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u(x)
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(ξ(x))dx/ξ ∈ C1
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Ω
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ßcâ

Ω
æÌß:ó ÛTóHU

P (E,Ω) = sup

{∫

E

+�ß6E
(ξ(x))dx/ξ ∈ C1

c (Ω; R2), ‖ξ‖L∞(Ω) ≤ 1

} J|d�óed�K
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P (E,Ω) = H1(∂E
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x ∈ Ý¬çÌãÌãMê�ä¬Ü (|D1E |

⋂

Ω
)

/ νE = lim
ρ→0

D1E(Bρ(x))
∣
∣D1E(Bρ(x))

∣
∣
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2 / lim

ρ→0

|E⋂Bρ(x)|
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E
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⋃
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2 ¸\Å©¿.²(Â FE ¾ ¼4Ð-Ñ ´2²:Ò�ºq¾ Á » Ì�ÎH²�¸
C�Û�ä�Û�ò�é¿ìcì-Ü¬à}é¿Ü
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2 → R
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∫
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Jq�Ìó6W�K

C�Û�é�Ý�Ý¬çÌåpÛ-Ü�à}é#Ü
B ∈ L∞(Ω)
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inf
φ∈Lip(Ω)

(∫

φ=0

ds+
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BH(φ)
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E »\¼ Ê`Î8Í�ºq¾�Ê-Â�ÊIÏ"ùYú
¸�ú(û-¸]Å©¿_²�Â FE = ∂∗E ýG» Â�³ FE ¾ ¼ C1,1 ¸
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C1,1 X|èMê�çÌâ9+Ìé¿ä:5�ó ;¥âjã}é�äÀÜ�ßcò�çÌìcé�ä�æ¶ÞÂÛ�à}éSE�Û�U P (Ẽ,Ω) = H1(∂Ẽ
⋂

Ω)
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ß�àqþ âAã�äQå¥æèçêé]ëQì_ç�íDîIï�ð ñ�ß¥àÀÿ�ò
ô�Õ#Ô.õ[ÔM×��<ü��<Ô��öª�¡���¡ÕÅ©¿_²�´2²\²��
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Ω
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Ω

|Dψ| J��}ó ��K
G
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∫

Ω

|Dψ| =

∫ +∞

−∞

∣
∣D1{ψ≥s}

∣
∣ ds =

∫ +∞

−∞

P ({ψ ≥ s}, Ω) ds
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Ω
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∣
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∣
∣ ds =
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0
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C�Û�ò(êTâ}ò(Û�âTÜ¬ä�é#Ü�Û*âÌê#Þ ê�ârÜ¬à}Û�Ý¬Û�ò�ê�â.+xÜ¬Û�ä¬å ê�,2Ü¬àÌÛ0, çÌâ]ò4Ü¬ßcê�â]é¿ì:óbC�Û�á}ä�Ý¦Ü�ä¬Û�åpé�ä2^@Ü¬à}é¿Ü�æ}Ý¬ßaâ}ò�Û
0 ≤ ψ ≤ 1

U

ψ(x) =

∫ ψ(x)

0

ds =

∫ 1

0

1ψ(x)≥s ds
J��}ó ��K

é¿â.+rÜ¬à>ç]Ý�U
∫

Ω

Bψ =

∫

Ω

B(x)

(∫ 1

0

1{ψ(x)≥s}ds

)

dx

J��Ìç}èÌßaâ}ß�K
=

∫ 1

0

∫

Ω

B(x)1{ψ(x)≥s}dx ds

=

∫ 1

0

∫

{ψ≥s}

B(x) dx ds





M�Û�â}ò(Û
U

G(ψ) =

∫

Ω

(|Dψ| +Bψ) =

∫ 1

0

(

P ({ψ ≥ s}, Ω) +

∫

{ψ≥s}

B

)

ds
Jq�Ìó6W��
K

Þ&àÌßÈò�àjßcå�ã}ìaßcÛ�Ý�U

inf
ψ∈BV (Ω), 0≤ψ≤1

∫

Ω

(|Dψ| +Bψ) = inf
ψ∈BV (Ω), 0≤ψ≤1

∫ 1

0

(

P ({ψ ≥ s}, Ω) +

∫

{ψ≥s}

B

)

ds
Jq�Ìó6W�W�K

/�Û�Ü
Ẽ
é�Ý¬ê�ìcç�Ü¬ßcê�â�ê-,FãÌä¬êTèÌìaÛ�å�Jq�Ìó �
K(ó�C�Û�+�Û�â}ê¿Ü¬Û�è�5

ψ̃ = 1Ẽ

ó¥C�Û�ÞÂé�âTÜ¸Ü¬êxÝ¬àÌê#Þ Ü�à}é#Ü
ψ̃
ßcÝ-é�Ý¬ê�ìcç�Ü¬ßcê�â�ê-,PJ��Ìó �K(ó</�Û(Ü

s ∈ (0, 1)
ó

• /�Û�Ü
x ∈ Ẽ

ó�* à}Û�â
ψ̃(x) = 1Ẽ(x) = 1

ó�* à¶ç}Ý
ψ̃(x) ≥ s

ó�M¸Û�â}ò(Û
Ẽ ⊂ {ψ̃ ≥ s} ó

• /�Û�Ü
x ∈ {ψ̃ ≥ s} ó�* à}Û�â ψ̃(x) ≥ s > 0

ó�* à¶ç}Ý
ψ̃(x) = 1

J<Ý¬ßaâ}ò�Û
ψ̃ = 0

ê�äFW�K(ó@M¸Û�â}ò�Û {ψ̃ ≥ s} ⊂ Ẽ
ó

C�Û�Û�E�Û�â>Ü¬ç}é�ìaì65T+ÌÛ�+�ç}ò�Û*Ü�à}é#ÜQæ ∀s ∈ (0, 1)
U
Ẽ = {ψ̃ ≥ s} ó�¸ê1Þ�æÌÞDÛ�ò(ê�â}Ý¬ß�+�Û�ä

ψ ∈ BV (Ω)
Ý¬ç}ò�à�Ü¬à}é¿Ü

0 ≤ ψ ≤ 1
ó@C�Û�à]é�E�Û"J Ü�à}é¿â.^¶Ý Ü¬ê�J��}óHW��
K>K(U

G(ψ) =

∫

Ω

(|Dψ| +Bψ) =

∫ 1

0

(

P ({ψ ≥ s}, Ω) +

∫

{ψ≥s}

B

)

ds
Jq�Ìó6W�d�K

;¥â�Ü¬àÌÛ�Ý�é¿åpÛ�ÞÂéS5xé�Ý&é�èMêSE�Û
U

G(ψ̃) =

∫ 1

0

(

P
(

{ψ̃ ≥ s}, Ω
)

+

∫

{ψ̃≥s}

B

)

ds

=

∫ 1

0

(

P
(

Ẽ, Ω
)

+

∫

Ẽ

B

)

ds

= P
(

Ẽ, Ω
)

+

∫

Ẽ

B

3-Ý
Ẽ
ßÈÝ&épÝ¬ê�ìcç�Ü¬ßcê�â�ê-,_ã}ä¬êTèÌìaÛ�å�J��}ó �
K4æÌÞDÛ�à]é�E�Û
U

P
(

Ẽ, Ω
)

+

∫

Ẽ

B ≤ P ({ψ ≥ s}, Ω) +

∫

{ψ≥s}

B
Jq�Ìó6W��
K

3�â9+�è�5xßaâ>Ü¬Û�ñ�ä�é#Ü¬ßcâÌñVJq�Ìó6W���K[Þ&ßaÜ¬àjä�Û�Ý¬ãMÛ�ò4Ü Ü�ê
s
æ�ÞÂÛ�ñ�Û�Ü�, ê�ä�é�â�5

ψ ∈ BV (Ω)
æ
0 ≤ ψ ≤ 1

U

P
(

Ẽ, Ω
)

+

∫

Ẽ

B

︸ ︷︷ ︸

=G(ψ̃)

≤
∫ 1

0

(

P ({ψ ≥ s}, Ω) +

∫

{ψ≥s}

B

)

ds

︸ ︷︷ ︸

=G(ψ)

