random monic polynomial of degreer with coefficients inFq, with uniform distribution.
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We check whether it is irreducible. If it is, we output it. Otherwise we start again. This is
polynomial time inr andlog q.

Given a random element inU(r, q) with uniform distribution, we can compute the fiber of
x : P(r, q) → U(r, q) above it and, provided this fiber is non-empty, pick a random element in
it with uniform distribution. If the fiber is empty, we pick another element inU(r, q) until we
find a non-empty fiber. At least one in everyd× (0.99)−1 fibers is non-empty. We thus define a
distributionµ onP(r, q) and prove the following.

Lemma 7 (A very rough measure) There is a unique measureµ onP(r, q) such that all non-
empty fibers of the mapx : P(r, q) → U(r, q) have the same measure, and all points in a given
fiber have the same measure. There exists a probabilistic algorithm that picks a random element
in P(r, q) with distributionµ in time polynomial ind andlog q. For every subsetZ ofP(r, q) the
measureµ(Z) is related to the uniform measure#Z

#P(r,q)
by

#Z

d#P(r, q)
≤ µ(Z) ≤ d#Z

#P(r, q)
.

Now letD(r, q) be the set of effectiveFq-divisors with degreer onX . Since we have assumed
q ≥ 4g2 we know thatX has at least oneFq-rational point. LetΩ be a degreer effective divisor
onX /Fq. We associate to everyα inD(r, q) the class ofα−Ω in J (Fq). This defines a surjection
Jr : D(r, q) → J (Fq) with all its fibers having cardinality#Pr−g(Fq).

So the setD(r, q) has cardinalityq
r−g+1−1
q−1

#J (Fq).
So

#P(r, q) ≤ #D(r, q) ≤ qr−g
1 − 1

qr−g+1

1 − 1
q

qg(1 +
1√
q
)2g.

Sinceq ≥ 4g2 we have#D(r, q) ≤ 2eqr.
AssumeG is a finite group andψ an epimorphism of groupsψ : J (Fq) → G. We look for

some divisor∆ ∈ D(r, q) such thatψ(Jr(∆)) 6= 0 ∈ G. Since all the fibers ofψ ◦ Jr have the
same cardinality, the fiber above0 has at most2eq

r

#G
elements. So the number of prime divisors

∆ ∈ P(r, q) such thatψ(Jr(∆)) is not0 is at leastqr(0.99
r

− 2e
#G

). We assume#G is at least12r.
Then at least half of the divisors inP(r, q) are not mapped onto0 by ψ ◦ Jr. Theµ-measure of
the subset consisting of these elements is at least1

2d
.

So if we pick a random∆ in P(r, q) with µ-measure as in lemma 7, the probability of success
is at least1

2d
. If we make2d trials, the probability of success is≥ 1 − exp(−1) ≥ 1

2
.

Lemma 8 (Finding non-zero classes)There exists a probabilistic (Monte-Carlo) algorithm that
takes as input

1. a degreed and geometric genusg plane projective absolutely irreducible reduced curveC
overFq, such thatq ≥ 4g2,

2. the smooth modelX ofC,

11



3. a degreeg effective divisorω, as origin,

4. an epimorphismψ : Pic0(X /Fq) → G (that need not be computable) such that the cardi-
nality ofG is at leastmax(48g, 24d, 720),

and outputs a sequence of2d elements inPic0(X /Fq) such that at least one of them is not in the
kernel ofψ with probability≥ 1

2
. The algorithm is polynomial time ind and log q.

As a special case we takeG = G0 = J (Fq) andψ = ψ0 the identity. Applying lemma
8 we find a sequence of elements inJ (Fq) out of which one at least is non-zero (with high
probability). We takeG1 to be quotient ofG by the subgroup generated by these elements and
ψ1 the quotient map. Applying the lemma again we construct another sequence of elements
in J (Fq) out of which one at least is not inG0 (with high probability). We go on like that
and produce a sequence of subgroups inJ (Fq) that increase with constant probability until the
index inJ (Fq) becomes smaller thanmax(48g, 24d, 720). Note that every step in this method is
probabilistic: it succeeds with some probability, that canbe made very high (exponentially close
to 1) while keeping a polynomial overall complexity.

Lemma 9 (Finding an almost generating set)There exists a probabilistic (Monte-Carlo) al-
gorithm that takes as input

1. a degreed and geometric genusg plane projective absolutely irreducible reduced curveC
overFq, such thatq ≥ 4g2,

2. the smooth modelX ofC,

3. a degreeg effective divisorω, as origin,

and outputs a sequence of elements inPic0(X /Fq) that generate a subgroup of index at most

max(48g, 24d, 720)

with probability≥ 1
2
. The algorithm is polynomial time ind and log q.

Note that we do not catch the whole groupJ (Fq) of rational points but a subgroupA with
index at mostι = max(48g, 24d, 720). This is a small but annoying gap. In the sequel we shall
try to compute theℓ-torsion of the groupJ (Fq) of rational points. Because of the small gap in
the above lemma, we may miss someℓ-torsion points ifℓ is smaller thanι. However, letk be an
integer such thatℓk > ι. And letx be a point of orderℓ in J (Fq). Assume there exists a pointy
in J (Fq) such thatx = ℓk−1y. The group< y > generated byy and the groupA have non-trivial
intersection because the product of their orders is bigger than the order ofJ (Fq). Thereforex
belongs toA.

Our strategy for computingJ (Fq)[ℓ] will be to find a minimal field extensionFQ of Fq such
that all points inJ (Fq)[ℓ] are divisible byℓk−1 in J (FQ). We then shall apply the above lemma
toJ (FQ). To finish with, we shall have to computeJ (Fq) as a subgroup ofJ (FQ). To this end,
we shall use the Weil pairing.
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5 Pairings

Let n be a prime top integer andJ a jacobian variety overFq. The Weil pairing relates the full
n-torsion subgroupJ (F̄q)[n] with itself. It can be defined using Kummer theory and is geometric
in nature. The Tate-Lichtenbaum-Frey-Rück pairing is more cohomological and relates then-
torsionJ (Fq)[n] in the group ofFq-rational points and the quotientJ (Fq)/nJ (Fq). In this
section, we quickly review the definitions and algorithmic properties of these pairings, following
work by Weil, Lang, Menezes, Okamoto, Vanstone, Frey and Rück.

We first recall the definition of Weil pairing following [20].Let k be an algebraically closed
field with characteristicp. For every abelian varietyA overk, we denote byZ0(A)0 the group
of 0-cycles with degree0 and byS : Z0(A)0 → A the summation map, that associates to every
0-cycle of degree0 the corresponding sum inA.

Let V andW be two projective non-singular irreducible and reduced varieties overk, and let
α : V → A andβ : W → B be the canonical maps into their Albanese varieties. LetD be a
correspondence onV ×W . Let n ≥ 2 be a prime top integer. Leta (resp.b) be a0-cycle of
degree0 onV (resp.W ) and leta = S(α(a)) (resp.b = S(β(b))) be the associated point inA
(resp.B). Assumena = nb = 0. The Weil pairingen,D(a, b) is defined in [20, VI,§4, Theorem
10]. It is ann-th root of unity ink. It depends linearly ina, b andD.

AssumeV = W = X is a smooth projective irreducible and reduced curve overk and
A = B = J is its jacobian andα = β = f : X → J is the Jacobi map (once an origin onX
has been chosen). If we takeD to be the diagonal onX × X we define a pairingen,D(a, b) that
will be denoteden(a, b) or en,X (a, b). It does not depend on the origin for the Jacobi map. It is
non-degenerate.

The jacobianJ is principally polarized. We have an isomorphismλ : J → Ĵ betweenJ
and its dualĴ . If α is an endomorphismα : J → J , we denote bytα its transposetα : Ĵ → Ĵ .
If D is a divisor onJ that is algebraically equivalent to zero, the image bytα of the linear
equivalence class ofD is the linear equivalence class of the inverse imageα−1(D). See [20, V,
§1]. The Rosati dual ofα is defined to beα∗ = λ−1 ◦ tα ◦ λ. The mapα → α∗ is an involution,
andα∗ is the adjoint ofα for the Weil pairing

en,X (a, α(b)) = en,X (α∗(a), b) (1)

according to [20, VII,§2, Proposition 6].
If Y is another smooth projective irreducible and reduced curveoverk andK its jacobian

andφ : X → Y a non-constant map with degreed, andφ∗ : K → J the associated map between
jacobians, then fora andb of order dividingn in K one hasen,X (φ∗(a), φ∗(b)) = en,Y(a, b)d.

The Frey-Rück pairing can be constructed from the Lichtenbaum version of Tate’s pairing
[22] as was shown in [14]. Letq be a power ofp. Let againn ≥ 2 be an integer prime top
andX a smooth projective absolutely irreducible reduced curve over Fq. Let g be the genus of
X . We assumen dividesq − 1. Let J be the jacobian ofX . The Frey-Rück pairing{, }n :
J (Fq)[n]×J (Fq)/nJ (Fq) → F∗

q/(F
∗
q)
n is defined as follows. We take a class of order dividing

n in J (Fq). Such a class can be represented by anFq-divisorD with degree0. We take a class in
J (Fq) and pick a degree zeroFq-divisorE in this class, that we assume to be disjoint toD. The
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pairing evaluated at the classes[D] and [E] mod n is {[D], [E] mod n}n = f(E) mod (F∗
q)
n

wheref is any function with divisornD. This is a non-degenerate pairing.

We now explain how one can compute the Weil pairing, following work by Menezes, Okamo-
to, Vanstone, Frey and Rück. The Tate-Lichtenbaum-Frey-Rück pairing can be computed simi-
larly.

As usual, we assume we are given a degreed plane modelC for X . Assumea andb have dis-
joint support (otherwise we may replacea by some linearly equivalent divisor using the explicit
moving lemma 3.) We compute a functionφ with divisorna. We similarly compute a function
ψ with divisornb. Thenen(a, b) = ψ(a)

φ(b)
. This algorithm is polynomial in the degreed of C and

the ordern of the divisors, provided the initial divisorsa andb are given as differences between
effective divisors with polynomial degree ind.

Using an idea that appears in a paper by Menezes, Okamoto and Vanstone [24] in the context
of elliptic curves, and in [14] for general curves, one can make this algorithm polynomial inlog n
in the following way. We writea = a0 = a+

0 − a−
0 wherea+

0 anda−
0 are effective divisors. Letφ

be the function computed in the above simple minded algorithm. One has(φ) = na+
0 −na−

0 . We
want to expressφ as a product of small degree functions. We use a variant of fast exponentiation.
Using lemma 3 we compute a divisora1 = a+

1 − a−
1 and a functionφ1 such thata1 is disjoint

to b and(φ1) = a1 − 2a0 and such that the degrees ofa+
1 anda−

1 are≤ 6gd(logq(deg(b)) + 1).
We go on and compute, fork ≥ 1 an integer, a divisorak = a+

k − a−
k and a functionφk such

that ak is disjoint to b and (φk) = ak − 2ak−1 and such that the degrees ofa+
k and a−

k are
≤ 6gd(logq(deg(b)) + 1). We write the base2 expansion ofn =

∑

i ǫk2
k with ǫk ∈ {0, 1}. We

compute the functionΨ with divisor
∑

k ǫkak. We claim that the functionφ can be written as a
product of theφk, for k ≤ log2 n, andΨ with suitable integer exponents bounded byn in absolute
value. Indeed we writeµ1 = φ1, µ2 = φ2φ

2
1, µ3 = φ3φ

2
2φ

4
1 and so on. We have(µk) = ak − 2ka

andΨ
∏

k µ
−ǫk
k has divisorna so is theφ we were looking for.

Lemma 10 (Computing the Weil pairing) There exists an algorithm that on input an integer
n ≥ 2 prime toq and a degreed absolutely irreducible reduced plane projective curveC over
Fq and its smooth modelX and twoFq-divisors onX , denoteda = a+ − a− andb = b+ − b−,
with degree0, and order dividingn in the jacobian, computes the Weil pairingen(a, b) in time
polynomial ind, log q, log n and the degrees ofa+, a−, b+, b−, the positive and negative parts of
a andb.

