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ABSTRACT. We show that the generalized Ricci tensor of a weighted complete
Riemannian manifold can be retrieved asymptotically from a scaled metric de-
rivative of Wasserstein 1-distances between normalized weighted local volume
measures. As an application, we demonstrate that the limiting coarse cur-
vature of random geometric graphs sampled from Poisson point process with
non-uniform intensity converges to the generalized Ricci tensor.
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1. INTRODUCTION AND RESULT

In Riemannian geometry, the Riemann curvature tensor is closely related to the
parallel transport of vectors along a curve, while the Ricci curvature is obtained by
taking the trace of this tensor. The Ricci curvature is descriptive of properties of
the manifold pertaining to volume. For example, the Bishop-Gromov comparison
theorem relates global lower bounds of the Ricci curvature to the volume growth
of geodesic balls on a manifold as the radius of a ball increases.

We briefly recall the standard objects playing a central role in the present work.
A standard reference for geometric analysis is |Jos17]. Let M be a complete Rie-
mannian manifold of dimension n. Denoting the C°°(M)-module of smooth vector
fields as I'(T'M), a linear connection is a bilinear map V : I'(TM) x I'(TM) —
(T M) satisfying the Leibniz rule, and should be interpreted as a rule for differ-
entiating vector fields on the manifold. It is in one-to-one correspondence with
parallel transport of vectors along curves as follows. For a given connection V and
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a smooth curve ¢t — 7, we denote by /;: T, M — T,, M the map such that for
every v € T, M, t —/ v is the solution to the covariant differential equation

Vi, (1 v) =0, lov=uv,

where we employ the commonly used abuse of notation by identifying V with the
pull-back connection v*V. This defining equation is commonly referred to as the
parallel condition for ¢ —/; v and /; is called the parallel transport map along ~.

Conversely, given a parallel transport /;: T, M — T, M for any smooth curve
t + 7, a linear connection can be defined for any v € T, M and smooth vector
field U on a neighbourhood of x as

—1 _
N

, Yo =1,

where the limit takes place in the inner product space T, M.

Throughout the article we employ the Levi-Civita connection, which is the unique
metric and torsion free linear connection on the tangent bundle. The Riemann
curvature tensor quantifies how much the vector field differentiation (X,Y) —
VxVyZ fails to commute. Precisely, the Riemann curvature tensor is defined for
any three smooth vector fields X,Y and Z as

R, (X,Y)Z :=Vx(VyZ)(z) — Vy(VxZ) (),

which also sets the sign convention for the Riemann curvature tensor for the re-
mainder of this work. Since this is a tensorial object, i.e. a C°°(M)-linear map, it is
valid to define R, (u,v)w for any three vectors u,v,w € T,, M. The Ricci curvature
at a point z is given by the expression

v

Ricy (u,v) := —tr Ry (u, )v = — Z (R (u, e;)v,e;) =

=1 %

(Ry(u,e;)e;,v)

for an arbitrary orthonormal basis (e;)?_; of T, M. For the last equality we applied
the well-known antisymmetry of the Riemann tensor. In the sequel we mostly omit
the basepoint superscript for tensor fields as the basepoint is usually clear from the
context.

The covariant derivative for a smooth vector field Z can be modified by damping;:
Ric — VZ. This is known as the generalized Ricci curvature tensor and is related
to conformally changing the Riemannian metric. In the classical case of Z = 0,
this condition was studied extensively in the renowned works |[CY75/|LY86|[Ham93|
NTO02|. When Z = —VV, i.e. we have a gradient field, global lower bounds on Ric+
2Hess V are widely known as the Bakry-Emery criterion |BES5|, which provides
the geometrically correct notion of global lower curvature bounds for weighted
Riemannian manifolds. The Bakry-Emery criterion is equivalent to the so-called
curvature-dimension condition for the operator %A — Z, which now has a vast
literature building on it in more general settings, and especially on metric measure
spaces |LV09|Stu06aAGS14| and also on sub-Riemannian manifolds |Jui09||AL 14l
BBG14]. Less known is the variable bound version of the Bakry—Emery criterion,
which was successfully explored in |Li95||WWOQ09|. In the context of stochastic
analysis, the generalized Ricci tensor is closely related to damped parallel transport
along Brownian paths which was studied by X.-M. Li, see |Li21}|Lil8|. Denoting
Ric* : TM — TM as the bundle map uniquely associated with the Ricci tensor
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Ric: TM x TM — R by the relation
<Ric#(u),v> = Ric(u,v) Vu,v € T, M,

and denoting by (z);>0 the Brownian motion on M, the properties of the solution
t— W; € T,,M to the stochastic damped parallel equation

1
Vi, Wi = —§Ricth —Vw,VV, Wy=1d

were used to obtain novel bounds for the Schrédinger semigroup and the Hessian
of the fundamental solution of the Schrodinger operator.

The approach of characterizing the Ricci curvature using optimal transport dis-
tances of probability measures has been referred to in the literature as “coarse
curvature” or “Wasserstein curvature” of the underlying space. The main motiva-
tion for considering such characterization is that Wasserstein distances only require
a metric structure to be defined, hence such notion can apply to spaces without a
manifold structure.

Specifically, we extend the approach of Ollivier [O1107)/O1109|. We define a coarse
generalized Ricci curvature, presenting a rigorous proof which includes Ollivier’s
result as a special case. The original definition of coarse Ricci curvature of Ollivier
was motivated by Riemannian geometry, concretely by the observation that parallel
geodesics starting from nearby points converge in positive sectional curvature planes
and diverge in negative curvature planes, see |Oll13| for a visual introduction.

The advantage of Ollivier’s notion of Wasserstein curvature is twofold. First, it
can be explicitly computed on a number of examples, in particular graphs. Sec-
ond, on Riemannian manifolds it allows for the approximation or retrieval of the
Ricci curvature at each point. With this and the application to curvature of ran-
dom geometric graphs in mind, we consider the case of a Riemannian manifold
with a potential. As a novel element, we consider the Wasserstein distances of
probability-normalized weighted volume measures on small geodesic balls to ac-
count for a smooth potential on the manifold and recover the smooth generalized
Ricci curvature of Riemannian manifolds from a scaled metric derivative of Wasser-
stein distances of such measures.

The phenomenon underlying Wasserstein curvature is referred to in broader liter-
ature as Wasserstein contractivity, which was first established as a characterization
of global lower Ricci curvature bounds on Riemannian manifolds in [vRS05|. Joulin
[Jou09| defined the Wasserstein curvature in terms of the contraction ratio of the
Wasserstein distances between Markov kernels. Further works on Wasserstein con-
tractivity include e.g. [BS09Kuwl10//ACJ18|.

The Ricci curvature of a Riemannian manifold measures the expansion of the
Riemannian volume, which is quantified by the Bishop-Gromov theorem. The re-
lation between curvature, volume growth and optimal transport was also hinted at
in [CEMSO01,|/AR04,Bre91|. Therefore, it is not surprising that Ollivier’s definition
of coarse Ricci curvature begins with a family of uniform volume measures indexed
by points in the manifold. Such a family of measures can also be interpreted as a
random walk.

Coarse Ricci curvature of random geometric graphs was studied in [vdHLTK23],
where graphs generated by a Poisson point process with increasing intensity were
considered. As a first result of this type for coarse Ricci curvature, the main result
of their work is that under some assumptions on the relationship between sampling
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intensity, connectivity radius and random walk radius, the coarse curvature of ran-
dom geometric graphs converges in L' at every point to the Ricci curvature of the
underlying manifold.

Our notion of generalized Ricci curvature extends the approach of Ollivier. We
then follow up with an exploration of the concept of random graphs generated
by connecting nearby points of a Poisson point process, as previously studied by
van der Hoorn, Cunningham, Lippner, Trugenberger, and Krioukov [vdHLTK23]|.
In our approach, we choose the weighted volume measures for the intensity measure
of the Poisson process.

As a continuation of work on coarse curvature, the authors of the present article
defined a notion of coarse extrinsic curvature in the setting of Riemannian sub-
manifolds embedded in Euclidean spaces, and showed it to contain a meaningful
extrinsic geometric information in the article [ALP25].

We briefly mention the literature on non-smooth curvature preceding the work of
Ollivier. A notion of non-smooth sectional curvature bounds was first introduced by
Alexandrov, beginning in the 1950s, see e.g. [BGP92| on the study of Alexandrov
curvature lower bounds and more comprehensively the monograph [BBIO1|. Non-
smooth curvature has since been studied from various perspectives. The entropy
convexity approach to Ricci curvature lower bounds of metric measure spaces was
studied in the seminal works [Stu06b|Stu06cllLV09]. We point out that Ollivier’s
approach in [OlI07|/O1109] described differs from entropy convexity in that it approx-
imates the value of the Ricci curvature at every point, rather than describing only a
Ricci curvature global lower bound. Ollivier’s coarse curvature on graphs was fur-
ther studied in [LY10||LLY11BJL12|[JL14]. An alternative notion of non-smooth
curvature on graphs termed “Ricci flatness” was proposed in [CY96|, presented in
more detail also in the monograph [Chu97]. The concept of coarse curvature was
also extended to non-commutative transportation cost in [GR24]. Recently, coarse
curvature has found applications in manifold learning and community detection,
see e.g. [AWI9WHY21I[SIBI9].

Main results. For any * € M and € > 0 we denote the uniform probability
measure supported on the geodesic ball B.(z) as

du(z) == \ijlg(séi?((;))dvol(z),
where vol is the standard Riemannian volume measure.
Let V : M — R be a smooth potential and e’V(z)dvol(z) the corresponding
weighted measure on M. For any # € M, define the (non-uniform) probability
measure supported on the geodesic ball B.(z),
dvg(z) = 1p_(2)(2) e
T () st(z) er(z/)dVOI(Z/)

dvol(z).
Our main results are Theorem[l.1land Theorem|4.7} The first allows to extract the
generalized Ricci tensor from 1-Wasserstein distances of such measures:

Theorem 1.1. For any point xo € M, vector v € T,, M with |[v|| = 1, sufficiently
small §,& > 0 and y = exp,, (0v), it holds that

(1.1) 2

e ey _ __ ¢ . 2.2 3
Wi(vg,,vy) =46 (1 T2 (Ricg, (v, v) —|—2Hessx0V(v,v))> +0(6%e°) 4+ O(de”).
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Denoting the coarse curvature at scale € as
154 154
Wh(vs,, Vy)

1.2 Ke(xp,y) :=1—
(2 (r0-9) d(@0.1)
we deduce upon rearrangement of the expansion (I.I) and taking the limit that
2 2
(1.3) lim MKJE(@"O, y) = Ricy, (v,v) + 2Hess,, V (v, v).

60 g2

We present a detailed proof of Theorem [I.1] which extends the result of Ollivier
[O1109) Example 7 & Section 8].

As an application, in Theorem[4.7]we extend a result of Hoorn et al. [vdHLTK23]|,
which showed that the coarse curvature of random geometric graphs sampled from
a Poisson point process with increasing intensity, proportional to the non-uniform
measure e~V *)vol(dz), converges to the smooth Ricci curvature modified by the
Hessian of V. Our method allows to deal with the non-uniformity of the intensity
of the Poisson process as well as the non-uniformity incurred by the exponential
mapping.

Remark 1.2. We qualify the term “sufficiently small” for §, e in Theorem [[1] In all
arguments, we will assume that §, ¢ are as small as needed in a way only dependent
on a compact neighbourhood of zy € M. The need for such restriction is for two
reasons:

e in manifold distance estimates of Section 2]to ensure that all geodesics in
the variations used are length-minimizing and unique. This can be done
by restricting J, e to some small enough fraction of the uniform injectivity
radius at xg,

o in Wasserstein distance estimates of Section[3] to apply the Inverse Function
Theorem for the transport map 7" which has non-zero determinant at xg.

We will assume throughout this work that such restrictions are in place and are
covered implicitly by the “sufficiently small” assumption for 6, .

Remark 1.3. Ollivier [O1109] Example 5] presented a similar result by using uniform
measures shifted in the direction of —VV(x) for a uniform measure centered at
x € M. Nonetheless, to obtain this, the correct magnitude for this shift is chosen a
posteriori. This is in contrast to our method of non-uniform measures, which does
not allow this degree of freedom and can therefore be seen as more intrinsic to the
weighted manifold. We emphasize the distinction in that our method employs non-
uniform measures rather than uniform. Moreover, our approach is more suitable for
our application to random geometric graphs sampled from a Poisson point process
with non-uniform intensity.