Jq�Ìó6W��K

3�â9+
ψ̃
ßÈÝÂÜ�àÌÛ�ä�Û(, êTä¬Û�épÝÀêTìaç�Ü�ßcê�ârê�,_ãÌä�ê�èÌìcÛ�åÕJ��Ìó �K(ó

�

C�Û�à}éSE�Û*Ü¬à>ç]Ý�ÝÀàÌê#Þ&ârÜ¬à}é¿Ü�ãÌä¬êTèÌìcÛ�å�Jq�Ìó �KDà}éTÝ&é#Ü&ìcÛ�éTÝ¦Ü&êTâÌÛ�Ý¬ê�ìcç�Ü¬ßcê�â�Þ&àÌßÈò�àjßcÝ�épò�à]é¿ä�é�ò4Ü�Û�ä�ßcÝÀÜ¬ßÈò<, ç}â}ò4Ü¬ßcêTâ�ó@C�Û�é¿ä�Ûßcâ�ãMêTÝ¬ßaÜ¬ßcê�ârÜ¬ê�Ü�ä�Û�é#Ü&ãÌä�ê�è}ìaÛ�å�J��}ó d
K4ó
ß�àqß âAã�äQå¥æèçêé]ëQì_ç�íDîIï�ð ñ�ß¥àqþGò

ô�Õ#Ô.õ[ÔM×��<ü��<Ô��Üª�¡�ª�¡ ¹�²(º
Ẽ
Ìi² »�¼ Ê`Î~Í�º|¾�Ê`Â�ÊIÏêÃ�´2Ê�Ì�ÎH²�ÄÕùcú�¸�úvû ýG» Â©³NÎ6²(º φ̃ Ìi²0ºÀ¿_²��AÍ.Ò�Î~¾�³�² » Â ¼ ¾8Ë-Â©²:³]³-¾ ¼ º » Â©Ò:²êÏiÍ�Â�Ò�ºq¾�Ê-Â=ºcÊ ∂Ẽù ¼ ²i²DÈ�²qÁ�Â9¾¶ºq¾�Ê-Â ú�¸ Ð û�¸]Å©¿_²�Â φ̃ ¾ ¼4»"¼ Ê`Î~Í�º|¾�Ê`Â�Ê>ÏAÃ�´2Ê�Ì�ÎH²�Ä�ùYú�¸
	(û�¸

*2ê@Ý¬àÌê1Þ ëFä�ê�ãMêTÝ¬ßaÜ¬ßcê�â�J��}ó ��K4æÌÞDÛ�Þ&ßcìaì�â}Û�Û�+rÜ¬àÌÛ�Ü¦ÞDêN, êTìaìcê#Þ&ßaâÌñpìcÛ�åpå@é�Ý�U
�DÑ�§ §)ÿ ª�¡�¢�¡ø¹�²�º

φ
¹b¾ Ã ¼ Òi¿�¾¶º��¸��N² ¼ ²(º ψ = H(φ)

¸\Å©¿.²(Â©Æ ∫
{φ=0}

ds ≥
∫

Ω
|Dψ| ¸

	



ô�Õ#Ô�Ô���Ø * à]é¿â_^�ÝÂÜ¬êpÜ¬àÌÛ�ò�ê-X¥é¿ä�Û�é), ê�ä�å�çÌìcé � -�:æÌÞDÛ�à}éSE�Û�U
∫

Ω

|Dψ| =

∫ +∞

−∞

P ({ψ ≥ s},Ω) ds =

∫ 1

0

P ({ψ ≥ s},Ω) ds
J��Ìó6W�	
K

Ý¬ßaâ}ò�Û
0 ≤ ψ ≤ 1

ó)* à¶ç}Ý ∫
Ω
|Dψ| =

∫ 1

0
P ({H(φ) ≥ s},Ω) ds

ó)C�ÛpÝ¬Û(Ü
E = {φ > 0} J

E
ßÈÝ�é¿â5ê�ãMÛ�â�ÝÀÛ�Ü�Ý¬ßaâ}ò�Û

φ
ßcÝò(êTâTÜ¬ßcâ¶çÌê�ç}ÝiK4ó@C�Û�Ü¬àÌÛ�ä¬Û(, êTä¬Û�à}éSE�Û

E = {H(φ) > s} æ ∀s > 0
ó@C�Û�à}éSE�Û�U

∫ 1

0

P ({H(φ) ≥ s},Ω) ds =

∫ 1

0

P (E,Ω) ds = P (E,Ω)
J��Ìó6W���K

M�Û�â}ò(Û ∫
Ω
|Dψ| = P (E,Ω)

ó�* àÌÛ�âjÞDÛ�ò�ê�â}ò�ìaç.+ÌÛ�è�5xä�Û�å@é¿ä:^¶ßaâ}ñ�Ü¬à}é¿Ü�U
P (E,Ω) ≤ H1(∂E

⋂

Ω) ≤
∫

{φ=0}

ds
Jq�Ìó6WSÇ-K

�* à}ÛD, êTìaìcê1Þ&ßcâÌñpìaÛ�å�å@épßcÝ�Ý¦Ü�ä�é�ßañTàTÜ2, ê�ä�ÞÂé¿ä:+�ó
�DÑ�§ §)ÿ ª�¡���¡ø¹�²�º

A ∈ B(Ω)
¸"Å©¿_²���Í.Ò(Î8¾�³�² » Â ¼ ¾8Ë�Â�²i³$³`¾ ¼ º » Â�Òi²GÏiÍ�Â©Ò(º|¾�Ê`Â u ºcÊ

A
¾ ¼4Ð`Ñ ¹b¾ Ã ¼ Ò:¿�¾¶º���¸

��Ñ�� � � ü��<Ô��öª�¡�¢�¡«;c,
A ∈ B(Ω)

æÌÞDÛ�ò�é�ìaì�ï[ç}ò(ìcß6+ÌÛ�é¿â�Ý¬ßañTâÌÛ�+&+�ßÈÝ¦Ü�é¿â}ò�ÛD, çÌâ}ò(Ü¬ßcê�â�Ü¬ê
A
Ü¬àÌÛ0, çÌâ}ò(Ü¬ßcê�â

u
+ÌÛ(á}âÌÛ�+�è�5©U

u(x) =

{
d(x,A)

ß8,
x ∈ Ω\A

d(x,Ω\A)
ß8,
x ∈ A

Jq�Ìó6W���K
Þ&àÌÛ�ä�Û

d(., A)
Ý¦Ü�é¿â.+}ÝA, ê�ä Ü�àÌÛ�ïFç}ò�ìaß�+�Û�é�â=+�ßcÝÀÜ�é�â}ò(Û*Ü�ê

A
ó

ô�Õ#Ô�Ô��@Ô��"ô�Õ1Ô9õ[Ô]×�� ü��<Ô��øª�¡�ª�Ø * à}é¿â_^�Ý�Ü�ê�/�Û�åpå@é��Ìóed�æ�ÞDÛ$^¶âÌê1Þ Ü�à}é#Ü
φ̃
ßcÝ$W�Xc/�ßaã}Ý�ò�àÌß²Ü:1�óÞ/�Û(Ü

φ ∈ Lip(Ω)
ó�C�Û

+�Û�â}ê¿Ü¬Û�è�5
E = {φ > 0} ó�* à]é¿â_^�ÝÂÜ¬êpÜ¬àÌÛ�ãÌä�ê¶ê�,2ê-,b/�Û�åpåpé"�Ìó6W�æ�ÞDÛ�à]é�E�Û
U ∫

φ=0
ds ≥ P (E,Ω)

ó�* à>ç}Ý�U
∫

φ=0

ds+

∫

Ω

BH(φ) ≥ P (E,Ω) +

∫

Ω

B1E ≥ P (Ẽ,Ω) +

∫

Ω

B1Ẽ

Jq�Ìó6W���K
Ý¬ßaâ}ò�Û

Ẽ
ßÈÝ�épÝÀêTìaç�Ü�ßaêTârê�,�J��}ó ��K4ó�M�Û�â}ò�Û�U

∫

φ=0

ds+

∫

Ω

BH(φ) ≥ P (Ẽ,Ω) +

∫

Ω

BH(φ̃)
Jq�Ìóed-�
K

?Âç�Ü
Ẽ
èMÛ�ßcâÌñ�é�Ý¬ê�ìcç�Ü¬ßcêTâê-,NJ��}ó ��K4æ[ÞDÛ&^¶âÌê#Þ�æ�Ü�à}é¿â_^�Ý0Ü¬ê�ë[ä¬êTãMêTÝ¬ß²Ü�ßaêTâ��}óHWTæ�Ü¬à}é¿Ü

