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<>=�?A@CBEDFBHG�IKJCDF?1IFLMJ'N�LOG-?'NPLM=RQ�JCD�I�?ANSI ?ANUTWVFXU?'YZYMB[NU@'LMN\@8LMNS]'BHDFGKB^Q\DKJC_\YMB[=`LMNWLM=8?'@'B�?ANU?'YMa+GKLOG[bdceX\B�Q\DFJ'_\YMB[=fV�J'NgG�LOGhI�G%LZNDFBHV�JCNUGhIFDKigVjIKLMN\@�?'NkLZ=�?'@'B

u l DFJ'=m?�T4B[@CDF?CT4BHTnTU?1IF?
f
bRceXUBR=8JSGhI�V�J'=8=8J'Nk=8J4T4BHY�YZLMN\o+LZNU@

u
IFJ
f
LOG"IFX\B l JCYZYMJqp%LMN\@J'N\BCr

f = Ru+ η s p%X\B[DFB R LOGt?�YMLZN\Bu?ADdJCQ�B[D�?1IKJCD�Iha+Q\LOV[?AYMYMaR=8J4T\B[YMLZN\@
_\YZiUDe?ANUT
η
LOGvIKX\BwN\J'LOG�BCb�x�N\BHDK@CaR=8LMN\LM=RLMyH?AIKLMJ'NXU?'GwT4BH=8J'NUG�IKD�?1IFBHTPIKJ�_�B8?zQ�J1pdB[D l i\Y{?'Q\Q\DFJC?'V�XPIKJ|I�?'V�o+YZB}IKXULMGwo+LZNUTnJ l Q\DKJC_\YMB[=�~�GKB[B�� �A��?'NUT�DKB l B[DFB[NUV[BHG-IKXUB[DFB[LMN l J'DLMNUGhI�?ANUV[Bu�jb��-BHDKB pdB-B[�\?A=8LZNUB ?^Q\i\DFB T4BHN\J'LOGKLZN\@}GKL�IFiU?1IFLZJCN s L�b BCb R LOG�IKX\B LOT4B[NSIKLZI>a8JCQ�B[D�?1IFJ'DHb�ceX\B i\NUT4B[DFYMaSLMN\@�BHN\B[DF@'a
LMG@'BHN\B[D�?AYMYZazV�J'=8Q�JSG�BuTzJ l I>ptJ
IFB[DF=8GHr�?}�gT\B[YML�IhazIKB[DF=�IKJRIKXUB^T\?1I�?R?ANUT�?
DFB[@'iUYM?'DKLMy[LMN\@A��V�JCG�I l iUNUVjIFLZJCN/bd�"N\BwJ l IFX\BE=8JCG�IB���BHV�IKLM]'B
=8B[IKX\J4TnLMG"IKX\B
IKJ'IF?'Y�]1?'DKLO?1IFLZJCNW=RLMN\LM=8LZyu?1IFLZJCNk?'G"Q\DFJ'Q�JCGKBHTWLZN����'�u��b^ceX\LOGw=RJ\T4B[Y�DFB[YMLMBHG"J'N�IKX\B8?CGKGKi\=8Q4IKLMJ'NIKXg?1I

BV (Ω) s IKXUB GKQU?'V[B%J l�l iUNUVjIFLZJCNUGvp%L�IFX�_�JCi\NUT4BHT�]1?ADFLO?1IKLMJCN s LOGv?^@'J+J\TRGKQU?'V[BeIKJ}G�IFiUT4aRLZ=�?'@'BHG-~�B[]'BHN�L l LZIvLOG�o+N\J1p%NIKXg?1I�G�igVFX�?AN�?'GFGKi\=8Q4IKLMJ'NkLOG"IFJ+J�DKBuGhIFDKLOVjIFLZ]'B�� �q���jbR<>N�� �C�u� s IKX\B�?'i4IKXUJ'D�GwT4BuV�J'=8Q�JSG�B8?ANkLM=8?'@'B f LZNSIKJW?�V�JC=RQ�JCN\B[NSI
u
_gBHYZJCN\@'LMN\@zIKJ

BV (Ω)
?ANUTn?|V[J'=8Q�J'NUB[NCI

v
LZN
L2(Ω)

bE<>N�IKX\LOG"=8J4T4BHY
v
LOGwGKi\Q\Q�JCGKBHTPIFJ�_�B}IKX\BRN\J'LOGKB'b"<>NkGKiUV�Xn?'N?AQ\QUDKJS?'V�X s IKX\BHa|=8LZN\LM=8LMy[B'r

inf
(u,v)∈BV (Ω)×L2(Ω)/f=u+v

(∫

|Du| +
1

2λ
‖v‖2

L2(Ω)

) ~��'bM�u�



p%X\B[DFB ∫
|Du|

G�IF?'NUT\G l JCD-IFX\B}IKJ'IF?'Y�]1?ADFLO?1IFLZJCNPJ l u b <>NnQ\D�?'VjIFLMV[B s IKX\BHaWV�J'=8Q\i\IKB
?zN+i\=8B[DFLMVH?AY�G�JCYMi4IKLMJ'N�J l IKX\B
xvi\YZBHD���6?'@'D�?AN\@'B"Bu�Cig?1IKLMJ'NP?'GFG�J\V�LO?1IKBuT�IFJW~h�CbZ�q�jb�ceX\BE=�?1IFX\B[=�?AIKLOV[?AY6GhIFiUT4a|J l ~��'bM�u�dXg?'Ge_�B[BHNPT4JCN\BELMN��M�'����b
<>NP�M�H�q� s'� bS�WB[a'BHDvG�X\J1p-G�G�JC=8BeYMLM=8L�I�?1IKLMJ'NgG�J l IKX\B-=8J4T4BHY\QUDKJCQ�JCGKBHT
LZNW���'�u��b�<>N�QU?ADKIKLOV�iUYM?'D s L l f LOG�IKX\B V�XU?'DF?CVjIKBHDKLOGhIFLMVl i\NUV�IKLMJ'N�J l ?�_�JCi\NUT4BuT|T4J'=�?ALMNzp%LZIKX�? C∞ ��_�J'i\NgT\?ADFa s IFX\B[N f LOGdN\J'ItQ\DKBuG�BHDK]'BuT8_Sa8IKXUBw�%iUT\LZN4���wGKX\B[DK���g?1IFB[=8Lg=8J4T4B[Y~�V[J'NCIFD�?ADFa8IKJ8p%Xg?1I-GKX\JCi\YMT�_�B^B��4Q�BHV�IKBuTU�jb
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<>N��M�H�1� s4� bU�WB[a'BHD-G�i\@C@'BuGhI�Ge?RN\B[p¥T\BHV�JC=8QgJSG�LZIFLZJCN/b{� B^Q\DKJCQ�JCGKBHGdIKX\B l JCYZYMJqp%LMN\@8=8J4T4B[Y�r

inf
(u,v)∈BV (R2)×G(R2)/f=u+v

(∫

|Du| + α‖v‖G(R2)

) ~��'b��'�
p%X\B[DFBtIKX\B-¦t?'NU?'V�XRG�Qg?'V�B

G(R2)
V�JCNCIF?'LZNgG{GKLZ@CNU?AYOG�p%L�IFXRYO?ADF@'BdJSGKV[LZYMYO?1IFLZJCNUG s ?'NUT�IFXSiUG�LMNRQU?'D�IFLMV[i\YM?'D�IFB��+IFi\DKBuG{?'NUT
N\J'LOGKB'b§�BE@CLZ]CBwX\BHDKBwIFX\B�T4B��gN\L�IFLZJCNPJ l G(R2)

b
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G(R2)
LOGeIKX\B�¦e?ANg?'VFXPG�QU?CV�B^V�JC=RQ�JSG�BuT|J l T4LOG�IKDFLZ_\i\IKLMJ'NUG f p%X\LOV�XPVH?AN�_�BEp%DFLZI�IFB[N

f = ∂1g1 + ∂2g2 =
T4LM]

(g)
~h�Cb ¬S�

p%LZIKX
g1
?'NUT

g2
LMN
L∞(R2)

b�ceX\B^GKQU?CV�B
G(R2)

LOGeBHNUT4J1pdBHT�p%LZIKX�IFX\B l J'YMYZJ1p%LMN\@RNUJ'DF=�r

‖v‖G(R2) = inf

{

‖g‖L∞(R2) = ess sup
x∈R2

|g(x)| /v =
T4LM]

(g), g = (g1, g2),

g1 ∈ L∞(R2), g2 ∈ L∞(R2), |g(x)| =
√

(|g1|2 + |g2|2)(x)
} ~��'b �S�

BV (R2)
XU?CG N\J�GKLZ=8Q\YMBRT4iU?'Y{G�QU?CV�B�~¡G�BHB�� ¬1���jb^�-J1pdB[]'BHD s ?CG"GKX\J1p%N�_Sa � b�WB[a'BHD
�M�H�q� s G(R2)

LOG IKXUBRT4iU?'Y{G�Qg?'V�BJ l IFX\B�V�YMJCGKi\DFB
LZN BV (R2)
J l IFX\Bz®4VFX+pt?ADKIKy8V�YO?'GFGHb
®+J�LZI^LOGw]'B[DFaWDKBHYM?AIKBuTWIKJ�IKX\B�T4iU?'Y�GKQU?CV�B
J l BV (R2)

bRceX\LMGELOGE?=8JAIFLZ]A?1IKLMJ'NzIFJ8T4BHV[J'=8Q�JCGKBw? l iUNUVjIFLZJCN f J'N BV (R2) +G(R2)
b�ceX\LOGtLOGe?AYOGKJ}p%X+a8IFX\B^T4LZ]'BHDK@CB[NUV[B JCQ�B[D�?1IFJ'DdNU?1IFi\D�?AYMYZa?AQ\Q�Bu?AD�GtLZN�IKXUB^T\B��UN\LZIKLMJ'NPJ l G(R2) s G�LMNUV[BwIKX\B^@CDF?CT4LMB[NCI-?ANUT�IKX\B�T4LM]'B[DF@'BHNUV�BwJCQ�B[D�?1IKJCDFGt?'DKB^T4iU?AY/J'Q�BHDF?AIKJ'D�G[b¯ l i\NUV�IKLMJ'NW_�B[YMJ'NU@'LMN\@RIKJ G =�?ua|Xg?u]'B^YO?ADF@'BEJCGFV�LMYZYO?1IFLZJCNUG%?ANUT�N\BH]'B[DKIKX\BHYZBuGKG%XU?u]'B�?�GK=8?'YZY/NUJ'DF=�bdceXSigGeIFX\B�N\J'DF=J'N

G
LMG%pdB[YMYZ��?CT\?AQ4IFBHT|IKJ�VH?AQ4IFi\DKBwIFX\B^JCGFV�LMYMYM?AIKLMJ'NUGtJ l ? l iUNUVjIFLZJCNPLZNW?AN�B[NUB[DF@'az=RLMN\LM=8LZyu?1IKLMJ'NP=8B�IKX\J\Tb<>N°�M�H�q� s IFX\B�?'i4IKXUJ'D}pdJCDKo4G^JCN�IFX\B|p%X\JCYZB R

2 bnceXULMG}LOG}N\JAI}IFX\B|Q\DFJ'Q�BHD}GKB�IKIKLMN\@ l J'D}LM=�?A@CBzQ\DKJ4V[BHGFG�LMN\@±~�LZI8G�o+LMQUGIKXUB�Q\DKJC_\YMB[=`J l _�J'iUNUT\?ADFa�V�J'NUT\L�IFLZJCNUG��jbd§�B�LZNSIKB[NgTPX\B[DFBEIKJz@'LM]'B�?�T4B��gN\L�IFLMJ'NWJ l G l J'D"?8_�J'i\NUT\BHTWT4J'=�?ALMN Ω ⊂ R
2 b�WJ'DFB[J1]'B[D s �M�H�1��@'LM]'BuGvN\J
pt?qa
IFJRV�J'=8Q\i4IFB"N+i\=8B[DKLOV[?'YMYZa�?}GKJ'YMi4IFLZJCNzJ l ~h�Cb �C�jb�c6J}�UYMYgIFX\LOGd@S?AQ s GKJ'=8B N+i\=8B[DFLMVH?AY�=8J4T4B[YOGXU?q]'BE_�B[B[NPQ\DFJ'Q�JCGKBHT|LZN�IFX\B^YZLZIKBHDF?AIKi\DFBR���1� s �\� sU² ��b�§�B^DKBH]+LZBHp³_�B[YMJqp¥GKJ'=8BEJ l IKXUB[=Pb

���¡´ µn,6(S,�$'&)(+* ,/.�5:9%�-,6;
��b\¶�BHGKB^?'NUTW®�b��wGKX\B[D%ptB[DKBEIKX\B^�UDFG�I ?Ai4IFX\J'D�GtIKJ�NSi\=8BHDKLOV[?'YZYMa�I�?'V�o+YZB��WB[a'BHD%Q\DFJ'@CDF?A=����1�A��bdceX\B[a�?CVjIFiU?AYMYZa�GKJ'YM]'B"IFX\BQ\DFJ'_\YMB[=Pr

inf
(u,v)∈BV (Ω)×G(Ω)

(∫

|Du| + λ‖f − u− v‖2
2 + µ‖v‖G(Ω)

) ~��'b�·'�
p%X\B[DFB

Ω
LOG
?�_�J'iUNUT4BHT±J'Q�B[N)GKB�IHbkc�JkV�JC=RQUi4IKB|IKX\B[LMDRGKJ'YMi4IFLZJCN s IKX\BHa�DKBHQ\YM?CV�B�IFX\B|IKB[DF= ‖v‖G(Ω)

_Sa
‖
√

g2
1 + g2

2‖p~�p%XUB[DKB
v =

T4LZ]
(g1, g2)

�jbPceX\B[N�IKX\BHa l J'DF=�?AYMYZakT4B[DFLM]'BRIFX\Bzx�i\YMB[DK����?A@CDF?AN\@'BRBu�SiU?1IFLZJCNUG l DFJ'=¸~h�Cb ·C�jb��\J'D�N+i\=8B[DFLMVH?AYDFBH?'GKJ'NUG s IKX\B�?Ai4IFX\J'D�G^iUGKB8IFX\Bz]1?'YZiUB p = 1
~¹IFX\B[a�V�YO?ALM=mIKXUB[a�=8?CT4BzB��4Q�B[DFLZ=8BHNCIFG l J'D p = 1 . . . 10 s ?ANgTkIFXU?1I�IFX\B[aT4LOT�NUJAI GKB[B�?'NSa|]+LOG�ig?AY6T4LZ��BHDKB[NgV�Bu��btceX\B[a�DFB[Q�J'DKI%@'J4J4T|N+i\=8B[DFLMVH?AY/DFBHGKi\Y�I�G[bt®+BHB�?'YMGKJP���4�j� l J'D ?'N\JAIFX\B[D-DKBHYM?AIKBuT�=8J4T4B[YV�JCNUV�BHDKN\LMN\@
IFX\B�V[?CG�B

λ = +∞
?ANUT

p = 2
b

����º »���¼C9d;�$q»�� ½^,/.43S$1¾¿;h2�# Àg$108Á/.\2�� �%$'Â�* 2{5Ã½�9v;�;�,¥5:9%�-,6;
<>NUGKQ\LZDFBHT l DKJC=ÄIKX\B�pdJ'DFoz_Sa ¯ b�ÅdXU?A=}_�JCYZYMB8�M�HÆq� s IKX\B}?Ai4IFX\J'D�GtJ l � ²\s ·q�6Q\DFJ'Q�JSG�BE?8DFB[YMB[]1?'NCI-?AQUQ\DKJS?'V�X|IKJzG�JCYZ]'B^�WBHa'B[DQ\DFJ'_\YMB[=Pb�ceX\BHa�V�J'NUGKLOT4B[DeIKX\B l JCYZYMJqp%LMN\@ l i\NUV�IKLMJ'NU?'Y/T\B��UN\BuT�JCN L2(Ω) × L2(Ω)

r

Fλ,µ(u, v) =

{ ∫

Ω
|Du| + 1

2λ‖f − u− v‖2
L2(Ω)

L l (u, v) ∈ BV (Ω) ×Gµ(Ω)

+∞
J'IKX\BHDKp%LOGKB ~��'b ² �

�



p%X\B[DFB
Gµ(Ω) =

{
v ∈ G(Ω) / ‖v‖G(Ω) ≤ µ

} b ¯ NUT�IKX\B^QUDKJC_\YZBH=�IKJzG�JCYZ]'BELMGHr
inf

L2(Ω)×L2(Ω)
Fλ,µ(u, v)