We now follow through with two ingredients needed for proving Theorem
manifold distance and Wasserstein distance estimates, presented in Sections [2]and
respectively. The application to random geometric graphs constitutes Section[4]
The clearly presented intermediate geometric estimates could be of independent
interest.

2. MANIFOLD DISTANCE ESTIMATES

The 1-Wasserstein distance of measures is by definition the minimum of an av-
erage of distances of pairs of points on the manifold. Variations of geodesics are
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a standard tool for local estimation of distances on Riemannian manifolds. We
introduce preliminary notation for this section.

Notation 2.1. Let v € T, M be a unit vector. The maps c: [0,¢€] x [0,1] — M will
denote various smooth variations, to be specified, of the geodesic « : [0,1] — M,
v(t) := exp,, (tév)
so that ¢(0,t) = v(¢). Denote the Jacobi field corresponding to the variation ¢ as
0

s=0

c(s,t)

and the covariant derivatives of J with respect to 4 along v by £.J(t), %J (t).
Recall J satisfies the Jacobi equation

D) = RO, A0,

where R is the Riemann curvature tensor. For any vector field X defined along ~,
we denote the part perpendicular to 4 as

1 Ny
X=X = 5 (X 4) 5.

Denote by /¢ () : Ty M — Ty M the parallel transport along the geodesic v with
respect to the Levi-Civita connection. When there is no risk of confusion, we shall
write /; for /¢ (), omitting mentioning the geodesic ~.

We shall denote by ||-|| the Riemannian norm of tangent vectors. For the distance
estimates we will make use of the standard formulas for first and second derivatives

of the length
1
L(e, 9) ::/
0

in terms of J (see |Josl7| Chap. 6]):

Oc(e, t)
ot

K

Lemma 2.2. The first two derivatives of the length L in the first variable at 0 are

(2.1) o 0L<s,6>=§<J<tm<t>>|§:é
and
(2.28)2 g b
1
S| rea=3 [ (B0 20" ) a

t=0
1/D . \|"" 1/D o
= (2t t (==
5<dt‘]() () >t:0+5 ds s
We will consider two different variations ¢, and ¢y of geodesic ¥(t) = exp,, (t0v)

which provide key distance estimates for the optimal transport problem in Theorem

t=1

“(5,0)3(0))

s=0 t=0
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2.1. Pointwise transport distance estimate. We proceed with defining c;, the
purpose of which is to approximate pointwise transport distance by a certain trans-
port map defined later. Using these pointwise distance estimates, we will be able
to conclude an upper bound for the Wasserstein distance in Theorem

Notation 2.3. For any v,w € T, M with [jv]| = 1, |jw|]| < 1 and the geodesic
v = exp,, (tdv), we introduce the transport vector

(2.3) w'i=w - %(1 — [l (17" (7) VV(y) = VV (o)) = w + O(be),

where we abuse the notation O(d¢) to denote a vector of magnitude of order de.
Denote the geodesics

(2.4) 0(s) :=exp, (s /1 w'), n(s) = exp,, (sw),
where y = exp,, (dv). Define the map ¢; : [0,¢] x [0,1] — M as

c1(s,t) = exp, 4 (t eXP;(i) (0(s)))-

This represents a family of geodesics indexed by s and parametrized by ¢, starting
from n(s) and reaching 6(s) at t = 1. In particular, it is a variation of the geodesic
t — exp, (tov). See Fig.[Ilfor an illustration of this variation. Note that

0(s) =ci(s,1), n(s)=-ci(s,0)

are the bottom and the top curves in Fig.[Iland for every s € [0,¢], t — c1(s,t) is
a geodesic. Moreover, ¥(t) = exp, (t6v) = c1(0,%) is the leftmost geodesic in the
figure.

The aim of this variation is to estimate the distance of the two corners 6(g) and
n(e) given by the variation ¢; of the geodesic v from 7 to . To emphasize the
dependency on both § and &, we will denote the length

1
Ocy (et
(2.5) Li(g,0) := / %H dt = d(cy1(e,1),c1(g,0)) = d(8(e),n(e)).
0

We begin with preliminary estimates on the Jacobi field of the variation ¢;.

Lemma 2.4. The Jacobi field J(t) = % oo C1(8,1) satisfies

(2.6) %J(t)H = 0(6) +0(8?) VYt e[0,1]
and
(2.7) 17 J(t) = J(0) + O(de) + O(62) vt € [0,1].

Proof. As (t) = exp,, (tdv) is a constant speed geodesic starting in the direction
of the unit vector v, we have 4(t) = 0 /; v. Hence the Jacobi equation implies

|

(2.8) = [R(J(1), ¥1))3 (B < Ca*|[T@B)ll,

dt?

where C' = supe(o 17 [[12(+)(+, /¢ v) /1 v|| < 0o in the sense of operator norm. The

J(t)‘

expansion of /; * J(t) at t = 1 in T,,, M with integral remainder is

d ! d?
1Tt I) = J0) + 7 17 () +/0 (- ) )t J(u)du.

t=0
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Applying the relation U‘lit—]; //;1://,5 % for every k € N and /g = Id, we obtain in
terms of covariant derivatives:
D ! D?

2.9 TN IQ) =J0) + — | J(t L—u) /" ——J(u)du.
RO I =IO+ g I+ [ 0wt
The Jacobi field satisfies the boundary conditions

d d
(1) IO =] e =w I =] o) =nw,

where w' is given by (2.3). Together with
17t J(1) = J(0) = w' —w = O(de),
the expansion (2.9) implies

H D J(t)H < 0(6e) + COI (1))
dt|,_,
Therefore,
t D t
@1 < 1) + [ |59 du <14 062) + 08 [ 7w du
0 0

which yields by Grénwall’s lemma that
1T@®)] < (14 0(£6))eC%t = 1+ 0(5%) + O(5¢).
As a consequence, we deduce from (2.8) that 22 J(t) = O(6?%), and thus

dtz

D D k D?
It =Ji)y = —| J(t It == J(u)du = O(é) + O(5?).
S0 = | a0 [ =00 + o)
Finally,
K D
17t It = J0) + / 17t == J(u)du,
0 du
where the second term has norm of the required order. O

The following fact about order of magnitude can be extended to arbitrary number
of variables, but the two-variable version will suffice for our purpose.

Lemma 2.5. Let ¢ : R> — R be a smooth function. For any a,b € N, if ¢(x,y) =
O(min(z?,y%)) then ¢(x,y) = O(x%®) in a fired neighbourhood of the origin.

Proof. The multivariate Taylor’s theorem states that
(211)  él@y) = D GHe0.0zy + Y riyzy)a'y’
i+j<a+b-1 i+j=a+b
for smooth remainders r;; : R — R. Then the assumption on ¢ implies in particular

(z,y) = O(2") Vy€eR,

which is equivalently stated as limsup,_,, ’Ly)‘ < oo Vy € R. We claim that

T

this implies

9L0]¢(0,0) =0, ry(z,y) =0=*") Vi<a-1,jeNycR.
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/1 W' 0

FIGURE 1. Geodesic variation ¢; (with positive sectional curvature
in the v, w-plane)

Indeed, if 0%07¢(0,0) # 0 for some i < a — 1, then

0L074(0,0)ziy’
(2.12) oo = lim M < lim sup d)(m,y)‘ Yy # 0.
z—0 e =0 e
Similarly, if a remainder r;; for some j < b — 1 satisfies limsup,_,q %‘ = 0

then
rij(z, y)zty!
xa

(2.13) 50 = lim ¢(;¢;y)

x—0

’ Yy # 0.

Either of (2.12) and (2.13) contradicts that ¢(x,y) = O(z?) for all y € R.
In the same way, it holds that ¢(z,y) = O(y®) for all z € R, which implies

OLoIB(0,0) =0, rij(x,y)=0@"7) VieNj<b—1lzeR.

< lim sup ’
z—0

Hence the first sum in (21I) vanishes. By smoothness, also 74,(z,y) = O(1) in a
fixed neighbourhood of the origin. As a consequence, we can write

qb(x,y) = Z Tij(xay)xiyj

i+j=a+b
a—1 b—1

= Tiarb-i(@ )2y T (2, y) 7Y+ Tagpj(@,y)z Ty
i=0 =0
a—1 b—1

— Z O a— z zya+b i + O + Z O a+b— j a+b7jyj
1=0 7=0
= O(z"y"™*") + O(2"y") + O(2"*1y") = O(a"y"),

as required. O

For linearly independent v, w € T}, denote by
(R(v, w)w, v)
2
[[w][*[|v]|* = (v, w)

the sectional curvature at xq of the tangent plane spanned by v and w.

Ky (v,w) ==
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Proposition is similar to the classical distance expansion by means of a ge-
odesic triangle, which was the original characterization of sectional curvature by

Riemann, see e.g. |[Mey04]| for the proof.

Lemma 2.6. For any wy,wy € Ty, M linearly independent and € > 0 sufficiently
small,

1 (R(w1, ws)ws, w
d(expy, (et01), xpyy (cwn)) = el — wy — & TALL W)Wz W)

3 4
e” + 0(e”).
6 [lwr —ws )

The following contrasts with the triangle estimate of Lemmal[2.6]in that the two
geodesics start from two distinct points and have a carefully chosen relationship
between their initial directions w and /; w’, prescribed by (2.:3).

Proposition 2.7. For any v,w € T, M with ||v]| = 1, |w|| <1 and §,e sufficiently
small, we have the estimate for the distance between exp, (cw) and eXpey, (50)(€ /1
zQ

w') where w' is given by (23), expressed by the geodesic length
(2.14)

2
La(ev) = (1= 5 [ (o) ol = (0,0)%) + Hoss,, V(0,001 = )] )
+0(8%?) + 0(5¢?),
where the O(26%) + O(de3) terms are uniformly bounded in v and w.

Proof. We expand the length L;(e,d) in the first variable,

(215) L1(6,6) :L1(0,5)+€ 2

Ds Ll(S, 5) + = — Ll(S, 5) + 0(83)

s=0

and compute the first and second order coefficients using the variation ¢; (s, -).
Recalling the boundary conditions (2.10) for the Jacobi field

0
J(t) = 55 - c1(s, ),
the first order coefficient in the expansion (2:15) is
(2.16)
0 1 . .
S D) = I A) - 0)5(0)

s=0

—~

1w, 1y vy — {w, v)

I w— %(1 — Jw|*)(VV (y)— /1 VV(z0)), /1 v> — (w,v)

—~ (L= wl®) (/7" IV () = YV (w0), v)

= 21 [l Hesse, V (0, ) + O(6%).

/\

Here we used the formula (2:1)) on the first line, inserted (2:I0) on the second line,
plugged in (Z3) for w’ on the third line, applied the isometry /7" on the fourth
line, and expanded

1T YV (y) — VV (20) = 6Hess,, V (v,v) + O(6%)

on the last line.
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The second order variation of length formula (2.2) reduces to

& o) 5/ (< L% <t>l>—<R<J(t>w<t>w<t>,J<t>i>) dt,

ds?

since 22¢(s,0) = £-2c(s,1) =0 as s ¢(s,0), s — c(s, 1) are geodesics. By the
estimate (2.0), the first term is

1

D D

(2.17) / —J(t)E, It ) dt = 0(5%?) + O(8%) + 0(5%).
o \dt dt

Moreover, by smoothness of R in the base point, we have || /;* oRo /; —R|| = O(0)

as the parallel transport is along a geodesic of length §. Then by multilinearity of

R and the estimate (2.7)):

[ R aon. 0" a

(2.18) _ s /1 (RO I vy, /7t TH(t)) dt + O(8%)
0

= 5% (R(w, v)v, w) + O(5°),

noting that (R(w®,v)v,w) = (R(w,v)v,w) by anti-symmetry of the curvature
tensor and since w' — w is parallel to v by definition.
Therefore, coming back to the second order coefficient and plugging in (2.17)

and (2:13),
(2.19)

2
% . Li(5,8) = =0 (R(w, v)v, w) + 0(8%) = —6K (v, w)(||w|* = (v, w)?) +0(52).
Moreover, the O(g%) term in is in fact O(de?) by Lemma[2.5]since L (¢,d) =
O(0) and L; is smooth. Finally, we obtain the expansion by plugging and
back into (2.15). We emphasize that the Hessian manifests itself through
(2.16). The vector w’ was carefully chosen so that the Hessian appeared at the
correct order together with the Ricci curvature. O

2.2. Projection distance estimate. We construct the variation ¢y for the pur-

pose of estimating the projection distance to a specific submanifold. This projection

distance will serve as a suitable 1-Lipschitz function for establishing a lower bound

on the Wasserstein distance in Theorem [[.1lby the Kantorovich-Rubinstein duality.
Let E be a smooth embedded submanifold of the Riemannian manifold M.