Lemma 11 (Computation of Tate-Lichtenbaum-Frey-R̈uck pairings) There exists an algo-
rithm that on input an integern ≥ 2 dividing q − 1 and a degreed absolutely irreducible
reduced plane projective curveC over Fq and its smooth modelX and twoFq-divisors onX ,
denoteda = a+ − a− andb = b+ − b−, with degree0, and such that the class ofa has order
dividing n ≥ 2 in the jacobian, computes the Tate-Lichtenbaum-Frey-Rück pairing{a, b}n in
time polynomial ind, log q, logn and the degrees ofa+, a−, b+, b−, the positive and negative
parts ofa andb.
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6 Divisible groups

Let Fq be a finite field with characteristicp and letX be a projective smooth absolutely irre-
ducible reduced algebraic curve overFq. Let g be the genus ofX and letℓ 6= p be a prime
integer. We assumeg ≥ 1. LetJ be the jacobian ofX and letEnd(J /Fq) be the ring of endo-
morphisms ofJ overFq. Let Fq be the Frobenius endomorphism. In this section we study the
action ofFq on ℓk-torsion points ofJ . We first consider the wholeℓk-torsion group. We then
restrict to some well chosen subgroups where this action is more amenable.

Let χ(X) be the characteristic polynomial ofFq ∈ End(J /Fq). The Rosati dual toFq is
q/Fq. LetO = Z[X]/χ(X) andOℓ = Zℓ[X]/χ(X). We setϕq = X mod χ(X) ∈ O. Mapping
ϕq ontoFq defines an epimorphism from the ringO ontoZ[Fq]. In order to control the degree of
the field of definition ofℓk-torsion points we shall bound the order ofϕq in (O/ℓkO)∗.

We setU1 = (O/ℓO)∗ = (Fℓ[X]/χ(X))∗. Let the prime factorization ofχ(X) mod ℓ be
∏

i χi(X)ei with deg(χi) = fi. The order ofU1 is
∏

i ℓ
(ei−1)fi(ℓfi − 1). Let γ be the smallest

integer such thatℓγ is bigger than or equal to2g. Then the exponent of the groupU1 divides
A1 = ℓγ

∏

i(ℓ
fi − 1). We setB1 =

∏

i(ℓ
fi − 1) andC1 = ℓγ. There is a unique polynomial

M1(X) ∈ Z[X] with degree< 2g such thatϕ
A1
q −1

ℓ
= M1(ϕq) ∈ O.

Now for every positive integerk, the elementϕq belongs to the unit groupUk = (O/ℓkO)∗

of the quotient algebraO/ℓkO = Z[X]/(ℓk, χ(X)). The prime factorization ofχ(X) mod ℓ
is lifted moduloℓk as

∏

i Ξi(X) with Ξi monic anddeg(Ξi) = eifi, and the order ofUk is
∏

i ℓ
fi(kei−1)(ℓfi − 1). The exponent of the latter group dividesAk = A1ℓ

k−1. So we setBk =
B1 =

∏

i(ℓ
fi − 1) andCk = C1ℓ

k−1 = ℓk−1+γ. There is a unique polynomialMk(X) ∈ Z[X]

with degree< deg(χ) such thatϕ
Ak
q −1

ℓk
= Mk(ϕq) ∈ O.

For every integerN ≥ 2 we can computeMk(X) mod N from χ(X) in probabilistic poly-
nomial time inlog q, log ℓ, logN , k, g: we first factorχ(X) mod ℓ then compute theχi and the
ei andfi. We computeXAk modulo(χ(X), ℓkN) using fast exponentiation. We remove1 and
divide byℓk.

Lemma 12 (Frobenius andℓ-torsion) Letk be a positive integer andℓ 6= p a prime. Letχ(X)
be the characteristic polynomial of the FrobeniusFq of J /Fq. Letei andfi be the multiplicities
and inertiae in the prime decomposition ofχ(X) mod ℓ. Letγ be the smallest integer such that
ℓγ is bigger than or equal to2g. LetB =

∏

i(ℓ
fi − 1). Let Ck = ℓk−1+γ andAk = BCk.

The ℓk-torsion in J splits completely over the degreeAk extension ofFq. There is a degree
< 2g polynomialMk(X) ∈ Z[X] such thatFAk

q = 1 + ℓkMk(Fq). For every integerN one
can compute such aMk(X) mod N fromχ(X) in probabilistic polynomial time inlog q, log ℓ,
logN , k, g.

In order to state sharper results it is convenient to introduceℓ-divisible subgroups inside the
ℓ∞-torsion of a jacobianJ , that may or may not correspond to subvarieties. We now see how to
define such subgroups and control their rationality properties.

Lemma 13 (Divisible group) LetΠ : J [ℓ∞] → J [ℓ∞] be a group homomorphism whose restric-
tion to its imageG is a bijection. Multiplication byℓ is then a surjection fromG to itself. We
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denote byG[ℓk] theℓk-torsion inG. There is an integerw such thatG[ℓk] is a freeZ/ℓkZ module
of rankw for everyk. We assume thatΠ commutes with the Frobenius endomorphismFq. We
then sayG is the divisible group associated withΠ. From Tate’s theorem [30]Π is induced by
some endomorphism inEnd(J /Fq)⊗Z Zℓ and we can defineΠ∗ the Rosati dual ofΠ and denote
byG∗ = Im(Π∗) the associated divisible group, that we call the adjoint ofG.

Remark 3 The dualG∗ does not only depend onG. It may depend onΠ also.

Remark 4 We may equivalently defineΠ∗ as the dual ofΠ for the Weil pairing. See formula (1).

We now give an example of divisible group. LetF (X) = F1(X) andG(X) = G1(X) be two
monic coprime polynomials inFℓ[X] such thatχ(X) = F1(X)G1(X) mod ℓ. From Bezout’s
theorem we have two polynomialsH1(X) andK1(X) in Fℓ[X] such thatF1H1 + G1K1 = 1
anddeg(H1) < deg(G1) anddeg(K1) < deg(F1). From Hensel’s lemma, for every positive
integerk there exist four polynomialsFk(X), Gk(X), Hk(X) andKk(X) in (Z/ℓkZ)[X] such
thatFk andGk are monic andχ(X) = Fk(X)Gk(X) mod ℓk andFkHk + GkKk = 1 mod ℓk

and deg(Hk) < deg(G1) and deg(Kk) < deg(F1) andF1 = Fk mod ℓ, G1 = Gk mod ℓ,
H1 = Hk mod ℓ, K1 = Kk mod ℓ. The sequences(Fk)k, (Gk)k, (Hk)k, (Kk)k converge in
Zℓ[X] to F0,G0,H0,K0.

If we substituteFq for X in F0H0 we obtain a mapΠG : J [ℓ∞] → J [ℓ∞] and similarly, if
we substituteFq for X in G0K0 we obtain a mapΠF . It is clear thatΠ2

F = ΠF andΠ2
G = ΠG

andΠF + ΠG = 1 andΠFΠG = 0. We callGF = Im(ΠF ) andGG = Im(ΠG) the associated
supplementaryℓ-divisible groups.

Definition 1 (Characteristic subspaces)For every non-trivial monic factorF (X) ofχ(X) mod
ℓ such that the cofactorG = χ/F mod ℓ is prime toF , we writeχ = F0G0 the corresponding
factorization inZℓ[X]. Theℓ-divisible groupGF is called theF0-torsion inJ [ℓ∞] and is denoted
J [ℓ∞, F0]. It is the characteristic subspace ofFq associated with the factorF . If F = (X−1)e is
the largest power ofX − 1 dividingχ(X) mod ℓ we abbreviateG(X−1)e = G1. If F = (X − q)e

then we write similarlyG(X−q)e = Gq = G∗
1.

We now compute fields of definitions for torsion points insidesuch divisible groups. The
action ofFq on theℓk-torsionGF [ℓk] = J [ℓk, F0] insideGF factors through the smaller ring
Oℓ/(ℓ

k, F0(ϕq)) = Zℓ[X]/(ℓk, F0). We deduce the following.

Lemma 14 (Frobenius andF0-torsion) Let k be a positive integer andℓ 6= p a prime. Let
χ(X) be the characteristic polynomial of the FrobeniusFq of J . Let χ = FG mod ℓ with F
andG monic coprime. Letei andfi be the multiplicities and inertiae in the prime decomposition
of F (X) mod ℓ. Let γ be the smallest integer such thatℓγ is bigger than or equal to2g. Let
B(F ) =

∏

i(ℓ
fi − 1). LetCk(F ) = ℓk−1+γ andAk(F ) = B(F )Ck(F ). Theℓk-torsion inGF

splits completely over the degreeAk(F ) extension ofFq. There is a degree< deg(F ) polynomial

Mk(X) ∈ Zℓ[X] such thatΠFF
Ak(F )
q = ΠF + ℓkΠFMk(Fq). For every powerN of ℓ, one can

compute such anMk(X) moduloN from χ(X) andF (X) in probabilistic polynomial time in
log q, log ℓ, logN , k, g.
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If we take forF the largest power ofX − 1 dividing χ(X) mod ℓ in the above lemma, we
can takeB(F ) = 1 soAk(F ) is anℓ power≤ 2gℓk.

If we take forF the largest power ofX − q dividing χ(X) mod ℓ in the above lemma, we
haveB(F ) = ℓ− 1 soAk(F ) is≤ 2g(ℓ− 1)ℓk.

So the characteristic spaces associated with the eigenvalues1 andq split completely over
small degree extensions ofFq.

7 The Kummer map

LetX be a smooth projective absolutely irreducible reduced curve overFq of genusg andJ the
jacobian ofX . Let n ≥ 2 be an integer dividingq − 1. We assumeg ≥ 1. In this section, we
construct a convenient surjection fromJ (Fq) toJ (Fq)[n].

If P is in J (Fq) we take someR ∈ J (F̄q) such thatnR = P and form the1-cocycle
(σR− R)σ in H1(Fq,J [n]). Using the Weil pairing we deduce an element

2 7→ (en(
σR− R,2))σ

in

Hom(J [n](Fq), H
1(µn)) = Hom(J [n](Fq),Hom(Gal(Fq), µn)).

The map that sendsP mod nJ (Fq) to 2 7→ (en(
σR − R,2))σ is injective because the

Frey-Rück pairing is non-degenerate. We observe thatHom(Gal(Fq), µn) is isomorphic toµn:
giving an homomorphism fromGal(Fq) to µn is equivalent to giving the image of the Frobenius
generatorFq. We obtain a bijectionTn,q from J (Fq)/nJ (Fq) to the dualHom(J [n](Fq), µn)
of J [n](Fq) that we call theTate map. It mapsP onto 2 7→ en(

FqR − R,2). If J [n] splits
completely overFq we setKn,q(P ) = FqR − R and define a bijectionKn,q : J (Fq)/nJ (Fq) →
J [n](Fq) = J [n] that we call theKummer map.

Definition 2 (The Kummer map) LetJ /Fq be a jacobian andn ≥ 2 an integer. AssumeJ [n]
splits completely overFq. For P in J (Fq) we choose anyR in J (F̄q) such thatnR = P and we
setKn,q(P ) = FqR− R. This defines a bijection

Kn,q : J (Fq)/nJ (Fq) → J [n](Fq) = J [n].

We now assume thatn = ℓk is a power of some prime integerℓ 6= p. We also make the
(strong !) assumption thatJ [n] splits completely overFq. We want to compute the Kummer map
Kn,q explicitly. Let P be anFq-rational point inJ . LetR be such thatnR = P . SinceFq − 1
kills J [n], there is anFq-endomorphismκ of J such thatFq−1 = nκ. We note thatκ belongs to
Z[Fq]⊗Z Q = Q[Fq] and therefore commutes withFq. We haveκ(P ) = (Fq−1)(R) = Kn,q(P )
andκ(P ) is Fq-rational.

Computing the Kummer map will be seen to be very useful but it requires thatJ [n] splits
completely overFq. In general, we shall have to base change to some extension ofFq.
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Let χ(X) be the characteristic polynomial ofFq and letB =
∏

i(ℓ
fi − 1) where thefi are

the degrees of prime divisors ofχ(X) (mod ℓ). Let ℓγ be the smallest power ofℓ that is bigger
than or equal to2g. LetCk = ℓγ+k−1 andAk = BCk. SetQ = qAk . From lemma 12 there is
a polynomialMk(X) such thatFQ = 1 + ℓkMk(Fq). So, forP anFQ-rational point inJ and
R such thatnR = P , the Kummer mapKn,Q applied toP is Mk(Fq)(P ) = (FQ − 1)(R) =
Kn,Q(P ) and this is anFQ-rational point.