~h�Cb�Ç'�
ceX\B^?Ai\IKX\JCDFGtJ l � ² �/QUDKBuG�BHNCIeIKX\BHLZD%=8J4T4BHYLZNP?RT\LMGFV�DFB�IFB l DF?'=8B[pdJCDKo�b{ceX\B[a|VH?ADFDKa�J'i4I-?RV[J'=8Q\YMB�IFBw=�?AIKX\BH=8?AIKLOV[?'Y?ANg?AYZ�a4G�LOGeJ l IFX\B[LMD T4LMGFV�DFB�IFBE=RJ\T4B[Y s GKX\J1p%LZNU@RX\J1p³LZI ?AQUQ\DKJq�4LZ=�?AIKB[YMazGKJ'YM]'BHGe�WBHa'B[D%Q\DFJ'_\YMB[=Pb

ceX\B�?ALM=ÈJ l IKX\LOGEQU?'Q�B[DELOGwIKJWVH?ADFDKaPJCi4IEIKXUB8=�?1IKXUB[=�?1IFLMVH?AY�?ANU?'YZa4GKLMGwJ l ~h�'b��'�w?ANUT�~h�Cb�Ç'� LMN�?�V[J'NSIKLMNSi\JCiUGEGKB�IKIKLMN\@UbceX\LOG%p%LZYMY6V[YM?'DKL l a|? l B[p l ?CVjIFG-?'_�J'i4I �WB[a'BHD%LOT4BH?'G-T4B[]CB[YMJ'Q�BHT�LMN��M�H�q��b�§�BE�UD�G�I%N\BHBHT�IKJ�@CLZ]'BwIFX\B^Q\DFJ'Q�BHD-T4B��UN\LZIKLMJ'NWJ l
G(Ω)

p%X\B[N
Ω
LOG-?
_�JCi\NUT4BuT�T4JC=8?'LZN�J l R

2 b�ceX\LOG%p%LZYMY/_�B^T4JCN\BELZN�®+BHV�IKLMJ'NW� s p%X\BHDKBEpdBw�U��N\JAI�?1IKLMJ'NgG s T4B��UNUB G(Ω) s?ANUT�IKXUB[Nk@CLZ]'BRGKJ'=8B
QUDKJCQgBHD�IFLMBHG s B[�+QUYM?'LZN\LMN\@�LMNkQU?ADKIKLOV�iUYM?'D"p%X+aPIKX\LOGEGKQU?CV�B
LOGEG�J�LMNCIFB[DFBHG�IKLMN\@|IFJ�=8J4T4BHY�G�LM@'NU?'YMG"p%LZIKXG�IKDFJ'N\@8JCGFV�LMYZYO?1IFLMJ'NUGHb�ceXU?ANUo+GeIKJ8IFX\BHGKB^Q\DFB[YMLM=RLMNU?'DKLMBHG s pdB�GKJ'YM]'B^�WBHa'B[D-Q\DKJC_\YZBH=`LZNn®+BHV�IKLMJ'NW¬ s G�X\J1p%LMN\@RIKXUB^B[�+LOG�IKB[NgV�BJ l ?EG�JCYZi4IFLMJ'N l J'D-~��'b��'��b�<>N�®+BHV�IKLMJ'NR� s pdB%V[?'DKDFa^J'i4I{IFX\B%=8?AIKX\BH=�?1IKLOV[?'Y\?ANU?'YZa4GKLMG�J l ~h�Cb�Ç'��LZN
IFX\B-V�J'NSIKLMNSi\JCiUG l DF?'=8B[pdJ'DFopdB^Xg?u]'B^LMNCIKDFJ4T4iUV[BHTbtceX\LMG-Q\DFJq]'BuGtIKX\B�DFB[YMB[]1?'NUV�BEJ l IFX\B�NSi\=8B[DFLOV[?AY6?'YZ@CJ'DFL�IFX\=`T4BH]'B[YMJ'Q�BuT�LMN�� ² ��bd§kB�BHNUT�IFX\LMG-QU?'Q�B[D_Sa�GKX\J1p%LZN\@�G�JC=8BwN+i\=8B[DFLMVH?AYDFBHGKi\YZIFGeJ'N�LM=�?A@CBHGHb
Ée�ÈÊ Ë6Ì�Í��tÎÐÏ1^�fÑÒ���Î%Ó[����ÔÕ�Ë��d��Ó[Ó�ÍE	��[��ÔÖÌPÍE	/	�Îe�{��Ë`���Ø×k�������Î%�Ø��}ÑÒÍ��[��Ë
 e��� Ùk.\,6;�!�5:!�#-2{.U!h,6(
ceX\DFJ'i\@CX\J'i4IEJ'i\D^GhIFiUT4a s pdB8p%LZYMY�iUG�BRIKX\B l JCYZYMJqp%LMN\@PV�YO?'GFG�LOV[?'Y{T4LMG�IKDFLM_\i4IKLMJCNU?AY�GKQU?'V[BHGHb Ω ⊂ RN

p%LMYZY�T4BHN\JAIFB8?ANkJCQ�B[N_�J'i\NgT4BHTPG�B[I%J l RN b
• D(Ω) = C∞

c (Ω)
LMGwIFX\B�GKB�I^J ldl i\NUVjIFLZJCNUGELMN C∞(Ω)

p%LZIKX�V[J'=8QU?CVjI^GKi\Q\Q�J'DKIELMN
Ω
bR§�B�T4BHN\JAIFBR_+a

D′(Ω)
IFX\BT4iU?'Y�GKQU?'V[B J l D(Ω) s L¡b B'b{IKX\BEGKQU?'V�B"J l T4LOG�IKDFLZ_Ui4IKLMJ'NUGtJ'N Ω

b
D(Ω̄)

LOGvIFX\BEG�B[ItJ l DKBHG�IFDKLOVjIFLZJCN8IFJ Ω
J l/l iUNUVjIKLMJCNUGtLZN

D(RN ) = C∞
c (RN )

b
• Wm,p(Ω)

T4B[NUJAIKBuGRIFX\B�G�Qg?'V�BPJ lwl i\NUVjIFLZJCNUG�LMN Lp(Ω)
p%X\JSG�BWT4LOGhIFDKLM_\i4IFLZJCNU?AY T4B[DFLZ]A?1IKLM]'BHG

Dαu
?'DKB�LMN

Lp(Ω) s
p ∈ [1,+∞) s m ≥ 1 s m ∈ N s |α| ≤ m

b
Wm,p

0 (Ω)
T4B[N\J'IKBHGeIKXUB�G�QU?CV�BEJ l�l iUNUVjIFLZJCNUG%LMN Wm,p(Ω)

p%LZIKXWV[J'=8QU?CVjIGKi\Q\Q�J'DKI%LZN
Ω
b��\JCD l iUD�IFX\B[D T4B�I�?ALMYMG%J'N�IFX\BHGKB^GKQU?'V[BHG s ptBEDFB l B[DeIFX\B^DKBu?'T4BHDtIKJP�M� s �[�1��b

• BV (Ω)
LOGtIFX\B�G�iU_UG�Qg?'V�BEJ l�l iUNUVjIKLMJCNUG u ∈ L1(Ω)

GKiUVFX�IKXU?AIeIFX\B l J'YMYMJqp%LMN\@8�SiU?'NCIFL�Iha|LMGe�UN\LZIKBCr

J(u) = sup

{∫

Ω

u(x)
T4LM]

(ξ(x))dx/ξ ∈ C∞
c (Ω,RN ), ‖ξ‖L∞(Ω,RN ) ≤ 1

} ~��4bM�u�

BV (Ω)
B[NUT4J1pdBuT�p%LZIKX
IKX\BeN\J'DF=

‖u‖BV = ‖u‖L1 +J(u)
LOG{?"¦e?'NU?'V�X
G�QU?CV�B'b�< l u ∈ BV (Ω) s IKX\B%T4LMG�IFDKLM_\i4IFLZJCNU?AYT4BHDKLM]1?AIKLM]'B

Du
LOG%?R_�JCi\NUT4BuT��-?CT4J'N�=8BH?'GKi\DFBE?ANgT�~¡�4bM�q�tV�J'DFDFBHG�Q�J'NgT\GvIFJRIKXUBEIKJAI�?AY]A?ADFLM?AIKLMJ'N

|Du|(Ω)
b

�UJ'D
Ω ⊂ R2 s ptBEXU?q]'B8� ¬1��r BV (Ω) ⊂ L2(Ω)

b��\JCD l iUD�IFX\B[D T4B�I�?ALMYMG%J'N BV (Ω) s pdBEDFB l BHDeIKX\B^DFBH?CT4B[DtIKJW� ¬1��b
 e�¡  Ú�,/Ûw# !h3\!h9v#Ü2�# �ÞÝ".\9�Ý^,6.43\!h,6(¿9�ß

G(Ω)<>N�?AYMY�IKX\B�G�Bu�Si\B[Y s pdB8T4BHN\JAIFB
_+a Ω
?|_�JCi\NUT4BuTkV�J'NUN\BHVjIFBHTnJ'Q�BHNkGKB�IEJ l R

2 p%L�IFX�?��6LZQgGKV�X\LZIKyR_�JCi\NUT\?ADFaCb^§kB�?'T\?'Q4Ià"B��UN\LZIKLMJ'NW�CbZ�-V�JCNUV�BHDKN\LMN\@wIFX\B GKQU?'V[B
G
IKJ^IKX\B VH?'GKBeJ l Ω b{§�B-?'DKB%@'JCLZN\@EIKJ�V[J'NUGKLOT4B[Dv?^G�i\_gG�QU?CV�B%J l IFX\B ¦e?ANU?CVFX�G�QU?CV�B

W−1,∞(Ω) =
(

W 1,1
0 (Ω)

)′ ~¹IFX\B�T4iU?'Y/GKQU?CV�BEJ l W 1,1
0 (Ω)

��b
¨nß9÷�ø�öÙóMö7ãGø�á/«�©�«

G(Ω)
LOGeIKX\B�GKi\_UGKQU?'V[BwJ l W−1,∞(Ω)

T\B��UN\BuT�_Sa�r
G(Ω) =

{
v ∈ L2(Ω) / v =

T4LM]
ξ , ξ ∈ L∞(Ω,R2) , ξ.N = 0

J'N
∂Ω

} ~��4b��'�
�"N

G(Ω) s IKX\B l JCYZYMJ1p%LZN\@8N\J'DF=ÄLOG%T4B[�UN\BuTr
‖v‖G(Ω) = inf

{
‖ξ‖L∞(Ω,R2) /v =

T4LZ]
ξ , ξ.N = 0

J'N
∂Ω

} ~��4b ¬C�
âuß+ã õ·äqä�çå<>N�à"B��UN\LZIFLZJCN��4bM� s GKLZNgV�BRT\LZ] ξ ∈ L2(Ω)

?ANUT
ξ ∈ L∞(Ω,R2) s pdB8V[?'NkT4B��UNUB ξ.N J'N

∂Ω
~�LMNnIKXULMGEVH?'GKB s

ξ.N ∈ H−1/2(∂Ω) s GKB[B8���A¬ s �qÇH� l J'D l iUD�IFX\B[D T4B�I�?ALMYMG��jb

¬



ceX\B"N\B��+IeYZBH=R=�?}pt?CGdG�IF?AIKBuT�LMNn�M�H�q��b�æ"G�LMN\@R?AQ\QUDKJq�4LZ=�?1IFLMJ'NUG�p%LZIKX
C∞
c (Ω) l iUNUVjIFLZJCNUG"� ¬1� s IKX\BwQ\DFJ+J l LMGeGhIFDF?'LZ@CXCI l JCD��pt?'DFTr

çYß+ã±ãÝõká/«�©�«:è6é[ê
u ∈ BV (Ω) ë1ì�í v ∈ G(Ω) î�ï�ð é ì�ñ ∫

Ω
uv ≤ J(u)‖v‖G(Ω) ò�ó ð é�ôKé J(u) õOö}í é�÷ ì é í|ø[ù ò�ú î¹ûjüFü'î

§�B^XU?q]'BwIKX\B l J'YMYMJqp%LMN\@�G�LM=8Q\YZB�V�XU?AD�?'V�IKB[DFLMyH?1IKLMJ'N|J l G(Ω)
r

ýUä�ãgþ~ãXæMöÙóMö7ãGø�á«¡©g«
G(Ω) =

{

v ∈ L2(Ω) /

∫

Ω

v = 0

} ~��4b �S�
ýUä�ã�ã�ÿ£ç��6B�I-iUG-T4B[NUJAIKB^_Sa

H(Ω)
IFX\B^DFLZ@CXCI���XU?'NUT�GKLMT4B^J l ~��4b �S�jb�§�B^GKQ\YML�I%IFX\B^Q\DFJ+J l LMNCIFJRIhpdJ�G�IKBHQUG[b®SIFB[Q��'r��/B�I

v
_�B^LZN

G(Ω)
b�ceX\BHN l DFJ'=W~��4b��'�dL�I-LOGeLM=8=RBuT4LO?1IKBEIFXU?1I ∫

Ω
v = 0 s L�b BCb v ∈ H(Ω)

b®SIFB[Qn�4rd�/B�I
v
_�B�LZN

H(Ω)
btceX\BHN l DFJ'= ��Çu�t~�ceXUB[J'DFB[=f¬ � �E~�GKB[B}?AYOG�JW� �1��� s IKX\BHDKB^B[�4LMG�IFG ξ ∈ C0(Ω̄,R2) ∩W 1,2(Ω,R2)GKiUVFXRIKXU?AI

v =
T\LZ]

ξ
?ANgT

ξ = 0
J'N

∂Ω
b�<>NRQU?'D�IFLMV[i\YO?AD s pdB%XU?q]'B ξ ∈ L∞(Ω,R2)

?ANUT
ξ.N = 0

JCN
∂Ω
b{ceXSiUG

v ∈ G(Ω)
b

�

âuß+ã õ·äqä�çÐ�6B�ItiUGtG�IKDFBHGFG�XUB[DFB X\J1p¤Q�J1pdBHD l i\YgIKX\BwDKBuG�i\YZIdLMNn� � s Çu��LOG[b{<�IeT4Bu?AYOGvp%LZIKXzIKXUB"YZLM=8L�I%V[?CG�B v LMN Lq(Ω) s q = 2 sp%X\B[N)IFX\BPT4LM=RBHNUGKLZJCN)J l IKX\BPGKQU?'V[B�LMG N = 2
b)ceX\B�V[YM?CGKGKLOV[?AYt=RB[IKX\J4T l J'DRIF?CVFo+YMLZN\@nIFX\B�BH�SiU?AIKLMJ'N�T4LM] ξ = v

p%LZIKX
ξ.N = 0

J'N
∂Ω

V�J'NgG�LOGhI�G-LMNnG�JCYZ]+LMN\@8IFX\B
Q\DKJC_\YZBH=
∆u = v

p%LZIKX ∂u
∂N = 0

J'N
∂Ω s ?ANUTWLZNnGKB�IKIKLMN\@ ξ = ∇u

b-< l v LMG LMN
Lq(Ω)

p%L�IFX
q > 2

IKXULMGwQ\DFJ'_\YMB[=�?'T\=RLZI�Gw?ziUN\LM�Si\B8G�JCYZi\IKLMJ'N)~�i\Q�IFJ�?�V�J'NUG�IF?'NCIj�-LZN
W 2,q(Ω)

b^�WJCDKBHJq]'BHD s IFXU?AN\o4G IFJG�IF?ANgT\?AD�T�®4J'_�J'YMB[]|B[=}_�BuT\T4LMN\@CG�~¡G�BHB��M�[� s �u·u��� s ξ = ∇u
_gBHYZJCN\@CGeIKJ

L∞(Ω,R2)
bv< l q = 2 s IKX\B�DFBHGKi\Y�I-LOG%N\J'I%IKDFi\B�?'NUTIKXUB^V[YM?CGKGKLOV[?AY?'Q\Q\DFJC?CVFX�T4J+BHGeN\J'I%pdJCDKo�b�®+JRIKXUB^DKBuG�i\YZI%_+a|¦tJCi\DK@S?ALMN�?ANUTP¦dDFB[yHLMGeLMG%]'B[DFa|G�Xg?ADFQ/b

§�B}N\B[�+I"LZNSIKDFJ4T4iUV�B
? l ?A=8LMYMa�J l V[J'N+]'B��PGKi\_UGKB�I�G-J l G(Ω)
b ceX\BuG�B
V�JCNS]'B��WG�B[IFG p%LZYMY�_�B}iUGKB l i\Y l J'D"?'Q\Q\DFJu�4LM=�?1IKLMN\@�WB[a'BHD%Q\DFJ'_\YMB[=Pb

¨nß9÷�ø�öÙóMö7ãGø�á/«Oá/«Ã�/B[I
Gµ(Ω)

IFX\B l ?A=8LMYZa|J l G�iU_UG�B[IFG%T\B��UN\BuT�_Sak~ µ > 0
�jr

Gµ(Ω) =
{
v ∈ G(Ω) / ‖v‖G(Ω) ≤ µ

} ~��4b�·'�
çYß+ã±ãÝõká/«Oá/«

Gµ(Ω) õOö ����� ö é í�� � ô^ê ð é L2(Ω) 	�ö ê�ô � ì�
 ê �������� 
Aù'î
ýUä�ã�ã�ÿyã�ÿnçYß+ã±ãÝõ�á«¹á �6B�I