Definition 2.8. An open neighbourhood U of F in M is said to be a tubular
neighbourhood if there exists an open subset of the normal bundle W ¢ TE* such
that exp : W — U is a diffeomorphism and F C exp W.

The following is a regularity result for the projection map and projection dis-

tances, see one of |GT77/KP81|[Foo84] for a proof.

Lemma 2.9. For every compact, embedded smooth submanifold E of M, there is a
tubular neighbourhood U of E in M such that the shortest distance projection map

(2.20) p(x) = argmin, . pd(x, z)

is well-defined and smooth on U, and the distance to projection z — d(z,p(2)) is
smooth on U\ E. Moreover, if E is a codimension 1 submanifold with v € T(TE~)
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a unit vector field normal to the submanifold then the signed distance to projection

defined by
(2.21) 7(2) 1= sign({expy L (2), v(=)d(z p(2))
is smooth on all of U.

Recall v € T,,M is the fixed unit vector, representing the direction of trans-
port of the initial test measure pg . We now consider the concrete submanifold of
codimension 1,

- 1y . —
(2.22) E = exp, {v"} = {exp,, (w) : w € Ty M, (w,v) =0} C M.

We recall that the second fundamental form for E is the 2-covariant tensor field,
defined at z( for two vectors wi, wq € T, E as

(2.23) Iy (w1, w2) == (Vi v(z),wa) = — (v, VI W (o)),

where W on the right is an arbitrary smooth local tangent vector field on E with
W (zp) = wz and v a smooth local normal vector field on E with v(zg) = v, see
[Jos17] Chap. 5]. Here VM refers to the Levi-Civita connection on M.

Remark 2.10. We shall make use of the fact that I vanishes at xy € M for this
submanifold, which we prove for the readers’ convenience. Using the normal coor-
dinates (z',...,2") of M at zg € M, we may assume (x',..., 2"~ 1) are the normal

coordinates of E at xo. Then I'¥ “(x0) = 0 (see [Jos17, Chap. 1.4]) and for arbitrary

vector fields X = Y77 X 3‘;,}/ S Y2 € I(TE), it holds that

— ) ) CN)
VXY CL’O Z Xl CEO Flj(.’to)yj(l'o)w(l'o) +X1($0)%($0)6?(x0)
5,j=1
n—1 :
N C
= Zgz:lX (xo)—axj (.’to)—axj (.’to) S TfoE.

We conclude I(X,Y)(zo) = —(v(z0), VxY (20)) = 0 since v is normal to E.

We now define the geodesic variation ¢y, with its depiction in Fig.[2] As before,
denote for a vector w € T, M with ||w|| <1 the geodesic

0(s) := exp, (s /1 w'),
where w’ is defined by (2.3). Let cg : [0,¢] x [0,1] — M be the variation of the
geodesic (t) = exp,, (tév) defined by
ca(s,t) = eXPp(a(s))(t exp;(le(s))(ﬁ(s))),

with p the projection map given by (2.20). Since 6, p, exp,  and exp;o1 are all
smooth (in particular p by Lemma[2.9)), ¢, is also smooth. Note also the boundary
value ca(s,0) = exp,p)(0) = p(f). Denote the length

Lo(e,6) = /

and the signed length
(2.24) Lo(e,0) == sign((expy, (c2(€,0)),v)) La(e, b),
which is smooth by Lemma

d(ca(e, 1), ¢2(e,0)) = d(6(e), p(60(c)))

8025t H
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FIGURE 2. Geodesic variation ¢

Proposition 2.11. For any vectors v,w € Ty M with ||v|| = 1,|w| < 1 and
d,e sufficiently small, the signed distance between eXPey, (spy(€ /1 w') and its
z0o

projection to E has expansion

(2.25)
La(e,8) =6+ ¢ (v,w)
— 52—5 |:Kw0(U7UJ)(H'LU||2 — (v,w)Q) + Hessz, V (v, v)(1 — [Jw]|?)

+ 0(%6%) + O(?),
where the O(£26%) + O(e3) terms are uniformly bounded in v and w.

Proof. Since Ly(s, ) = Ls(s,6) for small s, their derivatives at s = 0 also agree, and
we may apply again the method of geodesic variations to compute %| Lg(s 0)

2
and a

The Jacobl field J(t) = 3 |s=0 ca(s,t) satisfies boundary condition J(1) =/ w'.
Moreover, J(0) € Ty, E because ca(s,0) € E for all s € [0,¢], hence in particular
4(0) L J(0) and J+(0) = J(0). By the variation of length formula and
plugging in for w’, the order e coefficient is thus

LQ (5,8) in order to obtain the coefficients of the expansion of Ly(e, ).

i Lal0) = (0,50 = (10)5(0)
%<//‘1J A1)
(2.26) w0
(2.27) = (1,0) — S Hessy, (4, 0)(1 — Ju]]2).
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By the formula (2.2)), the coefficient for the €2 term is
(2.28)

z (o) - ! (<% 3 Jl(t),Jl(1)> - <a B JL(t>,JL(0)>)
w5 (o ey (Z 5] atosm)).

We show that all terms on the right vanish except for the first one which we then
further estimate. First, since %f’y(t) = 0 and 7 is a constant speed geodesic, we
note that

D D( . @A\ D, (B, (D,
770 = (70~ S0 = G- SEeahe - (Fa0)

Then for any u € Ty, E:

(% g TH0)u) = <<% g J(t))L,u>

D

— 9s Ot C2(s,1),uU ),

using the torsion-free property of the Levi-Civita connection on the second line,
and using v L 4(0) on the third line by definition of E. To bring in the second
fundamental form, in terms of notation for its definition (2.23), the unit normal

t=s=0

vector field on E is v(ca(s,0)) = + % 1o €2(8,t) and the two submanifold directions
are wy = %L:o ¢(s,0) and wy = u. Then we can write
1 Do
M e ——
lel/(xo) - (5 88 at‘s_t_o 82(570)3
and thus
Do ea(s,t),u ) =6 (VI v(xg),wa) = 60, (w1, w2) =0
88 (‘3t o s b))y w1 0), x0 ) 9
because the second fundamental form vanishes at x as per Remark Hence,
D
Vu € Ty E : <— JJ‘(t),u> =0,
dt{,_,

which together with 2.J+(0) = (%J(O))L € T, E implies %|t=0 JH(t) =0.

Similarly, with the same notation matching to (2.23)) additionally with

W{(ea(s,0)) := %c(s, 0)

so that W(zg) = W(c2(0,0)) = wy,
b o
0s Os

Since s — 6(s) is a geodesic, %%c(s, 1) = £6(s) = 0, the third term is also 0.

c(s,O),*'y(O)> = §<V%W(xo),u(xo)> = —0l,,(wy,w1) =0.
s=0
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We now estimate the first term in (2.28)). For any ¢ € [0, 1] we have the expansion
with integral remainder,

1t JL(t):JL(OH/O (t—u) It %JL( )du

t
= JH0) - 52/ (t —u) 1" R(J*F (), Iy ) Iy v du
0
= JH(0) + O(6%).
This in particular also holds for ¢ = 1 so we deduce that
I IR 17 TR = 0(62).

Moreover, pulling back the Jacobi equation back to T,,M by / fl and integrating
over t € [0,1], using Z|,_ J(t) = 0 as shown above, gives

D
it
dt

Therefore, the second derivative is
0? 1 /D
Ly(s,0) = = ( —| JH(t),J*+(1

ds?
1
- _5/ (7Y R(IE @), M v) My v, 17 TH(1)) dt

1
JE(t) = —52/ 17 R(JE (), 1 v) 1y v dt.
t=1 0

t=1

_ _5/ RUTY JH(t), v)o, 17E JH(1)) di + O(62)

= —5/ R(ITY TH() + O(8%),0)v, i1 TH(L)) dt + O(6?)
(R(w', v)v,w') + O(6?)
= —(5( (w, v)v, w) + O(6?),

using that || /; ' oRo /; —R| = O(4) and w' = w + O(de).
Hence the coefficients of the expansion of Ly(g,0) in ¢ are as required. d

We may deduce the expansion in € of the difference of signed lengths:

Corollary 2.12. For any vectors v,w € Ty M with ||v]] = 1,[w| < 1 and d,¢
sufficiently small,

Ly(e,0) — La(e,0)

=5 (1= 5 [l  {ov0)?) + B,V 0001 )] )
+ O(6%*) + O(5€?)
= Li(e,0) + O(6%€%) + O(de?),
where the O(£26%) + O(de3) terms are uniformly bounded in v and w.

Proof. From Proposition|2.11] subtracting the two lengths we first obtain almost the
expansion above, except the last term is at first only O(e?), but since the difference
vanishes is also O(6), it must in fact be O(de?), see Lemma[2.5] The second equality
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in the statement of the corollary follows by comparison with Proposition since
the expansions agree up to the term O(6%¢2) + O(5¢?). O

3. WASSERSTEIN DISTANCE APPROXIMATIONS

The following two preliminary lemmas relate the Ricci curvature to the sectional
curvature by integral averages, thereby providing a bridge between the distance
estimates of the previous section and the Wasserstein distance estimates that will
follow.

The standard Ricci curvature is usually defined as the contraction of the Riemann
curvature tensor and expressed equivalently by the sectional curvature,

n n
Vo € Ty, M : Ric(v,v) := Y (R(v,e;)ei,v) = Y K(v,e)(|[v]]* = (v,e:)?)
i=1 i=1
for an arbitrary orthonormal basis (e;)_; of T,,, M. The Ricci curvature can equiv-
alently be expressed as an average over a sphere or ball of arbitrary non-zero radius.
We shall denote by B, the ball of radius » > 0 in T, M centered at the origin and
o the uniform surface measure on the sphere 0B.. The proofs of the following two
elementary items can be found in Appendix [A]

Lemma 3.1 (Ricci curvature as average over a sphere). For any g € M,v € T,y M
with ||v|| =1 and € > 0, it holds that

2
(3.1) S Ricv,0) =+ K(v,0)(e% — (v, w)?)do(w).

n 9B,

We identify T, M with R" in a standard way by matching an arbitrary orthonor-

mal basis of T, M with another arbitrary orthonormal basis of R, and denote by
dw the volume on Ty, M induced by any such identification.

Lemma 3.2 (Ricci curvature as average over a ball). For any xo € M, v €
Too M, ||v]| =1 and € > 0 it holds that

62

(3.2) S Rie(v,0) :]{9 K (w,w) (] ~ (v, 0)?) du.

3.1. Density estimates. Lemmal[3.2]represented the Ricci curvature as an average
over a ball in the tangent space. Since it’s more natural to consider measures on
the manifold, we will apply Lemma [3.7] to follow to compare uniform measures on
geodesic balls in the manifold and the pushforwards of the uniform measure on the
ball in the tangent space by the exponential map. The density estimates of this
section are auxiliary in proving the Wasserstein distance approximations of the next
section.

Denote the inverse exponential map on a small enough neighbourhood B, (z)
as

exp, : Bey(z0) C M — Ty M
and its derivative as
Dexp,) : TM|p,, (a0) = TeoM.

The notation D exp,!(z)(w) will mean the evaluation at the base point z € Be ()
and tangent vector w € T, M.
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exp, (e;(1))
¢ e(1)

To

FIGURE 3. Geodesic variation c3

In normal coordinates at xo, gi;(wo) = di; and T, (x9) = 0 [Jos17l Chap. 1.4]
and the equation for geodesics i(t) + Fék(x(t))ij(t):kk(t) = 0 implies #¢(0) = 0.
Then for an initial vector v with ||v|| =t < ¢, the integral remainder formula gives

expico (v) =2'(t) =v" + %/0 T(s)(t — 5)%ds = v’ + O(e%),

and consequently det D exp,, (v) = 14+0(e?). Upon inversion we may finally deduce
the well-known fact:

Lemma 3.3. For all sufficiently small € > 0, it holds that
sup  det(Dexp!(2)) =1+ O(e?).

z€Be(z0)

Notation 3.4. For x € M, denote by

B.(z) € T,M, B.(z):=exp, (Ba(x)) cM

the e-balls in T, M and M, respectively, and the probability measures

15 w
diig(w) = 735(96)( )d onT, M,
| B (2)]
fiz(2) = (expy )« iz (2) on M,
]lB (x)(z)
dp; (z) = ———>—~dvol M
s (z) ol(B.(2)) vol(z) on M,
e er(expm w) - T
velw) = Jp(y €V djis (w) Aalw) onT:M,
Vy(2) = (expy)« 7 (2) on M,
e—V(z)
dvi(z) du(2) on M.