Ẽ
à]é�Ýpé

C1,1 X:èMêTçÌâ.+Ìé¿ä:5TæFé¿â9+�ÞÂÛÜ¬à}Û�ä¬Û�, ê�ä�Û*à}éSE�Û�U
P (Ẽ,Ω) = H1(∂Ẽ

⋂
Ω) =

∫

φ̃=0
ds
ó@C�Û�Ü�à>ç}Ý�ò�ê�â}ò�ìaç.+ÌÛ*Ü¬à}é¿Ü�U

∫

φ=0

ds+

∫

Ω

BH(φ) ≥
∫

φ̃=0

ds+

∫

Ω

BH(φ̃)
Jq�Ìóed�W�K

Þ&àÌßÈò�à�Ý¬àÌê1Þ�ÝÂÜ¬à]é#Ü
φ̃
ßÈÝ&é@ÝÀêTìaç�Ü�ßaêTârê�,_ãÌä�ê�èÌìcÛ�å�Jq�Ìóed�K(ó

�

¦xÑ�§�ÿ�ÕS¨�Ø�;¥â�Ü¬à}Û�ãÌä¬ê�ê-,2ê-,_ë[ä¬êTãMêTÝ¬ß²Ü�ßaêTâ&�Ìó �Ìæ�ÞDÛ�à}éSE�Û�Ý¬àÌê1Þ&ârÜ�àÌÛ0, ê�ìcìaê#Þ&ßaâ}ñ�ä�Û�Ý¬çÌì²Ü�U
�DÑ�§ §)ÿ ª�¡6ª�¡ ¹�²(º

E » Â Ê:Ã_²�Â ¼ ²(º4½@¾¶ºÀ¿ C1 Ñ ÌiÊ`Í�Â©³ » ´�� ý"» Â©³ÞÎ6²(º φ ºÀ¿_² ¼ ¾8Ë�Â�²i³�³`¾ ¼ º » Â�Òi²4ÏiÍ�Â�Ò�º|¾�Ê`Â ºYÊ
∂E

¸[Å©¿_²�Â�Æ
∫

φ=0
ds = P (E,Ω)

¸
ß�àÀÿ ����ä������@îIï����©ï íFïZã! Þï�ï�� ëPì_ç�íDîIï�ð#"¤ñSß�àqþGò%$\ñSß�à|ßGò&�'�Qå ñSß�àÀÿ¥ò
��ê#Þ Ü�à}é#ÜpÞDÛrà}éSE�ÛrÝÀÜ¬ç9+�ßaÛ�+�ãÌä�ê�è}ìaÛ�åpÝ&J��}ó d
K4æ<Jq�Ìó �
K�é¿â9+ Jq�Ìó �K(æFé¿â9+�Ü�à}é#ÜpÞDÛrà}éSE�ÛrÝ¬Û�Û�â)Ü�à}é#Ü�Ü¬àÌÛ�5�ã}ä¬ÛQÝÀÛ�âTÜpÝÀÛ�E�Û�ä�é¿ìò(êTâÌâÌÛ�ò(Ü¬ßcê�â}Ý�æ}ÞDÛ�ÞÂé�âTÜ�Ü�êxÝ¦Ü�é#Ü�Û�é"^¶ßcâ.+jê-,�Û�ð>çÌß6E#é�ìaÛ�â}ò(Û�ä�Û�Ý¬çÌìaÜ�èMÛ�Ü¥ÞÂÛ�Û�â�Ü¬àÌÛ�å�ó<*2ê]+�êxÝ¬ê}æ}ÞDÛ�Þ&ßcìcì�âÌÛ�Û�+�Ü�àÌÛ), êTìaìcê#Þ&ßaâ}ñä�Û�ÝÀç}ì²ÜQó
ô�Õ#Ô9õ[Ô]×�� ü��<Ô��öª�¡6¬�¡@¹�²�º

φ »\¼ Ê-Î~Í�ºq¾�Ê-Â�ÊIÏAÃ©´>Ê
Ì�ÎH²(Ä�ùYú
¸
	�û-¸]Å©¿_²�Â
ψ = H(φ)

¾ ¼4»"¼ Ê`Î~Í�º|¾�Ê`Â�Ê>ÏAÃ�´2Ê�Ì�ÎH²�Ä�ùYú�¸ µ`û�¸

�



ô�Õ#Ô�Ô���Ø 3&ò�ò(ê�äi+�ßcâÌñ0Ü�ê"/�Û�å�å@é\�}óHWTæ�ÞDÛ�à}éSE�Û�U ∫
{φ=0}

ds ≥
∫

Ω
|Dψ| ó�* à>ç]Ý�U

∫

φ=0

ds+

∫

Ω

BH(φ) ≥
∫

Ω

|Dψ| +
∫

Ω

Bψ
Jq�Ìóed�d�K

≥
∫

Ω

|Dψ̃| +
∫

Ω

Bψ̃
Jq�Ìóed-�
K

Þ&àÌÛ�ä�Û
Ẽ
ßÈÝ é0ÝÀêTìcç�Ü¬ßcê�âxê-,2ãÌä�ê�èÌìcÛ�åÝJ��}ó ��K4æ�é¿â9+

ψ̃ = 1Ẽ

J Ü¬à}é�â_^�ÝDÜ¬ê�ëFä�ê�ãMêTÝ¬ßaÜ¬ßcê�âT�}ó dÌæ>ÞDÛD^¶âÌê#Þ Ü�à}é#Ü
ψ̃
ßcÝ é0Ý¬ê�ìcç�Ü�ßaêTâxê-,ãÌä�ê�èÌìcÛ�å�J��Ìó �K2K4ó@C�ÛF+ÌÛ�âÌê¿Ü�Û*è�5

φ̃
Ü�àÌÛ�Ý¬ßañTâÌÛ�+$+�ßÈÝ¦Ü�é¿â}ò�ÛQ, çÌâ}ò(Ü¬ßcê�ârÜ�ê

∂Ẽ
ó@* à}é�â_^�ÝDÜ¬êpëFä¬êTãMêTÝ¬ß²Ü�ßaêTâ$�Ìó �Ìæ

φ̃
ßÈÝ é�Ý¬ê�ìcç�Ü¬ßcê�âê-,_ã}ä¬êTèÌìaÛ�å�J��}ó d
K4æ}é¿â.+rÞÂÛ*Ü¬à¶ç}Ý&à}éSE�Û�U

∫

{φ=0}

ds+

∫

Ω

BH(φ) =

∫

{φ̃=0}

ds+

∫

Ω

BH(φ̃)
Jq�Ìóed`�K

?Âç�Ü�Þ&ß²Ü�à=/�Û�åpå@é\�}ó �}æ¶ÞÂÛ�à}éSE�Û�U
∫

φ=0

ds+

∫

Ω

BH(φ) = P (Ẽ,Ω) +

∫

Ω

B1Ẽ =

∫

φ̃=0

ds+

∫

Ω

BH(φ̃)
Jq�Ìóed�	�K

C�Û�ò�ê�â}ò�ìaç9+�Û*Ü¬à]é#Ü4J��}ó d
d�KDé�â.+�Jq�Ìóed-�
KÂé¿ä�Û*ßcâ$,<éTò4Ü�Û�ð>ç}é�ìaßaÜ¬ßcÛ�Ý�æÌé¿â9+xÜ¬àÌÛ�ä¬Û�, ê�ä�Û-Ü¬à]é#Ü
ψ
ßÈÝ�épÝÀêTìaç�Ü�ßaêTârê�,_ãÌä�ê�èÌìcÛ�å�Jq�Ìó �K(ó
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inf
φ∈Lip(Ω)

(∫

φ=0

ds+

∫

Ω

BH(φ)

)

= inf
ψ∈BV (Ω), 0≤ψ≤1

(∫

Ω

|Dψ| +
∫

Ω

Bψ

) Jq�Ìóed-��K
C�Û�à}éSE�Û�é¿ìÈÝÀê�ãÌä�ê`E�Û�+�Ü�àÌÛ0, ê�ìcìaê#Þ&ßcâÌñ�ä�Û�Ý¬çÌìaÜ�U

�DÑ�§ §)ÿ ª�¡H¬�¡ø¹�²�º
φ »\¼ Ê`Î~Í�º|¾�Ê`ÂÞÊIÏAÃ�´2Ê
Ì(ÎH²�Ä�ùYú
¸
	(û ý�» Â©³"ÎH²�º ψ = H(φ)