Lemma 15 (Computing the Kummer map) LetJ /Fq be a jacobian. Letg ≥ 1 be its dimen-
sion. Letℓ 6= p be a prime integer andn = ℓk a power ofℓ. Let χ(X) be the characteristic
polynomial ofFq and letB =

∏

i(ℓ
fi −1) where thefi are the degrees of prime divisors ofχ(X)

(mod ℓ). Let ℓγ be the smallest power ofℓ that is bigger than or equal to2g. LetCk = ℓγ+k−1

andAk = BCk. SetQ = qAk and observe thatn dividesQ − 1 becauseJ [n] splits completely
overFQ. There exists an endomorphismκ ∈ Z[Fq] of J such thatnκ = FQ − 1 and for every
FQ-rational pointP and anyR with nR = P one hasκ(P ) = (FQ − 1)(R) = Kn,Q(P ). This
endomorphismκ induces a bijection betweenJ (FQ)/nJ (FQ) andJ [n](FQ) = J [n]. Given
χ(X) and a positive integerN one can computeκ mod N as a polynomial inFq with coefficients
in Z/NZ in probabilistic polynomial time ing, log ℓ, log q, k, logN .

This lemma is not of much use in practice because the fieldFQ is too big. On the other hand,
we may not be interested in the wholen-torsion inJ but just a small piece in it, namely the
n-torsion of a given divisible group.

So letℓ 6= p be a prime integer andG anℓ-divisible group inJ [ℓ∞] andΠ = Π2 : J [ℓ∞] →
G a projection onto it. Letn = ℓk and letQ be a power ofq such thatG[n] splits completely
overFQ. Let P be anFQ-rational point inG. Let R ∈ G(F̄q) be such thatnR = P . We set
KG,n,Q(P ) = FQR− R and define an isomorphism

KG,n,Q : G(FQ)/nG(FQ) → G(FQ)[n] = G[n].

In order to make this construction explicit, we now assume that there exists someκ ∈ Zℓ[Fq]
such thatΠ(FQ − 1 − nκ) = 0. Lemma 14 provides us with such aQ and such aκ when
G = J [ℓ∞, F0] is some characteristic subspace.

We now can compute this new Kummer mapKG,n,Q. LetP be anFQ-rational point inG. Let
R ∈ G be such thatnR = P . From(FQ − 1 − nκ)Π(R) = 0 = (FQ − 1 − nκ)(R) we deduce
thatKG,n,Q(P ) = κ(P ). Hence the

Lemma 16 (The Kummer map for a divisible group) Let J /Fq be a jacobian. Letg be its
dimension. Letℓ 6= p be a prime integer andn = ℓk a power ofℓ. We assumeg ≥ 1. Let
χ(X) be the characteristic polynomial ofFq. Assumeχ(X) = F (X)G(X) mod ℓ with F and
G monic coprime polynomials inFℓ[X] and let GF be the associatedℓ-divisible group. Let
B = (ℓ − 1)

∏

i(ℓ
fi − 1) where thefi are the degrees of prime divisors ofF (X) (mod ℓ).

Let ℓγ be the smallest power ofℓ that is bigger than or equal to2g. Let Ck = ℓk−1+γ and
Ak = BCk. SetQ = qAk . From lemma 14 there exists an endomorphismκ ∈ Zℓ[Fq] such
that ΠF (nκ − FQ + 1) = 0 and for everyFQ-rational pointP ∈ GF and anyR ∈ GF with
nR = P one hasκ(P ) = (FQ − 1)(R) = KG,n,Q(P ). This endomorphismκ induces a bijection
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betweenGF (FQ)/nGF (FQ) andGF [n](FQ) = GF [n]. Givenχ(X) andF (X) and a powerN
of ℓ, one can computeκ mod N as a polynomial inFq with coefficients inZ/NZ in probabilistic
polynomial time ing, log ℓ, log q, k, logN .

8 Linearization of torsion classes

Let C be a degreed plane projective absolutely irreducible reduced curveC overFq with geo-
metric genusg ≥ 1, and assume we are given the smooth modelX of C. We also assume we
are given a degree1 divisorO = O+ −O− whereO+ andO− are effective,Fq-rational and have
degree bounded by an absolute constant timesg.

Let J be the jacobian ofX . We assumeℓ 6= p is a prime integer that divides#J (Fq). Let
n = ℓk be a power ofℓ. We want to describeJ (Fq)[ℓ

k] by generators and relations.
If x1, x2, . . . ,xI are elements in a finite commutative groupG we letR be the kernel of the

mapξ : ZI → G defined byξ(a1, · · · , aI) =
∑

i aixi. We callR the lattice of relationsbetween
thexi.

We first give a very general and rough algorithm for computingrelations in any finite com-
mutative group.

Lemma 17 (Finding relations in blackbox groups) Let G be a finite and commutative group
and letx1, x2, ...,xI be elements inG. A basis for the lattice of relations between thexi can be
computed at the expense of3I#G operations (or comparisons) inG.

We first compute and store all the multiples ofx1. So we list0, x1, 2x1, . . . until we find the
first multiplee1x1 that is equal to zero. This gives us the relationr1 = (e1, 0, . . . , 0) ∈ R. This
first step requires at mosto = #G operations inG ando comparisons.

We then compute successive multiples ofx2 until we find the first onee2x2 that is inL1 =
{0, x1, . . . , (e1 − 1)x1}. This gives us a second relationr2. The couple(r1, r2) is a basis for the
lattice of relations betweenx1 andx2. Using this lattice, we compute the listL2 of elements in
the group generated byx1 andx2. This second step requires at most2o operations ande1e2 ≤ o
comparisons.

We then compute successive multiples ofx3 until we find the first onee3x3 that is inL2. This
gives us a third relationr3. The triple(r1, r2, r3) is a basis for the lattice of relations betweenx1,
x2 andx3. Using this lattice, we compute the listL3 of elements in the group generated byx1,
x2 andx3. This third step requires at most2o operations ando comparisons. And we go on like
this. 2

This is far from efficient unless the group is very small.
We come back to the computation of generators and relations forJ (Fq)[ℓ

k].
Let B = ℓ − 1. Let ℓγ be the smallest power ofℓ that is bigger than or equal to2g and let

Ak = Bℓγ+k−1. We setQk = qAk .
If we take forF a power ofX − 1 in definition 1 and lemma 16 we obtain two surjective

mapsΠ1 : J (FQk
)[ℓ∞] → G1(FQk

) andKG1,ℓk,Qk
: G1(FQk

) → G1[ℓ
k].

If we now take forF a power ofX− q in definition 1 and lemma 16 we obtain two surjective
mapsΠq : J (FQk

)[ℓ∞] → Gq(FQk
) andKGq,ℓk,Qk

: Gq(FQk
) → Gq[ℓ

k].
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There exists a unitu in End(J /Fq) ⊗Z Zℓ such that the Rosati dualΠ∗
1 of Π1 is

Π∗
1 = uΠq.

ThereforeGq = G∗
1 and the restriction of the Weil pairing toG1[ℓ

k]×Gq [ℓ
k] is non-degenerate.

If Qk ≥ 4g2, we use lemma 9 to produce a sequenceγ1, . . . , γI of elements inJ (FQk
)

that generate (with high probability) a subgroup of index atmostι = max(48g, 24d, 720). If
Qk ≤ 4g2 we use lemma 6 to produce a sequenceγ1, . . . ,γI of elements inJ (FQk

) that generate
it.

LetN be the largest divisor of#J (FQk
) which is prime toℓ.

We setαi = KG1,ℓk,Qk
(Π1(Nγi)) andβi = KGq,ℓk,Qk

(Πq(Nγi)).
The groupAk generated by theαi has index at mostι in G1[ℓ

k]. The groupBk generated by
theβi has index at mostι in Gq[ℓ

k].
Let ℓδ be smallest power ofℓ that is bigger thanι and assumek > δ. ThenAk contains

G1[ℓ
k−δ].

We now explain how to compute the lattice of relations between given elementsρ1, . . . ,ρJ in
G1[ℓ

k]. We denote byR this lattice. Recall the restriction of the Weil pairing toG1[ℓ
k] × Gq[ℓ

k]
is a non-degenerate pairing

eℓk : G1[ℓ
k] × Gq[ℓ

k] → µℓk .

We fix an isomorphism between the groupµℓk(F̄q) = µℓk(FQk
) of ℓk-th roots of unity and

Z/ℓkZ. Having chosen the preimage of1 mod ℓk, computing this isomorphism is a problem
calleddiscrete logarithm. We can compute this discrete logarithm by exhaustive search at the
expense ofO(ℓk) operations inFQk

. There exist more efficient algorithms, but we don’t need
them for our complexity estimates.

We regard the matrix(eℓk(βi, ρj)) as a matrix withI rows, J columns and coefficients in
Z/ℓkZ. This matrix defines a morphism fromZJ to (Z/ℓkZ)I whose kernel is a latticeR′ that
containsR. The index ofR in R′ is at mostι. IndeedR′/R is isomorphic to the orthogonal
complement ofBk in < ρ1, . . . , ρJ >⊂ G1[ℓ

k]. So it has order≤ ι. We then compute a basis
of R′. This boils down to computing the kernel of anI × (J + I) integer matrix with entries
bounded byℓk. This can be done by putting this matrix in Hermite normal form (see [6, 2.4.3]).
The complexity is polynomial inI, J andk log ℓ. See [17], [6, 2.4.3] and [31].

Once given a basis ofR′, the sublatticeR can be computed using lemma 17 at the expense
of ≤ 3Jι operations.

We apply this method to the generators(αi)i of Ak. Once given the latticeR of relations
between theαi it is a matter of linear algebra to find a basis(b1, . . . , bw) for Ak[ℓ

k−δ] = G1[ℓ
k−δ].

The latter group is a rankw free module overZ/ℓk−δZ and is acted on by theq-FrobeniusFq.
For everybj we can compute the lattice of relations betweenFq(bj), b1, b2, . . . ,bw and deduce the
matrix ofFq with respect to the basis(b1, . . . , bw). From this matrix we deduce a nice generating
set for the kernel ofFq − 1 in G1[ℓ

k−δ]. This kernel isJ [ℓk−δ](Fq). We deduce the following.

Theorem 1 There is a probabilistic Monte-Carlo algorithm that on input
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1. a degreed and geometric genusg plane projective absolutely irreducible reduced curveC
overFq,

2. the smooth modelX ofC,

3. a degree1 divisorO = O+ − O− whereO+ andO− are effective,Fq-rational and have
degree bounded by a constant timesg,

4. a primeℓ different from the characteristicp of Fq and a powern = ℓk of ℓ,

5. the zeta function ofX ;

outputs a setg1, . . . ,gW of divisor classes in the Picard group ofX /Fq, such that theℓk torsion
Pic(X /Fq)[ℓk] is the direct product of the< gi >, and the orders of thegi form a non-decreasing
sequence. Every classgi is given by a divisorGi − gO in the class, whereGi is a degreeg
effectiveFq-divisor onX .

The algorithm runs in probabilistic polynomial time ind, g, log q and ℓk. It outputs the
correct answer with probability≥ 1

2
. Otherwise, it may return either nothing or a strict subgroup

of Pic(X /Fq)[ℓk].
If one is given a degree zeroFq-divisorD = D+−D− of order dividingℓk, one can compute

the coordinates of the class ofD in the basis(gi)1≤i≤W in polynomial time ind, log q, ℓk and the
degree ofD+. These coordinates are integersxi such that

∑

1≤i≤W xigi = [D].

9 An example: modular curves

In this section we consider a family of modular curves for which we can easily provide and
study a plane model. Letℓ ≥ 5 be a prime. We setdℓ = ℓ2−1

4
andmℓ = ℓ−1

2
. We denote by

Xℓ = X(2)1(ℓ) the moduli of elliptic curves with full2-torsion plus one non-trivialℓ-torsion
point. We first describe a homogeneous singular plane modelCℓ for this curve. We enumerate
the geometric points onXℓ above every singularity ofCℓ and compute the conductorCℓ using the
Tate elliptic curve.