Sy eV dps(2)

The auxiliary measures fi5, 7; will be instrumental in approximating W1 (v, vy)
(Proposition [3.21).
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Definition 3.5. Let (M, g), (M, §) be Riemannian manifolds of dimension n and
F: M — M a diffeomorphism. The Jacobian at a point x € M is

det DF(z) := det((DF(x)(e;), €;))
for arbitrary orthonormal bases (e;)7.; and (€;)}_; of T, M and Tp(x)M

Lemma 3.6. Let (2! ;o .-, 2") be local coordinates at x € M and (#1,...,2") local
coordinates at F(x) € M. Then for all z in the domain of (z',...,a™) such that
F(2) is in the domain of (Z* "),

det DF (> da(-ﬁ B gt et )
= den((g+ ) den (A5 ) den(a ().

Proof. The coordinate vector fields can be orthonormalized using the square root
of the respective metrics as

0

¢(2) = (07 ()5 (), F=1....m,

and

GFG) = G HEE)pn (F(), =1,

Moreover, the derivative in terms of coordinate vector and covector fields is

OFFoF 0
DF(z) = % z)w(F(z)) ® dzt(z).
Then i
_1 d(@*o F 0
F()e) = (5N X0 () 2 ()
and
~ ~ _1 Z@(x OF) 1 q
(DP(@)(e), & (F) = (PN ) 2 2T )53 (p )

— @ 22D @ (P

and the form of the determinant follows. It can be split into a product of determi-
nants by usual rules of linear algebra. 0

Lemma 3.7. For d,¢ sufficiently small, i, and pi:, are equivalent measures on M,
supported on B.(x) with mutual density

i
dps,
where h : M x M — R is an a.e. smooth function such that h(-,x) = O(g?) for
every © € M and [ h(z,z)dp,(z) = 0.

(3.3)

(2) =1+ h(z,x),

Proof. Let (Z',...,3") be Euclidean coordinates of T, M and (x!,...,2") the nor-
mal coordinates at xyp € M. The uniform measures on B(z) and B.(z) can be
represented as differential forms,

(3.4) dji, == Clp dZ' A...NdF", dps = Clpu(y/det(gi;)da’ A Ada”,
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-1

where C' := ‘Bs(x)‘ and C := vol(B.(x))~! are the normalizing constants. De-
noting (exp, ')* = &' o exp, ', the pushforward fig is then
(3.5)

02 (2) = (exp, ) o () = ClLp, (1 ()A(F 0 exp; ) A .. Ad(F 0 exp; L)
~ (3% o exp, !
= Clip,(a)(2) det <%
See |Leel3| Lemma 9.11] for a proof of the pushforward formula for differential
forms. Comparing (3:4) and (3.3), since the determinants are non-vanishing we see
that the two measures are equivalent and their mutual density is given by

(z)> dz' A ... Ada™.

T 9 7t o expt 1
W 2) = e (M5 ) derl ()
_ et [ (g3 (o 2@ 0 expa) |
-, -G <(<g (e 2o ) ’))
= gdetDengol(z)
&
= 6(1 +O(€2))7

having applied Lemma [3.6] with F' = exp;o1 and §;; = d;; on the penultimate line
and Lemmal[3.3]on the last line. )

It remains to see the ratio of the normalizing constants satisfies % =1+ 0(e?)
as a smooth function of the point € M. Integrating both sides of (3:6) over B.(x)
with respect to p, we obtain

_ C
(3.7) iz(B(2)) = G1a(Be(@))(1+ O(%)),
The probability measures i, uS are both supported on B.(x) so ﬁégg;m =1and
rearrangement of (37) gives % =14 O(&?) as a smooth function of x. We obtain
the same for the inverse ratio g by the expansion ﬁ =1-2+0(2?%).

Since all factors in (3.6) are 1+ O(g?), the same holds for their product, i.e.

(3.9) %(u) _140(2).
Labelling the O(g?) term as h(-, ), we have
dﬂi g >4
(3.9) 1= [P =1+ [ i)
implying that [ h(z,z)dus(z) = 0. O

Lemma 3.8. For any x € M, the mutual densities expand as

d’fi” (2) = Lp.@)(2)(1 = (VV(2),exp; ' (2)) + ha (2, 2)),

2 (2) = 1, (o) (2)(1 = (VV (@), exp; ' (2)) + ha(2, 7)),
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where h; : M x M — R are a.e. smooth functions such that h;(-,z) = O(g?) for
every x € M and [ hi(z,z)dps(z) =0 fori=1,2.

Proof. From Notation |3.4]

vt d(exp,, )V dve 3 e V()
3.10 z — ey Tz _ ‘
G100 G5 = dexpg) iz ) = i P S T Od )

Expand the numerator in (3.10) as
e V) L V) V@)V ()
= e V1~ (VV(2),exp; }(2)) + O(?)).

Similarly for the denominator,
e V@ / (1—{(VV(z), expgl(z/» +0(2)dis (7)) = eV @ (1+ 0(62)) ,
Be(x)

where the VV term vanishes because

(3.11) /B B (VV (@), expr () diE () = (VV (=), /B R

Cancelling the factor e~V (®) the density (3-10) can thus be written as

dve (2) = 1—(VV(z),exp;(2)) + O(g?)
dps 1+ 0(g2)

=1—(VV(z),exp; ' (2)) + O(?).

Writing the O(g2) term explicitly as h(-, ), we have

1= / ;lZé (2)dig (2) = /(1 —(VV(z),exp, ' (2)) + h(z, z))dfis(2)

1+ [ bz o)),

since the VV term vanishes again, and this implies [ h(z, z)dfi,(z) = 0.

The expansion of the density j:% (z) is obtained the same way, starting from

dve e V)

zZ) = .
dps, =) fBE(z) e=Vdps ()

O

Similarly to Lemma [3.7] we have the density of the flat approximation of the
non-uniform test measures with respect to the true non-uniform test measures:

Lemma 3.9. For every x € M,

doe
poe (2) =1+ h(zz),
where h : M x M — R is an a.e. smooth function such that h(-,x) = O(g?) for
every x € M and [ h(z,z)djiy(2) = [ h(z,x)dv,(z) = 0.
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15

—c —c —
VIO T* on N @

FIGURE 4. For small € > 0, the densities of the non-uniform mea-
sures g , U, resemble cylinders with a slant top, the slanting being
described by the gradient of V. This motivates the choice of T" as a
scaled difference of the gradients of the tops, together with parallel
translation from B.(xg) to Be(y).

Proof. By the preceding lemma,
dve dvs , | dus
()= 32 ) z (=)

—(VV(z),exp;*(2)) + hi(z,2)
= nBa(w)(Z) —1
1—(VV(x),expz (2)) + ha(z, )
= nBE(w) (1 — <VV epr I(Z)> + hl(Z 1‘))
x (1 <VV(x),expw (2) > ho(z,x) + O(hy(z,x)%))

=1p. ()(2)(1 + hi(z,z) = ho(z,2) + O(ha(z, z)2))

= ]lBE(x)(Z)(l + h(z,x)),
merging the remainder terms into h(z,x) on the last line. The mean zero property

of h again follows because v, and ¥; are probability measures. O

3.2. An approximate transport map. Recall we wish to obtain an expansion
of Wy (vg Vios 5) in € and §. For this we propose an “approximate” transport map
T : B:(xg) — Bc(y) which realizes the distance from Proposition in the sense
that d(z,Tz) = L1(e,6). We first define such a map using a map between tangent

spaces T : B.(x0) = B:(y).
Definition 3.10. Define the map T : B.(z¢) — B.(y) as
~ 1
(3.12) T(w) = 1w =5 = [wl*)(VV(y)= /1 VV(20)).

Denote by DT (w) : TyyM — T,M its derivative at the point w € T,, M. The
notation DT (w1 )(we) will mean the derivative at w; € T, M in the direction of
Wy € TfoM.
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Remark 3.11. The first part of is the same as in |O1109] for the case of uniform
measures. Parallel translation represents the closest analogue to translating all
points by y — x¢ if the manifold were a Euclidean space, and turns out to be an
approximate transport map for uniform test measures, i.e. V' = 0. In this case, the
approximate transport is also optimal up to and including third order terms jointly
in § and €.

The second part in (3.12) is a novel adjustment to account for the non-uniformity
of the measures being transported. It is motivated by Lemma [3.8] which says that
for small € > 0, the densities of 77 and Iy, are well approximated by affine functions
on the respective supports. See Fig. [4]for illustration. Any near-optimal transport
of mass from 75 to 7y should thus consist of a translation from B.(zo) to B.(y)
together with a realignment of mass according to the difference of the gradients
17 VV(y) — VV(x), scaled with the distance from the center of the support.
This is because points on the boundary of B.(xo) should only be translated, while
points near z( should be translated as well as moved in the direction of —(/7!
VV(y) — VV(z0)). The above scaling by the factor 1 (e — [|wl[|?) will yield a good
enough approximate transport map because

DT(w) =1d+ (/1 VV(y) = VV (o)) (w, "),
as shown in Lemma which leads to a desirable cancellation of first order terms

. ., d(Tuog .
in the density ( d;‘“), shown in Lemma |3.22
Y

In summary, (3.12) should be interpreted as parallel translation in the direc-
tion v and distance §, with additional simultaneous shift in the direction —(/7!
V(y) — VV(x0)) and distance 3 (e — ||wl||?) to adjust for non-uniformity of the test
measures.

To prove the next fact we will employ the auxiliary map 7" : B.(z) — B (z0)
defined as

(313) T(w) = w = 3 (&~ [wlP) U5 V() ~ VV(z0)),

so that T'= /1 o 1.

Lemma 3.12. For 0 < e <1 and § > 0 sufficiently small, the map T is a well-
defined diffeomorphism.

Proof. Since /1: Be(z0) — B:(y) is a diffeomorphism, it is sufficient to show that
T defined by (3.13) is a diffeomorphism. We show the latter by finding the smooth
inverse T—!. To further simplify notation we write

Pw) =w— 5( ~ Juwl)ae

with
_ /TP VV(y) = VV(xo)
VYV () = YV (o))
Decompose any vector w € Be(xo) as w=u+ re with v L e and —\/W <

r < /%2 — ||w||? so that

. 1
T(u+re)=u+re— 5(62 — Jlul|? = r?)ae = u + hy(r)e,

L a= 17 V() - V(o)) = 0() > 0.
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where h,(r) := 1 — 1(e? — [Ju||?> — r?*)a. It is clear that

dh
dr

ha(£Ve? — [[ull?) = £/ — [[ul?,
Hence as long as ae > —1, the map

h = [=V/E2 = 2, Ve = ull?] = [=v/e2 = [Jul?, Ve — [Jul?]
is a diffeomorphism. Since the decomposition w = u + re is unique and (u,r) —

h.(r) is smooth, we conclude that 7' is a diffeomorphism. A fortiori, solving hy, (r) =
s for r we may obtain the inverse explicitly as

(r)=14ar.

1
T Nu+se) =u+ — (_1 + VTt a2 — |[ul?) + 2ay) e,
!
completing the proof. O

We refer back to Definition[3-10] for the definition of the symbols T, DT (w).
Lemma 3.13. The Jacobian of T satisfies for any w € B.(xq)
(3.14) det DT (w) = 1+ (17" VV (y) — VV (z0),w) + O(6%?),
where the O(62¢%) term is uniformly bounded over w.