¸\Å©¿.²(Â©Æ ∫
φ=0

ds =
∫

Ω
|Dψ| ¸

C�Ûpà]é�E�Û@ÝÀàÌê#Þ&â�é�â�Û�ð>çÌß6E#é�ìaÛ�â}ò(Û�èMÛ�Ü¥ÞÂÛ�Û�â�ã}ä¬êTèÌìaÛ�å@Ý\J��}ó d
K4æêJq�Ìó �
K*é¿â.+�Jq�Ìó �K4æ�Û�ð>çÌß6E#é¿ìcÛ�â]ò(Û0Ü¬à}é¿Ü�ÞDÛ@Ý¬çÌå�çÌã�Þ&ßaÜ¬àÜ¬à}ÛD, êTìaìcê#Þ&ßaâÌñ�Ü¬à}Û�ê�ä�Û�åVU
4® Ñ¶Ô]Õ1Ñ�§üª�¡¶�Z¡

Ð ¸�(ÀÏ φ ¾ ¼N»]¼ Ê`Î8Í�ºq¾�Ê-Â Ê>Ï�Ã©´2Ê�Ì�ÎH²(Ä ùYú
¸
	�û ý º¶¿.²(Â E = {φ > 0} ¾ ¼N»]¼ Ê`Î8Í�ºq¾�Ê`Â ÊIÏ¥Ã©´>Ê
Ì(Î6²(Ä ùYú
¸�ú(û ýP» Â©³ ψ = H(φ)
¾ ¼N»

¼ Ê`Î~Í�º|¾�Ê`ÂÞÊIÏAÃ�´2Ê�Ì�ÎH²�Ä�ùcú�¸ µ`û�¸
	�¸�(ÀÏ

E
¾ ¼)»\¼ Ê-Î~Í�º|¾�Ê`Â�ÊIÏGÃ�´2Ê
Ì(ÎH²�Ä�ùYú
¸�ú(û ý ºÀ¿_²�Â ψ = 1E

¾ ¼)»\¼ Ê-Î~Í�ºq¾�Ê-Â�Ê>ÏGÃ�´2Ê�Ì�ÎH²�Ä�ùYú
¸ µ`û ýA» Â©³ φ º¶¿.² ¼ ¾8Ë�Â�²i³T³`¾ ¼ º » Â©Ò:²ÏiÍ�Â�Ò�º|¾�Ê`Â ºYÊ
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ψ
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Ì(Î6²(Ä�ùYú�¸�úvû ý
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ψ = 1E

ó���â�, êTäÀÜ�çÌâ}é#Ü�Û�ì65�æ�Ü¬à}ßcÝ&ä�Û�Ý¬çÌì²Ü<+Ìê¶Û�ÝâÌê¿Ü�àÌêTì6+rßcâjñ�Û�âÌÛ�ä�é�ì9ó
;¥â9+�Û�Û�+�æTßaÜ[ßÈÝFßaåpåpÛ�+Ìßcé¿Ü¬Û&Ü�ê�ò�àÌÛQò:^0Ü¬à}é¿Ü[ß8,

B
à}é�Ý�1�Û�ä¬ê�åpÛ�é�â�æ�Ü¬àÌÛ�â�é¿â�5�ò(ê�â]Ý¦Ü�é¿âTÜ�, çÌâ}ò(Ü¬ßcê�â�J<ãÌä�êSE¶ß�+�Û�+�Ü¬àÌßÈÝ[ò�ê�â}ÝÀÜ�é�âTÜìcßaÛQÝ èMÛ(Ü¦ÞDÛ�Û�â=�pé¿â.+�WSKDßÈÝ&épÝ¬ê�ìcç�Ü¬ßcê�â�ê-,_ã}ä¬êTèÌìaÛ�å�J��}ó �K4ó

;¥âÞ,<éTò4ÜQæ_Û�E�Û�â�Þ&àÌÛ�â ∫
Ω
B 6= 0

æ�ãÌä¬êTèÌìcÛ�å×J��}ó �K�ò�é¿â�à}éSE�Û�Ý¬ê�ìcç�Ü�ßaêTâ}Ý�Þ&àÌßÈò�àé¿ä�Ûpâ}ê¿Ü0ò�à}é¿ä�é�ò4Ü�Û�ä�ßÈÝ¦Ü¬ßÈò�, çÌâ}ò(Ü¬ßcê�â}Ý�æ�é�ÝÝ¬àÌê1Þ&â�è�5�Ü�àÌÛ0, ê�ìcìcê1Þ&ßcâÌñ�Û�LÌé¿åpãÌìcÛ�ó
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xB=−1

a 2 a

1

B=−1P Q R0 B=1

ψ0

ψα

�_ßañTçÌä¬Û\W�U�ï@LÌé¿åpãÌìcÛ�ê�,�ÝÀêTìaçÌÜ¬ßcê�â}Ý ê-,_ã}ä¬êTèÌìaÛ�å�J��}ó �KDÞ&àÌßÈò�à�é¿ä�Û*âÌê�Ü�ò�à}é¿ä�é�ò(Ü¬Û�ä¬ßÈÝ¦Ü�ßcòP, çÌâ}ò4Ü�ßcê�â}Ý

)�*�ÿ_§ õ�þ<ÑMØÕC�Û@ñTßHE�ÛpàÌÛ�ä¬Û�é¿â�Û(LÌé¿åpãÌìcÛpßcâ +�ßcå�Û�â}ÝÀßcêTâ�WTæ�ê-,&é¿â�ê�ãMÛ�â)ÝÀÛ�Ü
Ω
é¿â9+�ê�, é=+Ìé#Ü�érÜ¬Û�ä¬åÝ, ç}â}ò4Ü�ßaêTâ

B
Ý¬ç}ò�àÜ¬à]é#Ü¸ãÌä�ê�è}ìaÛ�åÕJq�Ìó �K à}é�Ý¸ÝÀêTìaç�Ü�ßaêTâ}Ý&Þ&àÌßÈò�à"é¿ä�Û�âÌê�Ü-ò�à}é�ä�éTò4Ü�Û�ä�ßcÝÀÜ¬ßÈòQ, çÌâ}ò4Ü�ßaêTâ}Ý�óAC�Û�ä�Û�ò�é�ìaì�Ü�à}é#Ü¸Ü¬àÌÛF, ç}â}ò4Ü�ßaêTâ}é¿ì�ÞÂÛ�ÞÂé¿â>ÜÜ¬ê@å�ßcâÌßcåpßH1�Û�ßaâjãÌä�ê�èÌìcÛ�åÕJ��Ìó �KÂßcÝ Ü¬àÌÛ0, êTìaìcê1Þ&ßcâÌñ9U

F (ψ) =

∫

Ω

Bψ +

∫

Ω

|Dψ| Jq�Ìóed
Ç-K
C�Û�ò(êTâ}Ý¬ß6+�Û�ä*Ü�àÌÛ�ò�éTÝÀÛ"+�Û�ã}ßcò(Ü¬Û�+�êTâÞ�_ßañTçÌä¬ÛVWTó\C�Û�ò�àÌê�êTÝ¬Û

B = −1
ê�â�Ü�àÌÛ�ÝÀÛ�ñ�åpÛ�â>Ü�Ý

[O,P ]
é¿â.+

[Q,R]
Þ&à}ßcò�àà}éSE�Û�èMê¿Ü¬à�Ü¬àÌÛ0Ý�é¿åpÛ�ìcÛ�âÌñ�Ü¬à

a > 1
ó<3¸â.+�ÞDÛ0ò�àÌê�êTÝ¬Û

B = 1
ê�âjÜ¬à}Û0ÝÀÛ�ñ�åpÛ�â>Ü

[P,Q]
Þ&àÌßÈò�à"à}éTÝ¸é@ìaÛ�âÌñ¿Ü�à�Û�ð>ç}é�ì�Ü¬ê

2
ó
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ψ
ßÈÝ é0ò�à}é�ä�éTò4Ü¬Û�ä¬ßÈÝ¦Ü�ßcò¥, ç}â}ò4Ü¬ßcêTâ�æ¶Ü¬àÌÛ�â�U

F (ψ) = nb+
∫

Ω
Bψ

æ�Þ&àÌÛ�ä�Û
nb
ÝÀÜ�é¿â9+ÌÝê, êTäDÜ�àÌÛâ>çÌå�èMÛ�ä�ê-,9�¦çÌåpã}Ý�ê-,

ψ
ê�â

Ω
ó

C�Û�ò(êTâ}ÝÀß�+�Û�ä&Ý¬ê�åpÛ�ã}é¿ä¬Ü¬ßÈò(çÌìÈé¿ä&ò�à}é�ä�éTò4Ü¬Û�ä¬ßÈÝ¦Ü�ßÈò<, çÌâ}ò(Ü¬ßcê�â}Ý�U
ψ0 =

