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�¡ ¢� £4¤#¥H¦�§N¨x©¢§[¤#ª�¤#«¬©¢®¥/¯®°+¨ ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²
�¡ ´³ µ�ª¶¨x·¸ª�¹ °/¨�·¸°Hº©¸»,ª�¼¡°/½ ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²

�� ´³B ¾� ¿�ÀÁ°/»,ÂÁ·¸°/±ÃÁÄB©¢®¤rªÅ·¸©¢xªÅ¨®©¢¦¡§h«dÆÇ¤¬§Á°±©¸»,ª�¼¡°y X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²
�� ´³B È³ É�°/»6ªÅ¯®ÊN¤¬°/±Ã1 X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  Ë
�� ´³B ÇÌ Í�§#Â¬¯Î°H»7©¸°/¯º°+ÀB°/»,Â¬·¢°�«¬°)Ïc¦¡§¬¥+¨x©¢¦¡§-µ�ª¶¨x·ÐªÅ¹�Ãr¹Á¯®¤¬©¾¨Ñª�¼¡°Ò«<ÆÓ¤¬§¬°±©¢»6ª�¼�°Ò X ± ± ± X  Ë

�¡ ÈÌ Ô`¦�§¬«¬©¢¨®©¸¦¡§Áº«¬°�¹D¦¡¯Î«½ X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  Õ
�� ÈÌÁ ¾� ¿�ÀÁ°/»,ÂÁ·¸°Ão ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  Õ
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�¡ ´² £4©¾ÜPÙH¯®°/§¬¥H°/�Ý¬§¬©¸°/  ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�Jß

�� ´²B ¾� £4©¢ÜPÙH¯Î°H§¬¥/°H�Ýr§¬©¢°H�¥/°H§Ú¨x¯®Ù/°HXÃ� ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�¡�
�� ´²B È³ £4©¢ÜPÙH¯Î°H§¬¥/°H�Ýr§¬©¢°H�«¬Ù/¥H°/§N¨®¯®ÙH°/Òà&«¬¯®¦¡©¾¨x°&Ã� X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�¡�
�� ´²B ÇÌ £4©¢ÜPÙH¯Î°H§¬¥/°H�Ýr§¬©¢°H�«¬Ù/¥H°/§N¨®¯®ÙH°/Òà&¼Úª�¤¬¥Ñá¬°Ãâ ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�¡�

�¡ ÈË ã[¥�á¬Ù/»6ª¿"ä4å  X ± ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�¡�
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³B ¢� ¿=ÊN¤rªÅ¨®©¸¦¡§ «¬°�·Ðªõ¥�á¬ª�·¸°/¤¬¯� ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�¡�

³[ ¢�¡ ¾� ãB¥Ñá¬ÙH»,ª§[¤Á»,Ù/¯®©¸ÊN¤¬°  ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�(³
³B ´³ ¿�ÀB°H»7Â¬·¢°H�ÃL ± ± X ± ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�JÌ
³B ÈÌ öL°/¯®¦¡§Á§rª¶÷Øµ-ª�·¸©¢ø7 X ± ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�(²

³[ ÈÌÁ ¾� ãB¥Ñá¬ÙH»,ª§[¤Á»,Ù/¯®©¸ÊN¤¬°  ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�(²
³B ÇÖ ù�»,Ù/·¸©¢¦¡¯®ªÅ¨®©¢¦�§;Ãr¥/¦¡§ÚÄ¡¦¡·¸¤Á¨®©¸¦¡§h«¬¤#¼¡¯®ª�«¬©¸°/§N¨ºÂrª�¯�¤Á§¬°±¼¡ª�¤¬®Î©¸°/§¬§¬°ú ± ± ± X ± ± X ± ± ± X Þ�(Õ
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ÌÁ ¢� µ-¦�¯®Â¬á¬¦�·¸¦¡¼�©¸°Ò»,ªÅ¨®á¬ÙH»,ªÅ¨®©¸ÊN¤¬°  ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�(Õ

ÌB ¢�¡ ¾� åÒÂDÙH¯xª¶¨x©¸¦�§¬ºÙH·¢ÙH»7°H§Ú¨Ñª�©¢¯®°H  X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�(Õ
ÌB ¢�¡ È³ åÒ¤ÁÄ¡°H¯Ø¨x¤¬¯Î°±°/¨�Ïc°/¯®»7°/¨x¤Á¯®°� ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�JÛ
ÌB ¢�¡ ÇÌ � §��r¤¬°/§¬¥H°X«Á°±·pÆÇÙ/·¸Ù/»,°/§N¨ºÎ¨®¯®¤¬¥+¨x¤¬¯®ª�§N¨±Ã  ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�JÛ
ÌB ¢�¡ ÓÖ �r¦¡§¬¥+¨x©¸¦�§¬�µ�ªÅ¨®·Ðª�¹0 X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�JÛ

ÌÁ ´³ �ºáÁÙH¦¡¯Î©¸°XãB¥Hª�·¸°�÷Øã[Ârª�¥H°7 X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�JÛ
ÌB ´³B ¾� É�ªÅÂ¬ÂD°H·¢�Î¤¬¯�·¸°Hº®¦¡·¢¤Á¨x©¢¦¡§¬1«¬°)Ä[©¸®¥/¦¡®©¾¨xÙ  X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ�JÛ
ÌB ´³B È³ ãB¥�ªÅ·¸°�÷ØãBÂrªÅ¥H°  X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X Þ���

ÌÁ ÈÌ É�°HØ¨Ñª�¤Á¯xªÅ¨x©¢¦¡§ «dÆÇ©¢»6ª�¼�°ÒÂrª�¯º»,¦�¤ÁÄ¡°H»7°H§Ú¨�ÂrªÅ¯�¥/¦¡¤¬¯®¹Á¤¬¯®°�»,¦��¡°H§¬§Á°  ± ± X ± ± X ± ± ± X  ³�ß
ÌB ÈÌÁ ¾� ãB¥Ñá¬ÙH»,ª§[¤Á»,Ù/¯®©¸ÊN¤¬°  ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³B�
ÌB ÈÌÁ È³ ¿�ÀÁÂDÙ/¯®©¢°H§¬¥/°H  X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³�Ì

ÌÁ ÇÖ ù��7§¬°�µ-¦¡¯ÎÂ¬á¬¦¡·¢¦¡¼¡©¢¥�ªÅ·FãB¥Hª�·¸°�÷ØãBÂ¬ª�¥H°��cù)µ�ãÁã��  ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³�Ì
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Ö¬ ¢� � §Ú¨x¯®¦[«Á¤¬¥/¨®©¸¦¡§  ± X ± ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³�Ì
Ö¬ ´³ £4©¢®¥/¯®Ù+¨x©¸®ªÅ¨x©¢¦¡§  X ± ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³ÅÖ
Ö¬ ÈÌ É�ÙH¼�¤¬·Ðª�¯Î©¸®ªÅ¨x©¾¦¡§h«Á°$���B¥Ñá¬¦�§¬¦(Ä  ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³¡²

ÖÁ ÈÌÁ ¾� É�Ù/®¦¡·¢¤Á¨x©¢¦¡§hÂrª�¯�¿*£Òö  ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³¡²
ÖÁ ÈÌÁ È³ É�Ù/®¦¡·¢¤Á¨x©¢¦¡§h°H§#¤Á¨x©¢·¸©¢®ª�§Ú¨º·Ðª�¨x¯®ª�§¬ÎÏc¦�¯®»7ÙH°)«¬°$�r¦¡¤¬¯®©¢°H¯� ± X ± ± ± X ± ± X ± ± ± X  ³�Ë
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Ö¬ ÇÖ µ-¦[«�%H·¢°�«¬°±É�¤Á«¬©¸§B÷�åÒ®á¬°/¯Ø÷&�@ª¶¨x°H»7©p×B°/¨�ªÅ·¸¼¡¦�¯®©¾¨®á¬»7°Ò«Á°±ÂÁ¯®¦('Î°H¥+¨x©¸¦�§#«Á°�Ô`á¬ª�»õ¹D¦¡·¸·¢°  ± X  ³¡Õ
Ö¬ ´² ã[°H¤¬©¢·¸·ÐªÅ¼¡°4°H§#¦¡§¬«¬°/·¸°+¨®¨x°/8 ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³)�

ÖÁ ´²B ¾� ¿=®Ârª�¥/°H�«Á°+*`°/®¦JÄ8 X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ³)�
ÖÁ ´²B È³ ù4·¢¼¡¦¡¯Î©¢¨®á¬»7°Ò«Á°±Î°H¤¬©¢·¸·¸ª�¼¡°& ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÁ�
ÖÁ ´²B ÇÌ � §N¨®°H¯®ÂÁ¯®Ù/¨xªÅ¨x©¢¦¡§hÄÅª�¯Î©ÐªÅ¨®©¸¦¡§Á§¬°H·¢·¢°  ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÁ�

Ö¬ ÈË µ-¦[«�%H·¢°�«<ÆÈå)Îá¬°H¯�÷ØãB¦�·¸°�÷-,*°HÎ°  ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÁ�
Ö¬ ´Õ ¿�À[¨x°/§¬®©¢¦¡§ Ã¬»,¦[«�%/·¸°

u+ v
 ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X yÌ�Ì

ÖÁ ´ÕB ¾� ù4·¢¼¡¦¡¯Î©¢¨®á¬»7°  X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌ�Ö
� �õýdëNò." ëB�D�JéÁ�(�c�D��ï=�¡�D�P���P���(�é¬���(�0/-� ûD�
²B ¢� � §Ú¨x¯®¦[«Á¤¬¥/¨®©¸¦¡§  ± X ± ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÚ²

²[ ¢�¡ ¾� É�ªÅÂ¬ÂD°H·¢�«¬°+1)ÙH¦¡»7Ù/¨®¯®©¢°Ò«¬©¢ÜPÙH¯Î°H§Ú¨x©¸°/·¸·¢°� ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÚ²
²[ ¢�¡ È³ ¿ñÄ¡¦¡·¸¤B¨x©¸¦�§ «¬°�¥/¦¡¤¬¯®¹D°/  ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌ¡Ë

²B ´³ ù�Â¬Â¬·¢©¸¥�ª¶¨x©¢¦¡§¬ºªÅ¤BÀ ©¸»,ª�¼�°H� X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÚÕ
²[ ´³B ¾� ö=¯®ÙH·¢©¸»7©¢§¬ª�©¢¯Î°H  ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÚÕ
²[ ´³B È³ 2=ÆÇÙ/Ê[¤¬ªÅ¨x©¢¦¡§#«dÆÇÙ+Ä¡¦¡·¸¤Á¨®©¸¦�§  ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌÚÕ

²B ÈÌ ¿�ÀBÂ¬·¢¦¡®©¢¦¡§ «¬° ∇ ¤<×¬°/¨�·¸°/�»7Ù/¨®á¬¦[«¬°/�ÂD¦¡¤Á¯3�h¯Î°H»7ÙH«¬©¢°H¯: ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌ¡Õ²B ÇÖ É�ÙH©¢§¬©¢¨®©¸ª�·¾©¢®ªÅ¨x©¾¦¡§hÂ¬ª�¯�¿*£Òö  X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌ¡Û
²[ ÇÖ¬ ¾� �@ª�Î¨�µ�ª�¯Î¥�áÁ©¸§¬¼� ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X yÌ¡Û

²B ´² É�°/¨®¦¡¤¬¯º®¤¬¯�·¸°)»7¦¡¤ÁÄ�°H»7°H§N¨�Ârª�¯º¥H¦�¤¬¯®¹¬¤Á¯®°±»7¦4�¡°/§¬§¬°� ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖÚß
²B ÈË ¿=ÊN¤rªÅ¨®©¸¦¡§ «¬°)Ä[©¢¨x°/®Î°±¥H¦¡§ÁÎ¨ÑªÅ§N¨x°  ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  Ö¬�
²B ´Õ ¿=ÊN¤rªÅ¨®©¸¦¡§ «<ÆÇª�«ÁÄ¡°/¥/¨x©¢¦¡§% ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  Ö¬�
²B ÈÛ ã[©¸»õ¤¬·¸ªÅ¨®©¢¦�§h§[¤Á»,Ù/¯®©¸ÊN¤¬°) ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖN³
²B 5� ¿�À[¨x°/§¬®©¢¦¡§ Ã¬¥H·ÐªÅ®®©¾Ýr¥HªÅ¨x©¢¦¡§h«<ÆÓ©¸»,ª�¼¡°ÒÂrª�¯º¥H¦�¤¬¯®¹D°/�«¬°±§Á©¢Ä¡°Hª�¤BÀú X ± ± ± X ± ± X ± ± ± X  ÖN³

²[ 5�Á ¾� � §N¨®¯®¦[«¬¤¬¥+¨x©¢¦¡§� X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖN³
²[ 5�Á È³ ö=¯®©¸§Á¥H©¸ÂD°  ± ± X ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖÚÌ
²[ 5�Á ÇÌ É�Ù/¼¡¤¬·¸ª�¯®©¢xªÅ¨®©¢¦�§� ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  Ö¡Ö
²[ 5�Á ÓÖ �'°H¯®»7°H�«<ÆÓÙH§¬°/¯®¼¡©¢°  X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖÚË
²[ 5�Á È² ¿=Ê[¤¬ªÅ¨x©¢¦¡§¬�«<ÆÇ¿=¤¬·¸°/¯Ø÷62'ªÅ¼¡¯xªÅ§¬¼¡°  ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖÚË
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ËÁ ¢� ö=¯®Ù/®°/§N¨xªÅ¨x©¢¦¡§#«¬¤#Â¬¯®¦¡¹Á·<%H»7°  ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖNÕ
ËÁ ´³ ù�Â¬Â¬¯Î¦[¥�á¬°±Â¬ª�¯ºÏc¦�§¬¥/¨®©¸¦¡§¬§Á°H·¢·¸°/º°/·¸·¢©¸ÂB¨x©¢ÊN¤¬°/� X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖNÕ
ËÁ ÈÌ ù�Â¬Â¬¯Î¦[¥�á¬°±§N¤¬»7ÙH¯Î©¸ÊN¤¬°ú ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ÖÚÛ

� ���6ó ���9"�ó��'ë=�?>+@ �BA
ÕB ¢� ��öº�7ÃC� §Ú¨x¯®¦[«¬¤Á¥/¨x©¢¦¡§#ª�¤ ¨®¯xª�©¾¨x°H»7°H§Ú¨º«¬°H�©¸»,ª�¼¡°/�ª�Ä¡°H¥Xµ�ªÅ¨x·¸ª�¹; X ± ± ± X ± ± X ± ± ± X  ²�ß

Õ[ ¢�¡ ¾� åÒ¤ÁÄ¡°H¯Ø¨x¤¬¯Î°±«<ÆÇ©¢»,ª�¼¡°  ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�ß
Õ[ ¢�¡ È³ *`¯®¤Á©¢¨ÑªÅ¼¡°)«dÆÇ¤¬§Á°±©¸»,ª�¼¡°� ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�ß
Õ[ ¢�¡ ÇÌ ¿�ÀB¨®°H§¬Î©¸¦¡§#«<ÆÇ¤Á§¬°±©¢»6ª�¼�°ÒÂrª�¯º¯®ÙD�r°+ÀB©¢¦¡§¬  X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�ß
Õ[ ¢�¡ ÓÖ £4©¸Î¥H¯ÎÙ/¨x©¢xªÅ¨®©¸¦¡§Áº«¬¤#¼¡¯xªÅ«¬©¸°/§N¨h ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�ß
Õ[ ¢�¡ È² £4Ù/¨®°H¥+¨x°H¤Á¯�«¬°�¹D¦¡¯®«#«Á°+E�©¸·¢«¬¯®°+¨®¨Ø÷Øµ�ª�¯Î¯; ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�ß

ÕB ´³ ��ö"³hÃ@¿=ÊN¤rªÅ¨®©¸¦¡§ «¬°�·Ðªõ¥�árªÅ·¸°/¤¬¯�ÃÁÝr·¢¨®¯xª�¼�°)·¸©¢§¬ÙHª�©¢¯®°Ò°+¨�§¬¦¡§#·¢©¸§¬ÙHª�©¢¯®°& ± ± X ± ± X ± ± ± X  ²B�
Õ[ ´³B ¾� ¿=Ê[¤¬ªÅ¨x©¢¦¡§#«Á°±·¸ª&¥Ñárª�·¢°H¤¬¯  ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²B�
Õ[ ´³B È³ öL°H¯Î¦¡§rª¶÷�µ�ª�·¢©¸ø  ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²B�

ÕB ÈÌ ��ö*Ì ÃC�ºá¬Ù/¦¡¯®©¢°XãB¥Hª�·¸°�÷ØãBÂ¬ª�¥H°% ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²B�
Õ[ ÈÌÁ ¾� µ-¦¡¯ÎÂ¬á¬¦¡·¢¦¡¼¡©¢°Ò»,ªÅ¨xá¬Ù/»6ª¶¨x©¢ÊN¤¬°Hê ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²B�
Õ[ ÈÌÁ È³ É�°/Î¨xª�¤¬¯xª¶¨x©¸¦�§ Ârª�¯º»7¦¡¤ÁÄ¡°H»7°H§Ú¨�Â¬ª�¯�¥/¦¡¤¬¯Î¹¬¤¬¯®°�»,¦��¡°H§¬§Á°h ± ± ± X ± ± X ± ± ± X  ²B�

Ì



Õ[ ÈÌÁ ÇÌ ùF�7§¬°Xµ-¦¡¯®ÂÁá¬¦¡·¸¦�¼¡©¸¥Hª�·<ãB¥�ª�·¢°+÷�ãBÂrª�¥/°��RùÒµ�ã¬ã��  ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
ÕB ÇÖ ��ö=Ö#Ã@É�°HØ¨Ñª�¤¬¯®ªÅ¨x©¢¦¡§ «<ÆÓ©¸»,ª�¼�°H6 ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³

Õ[ ÇÖ¬ ¾� £4©¸Î¥H¯ÎÙ/¨x©¢xªÅ¨®©¸¦¡§½ ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
Õ[ ÇÖ¬ È³ É�Ù/¼¡¤¬·¸ª�¯®©¢xªÅ¨®©¢¦�§h«¬°��!�[¥Ñá¬¦¡§¬¦JÄ  ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
Õ[ ÇÖ¬ ÇÌ µ-¦[«�%/·¸°�«¬°±É�¤¬«¬©¢§B÷ØåÒ®áÁ°H¯Ø÷6�@ªÅ¨x°/»7©{ X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
Õ[ ÇÖ¬ ÓÖ ãB°H¤Á©¸·¢·Ðª�¼�°Ò°/§-¦¡§Á«¬°H·¢°/¨®¨®°H% ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
Õ[ ÇÖ¬ È² µ-¦[«�%/·¸°�«<ÆÈåÒ®á¬°/¯Ø÷�ãB¦¡·¸Ù�÷-,*°/®°  ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
Õ[ ÇÖ¬ ÇË µ-¦[«�%/·¸°

u+ v
 X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X  ²�³

ÕB ´² ��ö"²hÃDÔ`¦¡§Ú¨x¦¡¤Á¯®�ª�¥/¨®©¢Ïc ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
Õ[ ´²B ¾� ¿=Ê[¤¬ªÅ¨x©¢¦¡§#«Á°±¯ÎÙH©¢§¬©¢¨®©ÐªÅ·¢©¾xªÅ¨®©¢¦�§  ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²¡³
Õ[ ´²B È³ µ-¦¡¤ÁÄ¡°/»7°H§N¨�Ârª�¯º¥H¦¡¤¬¯Î¹¬¤¬¯Î°±»7¦4�¡°/§¬§¬°  ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�Ì
Õ[ ´²B ÇÌ Ô`¦¡§Ú¨x¦¡¤¬¯Î�ªÅ¥/¨x©¾Ïcº¼¡Ù/¦[«¬ÙHÎ©¸ÊN¤¬°H  ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�Ì
Õ[ ´²B ÓÖ Ô`·ÐªÅ®®©¾Ýr¥�ª¶¨x©¸¦�§ «dÆÇ©¢»6ª�¼�°H1Ârª�¯�¥/¦¡§Ú¨x¦¡¤¬¯Î�ªÅ¥/¨x©¾Ïc  ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�Ì

ÕB ÈË ��ö*Ë ÃDµ-¤Á»7Ïc¦¡¯Î«B÷Øã[árª�á  ± ± X ± ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X ± ± X ± ± ± X  ²�Ì

Ö
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R�STR UWVYX[Z�\^]�_&\`Vba!VYcd_&e Xgf�h[]
ãB¦¡©¢¨

Ω
¤¬§�¦¡¤BÄ¡°H¯Î¨�¹D¦¡¯Î§¬Ù «¬°

R
2 �c¨6�BÂÁ©¸ÊN¤¬°H»7°H§Ú¨�×¶§¬¦�¤¬L¥H¦¡§¬Î©¸«�%/¯®°/¯®¦¡§¬�·¢°"¥�ª�L¦ji

Ω
°HØ¨ñ¤¬§�¯®°/¥/¨xª�§¬¼¡·¢°��+ 

åÒ§�¥H¦¡§Á®©¸«�%H¯®°X¤¬§¬°�©¢»6ªÅ¼¡°�¥H¦�»,»7°±¤¬§¬°±Ïc¦¡§¬¥+¨x©¸¦�§
u : Ω → R

�
u : Ω → R

3 «rª�§Á4·¸°±¥Hª�4«<ÆÓ¤¬§¬°�©¢»6ªÅ¼¡°¥/¦¡¤¬·¸°/¤¬¯��� 
2'ª6Ïc¦�§¬¥/¨®©¸¦¡§

u
°HØ¨�«¬Ù/Ýr§Á©¸°õ®¤¬¯

Ω
 Fµ�ª�©¢Ò°H§;¨®¯xª�©¾¨x°/»,°/§N¨4«<ÆÇ©¢»6ªÅ¼¡°H/×P§¬¦¡¤¬Ò§<ÆÈª�Ä¡¦¡§¬�ª�¥/¥k%/�ÊN¤<ÆÈà:«¬°H

ÄÅªÅ·¸°H¤Á¯®�«¬©¢®¥/¯l%/¨®°H�«¬°�¥/°/¨®¨®°�Ïc¦¡§¬¥+¨x©¢¦¡§
u
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(m,n)
°HØ¨�¤Á§¬°õ»6ªÅ¨®¯®©¢¥H°

I
«Á°�¨Ñª�©¢·¸·¾°

(m,n)
×P°/¨)·¸ª7ÄÅª�·¢°H¤¬¯4«¬°

I(i, j)
¥H¦¡¯Î¯®°/®ÂD¦¡§¬«�à&·Ðª�ÄÅª�·¢°H¤¬¯º«¬¤#§¬©¢Ä¡°Hª�¤#«¬°�¼¡¯Î©¸º«Á°±·pÆÇ©¢»,ª�¼�°)ª�¤ Â¬©¾ÀB°/·

(i, j)
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Lv = F t > 0
×
x ∈ R

v(0, x) = f(x) x ∈ R
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ÂD¦¡©¢§N¨®
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un

i
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u
°H§#¥/°H�ÂD¦¡©¢§N¨®��+ �2'ªõÏc¦¡§¬¥+¨x©¢¦¡§

u
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Ln

i u
n
i = Gn

i i = −∞, . . . ,+∞
u0

i = f(ih)
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È[Í(þ=û)ÅD{¾{<Å��lýkþ�y)z#�nÍ(È
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un = (. . . , un
−1, u

n
0 , u

n
1 , . . . )
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t
®©F·¢¦¡¯®ÎÊ[¤Á°

(n+ 1)δt→ t
×r¦�§-ª Ã

|un+1 − vn+1|∗ → 0
�Ø�¡ ÓÖ��

ÊN¤rª�§Á«
h→ 0

°+¨
δt→ 0

×r°+¨�¦ji |.|∗
°/Î¨�¤¬§¬°�§¬¦¡¯®»7°�àÂÁ¯®ÙH¥/©¸Î°H¯
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(p, q)