(vn)
_�B�?¤G�Bu�Si\B[NUV[B�LZN

Gµ(Ω)
G�igVFXªIKXU?AIPIKX\BHDKB�B��4LOGhI�G

v̂ ∈ L2(Ω)
p%L�IFX

vn →
v̂
LMN
L2(Ω)

��G�IKDFJ'NU@4b¥§�B�XU?q]'B
vn =

T4LM]
ξn s p%L�IFX ξn

GKiUV�X�IFXU?1I
‖ξn‖L∞(Ω,R2) ≤ µ

?'NUT
ξn.N = 0

J'N
∂Ω
b ¯ G

‖ξn‖L∞(Ω,R2) ≤ µ s IFX\B[DFBRB[�4LMG�IFG ξ̂ ∈ L∞(Ω,R2)
GKiUV�XnIFXU?1I s i\QkIFJP?'NkB��+IKD�?'V�IKLMJ'N/r ξn ⇀ ξ̂

LMN
L∞(Ω,R2)

pdBH?'o�� s?ANUT
‖ξ̂‖L∞(Ω,R2) ≤ µ

b��J'DFB[J1]'B[DtL l φ ∈ D(Ω̄)
r ∫

Ω
vnφdx =

∫

Ω

T4LZ]
ξnφdx = −

∫

Ω
ξn∇φdx

b�ceXSigG%?CG
n→ +∞ s pdB^@'B[IHr

∫

Ω

v̂φ dx = −

∫

Ω

ξ̂∇φdx =

∫

Ω

T4LM]
ξ̂ φ dx−

∫

∂Ω

ξ̂.Nφ
~¡�\b ² �

¦tazVFXUJ+JCGKLZNU@��UD�GhI%?}IKBHG�I l i\NgVjIKLMJ'N�LMN C∞
c (Ω) s pdBET4BHT4igV�B l DFJ'=È~��4b ² ��IKXU?AI v̂ =

T4LM]
ξ̂
LMN

D′(Ω) s ?ANUT�G�LMNUV[B v̂ ∈ L2(Ω) sIKXUBEBu�SiU?AYML�Iha|X\J'YOT\GeLMN
L2(Ω)

b�ceX\BHN l J'D ?R@'B[N\BHDF?'Y φ ∈ D(Ω̄) s LZI V�J'=8BuG ξ̂.N = 0
J'N

∂Ω
~�LMN

H−1/2(∂Ω)
�jb

�

ceXUBEN\B[�+I%DFBHGKi\YZI%LMG-?8GhIFDF?'LM@'XCI l J'DFpt?ADFT|V[J'NUGKBH�Si\BHNUV�BwJ l �/BH=R=�?��\b �\b
� ãXäZãGô7ô4õ·äZà³á/«�©�« ï�ð é õ¹ì�í1õ � ë ê � ô ��4ì � ê õ � ì � � Gµ(Ω) õOö � ö � ò ��� ó é�ô 	�ö é�� õ �� ì ê õ¹ì�� � �+ö�ü�� � ôRê ð é L2(Ω) 	�ö ê¡ô � ì�
 ê ��������� 
Aù
ò ë1ì�í�� � ô�ê ð é L2(Ω) 	 ó é ë�� ê ��������� 
'ùzöjõ¹ì � é Gµ õOö �� ì�� é�� ü'î

�



âuß+ã õ·äqä}æPç
�'b%�/B[I%igG%T4BHN\JAIFBE_+a

K(Ω)
IKX\B�V[YZJSG�i\DFBwLMN

L2(Ω)
J l IKX\B�GKB�Iur

{ T4LM]
ξ , ξ ∈ C∞

c (Ω,R2) , ‖ξ‖L∞(Ω,R2) ≤ 1
} ~��4b ÇA�

æ GKLMN\@��/BH=8=8?z�4b��
?ANgT�G�JC=RBEDFBHGKi\YZIFGeLMN����A¬q� s J'NUB^V[?AN�Q\DFJ1]'B"IKXU?AI K(Ω) = G1(Ω)
b

�WJCDKBHJq]'BHD s JCN\B^V[?'NP?AYOG�J8GKX\J1p³LMN�IFX\B�GK?'=8Bwpe?ua�IFXU?1I G(Ω)
LMGeIKXUB�V�YMJCGKi\DKBwLMN

L2(Ω)
J l IFX\B�G�B[IHr

{ T4LM]
ξ , ξ ∈ C∞

c (Ω,R2)
} ~��4b �C�

�4b%�UDKJC=�IKX\B^Q\DFJ+J l J l �/BH=8=8?z�4b�� s J'N\BEBu?'GKLZYMa|T4BHT4igV�BHGeIFXU?1I ‖.‖G LOG%YZJ1pdB[D-G�BH=8L/V[J'NCIFLMNSi\J'igG^~�YOGKVu�jb§�B�?AYOGKJRXU?u]'BwIFX\B l J'YMYZJ1p%LMN\@RDFBHGKi\YZIHr
çYß+ã±ãÝõ�á/«��6«! � v ∈ G(Ω) " ê ð é ì ê ð é[ôKé8é#� õOö ê ö ξ ∈ L∞(Ω,R2) ó õ ê ð v =

T4LZ]
ξ ë1ì�í ξ.N = 0 � ì ∂Ω "eë1ì�í�ö$� � ð ê ð\ë ê

‖v‖G = ‖ξ‖L∞(Ω,R2) î
ýUä�ã�ã�ÿ£ç��6B�I

v ∈ G(Ω)
b��6B�I�igG�V�JCNUG�LOT4B[D�?�GKBH�Si\B[NgV�B

ξn ∈ L∞(Ω,R2)
p%L�IFX

v =
T4LM]

ξn
?ANUT

ξn.N = 0
JCN

∂Ω s ?ANUT�GKiUVFX�IKXU?AI ‖ξn‖L∞(Ω) → ‖v‖G
b�ceX\B[DFB�B[�4LMG�IFG

ξ ∈ L∞(Ω,R2)
GKiUVFX)IFXU?1I s i\Q)IFJ�?AN�B��+IFDF?CVjIKLMJ'N s ξn ⇀

ξ
LMN
L∞(Ω,R2)

pdBu?Ao��+bªceX\B[N s ?CG8LMN�IKX\B�Q\DFJ+J l J l �/B[=8=�?±�4b�� s pdB�V[?'N¤GKX\Jqp`IFXU?1I
ξ.N = 0

J'N
∂Ω

?ANUT�IKXg?1I
v =

T\LZ]
ξ
b

�

ì õÄö4ø�þ�ä�ãUþ~ß9äZó¡à�ç ceX\B l JCYZYMJ1p%LZN\@RYMB[=8=�?RLMG%T4iUBwIKJ � bU�WB[a'BHDE�M�H�q��b�¦ti4I%LZI%pt?CGeG�IF?1IFBHT�LZN�IFX\B^VH?'GKBwJ l Ω = R
2 s ?'NUTIKXUB8Q\DFJ+J l DKBHYZLMBHTki\Q�J'N�XU?ADF=8J'N\LOVR?ANU?'YZa4GKLMG"IKJ+JCYMGHbRceXU?'N\o4G"IKJPJCi\D^T4B[�UN\LZIKLMJ'N�J l G(Ω) s pdB l JCDK=}i\YO?AIKBRLZI^LMNkIKXUB�V[?CG�Bp%X\B[N

Ω
LOGe_�JCi\NUT4BHT/bd�"i\D%Q\DKJ4J l DFB[YMLZBuGtiUQ�J'N l i\NUV�IKLMJ'NU?'Y6?ANU?'YZa4GKLMGe?'DK@Ci\=8B[NSIFGHb

çYß+ã±ãÝõ á/«�%�« è�é�ê
Ω ø é ë è õ � ö � ð4õ ê'& ø � �4ì�í é í �� é ì¥ö é�ê "�ë1ì�í � é�ê fn " n ≥ 1 ø é ë)ö é( � é ì � é � �)��4ì � ê õ � ì\önõ¹ì

Lq(Ω)
⋂
G(Ω) ó õ ê ð ê ð é � �*�'��� ó õ¹ì�
 ê ó �+� ô ��� é�ôjê õ é ö�ñ

û'î�ï�ð é[ôKéRé�� õOö ê ö q > 2 ëAì�í C > 0 ö$� � ð ê ðUë ê ‖fn‖Lq(Ω) ≤ C î
ú î�ï�ð é ö é( � é ì � é fn ��� ì�� é[ô 
 é ö ê � 0 õ¹ì ê ð é í1õOö ê¡ô õ�ø�� ê õ � ì�ë � ö é ì\ö é ò õ�î é îwõ¹ì D′(Ω)) î
ï�ð é ì ‖fn‖G

�� ì�� é[ô 
 é ö ê � 0 ó ð é ì n 
 � é ö ê � õ¹ì ÷ ìUõ ê ù'î
ceXULMG%DKBuG�i\YZI%B��4Q\YO?ALMNUGep%XSazIFX\B^N\J'DF=ÄLZN

G(Ω)
LOG-?
@CJ+J4T|N\J'DF=�IKJ8IF?'V�o+YZB^GKLZ@CNU?AYOGtp%LZIKXWGhIFDFJ'N\@RJCGFV�LMYMYM?AIKLMJ'NUGHb�<�I-p%LZYMY_�B^BH?'GKLMB[Dep%LZIKX�IKX\LOG%N\JCDK=�IFJ�VH?AQ4IFi\DKB^GKiUV�XPG�LM@'Ng?AYOGtLZNW?R=8LZNULZ=8LMyH?1IFLZJCN�Q\DFJ4V[BHGKGdIFXU?ANPp%L�IFXW?8V�YO?'GFG�LOV[?'Y

L2 ��N\J'DF=Pb
âuß+ã õ·äqä�çÐ� a+Q�JAIFX\BHGKBHG8�Cbz?'NUT��\bz?ADFB8BH�Si\LM]1?AYMB[NSIEIFJ�IFX\BzGKLZ=8Q\YMB[D�J'N\BCr�ê ð é[ôKé�é�� õOö ê ö q > 2 ö$� � ð ê ð\ë ê fn ⇀ 0 õ¹ì
Lq(Ω) 	 ó é ë,� b
ýUä�ã�ã�ÿ�ãgÿ}ç~ß+ã±ãÝõ�á/«�%IçÐ�/B[I^iUG^V[J'NUGKLOT4B[D^?PG�Bu�CiUB[NUV[B

fn ∈ Lq(Ω)
⋂
G(Ω)

GF?1IFLMG l a+LZN\@P?CGKGKi\=8Q4IFLZJCN��'b8?'NUTkYZB[I^iUGT4B��gN\BEIKX\B.- B[i\=�?ANUN�Q\DFJ'_UYZBH=�r
{

∆un = fn in Ω
∂un

∂N = 0 on ∂Ω

~��4b /C�
§�B�DFBHVH?AYMY%IKXg?1I�?'G

fn ∈ G(Ω) s pdBk?AYOG�J¿XU?q]'B ∫

Ω
fn dx = 0

bÃ§kBno+N\J1pÐ~�GKB[B)�Z� ²4s �'Æ s �u�u���8IKXU?AI|QUDKJC_\YZBH= ~¡�\b /S�?'T4=8LZIFG�?PGKJ'YMi4IKLMJ'N
un ∈ W 2,q(Ω)

b|�\DFJ'= ���AÆ s ��/q� s pdBz?AYOG�JPoSNUJqp IKXU?AI^IKX\BHDKB8B[�4LMG�IFG^?PV[J'NUG�IF?'NCI B > 0
GKiUV�XkIFXU?1Iur

‖un‖W 2,q(Ω) ≤ B‖fn‖Lq(Ω)
b ¯ NUTP?'GepdB�?'GFG�i\=8BwIKXU?AI

‖fn‖Lq(Ω) ≤ C s pdBE@CB�IHr
‖un‖W 2,q(Ω) ≤ BC

~¡�\bZ�uÆC�
®4LZNUV[B

q > 2
?ANUT

Ω
_�JCi\NUT4BuT s pdB}o+N\J1p�~¡G�BHB|�M���¹�%IFXU?1I"IFX\B[DFB}B��4LOGhI�G

θ ∈ (0, 1)
GKiUVFX�IKXU?AI

W 2,q(Ω)
LOG"V[J'=8QU?'V�IKYMaB[=}_�BuT\T4BHT�LZN

C1,θ(Ω)
bz§�BzT\B[N\JAIFB�_Sa

gn = ∇un
bz§�B�XU?q]'B

‖gn‖W 1,q(Ω) ≤ ‖un‖W 2,q(Ω) ≤ BC
b ¯ NUT�LZI�LOG�?AYOGKJG�IF?ANgT\?AD�TzIKXU?AI

W 1,q(Ω)2
LOG%V[J'=8QU?'V�IKYMazB[=}_�BuT\T4BHT�LMN

C0,θ(Ω)2
b� B[NUV[B s i\Q�IKJn?'N�B[�SIFDF?CVjIFLZJCN s pdBz@'B[I�IKXU?AI�IKXUB[DFB�B[�4LMG�IFG u ?ANUT g ∈ C0,θ G�iUV�X�IKXg?1I un → u

?ANUT
gn → g

~ l JCDIKXUB
C0,θ IKJCQ�J'YMJ'@Ca4��b�<�I8LOG}IFX\B[N¤GhI�?ANUT\?'DFT¿IKJ�QU?'GFG}IKJkIKXUB�YZLM=8L�I�LMNª~��4b /C��IKJ�T4BHT4igV�B�IKXg?1I gn → 0

i\NUL l JCDK=8YMa°~�pdBDFBHV[?'YZY\IKXU?AI
gn = ∇un

�jb�ceX\B Q\DFB[]+LZJCiUG�DFBH?CG�JCN\N\LMN\@E_�BHLZN\@�IKDFi\B l JCDd?AN+aRGKi\_UGKBH�Si\B[NgV�B-B��+IFDF?CVjIKBuT l DFJ'= un s pdB"V�J'NgV�YMiUT4BIKXg?1IwIKX\BRp%X\JCYZBRGKBH�Si\BHNUV�B
∇un

LMGEGKiUVFXnIKXU?AI
∇un → 0

?'G
n → +∞

LZN
L∞(Ω,R2)

�>G�IKDFJ'N\@ s L¡b B'b gn = ∇un → 0
LZN

L∞(Ω,R2)
�>G�IKDFJ'N\@gb�®+LZNgV�B

fn =
T\LZ]

gn s ptBEBH?CG�LMYMazT\BHT4iUV[BwIFXU?1I ‖fn‖G → 0
b

�

·



0-�21
	����43 �Ï65 Î73�Îe�`Ì���^×PÓ�Î-Ñ
ceXU?ANUo+GtIFJz®+BuVjIKLMJCNW� s ptB^?ADFBwNUJqpªLZNPQ�JCGKLZIKLMJ'N�IKJ�VH?ADFDKa�JCi4IeIFX\B^=�?1IKXUB[=�?1IFLMVH?AY/G�IKiUT4a�J l �WBHa'B[D%Q\DFJ'_\YMB[=È�M�H�1��b�6B�I

f ∈ Lq(Ω)
~�p%L�IFX

q ≥ 2
��b�§�B^DKBuV[?AYMY�IKXU?AIeIFX\B�V�JCNUG�LOT4BHDKBuT|Q\DKJC_\YMB[=ÄLOGHr

inf
(u,v)∈BV (Ω)×G(Ω)/f=u+v

(
J(u) + α‖v‖G(Ω)

) ~¡¬\bM�u�
p%XUB[DFB

J(u)
LMGeIKX\BEIFJAI�?AY]A?ADFLM?AIKLMJ'N

|Du|
T4B[�UN\BHT�_Sak~��4bM�u��b

âuß+ã õ·äqä�ç�®4LZNUV[B
f
LOG%?'N�LZ=�?'@'B s pdB^o+N\Jqp³IKXU?AI f ∈ L∞(Ω)

b�ceX+iUG%L�I-LOGeNUJAI-DKBuGhIFDKLOVjIFLZ]'B"IFJ�GKi\Q\Q�JCGKB
q ≥ 2

b¦tB l J'DFB V�JCNUG�LOT4B[DFLMN\@�Q\DKJC_\YZBH=Þ~�¬UbZ�q� s pdB �UDFG�IdN\B[BuT8IFJ
G�X\J1p�IFXU?1ItpdB"VH?AN|?AYMpt?qa+GvT\BHV�JC=RQ�JSG�B"? l iUNUVjIFLZJCN f ∈ Lq(Ω)LMNCIKJ8IhpdJ�V�JC=8Q�J'N\BHNCIFG
(u, v) ∈ BV (Ω) ×G(Ω)

b
çYß+ã±ãÝõ8�6«�©�«:è6é[ê

f ∈ Lq(Ω) ò�ó õ ê ð q ≥ 2 ü'î8ï�ð é ì ê ð é�ôKéRé�� õOö ê ö u ∈ BV (Ω) ë1ì�í v ∈ G(Ω) ö$� � ð ê ðUë ê f = u+ v î
ýUä�ã�ã�ÿ£ç��6B�IwigGwVFXUJ+JCGKB

u = 1
|Ω|

∫

Ω
f
?'NUT

v = f − u = f − 1
|Ω|

∫

Ω
f
bw§�B}IFX\B[DFB l JCDKB}XU?q]'B u ∈ BV (Ω)