{
1
êTâ {B = −1}

0
êTâ {B = 1}

Jq�Ìóed-��K
é�ÝFÞDÛ�ìaìMéTÝ

ψ1 = 1
ê�â

Ω
æ¶é�â.+

ψ2 = 0
êTâ

Ω
ó C�Û¸à}éSE�Û

F (ψ2) = 0
æ¶é�â.+

F (ψ0) = 2−2a = F (ψ1)
ó@3¸Ý[ÞDÛ¸à}é�E�Û¸ò�àÌêTÝ¬Û�â

a > 1
æÌÞDÛ�é¿ìÈÝÀê�à}éSE�Û

F (ψ0) < F (ψ2)
ó

;c,
ψ
ßcÝ¸é�ò�à]é¿ä�é�ò4Ü�Û�ä�ßcÝÀÜ¬ßÈòQ, çÌâ}ò(Ü¬ßcê�â�æ]Ü¬àÌÛ�â ∫

Ω
Bψ ≥ −2a

ó¥* à>ç}Ý
F (ψ) ≥ nb− 2a

ó�?Âç�Ü
F (ψ0) = 2 − 2a + Ü�àÌÛ�ä�Û(, êTä¬ÛßH,

ψ
ßÈÝ-é�ò�à}é¿ä�é�ò(Ü¬Û�ä�ßÈÝ¦Ü¬ßÈòD, çÌâ}ò(Ü¬ßcê�â�é¿â.+�ßÈÝ-é�Ý¬ê�ìcç�Ü¬ßcê�â�ê�,<Jq�Ìó �K(æ}Ü�àÌÛ�â5ÞDÛ�âÌÛ�ò�Û�Ý�Ý¬é�ä¬ßcìH5rà}éSE�Û�U

nb ≤ 2
óP;|Ü-ßÈÝ�Ü¬à}Û�â"ÛQé�Ý25xÜ¬êò�à}Û�òi^0Ü¬à}é¿ÜDßaâ",<éTò4Ü

ψ0
é�â.+

ψ1
ä�Û�éTò�àpÜ¬à}Û¸åpßaâÌßcå�çÌå¾ê-,�Jq�Ìó �K(æ>é¿â9+�Ü�à}é#Ü[Ü�àÌÛPE#é�ìcçÌÛ�ê-,�Ü¬àÌßÈÝ[åpßcâÌßaå�ç}å ßÈÝFÛQð>ç}é¿ì}Ü¬ê

2−2a
ó

�¸ê1Þ�æÌÞDÛ�ò(ê�â}Ý¬ß�+�Û�ä Ü¬àÌÛ0,<é�å�ßcìcìH5xê�,�, çÌâ}ò4Ü�ßaêTâ}Ý<+�Û�á}âÌÛ�+$, ê�ä
0 ≤ α ≤ 1

U

ψα =

{
1
êTâ {B = −1}

α
êTâ {B = 1}

Jq�Ìóed-��K
C�Û�à}éSE�Û

F (ψα) = 2(1 − α) − 2a+ 2α = 2 − 2a = F (ψ0)
ó�* à¶ç}Ý

ψα
ßÈÝ&é�Ý¬ê�ìcç�Ü¬ßcê�ârê�,2ãÌä�ê�è}ìaÛ�åÝJq�Ìó �K ∀α ∈ [0, 1]

ó
3�â9+�ß8,

0 < α < 1
æ�Ü¬àÌÛ�â

ψα
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£�ó.*2Û�å@é¿å � d-��æ�WSd��:ó
C�à}Û�â

α
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H
é¿â9+5Ü¬à}Û�í¸ßcä�é�ò\+�ßÈÝÀÜ¬ä�ßaèÌçÌÜ¬ßcê�â

δ
ó

C�Û�éTÝ¬Ý¬çÌåpÛ*Ü¬à}é¿Ü
0 ≤ α ≤ 1

ó

δα(s) =

{
1
2α

(
1 + cos πsα

) ßH, |s| ≤ s̃
α

ßH, |s| ≥ s̃

J�}ó6W�K

Hα(s) =







1
2

(
1 + s

α + 1
π sin πs

α

) ßH, |s| ≤ s̃
1
2

(
1 + s̃

α + 1
π sin πs̃

α

)
+ α(s− s̃)

ßH,
s > s̃

1
2

(
1 + −s̃

α + 1
π sin −πs̃

α

)
+ α(s+ s̃)

ßH,
s < −s̃

J�}óed�K
Þ&à}Û�ä�Û�U

s̃ =
2α

π
arccos(α)

JÀ]ó ��K
C�ßaÜ¬àÜ¬àÌßÈÝ\+�Û(á}âÌßaÜ¬ßcê�â�ê-,

s̃
æFÞDÛrà}éSE�Û�J Þ&àÌÛ�â

α → 0
K(U

0 ≤ s̃ ≤ α
é¿â9+

s̃ ∼ α
óÞó"ê�ä�Û�ê`E�Û�ä�æ

δα(s̃) = δα(−s̃) = α
æ

limα→0Hα(s̃) = 1
æ}é¿â.+

limα→0Hα(−s̃) = 0
ó

3-Ý
Ω
ßcÝ&èMê�çÌâ.+ÌÛ�+�æÌÞDÛ�à}éSE�Û*Þ&à}Û�â

α→ 0
U
δα → δ

é¿â.+
Hα → H

J ßcâ�Ü¬à}ÛF+ÌßcÝÀÜ¬ä�ßcèÌç�Ü¬ßcê�â]é¿ì�Ý¬Û�â}Ý¬Û�K(ó
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ψα = Hα(φ)
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ô�Õ#Ô�Ô���Ø�C�Û�à}éSE�Û
H

′

α = δα
æ�Ü¬à¶ç}Ý�U

α ≤ H
′

α ≤ 1
α

óø3�â.+ (
H−1
α (y)

)′

= 1
H′

α(Hα(y))
= 1

δα(Hα(y))

óø* àÌÛ�ä�Û(, êTä¬Û
U
α ≤

(
H−1
α

)′

≤ 1
α

ó
�
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inf
φ∈Lip(Ω)

(∫

Ω

δα(φ)|∇φ| +
∫

Ω

BHα(φ)

) J�}ó �K
C�Û�ò�é�âjÝÀàÌê#Þ Ü�à}é#Ü4J9ÝÀÛ�Û � �`�ÀKvU

lim
α→0+

{∫

Ω

δα(φ)|∇φ|
}

=

∫

φ=0

d s
JÀ]ó 	
K

C�Û�Û�éTÝÀßcì65]+ÌÛ�+�ç}ò�Û*Ü�à}é#Ü4Jq�Ìóed�KDßÈÝÂÜ�àÌÛ�ìaßcåpßaÜ�ãÌä¬êTèÌìcÛ�å ê�,�JÀ]ó �KDÞ&àÌÛ�â
α→ 0+ ó* à}Û�ä�Û&ä¬Û�å@é¿ßcâ}Ý�Ü¬ê�ò�àÌÛ�òi^0ßH,�ãÌä�ê�èÌìcÛ�å JÀ]ó �K�é
+�åpß²Ü�Ý[é�Ý¬ê�ìcç�Ü�ßaêTâN, ê�ä

α > 0
ó@* àÌÛ�ä�Û&Û(L�ßÈÝÀÜ�Ý[é0E�Û�ä:50Ý¬ßcå�ã}ìaÛ�ìcßcâ_^0èMÛ�Ü¥ÞDÛ�Û�âãÌä�ê�èÌìcÛ�åÕJÀ}ó �KÂé�â.+rãÌä�ê�è}ìaÛ�å�J��}ó �KDÞ&àÌßcò�àjÞDÛ�ä�Û�ò�é¿ìcìUàÌÛ�ä¬Û
U

inf
ψ∈BV (Ω), 0≤ψ≤1

(∫

Ω

|Dψ| +
∫

Ω

Bψ

) J�}ó �
K
;¥â9+�Û�Û�+�æÌß8,�ÞDÛ�ÝÀÛ�Ü�U

ψα = Hα(φ)
æ�Ü¬à}é�â

Dψα = δα(φ)∇φ æ}é¿â.+T, êTä�é¿ìcì α > 0
U

∫

Ω

BHα(φ) +

∫

Ω

δα(φ)|∇φ| =

∫

Ω

Bψα +

∫

Ω

|∇ψα|
J�}ó~Ç-K
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α
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inf
φ∈W 1,2(Ω)