®©F°+¨�®°/¤¬·¸°/»,°/§N¨�Î©FÂD¦¡¤¬¯º¨®¦¡¤Á¨
t
×¬·¸¦�¯®®ÊN¤¬°

(n+ 1)δt→ t
×r¦¡§#ª Ã

|un+1 − vn+1|∗ = O((h)p) +O((δt)q)
�Ø�¡ È²j�
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un+1 = Qun + δtGn �Ø�¡ ÇË}�
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τn → 0
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h
×
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un+1 = Qun + δtGn × n ≥ 0
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°/¨
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×
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∣
∣un+1

∣
∣
∗ ≤ Keβt

∣
∣u0
∣
∣
∗

�Ø�¡  �}�
ÂD¦�¤¬¯

0 ≤ t = (n+ 1)δt
×
0 < h ≤ h0

×¬°/¨
0 < δt ≤ δt0
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�r�¢�F�R� � �<;*ó[�(ë[�'�¡ë �õð��L�cë=�7�¡ë[�P�J�(óNë=� ï

δxui,j =
ui+1,j − ui−1,j

2

���¡ ¢��ß}�

δyui,j =
ui,j+1 − ui,j−1

2

���¡ ¢���4�

�r�¢�F�¢æ � �<;*ó[�(ë[�'�¡ë �õð��L�cë=�7��óB�¡ë[�D�J�(ó[ë=�>= ���¶�D�n�Jë ï

δ+
x ui,j = ui+1,j − ui,j

���¡ ¢�J³j�
δ+
y ui,j = ui,j+1 − ui,j

���¡ ¢��Ì}�

�r�¢�F�¢û � �<;*ó[�(ë[�'�¡ë �õð��L�cë=�7��óB�¡ë[�D�J�(ó[ë=�>=íò@ér�'�Åî�ëeï

δ−x ui,j = ui,j − ui−1,j
���¡ ¢�HÖ��

δ−y ui,j = ui,j − ui,j−1
���¡ ¢�J²j�
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Ù/Ê[¤¬ªÅ¨x©¢¦¡§¬�á��[ÂD°/¯®¹D¦¡·¢©¸ÊN¤¬°/H PåÒ§#«Á¦¡§¬§¬°�©¸¥/©<«¬°H¤[À-ª�Â¬Â¬¯Î¦JÀB©¢»6ªÅ¨®©¢¦¡§ÁºÂD¦�®®©¢¹¬·¸°/�«¬° |∇u| ª�¤#Â¬©aÀB°H· (i, j)  

∇+ui,j =
√

max(δ−x ui,j , 0)2 + min(δ+
x ui,j , 0)2 + max(δ−y ui,j , 0)2 + min(δ+

y ui,j, 0)2
���¡ ¢��Ë}�

°+¨

∇−ui,j =
√

max(δ+
x ui,j , 0)2 + min(δ−x ui,j , 0)2 + max(δ+

y ui,j , 0)2 + min(δ−y ui,j, 0)2
���¡ ¢�JÕj�

2'ªí��©¢¼¡¤¬¯®°ÒÖ7»7¦¡§Ú¨x¯®°Ò·¸°)¼Úª�«Á©¸°H§Ú¨�«¬°�· ÆÓ©¢»,ª�¼�°Ò«¬°�·Ðªî��©¢¼¡¤¬¯®°õ�¡ 

IãHKJML N �����DM L �h� �H� PON �±�+� N:�QPSR-���F���UTX���/� LSV �±�/�����1� L M L �+� LSV �±�+���
öL¦¡¤¬¯6¨x¦¡¤Á¨®°�¥H°/¨Î¨x°;®°/¥/¨®©¸¦¡§<×`§¬¦�¤¬h¯Î°H§NÄ¡¦��¡¦¡§¬ ·¢°�·¢°H¥+¨x°/¤¬¯ àÖôÇ²B×1Ì¡³B×º³ÅË�ö)ªÅ©¸§¬Î©4ÊN¤<ÆÇª�¤BÀô¯ÎÙ/ÏcÙH¯Î°H§¬¥/°H

«¬¦�§¬§¬ÙH°/�ÂrªÅ¯�¥/°H�¦¡¤ÁÄ[¯®ª�¼¡°/H 

m`STR DXWQVda ] _&Z!\bcFh¸q&a XCBda�q&h;VFf
2'ª�Â¬¯®°/»,©Ê%H¯Î°)¿*£ÒöêàõªJÄ¡¦�©¸¯`Ù+¨xÙÒ¤Á¨x©¢·¸©¢ÎÙH°4°H§:¨x¯®ª�©¢¨®°H»7°H§Ú¨1«dÆÇ©¢»6ª�¼�°H`°/Î¨�¥/°H¯Ø¨Ñª�©¢§¬°H»7°H§Ú¨º·pÆÇÙ/ÊN¤rªÅ¨x©¢¦¡§:«¬°

·¸ª&¥Ñárª�·¢°H¤¬¯/ C� ·F/ÆÈªÅ¼¡©¢¨º«<ÆÇ¤Á§¬°X¿*£Òö Â¬ª�¯xª�¹D¦�·¸©¢ÊN¤¬°� 
{

∂u
∂t

− ∆u(t, x) = 0
×¬®©

t ≥ 0
°/¨
x ∈ R

2

u(0, x) = u0(x)S

� ³B ¾�4�

2=ÆÓ©¸§N¨®¯®¦[«¬¤Á¥/¨x©¢¦¡§ «Á°±¥/°/¨®¨®°±ÙHÊN¤rª¶¨x©¸¦�§#Â¬¯®¦JÄ[©¸°H§Ú¨�«¬°�·Ðª&¯Î°H»,ª�¯ÎÊ[¤Á°±Î¤¬©¢Ä¶ª�§N¨®°7Ã¬®©
u0
·¸ª&«¬¦�§¬§¬ÙH°±©¢§¬©¢¨®©¸ª�·¾°Ò°HØ¨

®¤ �,®ª�»7»,°/§N¨�¯ÎÙH¼¡¤Á·¸©<%/¯®°Å×¬·¸ª&®¦�·¸¤Á¨®©¸¦¡§h°�ÀBÂ¬·¸©¢¥H©¾¨x°)«Á°Á�p³B ¾�4�`°HØ¨�«¬¦�§¬§¬ÙH°�Ârª�¯)Ã

u(t, x) =

∫

R2

G√
2t(x− y)u0(y) dy =

(
G√

2t ∗ u0

)
(x)

� ³[ ´³j�
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»!¼¾½3¿ Ö À 1�¯®ª�«¬©¸°/§N¨º«¬°�¼ÚªÅ¨®·¸©¢§@³

¦ji
Gσ
«¬Ù/®©¸¼�§¬°�·¸°)§¬¦��Úª�¤ 1±ªÅ¤¬®Î©¸°H§ °H§#«¬©¸»7°H§¬Î©¸¦¡§#³:Ã

Gσ(x) =
1

2πσ2
exp

(

−|x|2
2σ2

) � ³B ÇÌ}�

2=ÆÓ¦¡ÂDÙH¯®ªÅ¨x©¢¦¡§)«¬°*¥H¦�§NÄ¡¦¡·¢¤Á¨x©¢¦¡§)ÂrªÅ¯F¤¬§±§¬¦��Úª�¤±ÂD¦¡Î©¢¨x©¾Ï[°/Î¨'¤¬§¬°*¦�ÂDÙH¯xª¶¨x©¸¦�§)«¬°*¹rª�Î°*°H§�¨®¯xª�©¾¨x°H»7°H§Ú¨F«<ÆÓ©¸»,ª�¼�°� 
Ô`°/·Ðª&¥H¦¡¯Î¯®°HÎÂD¦¡§¬«�à¤Á§#Ý¬·¢¨x¯®ª�¼¡°ÒÂrª�Î®°+÷ ¹rª�/ 

æ<�R�@�R� ý<�¶î'ó="�é �d�"�óN�¶�Rè<�'ë
Y �@�JéB�(�R�D�âï åÒ§ §¬¦�¨®°

δt
·¸°Ârª�X«Á°,«¬©¸Î¥H¯®Ù+¨x©¢xªÅ¨®©¸¦¡§�°H§ ¨x°/»,Â¬/×'°+¨

h = 1
·¢°7ÂrªÅX«¬°,«¬©¢®¥/¯®Ù/¨®©¸xª¶¨x©¢¦¡§

°/§�°HÎÂrª�¥H° �R¦¡§�Â¬¯®°/§¬«�·¸°�»?ÏH»7°�Ârª�Ò®°/·¸¦¡§;·¢°HÒ«Á°H¤BÀ�ª(ÀÁ°/��� 
un

i,j

«¬ÙHÎ©¸¼¡§¬°õ·¸ª,ÄÅª�·¢°H¤¬¯4«¬°
u(nδt, hi, hj)

 
åÒ§�ÄÅª:¤Á¨®©¸·¢©¢®°/¯�¤¬§;Î¥Ñá¬ÙH»,ª:«<ÆÇ¿=¤¬·¸°/¯Ò°�ÀBÂ¬·¸©¢¥H©¢¨®°�à6· ÆÓ¦¡¯®«Á¯®°,�õ°H§�¨®°H»7Â¬�ÃP¦¡§;ª�Â¬Â¬¯Î¦JÀB©¸»7°X«¬¦¡§¬¥�·¸°±¨x°/¯®»7°
∂u
∂t

(nδt, i, j)
Ârª�¯ un+1

i,j −un
i,j

δt

 =öL¦�¤¬¯&¦¡¹Á¨®°H§¬©¢¯õ¤¬§¬°h«¬©¢®¥H¯ÎÙ/¨®©¸xª¶¨x©¸¦�§e«¬¤s2'ªÅÂ¬·ÐªÅ¥H©¸°/§<×L¦¡§o«Á©¸®¥/¯®Ù+¨x©¸Î°h·¢°H&«Á©¢ÏÐ÷
ÏcÙ/¯®°H§Ú¨x°/&«ÁÙH¯®©¾Ä¡ÙH°/õÂrª�¯X«¬©¾ÜdÙ/¯®°H§Á¥H°/�Ýr§¬©¸°/�«¬Ù/¥H°/§N¨x¯ÎÙH°Hà-¼Úª�¤¬¥Ñá¬°6°+¨&à�«Á¯®¦¡©¾¨x°� ;,ÒÙ/¯®©¢Ý¬°H¯XÊN¤<ÆÇ¦�§\¦¡¹Á¨®©¸°/§N¨
·pÆÇ°�ÀÁÂÁ¯®°HÎ®©¢¦¡§-Î¤¬©¢Ä¶ª�§N¨®°Ã

∆un
i,j = un

i+1,j + un
i−1,j + un

i,j+1 + un
i,j−1 − 4un

i,j

� ³B ÓÖ��

�:ë="�éÁ�Åèd�'ë ï �'¦¡¤Á¨®°h¥H°H«Á©¸®¥/¯®Ù+¨x©¸®ªÅ¨x©¢¦¡§e§¬°:¨x©¢°H§¬§¬°/§N¨&Ârª�&¥H¦�»,ÂÁ¨®°h«Á° ·¸ª�§rª¶¨x¤¬¯Î°#³�£ °/¨«Á°HÂ¬¯Î¦Å÷
Â¬¯Î©¸Ù+¨xÙH�«¬°H±¦¡ÂDÙH¯®ªÅ¨x°/¤¬¯®/ Lö�ª�¯�°+ÀB°/»,ÂÁ·¸°�×F·¸°í2'ªÅÂ¬·ÐªÅ¥H©¸°/§�°HÎ¨X¤¬§ ¦�ÂDÙH¯xª¶¨x°H¤Á¯±©¸§ÚÄÅª�¯Î©Ðª�§Ú¨�Ârª�¯�¯Î¦�¨ÑªÅ¨®©¸¦¡§d ;2F°
®¥Ñá¬Ù/»6ª)«¬©¸Î¥H¯®°+¨"¤B¨x©¸·¢©¢®Ù`©¸¥/©¬§Á°�· ÆÓ°HØ¨*¥H·¸ª�©¸¯Î°H»7°H§Ú¨=Â¬ª�H ÚöL¦¡¤¬¯=¯®Ù/®¦¡¤¬«Á¯®°�¥H°�ÂÁ¯®¦¡¹¬·Ê%H»7°�×�¦¡§ÂD°/¤Á¨"»7¦[«¬©¢Ýr°/¯ñ·¸ª
«¬©¢®¥/¯®Ù/¨®©¸xª¶¨x©¢¦¡§õ«¬¤�2�ªÅÂ¬·Ðª�¥/©¸°/§&°/§7¤Á¨®©¸·¸©¾xª�§Ú¨�¨x¦�¤¬=·¸°/=ÂD¦¡©¢§N¨xñ«rªÅ§¬*¤Á§Ä¡¦�©¸®©¢§rª�¼�°ºÌ�Z¶ÌÒ«Á¤7ÂÁ©¾ÀB°H·¬¥/¦¡§¬Î©¸«¬Ù/¯®ÙÅ 
åÒ§6¦�¹Á¨x©¢°H§Ú¨`ª�©¢§¬®©r«¬°H ®á¬Ù/»,ª� §[¤Á»,Ù/¯®©¸ÊN¤¬°/ Â¬·¢¤¬"¯®¦¡¹Á¤¬Î¨®°HH ÁÔ`°HÂD°/§¬«rª�§Ú¨�×B«rª�§Á ¥H°�¥/¦¡¤¬¯®/×[§¬¦¡¤¬"§¬°�§¬¦¡¤¬
©¢§N¨xÙ/¯®°/®®°/¯®¦¡§Á�ÂrªÅ�à¥H°/�«¬©¸Î¥H¯ÎÙ/¨x©¢xªÅ¨®©¸¦¡§ÁH ¬öL¦¡¤¬¯�Â¬·¢¤¬�«Á°±«ÁÙ/¨ÑªÅ©¸·¸/×BÄ¡¦¡©¸¯ñôÈ²4ö  
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m`Snm DS[3h²u]\�q&h;e_^
ãB¤¬©¢Ä¶ª�§N¨6·¸° ¨x°H»7Â¬6«dÆÇÙ+Ä¡¦¡·¸¤B¨x©¸¦�§<×"¦�§ ¦¡¹Á¨®©¸°/§N¨6¤¬§Á°�Ä¡°/¯®®©¢¦¡§ Â¬·¢¤¬6¦�¤ »7¦¡©¸§Á,·¢©¸Î®ÙH°-«¬°�·pÆÇ©¢»,ª�¼�°#«¬°

«¬Ù/Ârª�¯Ø¨ �c¥/Ï ��©¢¼¡¤¬¯Î°H)�±°+¨4²j�� 

ç � @½��ëêìcéô�¶î'érìcë[�'�oï ö=¯Î¦¡¼¡¯xªÅ»,»7°H¯�· ÆÓÙHÊN¤rª¶¨x©¸¦�§�«Á°6·Ðª#¥Ñárª�·¢°H¤¬¯/ 2'ª#¨®°HÎ¨®°H¯�®¤¬¯�«Á°H�©¸»,ª�¼¡°/±§¬¦¡§
¹¬¯Î¤¬©¢¨®ÙH°/õÂÁ¤¬©¸X¹¬¯Î¤¬©¢¨®ÙH°H/ 9,ÒÙ/¯®©¢Ý¬°H¯XÊ[¤Á°:·¸°/#`H¦¡§¬°6á¬¦�»,¦¡¼)%H§¬°/�®¦�§N¨õ¹Á©¸°H§�¯®°/Î¨ÑªÅ¤¬¯®Ù/°HH×�»,ª�©¸�Ârª�¯Ø÷ ¥H¦¡§Ú¨x¯Î°
ÊN¤¬°õ·¸°/4¹D¦¡¯Î«¬ÒÎ¦¡§N¨ÒÙH¯Î¦[«¬ÙH/ É2�ªõ��©¸¼�¤¬¯®°XÛ6»,¦�§N¨x¯Î°X¤¬§;°�ÀB°H»7Â¬·¸°�«¬°�¯®°/Î¨ÑªÅ¤¬¯xªÅ¨®©¸¦¡§�«¬°�· ÆÓ©¸»7ª�¼�° 1±ªÅ¨®·¸©¢§r³
¹¬¯Î¤¬©¢¨®ÙH°��c¥/Ï ��©¢¼¡¤¬¯Î°±³j�`ÂrªÅ¯�·pÆÈ¿*£Òöê«Á°±·¸ª&¥Ñárª�·¢°H¤Á¯H 

a �D�.�D�Dìp�F�(�c�P� é}�Dë[� �L��ë��:ér��k���Rë[�'�'ë ï öL¦¡¤¬¯7Ä¡ÙH¯Î©¢Ýr°/¯I�p³B ´³)�+×"°+Üd°/¥/¨®¤¬°H¯:·¸ªí¥H¦¡§ÚÄ¡¦¡·¢¤Á¨x©¢¦¡§�«<ÆÓ¤¬§¬°
©¢»6ª�¼�°ÒÂrª�¯º¤¬§#§¬¦��Úª�¤Ó1�ª�¤¬Î®©¢°H§:�nÏc¦¡§¬¥+¨x©¸¦�§b,�{ z6ÅDÎdc;�
�:ÿ'ÿ�ìR�p�¡éB�(�c�D� ï ãB¤¬¯±¤Á§¬°7©¸»,ª�¼¡°õ·¢©¸®ÎÙH°Å×F¦¡§ ÂD°/¤Á¨XÂ¬·¢¤¬)ÏRª�¥H©¢·¸°/»7°H§N¨)°HÎxª��¡°H¯X«¬°7«¬Ù+¨x°/¥/¨x°/¯X·¸°/�¹D¦¡¯®«¬
«<ÆÓ¤¬§¬°�©¸»,ª�¼�°� NåÒ§,ÄÅª±¤Á¨x©¢·¸©¢Î°H¯*©¢¥H©r·¸°�«¬Ù/¨®°H¥/¨®°H¤¬¯`«Á°dE�©¢·¸«¬¯Î°/¨®¨Ø÷Øµ�ªÅ¯®¯ºÃN¦¡§,¥�áÁ°H¯®¥Ñá¬°4·¢°H�`HÙ/¯®¦¡ «¬¤õ2�ª�ÂÁ·Ðª�¥/©¸°/§
«<ÆÓ¤¬§¬°õ©¢»6ª�¼�°

u
 <ãB©L°/§;¤¬§;ÂD¦�©¸§N¨

x
×
∆u

¥�árªÅ§¬¼¡°õ«¬°�®©¢¼¡§¬°�°+¨)Î© ∇u °HØ¨)§¬¦¡§�§[¤¬·p×Pª�·¸¦�¯®�¦¡§�¥/¦¡§¬®©¢«�%H¯Î°ÊN¤<ÆÓ°H§
x
· ÆÓ©¸»,ªÅ¼¡°

u
ÂD¦¡Îl%H«Á°6¤Á§ ¹D¦¡¯Î«< �ö=¯®¦¡¼¡¯®ª�»7»,°/¯Ò¤¬§í¨®°H·=«¬Ù/¨®°H¥+¨x°H¤Á¯X«¬°7¹D¦¡¯Î«< 'Ô`¦¡»7Ârª�¯Î°H¯±ª�Ä¡°H¥7·¸ª

Ïc¦¡§Á¥/¨x©¢¦¡§ãÅlú��=Å�«¬°Xµ�ªÅ¨®·ÐªÅ¹< 
ù'Ä¡°H¥�¥H°+¨ ª�·¸¼�¦¡¯®©¾¨®á¬»7°Å×�¥Hª�·¢¥H¤¬·¢°H¯ñ·¸°/=¹D¦¡¯®«¬=«<ÆÇ¤Á§¬°�©¸»,ª�¼¡°`·¸©¢®ÎÙH°ºÂrª�¯ñ· ÆÇ¿"£4ö�«¬°º·ÐªÒ¥Ñárª�·¢°H¤¬¯��c¥H¦¡»7Ârª�¯Î°H¯

·¢°H�¯ÎÙHÎ¤¬·¢¨xªÅ¨x�¦�¹Á¨x°/§[¤¬�Î¤¬©¢Ä¶ª�§N¨�·¸°Ò¨®°H»7Â¬�«<ÆÓÙ/Ä¡¦¡·¢¤Á¨x©¢¦¡§B���R¥+Ï8�L©¸¼¡¤¬¯Î°H�Ë&°/¨4Õj�� 
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m`S0ä e hÉf�Z!\F\dagf(opa�q&_2h
öL¦¡¤¬¯�ª�»7ÙH·¸©¢¦�¯®°/¯º·¸°/�¯®ÙHÎ¤¬·¢¨xªÅ¨x�¦�¹Á¨x°/§[¤¬�Ârª�¯�· ÆÇ¿"£4öô«Á°X·¸ª¥�á¬ª�·¸°/¤¬¯H×Dö'°H¯®¦�§rª,°+¨)µ�ªÅ·¸©¢ø:¦�§N¨�Â¬¯Î¦¡ÂD¦¡ÎÙ

«¬°�»7¦[«¬©¢Ýr°/¯1· ÆÓÙHÊN¤rªÅ¨®©¸¦¡§h°H§O�h©¸§Ú¨xÙ/¼¡¯xª�§Ú¨�·¢°)Â¬¯®¦[¥/°HÎ®¤¬�«¬°�«¬Ù/¨®°H¥+¨x©¢¦¡§#«¬°H�¹D¦�¯®«¬�Ã






∂u
∂t

=
«¬©¢Ä

(c(|∇u|)∇u) «rª�§¬ Ω × (0, T )
∂u
∂N

= 0
®¤¬¯

∂Ω × (0, T )
u(0, x) = u0(x)

«rª�§¬
Ω

� ³B È²j�

¦ji
c
°/Î¨�¤Á§¬°�Ïc¦�§¬¥/¨®©¸¦¡§h¥H¯®¦�©¸®®ª�§N¨®°�«¬°

R+
«rª�§¬

R+
 

�:ë="�éÁ�Åèd�'ë�ï ãB©
c = 1

×¬¦¡§#¯®°+¨x¯Î¦¡¤ÁÄ¡°±·pÆÓÙHÊN¤rªÅ¨®©¸¦¡§h«¬°�·Ðª&¥ÑárªÅ·¸°H¤Á¯H 
å)§�©¸»7ÂD¦¡®°7®¦¡¤BÄ¡°H§Ú¨ÊN¤¬°

c(0) = 1
°/¨

limt→+∞ c(t) = +∞  'ù4§Á®© ×'«rªÅ§¬�·¸°HX¯®Ù/¼¡©¢¦¡§¬X«¬°,ÏRª�©¢¹¬·¸°¼¡¯®ª�«¬©¢°H§N¨H×[·pÆÇÙ/Ê[¤¬ªÅ¨x©¢¦¡§:ªÅ¼¡©¢¨ °/®Î°H§N¨®©¸°/·¸·¸°/»7°H§N¨`¥/¦¡»7»,°�· ÆÇ¿*£Òöo«¬°4·¸ªX¥Ñárª�·¢°H¤¬¯/×[°/¨1«rª�§Á1·¢°H ¯®ÙH¼�©¸¦¡§Á`«Á°4Ïc¦�¯Î¨
¼¡¯®ª�«¬©¢°H§N¨H×¬·¸ª&¯ÎÙH¼¡¤¬·¸ª�¯®©¢xªÅ¨®©¢¦¡§:°HØ¨�Î¨®¦¡Â¬ÂDÙ/°Á�R¥H°�ÊN¤¬©FÂD°H¯Î»,°+¨�«¬°�Â¬¯®Ù/®°/¯ÎÄ¡°H¯�·¸°Hº¹D¦¡¯®«Á��+ 

æ<�¢ûF�R� ý<�¶î'ó="�é �d�"�óN�¶�Rè<�'ë
ãB¤¬¯=·¸°`»�Ï/»,°1ÂÁ¯®©¸§Á¥H©¢ÂD°1ÊN¤¬°�· ÆÇ¿*£Òö «Á°�·¸ªÒ¥Ñárª�·¢°H¤Á¯H×�ÙH¥H¯Î©¸¯Î°º·¸°`®¥Ñá¬ÙH»,ª)§[¤¬»7ÙH¯Î©¸ÊN¤¬°1ÂP¦�¤¬¯��p³B ´²)�+ )�'°HØ¨x°H¯