Let λ be an indeterminate and form the Legendre elliptic curve with equationy2 = x(x −
1)(x − λ). Call Tℓ(λ, x) the ℓ-division polynomial of this curve. It is a polynomial inQ[λ][x]
with degree2dℓ = ℓ2−1

2
in x.

As a polynomial inx we have

Tℓ(λ, x) =
∑

0≤k≤2dℓ

a2dℓ−k(λ)xk

wherea0(λ) has degree0 in λ so that we normalise by settinga0(λ) = ℓ.
Let F be a splitting field ofTℓ(λ, x) overQ(λ). A suitable twist of the Legendre curve has a

point of orderℓ defined overF (and the full two torsion also). This proves thatF contains the
function fieldQ(Xℓ). Comparison of the degrees ofF/Q(λ) andQ(Xℓ)/Q(λ) shows that the
two fieldsF andQ(Xℓ) are equal and the polynomialTℓ is irreducible inQ̄(λ)[x].
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We can compute the2dℓ roots ofTℓ(λ, x) in the fieldQ̄{{λ−1}} of Puiseux series inλ−1. We
set

j = j(λ) = 28 (λ2 − λ+ 1)3

λ2(λ− 1)2
= 28λ2(1 − λ−1 + 3λ−2 + 3λ−4 + · · · )

so thatj−1 = 2−8(λ−2 + λ−3 − 2λ−4 − 5λ−5 + · · · ).
We introduce Tate’sq-parameter, defined implicitly by

j =
1

q
+ 744 + 196884q + · · ·

so that

q = j−1 + 744j−2 + 750420j−3 + · · ·
=

1

256
λ−2 +

1

256
λ−3 +

29

8192
λ−4 +

13

4096
λ−5 + · · ·

We setx = x′ + 1+λ
3

andy′ = y and find the reduced Weierstrass equation for the Legendre
curve

y′2 = x′3 − λ2 − λ+ 1

3
x′ − (λ− 2)(λ+ 1)(2λ− 1)

27
.

We want to compare the latter curve and the Tate curve with equation

y′′2 = x′′3 − E4(q)

48
x′′ +

E6(q)

864

whereE4(q) = 1 + 240q + · · · andE6(q) = 1 − 504q + · · · .
The quotientE4(q)(dq)2

(λ2−λ+1)q2
is a quadratic differential on the curveX(2) with divisor−2(0)−2(1)

in theλ coordinate. Examination of the leading terms of its expansion shows that

E4

(

dq

q

)2

=
4(λ2 − λ+ 1)(dλ)2

λ2(1 − λ)2

and similarly

E6

(

dq

q

)3

=
4(λ− 2)(λ+ 1)(2λ− 1)(dλ)3

λ3(1 − λ)3
.

We deduce the isomorphismx′ = γ2x′′ andy′ = γ3y′′ with

γ2 = 2λ(λ− 1)

(

dq

qdλ

)

= −4λ+ 2 +
3

8
λ−1 +

3

16
λ−2 + · · · .

Setζℓ = exp(2iπ
ℓ

). Fora andb integers such that eitherb = 0 and1 ≤ a ≤ ℓ−1
2

or1 ≤ b ≤ ℓ−1
2

and0 ≤ a ≤ ℓ− 1 we setw = ζaℓ q
b
ℓ in the expansion
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x′′(w, q) =
1

12
+
∑

n∈Z

wqn

(1 − wqn)2
− 2

∑

n≥1

nqn

1 − qn

and find

x′′a,b =
1

12
+ ζaℓ q

b
ℓ +O(q

b+1
ℓ )

if b 6= 0, andx′′a,0 = 1
12

+
ζa
ℓ

(1−ζa
ℓ )2

+O(q).
So

xa,b = γ2x′′ +
1 + λ

3
= −4ζaℓ 2

−8b
ℓ λ1− 2b

ℓ +O(λ1− 2b+1
ℓ )

if b 6= 0 andxa,0 =
−4ζa

ℓ

(1−ζa
ℓ
)2
λ+O(1).

Thexa,b are the roots ofTℓ(λ, x) in the fieldQ̄{{λ−1}} of Puiseux series.
We deduce that for1 ≤ k ≤ ℓ−1

2
the polynomialak(λ) has degree at mostk. Further

a ℓ−1
2

(λ) = 2ℓ−1(−λ)
ℓ−1
2 +O(λ

ℓ−3
2 ). Fork > ℓ−1

2
the polynomialak(λ) has degree< k and≤ dℓ.

The coefficients in all the series expansions above are inZ[ 1
6ℓ
, ζℓ, 2

1
ℓ ]. The coefficients of

Tℓ(λ, x) are inZ[ 1
6ℓ

]. In factTℓ(λ, x) is in Z[λ, x] but this is not needed here.
SinceTℓ ∈ Q[λ, x] is absolutely irreducible, the equationTℓ(λ, x) = 0 defines a plane abso-

lutely irreducible affine curveCℓ. LetCℓ ⊂ P2 be the projective plane curve made of the zeroes
of the homogeneous polynomialTℓ( Λ

Y
, X
Y

)Y 2dℓ .
For every geometric pointP on Xℓ such thatλ(P ) 6∈ {0, 1,∞}, the functionλ − λ(P ) is

a uniformizing parameter atP . Furtherx(P ) is finite andP is the only geometric point onXℓ

above the point(λ(P ), x(P )) of Cℓ. So the only possible singularities ofCℓ lie on one of the
three lines with equationsΛ = 0, Y = 0 andΛ − Y = 0.

The points at infinity are given by the degree2dℓ form

2ℓ−1(−1)
ℓ−1
2 Λ

ℓ−1
2 X

ℓ2−ℓ
2 + · · ·+ ℓX

ℓ2−1
2 = X

ℓ2−ℓ
2

∏

0≤a≤ ℓ−1
2

(−4Λ − (ζaℓ + ζ−aℓ − 2)X).

We callΣ∞ = [1, 0, 0] the unique singular point at infinity and for every1 ≤ b ≤ ℓ−1
2

we call
σ∞,b the point aboveΣ∞ onXℓ associated with the orbit

{x0,b, x1,b, · · · , xℓ−1,b}
for the local monodromy group. We callµ∞,a the point onXℓ corresponding to the expansion
xa,0. The ramification index of the covering mapλ : Xℓ → X(2) is ℓ atσ∞,b and1 atµ∞,a. Since
ℓ− 2b andℓ are coprime, there exist two integersαb andβb such thatαb(ℓ− 2b) − βbℓ = 1 and
1 ≤ αb ≤ ℓ − 1 and1 ≤ βb ≤ ℓ − 1. The monomialxαbλ−βb ∈ Q̄(Xℓ) is a local parameter
at σ∞,b. Of course,λ−

1
ℓ is also a local parameter at this point, and it is much more convenient,

although it is not inQ̄(Xℓ).
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The morphismφ : Xℓ → X1(ℓ) corresponding to forgetting the2-torsion structure is Galois
with groupS3 generated by the two transpositionsτ(0,∞) and τ(0,1) defined in homogeneous
coordinates by

τ(0,∞) : [Λ, X, Y ] → [Y,X,Λ]

and

τ(0,1) : [Λ, X, Y ] → [Y − Λ, Y −X, Y ].

We observe that these act onXℓ, P2 andCℓ in a way compatible with the mapsXℓ → Cℓ
andCℓ ⊂ P2. We setΣ0 = τ(0,∞)(Σ∞) = [0, 0, 1] andΣ1 = τ(0,1)(Σ0) = [1, 1, 1]. We set
σ0,b = τ(0,∞)(σ∞,b) andσ1,b = τ(0,1)(σ0,b), µ0,a = τ(0,∞)(µ∞,a) andµ1,a = τ(0,1)(µ0,a).

The genus ofXℓ is gℓ = (ℓ−3)2

4
= (mℓ− 1)2. The arithmetic genus ofCℓ is ga = (m2

ℓ +mℓ−
1)(2m2

ℓ + 2mℓ − 1). We now compute the conductor ofCℓ. Locally atΣ∞ the curveCℓ consists
of mℓ branches (one for each pointσ∞,b) that are cusps with equations

(

X

Λ

)ℓ

= −22ℓ−8b

(

Y

Λ

)2b

+ · · ·

The conductor of this latter cusp isσ∞,b times(ℓ− 1)(2b− 1) which is the next integer to the
last gap of the additive semigroup generated byℓ and2b. The conductor of the full singularity
Σ∞ is now given by Gorenstein’s formula [15, Theorem 2] and is

∑

1≤b≤mℓ

{b(4m2
ℓ + 4mℓ − 1) − 2mℓ − (2mℓ + 1)b2} · σ∞,b.

The full conductorCℓ is the sum of this plus the two corresponding terms to the isomorphic
singularitiesΣ0 andΣ1. The degreedeg(Cℓ) of Cℓ is 2mℓ(2m

3
ℓ + 4m2

ℓ − 2mℓ − 1). So we set
δ = mℓ(2m

3
ℓ + 4m2

ℓ − 2mℓ − 1) and we check thatga = gℓ + δ.
Now let p 6∈ {2, 3, ℓ} be a prime. LetCp be the (complete, algebraically closed) field ofp-

adics and̄Fp its residue field. We embed̄Q in Cp and also inC. In particularζℓ = exp(2iπ
ℓ

) and
2

1
ℓ are well defined asp-adic numbers. We observe that in the calculations above, all coefficients

belong toZ[ 1
6ℓ
, ζℓ, 2

1
ℓ ]. More precisely, the curvesCℓ andXℓ are defined overZ[ 1

6ℓ
]. We write

Cℓ mod p = Cℓ/Fp = Cℓ ⊗Z[ 1
6ℓ

] Fp for the reduction ofCℓ modulo p, and define similarly
Xℓ mod p. We write similarlyσ∞,b mod p andµ∞,a mod p.

We deduce the following.

Lemma 18 (ComputingCℓ and resolving its singularities) There exists a deterministic algo-
rithm that given a primeℓ ≥ 5 and a primep 6∈ {2, 3, ℓ} and a finite fieldFq with characteristic
p such thatζℓ mod p and2

1
ℓ mod p belong toFq, computes the equationTℓ(λ, x) modulop and

the expansions of allxa,b as series inλ
−1
ℓ with coefficients inFq, in time polynomial inℓ, log q

and the requiredλ
−1
ℓ -adic accuracy.
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10 Another family of modular curves

In this section we consider another family of modular curvesfor which we can easily provide
and study a plane model. This family will be useful in the calculation of modular representations
as sketched in the next section. Letℓ > 5 be a prime. This time we setXℓ = X1(5ℓ) the
moduli of elliptic curves with one point of order5ℓ. The genus ofXℓ is gℓ = ℓ2 − 4ℓ + 4. We
first describe a homogeneous singular plane modelCℓ for this curve. We then enumerate the
geometric points onXℓ above every singularity ofCℓ and provide series expansions for affine
coordinates at every such branch. Finally, forp 6∈ {2, 3, 5, ℓ} a prime integer, we recall how to
compute the zeta function of the function fieldFp(Xℓ). All this will be useful in section 11 where
we apply theorem 1 to the curveXℓ.

Let b be an indeterminate and form the elliptic curveEb in Tate normal form with equation
y2+(1−b)xy−by = x3−bx2. The pointP = (0, 0) has order5 and its multiples are2P = (b, b2),
3P = (b, 0), 4P = (0, b). The multiplication byℓ isogeny induces a degreeℓ2 rational function
onx-coordinates:x 7→ N (x)

M(x)
whereN (x) is a monic degreeℓ2 polynomial inQ(b)[x]. Recursion

formulae for division polynomial (see [12] section 3.6) provide a quick algorithm for computing
this polynomial, and also show that the coefficients actually lie in Z[b]. If ℓ is congruent to±1
modulo5 thenℓP = ±P andx dividesN (x). OtherwiseN (x) is divisible byx− b.