Proof. As /l1: TyyM — TyM is a linear isomorphism, the derivative D /; (w) :
TooM — TyM at any w € Ty, M coincides with parallel translation, i.e. D /;
(w) =/1. Then by the chain rule

DT (w) = D(/1 o T)(w) =/ o DT'(w)
(3.15) - o(Id +(w, ) (1T YV (y) — VV(xO)))
=/ +{(w,-) (VV(y)— /1 VV(x0))

by taking the plain Euclidean derivative of ([B:13) to obtain the second line.
Consider (e;)?_; an orthonormal basis of T, M and (/; e;)"_; the corresponding

parallel-translated orthonormal basis of T, M. With respect to these bases, the

components of DT (w) at any w € B.(xo) are expressed using (315 as

<DT(w)(ei),//1 ej> = (11 e, /1 e5) + (w,e5) (VV (y)— /1 VV (wo), /1 €;)

(3.16)

= 0i; + (w, &;) <//171 VV(y) — VV (o), ¢€;) .
Then
(3.17) det DT (w) = det (8 + (w,e;) (/1 VV(y) = VV(20),¢5)),; »

where 0;; stands for the Kronecker delta. Since
(w, &) (17 VV (y) — VV (20),e;) = O(de),

we can deduce that

n

g1y DT =1+ 2 (w,ex) (T TV (y) — VV(20), e1) + O(262)

=1+ (w, /7' VV(y) — VV(z0)) + O(e?6?),
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as required. Here we made use of the following well-known fact about determinants:
if A(e,d) = (aij(e,0)) = di; + bij(e,9) is a smooth n x n matrix-valued function
where b;;(0,¢) = O(d¢), then

det A(z,6) = 1+ > _bii(e,0) + O(5%?).
=1

O

Remark 3.14. Since /7" VV(y) — VV(x) = O(6), it follows from the definition
(312) that

(3.19) Tw =/ w+ O(0e?) Yw € Be(xo).

Denoting w = Tw, this implies also

(3.20) T Yo =/ 0+ 0(6e%) Vb € B.(y),

because the parallel translation is isometric. As a consequence of (3:14) and (3:20),
we thus have

det DT~ (@) = 1= (T, /7" VV(y) = TV (w0)) + O(c*?)
=1— (0, VV(y)— /1 VV (o)) + O(6%€?).

The exponential map is locally a diffeomorphism and B, (x) = exp, (B (z)). This
allows us to define the following diffeomorphism on the manifold, which we shall
employ as our approzimate transport map between v, and v,,.

Definition 3.15. Define the map T : B.(xzo) — B:(y) as
(3.22) Tz := exp, (T expy, (2)).

(3.21)

Remark 3.16. We explain the relationship between the map 7" and the distance esti-
mates of Section[2] In the notation introduced in the context of geodesic variations
c1, ¢z, if for any unit vector w € T, M we label z := exp, (cw) then

Tz = exp, (Tw) = exp, (e /1 w'),

where w’ is given by (2.3). In the notation for geodesics of the variation (2.4) we
have z = n(e) and Tz = 0(¢), and thus in particular

d(z,Tz) = d(n(e),0(c)) = L1(e, ),
d(z,p(2)) = d(p(n(e)),n(e)) = La(¢,0),
d(T'z,p(Tz)) = d(p(6(¢)),0(c)) = L2(e,6),
where p: M — E is the projection map (2.20).

While T is not an exact transport map from vz to vy, it turns out that the
relevant Wasserstein distances may still be approximated using the pushforward
measure T, in place of vy, and the distance Wi(vg ,T.v; ) can in turn be

approximated by Wiy(75 ,T.v; ). This is formalized in Proposition as the
proof requires preliminaries to follow. The merit of such approximation is that
Wi (75, T«7;,) can be computed using the distance estimates obtained in the pre-
vious section. The upper bound for Wy (75 , T.75, ) is established from the concrete
transport plan 7" and the lower bound is computed by using a concrete 1-Lipschitz

function.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



COARSE RICCI CURVATURE OF WEIGHTED RIEMANNIAN MANIFOLDS 6377

Notation 3.17. Denote z := exp, (ew) so that Tz = exp,(e /1 w') where w' is
prescribed by (Z.3)), and let r¢ be the uniform injectivity radius on a fixed, compact
neighbourhood of zg. Recall that in the context of Proposition [2:11]we defined the
submanifold

E = {exp, (w) : w € Ty, M, (w,v) = 0} C M,

the projection p : M — E, p(x) := argmin,¢ gd(z, z), v € I(TE') a unit normal
vector field with v(x9) = v and the signed distance to projection, f : B, /3(xo) — R,

(3.23) 1(2) 1= sign({expy) (2), v(2) ))d(z p(2)).

Note that f(Tz) = Ly(e,68) and f(z) = La(e,0) where Ly was defined by (2.24),
the signed length of the geodesic realizing the distance to projection.

For notational convenience we label z = exp, w for any w € T, M.

Lemma 3.18. The signed distance to projection is 1-Lipschitz and for any vectors
v,w € Ty, M with |[v|| = 1, |Jw|| <1 and 6, > 0 sufficiently small,
(3.24)

2

FT2) = ) = (1= 5 Kualo0) ol = (0,00
2

—%HESSmOV(’U,’U)(l - ||w||2)) + 0(6%?) + O(8?),

where O(5%€?) + O(6e®) is uniformly bounded in z.

Proof. We first show that f is 1-Lipschitz. Since z — (exp;(lz)(z), v(z)) is continu-

ous, E'N B, /3(xg) is the boundary between the two connected components
(3.25)

{z € By /3(x0) : <exp;(1z)(z), v(z)) >0}, {z € By, 3(x0) : (exp;(lz)(z),y(z» < 0}.
First, consider 21,z € B, /3(x0) such that (exp;!(z1),v) (expg!(z2),v) > 0. This

means that z1, z; lie in the same connected component of B, /3(xo). Then by the
triangle inequality,

|f(21) = f(z2)| = |d(21,p(21)) — d(22,p(22))| < d(z1, 22).

Second, consider z1, 23 € B, /3(zo) such that

<exp$0 (1), v> <exp$0 (22), v> <0,
meaning that z;, 2y lie in distinct components of B, /3(x0). Suppose £ : [0,1] — M
is a length-minimizing geodesic connecting z; and z;. Then
d(§(t), wo) < d(&(1), 21) + d(z1,20) < d(22,21) + d(21,20)
1 2
< d(z2,0) + 2d(21,20) < 370 + 370 ="To.

This means that the geodesic realizing the distance between z; and z5 lies in
B, (o), and hence must pass through E N B, (xg) because it is the boundary
between the two connected components (3.25). Therefore, there exists zop € E N
B, (z0) such that

£ (21) = f(z2)| = d(21,p(21)) + d(22,p(22)) < d(21,20) + d(22,20) = d(21, 22).

(3.26)
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To make the geodesic containment argument in (3.26) we restrict f to B, 3(xo).
Finally, by Corollary

f(TZ) - f(Z) = i’2(5a5) - I~/2(570)

(1~ [ ort) = (v.0)?) + Hess, Vo, 0)(1 - Jui?)])

+ 0(6%€?) 4+ O(6€%).

The signed distance to projection leads to the correct lower bound for

Wi (75, T«7;,) up to fourth order terms jointly in 0 and e:

Lemma 3.19. For f defined by (3.23) and all v € T,y M unit vectors and d,& > 0
small enough,

(3.27)
2
/M(f(Tz) — f(2))dv; (2) =6 (1 - m(Ricm0 (v,v) + 2Hess,, V (v, v)))
+ 0(6%%) 4+ O(8€).
Proof. Change the variable of integration to w = exp,!(z) and recall pg =

exp, )it . Then the integral on the left can be written using the density ex-
xo o
pression of Lemma and the estimate of Lemma |3.18|as
dvs B
[ (1) = 1) T2 )iz, (2

/J“xo

[ 02 = @)1= (TV ), exp, () + iz (2

[ s
Tuog M

1 —(VV (o), w) + h(exp,, w,x0)) dfi,, (w) + 0(5%%) + O(6¢%)

1
2

(
ARG

S

Ry (0 0) = (o.10)%) = 3 Hess,, ¥ (0,0)2 = )

5 Ko (v, 0) (Jwl|* = (v,w)?)

3

—%HessxoV(v, v)(e? — ||w||2)> dfi5, (w) + O(6%€%) + O(8€?).

On the last line, the linear term (VV (zg), w) vanished by symmetry of the integra-
tion domain, and also we applied the mean zero property

[ exp,, w0, (w) =0,
Ty M

The products of these terms with the sectional curvature and Hessian terms were
absorbed into the remainder O(§¢®). Integrating the Hessian term in spherical
coordinates, we have

5[ P, ) = 5—%/%83 (wo)ldr
21 M oo 2 2[Be(z0)| Jo e
52 nEQ 52

2 2n+2) n+2
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Moreover, the sectional curvature term integrates to give the Ricci term as per
Lemma O

Theorem 3.20. For any point xg € M, vector v € T,y M with ||v|| =1 and d,e > 0
sufficiently small,

e
2(n+2)
+ 0(6%e%) + O(8€3).

Proof. Using the transport map (3.12)) and applying Proposition[2.7land Lemma[3.8]
we have the upper bound

Wl(ﬁio,T*Dio) S/ d(Tz,z)dDiO(z)
M

Wi(vg,, Tuv;,) = 0 <1 - (Ricg, (v,v) + 2Hess,, V (v, v)))

(3.28)

1 1
/ " (1= 3Rante)(ful? = (vv0)?) = JHesse Vo)~ ui?))

X (1 = (VV (o), w) + h(exp,, (w),zo))dji, (w) + 0(6e%) 4+ 0(8%e%)
(3.29)

=4 <1 - 2(;7_2’_2) (Ricg, (v,v) + 2Hess,, V (v, v))) +0(6%) + 0(8%?),

where we eliminated the h and VV terms since
[ Vi) diz, (w) =0, [ bexp,, (). )iz, (w) =

The Ricci curvature on the right appears by Lemma [3:2] and the Hessian term is
obtained as in Lemma [3.19] by integration in spherical coordinates.

For the converse direction, we use the Kantorovich-Rubinstein duality, choosing
the 1-Lipschitz test function f defined by (3:23), so that by Lemma [3.19] we have
the lower bound

Wi, T75,) > [ AT () - d5%, ()
= [ ) - s, (2)
Be(w0)

2

) <1 - 2(;4_‘_2)@{1%0 (v,v) + 2HessmOV(v,v))>
+0(5%%) + O(6€%).

This shows the upper and lower bounds agree up to terms O(6¢®) + O(5%2) and

their values are as required. 0

We now prove the aforementioned approximation property and refer to Nota-
tion [3.4]for the measures involved.
Proposition 3.21. For xg € M and §,¢ > 0 sufficiently small,
Wi(vg,,vy) = Wavg,, Tevg, ) + 0(6e3) + O(8%€?),

Wi (v, Tws,) = Wi(vs,, Tuis, ) + O(62%) + 0(6°¢?),
where y = exp,, (6v).
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We need density estimates of the following two lemmas for the proof.
Lemma 3.22. It holds that

d(T.v5,)

() = L, () (L4 (2,9),

where h' : M x M — R is smooth a.e. and such that h'(-,y) = O(de?) + O(e?) and
.0 P (2:9)d75(2) = 0 for all y € M.

Proof. We first show the density estimate

A(T.7%,)

3.30 —
(3.30) e

(2) = (1= (VV(y), exp, (2)) + h(T ™ 2,20)) L5, (4 ().
For any bounded Borel measurable f : M — R,

/ FATLE,) (=) = / (T2, (2)
M M

dD;O .
= [ #r) g i, )
- /M F(T2)(1 — (VV (o), expy (2)) + bz, 20)) S, ()

= / Flexp, Tw)(1 = (VV (x0),w) + h(exp,, (w), o)) dfis, (w),
Tao M

having applied Lemma[3.8lon the second line. Substituting @ := Tw and using the
change of variable formula, this becomes

/Tny(expy W) (1 - <VV(.T0)7T_1U~)> + h(exp,, (T_lﬂ)),xo)) ‘det D@T_l‘ djis, ()

= / f(2) (1 - <VV(x0)7T_1 exp;l(z)> + h(T‘lzwo))
M
x (1= {(VV(y)— I VV(xo),exp, ' (2)) + O(6°€?)) dfi5,(2),

having applied the determinant formula (3.21). Referring back to Remark|3.14f we
know that

T~ exp, ' (2) =7t exp, ! (z) + O(6¢?).