F εα,β(φ)
JÀ]ó ��K

Þ&àÌÛ�ä�Û�U
F εα,β(φ) =

(∫

Ω

gβ(δα(φ)|∇φ|) +

∫

Ω

BHα(φ) +

∫

Ω

hβ(Hα(φ))

)

+
ε

2

∫

Ω

(δα(φ)|∇φ|)2 J�}ó �
K

�



Þ&à}Û�ä�Û-Ü�àÌÛ0, çÌâ}ò(Ü¬ßcê�â
gβ : R

2 → R
ßÈÝ¥+�Û�á}âÌÛ�+�è�5�U

gβ(ξ) =
√

|ξ|2 + β2
J�}ó6W���K

é¿â.+rÜ¬àÌÛ0, çÌâ}ò(Ü¬ßcê�â
hβ : R → R

è�5©U

hβ(x) =







x4

β5

ß8,
x ≤ 0

0
ßH,

0 ≤ x ≤ 1
(x−1)4

β5

ß8,
x ≥ 1

J�}ó6W�WSK
M�Û�ä¬Û

W 1,p +�Û�âÌê¿Ü�Û�Ý2Ü¬àÌÛ�Ù¶êTèMê�ìcÛ�E�Ý¬ã}é�ò�Û�U {φ ∈ Lp(Ω); ∇φ ∈ Lp(Ω); 1 ≤ p ≤ ∞}
� W(�|ó * àÌÛG, ç}â}ò4Ü�ßaêTâ

hβ
ßcÝ�ò�ê�â�ETÛ(L�é�â.+

C3 ê�â
R
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∫

Ω
gβ(δα(φ)|∇φ|) ò�ê�ä�ä¬ÛQÝÀãMê�â.+ÌÝ�Ü�ê�Ü¬àÌÛ*ê�âÌÛ-ç}Ý¬Û�+�ßcâ�Ü¬àÌÛ*â>çÌåpÛ�ä�ßÈò�é¿ìUÝ�ò�àÌÛ�åpÛ�J<ÞDÛ-ßcâ.+�Û�Û�+�ßcâTÜ�ä¬ê�+Ìç}ò(Û*é�ã}é�ä�é�åpÛ(Ü¬Û�ä β > 0Ü¬êxé�ETê�ß�+xÜ¬êT+�ß6E>ß�+�Û�è�5V�
K0J9ÝÀÛ�Û � d�dS�¶K(ó�* àÌÛ0, ç}â}ò4Ü�ßaêTâ

hβ
Þ&ßcìaì2ä¬Û�ãÌìcéTò(Û�Ü¬àÌÛ�ò�ê�â.+�ßaÜ¬ßcêTâ

0 ≤ ψ ≤ 1
ßcâjÜ¬àÌÛ�é�ãÌãÌä�ê�L�ßcå@é#Ü¬ßcê�âê-,_ã}ä¬êTèÌìaÛ�å�JÀ]ó ��KDJ êTä)J��Ìó �K2K4ó

;|Ü&ßcÝ ÝÀÜ¬ßcìcìUçÌâ}ò�ìaÛQé¿äDÜ�êpÝÀàÌê#Þ¤+�ßcä¬ÛQò4Ü¬ì65pÜ�à}é#ÜFJ�}ó �
KDé�+�åpßaÜ�Ý é�ÝÀêTìaçÌÜ¬ßcê�âxê�â
W 1,2(Ω)

æÌÝÀßcâ}ò�Û
F εα,β(φ)

ßÈÝÂê�âÌì65�ò(ê¶Û�ä�ò�ßHE�Û-ê�â
W 1,1(Ω)

ó�/�Û(Ü�ç}Ý&Ý¬Û(Ü
ψα = Hα(φ)

J�}ó6W�d�K
* àÌßÈÝ ßcåpãÌìcßaÛQÝ ∇ψα = δα(φ)∇φ J9ÝÀßcâ}ò(Û

φ ∈W 1,2(Ω)
K4ó�* àÌßÈÝ&ìaÛQé�+ÌÝ ç}Ý Ü�ê@ò(êTâ}ÝÀß�+�Û�ä Ü¬à}Û�ã}ä¬êTèÌìaÛ�åVU
inf

ψ∈W 1,2(Ω)
Gεβ(ψ)

J�}ó6W��
K
Þ&à}Û�ä�Û�U

Gεβ(ψ) =

(∫

Ω

gβ(|∇ψ|) +

∫

Ω

Bψ +

∫

Ω

hβ(ψ)

)

+
ε

2

∫

Ω

|∇ψ|2 J�}ó6W��K
;¥â&,<é�ò(Ü�æÌÞDÛ�Þ&ßaìcì�ÝÀà}ê1Þ ìcé¿Ü¬Û�ä)J<ëFä¬êTãMêTÝ¬ß²Ü�ßcê�â$]ó d
KFÜ�à}é#Ü�ãÌä�ê�è}ìaÛ�åpÝFJÀ]ó �
KÂé¿â9+�JÀ]óHW��
KDé�ä¬Û�Û�ð>çÌß6E#é¿ìcÛ�â>Ü�ó
;¥â�é¿ìcìUÜ�àÌÛ�ÝÀÛQð>çÌÛ�ì:æ�ã}é�ä�é�å�Û�Ü¬Û�ä

β
Þ&ßcìaì�+�Û�ãMÛ�â.+�êTârã]é¿ä�é¿åpÛ(Ü�Û�ä

α
è�5�Ü¬àÌÛ�ä�Û�ìÈé#Ü¬ßcêTâ�U

β(α) =

(
4α3

‖B‖L∞(Ω)

) 1
5 J�}ó6W�	
K

J ÞÂÛ�Þ&ßcìcì�Ý¬Û�Û*Ü�àÌÛ��¦ç}ÝÀÜ¬ßaá]ò�é¿Ü¬ßcê�âjê-,2Ü¬à}ßcÝ&ä�Û�ìÈé#Ü�ßaêTârßaâ�Ü¬à}Û�ã}ä¬ê¶ê�,2ê-,_ëFä�ê�ãMê>ÝÀßaÜ¬ßcêTâT]óHWSK4ó
C�Ûpà}éSE�Û�ßaâ>Ü¬ä�ê�+�ç}ò�Û�+5ãÌä�ê�èÌìcÛ�å@Ý\JÀ]óHW��
K-é¿â.+ÜJ�}ó �
K¸ßcâ�ê�äi+�Û�ä-Ü�ê�ñ�Û�Ü�Û(L�ßÈÝ¦Ü�Û�â}ò�Ûpé¿â9+5ä¬Û�ñ�çÌìÈé¿ä�ß²ÜI5jä�Û�Ý¬çÌì²Ü�Ý�é¿èMêTç�Ü*Ü¬àÌÛ�ßaäÝ¬ê�ìcç�Ü¬ßcê�â}Ý�óbC�Û�Ü�àÌÛ�âjÞÂé�âTÜ&Ü¬êpìcÛ(Ü

ε→ 0
Ü¬êpñTÛ(Ü&ßcâ�, ê�ä�å@é#Ü�ßaêTâ�é�è]êTç�Ü Ü¬à}Û�ÝÀêTìaç�Ü�ßaêTârê�,_ãÌä�ê�èÌìcÛ�å@Ý�U

inf
φ∈W 1,1(Ω)

T

L2(Ω)
F 0
α,β(φ)

J�}ó6W��
K
é�â.+ZU

inf
φ∈W 1,1(Ω)

T

L2(Ω)
G0
β(ψ)

J�}ó6WSÇ-K
¦xÑ�§�ÿ�ÕS¨�Ø�;¥â�ãÌä�ê�èÌìcÛ�å@Ý\JÀ}ó6W���K¸é�â.+ÜJÀ]óHW`Ç-K4æUÜ�àÌÛ�ä�Û�ßÈÝ*âÌêjò(êTâ}ÝÀÜ¬ä�é¿ßcâTÜ