~¡G�LMNUV[B
Ω
LOG

_�J'i\NgT4BHTU� s ?ANgT v ∈ L2(Ω)
b��WJCDKBHJq]'BHD s GKLMNUV�B ∫

Ω
v = 0

pdB^T4BuT4iUV[B l DFJ'=!9�DFJ'Q�JCGKLZIKLMJ'NP�4b �
IFXU?1I
v ∈ G(Ω)

b
�§�B^N\J1pªGKX\J1p°IFXU?1I-Q\DFJ'_\YMB[= ~�¬\bM�u�e?'T4=8LZIFG-?1I%YMBH?CGhI%JCN\B^G�JCYZi\IKLMJ'N/b

ýUä�ãgþ~ãXæMöÙóMö7ãGø:�/«¡©g«�è6é[ê
f ∈ Lq(Ω) ò�ó õ ê ð q ≥ 2 üAîRï�ð é ì ê ð é[ô�éwé#� õOö ê ö û ∈ BV (Ω) ëAì�í v̂ ∈ G(Ω) ö$� � ð ê ð\ë ê f = û+ v̂ "ë1ì�í'ñ

J(û) + α‖v̂‖G = inf
(u,v)∈BV (Ω)×G(Ω)/f=u+v

(J(u) + α‖v‖G)
~¡¬\b��'�

ýUä�ã�ã�ÿ£ç��6B�ItiUGv�UD�GhItDKBH=�?ADFo}IKXU?AIdIKX\B l iUNUVjIFLZJCNU?AYgIFJ}=8LMN\LZ=8LMy[B"LMNk~�¬UbZ�q��LMGtV�JCNS]'B[�8p%L�IFX|DKBuG�Q�BuVjIvIKJ
LZIFGvIhpdJ}]A?ADFLM?'_\YZBuG[b�WJ'DFB[J1]'B[D s IFX\B^LZN\�U=}i\=ÜLMN�~¡¬\bM�u�dLOGt�UNUL�IFBz~¹IFXU?AN\o4GeIKJ��6B[=8=�?8¬\bM�u��b
- Jqp s YMB�I (un, vn)

_gB�?R=8LZNULZ=8LMy[LMN\@zG�Bu�CiUB[NUV[B l JCD�~�¬UbZ�q�d§�BwIFXSiUG-XU?u]'B l JCD-G�JC=RB^V�JCNUG�IF?ANSI C
J(un) ≤ C

?'NUT
‖vn‖G ≤ C

~�¬Ub ¬S�
�UDFJ'=;9�JCLZNgV[?AD�<�LMN\BH�SiU?'YZLZIha�~¡G�BHB|� ¬1��� s IFX\B[DFB}B��4LOGhI�G"?zV[J'NUG�IF?'NCI B > 0

G�igVFXWIFXU?1Iur
‖un −

∫

Ω
un‖L2(Ω) ≤ BJ(un)

bceXSiUG l DFJ'= ~�¬Ub ¬S� s ptBE@'B[I ‖un −
∫

Ω
un‖L2(Ω) ≤ BC

b�¦ti4I ?CG
un + vn = f s ptBEXU?q]'B'r

∫

Ω

un +

∫

Ω

vn
︸ ︷︷ ︸

=0
G�LMNUV�B

vn ∈ G(Ω)

=

∫

Ω

f
~�¬Ub �S�

�-BHNUV�B
un

LOGz_�J'iUNUT4BHT¤LMN
L2(Ω)

b �UDFJ'= ~�¬\b ¬S� s pdBnT\BHT4iUV[BWIKXU?AI un LOGz_�J'iUNUT4BHT¤LMN BV (Ω)
b ceX+iUG�IFX\B[DFB�B��4LOGhI�G

û ∈ BV (Ω)
GKiUVFXnIKXU?AI

un ⇀ û
LMN
BV (Ω)

ptBH?Ao8�4b ¯ NUTk?'G
un + vn = f s ptBRT4BHT4igV�B
IKXU?AI vn LMGE?AYOG�J|_�JCi\NUT4BuT�LZN

L2(Ω)
b�ceX\B[DFB l JCDKB s IKX\BHDKB^B��4LOGhI�G v̂ ∈ L2(Ω)

GKiUV�X�IFXU?1I s i\Q�IFJ�?'N�B[�+IKD�?'VjIFLMJ'N s vn ⇀ v̂
LMN
L2(Ω)

ptBH?Ao�bc�J}V�J'NgV�YMiUT4B s IFX\B[DFB-DKB[=�?'LZNUG�IKJ�Q\DFJq]'BeIFXU?1I (û, v̂)
LMGv?^=8LZNULZ=8LMy[B[DdJ l J(u)+α‖v‖G(Ω)

b ¯ NUTRIFX\LOG�YO?'G�IvQgJCLMNCIdV[J'=8BHG
l DKJC=ÜIFX\B l ?'V�I"IKXU?AI J LMG"YMJqpdBHD"GKB[=8LZ��V[J'NSIKLMNSi\JCiUG
~�YOGKVu�-p%L�IFX�DFBHGKQ�BHV�I IKJ|IKX\B BV pdBu?Ao=�RIFJ'Q�JCYZJC@'ak� ¬q� s ?ANUT l DKJC=ÜIFX\B
l ?'V�IeIFXU?1I ‖.‖G LMG%YMGFVwp%LZIKXPDFBHGKQ�BHVjIeIFJRIKXUB L2 ��pdBH?'o8IFJ'Q�J'YMJ'@Ca'b

�

âuß+ã õ·äqä�çÐceXUBEi\NULM�Si\BHN\BHGFGeJ l ?8G�JCYZi4IFLZJCN l JCD-�WB[a'BHD%Q\DKJC_\YMB[=ÄLOG%?'N�J'Q�BHN��Si\BuGhIFLMJ'N/b
> �ÈÊf� Í�Ó�Ô}^���j	@?�Ñ 	�ÒË��Ó$A�Î25 Î73}Îe�`Ì���^×PÓ�Î-Ñ
<>N¿®+BHV�IKLMJ'N�¬ s pdBRQUDKJ1]'BHT�IKX\B8B[�4LMG�IKBHNUV�BRJ l ?�GKJ'YMi4IFLZJCN�IFJP��B[a'B[DEQUDKJC_\YZBH=Pb}§�B8N\J1p pt?'NCIEIKJP@'LM]'BR?'N�?AYM@'JCDKLZIFX\=fIFJV�JC=RQUi4IKB�?8G�JCYMi4IKLMJ'N/b

²



º-��� BR9�342{;)C�2{.U!h2�3\!h9d#Ü57!K# !�5:!ED�2�3\!>9d#`2�(±2 Ý".\9�¼C,�À�34!�9v#
�%BHV[B[NSIKYMa s ?8Q\DFJ*FhBHVjIFLZJCNW?AYM@'J'DFLZIKX\=ÄIKJ|G�JCYZ]'B��%iUT\LZN4���wGKX\B[DK���g?1IFB[=8L=8J4T\B[Yv� �C�u��XU?CG%_�B[BHNPQ\DFJ'Q�JSG�BuT�LZN¿�M�HÆq��bG9�DFBHV�LOG�BHYZa sIKXUBEQUDKJC_\YZBH=`G�IKiUT4LMBHT�LMN��M�HÆ1�6LMGHr

inf
u∈BV (Ω)

(

J(u) +
1

2λ
‖f − u‖2

L2(Ω)

) ~��UbM�u�
<>N|�Z�uÆq� s IFX\B l JCYZYMJ1p%LZNU@-DKBuG�iUY�I�LOG�GKX\Jqp%N|~�LMN l ?'VjI s IKX\Bt?Ai4IFX\J'D�LZN|�Z�uÆq�4V�JCNUG�LOT4B[D�GIFX\BdT\LMGFV�DFB�IFBvVH?'GKB s _Ui4I{?'G6X\Bv=8BHNCIKLMJ'NgG sIKXUB^V[J'NSIKLMNSi\JCiUG%V[?CG�BELMG-GKLZ=8LMYM?'D���b{<�I-DKBHYZLMBHGeJ'NPG�IF?'NUT\?'DFT�V[J'NS]'B[��?ANU?'YZa4GKLMGe?'DK@Ci\=8B[NCI�Gw�M�H¬1��b

ýUä�ãgþ~ãXæMöÙóMö7ãGøH%�«�©�« ï�ð é ö �*� � ê õ � ì � � òJI î¹û�ü�õOöK
'õ'� é ì³ø[ù'ñ u = f − PGλ(Ω)(f) " ó ð é[ôKé PGλ(Ω) õOö ê ð é � ôjê ð � 
 � ì�ë �� ô �EL é � ê � ô � ì Gλ(Ω) î
âuß+ã õ·äqä�ç

PGλ(Ω)
LMG%pdB[YMY6T4B��gN\BHTPG�LMNUV[B

Gλ(Ω)
LOG%?8V�YMJCGKBHT�V�JCNS]'B���GKB�I-J l L2(Ω)

b
º-�¡  Me9v;NC-!K#�O:¢�,£v,/.¤Ý .\9v½";h,�5 2�(±2 Ý".\9�¼C,�À�34!�9v#
§�B�N\Jqp G�IKiUT4a�IKX\B}?'YZ@CJ'DFL�IFX\=ÄQ\DFBHGKB[NSIKBHTPLZN¿� ² ��LMN�IFX\B}V�JCNCIFLZN+i\J'iUG G�B[I�IKLMN\@n~�p%X\BHDKBu?'G%LZN¿� ² � s IFX\B}?Ai4IFX\J'D�G%VH?ADFDKLMBHT�J'i\IIKXUB[LMD-?'NU?AYMa4G�LOGtLZNW?8T4LOGKV[DKB[IKB l D�?A=8B[pdJCDKo\��b�6B�I-iUG%LZNSIKDFJ4T4iUV[BwIKX\B l J'YMYMJqp%LMN\@ l i\NUVjIFLZJCNU?AY6T4B[�UN\BHT�JCN L2(Ω) × L2(Ω)

r

Fλ,µ(u, v) =

{
J(u) + 1

2λ‖f − u− v‖2
L2(Ω)

L l (u, v) ∈ BV (Ω) ×Gµ(Ω)

+∞
JAIKXUB[DFp%LMGKB ~��Ub��'�

§�B�V[?'N�DKBHp%DKLZIKB
Fλ,µ

LMN�IFX\B l J'YMYMJqp%LMN\@Rpe?ua�r
Fλ,µ(u, v) = J(u) +

1

2λ
‖f − u− v‖2

L2(Ω) + χGµ(Ω)(v)
~��gb ¬S�

p%LZIKX
IKX\B%V[J'NS]'BHNCIFLZJCN�IFXU?1I
J(u) = +∞

L l u ∈ L2(Ω)\BV (Ω) s ?'NUT}p%X\B[DFB χGµ(Ω)

LOG�IFX\BeLZNgT4LMVH?1IFJ'D l i\NUVjIFLZJCNRJ l Gµ(Ω)
bceXUBEQ\DFJ'_\YMB[=`pdBEpe?ANCI%IKJzG�JCYZ]'BELMGHr

inf
L2(Ω)×L2(Ω)

Fλ,µ(u, v)
~��gb �+�

º-�¡´ P�Q-!�(C34,6#"À�,³2�# �È� #"!SRe�-,6# ,6(+(
§�B^GKX\J1p³X\BHDKBwIFXU?1I-Q\DFJ'_\YMB[= ~��gb �+�t?'T4=8LZIFG-?Ri\N\LO�Si\B^GKJ'YMi4IFLZJCN/b
ýUä�ãgþ~ãXæMöÙóMö7ãGøT%6«¹á«Äè6é[ê

f ∈ L2(Ω) îzï�ð é�ôKé�é#� õOö ê ö}ëU�4ìgõ ( � é ��� � �V� é (û, v̂) ó ð4õ � ð � õ¹ìUõ � õ &ué ö Fλ,µ(u, v) � ì L2(Ω) ×
L2(Ω) î
ýUä�ã�ã�ÿ£çÐ§�B�GKQ\YZLZI%IKXUB^Q\DKJ+J l LMNCIKJ8I>ptJ�G�IKB[QgG[b®SIFB[Q���~�æ N\LM�Si\BHN\BHGFG��jr�ceX\B^Q\DFJ+J l LOGeIKX\B�GF?A=8B^?'GeLZN�� ² ��b�§�B7FhiUGhI Q\i4I-LZI-X\B[DFB l J'DeIFX\B�GF?Ao'BwJ l V�J'=8Q\YMB�IFB[N\BuGKGHbc�J)@'B�I|IKXUBni\N\LO�Si\B[NUBHGFG s pdB��UD�GhI�DFB[=�?ADFo±IFXU?1I F LOG�GhIFDKLOVjIFYMa¤V�J'N+]'B���JCN

BV (Ω) × Gµ(Ω) s ?'GzIKX\B�G�i\=ÒJ l ?V�JCNS]'B�� l iUNUVjIKLMJCN�?ANUTnJ l ?�GhIFDKLOVjIFYZanV�JCNS]'B�� l i\NgVjIKLMJ'N s B[�\V�B[Q4I^LMNnIFX\B�T4LMDKBuVjIKLMJ'N (u,−u)
bR� B[NUV[BRLZI�GKiXW�V[BHGwIKJPV�X\BHV�oIKXg?1I8L l (û, v̂)

LOGR?k=RLMN\LM=8LZyHB[D8J l F IKX\BHN l J'D t 6= 0 s (û + tû, v̂ − tû)
LOG
NUJAI�?n=8LZN\LM=8LZyHB[D8J l F ~�LMNUT4BHBHT s GKLMNUV�B FLOG
V[J'N+]'B�� s pdB�VH?AN±DFBHG�IKDFLMV�I
J'i\D�G�BHYZ]'BuG^IKJ�GK=8?'YZYtQ�B[DKIKiUDK_U?AIKLMJ'NUG s ?ANgT¿pdB�p%LMYZYe?CGKGKi\=8BzIKXg?1I |t| < 1

�jb¿ceX\B�DKBuG�i\YZIRLMGJ'_+]+LZJCiUG L l v̂ − tû ∈ L2(Ω)\Gµ(Ω)
b}�/B�IEiUGEGKX\JqpÃIKXU?AIEL l v̂ − tû ∈ Gµ(Ω)

IFX\B[NnIFX\BRDFBHGKi\Y�IELMGEG�IKLMYZY�IFDKiUB'b^<>NUT4BHBHT s L l
v̂ − tû ∈ Gµ(Ω) s pdB^XU?q]'B'r

F (û+ tû, v̂ − tû) = F (û, v̂) + (|1 + t| − 1)J(û)
~��gb ·C�

¦ta|V[J'NCIFDF?CT4LOVjIKLMJ'N s YMB�I-iUG-?'GFG�iU=RBwIKXg?1I%IKX\BHDKB^B��4LMG�IFG t̂ < 1 s t̂ 6= 0
G�iUV�X�IFXU?1I

v̂ − t̂û ∈ Gµ(Ω)
?ANgT

F (û+ t̂û, v̂ − t̂û) ≤ F (û, v̂)
~��Ub ² �

¯ G
(û, v̂)

=8LMN\LZ=8LMy[BuG
F s ~��gb ² ��LOG�?ANRBH�SiU?'YZLZIha'b{�\DFJ'=Ü~��Ub�·'� s pdB%T\BHT4iUV[BeIKXU?AI (|1+ t̂|−1)J(û) = 0

b ¯ NUT8?CG
t̂ 6= {−2, 0} spdB^@'B�I%IKXU?AI

J(û) = 0
b�ceX\B[DFBEB��4LOGhI�GtIKX\BHDKB l J'DFB γ ∈ R

GKiUVFX�IKXU?AI
û = γ

?Ub BCb%~�ptB^GKi\Q\Q�JSG�B
Ω
V[J'N\N\BuVjIKBuTU�jb

�'be< l γ = 0 s IKXUB[N û = 0
b�ceX+iUG

(û+ t̂û, v̂ − t̂û) = (û, v̂)
b

�4be< l γ 6= 0 s IKX\B[N v̂ − t̂û
V[?'N\N\JAI^_�BHYZJCN\@�IKJ

Gµ(Ω)
GKLMNUV�B�L�I�G^=RBu?AN�LOG^N\JAI}Æ�~¡G�BHBW~��4b �S����bzceX\LOG�V�J'NSIKD�?'T4LOVjI�GEJ'i\D?'GFGKi\=8Q4IKLMJ'N/b

Ç



®SIFB[Q���~�x��4LOGhIFB[NUV[Bu��r��6B�I
(un, vn)