Call Tℓ(b, x) the quotient ofN (x) by x or x− b, accordingly. This is a monic polynomial in
Z[b][x] with degreeℓ2 − 1 in x. As a polynomial inx we have

Tℓ(b, x) =
∑

0≤k≤ℓ2−1

aℓ2−1−k(b)x
k

wherea0(λ) = 1. We calld be the total degree ofTℓ.
As in the previous section, we check thatTℓ is irreducible inQ̄(b)[x] andQ(Xℓ) is the splitting

field ofTℓ overQ(b). LetCℓ ⊂ P2 be the projective curve made of the zeroes of the homogeneous
polynomialTℓ(BY , XY )Y d.

We set

j = j(b) =
(b4 − 12b3 + 14b2 + 12b+ 1)3

b5(b2 − 11b− 1)
.

Let
√

5 ∈ C be the positive square root of5 and letζ5 = exp(2iπ
5

). Let s = 11+5
√

5
2

and s̄
be the two roots ofb2 − 11b − 1. The forgetful mapX1(5ℓ) → X1(5) is unramified except at
b ∈ {0,∞, s, s̄}. For every pointP onXℓ such thatb(P ) 6∈ {0, s, s̄,∞}, the functionb− b(P ) is
a uniformizing parameter atP .

LetU be the affine open set with equationY B(B2−11BY +Y 2) 6= 0. Every point onCℓ∩U
is smooth and all points onXℓ above points inCℓ − U are cusps in the modular sense (i.e. the
modular invariant at these points is infinite).

In order to desingularizeCℓ at a given cusp, we shall construct an isomorphism between the
Tateq-curve and the completion ofEb at this cusp. We callA∞, A0, As, As̄ the points onX1(5)
corresponding to the values∞, 0, s ands̄ of b. We first study the situation locally atA∞. A local
parameter isb−1 andj−1 = b−5 + 25b−6 + · · · .

We introduce Tate’sq-parameter, defined implicitly by
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j =
1

q
+ 744 + 196884q + · · ·

so

q = j−1 + 744j−2 + 750420j−3 + · · ·
= b−5 + 25b−6 + · · ·

and we fix an embedding of the local field atA∞ inside the field of Puiseux seriesC{{q}} by
settingb−1 = q

1
5 − 5q

2
5 + · · · .

We setx′ = 36x + 3(b2 − 6b + 1) andy′ = 108(2y + (1 − b)x − b) and find the reduced
Weierstrass equation

y′2 = x′3 − 27(b4 − 12b3 + 14b2 + 12b+ 1)x′ + 54(b2 + 1)(b4 − 18b3 + 74b2 + 18b+ 1).

We want to compare the latter curve and the Tate curve with equation

y′′2 = x′′3 − E4(q)

48
x′′ +

E6(q)

864

whereE4(q) = 1 + 240q + · · · andE6(q) = 1 − 504q + · · · . See [18, Theorem 10.1.6].
From the classical (see [28, Proposition 7.1]) identities

(

qdj

dq

)2

= j(j − 1728)E4

(

qdj

dq

)3

= −j2(j − 1728)E6

we deduce
(

qdb

dq

)2

=
b2(b2 − 11b− 1)2E4

25(b4 − 12b3 + 14b2 + 12b+ 1)

and
(

qdb

dq

)3

= − b3(b2 − 11b− 1)3E6

125(b2 + 1)(b4 − 18b3 + 74b2 + 18b+ 1)
.

We deduce the isomorphismx′ = γ2x′′ andy′ = γ3y′′ with

γ2 = −36b(b2 − 11b− 1)dq

5qdb
.

The pointP has(x, y) coordinates equal to(0, 0). So

x′′(P ) = 3(b2 − 6b+ 1)/γ2 =
1

12
+ b−2 + 11b−3 + · · · =

1

12
+ q

2
5 +O(q

3
5 ).

Since on the Tate curve we have

26



x′′(w, q) =
1

12
+
∑

n∈Z

wqn

(1 − wqn)2
− 2

∑

n≥1

nqn

1 − qn
(2)

we deduce thatw(P ) = q±
2
5mod < q >. We may take either sign in the exponent because

we may choose any of the two isomorphisms corresponding to either possible values forγ.
We decide thatw(P ) = q

2
5mod < q >. Setζℓ = exp(2iπ

ℓ
). For α andβ integers such that

0 ≤ α, β ≤ ℓ− 1 we setw = ζαℓ q
β
ℓ q

2
5ℓ in the expansion (2) and find

x′′α,β =
1

12
+ ζαℓ q

β
ℓ q

2
5ℓ (1 +O(q

1
5ℓ ))

if 0 ≤ β ≤ ℓ−1
2

and

x′′α,β =
1

12
+ ζ−αℓ q

ℓ−β
ℓ

− 2
5ℓ (1 +O(q

1
5ℓ ))

if ℓ+1
2

≤ β ≤ ℓ− 1.
Since

xα,β = (γ2x′′α,β − 3(b2 − 6b+ 1))/36

andγ2 = 36b2 − 216b− 396 +O(b−1) = 36q
−2
5 + 144q

−1
5 + 144 + · · · we deduce that

xα,β + 1 = ζαℓ q
β
ℓ
+ 2

5ℓ
− 2

5 (1 +O(q
1
5ℓ ))

if 0 ≤ β ≤ ℓ−1
2

and

xα,β + 1 = ζ−αℓ q
ℓ−β

ℓ
− 2

5ℓ
− 2

5 (1 +O(q
1
5ℓ ))

if ℓ+1
2

≤ β ≤ ℓ− 1.
In particular, the degree ofTℓ(b, x) in b is≤ 2(ℓ2 − 1).
For0 ≤ α < ℓ and0 ≤ β < ℓ we setα̃ = 5α mod ℓ andβ̃ = 5β+2 mod ℓ. If β̃ is non-zero,

the local monodromy group permutes cyclically theℓ rootsxα,β for 0 ≤ α < ℓ. We callσ∞,β̃ the

corresponding branch onXℓ. On the other hand, ifβ = −2
5

mod ℓ thenβ̃ = 0 mod ℓ and every
xα,−2

5
mod ℓ is fixed by the local monodromy group. We observe thatx0,−2

5
mod ℓ is eitherb or 0

and is not a root ofTℓ(b, x). For α̃ a non-zero residue moduloℓ, we denote byµ∞,α̃ the branch
onXℓ corresponding toxα,−2

5
mod ℓ.

So we haveℓ−1 unramified points onXℓ aboveA∞ andℓ−1 ramified points with ramification
indexℓ.

The coefficients in all the series expansions above are inZ[ 1
30
, ζℓ]. The coefficients ofTℓ(b, x)

are inZ. From the discussion above we deduce the following.

Lemma 19 (ComputingCℓ and resolving its singularities, I) There exists a deterministic al-
gorithm that given a primeℓ ≥ 7 and a primep 6∈ {2, 3, 5, ℓ} and a finite fieldFq with char-
acteristicp such thatζℓ mod p belongs toFq, computes the equationTℓ(b, x) modulop and the
expansions of allxα,β as series inb−

1
ℓ with coefficients inFq, in time polynomial inℓ, log q and

the requiredb
−1
ℓ -adic accuracy.
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In appendix A we give a few lines of GP-PARI code (see [1]) thatcompute these expansions.

We now study the singular points aboveA0. A local parameter atA0 is b andj−1 = −b5 +
25b6+. . . soq = −b5+25b6+. . . and we fix an embedding of the local field atA0 insideC{{q}}
by settingb = −q 1

5 + 5q
2
5 + . . . . Fromγ2 = 36 − 216q

1
5 + . . . we deduce that the coordinate

x′′(P ) of the5-torsion pointP is x′′(P ) = 1
12

+ q
1
5 +O(q

2
5 ) so the parameterw atP can be taken

to bew(P ) = q
1
5 mod < q > this time. Forα andβ integers such that0 ≤ α, β ≤ ℓ− 1 we set

w = ζαℓ q
β
ℓ q

1
5ℓ in the expansion (2) and we finish as above.

Now, a local parameter atAs is b − s and j−1 = (1
2
− 11

√
5

50
)(b − s) + O((b − s)2) so

q = (1
2
− 11

√
5

50
)(b − s) + O((b − s)2) and we fix an embedding of the local field atAs inside

C{{q}} by settingb − s = 125+55
√

5
2

q + O(q2). We deduce that the coordinatex′′(P ) of the
5-torsion pointP is x′′(P ) = 1

12
+ w

(1−w)2
+O(q) wherew = exp(4iπ

5
) = ζ2

5 so the parameterw
atP can be taken to bew(P ) = ζ2

5 mod < q > this time.
Altogether we have proved the following.

Lemma 20 (ComputingCℓ and resolving its singularities, II) There exists a deterministic al-
gorithm that given a primeℓ ≥ 7 and a primep 6∈ {2, 3, 5, ℓ} and a finite fieldFq with charac-
teristicp such thatζℓ mod p andζ5 mod p belong toFq, computes the equationTℓ(b, x) modulo
p and expansions (with coefficients inFq) at every singular branch ofCℓ in time polynomial inℓ,
log q and the required number of significant terms in the expansions.

In order to apply theorem 1 to the curveXℓ, we shall also need the following result due to
Manin, Shokurov, Merel and Cremona [23, 25, 9, 13].

Lemma 21 (Manin, Shokurov, Merel, Cremona) For ℓ a prime andp 6∈ {5, ℓ} another prime,
the zeta function ofXℓ (mod p) can be computed in deterministic polynomial time inℓ andp.

We first compute the action of the Hecke operatorTp on the space of Manin symbols for
the congruence groupΓ1(5ℓ) associated withXℓ. Then, from the Eichler-Shimura identityTp =
Fp + p < p > /Fp we deduce the characteristic polynomial of the FrobeniusFp. 2

In appendix B we give a few lines of Magma code (see [2]) that compute the zeta function of
X1(5ℓ)/Fp.

11 Computing the Ramanujan subspace overFp
This section explains the connection between the methods given here and Edixhoven’s program
for computing coefficients of modular forms. Recall the definition of the Ramanujan arithmetic
τ function, related to the sum expansion of the discriminant form:

∆(q) = q
∏

k≥1

(1 − qk)24 =
∑

k≥1

τ(k)qk.

We callT ⊂ End(J1(ℓ)/Q) the algebra of endomorphisms ofJ1(ℓ) generated by the Hecke
operatorsTn for all integersn ≥ 2. Following Edixhoven [11, Definition 10.9] we state the
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Definition 3 (The Ramanujan ideal) Assumeℓ ≥ 13 is a prime. We denote bym the maximal
ideal inT generated byℓ and theTn − τ(n). The subspaceJ1(ℓ)[m] of theℓ-torsion ofJ1(ℓ) cut
out by allTn − τ(n) is called the Ramanujan subspace atℓ and denotedVℓ.

This Vℓ is a2-dimensional vector space overFℓ and forp 6= ℓ the characteristic polynomial
of the Frobenius endomorphismFp on it isX2 − τ(p)X + p11 mod ℓ.

In this section, we address the problem of computingm-torsion divisors on modular curves
over some extension fieldFq of Fp for p 6= ℓ. The definition fieldFq for such divisors can be
predicted from the characteristic polynomial ofFp onVℓ. So the strategy is to pick randomFq-
points in theℓ-torsion of the jacobianJ1(ℓ) and to project them ontoVℓ using Hecke operators.

In section 10 we have defined the modular curveXℓ = X1(5ℓ) and the degree24 covering
φ : Xℓ → X1(ℓ) of X1(ℓ). We preferXℓ toX1(ℓ) because we are able to construct a natural and
convenient plane model for it. The covering mapφ : Xℓ → X1(ℓ) corresponds to forgetting the
5-torsion structure. It induces two morphismsφ∗ : J1(ℓ) → Jℓ andφ∗ : Jℓ → J1(ℓ) such that
the composite mapφ∗ ◦ φ∗ is multiplication by24 in J1(ℓ). We writeφ∗ ◦ φ∗ = [24]. Thus the
curveXℓ provides a convenient computational model for the group ofFq-points of the jacobian
of X1(ℓ).

We denote byAℓ ⊂ Jℓ the image ofν = φ∗ ◦ φ∗. This is a subvariety ofJℓ isogenous to
J1(ℓ). The restriction ofν to Aℓ is multiplication by24. The mapsφ∗ andφ∗ induce Galois
equivariant bijections between theN-torsion subgroupsJ1(ℓ)[N ] andAℓ[N ] for every integerN
which is prime to6.