0 ≤ ψ ≤ 1
óN* àÌßcÝ�ò(êTâ}Ý¦Ü�ä�é�ßcâTÜ�ò�ê�åpÛ�ÝQ, ä¬êTå Ü�àÌÛ

, çÌâ}ò(Ü¬ßcê�â
hβ

J9ÝÀÛ�Û0]óHW
W�K4ó
ÿ<àqß A ëFï�ì�ã_ä<ì.í�� ã%�Iç?� ì_ï�"�äPîIã
C�Û@é¿ä�Û0ñ�êTßaâ}ñxÜ¬êjç}ÝÀÛ@érãMÛ�ä¬Ü¬çÌä�è}é¿Ü¬ßcê�â5ä�Û�Ý¬çÌìaÜF+�çÌÛ�Ü�êV£�ó�*2Û�åpé�å � d-�Ìæ@W�d��PJ Ü¬àÌÛ�ê�ä�Û�å W�ó6W0ã]é¿ñ�Û&W�d
	�ê-, � d-�S�|æ � W�dS�Fã}é¿ñTÛ
W���
K(ób* àÌßÈÝÂÜ�àÌÛ�êTä¬Û�å ßÈÝ ßaÜ�Ý¬Û�ìH,_è]é�Ý¬Û�+rê�â�ä�Û�Ý¬çÌì²Ü�Ý è�5$/2é�+�5�1�Û�â}Ý>^¿é�5Té0é¿â9+&��ä�é¿ì BCB Û�E#é � W�	¶æ�W��`�:ó* à}Ûpä�Û�Ý¬çÌìaÜ�è�5�*�Û�å@é¿å�à}éTÝ�é¿ìcä¬ÛQé�+�5"èMÛ�Û�â�ç}Ý¬Û�+�Ý¬ç}ò�ò�Û�Ý¬Ý>, çÌìcìH55ßcâ�ßaå@é�ñ�ÛpãÌä¬êÌò(Û�Ý�Ý¬ßaâÌñ�ßcâ � Ç��[ßcâ)éjÝÀìcßcñ�àTÜ�ì65"åpê�+�ßaá}Û�+
, ê�ä�åjó@* àÌßÈÝ&ßcÝ Ü¬àÌßÈÝ&ìÈé�ÝÀÜ&ä¬ÛQÝÀçÌìaÜ Ü¬à]é#Ü�ÞDÛ�é¿ä�Û*ñ�êTßaâÌñ0Ü�êpç}Ý¬Û�U�ÞDÛ�ò(ê�â]ÝÀß�+�Û�ä�é�, çÌâ}ò4Ü�ßcê�â}é�ì�ê�,2Ü¬àÌÛ0, êTä¬åVU

inf
ψ∈W 1,2(Ω)

{∫

Ω

g(|∇ψ|) +

∫

Ω

p(x)ψ +

∫

Ω

h(ψ) +
ε

2

∫

Ω

|∇ψ|2
) J�}ó6W���K

C�Û�é�Ý�Ý¬çÌåpÛ-Ü�à}é#Ü&Ü¬à}ÛD, êTìaìcê#Þ&ßaâÌñpà�5¶ãMê�Ü¬àÌÛ�Ý¬Û�Ý à}ê�ì�+ZU
JqMA¢%D�* àÌÛ0, çÌâ}ò(Ü¬ßcê�â

ξ → g(ξ)
ßÈÝ&ò(êTâ�E�Û�Lxé�â.+

C3 , ä¬êTå
R

2 ßcâTÜ¬ê
R
ó

W��



JqM���D�* àÌÛ0, çÌâ}ò(Ü¬ßcê�â
x→ g(q(x))

ßcÝ&åpÛ�éTÝÀçÌä�é¿èÌìcÛ*ê�â
Ω
, êTä�é¿ìcì

q
ßcâ
L1(Ω)2

ó
* à}Û�ä�Û*Û�L�ßcÝÀÜ�Ý¬ê�åpÛ�ò(ê�â]Ý¦Ü�é¿âTÜ�Ý

µi ≥ 0
æ
i = 0, . . . , 8

æ}Ý¬ç}ò�à�Ü¬à}é¿Ü�, êTä�é¿ìcì
ξ ∈ R

2 U
JqM@ª=D

g(ξ) ≥ µ0|ξ| − µ1 , µ0 > 0

JqMb¬ED
∂g

∂ξi
(ξ) ≤ µ2 , i = 1, 2

JqMGF�D
2∑

i=1

∂g

∂ξi
(ξ)ξi ≥ µ3

√

1 + |ξ|2 − µ4 , µ3 > 0

JqM5H=D
µ6|η′|2
√

1 + |ξ|2
≤
∑

i,j

∂2g

∂ξi∂ξj
(ξ)ηiηj ≤

µ7|η′|2
√

1 + |ξ|2
∀η ∈ R

2, µ6, µ7 > 0

Þ&à}Û�ä�Û |η′|2 = |η|2 − (η.ξ)2

1+|ξ|2
ó

JqMGI�D
‖p‖W 1,∞ ≤ µ8

JqM5J=D
2∑

i=1

∂g

∂ξi
(ξ)ξi ≥ 0 ∀ξ ∈ R

2

JqM5K=D�* àÌÛ0, çÌâ}ò(Ü¬ßcê�â
t→ h(t)

ßcÝ�ò(êTâ�E�Û�Lxé�â.+
h′(0) = 0

ó
4® Ñ¶Ô]Õ1Ñ�§ ¬�¡�¢�¡ °�Å9²(Ä » Ä�° Ð 	 ý 	
ú:·¶·(¸ Ω

¾ ¼$»`¼i¼ Í�Ä"²:³�ºcÊ�Ì:² C2 ¸«Å©¿_²�Â Ã�´2Ê
Ì(Î6²(Ä ù�µ�¸ Ð!L û=¿ »`¼&»�¼ Ä\Ê�Ê`ºÀ¿ ¼ Ê`Î8Í�ºq¾�Ê-Â ψεÌ:Ê-Í�Â�³
²:³N¾¶Â©³�²YÃ_²(Â©³�²�Â.º|Î:�"Ê>Ï
ε
¾¶Â
L∞(Ω)

⋂
W 1,1(Ω)

¸\Å©¿�¾ ¼Q¼ Ê`Î~Í�º|¾�Ê`ÂV¾ ¼ Í�Â9¾NM(Í.²DÍ�Ã�ºcÊ » Â » ³
³`¾¶º|¾�9S²�Ò:Ê-Â ¼ º » Â.ºY¸<7 Ê`´2²:Ê!9S²�´ ýÏ(Ê`´ » ÂO�"´2²(Î » º|¾�9S²�Î:�&Ò:Ê-Ä<Ã » Ò�º¥ÊiÃ_²(Â ¼ ²�º V ¾¶Â
Ω ý º¶¿.²(´2²N²��
¾ ¼ º ¼4» ÒiÊ`Â ¼ º » Â9º K(V,Ω)

¾¶Â�³�²YÃ_²�Â�³
²(Â9º¥ÊIÏ
ε ¼ Í.Ò:¿=º¶¿ » ºYÆ

‖ψε‖W 1,∞(V ) ≤ K(V,Ω)
JÀ]óHW��
K

‖ψε‖H2(V ) ≤ K(V,Ω)
JÀ]ó d��
K

;¥âjã}é¿ä¬Ü¬ßÈò(ç}ìcé�ä�æ¶ÞÂÛ�ò�é�âjé¿ãÌãÌì65@Ü�àÌßÈÝ Ü¬àÌÛ�ê�ä�Û�å¾Ü�êpãÌä�ê�èÌìcÛ�åÕJÀ]óHW��
K4ó
C�Û�Û�E�Û�â�à}éSE�Û�é�å@é-L¶ßcå�çÌå ãÌä�ßcâ}ò(ßcãÌìcÛ�ä�Û�Ý¬çÌì²Ü�, êTä&ãÌä�ê�èÌìcÛ�åÕJÀ}ó6W���KvU

ô�Õ#Ô9õ[Ô]×�� ü��<Ô���¬�¡q¢9¡FÅ©¿_² ¼ Ê-Î~Í�ºq¾�Ê-Â ψβ,ε Ê>ÏGÃ©´2Ê�Ì�ÎH²�Ä�ù¶µ�¸ Ð úvûNË-¾�9`²�Â�ÌP��Å©¿_²iÊ`´2²�Ä�µ9¸ Ð ¾ ¼0¼ Í.Òi¿VºÀ¿ » ºcÆ
−A(β) ≤ ψβ,ε ≤ 1 +A(β)

JÀ]ó d_W�K
½�¿_²�´2²

A(β) =

(
β5‖B‖L∞(Ω)

4

) 1
3 J�}óed�d
K

» Â©³
‖ψβ,ε‖W 1,1(Ω) ≤ |Ω|

(
1 +A(β) + β + (1 +A(β))‖B‖L∞(Ω)

) J�}óed-��K
(vÂ"Ã » ´vºq¾�Ò�Í�Î » ´ ý ¾ Ï β ≤ 1

ù|½�¿�¾�Ò:¿�¾ ¼ ²QM(Í�¾�9 » Î6²(Â9ºGºYÊ α ≤ ‖B‖
1/3

L∞(Ω)