·¢°�§¬¦¡¤ÁÄ¡°/·dª�·¢¼¡¦¡¯®©a¨xá¬»°�ªJÄ¡°/¥4·¸°/"Ïc¦�§¬¥/¨®©¸¦¡§Á
c(t) = 1√

1+(t/α)2

°/¨
c(t) = 1

1+(t/α)2
 },ÒÙ/¯®©¾Ýr°H¯"·¸°H"Â¬¯Î¦¡Â¬¯®©¢Ù/¨®ÙH

ª�§Á§¬¦¡§¬¥/ÙH°H �R¥/¦¡»,Â¬ª�¯®°/¯�ªJÄ¡°/¥±· ÆÓÙHÊN¤rª¶¨x©¸¦�§ «¬°�·Ðªõ¥Ñárª�·¸°/¤¬¯��� 
å)§í¯xªÅÂ¬ÂD°H·¢·¸°&ÊN¤¬°7®©=· ÆÓ¦¡ÂDÙ/¯xªÅ¨®°H¤¬¯)¼¡¯xª�«Á©¸°H§Ú¨ ∇ °HØ¨X«¬©¸Î¥H¯®Ù+¨x©¢®ÙÂrª�¯�«¬©¾ÜPÙH¯®°/§¬¥H°Ý¬§¬©¸°7à «Á¯®¦¡©¾¨x°Å×�ªÅ·¸¦¡¯Î

¤¬§¬°�«¬©¢®¥H¯ÎÙ/¨®©¸xª¶¨x©¸¦�§ ÂD¦�®®©¢¹¬·¸°)«Á°±·¸ª&«¬©¾Ä¡°H¯Î¼¡°H§Á¥H°±°/Î¨�«Á¦¡§¬§¬Ù/°±Ârª�¯)Ã

(
«¬©¾Ä

(p))i,j = p1
i,j − p1

i−1,j + p2
i,j − p2

i,j−1

� ³B ÇË}�
ª�Ä¡°H¥

p = (p1, p2)
 

�(²



50 100 150 200 250

20

40

60

80

100

120

140

160

»^¼¾½3¿ � ÀÁ� »6ªÅ¼¡°)¼ÚªÅ¨®·¸©¢§@³±Ýr·¢¨®¯®Ù/°�ÂrªÅ¯�öL°/¯®¦¡§rª(÷Øµ�ª�·¢©¸ø

50 100 150 200 250

20

40

60

80

100

120

140

160

»^¼¾½3¿ �Jß+ÀhÉ�°HØ¨Ñª�¤¬¯®ªÅ¨x©¢¦¡§ «¬°�¼Úª¶¨x·¸©¢§r³ �cÄ�°H¯®Î©¸¦¡§#¹Á¯®¤¬©¾¨xÙH°��1ÂrªÅ¯�öL°/¯®¦¡§rª(÷Øµ�ª�·¢©¸ø

�JË



2'ªt��©¸¼¡¤Á¯®°ü�\»,¦¡§Ú¨x¯Î°�¤Á§�°�ÀÁ°/»,ÂÁ·¸°�«¬°;Ýr·¢¨®¯xª�¼�°;«¬°�· ÆÓ©¸»,ªÅ¼¡°ü1�ªÅ¨x·¢©¢§@³ Ârª�¯#öL°/¯®¦¡§¬ª¶÷Øµ�ªÅ·¸©¸ø@×`°/¨#·¸ª
��©¢¼¡¤¬¯Î°��Jß�«¬¦�§¬§¬° ¤¬§�°+ÀB°H»7Â¬·¢° «¬° ¯®°/Î¨xª�¤¬¯xª¶¨x©¸¦�§X«¬° · ÆÓ©¸»7ª�¼¡°!1±ª¶¨x·¢©¢§@³1¹¬¯®¤¬©¾¨xÙ/°��R¥+ÏB��©¢¼¡¤¬¯®° ³j�FÂrª�¯LöL°/¯®¦¡§rª(÷
µ�ª�·¢©¸ø@ 

m`S�ï iÖuvò;q&_TZ8f�a8] _&Z�\j^ñX.Z!\Qó�Z�qTV ] _TZ�\ cFVbw8f�a!cF_&h;\^]k\da8fÔVF\dh¸w�a�Vde=e=_&h;\d\dh
2*ÆÓ¤¬§h«¬°/ºÂ¬¯Î©¸§¬¥/©¸ÂrªÅ·¸°/ «¬Ù/ÏRª�¤B¨x1«¬¤h»7¦[«�%H·¢°�Â¬¯®Ù/¥HÙH«Á°H§N¨�¥H¦¡§Á¥H°/¯®§¬°)·ÐªX¯Î°HÎ¨xª�¤¬¯®ªÅ¨x©¢¦¡§:«¬°/º©¢»6ªÅ¼¡°H ¹¬¯Î¤¬©¾÷

¨xÙ/°H/ `¿=§ê°+Üd°+¨�×"·¢°#¹¬¯Î¤¬©¢¨xª�¼¡° «<ÆÓ¤¬§¬°-©¸»,ª�¼�° °/§N¨®¯xª�©¢§¬°#«¬°#Ïc¦�¯Î¨x°/7¦¡®¥/©¸·¸·¸ªÅ¨®©¢¦�§¬&«¬°-®¦�§ê¼¡¯xªÅ«¬©¸°/§N¨H "¿ñ¨,·¸°
»7¦[«�%H·¢°1ÄÅª�«¬¦¡§Á¥�¼ÚªÅ¯®«¬°/¯*·¸°º¹¬¯®¤Á©¢¨F�R°/§,·¢°�¥/¦¡§¬Î©¸«¬Ù/¯xª�§Ú¨"¥H¦¡»7»7°º«¬°H"¹D¦¡¯Î«¬��� [Í�§¬°�ªÅÂ¬Â¬¯®¦[¥Ñá¬°�Î©¸»7Â¬·¢°ºÂD¦�¤¬¯
·¢©¸»7©a¨x°/¯1¥H°�Â¬¯®¦�¹¬·<%/»,°Ò¥H¦¡§Á®©¸Ø¨x°±à¤B¨x©¸·¢©¢®°/¯1·¸°)»7¦[«�%H·¢°)Î¤¬©¢ÄÅªÅ§N¨±Ã







∂u
∂t

=
«¬©¾Ä

(c(|Gσ| ∗ ∇u|)∇u)
«rª�§Á

Ω × (0, T )
∂u
∂N

= 0
®¤Á¯

∂Ω × (0, T )
u(0, x) = u0(x)

«rª�§Á
Ω

� ³B ÈÕj�

�'°HØ¨x°H¯ñ¥H°/¨Î¨x°1§¬¦¡¤BÄ¡°H·¢·¸°1ªÅÂ¬Â¬¯®¦[¥Ñá¬°Å×�°/¨ñ·Ðª�¥/¦¡»7Ârª�¯®°/¯ñª�Ä¡°H¥1·¸° »,¦[«�%H·¸° ÂÁ¯®ÙH¥/ÙH«Á°H§N¨*®¤Á¯ñ«¬°/=©¢»6ªÅ¼¡°HL¹Á¯®¤¬©¾¨xÙH°/H 
Ô`°HÂD°H§Á«rª�§N¨H×Ú¥/°º§¬¦¡¤BÄ¡°�ª�¤»7¦[«�%H·¢°`ÂD¦¡Îl%/«¬°�ÊN¤rª�§¬«»?Ï/»,°`¤¬§Á°º¼¡¯®ª�§¬«¬°1Â¬ª�¯Î¨ñ«¬°H=«ÁÙ/ÏRª�¤Á¨®=«¬¤&»7¦[«�%H·¢°

Â¬¯ÎÙH¥/ÙH«¬°/§N¨� 

ltHKm � �nN V M����+� o�P1���+�qp�osr#�+P �ú�utwv��yx)���L�{z|p�} Nh�kP~N ������pC� M±�L���yp m �	M L �
öL¦¡¤¬¯�¨®¦¡¤Á¨®°±¥/°/¨®¨®°±®°H¥+¨x©¢¦¡§<×r§¬¦¡¤¬�¯Î°H§ÚÄ¡¦4�¡¦¡§Á4·¢°�·¢°H¥+¨x°H¤Á¯�à ôÇ²B×@ÌÚ³[×D³�ËB×���Ì�öp×@ª�©¸§Á®©FÊN¤<ÆÇª�¤BÀ#¯ÎÙ/ÏcÙH¯Î°H§¬¥/°H

«¬¦�§¬§¬ÙH°/�ÂrªÅ¯�¥/°H�¦¡¤ÁÄ[¯®ª�¼¡°/H 

ä STR opZ�f�\�BFZ�qTZ�w�_&h�uva ]�Bdò²uva ] _wW`Vdh
å)§#ÂÁ¯®°H§Á«-ÂD¦¡¤¬¯ºÙH·¸Ù/»,°/§N¨�Ø¨x¯®¤¬¥+¨x¤¬¯®ª�§Ú¨

B = {y/|y| ≤ r} �RÌÁ ¾�4�
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D(f,B)(x) = sup {f(x− y)/y ∈ B} �pÌÁ È³j�
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E(f,B)(x) = inf {f(x− y)/y ∈ B} �pÌÁ ÇÌ}�
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fB = D(E(f,B), B)
�pÌÁ ÓÖ��
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fB = E(D(f,B), B)
�pÌÁ È²j�
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f∗(x) = lim infy→xf(y)
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u− Φ
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F∗(x0, u(x0), DΦ(x0), D
2Φ(x0)) ≤ 0
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F ∗(x0, u(x0), DΦ(x0), D
2Φ(x0)) ≥ 0
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u0(x)
¥H¦�§¬«¬¤¬©¾¨�à7·¸ª&®¤¬©¾¨x°�«<ÆÓ©¸»,ª�¼¡°/�Ã

u(t, x) = (Ttu0)(x)
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T0(u) = u

°/¨
TsoTt(u) = Ts+t(u)

�#E æ���� �6�)þ={�y)Î¦�¾zw��� |Tt(u+ hv) − (Tt(u) + hv)|L∞ ≤ cht

�#E û���$ Í��ly){ �¾z2�#�
(Tt(u) − Tt(v)) (x) = o(t)

ÊN¤rªÅ§¬«
t→ 0+  

�#E ��� �^Î¦�¾È��D�5ÆCÅ+ú=Å���Í(ùdÆ�y)Îly)�<Ñ�Í(È��
Tt(u) ≤ Tt(v)

Î©
u ≤ v
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Tt(0) = 0
×[°+¨

Tt(u+ c) = Tt(u)+ c
ÂD¦¡¤¬¯

¨x¦�¤Á¨x°�¥/¦¡§¬Ø¨Ñª�§Ú¨x°
c
 

�#E 7�� ø ÈCû(y)Î¦�0y)È���ÅQÆ�y)Î�z0Î³y)È�ÑD{�y)z#�nÍ(È��
Tt(τh.u) = τh(Ttu)

¦ji
(τh.u)(x) = u(x+ h)

 
>�î�ó[�@�! ="�ë û<�R�r� � ÈsÑDþ�Æ}ÆCÍ�Ñ�ÅOýkþBÅ {<Å�Ñ�Ä��¦ÆCÍ(z¾Ä��Ñ�Å�Ñ+ÆgÎ������lú=ÅDÈCz6Å�Ñ�Ñ�Í(ÈCzñû��DÎ¦� ,���Å�Ñ4�{�B�

u0 ∈ Cb(R
2)
	

y){<Í(Î Ñ��¾{3Å��j�<ÑDz&Å�þ=È[ÅFÌ�Í(È��Dz#�nÍ(ÈK��Í(ÈCz0�¾ÈCþBÅ
F

z6ÅD{¾{<Å ýkþBÅ
u(t, x) = (Ttu0)(x)

Ñ�Í(�¾zd{lÿ þ=ÈC�0ýkþBÅíÑ�Í({ þ z0�nÍ(ÈÔú=Å
û��<Ñ���Í�ÑD�¾z2�+ú=Å#�

{
∂u
∂t

= F (∇u,∇2u)
u(0, x) = u0(x)

�RÌÁ ¢��Ì}�

>�î�ó[�@�! ="�ë;û<�¢æ<� �B�^Í(È ÑDþ4Æ}ÆCÍ�Ñ�Å+ýkþCÅ
Tt

Ñky)z0�<Ñ�Ì	y)�¾z /��Q� 1+� /�� � 1�	Qy)�¾È�ÑD��ýkþCÅ${lÿ Ä���ÆCÍ(z�Ä��Ñ�ÅU�
/�� ��� ø ÈCû(y)ÎD�0y)È���Å�Æ�y)ÎI�<Ñ�Í(ù*�Dz0ÎD�nÅ��

Tt(R.u)(x) = R.(Ttu)(x)
ÂD¦¡¤¬¯ ¨®¦¡¤Á¨®°�¨x¯xªÅ§¬ÎÏc¦¡¯Î»6ª¶¨x©¢¦¡§

¦¡¯Ø¨xá¬¦¡¼�¦¡§rª�·¢°
R
×r¦)i

(R.u)(x) = u(Rx)
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�B� Í(ÈÓÑDþ4Æ}ÆCÍ�Ñ�Å ú=Å�Æg{ þ�ÑîýkþCÅ
u 7→ Ttu

Å�ÑDz`{ �¾È��ly)�¾Î Å�	`y){<Í(Î�Ñ
u(t, x) = (Ttu0)(x)

Å�ÑDz`{�yÁÑ�Í({ þ=z#�nÍ(È:ú=Å
{lÿ��lýkþ�y)z#�nÍ(Èüú=Å�{�yX��Ä�y){<ÅDþ=Î

∂u

∂t
= c∆u

�RÌÁ ¾��Ö��
Í��
c
Å�ÑDz^þ=È[Åb��Í(È�ÑDzny)ÈCz&Å�ÑDz0Î¦�6�Dz&ÅDùÁÅDÈCz;ÆCÍ�ÑD�¾z0�¾û)Å4�

>�î�ó[�@�! ="�ë;û<�¢û<� �B�^Í(È ÑDþ4Æ}ÆCÍ�Ñ�Å+ýkþCÅ
Tt

Ñky)z0�<Ñ�Ì	y)�¾z /��Q� 1+� /�� � 1�	^y)�¾È�ÑD��ýkþCÅ${<Å�Ñ�Ä��¦ÆCÍ(z¾Ä��Ñ�Å�Ñ#�
/��*� � ø ÈCû(y)ÎD�0y)È���Å�ú)þ ÈC�¾û)Åly)þ ú=Å0�)ÎD�<Ñ#�

Tt(φ(u)) = φ(Tt(u))
ÂD¦¡¤¬¯1¨x¦¡¤B¨x°)Ïc¦¡§Á¥/¨x©¢¦¡§ ¥/¯®¦¡©¢®xªÅ§N¨®°

φ
 

/��   � ø ÈCû(y)ÎD�0y)È���Å?Æ�y)Îu��Ä�y)È��=ÅDùÁÅDÈCzíú9ÿ�����ÄCÅD{¾{<Å�� ∀λ × t > 0
×º©¢·Ò°�ÀÁ©¢Î¨x°

t′(t, λ) > 0
¨x°/·)Ê[¤Á°

Hλ.(Tt′u) = Tt(Hλ.u)
×r¦ji

(Hλ.u)(x) = u(λx)
 

/�� ��A�� ø ÈCû(y)Î¦�0y)È��¦Å3Æ�y)Î�ÆgÎ Íw¡�Å��Dz#�nÍ(È�Ñ��=öL¦¡¤Á¯4¨®¦¡¤Á¨
A : R

2 → R
2 ·¢©¸§ÁÙ�ª�©¢¯Î°�×@°/¨ÒÂD¦¡¤Á¯4¨®¦¡¤Á¨ t > 0

×P©¢·
°�ÀÁ©¢Î¨x°

T ′(t, A) > 0
¨®°H·FÊN¤¬°

A.(Tt′u) = Tt(A.u)
 

¢ {<Í(Î Ñ
u(t, x) = (Ttu0)(x)

Å�ÑDz!{�yíÑ�Í({ þ z0�nÍ(È®ú=Å#�
{

∂u
∂t

= |∇u|(t curv(u))1/3

u(0, x) = u0(x)

�RÌÁ ¢�J²j�

Í��
curv(u) =

uxxu
2
y + uyyu

2
x − 2uxyuxuy

|∇u|3 =
«¬©¾Ä ( ∇u

|∇u|

) �RÌÁ ¢��Ë}�

�:ë="�éÁ�Åèd�'ë=� ï
�¡ �ã[©F«rª�§Á�·¢°ñ�ºá¬ÙH¦�¯l%H»7°±ÌÁ ÈÌB×r¦�§#¯®°/»,Â¬·¸ª�¥/°)· ÆÓá��[ÂD¦�¨®á�%HÎ°Á��£ú�Jßj�1Â¬ª�¯+�@£yÕj�+×¬¦¡§ ¦¡¹Á¨x©¢°H§Ú¨�· ÆÇ¿*£Òö Ã

{
∂u
∂t

= |∇u|β(t curv(u))
u(0, x) = u0(x)

�RÌÁ ¢�JÕj�

¦)i
β
°/Î¨�¤¬§¬°�Ïc¦�§¬¥/¨®©¸¦¡§h¥H¦¡§Ú¨x©¢§[¤¬°�¥/¯®¦¡©¢®®ª�§N¨®°� 
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��·<HÆÇª�¼¡©¾¨�«¬°�· ÆÓÙHÊN¤rª¶¨x©¸¦�§�Ã

{
∂u
∂t

= |∇u| «¬©¢Ä
(

∇u
|∇u|

)

u(0, x) = u0(x)

�RÌÁ ¢��Û}�

å)§qÂD°/¤Á¨,¼¡Ù/§¬Ù/¯xª�·¢©¸®°/¯&·Ðª;»7Ù+¨xá¬¦[«¬° °/§�¥/¦¡§¬®©¢«¬Ù/¯xª�§Ú¨,¥/¦¡»7»,°:«rª�§¬· ÆÇª�Â¬Â¬¯Î¦[¥�áÁ° «¬°#öL°H¯®¦�§rª¶÷�µ�ª�·¸©¢ø
·pÆÇÙ/Ê[¤¬ªÅ¨x©¢¦¡§�Ã

{
∂u
∂t

= c (|∇Gσ ∗ u|) |∇u| «¬©¾Ä
(

∇u
|∇u|

)

u(0, x) = u0(x)
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�¡ �2F°�¨x°/¯®»7° |∇u| «¬©¾Ä
(

∇u
|∇u|

) °/Î¨`¤¬§7¨x°H¯Î»,°�«¬°�«¬©¾Üd¤¬Î©¸¦¡§7«ÁÙH¼¡Ù/§¬ÙH¯ÎÙ�ÃN©¸·r«¬©¾Üd¤Á®°
u
«rª�§¬ ·¸ª�«¬©¸¯Î°H¥+¨x©¸¦�§
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³B �2F°�¨®°H¯Î»,°
c (|∇Gσ ∗ u|) | °HØ¨1¤¬§6¨x°H¯Î»,°�«<ÆÇª�¥/¥H°/§N¨x¤¬ªÅ¨x©¢¦¡§:«¬°/1¹D¦¡¯Î«¬H ¬ãB© |∇u| °HÎ¨1ÂD°/¨®©¢¨1ªÅ¤6Ä¡¦¡©¢®©a÷§¬ª�¼¡°�«dÆÇ¤¬§6ÂD¦¡©¢§N¨

x
×[ª�·¸¦�¯®*¥H°�ÂD¦¡©¸§Ú¨ °/Î¨`¥H¦¡§¬Î©¸«¬Ù/¯®Ù�¥H¦�»,»7°�ªÅÂ¬Ârª�¯Ø¨x°/§rª�§N¨`àX¤¬§Á°�`/¦¡§¬°�á¬¦¡»7¦¡¼j%/§¬°�×
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Ô`¦¡»,»7°�ÂD¦¡¤¬¯�·¢°±»7¦[«�%/·¸°�«¬°XöL°H¯®¦�§rª:µ�ªÅ·¸©¢øD×¬¥H°+¨®¨x°�ªÅÂ¬Â¬¯®¦[¥Ñá¬°X¯Î°HÂD¦¡Î°�Î¤¬¯�·¢°±¥Ñá¬¦�©¾À#«Á°X«¬°/¤BÀ-Ârª�¯®ª¶÷

»?%/¨®¯®°H�Ã
�¡ �2�ª7Ïc¦¡§¬¥+¨x©¢¦¡§�«¬°�¥/¦¡§N¨®¯xª�Ø¨x°

c
×PÊN¤¬©L«¬Ù/¥H©¢«¬°�®©L¤¬§�«¬Ù+¨Ñª�©¢·'°/Î¨Ò®¤��7xªÅ»,»7°H§Ú¨Ò©¸»7ÂD¦¡¯Ø¨Ñª�§Ú¨�ÂP¦�¤¬¯dÏ+¨x¯Î°

¼¡ª�¯®«¬ÙÅ 
³B �Í�§ôÂ¬ª�¯xª�»?%/¨®¯®°-«<ÆÓÙH¥Ñá¬°H·¢·¸°Å× «¬¦¡§¬§¬Ù�Ârª�¯6·¸ªíÄÅª�¯Î©Ðª�§Á¥H°

σ
«¬¤ §¬¦4�Úª�¤ ¼Úª�¤¬Î®©¢°H§<× ÊN¤¬©�ÝBÀÁ°�·¸ªí¨Ñª�©¢·¸·¾°

»7©¸§Á©¢»,ª�·¾°Ò«¬°/�«¬Ù+¨Ñª�©¢·¸1¥H¦¡§Á®°H¯ØÄ¡ÙHH 
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un+1
i,j = un

i,j + δt
√

(δxun
i,j)

2 + (δyun
i,j)

2Kn
i,j

�RÌÁ ´³Åß}�
¦ji

δxu
n
i,j = (un

i+1,j − un
i−1,j)/2

× °+¨
Kn

i,j

°/Î¨:· ÆÇª�Â¬ÂÁ¯®¦JÀB©¢»6ª¶¨x©¾¦¡§qÂrª�¯,«¬©¾ÜdÙ/¯®°/§¬¥H°-Ýr§¬©¢°-¥H°H§Ú¨x¯ÎÙH°�«¬°�·¸ª
¥/¦¡¤¬¯®¹Á¤¬¯®°7Ã

K =
«Á©¢Ä ( ∇u

|∇u|

)  @åÒ§#ÂD°H¤Á¨�¤Á¨x©¢·¸©¢Î°H¯1¤¬§¬°±ª�Â¬ÂÁ¯®¦JÀB©¢»6ª¶¨x©¢¦¡§:Â¬·¸¤Á�Â¬¯ÎÙH¥H©¢®°�«¬°�·Ðªõ¥H¦¡¤Á¯®¹¬¤¬¯Î°7Ã

Ki,j =

(
ux

|∇u|

)

i+1/2,j

−
(

ux

|∇u|

)

i−1/2,j

+

(
ux

|∇u|

)

i,j+1/2

−
(

ux

|∇u|

)

i,j−1/2

�RÌÁ ´³[�4�

¦ji�Ã
(

ux

|∇u|

)

i+1/2,j

=
ui+1,j − ui,j

√

(ui+1,j − ui,j)
2 + 0.25 [0.5 (ui,j+1 − ui,j−1) + 0.5 (ui+1,j+1 − ui+1,j−1)]

2

(
ux

|∇u|

)

i−1/2,j

=
ui,j − ui−1,j

√

(ui,j − ui−1,j)
2 + 0.25 [0.5 (ui−1,j+1 − ui−1,j−1) + 0.5 (ui,j+1 − ui,j−1)]