?R=RLMN\LM=8LZyHLZN\@zGKBH�Si\B[NgV�B l J'D Fλ,µ(u, v) s L�b B'bMr
Fλ,µ(un, vn) → inf

L2(Ω)×L2(Ω)
Fλ,µ(u, v)

~��gb�Ç'�
<�I-LMG-V�YMBH?'DtIFXU?1I

vn ∈ Gµ
?'NUTr

J(un) ≤ C
?ANUT

‖f − un − vn‖
2
L2(Ω) ≤ C

~��gb �S�
®+LMNUV�B

vn ∈ Gµ s pdB^@'B�I%IKXU?AI vn =
T4LZ]

ξn s p%L�IFX ξn GKiUV�X�IFXU?1I ‖ξn‖L∞(Ω,R2) ≤ µ
?ANUT

ξn.N = 0
J'N

∂Ω
b§�B�?AYOGKJRXU?u]'BCr

∫

Ω

unvn =

∫

Ω

un
T\LZ]

ξn ≤ sup
ξ∈Gµ(Ω)

∫

Ω

un
T4LZ]

ξ ≤ µ sup
ξ∈G1(Ω)

∫

Ω

un
T4LZ]

ξ
~��Ub /C�

�-BHNUV�Bz~�igG�LMN\@W~��Ub �C�K�jr
∫

Ω

unvn ≤ µJ(un) ≤ C
~��UbM�HÆC�

�\DFJ'=m~��Ub �C�t?'NUT�~��UbM�HÆS� s pdB^T4BuT4iUV�BEIFXU?1I un ?ANUT vn ?ADFBw_�J'i\NgT4BHT�LMN L2(Ω)
b�ceXU?'N\o4GdIFJW~��gb �S� s ?'NUT�G�LMNUV�B un ?ANUT vn?ADFB-_�JCi\NUT4BuT�LMN

L2(Ω) s pdB"@'B[IvIFXU?1IdIFX\B[DFB B[�+LOG�IFG (û, v̂)
GKiUV�X�IFXU?1I s iUQ�IFJ
?'NzB��+IFDF?CVjIKLMJ'N6r un ⇀ û

LZN
BV (Ω)

pdBH?'o�� s?ANUT
vn ⇀ v̂

LMN
L2(Ω)

ptBH?Ao�b�UDFJ'=`�/BH=8=8?z�4b�� s pdBEo+N\J1p°IFXU?1I χGµ(Ω)

LOG
L2 ��pdBH?'oSYMa�YOGFV s p%XUB[DFB'r

χGµ(Ω)(v) =

{
0
L l v ∈ Gµ(Ω)

+∞
JAIKXUB[DFp%LMGKB ~��UbM�'�q�

®+LMNUV�BEIKXUBEIKJAI�?AY/]1?ADFLM?AIKLMJ'N�LMG%YMGFV l J'D%IKX\B BV pdBu?Ao���IKJCQ�J'YMJ'@Ca s pdBEJC_4IF?'LZN6r

inf Fλ,µ = lim

(

J(un) +
1

2λ
‖f − un − vn‖

2
L2(Ω) + χGµ(Ω)(vn)

)

≥ J(û) +
1

2λ
‖f − û− v̂‖2

L2(Ω) + χGµ(Ω)(v̂)

L�b BCb
(û, v̂)

LOG%?R=8LMN\LZ=8LMy[BHD%J l Fλ,µ(u, v) J'N L2(Ω) × L2(Ω)
b

�

º-��º Â�* 2{.\2�À�3+,6.U!ED2�3\!h9d#`9�ßz3\*-, 57!�#"!�5:!ND,/.
(û, v̂)ceX\B l J'YMYZJ1p%LMN\@8DFBHGKi\YZI-@'LM]'BHG-?�V�XU?AD�?'V�IKB[DFLMyH?1IKLMJ'N�J l IKXUB�=RLMN\LM=8LZyHB[D J l Fλ,µ bd§�B�p%LZYMY6iUG�B�L�I"LZNPIKX\B�NUB��+I"G�i\_gG�BuVjIKLMJ'N�IFJGKX\Jqp³IKX\B�V[J'NS]'BHDK@CB[NUV[B"J l J'i\D-?AYM@'JCDKLZIKXU=�b

ýUä�ãgþ~ãXæMöÙóMö7ãGø6%6«J�/«
(û, v̂) õOö}ë � õ¹ìUõ � õ &ué�ô � � Fλ,µ(u, v) õ �}ë1ì�í � ì � ù�õ ��ñ

{
û = f − v̂ − PGλ(Ω)(f − v̂)

v̂ = PGµ(Ω)(f − û)

~��UbM�u�C�
ýUä�ã�ã�ÿ£çÐ§�B�GKQ\YZLZI%IKXUB^Q\DKJ+J l LMNCIKJ8I>ptJ�G�IKB[QgG[r®SIFB[Q±�z~Y--BuV�BHGFGF?ADFa|V[J'NUT\L�IFLZJCNg�jr �/B[I

(û, v̂)
_�B
?8=8LMN\LM=8LZyHB[D J l Fλ,µ(u, v) b%ceX\B l ?'VjI IKXU?AI û = f − v̂ − PGλ(Ω)(f − v̂)V�JC=RBuG l DKJC=!9vDKJCQ�JCGKL�IFLZJCN��UbM�'bdceX\B�Q\DFJ+J l J l v̂ = PGµ(Ω)(f − û)

LMG-B[]'BHNWG�LM=8Q\YMB[DurvGKLZNgV�B
v̂
LOG ?8=RLMN\LM=8LZyHB[D J l F (û, .) spdBwXU?u]'B l JCDe?AYMY v LMN L2(Ω)

r
Fλ,µ(û, v̂) ≤ Fλ,µ(û, v) s p%X\LOV�X|LM=8Q\YMLZBuG[r v̂ =8LMN\LZ=8LMy[BHG 1

2λ‖f − û− v‖2
L2(Ω) +χGµ(Ω)(v)l J'D-?'YZY v ∈ L2(Ω)

b ¯ NgT�IKX\LOG%Q\DFBHV�LOGKB[YMa�=8Bu?ANUGtIFXU?1I
v̂ = PGµ(Ω)(f − û)

b®SIFB[Q���~¡®+i�W�V[LZBHNCI"V�JCNUT4LZIKLMJ'Ng��r��/B�I
(û, v̂)

]'B[DFL l a+LMN\@P~��UbM�u�'��b{§kBEIFX\B[DFB l JCDKBEXU?u]'BCr
{

0 ∈ û+ v̂ − f + λ∂J(û)
0 ∈ û+ v̂ − f + λ∂χGµ(Ω)(v̂)

~��UbM�H¬S�
ceX\B}�UD�GhIwYZLMN\B
J l ~��gbZ�u¬C�-V�JC=8BHG l DFJ'=fIKX\B l ?'VjI"IFXU?1I û = f − v̂ − PGλ(Ω)(f − v̂)

~¡G�BHB|�M�HÆq��?ANUT±� ² ��� s ?'NUTPIFX\BRGKBHV[J'NUTJ'N\B l DFJ'=ÄIKXUB l ?CVjI%IKXg?1I v̂ = PGµ(Ω)(f − û)
b�§�B�V[?AN�DFB[p%DFLZIKB8~��UbM�H¬S�jr
{ f−û−v̂

λ ∈ ∂J(û)
f−û−v̂

λ ∈ ∂χGµ(Ω)(v̂)

~��UbM�[�+�

�



p%X\LOVFXP=8BH?'NUG[r






J(u) ≥ J(û) +
(

u− û, f−û−v̂λ

)

L2(Ω)×L2(Ω)

χGµ(Ω)(v) ≥ χGµ(Ω)(v̂) +
(

v − v̂, f−û−v̂λ

)

L2(Ω)×L2(Ω)

~��UbM�u·C�
§�B^?CT\T|IFX\BEI>ptJ8YZLMN\BuGeLMN�~��UbM�u·C� s ?ANUT�pdBEJC_4IF?'LZN/r

J(u) + χGµ(Ω)(v) ≥ J(û) + χGµ(Ω)(v̂) +

(

u− û,
f − û− v̂

λ

)

+

(

v − v̂,
f − û− v̂

λ

) ~��UbM� ² �
§�BwIFX\B[NW?CT\T 1

2λ‖f − u− v‖2
L2(Ω)

IFJRIKXUBEI>pdJzG�LOT4BHG%J l ~��UbM� ² � s ?ANUT�pdB^@'B[IHr

Fλ,µ(u, v) ≥ Fλ,µ(û, v̂) −
1

2λ
‖f − û− v̂‖2

L2(Ω) +
1

2λ
‖f − u− v‖2

L2(Ω)

+

(

u− û,
f − û− v̂

λ

)

+

(

v − v̂,
f − û− v̂

λ

)

c�J�V�J'NgV�YMiUT4B s IKX\BHDKB^DKB[=�?'LZNUGtIKJzG�XUJqp³IKXU?AIHr
‖f − u− v‖2

L2(Ω) − ‖f − û− v̂‖2
L2(Ω) + 2 (u− û, f − û− v̂) + 2 (v − v̂, f − û− v̂) ≥ 0

~��UbM�qÇ'�
�/B[I%igG%T4BHN\JAIFBE_Sa

L(u, v) = ‖f − u− v‖2
L2(Ω)

bv®+LMNUV�B
L
LOG%V[J'NS]'B[� s pdB^XU?q]'B'r

L(u, v) ≥ L(û, v̂) +

(

u− û,
∂L

∂u
(û, v̂)

)

+

(

v − v̂,
∂L

∂v
(û, v̂)

) ~��UbM�H�S�
¯ NgT�~��UbM�H�S�vLOGZFhigGhI}~��UbM�qÇ'�vp%X\LOV�X�pdB^pt?ANSIKBHT�IKJzG�X\J1p^b

�ceXUB�V�J'NgV�YMiUG�LMJ'NgG"J l 9vDKJCQ�JCGKL�IFLZJCNn�gb ¬�NU?AIKi\D�?AYMYMaWYMBH?'TnIKJ�IKXUB l JCYZYMJqp%LMN\@P?'YZ@CJ'DFL�IFX\= l J'D�V�JC=RQUi4IKLMN\@�IKX\B�=8LZNULZ=8LMy[B[D
(û, v̂)

b�ceX\LOG-?AYM@'J'DFLZIKX\=Äpt?'G%T4BH]'B[YMJ'Q�BHT�?'NUT�?AQ\QUYZLMBHT�LMN�� ² ��b
ë ôY[XãXä�öÙó�\�ã ç
�'be<>N\LZIKLO?AYMLMyH?1IFLZJCN/r

u0 = v0 = 0
~��UbM��/C�

�4be<�IKBHDF?AIKLMJ'NUGHr
vn+1 = PGµ(Ω)(f − un)

~��Ub��AÆC�

un+1 = f − vn+1 − PGλ(Ω)(f − vn+1)
~��Ub��4�u�

¬\b-®SIFJ'Q\Q\LMN\@8IKBHG�IHr�pdB^G�IKJCQ�L l
max(|un+1 − un|, |vn+1 − vn|) ≤ ε

~��gb �C�'�
� ãXäZãGô7ô4õ·äZà�%6«¡©g« ï�ð é ö é�( � é ì � é (un, vn) ò í é¡÷ ì é íEø[ù ò'I î¹û^]jü�	 ò'I î úCú ü�üEõOöeø � �4ì�í é íwõ¹ì BV (Ω)×Gµ(Ω) î  �dõ¹ìzë'íCí1õ ê õ � ì vnõOö ø � �4ì�í é í�õ¹ì L2+δ(Ω) � � ô ö � ��é δ > 0 " ê ð é ì (un, vn)

��� ì�� é�ô 
 é ö ê � (û, v̂) ∈ BV (Ω)×Gµ(Ω) ò � � ô-ê ð é BV (Ω)− ó é ë��_
×L2(Ω) 	 ó é ë�� ê �������� 
Aù�ü ê ð é �4ìUõ ( � é`� õ¹ìUõ � õ &ué�ô � � Fλ,µ(u, v) î

ýUä�ã�ã�ÿ£ç��UJ'DeIFX\B^DKBu?'T4BHD%V�J'N+]'B[N\LMB[NgV�B s ptB^GKQ\YZLZI%IKXUBEQUDKJ+J l GtLMNCIFJ�GKB[]'B[D�?AYG�IKBHQUGHbv�"i\D-?'LZ=`LOGtIKJ�QU?'GFGtIKJRIFX\B^YMLZ=8LZI-LMN/r
{
vn+1 = PGµ(Ω)(f − un)
un+1 = f − vn+1 − PGλ(Ω)(f − vn+1)

~��Ub��A¬S�
í ó
ßSþÞ©Gç�¦ta±T4B��gN\L�IFLZJCN�J l IFX\BPGKBH�Si\BHNUV�B (un, vn) s pdB�Xg?u]'B Fλ,µ(un, vn) ≥ Fλ,µ(un, vn+1) ≥ Fλ,µ(un+1, vn+1)

b®+LMNUV�B}?�T4BuV�DFBH?CG�LMN\@8_�J'i\NUT\BHT l DKJC=`_�BHYZJ1p G�BH�Si\BHNUV�B^LMN
R+

LOG V�J'N+]'B[DF@'BHNCI s pdB}T4BHT4igV�B^IKXg?1I-IKXUB[DKB�B��4LOGhI�G m ≥ 0
GKiUV�XIKXg?1I

lim
n→+∞

Fλ,µ(un, vn) = lim
n→+∞

Fλ,µ(un, vn+1) = lim
n→+∞

Fλ,µ(un+1, vn+1) = m
~��Ub��1�S�

/



p%X\LOVFXPLMN�QU?'D�IFLMV[i\YO?ADeLM=RQUYZLMBHGeIKXg?1I
lim

n→+∞
(Fλ,µ(un, vn) − Fλ,µ(un, vn+1)) = 0

~��gb �C·'�
�WJ'DFB[J1]'B[D{GKLZNUV[BdIFX\B%GKBH�Si\B[NgV�B

Fλ,µ(un, vn)
LMG{_�J'i\NgT4BHT
pdBe@'B[I�IFXU?1I

J(un)
?'NUT

‖f−un−vn‖
2
L2(Ω)

?ADFBe?AYOG�Jw_�J'i\NUT\BHTb
§�B^IKX\BHN�T4BuT4iUV�B}?CG%LMNPIKX\B}Q\DKJ4J l J l 9�DFJ'Q�JSG�LZIKLMJ'NP�Ub��
IKXU?AI vn ~�DFBHGKQ�BHVjIFLM]'B[YMa un �%LMG-_�J'iUNUT4BHTPLMN L2(Ω)

~�DFBHGKQ�BHV�IKLM]'B[YMaLMN
BV (Ω)

�jbí ó
ßSþ³á}çt§�BENUJqpªpt?ANSIeIFJ�GKX\Jqp³IKXU?AIHr
lim

n→+∞
‖vn − vn+1‖

2
L2(Ω) = 0

~��Ub�� ² �
lim

n→+∞
‖un − un+1‖

2
L2(Ω) = 0

~��Ub��CÇA�
?'NUT

lim
n→+∞

(J(un) − J(un+1)) = 0
~��gb �'�C�

c�J8Q\DFJq]'B�~��Ub�� ² � s pdB^B��\?A=8LMN\BwIKX\B�T4LZ��B[DFB[NUV[B'r
Fλ,µ(un, vn) − Fλ,µ(un, vn+1) =

1

2λ

(

‖f − un − vn‖
2
L2(Ω) − ‖f − un − vn+1‖

2
L2(Ω)

)

=
1

2λ

(

‖vn‖
2
L2(Ω) − ‖vn+1‖

2
L2(Ω) − 2(f − un, vn − vn+1)

) ~��Ub��*/S�
p%X\B[DFB

(., .)
T4BHN\JAIFBHG-IKXUB

L2(Ω)
GFV[?AYO?ADK��QUDKJ+T4igVjIHb-�6B�I"iUG"DKBuV[?'YZY/IFXU?1IwL l K LOG"?zV[YZJSG�BuTWV�JCNS]'B��WG�iU_UG�B[I"J l L2(Ω) s IKXUB[N

u = PK(g)
L l ?'NUT�JCN\YZa|L l pdB^XU?u]'B�~¡G�BHB8� /q� l JCD%LZNgGhI�?ANUV[Bu�jr

(g − u, v − u) ≤ 0 , ∀v ∈ K
~��Ub ¬'ÆS�

�-BHDKBEptBEXU?q]'B
vn+1 = PGµ(Ω)(f − un)

b�� B[NUV[B s iUGKLZN\@�~��Ub ¬'ÆS� s pdB^@'B�I
(f − un − vn+1, v − vn+1) ≤ 0 ∀v ∈ Gµ(Ω)