Absorbing the O(d¢?) term into h, the integral above simplifies to

/M F(2) (1= (VV(y), exp, ' (2)) + h(T ™" 2, 20)) djig (),

as required to obtain the density (3.30).
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————————————————————————————————————

I I | I
| T, M | | T,M |
I I | I
I I | I
I I | I
I I | I
I I | I
I I | I
I I | I
I I | I
I I | I
I ~ I | ~ I
| 7/;0 | | Z/Z |
I I | I
I I | I
I I | I
L e e e e e = — S 1
(eXp;EO)* l (expy)* l
e N e AN
7 N 7z S
Va \\ 7 \\
// \ T* // \
; \ } \
/ 17; \\ // 7€ _5\\
0
'\ T T~ / I\ - *VwoNVy/
~ i - 7z

FI1GURE 5. Illustration of the relationship between T*Djo and 17;.
The two measures are equivalent with mutual density of the form

1+ O(5?).

Finally, using Lemma[3.8] and (3:30) we obtain

(3.31)
dT.7%,
d—D;(Z)
dis,  dT.ve dvs  \ ' dT,ie
— S e = () T
dvy dp, dp, dps,

= 1,0 (2)(1+ (VV (1), exp, (2)) — hlz,y) + (VV(y),exp, 1 (2))” + O(%))
x (1— <VV(y),exp;1(z)> + h(T 2, 20))

=1p,)(2) (h(T_lz,xo) —h(z,y)
+(VV(y),exp, ' (2)) (R(T~"z,20) + h(z,y)) + 0(53)).

The function (y,z) — h(T"'z,2¢) — h(z,y) is smooth a.e. on M x M and z
h(T7'z,20) — h(z,y) is of order &2 for every y and vanishing for y = x¢ (i.e.
§ = 0). Hence h(T'z,20) — h(z,y) = O(min(5,e?)) and by smoothness of h thus
of order de?, see Lemma[2.5] Moreover, exp,*(z) = O(e) and h(z,y)+h(T 'z, z0+
h(z,y)) = O(£?) imply that the term on the last line is O(g?). O

Remark 3.23. The cancellation in (3:31) occurs because of the specific choice of T,
and is essential for the O(d¢?) estimate.
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The estimate from Lemma [3.22| carries over to v,, and v, as we shall prove
below.

Lemma 3.24. It holds that

W) () = 1,0 (DA + W (210)),

where h' : M x M — R is smooth a.e. and such that h'(-,y) = O(6¢2) and

/ W (z,y)dvg(z) =0 Yy e M.
Be(y)

Proof. By Lemma we may write
vz, (2) = (1 + h(xo, 2))dvz (2),  dvy(z) = (1 + h(y, z))diy(2)

for a function h : M x M — R smooth a. e. and such that h(-,z) = O(¢?) and
[ h(z,x)dp,(z) = 0 for every x € M. Then

d(Tevay ) (2) = Tu[(1 + h(z0, 2))dr, (2)]
= (1+ h(wo, T™"2))d(T.75, ) (2)
= (1 +h(y, 2) + O(6e*))d(T..75, ) (2)
+0

= (14 h(y,2) + O(a2) o) (e

= (1+h(y,2) +0(5?))(1 + 0(652))d95(z)
= (1+ h(y, 2) + O(6e%))di; (2)
=(1+ 0(552))d1/5(z).

On the third line we applied that h(y,z) — h(zg, T-1z) = O(§¢?) by the same
argument as in the proof of Lemma [3:22] The mean zero property of h/(-,y) again
follows from 1 + h(-,y) being a density with respect to a probability measure. [

Proof of Proposition[3:21] For the first equality, Vf € Lip,(M):

[ ez, o i, o) = [ 16 (U egage) - avi ()

- / F)((L+ B (y, 2))dvs (2) — du, (2))

/f )(dvg (2) — v, (2)

/ F(2) = F@) (o, 2)dv (2)

and the last term is of order de% as b/ = O(de?) by Lemma [3.24]
For the second equality, we know from Theorem and the equality (3.29)
that T satisfies

/d(z,Tz)da;O( ) = Wi (5%, T.7%,) + O(8%2) + 0(6e%).
By Lemma [3.19] there exists f € Lip, (M) such that

(3.32) /f (T4 )(2) — gy (2)) = Wi (05, TL15,) + O(6%€*) + O(6€%).
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Proposition gives d(Tz,2) = d(y,z0)(1 + O(?)), hence we obtain the upper
bound

Wi (v5,, Turs,) < / d(Tz,z)dvg (2)

o’

= /d(Tz,z)(l + h(z0, 2))dvg, (2)

= /d(Tz,z)dﬁf;O(z)—|—/d(y,x0)(1+O(52))h(x0,z)dﬁio(z)
= Wi (Vsy, Tuls,) + O(6%€%) + O(8€?),

having applied the property [ h(zo, z)dvg (z) = 0 on the last line.
By Proposition [2.11] for §, ¢ sufficiently small the f from Lemma [3-19]satisfies

F(T2) - $(2) = La(e,8) — Lale,0)
= Li(e,8) + O(6%*) + O(5¢?)
=d(Tz,2) + O(5%*) + O(6¢%)
= d(20,9)(1 + O(?)) + O(6%?) + O(6¢?),

which leads to the lower bound

Wl(V:iovT*Vio) 2 /f(z)(d(T*Vio)(z) - dl/;ﬂ (Z))
= /(f(Tz) = f(2))dvg, ()
_ / (F(T2) = £(2))(1 + h(zo, 2))dF=, (2)

= /(f(Tz) — f(2))drg,(2) + /d(y,wo)(l +0(e*) Iz, 2)dvg, (2)
= W1 (Uny, Tuly ) + O(6%€%) + O(66%),
having applied the mean zero property of h again on the last line. 0

Theorem[3.20] and Proposition[3.21] together yield Theorem [T.1]

4. APPLICATION TO RANDOM GEOMETRIC GRAPHS

Hoorn et al. showed that the coarse curvature of the random geo-
metric graph sampled from a uniform Poisson point process on a Riemannian man-
ifold converges in expectation to the smooth Ricci curvature as the intensity of the
process increases.

Theorem[T T]allows us to extend their result to manifolds equipped with a smooth
potential V : M — R, sampling now from a Poisson point process with increasing
intensity, proportional to the non-uniform measure e’V(Z)vol(dz). By sampling we
mean using the empirical measures of the Poisson point process as the vertices of the
random geometric graph. Our novel method allows to deal with this non-uniformity
as well as the non-uniformity incurred by the exponential mapping. Since the main
result of Theorem is at any rate local, we will assume that M is compact.

We recall a few definitions in order to state our extended result. We refer to
[LP18] and [Pen03] for a background on Poisson point processes and random geo-
metric graphs, respectively.
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Definition 4.1. Let (X, B, 1) be a measure space with u(X) < oo, M(X) the set
of measures on X and (92, 7, P) a probability space. A random measure P : Qx B —
[0, 00], or equivalently P : Q@ — M(X), is said to be a Poisson point process on X
with intensity p if
(i) YA € B with u(A) < oo, P(, A) is a random variable with Poisson(u(A))
distribution,
(ii) YA, B € B disjoint and p-finite, the random variables P(-, A) and P(-, B)
are independent,
(iii) Yw € : P(w, ) is a measure on (X, M).

Given a measure u, the Poisson point process can be constructed as follows.
Let Ny be a Poisson(u(X)) random variable, let (X;);en be independent X-valued
random variables which are also independent of Ny and distributed as ﬁu. Define
the random measures

No(w)
(4.1) PiQ— MWX), we Y bxw)
i=1

P satisfies the properties in Definition and it can be shown that all Poisson
point processes with a finite intensity measure take this form, see [LP18 Chap. 6].
The following transformation property of Poisson processes will be needed later:

Lemma 4.2 ([LP18|). Let (¥, B’) be another measurable space and @ : X — Y

a measurable map. Then the pushforward process P’ : Q x B’ — [0,00] defined by

P (w,-) := Y P(w,-) is a Poisson point process on Y with intensity .p. Writing

the process P in the form Definition[&1], the pushforward process can be written as
No(w)

Plw,) = D S ()
=1

Proof. The random variable P’'(-, A) = P(-,90~(A)) has a Poisson(u(y)~1(A))) dis-
tribution, meaning that P’ has intensity ¥, u. Properties (ii) and (iii) are preserved
by the pushforward. O

Let P be a Poisson point process on a fixed neighbourhood of finite Lebesgue
measure on the complete, orientable Riemannian manifold M with Riemannian
distance d and zg,y € M two points in the fixed neighbourhood. We implicitly
identify every Dirac measure §, from the Poisson point process with the point x.

Definition 4.3. A random geometric graph sampled from P with roots zg,y and
connectivity radius € > 0 is the weighted graph denoted by G(xg,y,e) with nodes
given by
V(w) =1{X;(w):1<1i< Ny(w)}U{xo,y},
where the variables X; originate from the Poisson process P by (4.1), and edges
{(u,v) : u,v € V(w),d(u,v) < e}.

The edge weights are given by manifold distance d(u, v) for every edge (u,v). Denote
the graph distance by

m
de(z, z) == inf {Z d(x;, Tip1) 1 T1 = X, Ty, = 2, (T4, Ti41) edge,m € N} .

i=1
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Notation 4.4. Let V : M — R be a smooth potential on M, fix o € M and denote
by (Pn)nen the sequence of Poisson point processes with intensity measures

(4.2) ne” VATV @) gyol ().

For sequences (0y)nen, (En)neny With 0,,e, — 0 as n — oo, label the sequence
of points y,, := exp,, (6,v) approaching z from a fixed direction v € T,, M. This
gives rise to a sequence of rooted random graphs G, (g, Yn, €, ) according to Defini-
tion|4.3|and the empirical measure representation by for the Poisson processes,

Pr(w,-) = vazoi"(w) 0 . For each n € N denote the set of nodes

X" (w)
V() = {X™ (W) 1 1< i < Ny (w)} U {zo, )},

where the variables {Xi("), No,n : i,n € N} are in addition assumed to be indepen-
dent. For the graph distance d¢,, define the ¢,,-neighbourhood of z in G,, as

B§r () == {z € Vu : d, (,2) < O, }

For any node x € V,, denote the normalized empirical measures

N S Gy
(43) ni”({z}) = #(B?nn (32))’ z e Bén (l’)’

0, otherwise,
which is equivalently written as

d-(4)
) z
ng" (A) = _
2 #(B§ (x))

zEB?ﬂ” (z)
Denote the graph curvature of G, (xo, Yn,en) at xo in the direction of

v=25,"exp, (yn)
as

Gnp n n
Wi (e nir)

4.4 En (o, Yn) =1 —
(4.4) (0, Yn) dor (o, o)

Remark 4.5. For the sequence of graphs G (zo,yn,en) we thus have the corre-
sponding collections of random empirical measures (ngn )zev, and coarse curvatures
Kn(Zo,yn) at xg, the limit of which we are looking to establish in the sequel. We
emphasize that these are all random objects, i.e. dependent on w € €2, although we
suppress this from the notation.

Convergence of the coarse graph curvature to the generalized Ricci curvature can
be proved under an assumption on the rate of convergence of the graph parameters
On, €n to zero. For two sequences (ay), (b,) we denote a,, ~ b, as n — oo if there
exist ¢, C' > 0 such that ¢b,, < a, < Cb, for all n € N.

Assumption 4.6. Denoting N = dim M, assume that ¢, < §,, and
en ~ (logn)n=%, 68, ~ (logn)’n=",

where the constants «, 3, a, b are such that

1
0<fB< 28 < —
<B<a, at28< g,
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and in case of equality in either of the above conditions additionally
a<b if a =4,
a+2b> % ifa+26= %
Below is the main result of the section, with the relevant objects set up in

Notation

Theorem 4.7. Let t,(xo,y) be the graph curvatures corresponding to the rooted
random graphs Gp(xo,Yn,en) with y, = exp, (0,v) generated by the sequence of
Poisson processes with intensity measures

ne” VAV (@)yol(dz),

with nodes and edges as specified in Notation[£4l Under Assumption[40] there
exists (cn)nen such that lim, o ¢, =0 and

(4.5) E (| W (g mz) = Wa g vi)

07" Yn

} < ¢, 03,

which implies

2(N +2)
52

Remark 4.8. By contrast, the theorem of Hoorn et al. [vdHLTK23| Theorem 3]

used a Poisson point process of increasing uniform volume intensity and concluded

pointwise convergence in expectation as in (4.6) with V' = 0. Theorem thus
provides an extension for arbitrary V : M — R.