2

(
ux

|∇u|

)

i,j+1/2

=
ui,j+1 − ui,j

√

(ui,j+1 − ui,j)
2 + 0.25 [0.5 (ui+1,j+1 − ui−1,j+1) + 0.5 (ui+1,j − ui−1,j)]

2

(
ux

|∇u|

)

i,j−1/2

=
ui,j − ui,j−1

√

(ui,j − ui,j−1)
2 + 0.25 [0.5 (ui+1,j − ui−1,j) + 0.5 (ui+1,j−1 − ui−1,j−1)]

2
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�
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0 ≤ p ≤ N − 1
°/¨
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�4Ã

F(f)(p, q) = F (p, q) =
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X
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Ô`¦¡»,»7°

J
°/Î¨)á¬¦¡»7¦¡¼j%/§¬°�«¬°õ«¬°/¼¡¯®Ùõ¤Á§s�R©  Ó°� 

J(λu) = λJ(u) ∀u °+¨ λ > 0
��×P©¸·'°HØ¨�Ø¨Ñª�§Á«rª�¯®«s�c¥/Ï

ôÇ³�Ì(ö¾�`Ê[¤Á°
J∗ ·Ðª�¨x¯xªÅ§¬ÎÏc¦¡¯Î»,Ù/°)«¬°+2F°/¼¡°H§Á«¬¯®°�÷&�r°H§Á¥�á¬°/·'«¬° J ×

J∗(v) = sup ((u, v)X − J(u))
�RÖ¬ È³¡³j�

°/Î¨,·Ðª�Ïc¦¡§¬¥/¨®©¸¦¡§o©¢§¬«¬©¢¥�ªÅ¨®¯®©¢¥H°:«<ÆÓ¤¬§�°H§¬Î°H»õ¹¬·¢°#¥/¦¡§NÄ¡°�ÀB°-Ïc°/¯®»7Ù
K
 *Í�§q¥�ªÅ·¸¥H¤Á·º¯xª�ÂÁ©¸«¬°h»7¦¡§N¨®¯®°hÊ[¤Á°

KHÆÓ©¸«Á°H§Ú¨x©¢Ý¬°±à·pÆÇ°/§¬®°/»õ¹¬·¸°&Ã
K = { «¬©¾Ä (g)/g ∈ Y, |gi,j| ≤ 1 ∀i, j} �RÖ¬ È³�Ì}�

³¡Õ



°+¨
J∗(v) = χK(v) =

{
0

Î©
v ∈ K

+∞ ®©¸§Á¦¡§ �cÖ¬ ´³¶Ö��
2�°�¯ÎÙHÎ¤¬·¢¨xªÅ¨�®¤¬©¾ÄÅª�§Ú¨�°HØ¨�»7¦¡§N¨®¯®Ù)«rªÅ§¬$ô¾�(²4ö*Ã

@X�(�@ÿ=�.�H�c�(�n�P�s���R�@�_$ y?Ñ�Í({ þ=z0�nÍ(È®ú=Å /¾½ ��c � 1õÅ�ÑDzQú=Í(ÈCÈ���Å`Æ�y)ÎU�

u = f − λPλK(f)
�RÖ¬ È³¡²j�

Í��
P

Å�ÑDz!{<Å3ÆgÎ Íw¡�Å��Dz6ÅDþ Î Í(ÎDz¾ÄCÍ'�=Í(Ègy){gÑDþ Î
λK

�
@±�¶ë[�;�Dë�ï £4¦¡§¬§¬¦�§¬)©¸¥/©�ÊN¤¬°/·¸ÊN¤¬°/�ÙH·¢ÙH»7°H§Ú¨xÒÂD¦¡¤Á¯Ò»,¦¡§Ú¨x¯Î°H¯î�RÖÁ ´³�²j� �R§¬¦�¤¬)Î¤¬©¢Ä¡¦�§¬)·¸ª6«¬ÙH»,ª�¯Î¥�áÁ°&«¬°
ôa�(²4ö¾�+ 
å)§#§Á¦�¨x°

∂J
·¢°)®¦¡¤ÁØ÷ «Á©¢ÜPÙH¯®°/§N¨®©¸°H·<«Á°

J
�nÄ¡¦¡©¢¯�ôÓÌÚÕB×@³¡Õ4ö¾�`«¬Ù/Ý¬§¬©�ÂrªÅ¯�Ã

w ∈ ∂J(u) ⇐⇒ J(v) ≥ J(u) + (w, v − u)X ∀v ∈ X
�RÖ¬ È³�Ë}�

ãB©
u
°/Î¨�¤¬§#»,©¢§¬©¢»7©¾®°H¤Á¯º«¬°��cÖ¬ ´³[�4�+×¬ª�·¸¦¡¯Îº§ÁÙH¥H°/®xªÅ©¸¯®°/»,°/§N¨±Ã

0 ∈ u− f

λ
+ ∂J(u)

�RÖ¬ È³¡Õj�
�RÖ¬ È³¡Õj�`°/Î¨�ÙHÊN¤¬©¾ÄÅª�·¸°/§N¨�à Ã

f − u

λ
∈ ∂J(u)

�RÖ¬ È³�Û}�
åÒ§6Ârª�Î®°4°/§¬®¤¬©¾¨x°4àX¤¬§Á°�Ïc¦¡¯Î»õ¤¬·Ðª¶¨x©¾¦¡§7«Á¤rª�·¸°�°/§:¤Á¨®©¸·¢©¢xª�§Ú¨"¤¬§Á°4©¸«Á°H§Ú¨x©¢¨®Ù�¥/·Ðª�Î®©¸ÊN¤¬°�°/§hªÅ§rª�·Ê�[Î°�¥H¦¡§ÚÄ¡°+ÀB°
�R¥+Ï�¥H¦¡¯Î¦¡·¸·¸ª�©¾¯®°)²B ´³õ«rª�§Á+ôÇ³�Ì(ö¾��×rÊN¤¬©�ª��7¯®»7°)ÊN¤¬°Á�RÖÁ ´³�Ûj�`°HØ¨�Ù/Ê[¤Á©¢ÄÅªÅ·¸°H§Ú¨x°±à

u ∈ ∂J∗ (f−u
λ

) ®¦¡©¾¨�°/§¬¥H¦¡¯Î°

0 ∈ f − u

λ
− f

λ
+

1

λ
∂J∗

(
f − u

λ

) �cÖ¬ ´³��}�

åÒ§ °H§ «¬ÙH«Á¤¬©¢¨ºÊ[¤Á°
w = f−u

λ

°HØ¨�¤¬§ »,©¢§¬©¢»7©¾®°/¤¬¯1«Á° ‖w− f
λ‖

2

2

+ 1
λ
J∗(w)

 @Ô`¦�»,»7°
J∗ °HØ¨�«¬¦¡§Á§¬ÙH°�ÂrªÅ¯

�RÖÁ ´³¶Ö��l�+×Á¥H°/·Ðª&©¸»7Â¬·¢©¢ÊN¤¬°ÒÊN¤¬°
w = f−u

λ

°HÎ¨�·ÐªõÂ¬¯®¦('Î°/¥/¨x©¢¦¡§ ¦¡¯Ø¨xá¬¦¡¼�¦¡§rª�·¢°Ò«¬° f
λ

Î¤¬¯�·¸°)¥H¦�§NÄ¡°�ÀÁ°
K
 

å)§#¯Î°H»,ª�¯ÎÊ[¤Á°�«¬°±ÂÁ·¸¤¬ºÊN¤¬°
PK

(
f
λ

)
= 1

λ
PλK(f)

×r°+¨�¦¡§#°/§-«¬Ù/«¬¤¬©¢¨+�RÖÁ ´³¡²)�+ 

�

�hìcòD�@�¶�n�Jî" ëíï ô¾�J²(öF«¬¦¡§¬§Á°±¤¬§-ª�·¢¼¡¦¡¯Î©¾¨xá¬»°ÒÂD¦¡¤¬¯º¥�ª�·¢¥H¤¬·¢°H¯
PλK(f)

ÊN¤¬©FÂD°/¤Á¨�/ÆÇÙ/¥H¯Î©¸¯®°Ã

min
{
‖λ «¬©¢Ä (p) − f‖2

X : p / |pi,j| ≤ 1 ∀i, j = 1, . . . , N
} �cÖ¬ ÈÌ�ß}�

�RÖÁ ÈÌ�ß}�`ÂD°H¤B¨�Î°±¯®Ù/®¦¡¤Á«¬¯®°±ÂrªÅ¯�¤¬§¬°�»7Ù/¨xáÁ¦[«¬°�«¬°�ÂD¦¡©¢§N¨1ÝÁÀB°� 

p0 = 0
�cÖ¬ ÇÌÁ�4�

°+¨
pn+1

i,j =
pn

i,j + τ(∇(
«Á©¢Ä

(pn) − f/λ))i,j

1 + τ |(∇(
«¬©¢Ä

(pn) − f/λ))i,j|
�cÖ¬ ÈÌ¡³j�

¿=¨+ôa�(²4ö�«Á¦¡§¬§¬°�¤¬§¬°�¥H¦¡§Á«¬©¢¨®©¸¦¡§h®¤ �,®ª�§N¨®°XÂD¦¡¤Á¯�ÊN¤¬°±·pÆÈª�·¢¼¡¦�¯®©a¨xá¬»°Ò¥H¦�§NÄ¡°/¯®¼¡°7Ã

³�Û
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»^¼¾½3¿ �JÕ+ÀÁ� »6ªÅ¼¡°)¹¬¯Î¤¬©¢¨®ÙH°±à&¯®°/Î¨ÑªÅ¤¬¯®°/¯

>�î�ó[�@�! ="�ët���R�@� �Bþ4Æ}ÆCÍ�Ñ�Í(È�ÑÁýkþCÅ�{<Å�Æ�y)Î³y)ù*Dz#Î Å
τ
ú�y)È�Ñ /¾½ �¾¿Àc41 û��DÎ¦� ,`Å

τ ≤ 1/8
� ¢ {<Í(Î Ñ

λdiv(pn)��Í(ÈCû)ÅDÎ��=Å�û)ÅDÎ Ñ
PλK(f)

ýkþ�y)Ègú
n→ +∞ �

2'ª&®¦¡·¢¤Á¨x©¢¦¡§h«¬¤#Â¬¯Î¦¡¹¬·<%/»7°?�RÖ¬ È³B���`°HØ¨�«¬¦¡§Á¥�«¬¦¡§¬§¬Ù/°±Ârª�¯)Ã

u = f − λ
«¬©¢Ä

(p∞)
�cÖ¬ ÇÌ¡Ì}�

¦ji
p∞ = limn→+∞ pn��»7Â¬·¢ÙH»7°H§Ú¨x°H¯1¥H°+¨4ªÅ·¸¼¡¦¡¯Î©¾¨xáÁ»7°� 
2'ª ��©¢¼¡¤¬¯Î°X��ÛX°HÎ¨1·pÆÇ©¢»,ª�¼�°�¯Î°HØ¨Ñª�¤¬¯ÎÙH°Ò¦�¹Á¨x°/§[¤¬°ÒªJÄ¡°/¥Ò¥/°/¨ºª�·¢¼¡¦¡¯®©a¨xá¬»7°�àXÂrª�¯Ø¨x©¸¯"«Á°4· ÆÓ©¸»,ªÅ¼¡°�«¬ÙH¼�¯xª�«¬Ù/°

«¬°�·Ðªî��©¢¼¡¤¬¯®°õ�(Õ[ 

ï�S65 A3h;VF_Tq&q&a�w�h�h;\ Z�\dcFh;q&h[]=] h;e
���¢�F�R� çñ�/ÿLér�¡ë=�7�'ë�Áõë=�H�=�
å)§#§Á¦�¨x° {ψj,k}

¤¬§¬°�¹rª�Î°±«<ÆÓ¦¡§¬«Á°H·¸°+¨®¨®°HH @Í�§¬°)Ïc¦¡§¬¥+¨x©¢¦¡§
f
«rª�§¬

L2(R2)
/ÆÇÙ/¥H¯®©¾¨±Ã

f =
∑

j,k

cj,kψj,k
�cÖ¬ ÈÌÅÖ��

¦ji ·¸°H
cj,k
®¦¡§Ú¨�·¸°Hº¥H¦[°D�7¥H©¸°/§N¨®�°H§#¦¡§¬«¬°/·¸°/¨Î¨x°/�«Á°

f
×r°+¨�¦¡§-ªhÃ ‖f‖L2(R2) =

∑

j,k c
2
j,k

 
Í�§¬°;ÏRªÅ»,©¢·¢·¾°�«<ÆÇ°/®ÂrªÅ¥H°/�ª�«rª�ÂB¨xÙH°�ª�¤BÀô¦¡§Á«¬°H·¢°/¨®¨®°H °/Î¨#¥/°H·¢·¸°�«¬°/#°/®ÂrªÅ¥H°H#«¬°ü*`°HÎ¦(Ä

Bs
p,q

�RÂD¦�¤¬¯
0 < s < ∞ × 0 < p ≤ ∞ °/¨

0 < q ≤ ∞ �$ôÓÌÁ��×PÌ¡ßB×'�JÛB×'�JË(öp 
Bs

p,q

¥/¦¡¯®¯Î°HÎÂD¦¡§¬«;Î¥Ñá¬ÙH»,ªÅ¨x©¢ÊN¤¬°H»7°H§Ú¨)ªÅ¤BÀ
Ïc¦¡§Á¥/¨x©¢¦¡§¬�ÂD¦¡®ÎÙH«rª�§Ú¨

s
§�«¬Ù/¯®©¢Ä�ÙH°Hw¨:«rª�§¬

Lp(R2)
×L·¸°6¨®¯®¦¡©¢®©Ê%H»7°,Ârª�¯®ª�»�%+¨x¯Î°

q
ÂP°/¯®»7°/¨Î¨Ñª�§Ú¨&«<ÆÇª('Î¤ÁÎ¨x°/¯

ª�Ä¡°H¥±Â¬¯ÎÙH¥/©¸®©¢¦¡§ ·Ðªõ¯®Ù/¼¡¤¬·¸ª�¯®©¾¨xÙ� 
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»^¼¾½3¿ �JÛ+Àõ� »,ª�¼¡°)¯Î°HÎ¨xª�¤¬¯ÎÙH°Á�pÉºåñ�8�

É�°H»,ª�¯®ÊN¤¬°ÒÃ�Î©
p = q = 2

×¡ª�·¢¦¡¯®
Bs

2,2

°HÎ¨=· ÆÓ°H®Â¬ª�¥H°º«Á°�ãB¦¡¹D¦�·¸°/Ä
W s,2 ×�°+¨*·¢¦¡¯®ÎÊ[¤Á° s < 1

×
1 ≤ p ≤ ∞ ×°+¨

q = ∞ ×@ª�·¢¦¡¯® Bs
p,∞
°HØ¨�·pÆÇ°/®Ârª�¥/°±«Á°+2F©¢Â¬®¥Ñá¬©¢¨'`

Lip(s, Lp(R2))
 

å)§ÂD°/¤Á¨*«¬¦¡§¬§¬°/¯=¤¬§¬°�«ÁÙ/Ýr§¬©¾¨x©¢¦¡§&©¢§N¨®¯®©¸§Ál%HÊN¤¬°1«¬°H*°/®ÂrªÅ¥H°H"«Á°�* °H®¦JÄ
Bs

p,q

°/¨*«¬°º·¸°/¤¬¯ñ§¬¦¡¯Î»,° ‖.‖Bs
p,qà±Ârª�¯Ø¨x©¸¯=«¬°H »,¦[«¬¤Á·¸°H*«¬°�¯ÎÙH¼¡¤¬·¸ª�¯®©¾¨xÙº«¬°

f
ôa�JÛÁ×@�JË(öp Áã[©D¦¡§,®¤ÁÂ¬ÂD¦¡®°4ÊN¤¬°�· ÆÓ¦¡§¬«¬°/·¸°+¨®¨x°�¥�áÁ¦¡©¸Î©¸°

ψ
ÂD¦�®l%/«¬°

ª�¤�»,¦¡©¢§¬
s + 1

»7¦¡»7°H§Ú¨x)§N¤¬·¸)°/¨±°/Î¨±«¬°¯®ÙH¼�¤¬·ÐªÅ¯®©¢¨®Ù&ª�¤�»,¦¡©¢§¬
Cs+1 ×Fª�·¸¦¡¯Î)Î© f ∈ Bs

p,q

×<·Ðª:§¬¦¡¯Î»,°
‖f‖Bs

p,q

°HØ¨�Ù/Ê[¤Á©¢ÄÅªÅ·¸°H§Ú¨x°±àhÃ



∑

k

(
∑

j

2skp2k(p−2)|cj,k|p
) p

q





1

q �cÖ¬ ÈÌ¡²j�

�R·¢°Hº¥H¦�§¬Î¨xª�§N¨®°H�«<ÆÇÙ/ÊN¤¬©¢Ä¶ª�·¸°/§¬¥H°±«ÁÙHÂD°H§Á«¬°H§Ú¨4«¬°�· ÆÓ¦¡§¬«¬°/·¸°+¨®¨x°Ò¥�á¬¦�©¸®©¢°��� 
�+y)È�Ñ�{�yíÑDþ �¾z6Å�	!È[Í(þ}Ñ$þ=z#�¾{ �<Ñ�ÅDÎ Í(È�Ñ�z&Í(þy¡�Í(þ=Î�Ñ${�y�È[Í(ÎDùÁÅ�� ýkþ=�¾û(y){<ÅDÈCz6Å /¾½ �¾¿¹Âd1�ÆCÍ(þ=Î ‖f‖Bs

p,q

 
£Òª�§¬#§¬¦�¨®¯®°;¨®¯xªJÄ¶ª�©¸·p×`§¬¦�¤¬#§¬¦�¤¬#©¸§Ú¨xÙ/¯®°/®®°/¯®¦¡§Á-°HÎ®°H§Ú¨x©¢°H·¢·¸°H»7°H§Ú¨-ªÅ¤BÀôÄ¡°H¯Î®©¸¦�§¬#á¬¦¡»7¦¡¼)%H§¬°/#«Á°H

°/®Ârª�¥/°H�«¬°$*`°/®¦JÄP×r«¬Ù/Ýr§Á©¸°H�Ârª�¯)Ã

˙Bs
p,q = Bs

p,q/
{
u ∈ Bs

p,q / ∇u = 0
} �cÖ¬ ÈÌ�Ë}�

� óÚð��L�n�(�c�P�����R�r�
Ḃ1

1,1

°/Î¨õ· ÆÓ°HÎÂrª�¥/°6«¬°õ*`°/®¦(Ä á¬¦�»,¦�¼j%H§¬°7¤¬®¤¬°/·ñ�c¥/Ï$ôÓÌÁ�	ö �+ �ãB¦¡©¾¨
ψj,k

¤¬§Á°6¹rª�®°6¦¡¯�÷
¨xáÁ¦¡§¬¦¡¯Î»6ªÅ·¸°X¥H¦¡»7ÂD¦¡ÎÙH°&«<ÆÓ¦¡§¬«¬°/·¸°+¨®¨x°/�¯ÎÙH¼¡¤¬·¢©<%/¯®°/)àhÎ¤¬Â¬ÂD¦¡¯Ø¨x�¥/¦¡»7Ârª�¥+¨xH 

Ḃ1
1,1

°HØ¨±¤Á§�®¦¡¤¬�÷ °/®Ârª�¥/°7«¬°
L2(R2)

°/¨�¤¬§¬°)Ïc¦¡§¬¥+¨x©¢¦¡§
f
ª�Â¬Ârª�¯Ø¨x©¢°H§N¨�à

Ḃ1
1,1

®©F°+¨�®°H¤Á·¸°/»,°/§N¨�®©=Ã
∑

j∈Z

∑

k∈Z2

|cj,k|2j/2 < +∞ �RÖ¬ ÇÌÚÕj�

£Òª�§¬?ôÓÌÁ�	ö ×d· ÆÇª�¤Á¨®°H¤¬¯Ò®¤Á¼¡¼j%/¯®°·pÆÇ¤Á¨®©¸·¢©¾xªÅ¨®©¢¦�§�«¬°&· ÆÓ°HÎÂrª�¥H°&«¬¤rªÅ·ñ«¬°
Ḃ1

1,1

×<· ÆÓ°/®Ârª�¥/°
E = Ḃ∞

−1,∞
ÂD¦�¤¬¯

»7¦[«¬ÙH·¢©¸Î°H¯1·¸°/�ÂÁá¬ÙH§¬¦�»�%/§¬°H�¦¡Î¥H©¸·¢·ÐªÅ§N¨®H 

Ì¡ß



� óÚð��L�n�(�c�P�����¢æF� 2*ÆÓ°/®Ârª�¥/°,«¬¤¬ª�·=«¬°
Ḃ1

1,1

°/Î¨X·pÆÓ°H®Â¬ª�¥H°«¬°�*`ª�§rª�¥Ñá
E = Ḃ∞

−1,∞
 ;� ·=°/Î¨X¥Hª�¯®ª�¥/¨®ÙH¯®©¢®Ù

ÂrªÅ¯�·¢°7ÏRª�©¾¨XÊN¤¬°:·¢°HX¥H¦[°D�,¥/©¸°/§N¨x�°H§e¦¡§¬«¬°/·¸°+¨®¨x°/�«<ÆÇ¤Á§¬°6Ïc¦¡§Á¥/¨x©¢¦¡§�¼�ÙH§¬Ù/¯xª�·¢©¸ÎÙH°,«rª�§Á
E = Ḃ∞

−1,∞
Î¦¡§N¨

«rªÅ§¬
l∞(Z × Z

2)
 

���¢�F�¢æ �hìcò@�D�¶�n�Jî9"�ë-��ëÓ�HëB�'�Rìpìcé¬ò@ë
Í�§¬°1ª�ÂÁÂ¬·¸©¢¥�ªÅ¨®©¢¦¡§±ÂrªÅ¯Î¨x©¢¥H¤¬·¢©Ê%H¯®°/»7°H§Ú¨L©¢§N¨xÙ/¯®°/®xªÅ§N¨®°1«Á°H�¦¡§¬«¬°/·¸°+¨®¨x°/�¥H¦�§¬¥H°/¯®§¬°1·¢° «ÁÙH¹¬¯Î¤¬©¢¨xª�¼¡° «<ÆÓ©¸»,ª�¼�°� 

ãB©B¦¡§&Î¤¬Â¬ÂD¦¡Î°�ÊN¤<ÆÓ¤¬§¬°º©¸»,ª�¼�° ¦¡¯Î©¸¼¡©¢§rªÅ·¢°
u
ª4Ù/¨xÙ1«¬Ù/¼¡¯xªÅ«¬ÙH°1Ârª�¯�¤¬§&¹¬¯®¤Á©¢¨ñ¹Á·Ðª�§¬¥`¼¡ª�¤¬®Î©¸°/§<×�¤¬§¬°1»7Ù/¨®á¬¦[«¬°

°D�,¥Hª�¥H°±ÂD¦¡¤¬¯º¯®°HØ¨Ñª�¤Á¯®°H¯�· ÆÓ©¸»,ªÅ¼¡°4«¬ÙH¼�¯xª�«¬Ù/°
f
¥H¦¡§Á®©¸Ø¨x°±àÎ°H¤¬©¢·¸·¢°H¯1®°/�¥H¦[°D�,¥/©¸°/§N¨x�°/§-¦�§¬«¬°H·¢°/¨Î¨x°H/ 