~��Ub ¬\�u�
< l pdBEV�X\J+JSG�B s v = vn s IKX\LOGeLM=RQ\YMLMBHGHr (f − un − vn+1, vn − vn+1) ≤ 0 s L�b BCb (f − un, vn − vn+1) ≤ (vn+1, vn − vn+1)

bæ GKLMN\@RIKX\LOG%YO?'G�I%LZNUBH�SiU?AYMLZI>a|LMN�~��Ub��*/C� s ptBE@CB�IHr
Fλ,µ(un, vn) − Fλ,µ(un, vn+1) ≥

1

2λ

(

‖vn‖
2
L2(Ω) − ‖vn+1‖

2
L2(Ω) − 2(vn+1, vn − vn+1)

)

≥
1

2λ
‖vn − vn+1‖

2
L2(Ω)

~��Ub ¬C�C�
¯ NgT)_Sa¿QU?'GFGKLZN\@�IFJnIFX\B�YZLM=8L�Iz?'G

n → +∞ s pdB�J'_4I�?ALMNª~��Ub�� ² �jb�§�B�@CB�IP~��Ub��CÇ'�^LMN±IFX\BPGK?'=8B|pe?ua s _+a�igG�LMN\@nIFXU?1I
wn+1 = PGλ

(f − vn+1)
~�p%L�IFX

wn = f − un − wn
�e?ANgT�~��gb � ² �jb§�BEIKXUB[NPJ'_4I�?ALMN�~��Ub��A�S�v_+a�V�JCNUG�LOT4B[DFLMN\@
IKX\B�T4LZ��B[DFB[NUV�B

Fλ,µ(un, vn+1) − Fλ,µ(un+1, vn+1
bí ó
ßSþa�-çt�UDKJC=Ü®SIKBHQ�� s ptBEoSNUJqp°IFXU?1I vn LOGe_�J'i\NgT4BHT�LMN L2(Ω)

b�ceXSiUGeIKX\BHDKBEB��4LOGhI�G%?AN�B��+IKD�?'V�IKLMJ'N
φ
?ANUT

v̂ ∈ L2(Ω)GKiUVFX8IKXU?AI
vφ(n) ⇀ v̂

LMN
L2(Ω)

��pdBH?'ogb��/B�IviUG�N\J1p�V[J'NUGKLOT4B[D�IKX\B GKi\_UGKBH�Si\BHNUV�B
vφ(n)+1

b�®+LMNUV[B%LZIvLOG�_�JCi\NUT4BHT8LMN
L2(Ω) spdB�o+N\JqpªIKXg?1I-IKX\BHDKB�B��4LOGhI�G-?ANPB[�+IKD�?'VjIFLZJCN

ψ
?ANUT

ṽ
G�iUV�X�IFXU?1I

vφoψ(n)+1 ⇀ ṽ
LMN
L2(Ω)

��pdBu?Aogbe¦ti4I l DKJC= ~��Ub�� ² � s pdBT4BHT\iUV�BEIKXg?1I
v̂ = ṽ

b�ceX\BHDKB l J'DFB s pdB^XU?q]'BwiUQ�IFJ�?8GKi\_UGKBH�Si\B[NgV�BwIKXU?AI vn ?ANUT vn+1 ⇀ v̂
LZN
L2(Ω)

pdBH?'o�bæ"G�LMN\@W~��Ub��CÇ'� s pdB^VH?ANPGKX\JqpªLZN�IKXUB�GK?'=RBEpt?qa�IFXU?1I-i\Q�IKJz?RGKi\_UGKBH�Si\BHNUV�B un ?ANUT un+1 ⇀ û
LZN
BV (Ω)

��pdBu?Ao��í ó
ßSþb%-ç�§kB�?'DKBzNUJqp�LZN)Q�JCGKLZIKLMJ'N�IFJnQU?CGKG�IKJ�IFX\B�YMLZ=8LZIRLZNª~��gb �'¬C��bn�/B[I
igG��UD�GhI l J\V�iUG
J'N¿IKX\B�Bu�Cig?1IKLMJ'N6r vn+1 =
PGµ(Ω)(f − un)

b�ceX\LOG%BH�SiU?AYMLZI>a|X\J'YOT\GeL l ?ANUT�JCN\YMazL l r (f − un − vn+1, v − vn+1) ≤ 0 , ∀v ∈ Gµ(Ω) s L¡b B'b
(f, v − vn+1) − (un, v) + (un, vn+1) − (v, vn+1) + ‖vn+1‖

2
L2(Ω) ≤ 0 , ∀v ∈ Gµ(Ω)

~��Ub ¬'¬C�
§�X\B[N

n → +∞ s pdBnXU?q]'B (f, v − vn+1) → (f, v − v̂) s (un, v) → (û, v)
?ANUT

(v, vn+1) → (v, v̂)
b ��J'DFB[J1]'B[D spdB�?'YMGKJ�XU?u]CB

lim‖vn+1‖
2
L2(Ω) ≥ ‖v‖2

L2(Ω)

bÜceX\B[DFB�DKB[=�?'LZNUG)FhiUG�IPIKJ¤V�X\BHV�o�p%XU?AIPXU?AQ\Q�BHNUG l J'D (un, vn+1)
bÜ¦ta

?'GFGKi\=RQ\IKLMJ'N s ptBPXU?q]'B�IKXU?AI vn LOG8_�J'iUNUT4BHT�LZN L2+δ(Ω)
b°ceXUB[DFB l J'DFB s pdBWVH?AN¤?'GFG�iU=RB�IKXU?AIzi\Q�IFJ¿?�GKi\_UGKBH�Si\B[NgV�B

vn+1 ⇀ v̂
LMN
L2+δ(Ω)

ptBH?Ao�b��6B�IeiUGeG�B[I
1 ≤ p < 2

GKiUV�XzIKXU?AI 1
p + 1

2+δ = 1
b�¦da8IKX\BEV[J'=8QU?'V�ItB[=}_�BHT\T\LZN\@RJ l BV (Ω)LMNCIKJ

Lp(Ω)
� ¬1� s pdB^@'B[IeIKXU?AI un → û l JCDeIKX\B Lp(Ω)

�>GhIFDKJCN\@
IKJCQ�J'YMJ'@'aCb{ceXSiUG%pdB^XU?u]'B
(un, vn+1) → (û, v̂)

bceXUB[DFB l J'DFB ?AYMYUIKXUB-IFB[DF=�GvQU?'GFG�IKJ�IKXUB YMLM=RLZItLMNn~��Ub ¬'¬S� s ?'NUT�pdB JC_4IF?'LZN/r (f − û− v̂, v− v̂) ≤ 0 , ∀v ∈ Gµ(Ω)
p%X\LOVFX=8BH?ANgG

v̂ = PGµ(Ω)(f − û)
b¯ NUT�pdB�V[?ANPGKX\J1p³LMN�IFX\B�GK?'=8Bwpe?ua�IFXU?1I

û = f − v̂ − PGλ(Ω)(f − v̂)
b§�B�V�JCNUV�YMiUT4BwIFX\B^Q\DFJ+J l IFXU?AN\o4GeIKJK9vDKJCQgJSG�LZIFLZJCN|�gb ¬Ub

�

�HÆ
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λ → 0�/B[I%igG%V[J'NUGKLMT\B[DtIFX\B l J'YMYMJqp%LMN\@RQUDKJC_\YZBH=Pr

inf
(u,v)∈BV (Ω)×G(Ω)/f=u+v

J(u) + χGµ
(v)

~��Ub ¬A�S�
<>N�IFX\B^N\B[�SI-Q\DFJ'Q�JSG�LZIKLMJ'N s ptB^GKX\J1p°IKXg?1I-Q\DFJ'_\YMB[=m~��Ub ¬A�+�vLOGtIFX\B^YZLM=8L�I Q\DKJC_\YMB[=ÄptBE@'B[I%p%X\BHN

λ→ 0
LMN�~��Ub �S��b

ýUä�ãgþ~ãXæMöÙóMö7ãGøg%6«�%6«³è�é�ê �+ö ëqö�ö$� �8é f ∈ L2(Ω) "{ëAì�í ê ð\ë ê{ê ð é[ô�éEé�� õOö ê ö (ũ, ṽ) ∈ BV (Ω)×Gµ(Ω) ö� � ð ê ðUë ê f = ũ+ ṽ "ê ð é ì�ñ
û'î�ï�ð é[ôKéRé�� õOö ê ö (û, v̂) ∈ BV (Ω) ×Gµ(Ω) ö ��� � ê õ � ì � � ò'I îJh I ü'î
ú î`i � ôKé � � é�ô "�õ � (û, v̂) õOöj�4ìUõ ( � é "�ë1ì�í
õ � (uλ, vλ) í é ì � ê>é ö ê ð é ö ��� � ê õ � ì � � � ô � ø � é�� ò'I î I ük" ê ð é ì (uλ, vλ)

�� ì�� é[ô 
 é öê � (û, v̂) ∈ BV (Ω) ×Gµ(Ω) ëqö λ 
 � é ö ê � 0 î
ýUä�ã�ã�ÿ£ç ¯ G"ptBR?'GFG�iU=RB}IKX\BRB��4LOGhIFB[NUV[B}J l (ũ, ṽ) s IKX\BRLZN\�U=}i\=ÈLZN�~��Ub ¬A�+�%LOG �UN\LZIKBCb^æ"G�LMN\@��/BH=R=�?��\b � s IKXUB
Q\DFJ+J l J lIKXUB}�gDFG�IwQ�J'LMNCIELOG IFX\B[N�G�IKD�?ALM@'XSI l J'DFpt?ADFT/bw�6B�IEiUGwN\J1p l J4V[iUG"JCN�IKX\B8GKBHV[J'NUT�J'NUB'b^ceX\BRB��4LOG�IKB[NgV�BR?ANgT�i\N\LO�CiUB[N\BuGKGwJ l
(uλ, vλ)

LOG}@CLZ]'BHN¿_+ag9vDKJCQ�JCGKL�IFLZJCN��gb �\bk®+LMNUV�B
(uλ, vλ)

LOG�IFX\B�G�JCYZi4IFLMJ'N¿J l Q\DKJC_\YMB[=Ò~��gb �+� s pdB|XU?q]'B vλ ∈ Gµ s ?ANUTr
Fλ,µ(uλ, vλ) ≤ Fλ,µ(û, v̂) s p%X\LMV�X�=8Bu?ANUG^~¡G�LMNUV[B û+ v̂ = f

�
Fλ,µ(uλ, vλ) ≤ J(û)

~��gb ¬S·'�
¯ NgT�IKX\B^YMB l I���XU?'NUT�GKLOT4BEJ l ~��Ub ¬C·C�vLOGe@CLZ]'BHN�_Sa�r

Fλ,µ(uλ, vλ) = J(uλ) +
1

2λ
‖f − uλ − vλ‖

2
L2(Ω) + χGµ

(vλ) = J(uλ) +
1

2λ
‖f − uλ − vλ‖

2
L2(Ω)

~��Ub ¬ ² �
�-BHNUV�B

J(uλ) +
1

2λ
‖f − uλ − vλ‖

2
L2(Ω) ≤ J(û)

~��gb ¬+ÇA�
p%X\LOVFXPLM=RQUYZLMBHG

‖f − uλ − vλ‖
2 ≤ 2λJ(û)

~��gb ¬C�C�
§�B-IFX\B[N|GKX\J1p¤?CG�LMN8IFX\B Q\DFJ+J l J l 9vDKJCQ�JCGKL�IFLZJCN8�Ub��wIKXU?AIdL l λ ∈ [0; 1] s ‖uλ‖L2(Ω)

?'NUTRIFXSiUG
‖vλ‖L2(Ω)

?ADFB%_�JCi\NUT4BuT_Sa�?8V[J'NUG�IF?'NCI
C > 0

p%X\LOVFXWT4J+BuGeN\JAI T4B[Q�BHNUT�J'N
λ
bÅdJCNUGKLMT4BHDE?�GKBH�Si\B[NUV[B

(λn)
p%XULMV�Xk@'J+BuG-IFJ

0
?'G
n → +∞

b
ceX\B[N s i\QnIKJP?ANkB��+IKD�?'V�IKLMJ'N s IFX\B[DFB
B[�4LMG�IFG (u0, v0) ∈
BV (Ω)×Gµ(Ω)

G�igVFX|IKXg?1I
(uλn

, vλn
)
V�J'N+]'B[DF@'BHG�IFJ

(u0, v0)
LZN
L2(Ω)

pdBu?Ao�b{¦ta�QU?CGKGKLMN\@�IFJ
IKX\BEYZLM=8L�I%LMN�~��gb ¬C�C� s pdB@'B[IHr
‖f − u0 − v0‖L2(Ω) = 0 s L�b BCb f = u0 + v0

bc�J
V�J'NgV�YMiUT4B-IKXUB Q\DFJ+J l J l IFX\B"Q\DKJCQ�JCGKL�IFLZJCN s IFX\B[DFB DFB[=�?ALMNUG�IFJ
G�X\J1p�IFXU?1I (u0, v0)
LOGd?}G�JCYZi4IFLZJCN�J l Q\DFJ'_UYZBH=Þ~��Ub ¬A�+�jb§�B}�UD�GhIwN\JAIFLMV[B�IFXU?1I^?'G l JCDw?'YZY λ ∈ [0, 1] s ‖vλ‖G ≤ µ s G�J|ptB}@CB�I"IKXU?'N\o4G-IFJ��/B[=8=�?��4b��RIFXU?1I v0 ∈ Gµ

b ¯ NUT l DKJC=~��gb ¬+ÇA� s ptBEXU?q]'B l J'D-?AYMY λ > 0
r
J(uλ) ≤ J(û)

b�� B[NUV[B
u0 ∈ BV (Ω)

~¡G�LMNUV[B
J(u0) ≤ limJ(uλ) ≤ J(û)

��b�6B�I
(u, v) ∈ BV (Ω) ×Gµ(Ω)

G�iUV�X�IFXU?1I
f = u+ v

b�§kB^XU?q]'B'r

J(u) + χGµ

(
v

µ

)

+
1

2λ
‖f − u− v‖2

︸ ︷︷ ︸

=0

≥ J(uλn
) + χGµ

(
vλn

µ

)

+
1

2λn
‖f − uλn

− vλn
‖2

≥ J(uλn
) + χGµ

(
vλn

µ

)

¦ta�QU?CGKGKLZNU@�IKJ¿IFX\B�YMLM=8L�I�?CG
λ → 0 s ptB�J'_4I�?ALMN/r J(u) + χGµ

(
v
µ

)

≥ J(u0) + χGµ

(
v0
µ

) b �-B[NgV�B
(u0, v0)

LOG|?
GKJ'YMi4IKLMJ'NzJ l Q\DFJ'_\YMB[=�~��Ub ¬A�S��b ¯ NUT�?'GdpdB"XU?q]'B"?'GFG�iU=RBuT8IKXU?AItQ\DFJ'_\YMB[=�~��Ub ¬A�S��Xg?'Gt?�i\N\LO�Si\BwGKJ'YMi4IKLMJ'N s pdBwT4BHT4igV�B IFXU?1I
(u0, v0) = (û, v̂) s L�b B'b (u0, v0)

LOGtIFX\B�G�JCYZi4IFLMJ'N�J l Q\DFJ'_\YMB[= ~��Ub ¬A�+�jb
�

�'�
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§�BENUJqpªpt?'NCIeIFJ�GKX\J1p°IKXUB^YZLMN\o|_�B�IhpdB[BHN�~��Ub ¬A�+�d?'NUT�~�¬UbZ�q�jb
ýUä�ãgþ~ãXæMöÙóMö7ãGøT%�«Jn/«fè6é�ê �+ö ÷Z� α > 0 õ¹ì � ô � ø � é�� ò hCî¹ûjüAî è6é�ê (û, v̂) ëzö ��� � ê õ � ì � � � ô � ø � éo� ò hSîOûjü'î8p ét÷@� µ = ‖v̂‖Gõ¹ì ò'I îJh I ü'îzï�ð é ì�ñ

• (û, v̂) õOö}ë � ö � ë�ö ��� � ê õ � ì � � � ô � ø � é�� ò'I îJh I üAî
• q � ì�� é[ô ö é � ù,"|ë1ìgù�ö �*� � ê õ � ì (ũ, ṽ) � � òJI îJh I ü ò�ó õ ê ð µ = ‖v̂‖G ü�õOönë�ö ��� � ê õ � ì � � ò hCî¹ûjü'îri � ôKé � � é[ô " ó é ðUë�� é
‖ṽ‖ = µ ë1ì�í J(ũ) = J(û) î

ýUä�ã�ã�ÿ£ç�ceXUBEQ\DFJ+J l LMG%B��\?'V�IKYMa�IKX\B�GF?A=8B^?'GeLMN�� ² ��b
�

<>N l ?'V�I s pdB|V[?AN¿GF?qan=RJCDKBz?A_�JCi4I^IFX\BzYZLMN\ok_�B[I>pdBHB[N±�WBHa'B[D�Q\DFJ'_\YMB[=¸~�¬\bM�u�^?ANUT�JCi\D�YMLZ=8LZI}Q\DFJ'_\YMB[=¸~��gb ¬'�S�jb|§�BT4B[NUJAIKB^_Sa
Hα(u, v) = J(u) + α‖v‖G