We callWℓ ⊂ Aℓ ⊂ Jℓ the image of the Ramanujan subspace byφ∗. We choose an integer
k such that24k is congruent to1 moduloℓ, and setT̂n = [k] ◦ φ∗ ◦ Tn ◦ φ∗, for everyn. We
notice thatT̂n ◦ φ∗ = φ∗ ◦ Tn onJ1(ℓ)[ℓ]. This way, the mapφ∗ : J1(ℓ) → Jℓ induces a Galois
equivariant bijection of Hecke modules betweenJ1(ℓ)[ℓ] andAℓ[ℓ], andWℓ = φ∗(Vℓ) is the
subspace inAℓ[ℓ] cut out by allT̂n − τ(n). SoWℓ will also be called the Ramanujan subspace
at ℓ whenever there is no risk of confusion. We notice thatφ∗, φ∗, Tn, andT̂n can be seen as
correspondences as well as morphisms between jacobians, and we state the following.

Lemma 22 (Computing the Hecke action)Letℓ andp be primes such thatp 6∈ {2, 3, 5, ℓ}. Let
n ≥ 2 be an integer. Letq be a power ofp and letD be an effectiveFq-divisor of degreedeg(D)
onXℓ (mod p). The divisorsφ∗ ◦ φ∗(D) andφ∗ ◦ Tn ◦ φ∗(D) can be computed in polynomial
time inℓ, deg(D), n andlog q.

If n is prime toℓ, we define the Hecke operatorT (n, n) as an element in the ring of corre-
spondences onX1(ℓ) tensored byQ. See [21, VII,§2 ]. From [21, VII, §2, Theorem 2.1] we
haveTℓi = (Tℓ)

i andTni = Tni−1Tn − nTni−2T (n, n) if n is prime andn 6= ℓ. And of course
Tn1Tn2 = Tn1n2 if n1 andn2 are coprime. So it suffices to explain how to computeTℓ and also
Tn andT (n, n) for n prime andn 6= ℓ.

Let x = (E, u) be a point onY1(ℓ) ⊂ X1(ℓ) representing an elliptic curveE with one
ℓ-torsion pointu. Let n be an integer. The Hecke operatorTn mapsx onto the sum of all
(EI , I(u)), whereI : E → EI runs over the set of all isogenies of degreen from E such that
I(u) still has orderℓ. If n is prime toℓ, the Hecke operatorT (n, n) mapsx onto 1

n2 times
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(E, nu). So we can compute the action of these Hecke correspondenceson pointsx = (E, u)
using Vélu’s formulae [32].

There remains to treat the case of cusps. We callσβ̃ for 1 ≤ β̃ ≤ ℓ−1
2

andµα̃ for 1 ≤ α̃ ≤ ℓ−1
2

the cusps onX1(ℓ) images byφ of theσ∞,β̃ andµ∞,α̃. To every cusp one can associate a set of
Tate curves withℓ-torsion point (one Tate curve for every branch at this cusp).

For example the Tate curves atσβ̃ are the Tate curvesC∗/q with ℓ-torsion pointw = ζ⋆ℓ q
β̃
ℓ

where the star runs over the set of all residues moduloℓ. There areℓ branches at each such cusp.
Similarly, the Tate curves atµα̃ are the Tate curvesC∗/q with ℓ-torsion pointw = ζ α̃ℓ . One

single branch here: no ramification.
Forn prime andn 6= ℓ we have

Tn(σβ̃) = σβ̃ + nσnβ̃

and
Tn(µα̃) = nµα̃ + µnα̃,

wherenα̃ in µnα̃ (resp.nβ̃ in σnβ̃) should be understood as a class in(Z/ℓZ)∗/{1,−1}.
Similarly

Tℓ(σβ̃) = σβ̃ + 2ℓ
∑

1≤α̃≤ ℓ−1
2

µα̃

and
Tℓ(µα̃) = ℓµα̃.

And of course, ifn is prime toℓ, thenT (n, n)(σβ̃) = 1
n2σnβ̃ andT (n, n)(µα̃) = 1

n2µnα̃.
All together, one can compute the effect ofTn on cusps for alln. For the sake of complete-

ness, we also give the action of the diamond operator<n> on cusps. Ifn is prime toℓ then
<n> (σβ̃) = σnβ̃ and<n> (µα̃) = µnα̃.

2

We can now state the following.

Theorem 2 There is a probabilistic (Las Vegas) algorithm that on inputa primeℓ ≥ 13 and
a primep ≥ 7 such thatℓ 6= p, computes the Ramanujan subspaceWℓ = φ∗(Vℓ) inside the
ℓ-torsion of the jacobian ofXℓ/Fp. The answer is given as a list ofℓ2 degreegℓ effective divisors
onXℓ, the first one being the originω. The algorithm runs in probabilistic polynomial time inp
andℓ.

Lemma 20 gives us a plane model forXℓ (mod p) and a resolution of its singularities. From
lemma 21 we obtain the zeta function ofXℓ (mod p). The characteristic polynomial ofFp on
the Ramanujan spaceVℓ isX2 − τ(p)X + p11 mod ℓ. So we computeτ(p) (mod ℓ) using the
expansion of the discriminant form. We deduce some small enough field of decompositionFq for
Vℓ (mod p). We then apply theorem 1 and obtain a basis for theℓ-torsion in the Picard group of
Xℓ/Fq. The same theorem allows us to compute the matrix of the endomorphismν = φ∗ ◦ φ∗ in
this basis. We deduce a basis for the imageA[ℓ](Fq) of ν. Using theorem 1 again, we now write
down the matrices of the Hecke operatorsT̂n in this basis for alln < ℓ2. It is then a matter of
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linear algebra to compute a basis for the intersection of thekernels of allT̂n − τ(n) in A[ℓ](Fq).
The algorithm is Las Vegas rather than Monte-Carlo because we can check the result, the group
Wℓ having known cardinalityℓ2. 2

Remark 5 In the above theorem, one may impose an originω rather than letting the algorithm
choose it. For example, following work by Edixhoven in [11, Section 12], one may choose as
origin a well designed linear combination of the cusps. Suchan adapted choice of the origin may
ensure that theℓ2−1 divisors representing the non-zero classes inWℓ are unique in characteristic
zero and thus remain unique modulop for all but finitely many primesp.

12 The semisimple non-scalar case

In this section we present a simplified algorithm for computing the Ramanujan subspaceVℓ mod-
ulo p, that applies when the Frobenius action on it is semisimple and non-scalar or equivalently
whenτ(p)2 − 4p11 is not divisible byℓ. The main idea is to associate a divisible group withVℓ.

For every integern ≥ 2 we callAn(X) ∈ Z[X] the characteristic polynomial ofTn acting on
weight2 modular forms forΓ1(ℓ). We factor

An(X) = Bn(X)(X − τ(n))en

in Fℓ[X] with Bn(X) monic andBn(τ(n)) 6= 0 ∈ Fℓ. For every integerk ≥ 1 this polynomial
factorization lifts moduloℓk as

An(X) = Bn,k(X)Cn,k(X) (mod ℓk).

We callΠk : J1(ℓ)[ℓ
k] → J1(ℓ)[ℓ

k] the composite map of allBn,k(Tn) for all integersn such
that2 ≤ n < ℓ2. We observe thatΠk+1 coincides withΠk on J1(ℓ)[ℓ

k]. So we have defined a
mapΠ : J1(ℓ)[ℓ

∞] → J1(ℓ)[ℓ
∞].

We have the following.

Lemma 23 (The Ramanujan modules)For k ≥ 1 an integer, we denote byGk the subgroup of
J1(ℓ)[ℓ

k] consisting of elements killed by some power ofm. Let G be the union of allGk. The
groupGk is the imageΠk(J1(ℓ)[ℓ

k]) of theℓk-torsion byΠk. It is killed bym2kg(X1(ℓ)) and the
restriction ofΠk to Gk is a bijection. FurtherGk+1[ℓ

k] = Gk = ℓGk+1. The(Z/ℓkZ)-module
Gk is free. We call it the Ramanujan module.

We show that for every integern ≥ 2, the restriction ofBn,k(Tn) to Gk is a bijection. It
suffices to show injectivity. AssumeBn,k(Tn) restricted toGk is not injective. There is a non-
zero ℓ-torsion elementP in its kernel. ThisP is killed by (Tn − τ(n))m (mod ℓ) for some
integerm. It is also killed byBn(Tn) (mod ℓ). Since these two polynomials are coprime,P is
zero, contradiction.

SoΠk is an automorphism ofGk. In particularGk ⊂ Πk(J1(ℓ)[ℓ
k]). We setIk = Πk(J1(ℓ)[ℓ

k])
and we prove the converse inclusionIk ⊂ Gk. For every integern between2 andℓ2, the restric-
tion of Tn to I1 is killed by (X − τ(n))en . Since the Hecke algebra is generated by theseTn and
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is commutative, its image inEnd(I1) is triangulisable1 and consists of matrices with a single
eigenvalue. We deduce that for every integern the restriction ofTn to I1 has a single eigenvalue
(namelyτ(n) (mod ℓ)). Because the dimension ofI1 as aFℓ-vector space is≤ 2g(X1(ℓ)) we
deduce thatI1 is killed bym2g(X1(ℓ)). SoI1 = G1 is killed bym2g(X1(ℓ)).

For every integern between2 andℓ2, the restriction ofTn to Ik[ℓ] is killed byCn,k(X) which
is congruent to(X − τ(n))en moduloℓ. SoIk[ℓ] is killed by (Tn− τ(n))en and bym2g(X1(ℓ)). So
any morphism inm2kg(X1(ℓ)) kills Ik[ℓ

k] = Ik. SoIk is killed bym2kg(X1(ℓ)) andIk = Gk.
It is clear thatℓGk+1 ⊂ Gk. Conversely ifP = Πk(Q) andQ is ℓk-torsion then letR such

thatℓR = Q andS = Πk+1(R). ThenS is in Ik+1 = Gk+1 andℓS = Πk+1(Q) = Πk(Q) = P .
SoℓGk+1 = Gk. FromGk+1[ℓ

k] = ℓGk+1 we deduce thatGk+1 is a free(Z/ℓk+1Z)-module. 2

We now study the Galois action on this divisible group. Letp 6= ℓ be a prime. We regard
J1(ℓ) as a variety over the finite fieldFp. The Ramanujan moduleG = J1(ℓ)[m

∞] is then anℓ-
divisible group insideJ1(ℓ)[ℓ

∞] in the sense of definition 13. According to the Eichler-Shimura
identityF 2

p − TpFp + p < p >= 0. The diamond operator<p>∈ T has a unique eigenvalue
on G1, namelyp10 (mod ℓ). SinceFp commutes withT, the algebra generated byT andFp is
triangulisable1 in GL(G1 ⊗Fℓ

F̄ℓ). So any eigenvalue ofFp onG1 is killed byX2 − τ(p)X + p11

(mod ℓ). Let η be an integer that kills the roots of the polynomialX2 − τ(p)X + p11 (mod ℓ)
in F̄∗

ℓ . For example one may takeη = ℓ2 − 1. As an endomorphism ofG1 one hasF η
p = Id + n

wheren is nilpotent. Since the dimension ofG1 is ≤ 2g(X1(ℓ)) ≤ ℓ2 one hasnℓ
2

= 0 and
F ηℓ2

p = Id. SoG1 splits completely overFpℓ2(ℓ2−1) . As a consequence,Gk splits completely over
the extension of degree(ℓ2 − 1)ℓk+1 of Fp.

Lemma 24 (Galois action on the Ramanujan module)If p 6= ℓ is a prime, then the Ramanu-
jan moduleG = J1(ℓ)[m

∞] is a divisible group insideJ1(ℓ)[ℓ
∞](F̄p). Let η be an integer that

kills the roots ofX2 − τ(p)X + p11 in F̄∗
ℓ . For exampleη = ℓ2 − 1. Theℓk-torsionGk = G[ℓk]

insideG splits completely over the extension of degreeηℓk+1 of Fp.