£4Ù/Ýr§Á©¸®Î¦¡§¬�¤¬§#¦¡ÂDÙH¯xª¶¨x°/¤¬¯�«¬°�®°H¤Á©¸·¸·¸ª�¼¡°�Ã

θτ (t) =







t− τ
®©
t ≥ τ

0
®©
t ≤ τ

t+ τ
®©
t ≤ −τ

�cÖ¬ ÈÌ�Û}�

2*ÆÓ©¸§Ú¨xÙ/¯lÏ/¨Ò«<ÆÓ¤Á¨x©¢·¸©¢®°/¯4¤¬§Á°&¹rª�Î°&«<ÆÓ¦¡§¬«¬°/·¸°+¨®¨x°/)¦¡¯Î¨®á¬¦¡§¬¦�¯®»,ª�·¢°H�ÂD¦¡¤¬¯Ò¯®°/Î¨xª�¤¬¯®°/¯)· ÆÓ©¸»7ª�¼�°X«¬ÙH¼¡¯®ª�«¬Ù/°
fÂ¬¯Î¦(Ä[©¸°/§N¨L«¬¤�ÏRªÅ©¢¨'ÊN¤¬°`®°/�¥H¦[°	�7¥/©¸°/§N¨x�°/§õ¦¡§¬«Á°H·¢°/¨®¨®°H

cj,k(f)
®¦�§N¨�«¬°/LÄÅª�¯®©¸ª�¹¬·¢°H'ª�·¸ÙHªÅ¨x¦¡©¢¯Î°H�¼Úª�¤¬Î®©¸°/§¬§¬°/

¥/°H§N¨®¯®Ù/°H�«¬°)ÄÅªÅ¯®©ÐªÅ§¬¥H°
σ
�
σ
¥H¦¡¯Î¯®°HÎÂD¦¡§¬«rªÅ§N¨4ª�¤ §¬©¢Ä¡°Hª�¤#«¬¤#¹¬¯Î¤¬©¢¨�¹Á·Ðª�§¬¥)¼¡ª�¤¬®Î©¸°/§B�+ 

2�°º®°H¤Á©¸·¢·Ðª�¼�°1°/§,¦�§¬«¬°/·¸°/¨Î¨x°º«¬¦¡¤BÀ&«¬°
f
«¬°�Ârª�¯®ª�»?%/¨®¯®°

τ
×¡§¬¦�¨®Ù

WST (f, τ)
«rª�§¬*¥/°�¥H¦¡¤¬¯ÎF�ÄÃ�ªJÄ¡°/·¸°+¨

ãB¦ÅÏn¨î�ºá¬¯Î°HÎá¬¦¡·¸«Á©¸§¬¼���×L°HÎ¨&·Ðª#Ïc¦¡§¬¥/¨®©¸¦¡§�«¬¦¡§N¨õ·¸°H�¥H¦[°D�,¥/©¸°/§N¨®°/§o¦¡§Á«¬°H·¢°/¨®¨®°:HÆÓÙH¥/¯®©¢Ä¡°/§N¨
θτ (cj,k(f))

2�ª
ÄÅªÅ·¸°H¤Á¯`¨xá¬Ù/¦¡¯®©¢ÊN¤¬°ÒÂ¬¯®¦¡ÂD¦�®ÙH°)Â¬ª�¯º£4¦¡§¬¦�á¬¦&°HÎ¨

τ = σ
√

2 log(N 2)
×Á¦)i

N 2 «¬ÙHÎ©¸¼¡§¬°Ò·Ðª±¨Ñª�©¢·¸·¾°�«¬°)·pÆÇ©¢»,ª�¼�°�R°/§-ÂÁ¯xªÅ¨®©¸ÊN¤¬°Å×r¥/°/¨®¨®°�ÄÅªÅ·¸°H¤Á¯�«¬¤#Î°H¤¬©¢·F°HØ¨�Î¦¡¤ÁÄ¡°/§N¨�¨x¯®¦�Â Ïc¦¡¯Ø¨x°��+ 
öL¦¡¤¬¯�Â¬·¢¤¬�«Á°±«¬Ù+¨ÑªÅ©¸·¸/×Á§¬¦¡¤¬�¯®°/§NÄ¡¦��¡¦¡§¬�·¢°)·¸°/¥/¨®°H¤¬¯�àOôÈ³�³B×@³�ÛB×@ÌÁ��×rÌ¡ß(ö  

���¢�F�¢û �/�P�JëN�(ÿ'�¶óÚ�JéB�(�R�D�t�¬é¬�¶�céÁ�(�c�D�L��ë[ìpìcë
Ô`¦¡§¬®©¢«¬ÙH¯Î¦¡§¬�·ÐªõÏc¦�§¬¥/¨®©¸¦¡§Á§¬°H·¢·¸°õÃ

inf
u
‖f − u‖2 + 2τ‖u‖Ḃ1

1,1

�cÖ¬ ÈÌ)�}�
2'ª&®¦¡·¢¤Á¨x©¢¦¡§h«¬¤#Â¬¯Î¦¡¹¬·<%/»7°?�RÖ¬ ÇÌj�j�`°HØ¨�«¬¦¡§Á§¬ÙH°±Â¬ª�¯�Ã

u = WST (f, τ)
�RÖÁ ÇÖÚßj�

2�°/F��©¢¼¡¤¬¯Î°&���&°+¨4³�ß&»,¦¡§Ú¨x¯Î°H§Ú¨�«Á°H�°�ÀÁ°/»7Â¬·¸°/�«¬°�¯Î°HÎ¨xª�¤¬¯®ªÅ¨x©¢¦¡§< 

ï�S@? opZ3c0·;qTh�c�¥2Gâe�BFhÉf�f�A`Z!q&h�f!Å h;e h
ä�¦¡¤¬ÒÂ¬¯ÎÙHÎ°H§N¨®¦¡§¬)©¸¥H©'¤¬§;»,¦[«�%/·¸°XÂ¬¯Î¦¡ÂD¦¡®ÙõÂrªÅ¯�åÒ®áÁ°H¯Ø÷�ãB¦¡·¢Ù+÷-,=°H®°õ«rªÅ§¬îôÇÌ�Ö�öp <ä�¦¡¤¬ÒÂ¬¯®¦�ÂD¦¡®¦¡§Á)¤¬§

ª�·¢¼¡¦¡¯Î©¾¨xá¬»°4¦¡¯®©¢¼¡©¢§rª�·DÂD¦¡¤¬¯º·¢°Ò¯®Ù/®¦¡¤¬«Á¯®°�×@ª�·¢¼¡¦¡¯Î©¾¨xá¬»°4©¸§Á®Â¬©¢¯®ÙÒ«¬°)¥H°/·¸¤¬©<«dÆÇùX @Ô`árª�»õ¹D¦¡·¸·¢°î�cÂP¦�¤¬¯ºÂ¬·¢¤¬º«¬°
«¬Ù+¨Ñª�©¢·¸/×ÁÄ¡¦�©¸¯�ôa�¡�	ö¾�� 

2�°�ÂÁ¯®¦¡¹¬·Ê%H»7°)¥/¦¡§¬®©¢«¬ÙH¯ÎÙ±°/Î¨±Ã

inf
u

(

J(u) +
1

2λ
‖f − u‖2

−1,2

) �cÖ¬ ÇÖÁ�4�

¦ji ‖.‖−1,2
°/Î¨X¤¬§¬°Ä¡°H¯Î®©¸¦�§ «¬©¸Î¥H¯l%+¨x°7«¬°7·Ðªh§¬¦¡¯Î»,°«¬°

W−1,2 ×F· ÆÓ°HÎÂrª�¥/°,«¬¤¬ª�·*«¬° W 1,2
0

 ²2'ª »7Ù/¨xáÁ¦[«¬°
Â¬¯Î¦¡ÂD¦¡®Ù/°;«rª�§¬IôÇÌ�Ö�öÒ¥/¦¡§¬®©¢Î¨®°�àe¯®Ù/®¦¡¤¬«Á¯®°;¤¬§¬°�¿*£Òö%«¬¤ôÊN¤rªÅ¨x¯Î©<%/»,°�¦¡¯Î«¬¯®°Å �åÒ§ ÄÅªe¤Á¨x©¢·¸©¢Î°H¯,©¸¥H©�¤¬§
ª�·¢¼¡¦¡¯Î©¾¨xá¬»°Ò«¬°�Â¬¯®¦('Î°/¥/¨x©¢¦¡§< 
å)§-ª&·¸°)¯ÎÙHÎ¤¬·¢¨xªÅ¨�®¤¬©¾ÄÅª�§Ú¨±Ã
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»^¼¾½3¿ ³�ß+ÀhÉ�°HØ¨Ñª�¤Á¯xªÅ¨x©¢¦¡§ Â¬ª�¯�Î°H¤¬©¢·¸·¸ª�¼¡°4°H§-¦�§¬«¬°/·¸°/¨Î¨x°/ �R£Òª�¤¬¹D°/¥�á¬©¢°H±�(³)�

ÌÚ³



@X�(�@ÿ=�.�H�c�(�n�P�K���¸æ<� �B�
û
Å�Ñ¦z^Ñ�Í({ þ z0�nÍ(È:ú)þ�ÆgÎ Í)|k{�DùÁÅ /¾½ � ½�� 1�	`y){<Í(Î Ñ

v̂ = ∆−1
(

û−f
λ

) Å�ÑDz^Ñ�Í�{ þ z0�nÍ(È:ú)þ
ÆgÎ Í)|k{�DùÁÅU�

inf
v

(
λ

2
‖∇v‖2

Y − (f, v)X + J∗(v)

) �cÖ¬ ÇÖÚ³j�

�hìcòD�@�¶�n�Jî" ëíï £�ÆÇª�Â¬¯l%/�·Ðª&ö*¯Î¦¡ÂD¦¡Î©¢¨x©¢¦¡§hÖ¬ È³B×¬¦¡§-ª

û = f + λ∆v̂
�RÖ¬ ÓÖÚÌ}�

£4¦¡§Á¥�ÂD¦�¤¬¯"¥Hª�·¢¥H¤¬·¢°H¯
û
×Ú©¸·¬Î¤��¨`«Á°�¥�ª�·¢¥H¤¬·¢°H¯

v̂
Î¦¡·¸¤B¨x©¸¦�§«¬° �cÖ¬ ÇÖÚ³j�+ NÔ`¦¡»7»,°

J∗ °/Î¨ «¬¦¡§¬§ÁÙH°�Â¬ª�¯F�RÖ¬ È³ÅÖ���×
v̂
°/Î¨�°H§ ÏRª�©¢¨ºÎ¦¡·¸¤Á¨®©¸¦¡§h«Á¤-ÂÁ¯®¦¡¹¬·Ê%H»7°&Ã

min

{
λ

2
‖∇ «¬©¾Ä (p)‖2

Y + (∇f, p)Y : p / |pi,j| ≤ 1 ∀i, j = 1, . . . , N

} �cÖ¬ ÇÖ�Ö��

¿=§�¯®°/Â¬¯®°/§rª�§Ú¨�·Ðª6«¬Ù/»6ªÅ¯®¥Ñá¬°&«¬° ô¾�J²(öp×d¦¡§�Ä¡¦¡©¢¨ÒÊN¤<ÆÓ¦¡§�ÂD°H¤Á¨�¯ÎÙHÎ¦¡¤¬«¬¯Î°¥/°&Â¬¯®¦�¹¬·<%/»,°�ÂrªÅ¯Ò¤¬§¬°&»7Ù/¨®á¬¦[«¬°
«¬°�ÂD¦¡©¢§N¨ºÝBÀÁ°Å 

p0 = 0
�cÖ¬ ÓÖN²j�

°+¨
pn+1

i,j =
pn

i,j − τ(∇(∆
«¬©¢Ä

(pn) + f/λ))i,j

1 + τ |(∇(∆
«¬©¾Ä

(pn) + f/λ))i,j|
�cÖ¬ ÇÖ¡Ë}�

¿=¨&¥H¦¡»7»7°6«rª�§¬ ô¾�(²4öp×ñ¦�§o»7¦¡§Ú¨x¯®°6ÊN¤¬°hÂD¦¡¤¬¯
τ
Î¤��7xª�»7»7°H§N¨&ÂD°/¨®©¢¨H×�¦�§qª

f + λ∆
«¬©¢Ä

pn → ûÊN¤rª�§Á«
n→ ∞  Í�§#°+ÀB°H»7Â¬·¢°�«¬°�«¬ÙH¹Á¯®¤¬©¾¨Ñª�¼¡°�ª�Ä¡°H¥±¥/°/¨�ª�·¸¼�¦¡¯®©¾¨®á¬»7°4°HÎ¨�Â¬¯®Ù/®°/§N¨xÙ±®¤¬¯�·¸ªí��©¢¼¡¤¬¯Î°±³B�� 

ï�SÇÆ DS[Q]�h;\Fe=_TZ�\j^ñuvZ3c�·;q&h
u+ v

2�°�»7¦B«�%H·¢°�«Á°�É�¤¬«¬©¸§[÷ØåÒ®á¬°/¯Ø÷6�Dª¶¨x°/»,©�ªeÙ+¨xÙ;¯Î°/Ä[©¸Î©¢¨xÙ�Ârª�¯ µ-°D�¡°H¯ «¬ª�§¬üôÓÌÁ�	ö  Q� ·ÒªeÂ¬¯®¦�ÂD¦¡®Ù;¤¬§Á°
§¬¦�¤ÁÄ¡°H·¢·¸°ÒÏc¦¡§¬¥+¨x©¢¦¡§¬§¬°/·¸·¢°õÃ

inf
f=u+v

J(u) + ‖v‖G
�cÖ¬ ÇÖÚÕj�

¦ji
G
°HÎ¨�¤¬§�°HÎÂrª�¥H°:ª�«rªÅÂÁ¨xÙ6ªÅ¤BÀíÏc¦¡§¬¥+¨x©¢¦¡§¬±¦¡®¥/©¸·¢·ÐªÅ§N¨®°H��c¥/ÏºªÅ¤¬®®©FôÇÌ(ö ÂD¦�¤¬¯X¤¬§¬°,«¬Ù/Ý¬§¬©¢¨®©¸¦¡§í«¬°

G«rªÅ§¬�·¢°)¥�ª��¥/¦¡§N¨®©¸§[¤C�+ 
Í�§¬°1Â¬¯®°/»,©Ê%H¯Î°1ª�Â¬Â¬¯Î¦[¥Ñá¬°º§N¤¬»7ÙH¯®©¢ÊN¤¬°1ÂD¦¡¤Á¯ñ¯®Ù/®¦¡¤Á«¬¯®°º¥/°1Â¬¯®¦¡¹Á·<%H»7°1ª4Ù+¨xÙ1Â¬¯®¦¡ÂD¦�®ÙH°1«rª�§¬3ô ÖÚË(ö  �ä�¦¡¤¬

Â¬¯ÎÙH®°/§N¨®¦¡§¬�©¢¥H©<·pÆÈªÅÂ¬Â¬¯®¦[¥Ñá¬°)«¬°?ôÇÛB×B�(ö  
å)§#©¢§N¨®¯®¦[«¬¤¬©¾¨º·¸ªõÏc¦¡§Á¥/¨x©¢¦¡§¬§Á°H·¸·¢°ÒÎ¤¬©¢Ä¶ª�§N¨®°�«¬Ù/Ýr§Á©¸°�®¤Á¯

X ×X
Ã

Fλ,µ(u, v) = J(u) +
1

2λ
‖f − u− v‖2

L2(Ω) + χGµ
(v)

�RÖ¬ ÓÖÚÛ}�

G = { «¬©¢Ä (g)/g ∈ Y, |gi,j| ≤ 1 ∀i, j} �RÖ¬ ÓÖ}�}�
å)§#«ÁÙ/Ýr§Á©¢¨

Gµ
Ârª�¯)Ã

Gµ = {v ∈ G / ‖v‖G ≤ µ} �RÖ¬ È²�ß}�
Ô`¦¡»,»7°

J∗ °/Î¨�·Ðª�Ïc¦¡§¬¥/¨®©¸¦¡§h©¸§¬«¬©¢¥�ª¶¨x¯®©¢¥/°Ò«¬° G1
×r¦¡§ ÂD°H¤Á¨�¯®Ù/ÙH¥/¯®©¸¯Î°��RÖ¬ ÓÖÚÛ}� ¥H¦¡»7»7°&Ã

Fλ,µ(u, v) =
1

2λ
‖f − u− v‖2

X + J(u) + J∗
(
v

µ

) �cÖ¬ ´²[�4�

ù'Ä�°H¥±¥H°+¨®¨x°)Ïc¦¡¯®»õ¤¬·¸ªÅ¨®©¢¦�§<×B¦¡§ Ä¡¦¡©¾¨�¹¬©¢°H§#·¢°Hº¯lË¡·¢°Hº³�[»7Ù/¨x¯Î©¸ÊN¤¬°/ 'Î¦¡¤¬Ù/�Â¬ª�¯
u
°/¨
v
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� »,ª�¼¡°)¦�¯®©¸¼�©¢§rª�·¢° � »,ª�¼¡°)¹¬¯Î¤¬©¢¨®ÙH°
f
�
σ = 35

�

� »6ª�¼�°)¯®°/Î¨ÑªÅ¤¬¯®Ù/° *`¯®¤¬©¾¨
λ = 70.0

»^¼¾½3¿ ³B�dÀh£�ÙH¹¬¯Î¤¬©¢¨xª�¼¡°�«Á°±¯®ª��[¤¬¯Î°H�ª�Ä¡°H¥±·¢°)»,¦[«�%H·¸°Ò«<ÆÈåÒ®á¬°/¯Ø÷ØãB¦�·¸°�÷-,*°/®°

2�°�ÂÁ¯®¦¡¹¬·Ê%H»7°)ÊN¤¬°±·pÆÇ¦�§hÄ¡°H¤Á¨�¯®Ù/®¦¡¤¬«Á¯®°±°HØ¨XÃ

inf
(u,v)∈X×X

Fλ,µ(u, v)
�RÖ¬ È²¡³j�

öL¦¡¤¬¯�¥H°/·ÐªB×r§Á¦¡¤¬�¯®Ù/®¦¡·¾Ä¡¦¡§¬�·¸°/�«¬°/¤BÀ#Â¬¯Î¦¡¹¬·Ê%H»7°Hº®¤Á©¢ÄÅª�§Ú¨x�Ã
À ù

v
ÝÁÀBÙ�×r¦¡§#¥Ñá¬°H¯Î¥�áÁ°

inf
u∈BV

(

J(u) +
1

2λ
‖f − u− v‖2

2

) �cÖ¬ ´²ÅÌ}�
À ù

u
ÝÁÀBÙ

inf
v∈Gµ

‖f − u− v‖2
2

�cÖ¬ ´²¶Ö��
å)§#®ª�©¾¨+�pö=¯®¦¡ÂD¦�®©¢¨®©¸¦�§hÖ¬ ¢���1ÊN¤¬°�·Ðªõ®¦¡·¢¤Á¨x©¢¦¡§h«¬°��RÖ¬ È²�Ì}� °HÎ¨�«¬¦¡§Á§¬ÙH°±Â¬ª�¯�Ã

û = f − v − PGλ
(f − v)

�RÖ¬ È²¡²j�
¿=¨�·¸ª&Î¦¡·¸¤B¨x©¸¦�§ «Á°��RÖ¬ È²ÅÖ��`°/Î¨�®©¸»7Â¬·¢°H»7°/§N¨º«¬¦�§¬§¬ÙH°�Ârª�¯�Ã

v̂ = PGµ
(f − u)

�RÖ¬ È²�Ë}�

��� �d�R� �hìcò@�D�¶�n�Jî9"�ë
öL¦¡¤¬¯�¯®ÙHÎ¦¡¤¬«¬¯Î°X·¸°±ÂÁ¯®¦¡¹¬·Ê%H»7°��RÖÁ ´²¡³)�+×r§¬¦¡¤Á�¯®Ù/®¦¡·¾Ä¡¦¡§¬�·¸°H�ÂÁ¯®¦¡¹¬·Ê%H»7°H+�RÖ¬ È²�Ì}�1°+¨î�cÖ¬ ´²¶Ö��1«¬°X»,ª�§¬©Ê%H¯Î°

ª�·¾¨x°/¯®§¬Ù/°� 

Ì�Ö



� »,ª�¼¡°)©¢§¬©¢¨®©¸ª�·¾°í�
f
� µ Ô`¦�»,ÂD¦¡®ª�§N¨®°

BV
�
u
� È Ô`¦¡»7ÂD¦¡xªÅ§N¨x°)¦¡®¥/©¸·¸·¸ª�§Ú¨x°í�

v
�

»^¼¾½3¿ ³�³+À:¿�ÀÁ°/»,ÂÁ·¸°�«Á°±«¬Ù/¥H¦�»,ÂD¦¡Î©¢¨®©¸¦¡§h«�¨ ©¸»,ª�¼�°

�¡  � §Á©¢¨x©¸ª�·¢©¾xªÅ¨®©¢¦�§;Ã
u0 = v0 = 0

�cÖ¬ È²¡Õj�
³B  � ¨®ÙH¯®ªÅ¨x©¢¦¡§¬)Ã

vn+1 = PGµ
(f − un)

�cÖ¬ È²�Û}�

un+1 = f − vn+1 − PGλ
(f − vn+1)

�cÖ¬ È²)�}�
ÌÁ  �'°/Î¨�«<ÆÇª�¯®¯³Ï/¨±Ã@åÒ§-ª�¯®¯³Ï/¨®°�·¸¦¡¯Î®ÊN¤¬°

max(|un+1 − un|, |vn+1 − vn|) ≤ ε
�RÖ¬ ÇË¡ß}�

Í�§#°+ÀB°H»7Â¬·¢°�«¬°�«¬ÙH¥/¦¡»7ÂD¦¡®©¾¨x©¸¦�§h«<ÆÓ©¸»,ª�¼¡°Ò°HØ¨�ÂÁ¯®ÙHÎ°H§Ú¨xÙXÎ¤¬¯�·Ðªî��©¸¼�¤¬¯®°�³¡³B 
ä�¦¡¤¬�¯®°/§NÄ¡¦��¡¦¡§¬X·¢°&·¸°H¥+¨x°/¤¬¯�©¸§Ú¨xÙH¯Î°HÎ®Ù7Ârª�¯)¥H°H±»7¦[«�%H·¢°H)«¬°«¬ÙH¥/¦¡»7ÂD¦¡®©¾¨x©¢¦¡§¬H×d°/¨±Ârª�¯)·¸°&¥Ñá¬¦¡©aÀ�«¬°

§¬¦�¯®»7°H�ªÅ«rª�ÂÁ¨®ÙH�à¥Ñárª�ÊN¤¬°±¥H¦�»,ÂD¦¡®ª�§N¨®°�×rà ôa�¡�	ö�¦ji#¥/°H�ÊN¤¬°/Î¨x©¢¦¡§¬�®¦¡§Ú¨�Ù/¨x¤Á«¬©¸Ù/°HH 

ÉãH o7�{T�� � L �'�)���	M L P PQM L �²M N:���0�$P ���dÊ��
5`STR ´j\^]=f�Z`cdVdXB] _TZ�\
Í�§-¦�¹ 'Î°/¥/¨®©¢Ï�©¢»,ÂD¦�¯Î¨ÑªÅ§N¨º°/§#¨x¯®ª�©¢¨®°H»7°H§N¨º«<ÆÓ©¸»,ª�¼¡°/º°HØ¨�«¬°±ÂD¦¡¤BÄ¡¦¡©¸¯º«¬Ù/¨®°H¯Î»,©¢§¬°H¯º·¸°/�¥H¦¡§Ú¨x¦¡¤Á¯®�«<ÆÓ¦¡¹B÷