~��Ub ¬^/S�
ceXSiUG%pdB�V[?'N�p%DFLZIKB^�WBHa'B[D%Q\DFJ'_\YMB[=Ü?'GHr

inf
(u,v)∈BV (Ω)×G(Ω) / f=u+v

Hα(u, v)
~��gb �CÆC�

α
_�B[LMN\@R�\�4BHT s YMB�I-iUG-T4BHN\JAIFBE_Sa

Zα =
{
vα, vα

LMG-?8G�JCYZi\IKLMJ'N�J l IKXUBEQUDKJC_\YZBH= infv∈G(Ω)Hα(f − v, v)
} ~��Ub �U�q�

Sα =
{
‖vα‖G, vα

LOG-?8G�JCYZi4IFLZJCN�J l IKX\B^Q\DFJ'_UYZBH= infv∈G(Ω)Hα(f − v, v)
} ~��Ub �S�C�

§�Bwo+N\J1p¤IFXU?1I
Zα

?'NUT
Sα

?'DKB"N\JAIeB[=8Q4Iha�IKXU?'N\o4GvIKJs9�DFJ'Q�JCGKLZIKLMJ'N|¬UbZ�Cb�§kBEV[J'NUGKLOT4B[DdIKX\B"IhpdJR=}i\YZIKLZ��]A?AYMi\BHTz=�?'QUG
Y : R+ → P(G(Ω))

~�DFBHGKQ/b
T : R+ → P(R+)

�"GKiUVFXnIKXU?AI
Y (α) = Zα

~�DKBuG�Q/b
T (α) = Sα

� s p%X\B[DFB P(G(Ω))
~�DKBHGKQ/b

P(R+)
�eG�IF?'NUT\G l JCDeIKX\B�GKB�I-J l GKi\_UGKB�I�GeJ l G(Ω)

~�DFBHGKQ/b
R+
�jb§�B-pt?ANSI�IFJ�G�XUJqp¤?wo+LMNUT8J l DKBuV�LMQ\DFJ4V[?AY4DKBuG�iUY�I�IFJ`9�DFJ'Q�JSG�LZIKLMJ'NR�Ub�· s L�b BCb�IKXU?AI s'l JCDv?^V�B[DKIF?'LZN8DF?'N\@'BeJ l µ s IFX\B[DFB%B��4LOGhI�G

α
GKiUVFX�IKXU?AI

µ ∈ T (α)
b�ceX\B l JCYZYMJ1p%LZN\@8DFBHGKi\Y�I%XUJ'YOT\G[r

ýUä�ãgþ~ãXæMöÙóMö7ãGø6%6«Jt/«
û'î T õOö}ë�ì � ìUõ¹ì � ôKé ëqöjõ¹ìu
 � � � ê õ'	N�1ë � � é í � ë � î
ú î Y (0) = {f − f̄} ë1ì�í T (0) = ‖f − f̄‖G ò�ó ð é[ô�é f̄ ö ê ëAì�íqöv� � ô�ê ð é.��é ë1ì8�1ë � � é � � f � � é[ô Ω ü'î
hCî  � α 
 � é ö ê � +∞ " ê ð é ì T (vα) 
 � é ö ê � {a} " ó ð é�ôKé a õOö}í é¡÷ ì é í�ø�ù'ñ

a = inf {‖v‖G / f − v ∈ BV (Ω), v ∈ G(Ω)}
~��Ub �C¬C�

âuß+ã õ·äqä�çå< l f ∈ BV (Ω) s IFX\B[N a = 0
b

ýUä�ã�ã�ÿ£çÐ§�B�GKiUV[V[BHGFG�LM]'B[YMazGKX\J1p°IFX\BEIKX\DFB[BEQ�JCLZNSIFG%J l IFX\B^Q\DKJCQ�JCGKL�IFLMJ'N/b�'b%�/B[I
α2 > α1 > 0

b{�/B�I�iUG�Q\LOVFo
vα1

LZN
Zα1

?ANUT
vα2

LZN
Zα2

b{�/B�I�iUG{T4BHN\JAIFBd_+a
uα1

= f−vα1

?ANgT
uα2

= f−vα2

bceX\BHN s ?CG vα1

LMN
Zα1

s ptBzXU?u]'BzLMN¿QU?ADKIFLMV[i\YM?'DHr J(uα1
) + α1‖vα1

‖G ≤ J(uα2
) + α1‖vα2

‖G
b ¯ NUT±?'G

vα2

LZN
Zα2

s pdB8?AYOGKJ�XU?u]'BCr J(uα2
) + α2‖vα2

‖G ≤ J(uα1
) + α2‖vα1

‖G
b ¯ T\T4LMN\@�IKX\BRIhpdJ�YO?'G�IELZNUBH�SiU?AYMLZIKLMBHG s pdBR@CB�Iur

α1‖vα1
‖G + α2‖vα2

‖G ≤ α1‖vα2
‖G + α2‖vα1

‖G
b ¯ NUT�IKXUB[N

(α2 − α1)
︸ ︷︷ ︸

>0
_Sa|X+a+QgJ'IKX\BuG�LOG (‖vα2

‖G − ‖vα1
‖G) ≤ 0

~��Ub �'�S�

�-BHNUV�B
‖vα2

‖G ≤ ‖vα1
‖G s p%X\LOVFXPQ\DFJq]'BuGdIKX\BE�gDFG�I%Q�J'LMNCI-J l IFX\B^Q\DFJ'Q�JCGKLZIKLMJ'N/b

�u�



�4b%�/B[I%igGeN\J1pªQ\DFJq]'B"IFX\B�GKBHV�JCNUT|Q�JCLZNSI-J l IKXUBEQUDKJCQ�JCGKL�IFLZJCN/b§�BWXU?u]'B¿~¡G�BHB¿~��Ub ¬^/C�K�
H0(f − v, v) = J(f − v) ≥ 0 l J'Dz?'YZY v ∈ G(Ω)

bªÅdXUJ+JCGKLZNU@
v0 = f − f̄

~¹IFXU?ANUo+GIKJ:9vDKJCQ�JCGKL�IFLZJCN)�\bZ� s v0 ∈ G(Ω)
G�LMNUV[B

v̄0 = 0
� s pdB�@'B�I H0(f − v0, v0) = J(f − v0) = J(f̄) = 0

b¿�-BHNUV�B
0 = infv∈G(Ω)H0(f − v, v) s ?ANUT v0 ∈ Z0

b^�WJ'DFB[J1]'B[D s J(u) = 0
L l ?ANUT�J'NUYZaPL l u = ū

b^�/B[I
v1
_gB8?|GKJ'YMi4IKLMJ'N

J l infv∈G(Ω)H0(f − v, v)
b%§kB�IFXSiUG XU?q]'B

f − v1 = f − v1
b ¯ NUT�?'G

v1 ∈ G(Ω) s pdB}?'YOG�J�XU?q]'B v̄1 = 0
b-ceX\B[N

f − v1 = f − v1 = f̄ − v̄1 = f̄ s L�b BCb v1 = v0
b�§�B�V[J'NUV[YZiUT\BwIFXU?1I

{v0} = Z0
bvceXULMG-GKX\Jqp-GtIFX\B�GKBHV[J'NUT�Q�JCLZNSI-J lIKXUB^Q\DKJCQ�JCGKL�IFLZJCN/b

¬\b%�/B[I%igGeN\J1pªQ\DFJq]'B"IFX\BEIKXULZD�T�Q�JCLZNSI%J l IKX\B^Q\DFJ'Q�JSG�LZIKLMJ'N6b�/B[I
ε > 0

b��UDKJC=m~��gb �C¬C� s IFX\B[DFBEB[�+LOG�IFG v̂ε ∈ G(Ω)
GKiUV�X�IKXg?1I

ûε = f − v̂ε ∈ BV (Ω)
?ANUT/r

a ≤ ‖v̂ε‖G ≤ a+ ε
~��gb �+·'�

�/B[I�iUG�Q\LOVFo
vα
LZN
Zα s ?ANUT�YMB�I}iUG�T4BHN\JAIFB�_Sa uα = f − vα

b�¦takT\B��UN\LZIKLMJ'N¿J l Zα s pdB�XU?q]'B l J'D}?AYMY (u, v) ∈
BV (Ω) ×G(Ω)

G�igVFX�IFXU?1I
f = u+ v

r
J(uα) + α‖vα‖G ≤ J(u) + α‖v‖G

bv¦ta�V�X\J+JSG�LMN\@
u = ûε s ?ANUT v = v̂ε spdB^@'B�Iur

J(uα) + α‖vα‖G ≤ J(ûε) + α‖v̂ε‖G ≤ J(ûε) + αa+ αε
~��gb � ² �

~��gb � ² �dLZ=8Q\YMLMBHGeIKXU?AI ‖vα‖G ≤ J(ûε)
α + a+ ε

b�¦tazQU?CGKGKLMN\@
IKJ8IKX\B^YMLZ=8LZI
α→ +∞ s ?'NUT�iUGKLZN\@W~��Ub �S·C� s pdBE@CB�Iur

a ≤ lim inf
α→+∞

‖vα‖G ≤ a+ ε
~��gb �4ÇA�

�

âuß+ã õ·äqä�çå<>N l ?'V�I s pdB-XU?q]'B-G�X\J1p%NRIKXU?AI T : R+ → [a, ‖f− f̄‖G]
b�<>N8Qg?ADKIKLOV�i\YO?AD s T XU?CG�i\N\L l J'DF=8YZa
_�J'i\NgT4BHT8]1?AYMi\BuG[r�'b

T (0) = {‖f − f̄‖G}�4be< l α ≥ 0 s IKXUB[NPL l vα ∈ Y (α) s ptBEXU?q]'B
‖vα‖G ≤ ‖f − f̄‖G

~��Ub �C�S�
ýUä�ãgþ~ãXæMöÙóMö7ãGøw%6«'x« ï±õOö+�UîZö[î � î ò � �y� é[ô ö é�� õ �� ì ê õ¹ì�� � �+ö�ü ò õ�î é î T ðUëqö}ë ����� ö é í)
 ô ë � ðnë1ì�í ��� ì�� é#� ��� � � ë � ê �1ë � � é ö�ü'î
ýUä�ã�ã�ÿ£çÐ§�B�GKQ\YZLZI%IKXUB^Q\DKJ+J l LMNCIKJ8I>ptJ�G�IKB[QgG[r®SIFB[Q/�'r-�/B�I

α
_gB
LZN

R+
b ¦taPT\B��UN\LZIKLMJ'NnJ l Sα s J'N\B}BH?CG�LMYMa�V�X\BHV�o4G%IFXU?1I T (α)

LOG"V�JCNS]'B��W?ANUT�V�YMJSG�BHTWLZN
R
b"�WJCDKBHJq]'BHDpdB^XU?u]'B^GKX\J1p%N|IFXU?1I

T (α)
LMG%i\N\L l J'DF=8YZa|_�J'i\NgT4BHT�~�GKB[B�~��Ub �C�S����b�ceX\B[DFB l J'DFB s T (α)

XU?'G%V�JC=8QU?'V�I%]1?AYMi\BHGHb®SIFB[Q±�4r^�/B[I^igGEN\J1p V[J'NUGKLOT4B[D^?PGKBH�Si\BHNUV�B
(αn, vαn

)
p%X\B[DFB

αn ∈ R+
?ANUT

vαn
∈ Zαn

b ¯ GFG�iU=RB8IKXU?AIEIFX\B[DFB8B��4LOGhI�G
(α0, v0)

LZN
R+ × G(Ω)

GKiUVFX�IKXU?AI
(αn, vαn

) → (α0, v0)
?CG

n
@'J+BuG8IFJ

+∞
b ¯ G

vαn

LMN
Zαn

s pdBnXU?q]'B l J'D�?AYMY
(u, v) ∈ X ×G(Ω)

GKiUVFX|IKXg?1I
f = u+ v

r
J(f − vαn

) +αn‖vαn
‖G ≤ J(u) +α0‖v‖G

b�¦ta�QU?'GFG�LMN\@�IFJ
IKX\BwYMLM=RLZI-?'G
n@'J+BuGdIKJ

+∞
~�iUGKLMN\@RIKX\B l ?'V�IeIKXU?AI J ?ANUT ‖.‖G

?'DKBwYOGKVu� s pdBE@'B[IHr J(f − v0) + α0‖v0‖G ≤ J(u) + α0‖v‖G
b�� B[NUV[B

v0_�B[YMJ'N\@SGdIFJ
Zα0

s ?ANUT|IFX\B[DFB l JCDKB ‖v0‖G LOG%LZN Sα0

b�ceX\LMG-GKX\Jqp-GtIKXg?1I
T
XU?CG%?8V�YMJCGKBHT|@CDF?'Q\X/b

�

� ãXäZãGô7ô4õ·äZàz%�«Oá/«|{ � ô ë �'� µ õ¹ì (a, ‖f − f̄‖G) " ê ð é�ôKé
é#� õOö ê ö α õ¹ì R+ ö� � ð ê ðUë êvê ð é[ôKé}é#� õOö ê ö (u, v) õ¹ì X ×G(Ω) ó õ ê ð
‖v‖G = µ ë1ì�í8ö ��� �Hõ¹ì�
Ui é ù é�ô � ô � ø � éo� ò hCî¹ûjüAî
ýUä�ã�ã�ÿ£ç�ceXULMG^?PV�J'NgG�Bu�CiUB[NUV[B
J l 9�DFJ'Q�JSG�LZIKLMJ'Nk�Ub ²\s 9�DKJCQ�JCGKL�IFLZJCNn�Ub Ç|?ANUTnIKXUB8N\B��+IEIFX\B[JCDKBH= ~¡?AQ\Q\YMLMBHTnIKJ�IKXUB8=}i\YZIKLZ�]1?'YZi\BuT�=8?'Q

Tµ = T − µ
�tp%X\LOVFXPpdB^G�I�?1IKB^p%L�IFX\J'i4I-Q\DFJ+J l b

} \Iß�ãXäZß+ã~%6«¡©g«:è6é[ê �+ö ��� ìUöjõ�í é[ô ë � � � ê õ'	N�që � � é í � ë � L ñ
R → P(R)

α 7→ [Lmin(α), Lmax(α)]

è6é[ê �+ö�ëqö�ö$� �8é�ê ð\ë ê L õOöEö$� � ð ê ðUë ê ñ
û'î L õOö`�UîZö[î � ò � �^� é[ô ö é�� õ'	 �� ì ê õ¹ì�� � �+ö�ü'î

�H¬



��LZ@Ci\DKB8�Cr�¦e?ADF_U?AD�?�LM=�?A@CB

ú î�ï�ð é[ôKéRé�� õOö ê ö b ∈ R ò ôKé ö � î c ∈ R üRö$� � ð ê ð\ë ê Lmin(b) ≤ 0 ò ôKé ö � î Lmax(c) ≥ 0 üAî
ï�ð é ì ê ð é�ôKéRé#� õOö ê ö d ∈ [b, c] ö$� � ð ê ð\ë ê 0 ∈ L(d) î

�

âuß+ã õ·äqä}æPç
�'b ÅdJ'DFJ'YMYO?ADKaR�gb��}V�JC=8Q\YZB[IKBuGdIKX\BEDFBHGKi\YZIeJ l 9vDKJCQ�JCGKL�IFLZJCN|�Ub�·4b�<�I-V[YZJSG�BuGvIFX\BEYZLMN\oz_�B[I>pdBHB[NP�WB[a'BHDeQ\DKJC_\YMB[=È~¡¬\bM�u�d?'NUTJ'iUDeYMLM=RLZI-Q\DFJ'_UYZBH=m~��gb ¬'�S��b
�4b%�UDKJC=�IFX\B�DKBuG�i\YZI�GeJ l ®4i\_UG�BuVjIFLZJCNUG%�Ub�·R?'NUT��Ub ²\s pdB�T4BuT4iUV�B^IKXU?AI-Q\DFJ'_UYZBH= ~��Ub �+�dLOG-?8@'J4J4T|pt?qazIKJz?'Q\Q\DFJu�4LM=8?AIKB�WBHa'B[D%Q\DFJ'_\YMB[=Pb