For computational convenience we may preferXℓ = X1(5ℓ) toX1(ℓ). If this is the case, we
embedG inside the jacobianJℓ of Xℓ using the mapφ∗. For the sake of simplicity we present
the calculations below in the context ofJ1(ℓ) although they take place insideJℓ.

The knowledge of a non-zero element inGk sometimes suffices to construct a basis ofVℓ(F̄p):

Lemma 25 (The inert case)AssumeX2 − τ(p)X + p11 (mod ℓ) is irreducible. Letk ≥ 1 be
an integer andq = pd a power ofp. Given a non zero element inGk(Fq), one can compute a
basis ofVℓ(F̄p) in polynomial time inlog q, ℓ andk.

Indeed, letP ∈ Gk(Fq) be non-zero. We replaceP by ℓP until we find a non-zero element
in G1(Fq). Given such aP we can test whether it belongs toVℓ by computing(Tn − τ(n))x for
all 2 ≤ n ≤ ℓ2. If we only obtain zeroes this showsP is in Vℓ. Otherwise we replaceP by

1If K is a field andV aK-vector space, we writeL(V ) for the algebra of linear maps fromV to itself. LetA be
a subset ofL(V ). We say thatA is triangulisable if there exists a basisB of V such that the matrix of every element
in A with respect toB is upper triangular.
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some non-zero(Tn − τ(n))P and test again. This process stops after2g(X1(ℓ)) steps at most,
and produces a non-zero elementP in Vℓ(Fq). SinceFp has no eigenvector inVℓ(F̄p), the couple
(P, Fp(P )) is a basis ofVℓ(F̄p). 2

So assuming thatτ(p)2−4p11 is not a square moduloℓ, we have a simpler method to construct
a basis for the Ramanujan moduleVℓ modulop:

We setq = p(ℓ2−1)ℓ3 . We haveG(Fq) ⊃ G2 = G2(Fq). SetNq = #J1(ℓ)(Fq) = MqLq where
Mq is prime toℓ. ThisNq can be computed using Manin symbols as in lemma 21. LetLq = ℓw.
The image ofJ1(ℓ)(Fq) by the morphismψ = Πw ◦ [Mq] containsG2(Fq) and is in fact equal to
G(Fq). We check#G(Fq) ≥ #G2 ≥ ℓ4. So at least one of the elements inJ1(ℓ)(Fq) given by
lemma 9 has a non-zero image byψ for ℓ large enough. We apply lemma 25 to this element and
find a basis for the Ramanujan module atℓ.

We now assume the polynomialX2 − τ(p)X + p11 mod ℓ has two distinct rootsa mod ℓ
andb mod ℓ. So (Fp − a)2g(X1(ℓ))(Fp − b)2g(X1(ℓ)) kills G1. SinceG1 = Gk[ℓ] we deduce that
(Fp − a)2kg(X1(ℓ))(Fp − b)2kg(X1(ℓ)) kills Gk.

This leads us to the following definition.

Definition 4 (Split Ramanujan modules) AssumeX2 − τ(p)X + p11 mod ℓ has two distinct
rootsa mod ℓ andb mod ℓ wherea andb are integers. Letma be the ideal inT[Fp] generated
by ℓ, all Tn − τ(n) andFp − a. LetVℓ,a = J1(ℓ)[ma] ⊂ Vℓ be the eigenspace associated witha.
For k ≥ 1 an integer, we denote byGk,a the subgroup ofJ1(ℓ)[ℓ

k] consisting of elements killed
by some power ofma. Let Πk,a the composition ofΠk and (Fp − b)2kg(X1(ℓ)). We denote byGa

the union of allGk,a.

We have the following.

Lemma 26 (Properties of split Ramanujan modules)For every integerk ≥ 1, the groupGk,a

is the imageΠk,a(J1(ℓ)[ℓ
k]) of theℓk-torsion byΠk,a. It is killed bym

2kg(X1(ℓ))
a and the restriction

of Πk,a to Gk,a is a bijection. SoGa = J1(ℓ)[m
∞
a ] ⊂ G is a divisible group. Letη be an integer

that killsa in F∗
ℓ (e.g.η = ℓ− 1). ThenGk,a splits overFpηℓk+1 .

The lemma below is the counterpart to lemma 25 in the split non-scalar case.

Lemma 27 (The split non-scalar case)AssumeX2 − τ(p)X + p11 (mod ℓ) has two distinct
rootsa (mod ℓ) andb (mod ℓ). Letk ≥ 1 be an integer andq = pd a power ofp. Given a non
zero element inGk,a(Fq), one can compute a generator ofVℓ,a in polynomial time inlog q, ℓ and
k.

So if τ(p)2 − 4p11 is a non-zero square moduloℓ we also have a simple method to construct
a basis for the Ramanujan moduleVℓ modulop:

We let a (mod ℓ) and b (mod ℓ) be the two roots ofX2 − τ(p)X + p11 (mod ℓ). Take
q = p(ℓ−1)ℓ4 . We haveGa(Fq) ⊃ G3,a = G3,a(Fq) we setNq = #J1(ℓ)(Fq) = MqLq with Mq

prime toℓ. LetLq = ℓw andψ = Πw,a ◦ [Mq]. The image ofJ1(ℓ)(Fq) by ψ containsG3,a(Fq)
and is in fact equal toGa(Fq). We check#Ga(Fq) ≥ #G3,a ≥ ℓ3. So at least one of the elements
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in J1(ℓ)(Fq) given by lemma 9 has a non-zero image byψ for ℓ large enough. We apply lemma
27 to this element and find a generator ofVℓ,a. A similar calculation produces a generator ofVℓ,b.
These two eigenvectors form a basis ofVℓ modulop.

All this is enough to compute the Ramanujan ideal when the Frobenius action on it is semisim-
ple non-scalar i.e whenℓ is prime toτ(p)2 − 4p11.

Remark 6 The main simplification in this variant is that we do not need to compute pairings. In
practice, one would just take a random degree zeroFq-divisor onX1(ℓ), multiply it by the prime
to ℓ part of#J1(ℓ)(Fq) and apply a fewBn,k(Tn) to it. This should usually suffice.

Remark 7 If ℓ dividesτ(p)2 − 4p11, the method described in this section is no longer sufficient
but one can easily show that it provides at least one non-zeroelement inVℓ modulop.

13 Computing the Ramanujan subspace overQ

Once one has computed the Ramanujan spaceVℓ insideJ1(ℓ) (or ratherWℓ insideJℓ the jacobian
of Xℓ) modulop for many small primesp, one can try to compute this space over the rationals.
This calculation is described in detail in [11, Section 13].In this section we sketch a variant of
the method presented in [11, Section 13]. We then explain howthis method should be modified to
fit with the simplified method presented in section 12. This leads us to a sort of generalization of
the Chinese Remainder Theorem that is more adapted to the context of polynomials with integer
coefficients.

The complexity analysis of the methods presented in this section rely on results in Arakelov
theory that have been proven by Bas Edixhoven and Robin de Jong, using results by Merkl in [11]
or J. Jorgenson and J. Kramer in [19]. In fact, the complexityanalysis of the variant described
here requires a bit more than what has been already given in [11]. The necessary bounds to the
proof of this variant will appear in Peter Bruin’s PhD thesis[4].

We use the model overZ[ 1
30ℓ

] for Xℓ = X1(5ℓ) that is described in section 10. We start by
fixing a Q-rational cuspO onXℓ. This will be the origin of the Jacobi map.

Let x be a point inJℓ(Q̄). We denote byθ(x) the smallest integerk such that there exists
an effective divisorD of degreek such thatD − kO belongs to the class represented byx in
the Picard group. We callθ(x) thestabilityof x. For all but finitely many primesp and for any
placep of Q(x) abovep, one can defineθp(x) the stability ofx modulop: the smallest integerk
such that there exists an effective divisorD of degreek such thatD − kO belongs to the class
represented byx mod p in the Picard group ofXℓ mod p. We defineθp(x) to be the minimum of
all θp(x) for all placesp abovep. We note thatθp(x) ≤ θp(x) ≤ θ(x) wheneverθp(x) is defined.
Clearlyθp(x) is defined and equal toθ(x) for all large enough primes.

A consequence of the results by Bas Edixhoven and Robin de Jong, extended by Peter Bruin
in his forthcoming PhD thesis, see [11, 4], is that, for at least half the primes smaller thanℓO, the
following holds:θp(x) is defined and equal toθ(x) for all x in Wℓ. Notice thatθ(x) = θ(y) if x
andy are Galois conjugate.
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Now letx be a non-zero point inWℓ. We can computex modulo placesp abovep, for many
small (e.g. polynomial inℓ) primesp such thatθp(x) = θ(x). We only use primes such that
θp(x) = θ(x) for everyx in Wℓ.

There is a unique effective divisorD = P1 + · · ·+Pθ(x) such thatD−θ(x)O is mapped onto
x by the Jacobi map. This divisor remains unique modulo all theplacesp in question. Further, no
Pi specializes toO modulo any suchp. So we choose a functionf onXℓ having no pole except
atO. We define e.g.F (x) = f(P1) + · · ·+ f(Pθ(x)).

We form the polynomial

Pk(X) =
∏

y∈Wℓ with θ(y)=k

(X − F (y)).

This polynomial has coefficients inQ. For the above primesp we have

Pk(X) mod p =
∏

y∈Wℓ mod p with θp(y)=k

(X − F (y)).

We setP (X) =
∏

k>0 Pk(X). If the Galois action onWℓ − {0} is transitive thenP (X)
is likely to be irreducible and equal to the unique non-trivial Pk(X). To be quite rigorous one
should say some more about the choice off . See [11, Section 22].

If a reasonablef (e.g. the divisor off is n(O − O′) whereO′ is another rational cusp andn
is the order ofO − O′ in the jacobian) is chosen then Peter Bruin, improving on Edixhoven, de
Jong, and Merkl, proves in [4] that the logarithmic height ofP (X) is bounded by a polynomial
in ℓ.

If we know Wℓ modulo p then we can computeP (X) modulop and, provided we have
taken enough such primesp, we deduceP (X) using Chinese remainder theorem and the bounds
proved by Edixhoven, de Jong, Merkl and Bruin.

However, if we use the simplified algorithm presented in section 12 we shall only obtain
P (X) modulop for thosep such thatℓ does not divideτ(p)2 − 4p11. If ℓ dividesτ(p)2 − 4p11

then we may only obtain a non-trivial factor ofP (X) mod p. This factor has degreeℓ−1 in fact.
This leads us to the following problem:
Let P (X) be a degreed ≥ 2 irreducible2 polynomial with integer coefficients.
LetH be an upper bound for thenaive heightof P (X): any coefficient ofP lies in [−H,H ].
Let I be a positive integer and for every integeri from 1 to I assume we are given an integer

Ni ≥ 2 and a degreeai monicpolynomialAi(X) in Z[X] where1 ≤ ai ≤ d. Assume theNi are
pairwise coprime.

Question: assumingP (X) mod Ni is a multiple ofAi(X) mod Ni for everyi, can we re-
coverP (X), and isP (X) the unique polynomial fulfilling all these conditions ?

We start with the following.

Lemma 28 (Resultant and intersections)LetP andQ be two non-constant polynomials with
integer coefficients and trivial gcd3. LetN ≥ 2 be an integer. IfP mod N andQ mod N are

2irreducible means here irreducible in the ringZ[X ].
3the gcd here is the gcd in the ringZ[X ].
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both multiples of the same degreed ≥ 1 monic polynomialA mod N , then the resultant ofP
andQ is divisible byNd.

This easily follows from the resultant being given as a determinant. 2

Let Pd be the additive group of integer coefficient polynomials with degree≤ d. Let ρi :
Pd → Z[X]/(Ai, Ni) be the reduction map modulo the ideal(Ai, Ni).

The product map

ρ =
∏

1≤i≤I
ρi : Pd →

∏

1≤i≤I
Z[X]/(Ai, Ni)

is surjective (Chinese remainder). Its kernel is thereforea latticeR with indexΘ =
∏

1≤i≤I N
ai

i

in Pd = Zd+1.
If P1 andP2 are two coprime non-constant polynomials with degree≤ d and respective naive

heightsK1 andK2, then their resultant is bounded above by(2d)!Kd
1K

d
2 . If further P1, P2 ∈ R

then, according to lemma 28,Θ =
∏

1≤i≤I N
ai

i divides the resultant ofP1 andP2.