'Î°+¨x�³�£ ¦¡¤-Ì¡£X 
öL¦¡¤Á¯�¥H°/·ÐªB×r¤¬§-»7¦4�¡°/§-°D�7¥�ª�¥/°X¥H¦¡§Á®©¸Ø¨x°Xà¤Á¨®©¸·¢©¢®°/¯º·Ðª&»7Ù/¨®á¬¦[«¬°�«¬°H�¥H¦�§N¨x¦�¤¬¯®�ªÅ¥/¨x©¾ÏcH @åÒ§#ÏRª�©¾¨�Ù+Ä¡¦¡·¸¤Á°H¯
¤¬§¬°X¥/¦¡¤¬¯Î¹D° �c¤¬§�Î§rª�ø�°���ª�¤Á¨®¦¡¤¬¯ �R¦�¤�à7·pÆÇ©¢§N¨xÙ/¯®©¢°/¤¬¯��`«¬°X· ÆÓ¦¡¹='Î°/¨�à7«¬Ù+¨x°H¥+¨x°/¯H <Ô`°X®§rªÅø�°XÄÅª7Â¬¯®¦¡¼�¯®°HÎ®©¾Ä¡°+÷
»7°H§Ú¨�Î°�§�¥/¦¡·¢·¸°/¯Ë¨4Î¤¬¯�·¢°)¥H¦�§N¨x¦�¤¬¯�à&«¬Ù/¨®°H¥/¨®°H¯/ 
2=ÆÓ©¸«¬Ù/°#Ïc¦¡§¬«rªÅ»,°/§N¨ÑªÅ·¸°¯�R©¸§Ú¨x¯Î¦[«¬¤¬©¢¨®° Ârª�¯:åÒÎá¬°H¯6°+¨hãB°/¨®á¬©Ðª�§C�°/Î¨:«¬°-¥H¦�§¬®©¢«¬ÙH¯Î°H¯6·¢°#®§rª�ø�°�¥/¦¡»,»7°#·¸ª
¥/¦¡¤¬¯®¹D°�«¬°�§¬©¢Ä¡°Hª�¤X`/ÙH¯®¦7«<ÆÓ¤¬§¬°�Ïc¦�§¬¥/¨®©¸¦¡§

u
«¬°�«¬©¢»,°/§¬®©¢¦¡§h®¤¬ÂDÙ/¯®©¸°/¤¬¯®°Å 

��·<°+ÀB©¸Ø¨x°�¤¬§¬°±ª�¹D¦¡§¬«rªÅ§N¨®°�·¸©¢¨Î¨xÙ/¯xªÅ¨®¤¬¯®°ÒÎ¤¬¯�·¸°/�¥H¦�§N¨x¦�¤¬¯®�ª�¥+¨x©¢Ïc�ôÇ²B×<��ÖÁ×rÖ¡ÌÁ×rÌ¡Ì(ö  

�<�R�@�R� �:éÁÿLÿ=ë[ì#��'ë®�hóN�g"�óÚ�J�¶�cë-�L�<;*ó[�(ë[�P�J�Rë[ìRìcë
ä�¦¡¤¬�§¬¦¡¤Á�©¢§¬®ÂÁ©¸¯®¦�§¬º©¸¥/©<«¬°?ôÈ²4ö  
ãB¦¡©¢¨

X(p) = (x1(p), x2(p))
¤¬§¬°�¥H¦¡¤Á¯®¹D°±ÂÁ·Ðª�§¬°)ÂrªÅ¯xª�»7Ù/¨®¯®ÙH°?�

p ∈ [0, 1]
�+ 

ÌÚ²



Y �@�JéB�(�R�D�9�
• ,*°/¥/¨®°H¤¬¯�¨xª�§¬¼¡°/§N¨±Ã

~τ(p) = (x
′

1(p), x
′

2(p))

• ,*°/¥/¨®°H¤¬¯�§¬¦�¯®»,ª�·8�R°+À[¨®ÙH¯®©¢°H¤¬¯ �ÒÃ ~N (p) = (−x′

2(p), x
′

1(p))
• ù�¹D¥H©¢®®°±¥/¤¬¯ÎÄ[©¢·¸©¢¼¡§¬°õÃ s(p) =

∫ p

0
‖~τ(q)‖dq

• Ô`¦�¤¬¯®¹¬¤¬¯Î°7Ã κ
a �D�'�4Õ=ë=� ��ëô�'���DëNér� ã[¤¬Â¬ÂD¦¡Î¦¡§¬ÊN¤¬°h·Ðª�¥/¦¡¤¬¯®¹D°�Ìî�R��XÂrª�¯xªÅ»,Ù+¨x¯®Ù/°:Ârª�¯õÎ¦¡§qª�¹D¥H©¢®Î°h¥H¤¬¯ØÄB©¢·¸©¢¼¡§¬°
®¦�©¢¨�·¸ª&¥/¦¡¤¬¯Î¹P°�«¬°�§¬©¾Ä¡°�ª�¤

r
«dÆÇ¤¬§Á°�Ïc¦¡§¬¥+¨x©¸¦�§

u
Ã
R

2 7→ R
 
X = {(x1, x2) / u(x1, x2) = r} ù4·¢¦¡¯®ÒÃ

• ,*°/¥/¨®°H¤¬¯�§¬¦�¯®»,ª�·d°+À[¨xÙ/¯®©¸°/¤¬¯�Ã ∇ ¤
• Ô`¦�¤¬¯®¹¬¤¬¯Î°7Ã κ =

«¬©¾Ä
( ∇u
‖∇u‖)

�<�R�@�¢æ çd�D�DìR���(�c�D����ë;�¡�D�'�4Õ=ë=�
ãB¤¬Â¬ÂD¦¡Î¦¡§¬�»6ªÅ©¸§Ú¨x°H§¬ª�§N¨ºÊN¤¬°7Ã
• X(p)

«¬Ù/ÂD°H§Á«�«<ÆÓ¤¬§-ÂrªÅ¯xª�»?%/¨®¯®°Ò¨ ≥ ßÁ  ⇒ X(p, t)
• X

°HØ¨�Ïc°H¯Î»,Ù/°Ã
X(0, t) = X(1, t)

• ∂X
∂p

(0, t) = ∂X
∂p

(1, t)ãB¦�©¢¨
L(t) =

∫ 1

0

∥
∥
∥
∥

∂X

∂p
(p, t)

∥
∥
∥
∥
dp =

·¢¦¡§¬¼�¤¬°H¤¬¯º«¬°
X(p, t)

�p²B ¾�4�
2�ª«ÁÙH¥/¯®¦¡©¢®xªÅ§¬¥H°±«¬°

L(t)
°/Î¨�»6ª¶ÀB©¢»õ¤¬»%ÊN¤rªÅ§¬« Ã

∂X

∂t
= κ ~N � ²B È³j�

��·<°HØ¨�ÂD¦¡Î®©¸¹Á·¸°)«<ÆÓ©¸§Ú¨x¯®¦[«¬¤Á©¸¯®°Ò¤¬§#ÂD¦¡©¢«¬ºÂD¦¡®©¾¨x©¢Ï
φ
«rªÅ§¬�·pÆÓ©¸§N¨®ÙH¼¡¯®ª�·¢°4«¬°�·¸¦¡§¬¼�¤¬°H¤¬¯)Ã

L(t) =

∫ 1

0

φ

∥
∥
∥
∥

∂X

∂p

∥
∥
∥
∥
dp

� ²B ÇÌ}�

2�ª«ÁÙH¥/¯®¦¡©¢®xªÅ§¬¥H°±«¬°
L(t)

°/Î¨�»6ª¶ÀB©¢»õ¤¬»%ÊN¤rªÅ§¬« Ã

∂X

∂t
= (φκ−∇φ. ~N ) ~N � ²B ÓÖ��

Í ëN�(���c�D� �¡�D���(Õ=ë=�7��ë;�'���DëNér�;� ã[¤¬Â¬ÂD¦¡Î¦¡§¬�ÊN¤¬°±· ÆÓ¦¡§#ªÅ©¢¨º¤¬§O�r¦�¨�¼¡ÙH§ÁÙH¯xªÅ·=Ã

∂X

∂t
= F ~N � ²B È²j�

¦ji
F = F (X,X

′

, X ′′)
°+¨
X = {(x1, x2) / u(x1, x2) = r}ù�·¸¦¡¯ÎH×

u
®¤¬©¾¨�·pÆÇÙ/ÊN¤rªÅ¨x©¢¦¡§ «dÆÇÙ+Ä¡¦¡·¸¤B¨x©¸¦�§ ®¤¬©¾ÄÅª�§Ú¨x°Ã

∂u

∂t
= F‖∇u‖ �p²B ÈËj�

Ì¡Ë



5`Snm i\�\dq&_TX.a ]�_&Z�\deÛa�VÎ[ _³uva�w�h;e
�<�¢æF�R� @±�(óBìR�0"��c�'ér�c�(ë=�

2*ÆÓ¦¡¹='Î°H¥+¨x©¾Ï�°/Î¨�«¬°�«¬Ù/¨®°H¥/¨®°H¯�¤¬§#¥H¦�§N¨x¦�¤¬¯ºÏc°H¯Î»,Ù
Γ
«rª�§Á�¤¬§Á°±©¢»6ª�¼�°� 

åÒ§;Â¬ª�¯Î¨Ò«dÆÇ¤¬§Á°#§ ¼¡¯xª�§Á«¬°d¨X¥/¦¡¤¬¯Î¹P°�Ïc°/¯®»7ÙH°
X0(p) = X(p, t = 0)

°/§N¨®¦¡¤¬¯xªÅ§N¨
Γ
×d°+¨)¦�§�ÏRªÅ©¢¨4Ù+Ä¡¦¡·¢¤¬°H¯

X®°/·¸¦�§í¤¬§Á°7Ù/ÊN¤rªÅ¨x©¢¦¡§�«<ÆÇÙ+Ä¡¦¡·¢¤Á¨x©¢¦¡§�«¬¤�¨6�[ÂD°7«Á°¥H°/·¸·¸°/)¥�ª�·¢¥H¤¬·¢ÙH°/�«rªÅ§¬�·Ðª:®¦¡¤ÁØ÷ Î°H¥+¨x©¸¦�§�²B ¢�� ´³B×d«¬°®¦�¯Î¨x°
ÊN¤¬°

X(p, t)
Ä[©¸°H§Á§¬°±¥/¦¡§NÄ�°H¯®¼�°H¯�Ä¡°H¯Î

Γ
Ê[¤¬ª�§¬«

t
¨x°/§¬« Ä¡°H¯®�È ∞  ä�¦�¨x¦¡§Á

I
· ÆÓ©¸§Ú¨x°H§Á®©¢¨®Ù?�cÂ¬¯®ÙHª�·¸ª�¹¬·¸°/»7°H§N¨1·¸©¸Î®Ù/°��`«¬°�· ÆÓ©¸»,ªÅ¼¡°Å 

åÒ§#¥H¦�§¬®©¢«�%H¯Î°±¤¬§#¥/¦¡§N¨®¦¡¤¬¯
Γ
¥/¦¡»,»7°ÒÙ/¨ÑªÅ§N¨±Ã

Γ = {(x1, x2) /‖∇I‖(x1, x2) = +∞} �p²B ´Õ)�
®¦�©¢¨�°/§¬¥H¦�¯®°7Ã

Γ = {(x1, x2) /g(‖∇I‖(x1, x2)) ' 0} �p²B ÈÛj�
¦ji

g
°/Î¨�¨6�[Â¬©¢Ê[¤Á°H»7°H§N¨�«Á°±·¸ªõÏc¦¡¯Î»,°õÃ

g(t) =
1

1 + t2
� ²B  �}�

�<�¢æF�¢æ ü �aó[è<�'éÁ�J�R�D�ô���aó��D�DìR���(�c�D�
Ô`¦¡§¬®©¢«¬ÙH¯Î¦¡§¬�·pÆÇÙ/ÊN¤rªÅ¨x©¢¦¡§s�p²B ÇÖ}�4°/§íÂ¬¯Î°H§rª�§Ú¨

φ(x1, x2) = g(‖∇I‖(x1, x2))
 
φ
°HØ¨±«¬¦�§¬¥¤Á§�¨x°/¯®»7°

«<ÆÇª�¯®¯³Ï/¨�«Á¤-¥/¦¡§Ú¨x¦¡¤¬¯�ª�¥/¨®©¢ÏLÎ¤¬¯�·¸°)¥H¦�§N¨x¦�¤¬¯
Γ
à«ÁÙ/¨x°/¥/¨®°H¯/ 

ä�¦¡¤¬�¦¡¹Á¨x°/§¬¦¡§¬�ª�·¸¦�¯®��pà&· ÆÇª�©¸«¬°4«¬°±·¸ªõÄ¡°/¯®Î©¸¦¡§#¥/¦¡¤¬¯®¹D°/�«¬°�§¬©¢Ä¡°Hª�¤BÀ «¬°�·pÆÇÙ/Ê[¤¬ªÅ¨x©¢¦¡§B��Ã
∂u

∂t
= g(‖∇I‖(x)) «¬©¾Ä

( ∇u
‖∇u‖

)

‖∇u‖ + ∇g.∇u � ²B ¾�Jßj�

ª�Ä¡°H¥ ~N = − ∇u
‖∇u‖

°/¨
k =

«¬©¾Ä ( ∇u
‖∇u‖

)  
£4°�Â¬·¢¤¬H×1ÂD¦¡¤Á¯#ªÅ¥H¥/ÙH·¸Ù/¯®°/¯ ·Ðªe¥/¦¡§NÄ¡°/¯®¼¡°/§¬¥H°í«¬¤ ®§¬ª�ø�°í°+¨-ª�¤Á®®©)ÂD¦¡¤Á¯ ÂD¦¡¤BÄ¡¦¡©¸¯:«¬Ù+¨x°H¥+¨x°/¯#·¸°/ Â¬ª�¯Î¨®©¸°/
¥/¦¡§¬¥�ª�Ä¡°H/×L¦¡§�ª4'Î¦¡¤Á¨®°,à ·Ðªh¥H¦¡¤Á¯®¹¬¤¬¯Î°

κ
¤¬§¬°7¥H¦¡§¬Ø¨Ñª�§Ú¨x°

c
�pªÅÂ¬ÂD°H·¢ÙH°Ïc¦¡¯Î¥H°7¹rªÅ·¸·¢¦¡§B��«¬°,Î¦¡¯Î¨®°7Ê[¤Á°

κ
È)¥

¼ÚªÅ¯®«¬°�¤Á§-Î©¸¼�§¬°�¥/¦¡§¬Î¨xª�§N¨H 
ä�¦¡¤¬�¦¡¹Á¨x°/§¬¦¡§¬�ª�©¸§Á®©<·¢°)»,¦[«�%/·¸°4Ýr§rª�·<®¤¬©¾ÄÅª�§Ú¨±Ã

∂u

∂t
= g(‖∇I‖(x))‖∇u‖(κ+ c) + ∇g.∇u �p²B ¢���4�

ª�Ä¡°H¥
u(x, t = 0) = u0(x)

°/¨�¦ji ¦¡§#¥Ñá¬¦¡©¢®©¢¨ºÂrª�¯º°+ÀB°/»,Â¬·¢°
u0
�
x
�'µÒ«¬©¢Î¨ÑªÅ§¬¥H°j�

x
×
X0

�

ý<�Åî�ó="�é,�d�" ó[�¶�Rè<��ë,ï 2=ÆÓÙHÊN¤rªÅ¨®©¸¦¡§Á� ²B ¾�Jß}�<ÂD¦�®l%/«¬°`«¬°/¤BÀ±¨6�BÂD°/�«¬°*¨x°/¯®»7°H"Ã(¤Á§X¨x°/¯®»7°"Â¬ª�¯xª�¹D¦�·¸©¢Ê[¤Á°
�R·¢°ÒÂ¬¯®°/»,©¢°H¯���×Á°/¨�«¬°Hº¨®°H¯®»7°Hºá��[ÂD°H¯Î¹D¦¡·¸©¢ÊN¤¬°H+�c·¸°H1«¬°H¤BÀ «¬°/¯®§¬©¢°H¯Î��+ @Ô`°H�«¬°H¤BÀh¨6�[ÂD°H�«Á°)¨x°/¯®»7°)§¬°�Î¦¡§N¨
ÂrªÅ «¬©¸Î¥H¯ÎÙ/¨x©¢®Ù/ «¬°�·¸ªe»�Ï/»,°�»,ª�§¬©Ê%H¯®°Å `2=ÆÇ©¢«¬ÙH°;Â¬¯Î©¸§¬¥/©¸ÂrªÅ·¸°�°HØ¨#ÊN¤¬°í·¢°H:¨®°H¯®»7°/ Ârª�¯®ª�¹D¦¡·¢©¸ÊN¤¬°/hÎ¦¡§N¨
«¬©¢®¥/¯®Ù/¨®©¸®Ù/7Ârª�¯«¬©¢ÜPÙH¯Î°H§¬¥/°H7Ý¬§¬©¸°/7¥H°/§N¨x¯ÎÙH°/H×`ªÅ·¸¦¡¯ÎÊN¤¬°#· ÆÓ¦¡§q¤Á¨®©¸·¢©¢®°h«¬°/,®áÁÙH»,ª�7§[¤¬»7ÙH¯Î©¸ÊN¤¬°/,¿"ä4å
�R°/®Î°H§Ú¨x©ÐªÅ·¸·Ê�6§¬¦�§B÷ ¦¡Î¥H©¢·¸·¸ªÅ¨®¦¡¯T��� ÂD¦¡¤¬¯º·¸°H1¨x°/¯®»7°H�ÂrªÅ¯xª�¹D¦¡·¢©¢Ê[¤Á°HH 

5`S0ä DS[�\�q&Z�e _&Z�\ cFh ∇ V ð�h[]sq&h;esuvò[]
BFZ3cFh;eÏ\+Z�VFfk¦ f�h²uvò;cF_&hÉf
öL¦¡¤¬¯�¥Hª�·¸¥/¤¬·¸°/¯

u
×r¥ÅÆÇ°/Î¨�«¬¦�§¬¥�· ÆÓÙHÊN¤rª¶¨x©¸¦�§¯�p²B ¢���4�`ÊN¤¬©F°/Î¨�¤Á¨x©¢·¸©¢ÎÙH°� rµ�ª�·¢á¬°H¤Á¯®°H¤Á®°H»7°/§N¨�×r¦¡§#¥/¦¡§¬Ø¨ÑªÅ¨®°

§N¤¬»,Ù/¯®©¢Ê[¤Á°H»7°H§Ú¨�ÊN¤¬° ∇u °+ÀBÂ¬·¢¦¡®°,¯®ª�Â¬©¸«Á°H»7°H§Ú¨ÁôÇ³¡²4ö  '£4°,Â¬·¸¤¬±·¢°H±°H¯Î¯®°H¤Á¯®�§N¤¬»7ÙH¯®©¢ÊN¤¬°HXÎ¦¡§N¨X©¸»7ÂD¦¡¯Ø÷
¨ÑªÅ§N¨®°H�ª�¤ Ä¡¦¡©¢®©¢§rª�¼¡°Ò«¬¤#®ÊN¤¬°H·¢°/¨Î¨x°� 
öL¦¡¤Á¯ Ârª�·¢©¸°/¯*¥/°/¨`©¸§Á¥H¦¡§ÚÄ¡ÙH§¬©¢°H§Ú¨�×N¦¡§6¯ÎÙH©¢§¬©¢¨®©ÐªÅ·¢©¾®°�ÂDÙ/¯®©¢¦[«¬©¸ÊN¤¬°/»,°/§N¨

u
°/§:·¸ª)Ïc¦¡§¬¥+¨x©¸¦�§,«¬©¢Î¨xª�§¬¥H°�®©¢¼¡§¬ÙH° �R«¬°

»,ª�§¬©Ê%H¯®°)à7ª�Ä¡¦¡©¢¯ ‖∇u‖ µ&���+ 

ÌÚÕ



5`S�ï ¤Ôò;_&\d_-] _&a�qT_&e=a8] _&Z�\Ð\da8fDOUÑe
Í�§¬°�»,Ù+¨xá¬¦[«Á°�°	�7¥�ªÅ¥H°±¥H¦¡§Á®©¸Ø¨x°±à7ª�ÂÁÂ¬·¸©¢ÊN¤¬°H¯�à

u
·pÆÇÙ/Ê[¤¬ªÅ¨x©¢¦¡§¯�c¥/Ï`ôÓÌ¡ÛÁ×¬ÖÚÌB×@Ì�ËÁ×<�kö �;Ã

∂u

∂t
+ signe(u0)(‖∇u‖ − 1) = 0

�p²B ¢�J³j�
£4°:Â¬·¸¤ÁH×LÂD¦¡¤¬¯õ«Á©¸»7©¸§N¤¬°/¯X·¸°HX¨x°/»,ÂÁõ«¬°:¥�ªÅ·¸¥H¤Á· ×'¦¡§oª�®¦�¤ÁÄ¡°H§Ú¨¯®°H¥/¦¡¤¬¯Îà�·¸ª�»7Ù+¨xá¬¦[«¬°6«¬°:·Ðª-¹rª�§¬«Á°
Ù+¨x¯®¦¡©¾¨x°íôÇ³)�(ö*Ã¬¥H°/·Ðª&¥H¦�§¬®©¢Î¨x°±à&§¬°�¥�ª�·¢¥H¤¬·¢°H¯º·¢°H1ÄÅª�·¢°H¤¬¯Î�«¬°

u
ÊN¤<ÆÇª�¤#Ä¡¦�©¸Î©¸§rª�¼�°)«¬°�·¸ª&¥/¦¡¤¬¯®¹D°�«¬°�§¬©¢Ä¡°Hª�¤

{ ¤�µ�ß } ×¬«rª�§¬�¤¬§ ¨x¤¬¹D°�ÊN¤¬°±·pÆÇ¦�§ «¬ÙHÂ¬·¸ª�¥/°�ÂD°H§¬«rªÅ§N¨�·¢°HºÂ¬árª�Î°H�«¬°�¯®Ù/©¸§¬©¾¨x©¸ª�·¾©¢®ªÅ¨x©¾¦¡§< å)§�¥H¦¡§Á®©¸«�%H¯®°�¤¬§Á°XÏc¦¡§¬¥/¨®©¸¦¡§
u0
¤Á§¬©¢Ïc¦�¯®»7ÙH»7°H§Ú¨�¥H¦�§N¨x©¢§[¤Á°�Î¤¬¯

R
2  dåÒ§�§Á¦�¨x° Γ = {x/u0(x) = 0}  öL¦¡¤Á¯

x ∈ R
2 ×¡¦¡§Ù/¥H¯®©¾¨ εx = signe(u0(x))

°/¨
d(x,Γ)

·ÐªÒ«Á©¸Î¨xª�§¬¥/°�«¬°
x
à

Γ
 NåÒ§¥H¦¡§¬Î©¸«�%/¯®°�·¸ª4Ïc¦¡§¬¥+¨x©¢¦¡§

u : R
2 × R+ 7→ R

2 «¬Ù+Ýr§¬©¸°�ÂrªÅ¯�Ã

u(x, t) =

{
εx inf |y|≤t (εxu0(x+ y) + t)

®©
t ≤ tx

εxd(x,Γ)
®©
t > tx

�p²B ¢��Ì}�
¦ji

tx = inf{t ∈ R+/ inf
|y|≤t

(εxu0(x+ y)) = 0} = d(x,Γ)
� ²B ¾��Ö��

>�î�ó[�@�! ="�ë �F�R�r� �ÉÍ(�¾z
u
ú��Ä,�ÈC�nÅ�Æ�y)Î / Â�� � ¿°1�� ¢ {<Í(Î Ñ

u
Å�ÑDz9Ñ�Í({ þ z0�nÍ(È ú=Ådû��<Ñ���Í�ÑD�¾z2�ñú=Å / Â�� � c41���� Å!Æg{ þ}Ñ�	

u
Å�ÑDz`þ=ÈC�0ýkþBÅíú}y)È�Ñ {�y��D{ y�Ñ Ñ�Åîú=Å�Ñ+Ñ�Í({ þ=z#�nÍ(È�Ñîú=Å û��<Ñ���Í�ÑD�¾z2� þ=ÈC� Ì�Í(ÎDù*�DùÁÅDÈCzÎ��Í(ÈCz0�¾ÈCþCÅ�Ñ+ÑDþ=Î

R
2 × [0, T ]