Remark 4.9. The asymptotic bound ([@5) is indeed sufficient for ({ZG]), because in
combination with Theorem [I.1] and by the triangle inequality, we have the upper
bound for the latter given by

W- 6,1’ In
AN +2) nn(zo,yn)—<1_ 1(V§0 %J)H

o
2(N + 2 W- gn7 On
( 52"’ ) ( _ w> _ (Ricxo(v) +2HGSS$OV(U)) )

(4.6) lim E H

n—00

kn — (Ricg, (v,v) + 2Hessm0V(v,v))H =0.

E

The second term converges to 0 by (I3) and the first term can be written as
2(N +2 ) }

) G () 6n .6 5 8
53 E le (nxganyZ)_Wl(ngaVyZ
n
which vanishes as n — oo if (£5) holds.

For the rest of this section, we focus on establishing (4.5). We follow the methods
laid out in [vdHLTK23|, which consist in showing that the graph distances dg,
can be extended to the manifold to give a close approximation of the Riemannian
distance d, and then using such extension to estimate the difference (4L5).

Let (An)nen be the sequence given by

(4.7) Ap 1= (logn)%n*%.

This can be regarded in view of Definition 4.10| as a “distance extension radius”.
Denote by By, (x) the geodesic ball in the original manifold M centered at point
with radius A.
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Definition 4.10. Let G,, = G,(x0, Yn,0n) be the rooted random geometric graphs
of Theorem [4.7] and for any z,y € M denote by G, U {z,y} the graph extended
by nodes {z,y} and extended by edges {(x,2) : z € By, (z) NGr} U{(y,2) : z €
By, (y) N G} with extension radius A,. Further, let (d,)necn be the sequence of
random functions d,, : M x M — R defined by

dn(,y) := d(z, %) + d(y,9) + da,, (T, 9),
where
Z= argmin d(z,z), ¢= argmin d(y,z),
z€Bx,, (2)NG z€Bx,, (y)NGp
if both Z, ¢ exist, and set d,,(z,y) = oo otherwise.

In Definition [4.10]and in Lemma while Z, y may not exist for every w € Q,
rendering d, (z,y) = oo, the following states there is an event of high probability
where this does not occur and where d,, is moreover a metric. The following results

from combining [vdHLTK23| Def. 4.1 & Prop. 4] via [vdHLTK23| Lemma 1]:

Lemma 4.11. For all pairs of sequences (0p)nen and (€n)nen satisfying Assump-
tion and all positive numbers Q, there exists a sequence of events (2, )nen and
a sequence of real positive numbers (cn)nen such that lim, . c, = 0, P(Q,) >
1 — ¢, 82, and the following properties hold for alln € N and w € Q,,:

(i) (Bs,o(zo),dyn) is a metric space,

(ii) for all 21,22 € Bs, (o) : |dn(21, 22) — d(21, 22)| < €63,

(iii) for all z,y € Bs,o(xo) there exists a path in G, U {z1, 22} connecting z1

and zs.

Here d,, is the random extended metric of Definition|4.10] and G,, is the random
graph of Notation[£4] both being dependent on &, and €.

Remark 4.12.

e The interpretation of the properties in Lemma [£11]is that on the event
(2, the random graph covers Bs, o(xo) in a way that allows to extend the
graph distance to a distance on the manifold that closely approximates the
original Riemannian distance with high probability.

e () can be interpreted as a localization scalar and can be an arbitrary finite
number. For @ > 3 it ensures in particular that if 21,20 € Bs, (z9) U
Bs, (exp,, (6,v)) then the geodesic connecting z; with 2, lies in Bgs, (7o)
by the triangle inequality, i.e. any point on the connecting geodesic lies in
the “region of good approximation”.

The events (€, )nen for a weighted manifold are the same as in the uniform
case. We now briefly outline their construction for completeness of the argument,
although they will be treated as given from Lemma|4.17| onwards.

The following is an adjustment of Lemma 2] for non-uniform Poisson
intensity. It is preliminary for the proof of Lemma [4.14]

Lemma 4.13. Let (G (%o, Yn,0n))nen be the sequence of random geometric graphs
of Notation[L4l Let ¢ > 0 and (Up)nen a sequence of finite subsets of M such that
#(U,) = O(n°) and let (ry)nen be a sequence with v, ~ A,. Then there exists a
sequence of positive reals (¢p)nen such that ¢, — 0 and

P < U B w)nG, = (ZJ}) <02 VneN.

uelU
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Proof. By definition of the Poisson point process with intensity
ne” VAV (@)l (dz),

the number of vertices of G, in the neighbourhood B, (u) is given by the Poisson
random variable with mean

n/ efv(z)+V(xo)Vol(dz) _ ne*V(U)JrV(IO)/ er(z)JrV(u)VOl(dz)
By, (u) B

()

= ne”V(WFV(20) / (14 O(ry))vol(dz)
Bry, ()

-~ ne—V(u)-i—V(a:g),r,gimM(l + O(Tn))

~ nrilm M
~ pAdm M

The term e~V V() with 2 € B, (u) was bounded to an error or order r,, and
the factors which shrink to 1 as n gets large were dropped due to the asymptotic
relation ~.

On the penultimate line, we used the assumption that M is compact, hence

0 < inf e VW < sup eV < 00,
ueM wEM

so the factor e~V (®)+V(20) could be absorbed into the implicit proportionality con-
stant. On the last line, we applied that r,, ~ A,. Then

P(B,, (u) NG, =0) =exp (n/ eV(ZHV(IO)vol(dz)) = eTmO™ M),
B, (u)

and the rest of the argument follows as in [vdHLTK23| Lemma 2]. O

Lemma [4.14] and Lemma [4.15] together lead to specification of the events §,,.
They do not require adjustment for non-uniformity, hence for their proof we refer
to [vdHLTK23|. In particular, Lemma[4.14] can be obtained by an application of
Lemma [£.13] together with a covering argument on Riemannian manifolds.

Lemma 4.14 ([vdHLTK23| Corollary 2]). Let (G (%o, Yn, 0n))nen be the sequence
of random geometric graphs of Notation There exists a sequence of posi-
tive reals (cp)nen with ¢, — 0, a sequence of integers (My)nen such that m, ~
AN with A, given by (7)), and for every n € N a sequence of geodesic balls
By, ja(z1),..., By, ja(xm,) covering a fized compact neighbourhood of xqo such that,
denoting

Co =B, ja(z:) NGy # 0},
=1

it holds that
P(C,) >1—c,02 V¥neN.

The events C,, warrant sufficient density of the vertices of the graphs, and thus
finiteness of the extended metric d,,.
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Lemma 4.15 ([vdHLTK23| Lemma 7]). Let (G (%0, Yn,0n))nen be the sequence of
random geometric graphs of Notation [£.4] and let Q > 3. There exists a sequence
of positive reals (cy)nen with ¢, — 0 such that, denoting

3,
An 1= N {lde, (2,y) = d(z,y)| < —=d(z,y) +2An},
z,y€Bs,, q(z0)NGn n

it holds that
P(A,) >1—c,02 VneN.

The events A,, ensure that the extended metric d,, matches closely the Riemann-
ian metric d. Then Q,, := C,, N A,,, n € N, are the events for Lemma [£.11]

Remark 4.16.

e The events (2, are thus constructed precisely to capture the Riemannian
metric to a sufficient degree of approximation, while also granting sufficient
density of graph vertices. These two properties are warranted by the events
A, and C,, respectively.

o The non-uniform weight e~V only appears in Lemma[4.13] while the proofs
of Lemma [4.14] and Lemma [4.15] are unaffected by the weight. The non-
uniformity is also important for construction of the sequence of random
graphs (G,)nen in Notation [£4] so that the corresponding empirical mea-
sures nfcg and 7)2” approximate the non-uniform test measures ygg and 1/3",
respectively, in the Wasserstein distance.

e Instead of the Riemannian distance of connected vertices one could in gen-
eral use any graph metric satisfying properties in Lemma 111 Such graph
metrics are referred to in as “dp-good approximations” to the

Riemannian metric.
From |[vdHLTK23| Lemma 4], we quote:

Lemma 4.17. Let d,d be two metrics on a set X such that (X,d), (X,d) are Polish
spaces. If there exists a C' > 0 such that

sup  |d(w1,72) — d(w1,22)| < C,
r1€X, 226X

then for all probability measures p,v on X:
‘Wld(uu V) - Wld(ua V)| < C.

Denote by W, W W& the Wasserstein distances corresponding to the Rie-
mannian distance d, approximating manifold distance d,,, and the graph distance
dg,, , respectively. As an immediate consequence of Lemma [£.17] and property (ii)
in Lemmal41T] with C' = ¢,,02, the Wasserstein distances W9 and W are close on
Q,,:

Corollary 4.18. Given the sequence events (2, )nen specified in Lemmal4I1] there
exists a sequence (¢p)nen such that ¢, — 0 and for all probability measures p, v on

BgnQ(l'o):
E | |Wi(n.v) = Wi ()|

Qn} < cndB.
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Corollary provides an intermediate step in proving Theorem To prove
Theorem we continue following along the lines of [vdHLTK23|. On the event
Q,, the integrand in (4.5) can be split into three parts as

Gn(10n 20n dn (2 0n ,0n dn (,0n 0n n(1,0n ;,0n
(W gy ) = Wi i) ) + (Wit (g i) = Wil (i vir)
5n
(Wl ( IQ’ y,L) Wl( woa y ))

The first term is 0 since the measures ngg,ng; are supported on the nodes of the
graphs G,, and d,(x,y) = dg, (z,y) for all nodes z,y € V,, as d,, extends dg, from
the graph to the manifold. The last term is o(63) on €2, by Corollary [£.18]if we
take arbitrary @ > 3. We can further estimate the second term in conditional
expectation as

02,

dn (0n 0n Sn
E[‘WI (nwoﬂnyn) Wl ( 1071/1/”)

(4.9) <E [Wfl"(nigwi;)Jer’ (myz vpm)

yn’ Yn

(4.8)

o)

<E[W (nS, 1o + Wl(ny" o) Q] + 2¢,,65.

0’7" To n’ " Yn

For some sequence (¢, ),en with lim, ¢/, = 0, the total expectation is therefore
B [|WE iy, - Wiy, ;jn)}
=B [|WE 3, m3) - Wi (v, 5| 19] P(S20)

LB [[WE g nfy) = Wiy, vi) |19\ 2] (1 = P@2))

< E[Wi(n3s, ven) Q0] + E[Wi (ng, vy") 2] + €65,

0’7 To

(4.10)

We used that the second addend on the second line is uniformly bounded by ¢,,d3
because 1 —P(Q,,) < ¢,63 by Lemma[Z1T]and P-almost surely

W (8 ni) < 38,,  Wi(Wlr,vin) < 36,

7) I y
The first holds because the edge (zo,y) is always in the graph and every node
in the support of nfcg (resp. 173") is at most d,, apart from xg (resp. y), hence

supp ngg U supp 772” C Bg{; (z0). The second holds because supp ugg U supp 1/3“ C
Bss, (zo) by Riemannian metric structure.

It remains to show that the terms on the rlght in (4.10) decay faster than /&3
as n — oo for some sequence (¢)!),en with lim, ¢ =0, Wthh requires an extension
of the original argument of [vdHLTK23! m to non- umform measures. In particular,
we show a generalization of Proposition 7 of the mentioned work, which is restated
below in Lemma |4.24| and our generalization is Proposition [4.26

Our method consists in deforming uniform measures into non-uniform measures
with small deviations from uniformity, and then showing the corresponding pertur-
bance of distance is small enough, so that the change in the Wasserstein distance
is also small. The deformation maps we shall employ come from Lemma[4.19]

For U C R¥, an open subset, £ € N, and o € (0,1), denote by C**(U) the
Holder space of functions with the norm

vk v
lgllcr.ay = § sup [ Vg()]| + sup IV*g(x) ag(y)ll.
i—0 TEU xy; Hx_yH
7Y
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Combining Theorems 1 and 2 of [DM90]| we note:

Lemma 4.19. Let U C RY be an open set with a C3T% boundary and g € C**(U)
with [,; g(w)dw = 0. Then there exists a vector field F € C*+12(U,RN) such that
the map ¢ : U — U given by ¢(x) = x + F(x) is a diffeomorphism satisfying

det Dy(z) =1+g(x) inU,

(4.11) P(z) =2 on U.