45/3 ý�¼ ²i²]ù¶µ�¸ ÐSR ûiû�Æ
−A(1) ≤ ψβ,ε ≤ 1 +A(1)

JÀ]ó d-�K
» Â©³

‖ψβ,ε‖W 1,1(Ω) ≤ |Ω|
(
A(1) + 2 + (1 +A(1))‖B‖L∞(Ω)

) J�}óed�	
K
* à}ßcÝ&ä¬ÛQÝÀç}ì²Ü&Þ&ßcìcì�à}Û�ìcã�ç}Ý Ü¬ê�ÝÀÛ�Û�Þ&à}é#Ü�à}é¿ã}ãMÛ�â}Ý&Þ&àÌÛ�â

α→ 0
ó

W�W



ô�Õ#Ô�Ô���Ô��<ô�Õ#Ô.õ[ÔM×��<ü��<Ô���¬�¡�¢MØ�C�Û�ò�ê�â}Ý¬ß6+ÌÛ�äA, êTä
ε
é¿â.+

λ > 0
æ�Ü¬àÌÛ�ãÌä�ê�è}ìaÛ�å&U

inf
φ∈W 1,2(Ω)

T

L2(Ω)
Gεβ(ψ) + λ

∫

Ω

|ψ|2 J�}óed-��K
Þ&àÌÛ�ä�Û

Gεβ
ßÈÝ¸ñ�ß6E�Û�â�è�5 JÀ]óHW��K4ó<* à}Û�Û(L�ßcÝÀÜ¬Û�â}ò(Û0é¿â.+jÜ¬àÌÛ0çÌâÌßÈð>çÌÛ�âÌÛQÝ¬Ý¸ê-,[é�Ý¬ê�ìcç�Ü¬ßcêTâ

ψλε,β
é¿ä�Û�ÝÀÜ�é�â.+Ìé¿äi+�ó¥C�Û�Ü¬à}Û�â5Ý¬ãÌìcß²ÜÜ¬à}Û�ã}ä¬ê¶ê�,2ßaâ>Ü¬êpÜ¬àÌä�Û�Û�ã}é¿ä¬Ü�Ý�ó

Ù>Ü�Û�ãÞW�U@C�Û�é�ä¬Û*ñTê�ßcâÌñ0Ü¬ê�ÝÀàÌê#Þ Ü�à}é#Ü
‖ψλε,β‖L∞(Ω) ≤M0

J�}óed
Ç�K
J ÞÂÛ�Þ&ßcìcì�Ý¬Û(Ü&Ü¬à}Û�ò�ê�â}ÝÀÜ�é�âTÜ

M0
ßaâ�Ü¬à}Û�Ý¬Û�ð>çÌÛ�ì�K(ó�*�ê"+�êpÜ¬àÌßÈÝ�æÌÞÂÛ�é¿ä�Û-á}ä�ÝÀÜ&ñ�êTßaâÌñ0Ü�ê@Ý¬àÌê#Þ Ü¬à]é#Ü�U

ψλε,β(x) ≤M1
éÌó Û�ó

x ∈ Ω
JÀ]ó d��
K

Þ&àÌÛ�ä�Û
M1

ßcÝ�épò(ê�â]Ý¦Ü�é¿âTÜ Ü�êpèMÛ�é¿ìÈÝÀê�ã}ä¬ÛQò(ßÈÝÀÛ�+xìÈé#Ü�Û�äQób�}ê�ä�é�ìaì
v ∈W 1,2(Ω)

⋂
L2(Ω)

æ
ψλε,β

E�Û�ä¬ßaá}ÛQÝ�U
∫

Ω

[

ε(∇ψλε,β ,∇v) + 2λψλε,βv +

2∑

i=1

∂gβ
∂ξi

(∇ψλε,β)
∂v

∂xi
+ (h

′

β(ψ
λ
ε,β) +B)v

]

dx = 0
JÀ]ó d��
K

C�Û�Ü�àÌÛ�â5ò�àÌê¶êTÝ¬Û
v = (ψλε,β −M1)+

J Þ&àÌÛ�ä¬Û�Ü�àÌÛ), çÌâ}ò4Ü�ßaêTâ
(x)+

ßÈÝ�ÛQðTç]é¿ì�Ü¬ê
x
ß8,
x ≥ 0

æMé�â.+
0
ê¿Ü�àÌÛ�ä�Þ&ßcÝ¬Û�K(óAC�Û�Ü¬àÌÛ�âñ�Û�Ü�U

∫

Ω
T

{ψλ
ε,β>M1}

[ε|∇ψλε,β |2 + 2λψλε,β(ψ
λ
ε,β −M1)

︸ ︷︷ ︸

≥0

] dx

=

∫

Ω
T

{ψλ
ε,β>M1}

[−
2∑

i=1

∂gβ
∂ξi

(∇ψλε,β)
∂ψλε,β
∂xi

︸ ︷︷ ︸

≤0
Ü�à}é¿â.^¶Ý Ü¬ê�J�MTJ=D

−(h
′

β(ψ
λ
ε,β) +B)(ψλε,β −M1)] dx

M�Û�â}ò(Û
U
(

−h′

β(M1) + ‖B‖L∞(Ω)

)

(ψλε,β −M1)+ ≥ 0
J�}ó ���
K

;c,�ÞDÛ�ßcåpãMêTÝ¬Û
h

′

β(M1) > ‖B‖L∞(Ω)
J�}ó �_WSK

ÞDÛ�Ü¬àÌÛ�â�à]é�E�Û
(ψλε,β −M1)+ = 0

æÌÞ&àÌßÈò�àjãÌä¬ê`E�Û�ÝFJÀ}óed-��K4óbC�Û��¦ç}Ý¦Ü¸âÌÛ�Û�+xÜ¬ê�ÝÀÛ�Ü
M1

Ý¬ê0Ü�à}é#Ü4JÀ]ó �_W�KDèMÛD, çÌìaá}ìcìcÛ�+�óê?Âç�Ü�U

h
′

β(x) =







4x3

β5

ß8,
x ≤ 0

0
ßH,

0 ≤ x ≤ 1
4(x−1)3

β5

ß8,
x ≥ 1

J�}ó �
d
K

C�ÛF+ÌÛ�+�ç}ò�Û*Ü�à}é#Ü4J�}ó �_WSK[àÌêTì6+ÌÝ&ß8,�é¿â.+�ê�âÌì65�ßH,�J
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ß:ó ÛTó�ßH,�é¿â.+rêTâÌì65�ßH,IU

M1 > 1 +

(
β5‖B‖L∞(Ω)

4

) 1
3 J�}ó �-�K

;¥â�Ü¬àÌÛ�Ý�é¿åpÛ�ÞÂéS5xé�Ý&é�èMêSE�ÛTæ¶ÞDÛ�é¿ìÈÝÀêpñ�Û(Ü�U
ψλε,β(x) ≥M2

éÌó Û�ó
x ∈ Ω

JÀ]ó ��	�K
ßH,

M2 < −
(
β5‖B‖L∞(Ω)
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M0 = max(M1,−M2) = M1
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√

2M0‖B‖L∞(Ω)|Ω|
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J Þ&àÌßÈò�à"ßcÝ�ãMê>Ý¬Ý¬ßcèÌìaÛÜ¬à]é¿â_^�ÝÂÜ�ê"/�Û�å�å@éN]óHWSK4ó@3¸â.+�ÞDÛ�ò(ê�â]ò(ìcç.+�Û*Ü¬à]é¿â_^�ÝÂÜ�êpëFä�ê�ãMê>ÝÀßaÜ¬ßcê�â$]ó dÌó

�

ý0Ô]Õ1ÔMþ<þ9ÿ�Õ1ÒÜ¬�¡6¬�¡
β
Ìi²(¾¶Â�ËNË-¾�9`²�Â�ÌP�=ù¶µ9¸ ÐVR û ý ½ê²0¿ » 9S²�Æ

−1 − α ≤ φα ≤ 1 + α
JÀ]ó 	��
K

ô�Õ#Ô�Ô���Ø * à}ßcÝ�é¿â�ßcåpå�Û�+�ßÈé#Ü¬Û�ò�ê�â}Ý¬Û�ð>çÌÛ�â}ò(Û*ê�, B ê�ä�ê�ìcìÈé¿ä25\]óHW�é¿â.+rê�,2Ü¬àÌÛ)+ÌÛ(á}âÌßaÜ¬ßcê�âjê�, Hα
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