	
∀ ÒnÓ#Ô 	`ÅDz8ÑCÿ y)ÈCÈCþ {�y)ÈCz ÑDþ=Î Γ

	 ∀t ∈ [0, T ]
�

Ô`°±¯®Ù/®¤¬·¾¨ÑªÅ¨�°/Î¨�«ÁÙH»7¦¡§N¨®¯®Ù)«rª�§¬$ôÈ³[×@Ë(ö  

ý<î'ó="�é �<�9"�óN�¶�pèd�'ë
un+1

i,j = un
i,j − δt

(
signe(un

i,jB(u)n
i,j

) �p²B ¢�J²j�
¦ji�Ã

B(u)n
i,j =







√

max((a+)2, (b−)2) + max((c+)2, (d−)2) − 1
Î©
un

i,j > 0
√

max((a−)2, (b+)2) + max((c−)2, (d+)2) − 1
Î©
un

i,j < 0
0 sinon

�p²B ¢��Ë}�

¦ji
a+ = max(a, 0)

°/¨
a− = min(a, 0)

×¬°/¨�ª�Ä¡°H¥7Ã
a = δ−x u

n
i,j

b = δ+
x u

n
i,j

c = δ−y u
n
i,j

d = δ+
y u

n
i,jÍ�§#°+ÀB°H»7Â¬·¢°�«¬°�¯®Ù/©¸§¬©¾¨x©¸ª�·¾©¢®ªÅ¨x©¾¦¡§®�c°H§í�J£ñ�1°/Î¨�Â¬¯®Ù/®°/§N¨xÙ±®¤¬¯�·¸°/��L©¸¼¡¤¬¯Î°H�³�Ì&°+¨4³ÅÖ¬ 

�<� �'�R� � éC�/�õ
 é¬�¶�¶î'�p��ò
2�°�¹Á¤Á¨�«¬°�¥H°+¨®¨x°�»,Ù+¨xá¬¦[«¬°)°HØ¨�«¬°�¯®Ù/®¦¡¤Á«¬¯®°±·pÆÇÙ/Ê[¤¬ªÅ¨x©¢¦¡§ Î¤¬©¢Ä¶ª�§N¨®°�®¤¬¯�¤¬§¬°�¼¡¯®©¢·¸·¾°)ª�Ä¡°H¥

F > 0
Ã

‖∇u‖ = F
� ²B ¾�(Õj�

�R«¬ª�§¬1·¸°4¥�ªÅº«¬°Ò·ÐªX¯®ÙH©¢§¬©¢¨®©¸ª�·¾©¢xª¶¨x©¢¦�§<×[¦�§ ª
F = 1

�� råÒ§h«¬©¸Î¥H¯ÎÙ/¨x©¢®°Ò·¢°4¨®°H¯Î»,°4«¬°)¼¡ª�¤¬¥Ñá¬°)«Á°)· ÆÓÙ/Ê[¤¬ªÅ¨x©¢¦¡§�Ã
·¢°¼�¯xª�«¬©¢°H§Ú¨� ;2=ÆÇ©¢«¬Ù/°«¬°7·¸ªh»7Ù/¨xáÁ¦[«¬°°HØ¨X«¬°Â¬¯®¦¡Â¬ª�¼¡°/¯�·¸°/)ÄÅª�·¢°H¤¬¯Î�«¬°

u
«Á°H�ÄÅª�·¢°H¤¬¯Î�·¸°/�Â¬·¸¤Á)ÏRª�©¸¹Á·¸°H

ª�¤[ÀhÄÅª�·¢°H¤¬¯Î�·¸°/�Â¬·¢¤¬�Ù/·¸Ù+Ä¡ÙH°/H g2'ª&«¬©¢®¥H¯ÎÙ/¨®©¸xª¶¨x©¸¦�§ ¤B¨x©¸·¢©¢®Ù/°)ÂD¦¡¤Á¯�·¸°)¼�¯xª�«¬©¢°H§Ú¨�°HØ¨�·¸ª&Î¤¬©¢ÄÅªÅ§N¨®°7Ã
√

(max {ui,j − ui−1,j , ui,j − ui+1,j , 0})2 + (max {ui,j − ui,j−1, ui,j − ui,j+1, 0})2 = Fi,j
�p²B ¢��Û}�

Ì¡Û
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»^¼¾½3¿ ³¡² À�µ-¦¡¤ÁÄ¡°/»,°/§N¨&Ârª�¯�¥/¦¡¤¬¯Î¹¬¤¬¯®°:»7¦4�¡°/§¬§¬°ü�c°H§\§¬¦¡©¢¯H×'ÂD¦¡Î©¢¨®©¸¦¡§ «¬°:·Ðª-¥/¦¡¤¬¯Î¹D° à-¨�µ�ßB×L°H§\¼�¯®©¸/×
ÂD¦¡Î©¢¨x©¢¦¡§&«¬°�·¸ª)¥/¦¡¤¬¯Î¹P°�à)¤¬§7©¸§¬Ø¨Ñª�§Ú¨

t > 0
×Ú°+¨ à)·Ðª4Ýr§<×Ú·¸ª)¥/¦¡¤¬¯®¹D°�¥H¦�§NÄ¡°/¯®¼¡°�Ä¡°/¯®"·¢°º¥H°/§N¨x¯Î°�«¬°�· ÆÓ©¢»,ª�¼�°��

@±�Å�R�'�Ú�cÿ=ë 2=ÆÓ°H§¬Î°H»õ¹¬·¢°õ«¬°/)ÂD¦�©¸§Ú¨x4«¬°�·Ðª,¼¡¯Î©¸·¢·¢°±¦ji�·pÆÇÙ/Ê[¤¬ªÅ¨x©¢¦¡§â� ²B ¾�(Õ)��°/Î¨�à6¯ÎÙH®¦�¤¬«¬¯®°õ°HØ¨)«¬©¢Ä[©¢®Ù�°/§
¨x¯Î¦¡©¸Î¦¡¤¬Ø÷ °H§¬Î°H»õ¹¬·¢°H/ Q2=ÆÇ°/§¬®°/»õ¹¬·¸°#«¬°H,ÂD¦¡©¸§Ú¨x y�����Å6Ægz2��Ñ+×=· ÆÓ°H§¬Î°H»õ¹¬·¢°#«¬°/6ÂD¦¡©¢§N¨x ÆgÎ�Í���ÄCÅ�Ñ+×=°+¨6¥/°H·¢¤¬©
«¬°/õÂD¦�©¸§N¨®:�D{<Í(���)È���Ñ+ ²2'ª-»7Ù/¨®á¬¦[«¬°,¥H¦�§¬®©¢Î¨x°6à�Ù+¨x°/§¬«¬¯®°6· ÆÓ°H§Á®°H»õ¹¬·¢°,«¬°/�ÂD¦¡©¸§Ú¨xõy�����Å6Ægz2��Ñ$'Î¤Á®ÊN¤<ÆÇà�¥/°
ÊN¤¬°·¸°H)«¬°/¤BÀíª�¤Á¨x¯Î°H�°/§¬®°/»&¹Á·¸°H�®¦�©¸°/§N¨)Ä[©¸«¬°/H ²2F°H)ÄÅªÅ·¸°H¤Á¯®�«Á°H±ÂD¦�©¸§Ú¨x?y�����Å6Ægzw��Ñ§¬°¥Ñárª�§Á¼¡°H§Ú¨XÂÁ·¸¤¬/ 
2=ÆÇª�·¸¼¡¦�¯®©¾¨®á¬»7°Ò¥/¦¡§¬®©¢Î¨®°Xà&©¢¨®ÙH¯®°/¯º·¸°/�Ù/¨xª�ÂD°H�®¤¬©¾ÄÅª�§N¨®°H�Ã
�¡ �ã[ÙH·¸°/¥/¨®©¸¦¡§Á§¬°H¯1·¢°ÒÂD¦�©¸§Ú¨

(imin, jmin)
«¬°Ò·Ðª�¼¡¯Î©¸·¢·¢°�¨®°H·¢·¸°4ÊN¤¬°)¥/°)ÂD¦¡©¸§Ú¨1ÂD¦¡®³%H«¬°�·¸ªXÄÅª�·¢°H¤¬¯1»7©¸§Á©¸»7ªÅ·¢°

«Á°H�ÂD¦¡©¢§N¨®�ÊN¤¬©FÎ¦¡§N¨�«rªÅ§¬�·pÆÓ°H§¬Î°H»õ¹¬·¸°dÆgÎ Í���ÄCÅ�Ñ+ 
³B �Ô`°�ÂD¦¡©¢§N¨�ÂrªÅ®®°±«Á°±·pÆÇ°/§¬®°/»õ¹¬·¸°dÆgÎ Í���ÄCÅ�ÑXà&· ÆÓ°H§Á®°H»õ¹¬·¢°?y�����Å6Ægzw�+ 
ÌÁ �2F°/�ÂD¦¡©¢§N¨®ºÄ¡¦�©¸®©¢§¬ºÊN¤¬©F®¦¡§Ú¨�«rª�§¬�· ÆÓ°H§Á®°H»õ¹¬·¢°*�D{<Í(���)È���Ñ�Ârª�®Î°H§Ú¨4«¬ª�§¬�· ÆÓ°H§¬Î°H»õ¹¬·¢°dÆgÎ�Í���ÄCÅ�Ñ+ 
Ö¬ �2�ª±ÄÅªÅ·¸°/¤¬¯ «¬°H`ÂD¦¡©¸§Ú¨x*Ä¡¦¡©¸Î©¸§¬"Ê[¤Á©P®¦¡§Ú¨1«rªÅ§¬`· ÆÓ°H§¬Î°H»õ¹¬·¢° ÆgÎ Í���ÄCÅ�Ñ4®¦¡§Ú¨1»7©¸ à3'Î¦¡¤¬¯"°H§:¯®Ù/®¦¡·¾ÄÅª�§Ú¨
·pÆÇÙ/ÊN¤rªÅ¨x©¢¦¡§I�p²B ¾�JÛ}�*°/§h»,°+¨®¨xª�§N¨1à

+∞ ·Ðª�ÄÅª�·¢°H¤¬¯ «¬°H1ÂD¦�©¸§N¨®`«Á°H1°H§Á®°H»õ¹¬·¢°H!ÆgÎ�Í���ÄCÅ�ÑÒ°+¨#�D{<Í(���)È���Ñ
«¬ª�§¬�· ÆÓÙHÊN¤rªÅ¨®©¸¦¡§d 

öL¦¡¤Á¯�Â¬·¸¤¬º«¬°�«¬Ù/¨xª�©¢·¸1®¤¬¯�¥H°+¨®¨®°±»,Ù+¨xá¬¦[«Á°�×r¦�§#¯®°/§NÄ¡¦¡©¾¨�·¸°)·¸°/¥/¨®°H¤¬¯�àOôÓÌ¡ÌÁ×<�köp 

5`S65 ¤Ôh[] Z�VFfÛe=VFfÛq&h�uvZ!V�ó!h²uvh;\^]Ï\�a8fÔX.Z�VFf�rdVFf�h¶uvZn¦�h;\d\Fh
å)§#¯®ª�Â¬ÂD°/·¸·¢°)· ÆÓÙ/Ê[¤¬ªÅ¨x©¢¦¡§ «¬¤#»7¦¡¤ÁÄ¡°/»,°/§N¨�Ârª�¯º¥H¦¡¤¬¯Î¹¬¤¬¯Î°±»7¦4�¡°/§¬§¬°� 

{
∂u
∂t

= |∇u| «¬©¢Ä
(

∇u
|∇u|

)

u(0, x) = u0(x)

�p²B ¢���}�

2'ª&Â¬¯®¦�¼¡¯xª�»7»7°H¯1ªJÄ¡°/¥±· ÆÓÙ/¨xª�ÂD°�«Á°±¯ÎÙH©¢§¬©¢¨®©¸ª�·¾©¢xª¶¨x©¢¦�§®�R¥+Ï ��©¸¼�¤¬¯®°/�³¡²õ°/¨4³�Ëj�+ 
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¥/¦¡¤¬¯®¹D°±à¤¬§#©¢§¬Î¨xª�§N¨

t > 0
×¬°/¨�à&·ÐªõÝ¬§<×r·Ðªõ¥H¦�¤¬¯®¹D°�¥H¦¡§ÚÄ¡°H¯®¼�°�Ä¡°H¯Î�·¢°)¥H°/§N¨®¯®°±«¬°�· ÆÓ©¸»7ª�¼�°��

5`S@? DXWQVda ] _&Z!\bcFh�ó3_-] h;e=e h¸X.Z!\Fe�] a�\^] h

{
∂u
∂t

= c|∇u|
u(0, x) = u0(x)

�p²B ´³Åß}�
¦ji

c
°/Î¨�¤¬§¬°&¥H¦¡§¬Ø¨Ñª�§Ú¨x°Å 'Ô`°/¨Î¨x°Ù/ÊN¤rªÅ¨x©¢¦¡§�«ÁÙH¥/¯®©¢¨)¤¬§�»7¦¡¤ÁÄ¡°H»7°H§Ú¨�«¬ª�§¬)·Ðª6«¬©¸¯Î°H¥+¨x©¸¦�§;§¬¦¡¯Î»6ªÅ·¸°õà:®¦�§

Ïc¯®¦�§N¨H 

ý<�Åî�ó="�é �<�9"�óN�¶�pèd�'ë ï
un+1

i,j = un
i,j + cδt∇+un

i,j

�p²B ´³[�4�

5`SÇÆ DXWQVda ] _&Z!\bc�¥0a�cFó�h;Xg] _&Z�\

{
∂u
∂t

= A(x).∇u
u(0, x) = u0(x)

�p²B ´³�³j�
¦ji

A(x) = (A1(x), A2(x))
 

ý<�Åî�ó="�é �<�9"�óN�¶�pèd�'ë ï

un+1
i,j = un

i,j + δt
[
max((A1)

n
i,j, 0)δ

−
x u

n
i,j + min((A1)

n
i,j , 0)δ

+
x u

n
i,j

+ max((A2)
n
i,j , 0)δ

−
y u

n
i,j + min((A2)

n
i,j, 0)δ

+
y u

n
i,j

]
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5`S@Õ A3_Tu¶VFq&a8] _&Z�\ \`VduvòÉf�_wW`VFh
ö*¯Î¦¡¼¡¯®ª�»,»7°H¯#»,ª�©¢§N¨x°/§rª�§Ú¨�·pÆÇÙ/ÊN¤rªÅ¨x©¢¦¡§ «¬°/;¥/¦¡§N¨®¦¡¤¬¯Î;ª�¥+¨x©¢Ïc-¼¡Ù/¦[«¬ÙHÎ©¸ÊN¤¬°/H �åÒ§ ¯xª�ÂÁÂP°/·¸·¢° ÊN¤¬°e·¸°

®¥Ñá¬Ù/»6ªHÆÓÙH¥/¯®©¾¨�Ýr§rª�·¢°H»7°H§Ú¨�Ã

un+1
i,j = un

i,j + δt
[

gi,jK
n
i,j

√

(δxun
i,j)

2 + (δyun
i,j)

2

+α
(
max(gi,j, 0)∇+ + min(gi,j, 0)∇−)un

i,j

+ max((gx)
n
i,j , 0)δ

−
x u

n
i,j + min((gx)

n
i,j, 0)δ

+
x u

n
i,j

+ max((gy)
n
i,j , 0)δ

−
y u

n
i,j + min((gy)

n
i,j , 0)δ

+
y u

n
i,j

]
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5`S@Ö DS[Q]�h;\Fe=_TZ�\j^�X[q&a�e e=_28�X.a8] _&Z�\ c�¥�_³uva�w�h_\�a8fÔX.Z�VFf r+h;escFh¸\F_&ó�h;a�VÎ[
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�<�   �¢æ @±�¶�p�'�Ú�cÿ=ë
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ãB©
1 ≤ k ≤ K

×F¦¡§í§¬¦�¨®°
Ck
·Ðª:¥H·¸ª�®Î°7¥H¦�¯®¯®°/®ÂD¦¡§Á«rª�§N¨®°� 92=ÆÇ¦�¹ 'Î°/¥/¨x©¾Ï`°/Î¨X«dÆÇ¦¡¹B¨x°H§Á©¸¯�¤Á§¬°7ÂrªÅ¯Î¨x©¾¨x©¢¦¡§;«¬°

·pÆÇ©¢»,ª�¼�° Â¬ª�¯7·¸°H7«Á©¢ÜPÙH¯®°/§N¨®°H,¥H·¸ª�®Î°HÓ�R§¬¦�¤¬,¥H¦¡§Á®©¸«ÁÙH¯®¦�§¬,·¸° Â¬¯®¦¡¹Á·<%H»7° «¬°-¥/·Ðª�Î®©¢Ý¬¥�ªÅ¨®©¸¦¡§o¥H¦¡»7»,° ¤¬§
Â¬¯Î¦¡¹¬·Ê%H»7°h«Á° Ârª�¯Ø¨x©¢¨®©¸¦�§B�+ LöL¦¡¤¬¯&¥H°H·¸ªÁ×ñ§Á¦¡¤¬7ª�·¢·¸¦�§¬õ»7©¢§¬©¢»7©¾®°H¯�¤¬§¬°hÏc¦¡§¬¥+¨x©¢¦¡§¬§¬°/·¸·¢°6¥H¦¡»7ÂD¦¡¯Î¨xª�§Ú¨&¨®¯®¦¡©¢
¨x°/¯®»7°H�Ã

�R©¾�:¤Á§q¨x°/¯®»7° «¬° Ârª�¯Î¨®©¢¨®©¸¦�§o«Á°H7¥H·¸ª�®Î°H �R©p Ç°Å =¥Ñárª�ÊN¤¬°#Â¬©¾ÀB°/·º°HÎ¨,¥/·ÐªÅ®®Ù «rª�§¬7¤Á§¬°#¥H·¸ª�®Î°#°+¨,¤¬§Á°
Î°H¤¬·¢°����R°/§#ÏRª�©¾¨�×Á¥H¦�»,»7°)§¬¦¡¤Á�§<ÆÇª�·¸·¢¦¡§¬1¥H¦�§¬®©¢«¬ÙH¯Î°H¯�ÊN¤¬°±·¢°�¥Hª��«Á°±«¬°/¤BÀ#¥H·¸ª�®Î°H/×@§¬¦¡¤¬�§dÆÈª�¤Á¯®¦¡§¬
Â¬ª��¹D°H®¦�©¸§#«¬°�¥/°�¨x°/¯®»7°��� 

�R©¸© �6¤¬§ ¨x°/¯®»7°�«¬°�¯ÎÙH¼¡¤¬·¸ª�¯®©¢xª¶¨x©¢¦�§h«¬°/�¥H¦¡§Ú¨x¦¡¤Á¯®�«¬°H�¥/·Ðª�Î®°/H 
�R©¸©¢© �6¤Á§#¨®°H¯Î»,°)«<ÆÇªÅ¨®¨xª�¥�áÁ°XªÅ¤BÀ «¬¦¡§Á§¬ÙH°/H 

åÒ§,¤Á¨x©¢·¸©¢Î°�¤¬§¬°�ª�Â¬Â¬¯Î¦[¥�áÁ°�ÄÅª�¯Î©ÐªÅ¨®©¸¦¡§Á§¬°H·¢·¢°ºÂrªÅ¯"°H§Á®°H»õ¹¬·¢°H «Á°�§¬©¾Ä¡°�ª�¤BÀP =2F°�«¬¦�»6ª�©¢§¬°º«¬°�·pÆÇ©¢»,ª�¼�°�×
Ω
×N°HØ¨

·¸ª&¯®Ù/¤¬§¬©¢¦¡§#«dÆÇ°/§¬®°/»õ¹¬·¸°/
Ωk
«¬©¢�'Î¦¡©¢§N¨x/ 

Ø Í(þ}Ñ+È[Å���Í(È�ÑD�0ú��DÎ Í(È�Ññ�6�D��ýkþBÅ�{<Åb�ly(Ñ+ú=Å+ú=ÅDþ��X�D{�y(Ñ�Ñ�Å�Ñ4�
å)§#¥/¦¡§¬Î©¸«�%/¯®°�· ÆÓ©¸»,ªÅ¼¡°Ò¥/¦¡»7»,°Ò¤¬§¬°)Ïc¦¡§¬¥+¨x©¸¦�§

u0 : Ω 7→ R
�R¦ji

Ω
°/Î¨�¤Á§-¦�¤ÁÄ¡°H¯Ø¨�«¬°

R
2 �+ å)§h§Á¦�¨x°

Ωk = {x ∈ Ω /
À °/Î¨�«rª�§¬�·Ðªõ¥H·¸ª�®Î°�ø }  �2�ª�¥H¦¡·¢·¸°/¥/¨®©¸¦¡§,«<ÆÇ¦�¤ÁÄ¡°H¯Ø¨x {Ωk}

Ïc¦¡¯®»7°4¤Á§¬°)Â¬ª�¯Ø÷
¨x©¾¨x©¢¦¡§h«Á°

Ω
®©F°+¨�®°/¤¬·¸°/»,°/§N¨�Î©=Ã

Ω =
⋃

k

Ωk

⋃

k

Γk
×r°+¨�®©

k 6= l Ωk

⋂

Ωl = Ù
¦ji�¦¡§�ª6§Á¦�¨xÙ

Γk = ∂Ωk

⋂
Ω
·¸°±¹D¦¡¯®«�«¬°

Ωk
�c°+ÀB¥H°/ÂÁ¨xÙõ·¸°/4ÂD¦�©¸§Ú¨x�¥H¦�»,»õ¤¬§Á4à

∂Ω
�+×D°+¨

Γkl = Γlk =
Γk

⋂
Γl

⋂
Ω

�cÄ¡¦�©¸¯1Ý¬¼¡¤¬¯®°X³��}�+ 
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®¤ÁÂ¬ÂD¦¡®°/¯®¦¡§Á�ÊN¤¬°±ÂD¦¡¤¬¯º¥�árªÅÊ[¤Á°

Ωk
©¸·d°+ÀB©¸Ø¨x°�¤¬§¬°)Ïc¦¡§¬¥+¨x©¸¦�§ ·¸©¢Â¬®¥Ñá¬©¢¨'`H©¢°H§Á§¬°

Φk : Ω → R
¨x°/·¸·¢°)ÊN¤¬°Ã







Φk(x) > 0
Î©
x ∈ Ωk

Φk(x) = 0
Î©
x ∈ Γk

Φk(x) < 0
Î©¸§¬¦�§

Ωk
°/Î¨�ª�©¸§¬Î©<°H§Ú¨x©Ê%H¯®°/»,°/§N¨�«¬Ù/¨®°H¯Î»,©¢§¬Ù)Ârª�¯

Φk
 

Ô`¦¡»,»7°õ§Á¦¡¤¬)¥H¦¡§¬Î©¸«¬Ù/¯®¦�§¬�·¢°õ¥�ª�)«¬°&«¬°H¤BÀ;¥H·¸ª�®Î°HH×<§¬¦¡¤¬)ÂD¦¡¤ÁÄ¡¦�§¬�§¬¦¡¤Á�¥/¦¡§N¨®°H§Ú¨x°H¯)«<ÆÇ¤Á§¬°®°/¤¬·¸°
Ïc¦¡§Á¥/¨x©¢¦¡§

φ
 

�<�   �¢û �:óNòD�'ìRé¬�¶�0�HéÁ�(�c�D�
ä�¦¡¤¬`¤Á¨®©¸·¸©¾®°H¯Î¦¡§¬ ÂÁ·¸¤¬ ·¸¦¡©¢§,·¸°/`«¬©¢Î¨®¯®©¸¹Á¤Á¨x©¢¦¡§¬"«¬°Ò£4©¢¯xª�¥

δ
°/¨3E�°�ª�ÄB©¢®©¢«¬°

H
 ÁöL¦�¤¬¯`ÊN¤¬°Ò¥H°4ÊN¤¬°Ò§¬¦¡¤Á

Ù/¥H¯®©¾Ä¡¦¡§¬*ª�©¾¨ñ¤¬§Î°H§¬=»6ªÅ¨®á¬ÙH»,ªÅ¨®©¸ÊN¤¬°Å×Å§¬¦¡¤Á*ª�¤¬¯®¦�§¬=¹D°/®¦¡©¢§«¬°/"ªÅÂ¬Â¬¯®¦�ÀB©¸»,ªÅ¨x©¢¦�§¬�¯ÎÙH¼¡¤Á·¸©Ê%H¯®°/ñ¥H·¸ª�®Î©¸ÊN¤¬°/
®¤Á©¢ÄÅªÅ§N¨x°/�«¬°�¥/°H�«¬©¢Î¨x¯Î©¸¹¬¤Á¨®©¸¦�§¬��cÄ¡¦�©¸¯1Ýr¼�¤¬¯®°±Ì¡ßj�4Ã