Moreover, there is C(U, k,a) > 0 such that || F||ck+1.0) < Cllgllore -

For our application, let k = 0, a € (0,1) arbitrary and U = Bs(0) C RV with
varying parameter § > 0. We emphasize that in general the constant C(U,k, «)
does depend on U, but for U = B;(0) one can deduce the following estimate which
is uniform in 6.

Lemma 4.20. There exists a C' > 0 such that for all 6 > 0 and every g € C*(RY)
with st(O) g(2)dz = 0 there exists F € C1(Bs(0),RY) such that v : B5(0) — B;(0)
gwen by Y(w) = w + F(w) satisfies

det DyY(w) =1+ g(w)  in Bs(0),
(4.12) P(w) = w on dB;s(0).
Moreover,
(4.13) sup [[VF(w)[| <C( sup [g(w)[+6 sup [[Vg(w)]]).

’wEBa(O) ’wEBa(O) ’wEBa(O)

Proof. Let C be the constant from Lemma [£19] for U = B;(0),k = 0 and any
a € (0,1) and consider the shrinking diffeomorphism

@5 : B1(0) = Bs(0), ¢s(w) := dw.
For any g' € C%<(B;(0)) with fB(;(o) g (w)dw = 0, we have g := ¢’ o ¢5 €
C*<(B1(0)) and fB1(O) g (¢s(w))dw = 0. Hence there exists
F € CF1o(By(0),RY)

such that ¢ (w) = w + F(w) satisfies (Z11) with g = g’ 0 ¢5. Define F' := §F(3) €
C**(Bs(0)) and

¥ Bs(0) = B5(0), ¢'(w) = w+ F'(w).
Then
Dy/(6w) = Dy(w) Y € Bi(0),
and thus
det Dy (dw) = det Dy(w) = ¢'(dw) VYw € B1(0),
which is equivalent to

det DY’ (w) = ¢'(w) Yw € Bs(0).
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Moreover,
sup [[VE'(w)| = sup [[VF(w)]
wEB;5(0) w€B1(0)

<c| swp lgw)+ sup L) =g(w2)]

we B, (0) wiwa€B1(0)  |lw1 — wal®
w1 Fwa
<C< sup [g(w)|+ sup Vg(w)|>
w€B1(0) wéeB1(0)

= ( sup |g'(w)[ +0 Sup)IVQ'(w)>-

wEBg(O) wEBg(O

O

For any point z € M identify T, M = RY. Assuming a uniform bound on gs
and Vgs, the following follows immediately from (4.13).

Corollary 4.21. Assume there are C, C’ > 0 such that for all 6 > 0 and x € M,
gs € C1(Bs(z)) satisfies J55(0) 95(w)dw = 0 and

sup |gs(w)| <O, sup [[Vgs(w)|| < C".
weBgs(z) w€EBs(0)

Then for all x € M and & > 0 there exists F' € CY(Bs(xz),RN) such that 1 :
Bs(z) — Bs(z) given by ¥(w) = w + F(w) satisfies

det Dip(w) = 1 + gs(w)  in Bs(x),

Y(w) =w on dBs(z).
Moreover, there exists C" > 0 with
(4.14) sup |[VF(w)|| <C"§ Yz e M,§>0.
wGB(;(m)

Remark 4.22. Below we shall apply Corollary in terms of the inverse !
because of the change of variable formula for pushforwards, which brings in the
inverse of the transformation map. That is, we will propose gs and find ¢~ (w) =
w + F(w) such that

det Dy~ (w) = 1+ gs(w)  in Bs(x),
P Hw) = w on 0Bs(z)
and Sup,,¢ g, () |DF(w)|| = O(8). Then we can deduce by setting w = () that
V(@) =@ — F((@)) = @ + F()
for F = —F o). Moreover,
DF (@) = =DF(y(@)) Dy(@) = —=DF(w) (D~ (w)) ™!

— —DP(w)(I + DF(w))~" = O(|DFw)]),

and hence Sup ¢, () IDF(w)| = O(6) as well.
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Recall we denoted the uniform measure supported on the ball Bs () C TpM as
15 w
1S (w) = L)()dw
| Bs(2)]

Consider now the concrete sequence of functions (gs, )nen for our application given
by

d(expy ').vg"
(4.15) 95, (w) = (W(w) —1)1g, o)(w).
Recalling Lemma[3.8] we can write
d(exp; !).von _dvdn e~ V(exp, w)
~0n w on (expz ) ]lB (x) —V(exp, w :
dfiz d on fBé )€ Pa )d/*é( )

The function e~V (P %) is smooth in w and does not depend on §,, hence the
normalization constant satisfies

/ eV dj(u') = 1+ 0(7)
Ban (z)

with a uniform constant over n € N. Hence
sup  |gs, (w)| < (1+0(62)) sup e VP — 1] = O(6,),

wE€ Bs,, () w€Bs,, ()
sup  ||Vgs, (w)|| < (1+0(57)) sup [|[Ve VP
wEBan (z) wEBan (x)
<(1+0(5) sup e VP |V (exp, w)|| = O(1)
wEB,;n(:r)

uniformly for all n € N because the expressions within the supremum again do not
depend on §,,. Hence the assumptions are satisfied for Corollary[4:21] to apply to

gs-

Corollary 4.23. The diffeomorphism 1 : Bs, ( ) — Bs,, (z) from Remark[4.22] for
g5, giwen by (EI5), satisfies (exp, ) s fidn = von

Proof. For all f € Bb(Bg ):

[ . w) = [ fow) di @)

- / f(w)| det DY~ (w)| djil (w)
- / f(w)(1+gan(w))dﬂi"(w)

duw [
_ / Fw)d((expy )ovd) (w),

applying the change of variable formula on the second line as il is proportional to
the Lebesgue measure, using the property of ¥ on the third line, and the definition
of gs, on the fourth line. This shows 1, /i%» = (exp;!).v9", and pushing forward

by the exponential mapping yields the result. O
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)

We now proceed with approximating the measures 9" in optimal transport

distance by the empirical measures coming from the Poisson point process P,
with the aim of finding an upper bound for (4.9). This was proved for Euclidean
spaces in [vdHLTK23| Prop. 7], building up on the work of Talagrand [Tal92].

Lemma 4.24. Let (b,)nen be a sequence with lim,, b, = 0 and let 7% be the random
measures on Bs, (0) C RY given by

1

=5

"= 5X'a
i NO; 1

where Ny ~ Poisson (n(1 + b,)|Bs, (0)|) and X; ~ Uniform(Bs, (0)). Let u’~ be the
uniform probability measure on Bs (0). Then there is a sequence (cp) such that
lim,, ¢, =0 and

E[W: (7, p)] < endy,

where the W1 distance is with respect to the standard Fuclidean distance.

The following states that if the change of distances incurred by a bijection
is small then the Wasserstein distances of any two measures pushed forward by ¢
may only increase a little.

Lemma 4.25. Let X, be Polish spaces. For every 6 > 0 let v : X — Y be a
measurable map such that for all K C M compact there is a C(K) > 0 such that

|ldy (Y(x), ¥ (y)) — dx(2,y)| < 6C(K)dx(z,y) Vr,y€ K.
Then for every u,v € P(K),
Wi (up, Yuv) < Wi(p, v)(1 4 C(K)9).

Proof. Let m be an optimal coupling realizing Wi (u,v). Then the pushforward
pom = w(yp~1 p71) is a (not necessarily optimal) coupling between p and v,
therefore

mmemsL@mwwmmw—memwmwww

§A@A%wﬂ+0%ﬁMﬂ%w:WﬂmWﬂ+ﬂKﬁ)

Proposition 4.26. There exists a sequence (¢p)nen such that lim, ¢, = 0 and
EWi(ng",ve")] < eadyy Va € Bs, (o).

Proof. For every n € N and x € B, (z) let F € C'(Bs, (x),RY) be the vec-
tor field such the map ¥ (w) = exp,(w + F(w)) is a diffecomorphism such that
det Dyt = 1+ gs, (w) as per Corollary [£21] So in particular (exp, )., 10 = vo»

by Corollary[4£23] Denote the normalizing constants by Z;(n) and Zs(n):

Zy(n) = / e V(P W IV@ gy Zy(n) = / eV OHV@) dyol(2).
Bs,, () B, ()
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Let ﬁgn be the normalized empirical measures of a Poisson point process with
uniform (in w) intensity measure on T, M given by

(4.16) gi—g:i;newaV(%)ﬂBén (w)dw =n(1+ O((Sn))]léén (w)dw

as all of the factors Z;(n), Za(n) and e~ (P w)+V(20) are of the form 1+ O(5,).
The form on the intensity measure as (4.16) was chosen to make the following

argument. Recall from Notation [3.4] that

1 e~ V(x)+V(z)

mﬂésn (o (W)dw, dvir(z) = T(n)dvol(z).

Then by Lemma [£2] (exp,).t.7S" are the normalized empirical measures of a
Poisson point process with intensity

(exp, )+t (Mne—”x)”m’ﬂgn (w)dw)

Z1 (’I’L)
= Za(n)ne” VOV d((exp, )iy ) (2)

= ZQ(n)ne—V(wHV(wo) wdvol(z)
Zs(n)

= ne” V@) gyol (),

djiy (w) =

and hence (exp, )., = no* in distribution.
The distance upon applying 1 satisfies the bound

d(P(wr),¥(ws)) = [lwy + F(wy) — wy — F(ws)|(1+ O(6))

< (||w1 —wall+ [ o = el I9F o + e —w1>>dt) 1+ 0(82))

< [lwy — wo| (1 + O(t:%pl] IVF (w1 + t(wz — w1))[)(1 + O(5;))

< lwi — wel[(1 + C6y),

using Lemma[2.6lon the first line and (£.14) on the last line. Therefore Lemmal[4.25]
applies and hence, together with Lemma [4.24]

E[W1(nr,v0m)] = E[W1((exp,)« sl , (exp, ) wthufiy")]
S EWA (i, 45)](1 4 C6y)
<83 (1+Co,) < 62,

where (¢, )nen is such that ¢, — 0 as n — oo. O
This proved the last missing piece, namely that (4Z-10) converges to 0 fast enough,
thereby concluding the proof of Theorem [£.7]
APPENDIX A. PROOF OF THEOREMS [3.1] AND [3.2]

Proof of Lemmal3.1] The standard definition of Ricci curvature

n

(A1) Ric(v,v) = Z(R V,€;)€,v ZK v,e:)(1 — (v,e;)°)

i=1
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is independent of the choice of orthonormal basis (e;) of T,M [Josl7| Chap. 4.3].
We exploit this by integrating the expression on the right over all orthogonal trans-
formations in SO(n) with respect to the Haar measure on SO(n). Denote S™~!
the unit sphere and note that it is a homogeneous space with the transitive group
action

SO(n) x S™~ 1 — 8" (A,v) — Awv,

and moreover S"~! 2 SO(n)/SO(n — 1).
Let (eq,...e,) be any orthonormal basis of T, M. The average integral of the
right-hand side of (AJ) over SO(n) is

n

)1 = (v, de)’ - v, w)(1 — (v, w)*)do(w).
]éom);K(v’Aez)(l (v, Ae;)")dA Sn*lK(7 )(1 = (v,w)")do(w)

The equality follows from the fact that the mapping
SO(n) — S" 1 A= Ae

is surjective for any e € S"~! and the pushforward of the Haar measure on SO(n)
is a multiple of the Riemannian volume measure on S" !, where we assume that
S™~1is equipped with the homogeneous Riemannian structure. This multiplicative
constant vanishes when taking the average integral and we obtain ([B.I) for ¢ = 1.
The change of variable @ = ew gives the formula for arbitrary € > 0. 0

Proof of Lemma[3.2] Let o denote the standard surface measure on 0B, and write
the integral on the right as

]E%J_jgsng K (v, w)(Jwl]? — (v, w)?)do (w)dr

_ [ J(aBT)r2 v,w - (v, )" o(w)dr
- |, %57 a&K“)<l ww>d(“

(A.2)
= n/ ey K(v,w)(1 = (v,w)?)do(w)
0 9B

S 2Ric(v7 ).

n -+

Here the second equation follows from the fact that the integrand of the do(w)
integral is independent of 7, so the average can be taken over ball of any radius,
and the integral over r follows from the fact that

T\ 0| B, |
Bl = (%) 1B.), 0(0B,) = =5,
which gives a(laBBl“" ) = pe=mpn=1. The last line follows from the identity (3.1). O
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