Lemma 29 (Heights and intersections)Let (Ni)1≤i≤I be pairwise coprime integers. LetP be
an irreducible polynomial with integer coefficients and degreed ≥ 2 and naive height bounded by
H. LetQ be a polynomial with integer coefficients and degree≤ d and naive height bounded by
K. Assume that for everyi from1 toN the polynomialsP mod Ni andQ mod Ni are multiples
of the same monic polynomialAi(X) mod Ni with degreeai where1 ≤ ai ≤ d. Assume further
that

∏

1≤i≤I
Nai

i > (2d)!HdKd.

ThenQ is a multiple ofP .

We observe that theL2 norm ofP is ≤ H
√
d+ 1. Also, if Q hasL2 norm≤ H

√
d+ 1 then

its coefficients are≤ H
√
d+ 1. Therefore if

Θ =
∏

1≤i≤I
Nai

i > (2d)!(d+ 1)
d
2H2d

the polynomialP is the shortest vector in the latticeR for theL2 norm.
Applying the LLL algorithm to the latticeR we find ([6, Theorem 2.6.2]) a vector in it with

L2 norm≤ 2
d
4 Θ

1
d+1 . Taking this latter value forK we see that if

∏

i

Nai

i > (2d)!d+1Hd(d+1)2
d2(d+1)

4

then the vector output by the LLL algorithm is a multiple ofP .

Lemma 30 (Interpolation and lattices) Letd ≥ 2 be an integer. LetI be a positive integer and
for everyi from 1 to I let Ni ≥ 2 be an integer andAi(X) a monic polynomial with integer
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coefficients and degreeai where1 ≤ ai ≤ d. We assume the coefficients inAi(X) lie in the
interval [0, Ni[.

We assume there exists an irreducible polynomialP (X) with degreed and integer coefficients
and naive height≤ H such thatP (X) mod Ni is a multiple ofAi(X) mod Ni for all i.

We assume theNi are pairwise coprime and

∏

1≤i≤I
Nai

i > (2d)!d+1Hd(d+1)2
d2(d+1)

4 .

ThenP (X) is the unique polynomial fulfilling all these conditions andit can be computed
from the(Ni, Ai(X)) by a deterministic Turing machine in time polynomial ind, logH andI,
and thelogNi.

Note that the dependency onI andlogNi is harmless because one may remove some infor-
mation if there is too much of it. We can always do with someI andlogNi that are polynomial
in d andlogH.

This lemma shows that we can compute (lift) the Ramanujan moduleWℓ using the simplified
algorithm of section 12, even if the action of the Frobenius at p onWℓ is not semisimple for any
auxiliary primep.

14 Are there many semi simple pairs(ℓ, p) ?

We have seen in section 12 that the computation ofVℓ modulop becomes simpler whenever the
two primesp andℓ satisfy the condition thatℓ is prime toτ(p)2 − 4p11. If this is the case, we say
that the pair(ℓ, p) is good (otherwise it is bad).

In the situation of section 13 we are given a fixed primeℓ and we look for primesp such that
(ℓ, p) is good. We need these primesp to be bounded by a polynomial inℓ. And there should be
enough of them that we can find them by random search.

This leads us to the following definition.

Definition 5 (What bad and good means in this section)We say that a pair(ℓ, p) of prime in-
tegers is bad ifℓ dividesτ(p)2 − 4p11. Otherwise it is good. Letc > 1 be a real. We say that a
given primeℓ is c-bad if (ℓ, p) is bad for at least half the primesp ≤ ℓc. Otherwise it isc-good.

In this section we give an elementary unconditional proof that there are enough good primes
ℓ. Letα, β, γ andδ be four positive constants such that for every integerk ≥ 2 thek-th primepk
satisfiesαk log k ≤ pk ≤ βk log k and for every realx ≥ 2 the arithmetic functionπ(x) giving
the number of primes≤ x satisfiesγx(log x)−1 ≤ π(x) ≤ δx(log x)−1.

Work by Tchebitchef allowsγ = 1
3

andδ = 5
4
. Work by Rosser [27] shows thatα = 1 is

fine. Rosser also proved thatpk ≤ k(log k + log log k) for k ≥ 6. So we can takeβ = 2.17 for
example. I thank Guillaume Hanrot for pointing out these references to me.

LetX ≥ 3 be an integer. LetL be theX-th prime integer. LetX (c,X) be the set of pairs of
primes(ℓ, p) with ℓ ≤ L andp ≤ ℓc. We setℓ1 = p1 = 2, ℓ2 = p2 = 3, . . . the successive prime
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integers. LetP be the largest prime≤ Lc and letY be the integer such thatP = pY . One has
L ≤ βX logX andP ≤ βcXc(logX)c andY ≤ P .

Sinceτ(p)2 − 4p11 has at mostlog2(4p
11) prime divisors, there are at mostY (2 + 11 log2 P )

bad pairs and this is≤ 51cβcXc(logX)c+1 providedX ≥ β. We want to bound from above the
number of badℓ ≤ L. The worst case is when the smallestℓ are bad. Assume all primesℓ ≤ ℓx
are bad. The number of bad pairs is then at least

1

2

∑

1≤k≤x
π(ℓck) ≥

γαc

2

∑

3
α
≤k≤x

kc(log k)c

c logα + c log k + c log log k
≥ γαc

4c

∑

3
α
≤k≤x

kc(log k)c−1

and this is at least

γαc

4c(c+ 1)

(

xc+1 −
(

3

α

)c+1
)

≥ γαc

8c(c+ 1)
xc+1

providedx ≥ 6/α. Assume at least half of the primesℓ ≤ L are bad. Then the number of bad
pairs is at least γα

c

8c(c+1)
(X/2)c+1 providedX ≥ 12/α. So

γαc

8c(c+ 1)
(X/2)c+1 ≤ 51cβcXc(logX)c+1

so
X

(logX)c+1
≤ 816

(

2β

α

)c

c2(c+ 1)γ−1.

We calla the right-hand side in the above inequality. We setZ = X
1

c+1 and we have Z
logZ

≤
(c+ 1)a

1
c+1 . SincelogZ ≤

√
Z we haveZ ≤ (c+ 1)2a

2
c+1 andX ≤ (c+ 1)2(c+1)a2.

Lemma 31 Let α, β, γ and δ be the four constants introduced before definition 5 above. Let
c > 1 be a real number. AssumeX is an integer bigger than8162c4(c + 1)2(c+2)

(

2β
α

)2c
γ−2.

Then at least half among theX first primes arec-good.

Lemma 32 (Effective bound for the density of good primesℓ) Let c > 1 be a real number.
AssumeX is an integer bigger than223+5cc4(c + 1)2(c+2). Then at least half among theX first
primes arec-good.

A A GP-PARI code for Puiseux expansions at singular branches
of modular curves

Below are a few lines of GP-PARI code (see [1]) that compute the expansions ofxα,β as series in
b−

1
ℓ with coefficients in a finite field containing a primitiveℓ-th root of unity. We use the methods

and notation given in section 10, before the statement of lemma 19.
Our code computes theq-series for the modular functionj as

38



j(q) = 1728E3
4(q)(E

3
4(q) − E2

6(q))
−1

where

E4(q) = 1 + 240
∑

n≥1

n3qn

1 − qn

and

E6(q) = 1 − 504
∑

n≥1

n5qn

1 − qn
.

The expansions for thexα,β are then obtained through standard operations on series like
product, sum, reversion, composition.

{ser(aa,bb,prec,ell,p,z,b,jc,E4,E6,D,jq,qc,gc,w,x)=
ell=7;
p=953;
z=Mod(431,p);
b=1/c;
jc=(bˆ4-12 * bˆ3+14 * bˆ2+12 * b+1)ˆ3/bˆ5/(bˆ2-11 * b-1);
E4=sum(n=1,prec, nˆ3 * qˆn/(1-qˆn)) * 240+1+O(qˆprec);
E6=sum(n=1,prec, -nˆ5 * qˆn/(1-qˆn)) * 504+1+O(qˆprec);
D=(E4ˆ3-E6ˆ2)/1728;
jq=E4ˆ3/D;
qc=subst(serreverse(1/jq),q,1/jc+O(cˆprec));
gc= -36 * b* (bˆ2-11 * b-1) * deriv(qc) * (-cˆ2)/5/qc;
w=zˆaa * Qˆ(2+5 * bb);
xabs=Mod(1,p) * (1/12
+sum(n=1,prec,
w* Qˆ(5 * ell * n)/(1-w * Qˆ(5 * ell * n))ˆ2+O(Qˆ(5 * ell * prec)))
+w/(1-w)ˆ2
+sum(n=1,prec,
Qˆ(5 * ell * n)/w/(1-(w)ˆ(-1) * Qˆ(5 * ell * n))ˆ2+O(Qˆ(5 * ell * prec)))
-2 * sum(n=1,prec,
n* Qˆ(5 * ell * n)/(1-Qˆ(5 * ell * n))+O(Qˆ(5 * ell * prec )) ));
cQ=subst(serreverse((qc/cˆ5)ˆ(1/5) * c),c,Qˆell);
bQ=1/cQ;
gQ=subst(gc,c,cQ);
XabQ=(gQ* xabs-3 * (bQˆ2-6 * bQ+1) )/36;
QC=subst(serreverse(1/((bQ * Qˆell)ˆ(1/ell)/Q)),Q,C);
XabC=subst(XabQ,Q,QC);
}
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B A Magma code that computes the zeta function of modular
curves

Below are a few lines written in the Magma language (see [2]).They compute the characteristic
polynomial of the Frobenius ofX1(5ℓ)/Fp using the methods given in the proof of lemma 21.

ZZ:=IntegerRing();
l:=11;
N:=5 * 11;
QN:=CyclotomicField(EulerPhi(N));
R1<T>:=PolynomialRing(QN,1);
R2<T,U>:=PolynomialRing(QN,2);
G := DirichletGroup(N,QN);
chars := Elements(G);
gen4:=chars[2];
gen10:=chars[5];
Genus(Gamma1(N));
charsmc:=[gen4,gen4ˆ2,gen4ˆ4, gen4 * gen10,gen4ˆ2 * gen10,
gen10,gen4 * gen10ˆ2,gen4ˆ2 * gen10ˆ2,gen10ˆ2 , gen4 * gen10ˆ5,
gen4ˆ2 * gen10ˆ5,gen10ˆ5];
p:=101;
PT:= R2 ! 1;
W:=1;
g:=1;

for eps in charsmc do

M := ModularForms([eps],2);
P:= R2 ! Evaluate(HeckePolynomial(CuspidalSubspace(M), p),T);
g:=Degree(P,T);
W := Evaluate(P,[ T+Evaluate(eps,p) * p/T, 1]) * Tˆg;
PT:=PT * W;

end for;

PT := R2 ! PT;

k:=2;
PTk:= Resultant(PT, Tˆk-U,T);

40



References

[1] Christian Batut, Karim Belabas, Dominique Bernardi, Henri Cohen, and Michel Olivier.
User’s guide to PARI/GP (version 2.3.1). http://pari.math.u-bordeaux.fr.

[2] Wieb Bosma, John Cannon, and Catherine Playoust. The Magma algebra system. I. The
user language.J. Symbolic Comput., 24:235–265, 1997.

[3] Johan Bosman. On the computation of Galois representations associated to level one mod-
ular forms.arXiv:0710.1237v1, 2007.

[4] Peter Bruin.Doctoral dissertation. University of Leiden, in preparation.

[5] Eduardo Casas-Alvero.Singularities of plane curves. Number 276 in London Mathematical
Society Lecture Note Series. Cambridge University Press, 2000.

[6] Henri Cohen.A course in computational algebraic number theory, 3rd printing. Number
138 in Graduate Texts in Mathematics. Springer, 1996.

[7] Jean-Marc Couveignes. Boundary of Hurwitz spaces and explicit patching.J. of Symbolic
Computation, 30:739–759, 2000.

[8] Jean-Marc Couveignes. Jacobien, jacobiennes et stabilité numérique. Śeminaire et
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