δα =

{
1
2α

(
1 + cos πs

α

) ®© |s| ≤ α
0

®© |s| < α

�p²B ´³ÅÌ}�

Hα =







1
2

(
1 + s

α
+ 1

π
sin πs

α

) Î© |s| ≤ α
1

Î©
s > α

0
Î©
s < −α

�p²B ´³¶Ö��

Ú ¤¬ª�§¬«
α→ 0

×¬¦¡§-ª
δα → δ

°+¨
Hα → H

�pªÅ¤#®°/§¬�«¬°H�«Á©¸Î¨®¯®©¢¹¬¤Á¨x©¢¦¡§Á��+ 
2'ª±Ýr¼¡¤¬¯Î°)ÌB�Ò»7¦¡§N¨®¯®°�¥/¦¡»,»7°/§N¨`·¢°H`¯ÎÙH¼¡©¢¦¡§¬ ®¦¡§Ú¨1«¬Ù/Ýr§Á©¸°/1Ârª�¯ ¥H°H1«¬©¢Î¨x¯Î©¸¹¬¤B¨x©¸¦�§¬"°/¨1·¢°H`°/§¬®°/»õ¹¬·¸°/

«¬°�§¬©¾Ä¡°�ª�¤[Àd DåÒ§-ªhÃ
∫

Ωk

f(x) dx =

∫

Ω

H(φk)f(x) dx
� ²B È³¡²)�
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Hα
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�<�   � � > ëN�("�ë=�7���aó[�'ëN�(òD�Rë
2'ªõÏc¦¡§¬¥+¨x©¢¦¡§¬§¬°/·¸·¢°4ÄÅª¥H¦�»,ÂD¦�¯Î¨x°/¯º«¬°H¤BÀh¨x°/¯®»7°H�Ã
�¡ 

FA (φ) = γ |Γ| � ²[ ´³�Ëj�
=⇒ ¨x°/¯®»7° «Á°#ÂDÙ/§rª�·¢©¸xª¶¨x©¢¦¡§\«Á°#·¸ª;·¢¦¡§¬¼¡¤Á°H¤¬¯&«¬°/7¥/¦¡§N¨®¦¡¤¬¯®/ "Ô`° ¨x°/¯®»7° ÂDÙ/§rª�·¢©¸®°:·Ðª�·¸¦¡§¬¼�¤¬°H¤¬¯
«Á°H)¥/¦¡§Ú¨x¦¡¤¬¯ÎH×d¥H°õÊN¤¬©�°H»7ÂgÏ/¥�á¬°õ«<ÆÈª�Ä¡¦¡©¢¯4«¬°/)¥H¦¡§Ú¨x¦�¤¬¯®4¨x¯Î¦¡Â�©¸¯®¯ÎÙH¼¡¤Á·¸©¢°/¯®H På)§�ÂD°H¤Á¨)»7¦¡§N¨®¯®°H¯/×P°/§
¤B¨x©¸·¢©¢xªÅ§N¨º·¸ªõÏc¦�¯®»õ¤¬·¸°4«¬°�·Ðªõ¥H¦Å÷ ª�©¸¯Î°�×ÁÊN¤¬°Á�c·Ðªõ«¬ÙH»7¦¡§¬Ø¨x¯®ªÅ¨x©¢¦¡§ °/Î¨�«¬¦¡§¬§ÁÙH°±«rª�§Á+ô Ö¬�	ö¾�;Ã

lim
α→0

∫

Ω

δα(φ)|∇φ|dx = |Γ| �p²B È³¡Õj�
¿=§#Â¬¯xª¶¨x©¸ÊN¤¬°Å×r¦�§#¥Ñá¬°H¯Î¥�á¬°±«¬¦¡§¬¥±à&»,©¢§¬©¢»7©¾®°H¯ÒÃ

FA
α (φ) = γ

∫

Ω

δα (φ) |∇φ| � ²[ ´³�Ûj�
³B 

FB (φ)
� ²B È³)�}�

=⇒ ¨x°/¯®»7°�«dÆÈªÅ¨Î¨Ñª�¥Ñá¬°±ª�¤BÀh«¬¦¡§¬§¬Ù/°H/ 
Ô`á¬ª�¥H¤Á§¬°&«¬°HÒ«¬°/¤BÀ�¥H·¸ª�®®°/Ò®°H¯®ª:¥�ª�¯®ª�¥/¨®ÙH¯Î©¸®Ù/°õÂrª�¯4Î¦¡§;§¬©¾Ä¡°�ª�¤�«¬°õ¼¡¯Î©¸�»7¦4�¡°/§< <ãB©�¦�§;Î¤¬Â¬ÂD¦¡Î°
ÊN¤¬°�·¸°�§Á©¢Ä¡°�ªÅ¤,«¬°�¼¡¯Î©¸*»7¦4�¡°/§,«¬°�¥Ñárª�ÊN¤¬°�¥/·Ðª�Î®°�®¤Á©¢¨"¤¬§¬°�«¬©¢Î¨x¯Î©¸¹¬¤B¨x©¸¦�§¼¡ª�¤¬®Î©¸°/§¬§¬°�×N·Ðª)»7Ù/¨®á¬¦[«¬°
«Á¤-»,ª¶ÀB©¸»õ¤Á»%«¬°)Ä[¯xªÅ©¸®°/»õ¹¬·ÐªÅ§¬¥H°)ÂD°/¯®»7°/¨�«dÆÇÙ/¥H¯®©¢¯®°Ã

FB (φ) =

∫

Ω

Hα(φ)
(u(x) −m1)

2

σ2
1

+

∫

Ω

Hα(−φ)
(u(x) −m2)

2

σ2
2

�p²B ÈÌ�ß}�
¦)i#·¸°/

mi
®¦�§N¨�·¸°/�§Á©¢Ä¡°�ªÅ¤BÀ «¬°�¼¡¯Î©¸º»7¦4�¡°/§¬H×r°+¨

σi
·¢°HºÙH¥�ªÅ¯Î¨Î÷ ¨&�[ÂD°/H 

ç)��ëN�¶òD�cëh�J�r�Jérìcë�ï 2=ÆÓÙH§¬°/¯®¼�©¸°ÒÊ[¤Á°�§Á¦¡¤¬1Ä¡¦¡¤Á·¸¦¡§¬1»7©¸§Á©¸»©¢Î°H¯`°/Î¨�·¸ª�®¦¡»7»7°Ò«Á°H1¨x¯®¦�©¸ ¨x°/¯®»7°H1Â¬¯®Ù/¥HÙ�÷
«¬°/§N¨®±Ã

F (Φ1, . . . ,ΦK) = FA(φ) + FB(φ)
� ²B ÇÌÁ�4�

öL¦¡¤¬¯�· ÆÓÙ/¨®¤¬«¬°)¨®á¬ÙH¦�¯®©¸ÊN¤¬°)«¬°�·ÐªõÏc¦�§¬¥/¨®©¸¦¡§Á§¬°H·¢·¸°Å×Á¦¡§#¯Î°H§ÚÄ¡¦¡©¢¨�·¢°)·¸°H¥+¨x°/¤¬¯�à ô Ö)öp 

�<�   �¢� ç)èd�'éÁ�J�R�D��&�!�aç)�'ìRëN��þÑü*é¬ò@�(ér��òDë
ãB©
φ
»7©¸§¬©¢»©¢®°�·¸ª&Ïc¦¡§¬¥/¨®©¸¦¡§Á§¬°H·¢·¸°

F
×PªÅ·¸¦¡¯Î�§¬Ù/¥H°/®xª�©¢¯®°/»,°/§N¨î�R®©�°H§�Â¬·¸¤Á

φ
Ä¡Ù/¯®©¢Ý¬°X¥H°/¯Î¨Ñª�©¢§¬°/�¥H¦¡§¬«Á©¾÷

¨x©¢¦¡§¬º«Á°±¯ÎÙH¼¡¤Á·Ðª�¯Î©¢¨xÙî�cÄ¡¦¡©¢¯�ôÇ³ÅÖ)öFÂrª�¯º°+ÀB°/»,Â¬·¢°��³�+×¬¦¡§-ª Ã
∂F

∂φ
= 0

�p²B ÇÌÚ³j�
¿*§h®¤¬Â¬ÂD¦¡®ª�§Ú¨�ÊN¤¬°)«¬°/º¥H¦¡§¬«Á©¢¨x©¢¦¡§¬`«Á°�ä�°H¤¬»,ª�§¬§h®¦�§N¨1Ä¡ÙH¯®©¾ÝrÙ/°H (∂φ

∂~n
(x) = 0

× ∀x ∈ ∂Ω
) ×B· ÆÓÙHÊN¤rª¶÷

¨x©¢¦¡§¬º«dÆÈ¿=¤¬·¢°H¯�2�ª�¼¡¯®ª�§¬¼¡°�ªÅ®®¦[¥/©¸Ù/°H�à
F

�R¥/Ï`ôÇ³ÅÖ�ö¾�`°HÎ¨±Ã

δα(φ)

( «¬©¾Ä ( ∇φ
|∇φ|

)(
(u(x) −m1)

2

σ2
1

− (u(x) −m2)
2

σ2
2

))

= 0
�p²B ÇÌ¡Ì}�

å)§#¤B¨x©¸·¢©¢®°Ò·¢°)®¥Ñá¬ÙH»,ª«��[§rª�»7©¸ÊN¤¬°�Î¤¬©¢Ä¶ª�§N¨�Ã
∂φ

∂t
= δα(φ)

( «¬©¢Ä ( ∇φ
|∇φ|

)(
(u(x) −m1)

2

σ2
1

− (u(x) −m2)
2

σ2
2

)) �p²B ÈÌÅÖ��
��»7Â¬·¢ÙH»7°H§Ú¨x°H¯1¥H°+¨®¨x°�ÙHÊN¤rªÅ¨®©¸¦¡§¯�R§¬°�Â¬ª��¦¡¤¬¹¬·¢©¸°/¯º·pÆÓÙ/¨ÑªÅÂP°)«¬°�¯®Ù/©¸§Á©¢¨x©¸ªÅ·¢©¾xªÅ¨®©¢¦¡§C�+ 
Í�§#°+ÀB°H»7Â¬·¢°�«¬°�¥H·¸ª�®Î©¢Ýr¥HªÅ¨x©¢¦¡§h°HØ¨�«¬¦�§¬§¬Ù�®¤¬¯�·Ðªî��©¸¼�¤¬¯®°)ÌÚ³B 
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ÛtH o7�{T�� � L �'�)���	M L PÜ� N � Ê�M��ñ�*p�o*N �UN
öL¦¡¤¬¯7¥/°/¨Î¨x°#®°/¥/¨x©¢¦¡§<×=§¬¦¡¤¬¯®°H§ÚÄ¡¦4�¡¦�§¬,·¸°h·¸°H¥+¨x°/¤¬¯,àsôÇ²(öp×"ªÅ©¸§¬Î©ºÊN¤<ÆÇª�¤BÀq¯®Ù+ÏcÙH¯®°/§¬¥/°H6«¬¦�§¬§¬Ù/°H,«rª�§¬

·pÆÇ¦¡¤BÄB¯®ª�¼¡°Å 

? STR eÓf�ò;e=h;\^]�a ] _&Z�\bcFVÝ\Ff�Z8r�qw·²uvh
å)§,¥H¦¡§¬Î©¸«�%/¯®°

Ω
¤¬§6¦¡¤ÁÄ¡°H¯Ø¨`«¬°

R
2 ×N°/¨ u0(x)

¤¬§¬°�©¸»,ª�¼�°�©¸§Á©¢¨x©¢ª�·¾°� �2�ª�Ïc¦¡§¬¥+¨x©¢¦¡§¬§¬°/·¸·¢°�®¤Á©¢ÄÅªÅ§N¨x°4ª±Ù/¨®Ù
©¢§N¨x¯Î¦[«¬¤¬©¾¨x°Ò°H§í���¡Û)�&Ârª�¯�µ-¤¬»Ïc¦¡¯®« °+¨4ãBárª�áíÃ

F (u,K) = α

∫

Ω\K
(u− u0)

2 dx+ β

∫

Ω\K
|∇u|2 dx+ β

∫

K

dσ
�pËÁ ¾�4�

¦ji
α
°+¨
β
Î¦¡§N¨º«¬°/º¥H¦�§¬Î¨xª�§N¨®°HºÂD¦¡®©¾¨x©¾Ä¡°HH×B°+¨ ∫

K
dσ
°HÎ¨º·ÐªX·¸¦�§¬¼¡¤¬°/¤¬¯`«¬°

K
�
K
°HØ¨�Î¤¬Â¬ÂD¦¡ÎÙ�¥H¦�§N¨x°/§[¤

«rªÅ§¬
Ω
�+ 

ãB©
(u,K)

°HØ¨)¤¬§¬°õÎ¦¡·¸¤B¨x©¸¦�§�«¬°�¥H°/¨Î¨x°�Ïc¦¡§¬¥+¨x©¢¦¡§¬§¬°/·¸·¢°�×@¦¡§�ÂD°H¤B¨)°HÎÂDÙH¯®°/¯)ÊN¤¬°
K
®¦¡©¾¨�Ïc¦¡¯®»7ÙXÂrª�¯4·¢°H

ÂD¦¡©¢§N¨®�«¬°�·pÆÇ©¢»,ª�¼�°Ò«¬°)Ïc¦¡¯Ø¨�¼¡¯xªÅ«¬©¸°/§N¨�×Á°/¨�ÊN¤¬°
u
®¦�©¢¨�¤¬§Á°±©¢»6ªÅ¼¡°Ò¯®°/·Ðª¶¨x©¢Ä¡°/»,°/§N¨º¥/¦¡§¬Î¨xª�§N¨®°±®¤Á¯

Ω\K  

a �D��ÞHë[���(���(ë ø {^Å��j�<Ñ¦z&Åîþ Èãùî�¾ÈC�¾ùî�<Ñ�ÅDþ=Îíú=Å
F

z6ÅD{!ýkþCÅí{<Å�Ñ�|DÍ(Î³ú(Ñ / �@�0Å4�^{lÿ ÅDÈ�Ñ�ÅDù�|k{ÊÅ?ú=Å?ú)�<Ñ���Í(ÈCz#�¾ÈCþ=�¾zw�
K
1 Ñ�Í(�nÅDÈCzF{�yIÎ��Dþ ÈC�nÍ(ÈÛú9ÿ þ=ÈsÈ[Í(ù?|kÎ ÅÎ,�ÈC�Fú9ÿ ÅDÈ�Ñ�ÅDù?|k{<Å�Ñ

C1,1 ��Í(ÈCz6ÅDÈCþ�Ñõú}y)È�Ñõú=Å�Ñ:��Í(þ Î	|DÅ�Ñ4�|� Å�Æg{ þ}Ñ�	
��Ä�y}ýkþCÅ���Í(þ Î	|DÅ`ÆBÅDþ=z8Ñ�Í(�¾z�Ñ�Å�z6ÅDÎDùî�¾È[ÅDÎ$y)þ |DÍ(Îlúõú=Å

Ω
	 Ñ�Í(�¾z ÅDÈ�¡�Í(È��Dz0�nÍ(ÈÓz0ÎD�5Æg{<Å4�

? Snm i\�\Ff�Z`X�BFhß\da�fáà�Z�\dXB] _TZ�\F\dh;q&q&h;eÛh;q&q&_w\�] _ËW`Vdh;e
��·@°+ÀB©¸Ø¨x°�«¬°4§Á¦¡»õ¹¬¯®°/¤¬®°/`»,Ù+¨xá¬¦[«¬°/ ÂD¦¡¤¬¯`ª�ÂÁ¯®¦[¥Ñá¬°H¯ ·Ðª)Ïc¦¡§¬¥+¨x©¸¦�§¬§¬°H·¢·¢°�«¬°Òµ-¤¬»Ïc¦¡¯®«:ãBárªÅáü�c§¬¦�¨x°/»÷

»7°H§Ú¨�ÂrªÅ¯�«¬©¾ÜdÙ/¯®°/§¬¥H°/�Ýr§¬©¸°/�¥H¦�»,»7°)Â¬¯Î¦¡ÂD¦¡ÎÙ±ÂrªÅ¯�ùX DÔ`árª�»õ¹D¦¡·¢·¸°��+ 
£Òª�§¬=¥H°º¥/¦¡¤¬¯®/×¡§¬¦¡¤Á=§¬°ºÂ¬¯ÎÙH®°/§N¨®¦¡§¬*ÊN¤¬°�·pÆÈªÅÂ¬Â¬¯®¦[¥Ñá¬°1ÂrªÅ¯�Ïc¦¡§¬¥/¨®©¸¦�§¬§¬°H·¢·¸°/�°H·¢·¸©¢ÂÁ¨®©¢ÊN¤¬°H/ ¡¿=·¢·¸°`¥/¦¡§¬®©¢Î¨®°

à�©¢§N¨®¯®¦[«¬¤¬©¢¯®°1¤¬§¬°ºÏc¦¡§¬¥+¨x©¸¦�§7ª�¤BÀB©¸·¢©ÐªÅ©¢¯Î°
v
ÊN¤¬©DªÅÂ¬Â¬¯®¦[¥Ñá¬°�·¸ªÒÏc¦¡§Á¥/¨x©¢¦¡§¥Hª�¯xª�¥+¨xÙ/¯®©¸Ø¨x©¢Ê[¤Á°

1−χK
 Úù�»õ¹¬¯®¦¡Î©¸¦

°+¨��L¦�¯Î¨x¦�¯®°H·¢·¸©P¦¡§N¨�Â¬¯®¦�ÂD¦¡®Ù�«¬°�¥H¦¡§Á®©¸«ÁÙH¯®°/¯�·¸ª&Î¤¬©¢¨®°�«¬°)Ïc¦¡§Á¥/¨x©¢¦¡§¬§Á°H·¸·¢°H1®¤Á©¢ÄÅªÅ§N¨x°/±Ã

F (u,K) = α

∫

Ω\K
(u− u0)

2 dx+ β

∫

Ω

v2|∇u|2 dx+

∫

Ω

(

ε|∇v|2 +
1

4ε
(v − 1)2

)

dx
�pËÁ È³j�

��·Ú°HØ¨�ÂD¦¡Î®©¢¹¬·¸°*«¬°"»7¦¡§N¨®¯®°/¯^�R°/§�¤B¨x©¸·¢©¢xªÅ§N¨�·¸ªº¨®á¬ÙH¦�¯®©¢°"«Á° ·¸ª�1±ª�»7»,ª¶÷ ¥/¦¡§NÄ¡°/¯®¼¡°/§¬¥/°��FÊN¤¬°d�pËÁ È³j�<ÂD°H¯Î»,°+¨
«¬°�¯®Ù/®¦¡¤Á«¬¯®°Á�RËÁ ¢���`·¸¦¡¯Î®ÊN¤¬°

ε→ 0
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? S0ä i\�\Ff�Z`X�BFh�\`VduvòÉf�_wW`Vdh
2�°/�¥/¦¡§¬«¬©¾¨x©¸¦�§¬º«dÆÇ¦¡ÂB¨x©¸»,ª�·¢©a¨xÙ4ÂD¦¡¤¬¯+�RËÁ È³j�`HÆÓÙH¥/¯®©¢Ä¡°/§N¨XÃ

2α(u− u0) − 2β
«¬©¢Ä

(v2∇u) = 0
�pËB ÈÌ}�

°+¨
−2ε∆v +

1

2ε
(v − 1) + 2β|∇u|2v = 0

�pËB ÇÖ��
å)§#¯ÎÙHÎ¦¡¤Á¨�ª�·¸¦�¯®º·¢°)³�[Î¨l%H»7°±«��[§rª�»7©¸ÊN¤¬°&Ã

∂u

∂t
= −2α(u− u0) + 2β

«¬©¾Ä
(v2∇u) �pËÁ È²j�

∂v

∂t
= 2ε∆v − 1

2ε
(v − 1) − 2β|∇u|2v �pËÁ ÇË}�

å)§#¤B¨x©¸·¢©¢®°Ò¤¬§#®¥Ñá¬Ù/»6ª«<ÆÇ¿=¤¬·¸°/¯�°+ÀBÂ¬·¢©¸¥/©¢¨x°Ò°H§ ¨x°/»,ÂÁ�Ã

un+1 = un + δt
(
−2α(un − u0) + 2β

«¬©¢Ä
((vn)2∇un)

) �pËÁ ÈÕj�

vn+1 = vn + δt

(

2ε∆vn − 1

2ε
(vn − 1) − 2β|∇un+1|2vn

) �pËÁ ÇÛ}�

çd�Fë="�ÿLìcë åÒ§&»7¦¡§N¨®¯®°`¤¬§&°+ÀB°/»,Â¬·¢°1«¬°1®°/¼¡»7°H§Ú¨ÑªÅ¨®©¸¦¡§õ¦�¹Á¨x°/§[¤¬°ºÎ¤¬¯ñ¤¬§&»,¦�¯®¥H°Hª�¤&«Á°º·pÆÇ©¢»,ªÅ¼¡°��}y)z0{ �¾È�cÚ 
2=ÆÓ©¸»,ª�¼¡°�¦¡¯Î©¸¼¡©¢§rªÅ·¢°�°/Î¨4Â¬¯®Ù/®°H§Ú¨xÙ/°&Î¤¬¯�·Ðª��L©¸¼¡¤Á¯®°XÌ�ÌÁ×@· ÆÓ©¸»,ªÅ¼¡°�¹Á¯®¤¬©¾¨xÙH°Xà,®°/¼¡»7°H§Ú¨x°H¯�®¤¬¯�·Ðª?��©¸¼�¤¬¯®°±Ì�Ö¬×
·pÆÇ©¢»,ª�¼�°#¦�¹Á¨x°/§[¤¬°

u
°H§ »7©¸§Á©¢»7©¢®ª�§Ú¨,·¸ª�Ïc¦¡§¬¥+¨x©¸¦�§¬§¬°H·¢·¢°#«Á°;µ-¤¬»Ïc¦¡¯®« ãBárª�áê®¤¬¯6·¸ª¯��©¸¼�¤¬¯®°-Ì¡²B×"°+¨:·¸ª

ÂD¦¡Î©¢¨x©¢¦¡§h«¬°/�¹D¦¡¯®«Á�«Á¦¡§¬§¬Ù/°±Ârª�¯º·Ðª�Ïc¦¡§¬¥+¨x©¸¦�§
v
®¤Á¯�·¸ªí��©¢¼¡¤¬¯Î°�Ì¡ËB 

ÖÚÛ



10 20 30 40 50 60

10

20

30

40

50

60

»^¼¾½3¿ Ì�Ö Àõ� »,ª�¼¡°Ò¹¬¯®¤¬©¾¨xÙ/°±àÎ°H¼�»,°/§N¨x°/¯

10 20 30 40 50 60

10

20

30

40

50

60

»!¼¾½3¿ ÌÚ²+ÀÁ� »,ª�¼¡°)¯Î°HÎ¨xª�¤¬¯®Ù/°

Ö}�



10 20 30 40 50 60

10

20

30

40

50

60

»^¼¾½3¿ Ì�Ë À:öL¦¡®©¾¨x©¢¦¡§h«¬°H�¹P¦�¯®«¬

â HK³�V �²N � V � �º� �äã
ÆQSTR ��etRå^�´)\^] f�Z3cFVdXg] _&Z�\ a!V ]=f�a!_-] h²uvh;\^]scdh;eâ_³uva�w�h;eâa9ó�h;X�opa ] q&a�r
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