º-��� �¥� 5:,/.U!KÀ�2�;�.\,6(+�";>3\(
§�BeG�X\J1p±X\B[DFBdB[�4?'=8Q\YZBuG�J l p%XU?1I{pdBtJ'_4I�?ALMN}p%LZIKX}IFX\Be?AYM@'JCDKLZIKXU=7~��UbM��/C�>��~��Ub��'�'�/T4B[]CB[YMJ'Q�BHT�LMN�� ² ��b�à"B[N\JCLMGKLMN\@w?AN
LZ=�?A@CB sJ'DwG�Q\YMLZI�IFLZN\@�?AN�LM=8?'@'B�LMNCIFJzIhpdJ�V�JC=8Q�J'N\B[NSIFG
~¡?��UDFG�I"J'N\B
V[J'NCI�?ALMN\LMN\@�IFX\BRGhIFDKiUV�IKi\DFBHG s ?ANgT�?zGKBHV[J'NUTPJCN\B
V�JCNCIF?'LZNULZN\@IKXUBeJCGFV�LMYZYO?1IFJ'DFaEQU?ADKI���?ADFBvIhpdJ^T4L�WzV[i\Y�I�LMNS]'B[D�GKBdQUDKJC_\YZBH=�G[b�ceX\B[a
?ADFBd_�JAIFX
ptB[YMY��>GKJ'YM]'BHT�_+a^IKX\B-?AYM@'J'DFLZIKX\=Ä~��gbZ�,/C�>��~��Ub��'�'� s?'GeJCN\B^V[?'N�GKB[BuGeJ'N�IFX\B^N\B��+I%I>ptJ8B��\?A=8Q\YMBHGHb

�[ã õ�[Gß�åIß�òPãgã¿þ~ãGæ
öÙó
ö7ãXøYç{pdB%V[J'NUGKLMT4BHD�IKXUB%¦e?'DK_U?'DF? LZ=�?A@CBE~�GKB[B-��LM@'iUDKBE�u�jb�§�Bt�UD�G�I�G�X\J1p±IKXUB%T\BHV�JC=8QgJSG�LZIFLZJCN}ptB@'B[I l J'DdIKX\LOGdLM=�?A@'B J'N|��LM@'i\DFBw�4r�LZIeT4LOG�QUYM?qa4G�_�J'IKXzIKX\B BV V�J'=8Q�J'NUB[NCIe?ANUT�IKX\B
G
V�JC=RQ�JCN\B[NSIdJ l IKX\B"JCDKLM@'LMNU?AYULM=�?A@CB'bà"B[Q�B[NUT\LZN\@�J'N�IKX\BR]1?AYMi\B
pdBRG�B[I l J'D µ s IKX\B
IKB[�+IKi\DFBHG"Q\DFBHGKB[NCIwLMNk��LZ@Ci\DKB|�R?ADFB
G�BHQU?AD�?1IFBHT l DFJ'=fIFX\B

BV
V�JC=RQ�JCN\B[NSIJ l IKX\B}LM=8?'@'BCbtceX\B�YO?ADF@'B[D µ LOG s IKX\B}=RJCDKBEIFX\B G ��V[J'=8Q�J'N\BHNCI V[J'NSIF?ALMNUG-LZN l JCDK=�?AIKLMJ'N/beceX\B�QU?AD�?A=8B[IKB[D λ V[J'NSIKDFJ'YOGtIFX\B

L2 N\JCDK=ÞJ l IKX\BRDKBHGKLOT4iU?AY f − u − v
bEceXUBRG�=�?AYMYMB[D"L�IELMGwGKB�I s IKX\B8G�=�?'YZYMB[D IKXUB
DFBHGKLMT4ig?AY�LOG[bEc�JzIFi\N\B}IFX\B
Qg?AD�?A=8B�IFB[DFG sJ'N\B��UD�GhIwGKB�I

λ
IKJ�?|G�=�?AYMY�]1?'YZi\BCb-ceXUB[N�J'NUB}V�X\J+JCGKBHG

µ
G�J�IFXU?1I"IKX\B

G
V�J'=8Q�JCN\B[NSI"V[J'NCI�?ALMNUG%IFX\BRT4BHGKLZDFBHTW?'=8J'i\NSI J lLMN l J'DF=8?AIKLMJ'N6b¨nß�øIãGö7æMö7øZ[Iç�JCN)��LM@'i\DFB�¬ s pdB�?CT\T)?nDF?'NUT4J'=��E?AigGKGKLM?'N±N\J'LOG�B�J l ]A?ADFLM?'NUV�B σ = 30.0

IKJnIFX\BP¦e?ADF_U?AD�?PLM=�?A@'B s?ANUT|pdB"IFX\B[N�Q�B[D l J'DF=7IKX\B^?AYM@'J'DFLZIKX\=�T4BH]'B[YMJ'Q�BuTzLMNk� ² ��b ¯ GtB[�+Q�BuVjIFBHT|_SazJ'i\De=�?1IKXUB[=�?1IFLMVH?AY?ANU?'YZa4GKLMG s IKXUBwJCGFV�LMYMYM?AIKLMN\@QU?1IKIKBHDKNUG%J l IKXUB^J'DFLZ@CLZNU?'Y¦t?'DK_g?ADF?}LM=8?'@'B^?ADFBwQ\i4I LZNSIKJ8IKX\B G �>V�JC=8Q�J'N\B[NSI%p%X\B[DFBwIKX\BHLZD-N\J'DF=�G%?ADFBwYZBuGKG%Q�B[NU?'YZLMy[BuTb
� Î%Ï1Îe��Î%���dÎ%Ë
�Z�[���^b ¯ TU?A=�G[b7� � ø �*� é � � � ë � é ö bv9�i\DFB�?ANUT�?'Q\Q\YMLZBuT���?AIKX\BH=8?AIKLOV[GHb ¯ V[?'T\B[=8LMV+9�DFBHGFG s <>NUV s ��/+ÇA·4b� �1����b ¯ YM]1?'DKBHy sg� b��wJ'iUGFGKBH?Ai s ?ANUT8�gb �±b��WJCDKBHY¡b�®4V[?'YZBuG"LZNkNU?1IFi\DF?'Y�LM=�?A@CBHG"?'NUTn?�V�JCNUG�Bu�Si\B[NUV[B}J'N�IFX\B[LMDw_�JCi\NUT4BuT]1?ADFLO?1IKLMJ'N�N\J'DF=Pb{<>N:� � ë � é 	 � � ë � ég� ]^]As ]'J'YMi\=8B8� ² �C��J l è6é � ê � ôKéj� � ê>é öEõ¹ì�q � � � � ê>é�ô`� � õ é ì � é s �,/^/^/Ub� ¬A����b ¯ =}_\DFJCGKLZJ s -�b�UiUGKV[J s ?ANgT�à
b�9�?AYMYM?'DF?Ub`{ �4ì � ê õ � ì\ö � �8ø � �4ì�í é í��që ô õ�ë ê õ � ìUö�ëAì�í+� ôKé�é íAõOö �� ì ê õ¹ì��4õ ê ù � ô � ø � éo� ö b� � l JCDFT�=8?AIKX\BH=8?AIKLOV[?'Y=8J'N\JC@'D�?AQ\XUGHb\� � l J'D�T�æ-NULZ]'BHDFGKL�IhaU9vDKBuGKG s �AÆCÆ'Æ\b� �'���Rb ¯ i\_�B[DKI ?'NUT�9{b�� J'DFN\Q\DFJ'_UG�IHb inë ê ð é�� ë ê õ � ë ��� ô � ø � éo� ö�õ¹ì  $� ë�
 é � ô ��� é ö�öjõ¹ìu
's ]'J'YMi\=8B��[�4Ç�J l�� �^�V� õ é í4inë ê ð�	éo� ë ê õ � ë � � � õ é ì � é ö bv®4Q\DKLMN\@CB[DK��¶�BHDKYO?A@ s �'Æ'ÆC�\b

�[�



BV
V�J'=8Q�JCN\B[NSI�~

u
�

G
V�JC=8Q�J'N\B[NSI�~

v + 150.0
�

��LM@'iUDKB��4r�x��\?A=8Q\YMBEJ l T4BHV[J'=8Q�JCGKL�IFLZJCN�~ λ = 0.1 s µ = 10
�

--J'LOGKazLZ=�?'@'B
f
~
σ = 30

� �%BHV�JCNUG�IKDFiUVjIFLZJCN�~
u+ v

�

�%BHG�IKJCDF?AIKLMJ'N�~
u
� - J'LOG�B^?ANgT|IKB��+IFi\DFBHG

(v + 150.0)

��LZ@Ci\DFBE¬Ur{x��\?A=8Q\YMB^J l T4BHN\J'LOG�LMN\@W~ λ = 2.0 s µ = 120
�

�u·



� ·1�.�Ub �tb ¯ i�FhJCY s �Rb ¯ i\_�B[DKI s ��bg¦tYM?'NUVj�>�Z<[D�?AiUT s ?ANUT ¯ b�ÅdXg?A=}_�J'YMYMB'btà BuV�J'=8Q�JSG�LMN\@�?'NPLM=8?'@'BCr ¯ Q\QUYZLOV[?AIKLMJ'NPIKJ|® ¯ �LZ=�?A@CBHGHb�<>Ng� � ë � é 	 � � ë � é:� � hAs ]CJ'YMi\=8B8� ² �S��J l è�é � ê � ôKéj� � ê>é öEõ¹ìwq � � � � ê�é[ô+� � õ é ì � é s �AÆCÆ'¬\b� ² �.�Ub �tb ¯ i�FhJ'Y s �8b ¯ i\_�BHD�I s ��b}¦tYM?'NUVj�>�Z<[D�?AiUT s ?ANUT ¯ bRÅdXU?'=}_�J'YMYZBCb à BuV�J'=8Q�JSG�LMN\@ ?'N:LZ=�?'@'B'r ¯ Q\Q\YMLOV[?1IFLZJCNIKJ�IKB��+IFi\DKBuTfLM=�?A@CBHG°?ANUTÈ® ¯ � LM=�?A@CBHG s �'Æ'Æ'¬Ub <E-"�%< ¯ �%BHGKBH?AD�V�XÞ�%B[Q�JCD�I³�+Ç1Æ'� s IKJ`?AQ\Q�Bu?AD°LZN��S�W<>¶ sXCI�IFQ/r��^�qp%p%p^b LMN\DFLM?Ub l Do�qDFDKD�I$�qDKD����+Ç1ÆA�\b XCIF=8Y¡b��Çq�.�Ub�¦tJ'i\DF@C?'LZN�?ANUTn��b¦tDKBHy[LOG[b^�"NWIKXUB
BH�SiU?AIKLMJ'NnT4LM]Pa�� l ?'NUT�?'Q\Q\YMLMVH?1IKLMJ'NWIFJ�V[J'NCIFDKJCY�J l QUXU?'GKBHG s �wVjIFJ'_�B[DE�AÆCÆC�4b�-ÆC�'ÆC�'� s �6?'_�J'D�?1IKJ'LMDKB��gb ��b\�6LZJCNUG s æ N\LM]'B[D�G�LZI#<+9�?ADFLMG ²Us XCIKIKQ6r��y�qp%p%p^b ?AN\N/b FhiUGFG�LMB[i/b l Do�qQ\i\_UYZLOV[?AIKLMJ'NUG$�A�AÆ'ÆC�+b Q\X\Qg¬\b� �A�.�UbU¦tJ'i\DF@C?ALMN�?'NUT���bU¦tDFB[yHLMGHb�®4i\D%Y � <H�SiU?AIKLMJ'N í1õ'�s���Z� b q�î���î�inë ê ðUî�� � ëCí'î � � õ�î � ë ô õ¹öjs ¬'¬'�g~��'�u�jr /SÇ1¬k��/CÇ ²\s �'Æ'ÆS�4b� /A����b�¦tDFB[yHLMGHb �"ì�ë � ùqö é � � ì � ê õ � ìUì é ��� é îzï�ð�� � ô õ é�é[ê ë �^�V� õ � ë ê õ � ì\ö[î ��?1IFX�<[=�?AIKLO�CiUBHG8?'Q\Q\YMLM�Si�<HBHGRQ�JCi\D8YO?k=8?'L�IFDFLMGKB'b��?'GFG�JCN s �,/'�C¬\b�M�HÆ1� ¯ b�ÅdXU?'=}_�J'YMYZBCb ¯ NW?'YZ@CJ'DFL�IFX\= l JCDeIKJAI�?AY/]1?ADFLM?AIKLMJ'N�=RLMN\LM=8LZyu?1IKLMJ'NW?ANUT�?'Q\Q\YMLMVH?1IFLZJCNUG[b � i  X¡ s �AÆUr �y/k��/SÇ s �AÆCÆA�gb�M�'��� ¯ b%ÅdXU?'=}_�J'YMYMB�?'NUTT9{b ��be�/LMJ'NUGHb <>=�?A@'B�DFBHV�J1]'B[DFa±]+LO?�IKJ'IF?'Y ]1?'DKLO?1IFLZJCN�=8LZNULZ=8LMyH?1IFLMJ'N°?'NUT¤DFB[YO?1IFBHT�QUDKJC_\YZBH=�G[b
� � ��é�ô õOö � ð é inë ê ð é�� ë ê õ��As Ç ² ~¡¬C��rZ� ² Ç����H�A� s ��/^/+Ç+b�M�u�q���^bUàw?Ai4IFDF?qa|?ANUT��gb ��bU�/LMJ'NUGHb �"ì�ë � ùqö é.� ë ê ð�� � ë ê õ ( � éRé[ê � ë ��� � � ì�� � � ô õ ( � é ��� � ô � é öEö � õ é ì � é ö é[ê � é ö ê>é � ð+ìgõ ( � é öjs]'J'YMi\=8BE�Ub��n?'GFG�JCN s ��/C�'�Ub�M�H¬1�^<jb6x�o'BHYM?'NUT�?'NUT¿�^b�c�B[=�?A=Pb �"ì�ë � ùqö é ��� ì�� é#�+éPé�ê � ô � ø ��¢ ��é ö4�1ë ô õ�ë ê õ � ìUì é � öjs ]'J'YMi\=8B|�C�1�PJ lK£ ô �4ì�í � é ð ôKé ì¤í é[ô� ë ê ð éo� ë ê õOö � ð é ì¤p�õOö�ö é ìUö � ðUëE� ê>é ì bvà i\NUJ4T s GKBHV[J'NUT�BHT4LZIKLMJ'N s �,/'�C¬\b�M�[�A����b Å"b{xv]1?ANUGHb � ë ôjê õ�ë �¦¥ õ § é�ôKé ì ê õ�ë �¦¨ ( �Uë ê õ � ìUö�s ]'J'YMi\=8B���/nJ l©£ ô ëCí��Uë ê�é���ê �UíAõ é ö�õ¹ìTinë ê ð é�� ë ê õ � ö b ¯ =8B[DFLOV[?AN��?1IFX\B[=�?1IFLMVH?AY6®+J\V�LMB�Iha s �,/^/U�'b�M�u·q��à}b7�wLMYZ_U?'DK@±?ANUTª-�b�®�bdc�DFiUT4LMN\@'BHDHb ¨G��� õ � ê õ �«� ë ôjê õ�ë �7¥ õ § é[ôKé ì ê õ�ë �7¨ ( �Uë ê õ � ì\ö � � ��é ��� ì�ía¬ ô í é[ô s ]'JCYZiU=RBk�A��J l� ô õ¹ì � é�ê � ì8inë ê ð é�� ë ê õ � ë � ��é[ô õ é ö bv®4Q\DKLMN\@CB[DK��¶�BHDKYO?A@ s �,/SÇ1ÆUb�M� ² �`9{bk�wDFLOG�]A?AD�Tb ¨G�'� õ � ê õ �� ô � ø � éo� ötõ¹ì8ì � ì\ö � ��� ê ð8í � � ëAõ¹ì\öjs ]'JCYZi\=8Bt�1�-J l®i � ì � 
 ô ë � ð+ö-ë1ì�í"ö ê �Uí1õ é övõ¹ìKi�ë ê ð éo� ë ê õ � ö b9�LZIK=�?AN s ��/C�C·4b�M�qÇu�.�Ub ��bU�/LMJ'NUG%?'NUT�x-bU�n?A@'BHN\BHGHb � ô � ø ��¢ ��é ö
ë�� � � õ � õ ê�é ö^ì � ì�ð � � � 
 ¢ ì é öjs ]'J'YMi\=8B8�'b�à"i\N\J4T s ��/ ² �\b�M�H�1� � ]'BHG^�WBHa'B[Dub��wGFV�LMYMYM?AIKLMN\@�QU?1IKIKB[DFNUGELMN�LZ=�?'@'BRQ\DFJ4V�BuGKGKLMN\@�?ANUTkLMN�G�JC=8BRN\JCN\YZLMN\BH?'DEB[]'JCYZi\IKLMJ'NkBu�Cig?1IKLMJ'NgG s ��?AD�V�X�AÆ'ÆU�'b{ceX\B^��L l IKBHB[NCIFX�à Bu?AN��S?'VH�Si\B[YMLZN\BuGe¦wbU�/B[p%LOG%�WBH=8J'DFLM?'Y�/BuVjIKiUDKBuG[b�M��/1� ¯ b ¯ bS�WLZY Fhi4IFLZN/b ¯ Q\DFLMJ'DFL4BHG�IKLM=�?1IKBuG l J'DvGKJ'YMi4IFLZJCNUG�J l G�BuV�JCNUT
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